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Abstract

Learning probability distributions is one of the most basic statistical learning tasks. While for many
learning tasks learnability of a class can be characterized by a combinatorial dimension (like the
VC-dimension for binary classification prediction), no such characterization is known for classes of
probability distributions. A leap toward resolving this long-standing problem was made recently by
(Lechner and Ben-David, 2024) who showed that there can be no scale invariant characterization
of PAC style learnability of such classes. The question of scale sensitive characterization remained
open. In this paper we fully resolve the question by showing that there can be no scale sensitive
combinatorial characterization of PAC style learnability of classes of probability distributions.
Keywords: PAC learnability, classes of probability distributions, scale-sensitive characterization
of learnability.

1. Introduction

We investigate the fundamental problem of learning classes of probability distributions from finite
randomly generated samples (PAC style learning) with respect to the total variation variation dis-
tance. Characterizing learnability of classes of models is a hallmark of machine learning theory.
Starting from the characterization of classes of binary classification by the Vapnik-Chervonenkis
dimension (Blumer et al., 1989), through the characterization of online learning by the Littlestone
dimension (Littlestone, 1987; Ben-David et al., 2009), and on to charactrization of multi-class learn-
ability (Daniely and Shalev-Shwartz, 2014; Brukhim et al., 2022), of robust learnability (Montasser
et al., 2022) and more.

However, for some basic leaning tasks, most notably the learnability of classes of probability
distributions, such characterizations were not found despite considerable research effort over more
than 30 years. A leap towards a solution of this problem was made recently by (Lechner and
Ben-David (2024)), showing that there can be no scale invariant characterization for distribution
learning, as well several other not-yet-characterized problems.

Given a learning setup a scale-invariant characterization of learnability in that setup determines,
for every class of models, whether it can be learned for any level of accuracy. The prototypical ex-
ample of such a characterization is the Vapnik-Chervonenkis dimension, a combinatorial dimension
that depends only on the class of models (hypotheses) and determines whether it is learnable for
any level of accuracy. In contrast, a scale-sensitive characterization of learnability characterizes for
any given level of accuracy whether the class is learnable to such accuracy. For a given class of
models, the statistical complexity of learning it to a given accuracy depends on the class ‘richness’
(or expressive power) at that level of accuracy. A typical example of scale-sensitive characteriza-
tion is the characterization of real valued learnability of classes of functions by the fat-shattering
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dimension (Alon et al., 1997). A class may have a different - fat shattering dimension for different
values of ~. Interestingly, Lechner and Ben-David (2024) show that for that task, no scale-invariant
dimension can characterize learnability.

The main result of this work is proving that there can also be no scale-sensitive characterization
of the learnability of classes of probability distributions.

On our way towards this result we discuss some other fundamental issues in learnability, such
as different notions of learnability characterizing dimension and two compactness properties, i.e.
properties that allow us to assess the learning behaviour of a class by via the learning behaviour of
its finite or countable subsets. We prove a novel non-compactness result for distribution learning
as a tool for our main non-characterizability theorem and a novel compactness result as a tool for
showing a positive characterization for countable classes over countable domains. We also develop a
new general tool for proving the non-learnability of classes of probability distributions. We believe
that the techniques we introduce in this work and the questions we raise will be of independent
interest for future research.

1.1. Related Work

As mentioned above, the characterization of learnability in different learning setups by notions of
combinatorial dimensions is a key theme in the theory of machine learning. Until recently, all of
the results along this line were positive - coming up with definitions of dimensions and proving that
they indeed characterize learnability.

The first negative results appeared in Ben-David et al. (2017). They discuss a general statistical
learning problem (expectation maximization, EMX), and use set theoretic arguments to show that
there can be no combinatorial dimension characterizing such learnability. A similar result for proper
learnability in the multiclass setting is shown in Asilis et al. (2025) (by reducing that problem to
the EMX learnability problem). Naturally, such non-existence results require a precise definition
of what a combinatorial characterization of learnability is. Lechner and Ben-David (2024) discuss
some relaxations of the characterization definitions of Ben-David et al. (2017) and prove the non-
exists of such characterizations for scale invariant learning of several learning setups, including the
setup of distribution learning which is the focus of this work. We extend the definitions of Lechner
and Ben-David (2024) to the task of scale-sensitive characterizations. It is worthwhile noting that a
scale sensitive characterization is a weaker notion than scale invariant characterization, and therefore
non-existence results for scale-sensitive dimensions are stronger than similar scale invariant results.

Distribution learning (a.k.a. density estimation) is a central task in statistics and machine learn-
ing. Discussions of learnability of classes of distributions consider two facets of the problem; the
statistical (information complexity, or sample size) aspects and the computational complexity of
such tasks. Here we focus on the statistical aspect. There are quite a few results showing the statis-
tical complexity of learning specific classes (e.g., mixtures of Gaussian distributions Ashtiani et al.
(2018)) and some sufficient conditions for learnability of such classes (such as Yatracos (1985)).
However, the question of characterizing learnability of such classes has been recognized as a signif-
icant open problem for a long time (for example, it is listed as Open Problem 1.5.1. in Diakonikolas
(2016) and as a problem that “remains elusive despite some 30 years of effort” in Hopkins et al.
(2023)).
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Another aspect of this work is the use of compactness properties of sample complexity and of
learnability of classes. Earlier, a (different) learning compactness result was shown in Asilis et al.
(2024) in the context of transductive learning.

1.2. Outline of our results

Our main result states, as described above, that there can be no scale sensitive dimension that char-
acterizes the learnability of classes of probability distributions (Theorem 10, Section 3.2).

Our first step toward showing that result is to provide a formal definition (Definition 8) of such a
notion (including a discussion of some alternative variations) in Section 3.

We discuss two compactness properties, countable compactness of learnability and pseudo-compactness
for sample complexity of learning.

We show that the existence of scale sensitive learnability characterizing dimension implies a count-
able compactness property of learnability (Lemma 9).

Our main results now follows from constructing a class Ccounter Of distributions that strongly violates
that countable compactness of learnability property. Namely, every countable subclass of that class
is learnable but the full class is not (Theorem 11).

We give a high level description of the proof and the class Ccounter in Section 3.2 and a formal
description and full proofs in Section 6. The proof of non-learnability of the full class is carried out
by introducing a novel (as far as we are aware) technique for proving non-learnability of classes of
probability distributions (Theorem 22) in Section 5. This tool may be of independent interest.
Finally, we discuss c-pseudo-compactness of sample-complexity (Definition 14) in Section 4, a
property that states, for every class C, if a sample size m suffices to guarantee (e, §)-success for all
finite subclasses of C, then a sample of size m suffices to guarantee (c- ¢, §)-success. We then show
that learning tasks that satisfy this pseudo-compactness, are characterized by an implied notion
of scale sensitive dimension. We conclude our investigation by showing that countable classes
of distributions over countable domains, do satisfy the pseudo-compactness requirement, and we
deduce that in such cases a scale sensitive learnability characterizing dimension does exist.

2. Setup
2.1. Distribution Learning

Let X’ be a domain set and 3(X) be a o-algebra over it. We consider learnability of classes of
distributions C corresponding to probability measures defined over measure space (X, ). We will
denote the set of all probability measures over (X', X) by A((X, 3)). Thus, we consider learnability
of classes C C A((&X,X)).

As distance measure between two distributions p, ¢ € A(X, X)), we consider the total variation
distance defined by:

drv(p,q) = sup Ip(B) — q(B)].

We will denote X* = (J;°_; X. When learning a class C, we are interested in the following
success criteria.

Definition 1 (realizable (¢, §)-success) Let C be a class of distributions. We say a sample size m
guarantees (realizable) (e, §)-success for C, if there exists a learner A : X* — A(X), such that for
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every p € C, with probability 1 — 6 over S ~ p™, we have
drv(A(S),p) <e.

In the above definition, we are only considering distributions p from the distribution class C.
However, one may also be interested in the more general agnostic learning success.

Definition 2 («-agnostic (¢, §)-success) Let C be a class of distributions. We say a sample size m
guarantees a-agnostic (g, d)-success for C, if there exists a learner A : X* — A(X), such that for
every p € A(X), with probability 1 — 6 over S ~ p™, we have

drv(A(S),p) < a- ;relg, drv(p,q) +e.

Definition 3 (sample complexity) Let C be a distribution class. Let
Mc(e,d) = {m € N : m guarantees (e, 9)-success for C.}

The realizable sample complexity m¢ : [0,1]2 — N U {oo} is defined by

mele, 8) = {min{m :m € Me(e,0)} , if Mc(e,8) # 0

00 , otherwise.
Similarly, for o > 1, we define the set
Mc(e,9)* = {m € N : m guarantees a-agnostic (¢, 9)-success for C.}
We then define the a-agnostic sample complexity mg : [0, 1] — N U {co} by

min{m : m € Mg(e,0)} ,if M&(e,0)#0
00 , otherwise.

mé(e,0) = {

We now define weak learnability and PAC learnability

Definition 4 (c-weak learnability) A class C is e-weakly learnable, if for every § € (0,1), me(e,9) <
o0. A class is c-agnostically, e-weakly learnable, if for every 6 € (0, 1), m§ (e, d) < oc.

Definition 5 (PAC learnability) A class C is PAC learnable in the realizable case, if for every e, d €
(0,1), me(e,6) < oo. A class is a-agnostically PAC learnable, if for every e, 6 € (0,1), mg(e, ) <
0.

General Learning Tasks While we generally focus on distribution learning in this work, some
of our results, also hold for a more general notion of statistical learning tasks. We adapt the notion
of statistical learning tasks described in Lechner and Ben-David (2024). The definitions for (g, )-
success, sample-complexity, weak learnability and PAC learnability are analogous to the definitions
for distribution learning stated above. For a detailed description of what these learning tasks consist
of and these definitions, we refer the reader to Appendix A.
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3. Scale sensitive dimension

In this section we define the notion of scale sensitive dimension in line with the definition of charac-
terizing dimension proposed in Lechner and Ben-David (2024). Towards proving the main result of
this paper, we first show that the existence of such a dimension implies a learnability compactness
theorem. Namely, that every class that is not e-weakly learnable must contain a countable subclass
that is also not e-weakly learnable (Lemma 9). Our main theorem, stating that the task of distri-
bution learning cannot be characterized by a scale sensitive dimension, follows by constructing a
class of distributions Ceounter that violates this compactness property. We conclude the section by
describing the class Ccounter and sketching the proof of the non-characterizability result.

We start by recalling the definition of scale invariant characterizing dimension given in Lechner
and Ben-David (2024).

Definition 6 (Scale invariant characterizing dimension (Definition 5 in Lechner and Ben-David (2024)))
A scale-invariant characterization (also called finitary characterization of learnability in (Lechner

and Ben-David, 2024)) of a learning task is a countable set of formulas W = {4 : d € N} such

that:

1. A class C is not learnable if and only if it satisfies all formulas in W.

2. For every B € W and every class C that satisfies [3 there exists a finite subset Cg C C, such
that every C', if C' O Cg, then C' satisfies 3.

Many characterizations of common learning tasks are characterized by a dimension satisfying the
definition above. For example, PAC learning of binary hypothesis classes is characterized by the
VC-dimension (Blumer et al., 1989) with the formulas 5, corresponding to the statement ”The class
C shatters a set of size d”.

In contrast, Lechner and Ben-David (2024) showed that there are many learning tasks — in-
cluding regression learning and distribution learning with respect to TV-distance — that cannot be
characterized by a scale invariant dimension as described in Definition 6. However, Alon et al.
(1997) showed that agnostic regression learning is characterized by a scale-sensitive dimension, the
fat-shattering dimension.

Definition 7 (fat-shattering dimension Kearns et al. (1994)) A class of real-valued functions F
is said to y-shatter a set S = {x1,...,xq} C X if there exists a function s : X — R, such that for
every subset B C S, there exists fg € F, such that:

» Ifx € B, then fp(x) > s(z) + 7.
e Ifx € S\ B, then fp(z) < s(z) — .

The ~y-fat-shattering dimension of F is the largest number d, such that there exists a set S of
size d that is y-shattered by F.

The characterization of regression learning by Alon et al. (1997) now shows that there exists
¢ < 24, such that every class [0, 1]-valued class is:

* ¢ - vy-learnable, if F has finite y-fat-shattering dimension.
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* Not ~-learnable, if F does not have finite v-fat-shattering dimension.

We see that both the notion of “’shattering” as well as the type of learnability are sensitive to the
”scale” v. We now give a definition which aims to capture a general notion of scale sensitive
characterizations with a dimension similar to Definition 6.

Definition 8 (Scale-sensitive dimension with slackfactor c) . A set of formulas' W = Uee(m) W,
where every We = {4, : d € N} is a scale-sensitive dimension with slackfactor ¢ for a learning
task if the following properties hold:

1. If a class C satisfies (all formulas in) Wy, then C is not e-weakly learnable.
2. If there exists a formula in W that C does not satisfy, then C is c - e-weakly learnable.

3. Every formula in W has finite evidence property, i.e., for every 8 € W, and every class C
that satisfies 3, there exists a finite evidence set Cg C C, such that every superset C' O Cg
satisfies [3.

We can easily verify that the fat-shattering dimension is a scale-sensitive dimension with slack
factor ¢ < 24. For the fat-shattering dimension, the formula 3. 4 corresponds to the statement
”There exists a set of size d, which is e-shattered by the class C”. Thus, similar to the formulas
in Definition 6, before the formulas 3, 4 in Definition 8 correspond to a (scale sensitive) notion of
shattering or hardness condition.

Typically, if a class C satisfies 34 then it also satisfies Sy . and B4 ford’ < dand &’ > e.
However, while this commonly holds for scale sensitive dimensions, we do not need this property
to show our negative results. For the results in which we show the existence of a scale sensitive
dimension, this monotonicity property does hold.

While a perfect scale sensitive characterization would have a slackfactor of 1 and thus charac-
terize e-weak learnability exactly, many known scale sensitive dimensions from the literature, such
as fat shattering dimension, are only known to be scale sensitive dimensions with slack factor ¢ > 1.
To our knowledge every notion of scale sensitive characterizing dimensions proposed in the lit-
erature satisfies Definition 8. These include ~y-Natarayan-dimension, y-graph-dimension, y-OIG-
dimension (shown to characterize realizable regression learning (Attias et al., 2023)), k-fat-shattering
dimension (characterizing agnostic k-list regression (Pabbaraju and Sarmasarkar, 2025)) and k-
OIG-dimension (characterizing realizable k-list regression (Pabbaraju and Sarmasarkar, 2025)).

3.1. Countable compactness of learnability

The following lemma states that any tasks that has a scale sensitive dimension characterizing its
learnability, must satisfy a “countable compactness” property of learnability.

Lemma 9 [fa learning task has a scale sensitive dimension (with any slack factor ¢ > 1), then for
every class C that is not ¢ - e-weakly learnable, there exists a countable subclass C' C C that is not
e-weakly learnable.

1. The term ‘formula’ here does not refer to a specific logical language. It stands for a property of a class. Any predicate
that when applied to a class can be True or False.
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Proof Let IV be a scale sensitive characterization for the learning task and let C be a class that is
not ¢ - e-weakly learnable. Then C satisfies all the formulas 34 . in the countable set IW.. Now for
every such 3y . there exists a finite Cg, . C C, such that every superset of Cp, _ satisfies 4. Now
consider the countable class '

C = [j Cgy.-
d=1

Clearly, for every d € N the class C' is a superset of Cp, _ and therefore satisfies 3q.. Thus C’
satisfies every formula in TV.. By the definition of scale-sensitive dimension it follows that C’ is not
e-weakly learnable. The same statement holds in the a-agnostic case. |

3.2. Distribution Learning is not characterized by a scale sensitive dimension

In this subsection, we state the main result of this work, Theorem 10 and outline its proof.

Theorem 10 The task of distribution learning, cannot be characterized by a scale sensitive dimen-
sion (for any possible slack factor ¢ > 1).

To show this result, we construct a class of distributions, Ccounter, 1 10t ¢ - e-weakly learnable
for every c, but for which all of its countable subsets are e-weakly learnable.

Theorem 11 There exists a class Ceounter Of distributions for which the following two statements
are true:

1. Ceounter is not PAC learnable. In particular, for every learner A : X* — A(X) and every
m € N, there is p € Ceounter Such that

Pgpm[drv(A(S),p) = 1] = 1.

2. Every countable subset C' C Ceounter is (realizably) learnable with sample complexity me:(g,0) =
1 for every (g,0). The class is also 2-agnostic PAC learnable and thus 2-agnostic e-weakly
learnable for every € € (0,1)

We will describe the class Ceounter and outline a proof of this theorem below. Wishing to convey the
main ideas concisely, we defer a full proof of this theorem to Section 6. Theorem 11 readily implies
Theorem 10 as follows:

Proof of Theorem 10 Fix any constant ¢ > 1. From Theorem 11, we know that there exists a
class Ceounter, such that for every e € (0,1/c) the class Ceounter i8S N0t ¢ - e-weakly learnable.
Furthermore, every countable subset of the class Ceounter iS PAC learnable and therefore e-weakly
learnable for every € € (0, 1). Lemma 9 now implies that the task of distribution learning cannot be
characterized by a scale-sensitive dimension. The result also holds for 2-agnostic e-weak learning
for every € € (0,1). [ |

Next, we describe the class Ceounter-
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Proof sketch of Theorem 11 We construct Ceounter to be a class which satisfies the following two
criteria:

(i.) For every € < 1, Ceounter 18 N0t e-weakly learnable.
(ii.) For every two p, g € Ceounter With p # g, we have drv(p,q) = 1.

The first condition (i.) clearly implies (1.) of Theorem 11. In order to show that the second condition
(ii.) implies (2.) of Theorem 11, we require the following lemma.

Lemma 12 For a class C, if for every p,q € C with p # q, we have drv(p,q) = 1, then every
countable subclass C' C C is PAC learnable with m¢/(0,0) = 1 in the realizable case, and also
2-agnostic PAC learnable.

The proof of this lemma can be found in Section 6.1. Thus the only remaining thing to show is that
there is indeed a class Ceounter Which satisfies conditions (i.) and (ii.). We will now describe a class
meetings those criteria.

Description of counterexample C.ounter Let X7 be a ball of dimension d around a point (3d, 0, 0, . . .
R? of radius 1. We consider the domain X' = | J°°_, X;. We define the class Ceounter as a countable
union UZOZQ Dg, where every class Dy is defined over a subdomain &X;. The class D, consists of
uniform distributions over sets B € B, where BB, is the set of all intersections of X; with d — 1-
dimensional hyperplanes.

From this construction it follows that for every p, g € Dy, with p # ¢ we have dypv(p, q) = 1.
First, if we take the intersection of any two distinct subsets of 54, they can be described as an
intersection of X and a d — 2-dimensional hyperplane and thus is a set of measure 0 with respect
to both p and ¢q. Furthermore, if p,q € Ceounter come from distinct sets Dy, Dy with d' # d
their supports are disjoint. Thus, condition (ii.) is satisfied and therefore, via Lemma 12, the class
Ceounter Satisfies condition (2.) of Theorem 11.

Now to show the remaining condition (1) in Theorem 11, we argue, that for every sample size
m, the subclass Dy,+2 C Ceounter 18 NOt learnable with sample complexity m. Intuitively, this
hardness follows from the observation, that every sample S ~ p™ with p € Dy and m < d — 2, lies
in the intersection of X; and a d — 2 dimensional hyperplane. Thus the sample S is consistent with
an uncountable subset of B; and thus it is consistent with an uncountable subset Dg C D,. Since
every two elements of Dg C Dy have total variation distance 1, for any choice of A(.S) the learner
will pick a bad distribution for a majority of consistent distributions. To make this intuition precise
and show hardness for learning C.pynter formally we will use a lower bound from Section 5, which
requires the definition of a meta-distribution over elements of Ceounter. The formal description of
the class Ceounter as well as the full proof of Theorem 11 will be shown in Section 6.

4. Scale-sensitive characterization in the countable regime via sample complexity
compactness

In this section, we discuss sample complexity compactness and a weaker version, pseudo-compactness.
We show that for many learning tasks — including distribution learning — satisfying (pseudo)
sample complexity compactness, implies that the task can be characterized by a scale-sensitive di-
mension. We finish this section by a discussion of sample complexity compactness of distribution
learning. We first show that the class Ccounter defined in the previous section shows that the task of
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distribution learning does not satisfy (pseudo)-compactness. However, if we restrict our attention to
distribution learning of countable classes over countable domains, we find that this learning prob-
lem satisfies 2-pseudo compactness. Our other results in this section then imply that we can define
a scale-sensitive characterizing dimension for distribution learning of countable classes over count-
able domains in line with Definition 8. Furthermore, we also discuss the possibility of boosting §
and its implications for a quantitative scale sensitive dimension.

We will now state the definition of sample-complexity compactness.

Definition 13 (Sample complexity compactness) A learning task is said to satisfy sample com-
plexity compactness if for every class C and every m € N and every €,6 € N, the following two
Statements are equivalent:

* me(e,d) <m.
e For every finite subset C' € C we have m¢:(g,9) < m.

We can also define a weaker version, where a uniform bound on the sample complexity for all
finite classes does imply a certain level of learning success for the whole class for samples of the
same size, that does not match the accuracy parameter exactly.

Definition 14 (c-pseudo sample complexity compactness) A learning task is said to satisfy c-
pseudo sample complexity compactness if for every class C and every m € N and everye,§ € N, if
for every finite subset C' € C we have m¢:(g,0) < m, then me(ce,d) < m. :

These notions are in line with Asilis et al. (2024) who defined sample compexity compactness for
classification settings and showed both compactness and 2-pseudocompactness results for transduc-
tive learning.

It is easy to verify that the sample complexity compactness defined before corresponds to 1-
pseudo sample complexity compactness.

Monotonicity of sample complexity We say a learning task satisfies sample complexity mono-
tonicity if for every C' C C and every ¢, d, we have mer(g,0) < me(e,d). Most (improper) statis-
tical learning tasks, including distribution learning, satisfy sample complexity monotonicity. This
follows directly from the definition of PAC learning (when defined without additional constraints
such as properness)

We will now show that scale-sensitive characterizing dimensions and (pseudo) sample complex-
ity compactness are closely linked, via the following lemma.

Theorem 15 Consider a learning task for which the following statements are true:
» Every finite class is a-agnostically learnable.
e The learning task satisfies ¢’ -pseudo sample complexity compactness.
» The learning tasks satisfies sample-complexity monotonicity.

Then this learning task is characterized by a scale-sensitive dimension.

In particular, consider W = Uae(o,l) W with W, = {4, : d € N},

where 3, . expresses the statement
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“3 finite Cq C C with me,(¢,1/3) > d.”

For every ¢ > o - ¢/, W is a scale-sensitive dimension with slack factor c.

In particular, this implies the following result for distribution learning of countable classes over
countable domains.

Theorem 16 Let ¢ > 4. The task of (realizable) learning of countable distribution classes over a
countable domain is characterized by a scale sensitive dimension with slack factor c.

This result follows directly from Theorem 20, Theorem 15 and Lemma 17 below.
Before proving Theorem 15 in Subsection 4.2, we will show a lemma about boosting ¢ in the
next subsection.

4.1. 6-boosting

In this subsection, we will discuss how to boost a learning guarantee for a fixed pair (e, §) to learning
guarantees for arbitrarily small §’. More precisely, we will show that if a sample size m guaranees
(,d)-success for a given (e, ), we can show learning guarantees for pairs (ce,d’) for arbitrarily
small ¢’ and fixed c.

For the task of distribution learning, we get the following result.

Lemma 17 Let C be a class of distributions. If there exists a learner A and parameters 0',n €
(0,1) and m € N, such that a sample size m guarantees (57, 0")-success, then C is e-weakly
learnable with sample complexity

i <log<n> - log<2/5>) |

mC(Evé) <mn+0O 772

where n = logﬂ%).

Furthermore, for general learning tasks which have a finite sample complexity bound for all
finite classes of size k, we get the following result.

Lemma 18 (d-boosting) Consider a learning task for which there exists a function mﬁ‘mte : N %
(0,1)? — N, such that every finite class C' with |C'| = k is a-agnostically learnable with sample

complexity mg, (e,6) < mg ;,.(k,e,0) forevery e, € (0,1).

For any fixed ¢, let C be a concept class for which there exists §',n € (0, 1) such that a sample
size m suffices for (g -, ) -success. Then, C is e-weakly learnable with

2
mc(e,0) < mn + Manite 1,5

where n = log(;/(g).

10
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The result follows from a standard argument for J-boosting. A sample S is split into n + 1 subsam-
ples S1.1,...,51,n,S2. The samples S ; are each of size m and are fed into a learner satisfying the
(551, ¢")-success guarantee. The resulting outputs are then used to create a finite set C’ of candidate
hypothesis. Lastly, we use the last subsample S to do hypothesis selection for C’. The full proof
can be found in Appendix B.

We note that most common statistical learning problems satisfy the condition that finite hypothe-
sis classes are a-agnostically learnable for some o > 1. In particular, this is the case for distribution

learning and o« = 2 due to Bousquet et al. (2019, 2022). This directly implies Lemma 17.

4.2. Proof of Theorem 15

We will now prove Theorem 15.
Proof Let us assume that the learning task we consider satisfies the conditions listed above.

We first note, that the set Wy is clearly countable.

We now want to show that if C satisfies ¢, then C is not e-weakly learnable. Clearly, if for
every d € N, there exists a finite C; C C, with m¢,(e,1/3) > d, then due to sample complexity
monotonicity, we have m¢ (e, 1/3) > supgen me,(€,1/3) = oo. Thus C is not e-weakly learnable.

For the other direction, we note, that if C does not satisfy W, then there exists some d € N,
such that C does not satisfy .. Thus for every finite subset C' C C, we know me(e,1/3) < d.
Since the learning task satisfies ¢/-pseudo-compactness, we can infer that i.e., m¢(c’ - €,1/3) < d.
From Lemma 18 it now follows that C is (« - ¢ - € + n/)-weakly learnable, for every ' > 0. Thus
C is ¢ - e-weakly learnable for every ¢ > « - .

Lastly W clearly satisfies the finite evidence set property, as 34 is defined via the existence of
a finite evidence set. |

4.3. Pseudo-compactness and Distribution Learning

We now want to consider the implications of the above results to distribution learning and discuss
whether distribution learning satisfies pseudo sample complexity compactness.

On the one hand the existence of the class Ceounter and Theorem 11 imply the following corollary
for pseudo-compactness

Corollary 19 The task of (realizable) distribution learning does not satisfy c-pseudo sample com-
plexity compactness for any c € R.

Proof Fix any ¢ > 1. Assume by way of contraction that the task of distribution learning would
1

satisfy c-pseudo sample complexity compactness. Let¢ = ¢ = 5. From Theorem 11, we know that
there is a class Ceounter» such that every countable subclass C' € Ceounter We have mer(g,0) = 1.
This guarantee also holds for every finite subset of Ceounter Dy sample complexity monotonicity.
Thus c-pseudo sample complexity robustness implies that me,,, ... (c-€,8) = me, ... (1/2,1/c) =
1.

However from Theorem 11 we know for every ¢/, 8 € (0,1), we have me__...(¢',0") = oc.
Thus we get a contradition, proving our result.

However, we note that the class C.ounter 1S @ continuous class over a continuous domain. It is
natural to ask, whether pseudo-compactness holds when we restrict our attention the the countable

11
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regime. Indeed, we can show, that for countable domains and countable classes pseudo-compactness
holds.

Theorem 20 The task of (realizable) learning of countable distribution classes over a countable
domain satisfies 2-pseudo sample complexity compactness.

The proof of this result can be found in the appendix.
This result then implies the existence for a scale-sensitive dimension characterizing the learn-
ability of countable classes over countable domains, as stated in Theorem 16.

4.4. Implications for quantitative scale-sensitive dimensions

The work of Lechner and Ben-David (2024) also considered quantitative characterizing dimensions.
i.e., dimensions that yield a bound on the sample complexity of learning. In particular they consid-
ered the following definition.

Definition 21 A strong scale-invariant sample complexity dimension is a mapping from d that takes
as input a class C and outputs a value in N U {oc}, such that a class C of models is PAC learnable
if and only if d(C) # oo and there are functions f : N — Nand g : (0,1)?> — N such that for every
PAC learnable class of distributions C, m¢(e,0) < f(d(C))g(e, ) for all (¢,6) € (0,1). In other
words, there is a sample complexity upper bound function that factorizes into a factor depending
only on the dimension of a class and a factor depending only on the accuracy and confidence
parameters.

The most commonly discussed dimensions in the literature are both qualitative (learnability charac-
terizing) and quantitative (sample-complexity characterizing ) dimensions. The results of Lechner
and Ben-David (2024) showed that there can not be a dimension characterizing sample-complexity
of distribution learning (not even in a weaker version). This result relied on showing that the sample
complexity for a pair (¢, ) does not give any guarantees for the sample complexity for (&', 6") with
¢/ < eand & ~ 4. This was then used to show that e-dependent sample-complexity behaviours
of distribution learning are essentially foo rich to be captured by the natural numbers. We now
want to address the potential of a quantitative scale-sensitive dimension, i.e. a scale-sensitive di-
mension, characterizing the sample complexity of learning. A natural scale-sensitive extension of
Definition 21 would allow the mapping d to also depend on ¢ as a second argument. That is, a scale-
sensitive sample-complexity dimension, would consist of a mapping d. and a mapping g, such that
for every e-weakly learnable class C, we have

mc(57 6) < ds(c) : g(g, 5)

We will now show that we get something close to such a dimension for learning tasks with pseudo-
compactness that allow for d-boosting: If a class C is e-weakly learnable, then C is ce-weakly
learnable, with sample complexity

2
me(ce,8) < me(e,1/2)10gy(2/6) + Miinite <log2(1/5),5, 5)
for ¢ > 2av. Thus, for de-(C) = mc(e,1/2) and g(ce, 8) := logy(2/8) 4+ Mminite(logy(1/6), €, %)
we get

me(ce,0) < dee(C) - g(ce, 6).

12
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If C is a PAC learnable class and thus e-weakly learnable for every € € (0, 1), then this bound holds
for all values of €. If a class C is e-weakly for € € [p, 1), then the above argument only gives an
upper bound for € € [cgg, 1). Thus, for e € [gg, cgp) the class C could still be e-learnable, while
not showing easily characterizable sample-complexity behaviour captured by d.. We thus almost”
have a (trivial) quantitative scale-sensitive dimension, characterizing the sample complexity of e-
weak learning. The only ”gap” in explaining the behaviour of sample complexity via these means
exists for not PAC-learnable classes. For these classes the range of unexplained behaviour sits in
a narrow interval around the transition from weak learnablity to non-learnablity. This is ’gap” in
the characterization of learning is in line with our notion of slack” in Definition 8. For both scale-
sensitive characterizations — qualitative and quantitative — the learning behaviour for most values
of € can be inferred from the characterization, however there remains a range of values for ¢ for
which the corresponding learning behaviour is inaccessible to these notions.

5. Lower Bounds for Distribution Learning

In order to show Theorem 11 formally, we need to show that the class Ccounter 1S not learnable. To
this end, we will introduce a general lower bound technique (Theorem 22) for distribution learning.
This technique is inspired by standard arguments of no-free-lunch theorems. The idea is to define
a meta-distributions (denoted by Q) over a class of distributions. The meta-distribution is picked in
such a way that all the support elements have high total variation distance from each other. More-
over, the meta-distribution causes a high level of indistinguishability between possible candidates.
In particular, we consider the posterior distribution over possible generating distributions for a given
sample S, with the meta-distribution () as a prior. We pick @ in such a way that these posteriors
cover a large (uncountable) space of potential candidates (all of which have large pairwise total vari-
ation distance). This inability to distinguish between candidates that no output-distribution could be
simultaneously close to then implies the hardness results.

Let C be a class of distributions. Let () be a meta-distribution over elements of C. We define
|Q|™ to be the distribution over samples S of size m that results from first samples ¢ ~ @ and then
S =5, ~ ¢™. Note that || can not be understood as an i.i.d distribution.

Let us denote the random variable gg ~ @ and Sg ~ |Q|™. Formally, we consider a joint
probability distribution Q4 s defined over C x A™, where for ¢ C C and S C XA™, with density

fQQ,SQ(Q> S) = fQ(q) : fq’”(S)'

We can now define the conditional probability distribution

_ fBC qu,SQ(Q7S)
fqu,SQ (Qa S)dq

/ti|SQ (Bc, S)

Theorem 22 Let C be a class of distributions. If for m € N, there exists a meta distribution ()
over elements in C, such that for every q,p € supp(Q) with p # q, we have dyv(p,q) = 1 and for
every s € supp(|Q|™) C X™, for the conditional probability distribution over elements of C with
Q as prior, conditioned on a sample Sg ~ |Q|™, we have for every finite subset Be C C and every
S € X™ we have

/ti|SQ (37 S) = 07

13
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then for every learner A : X* — A(X), there exists q € C with
Pswgm[drv(A(S),q) =1] = 1.

If for every m € N such a meta-distribution exists, then C is not e-weakly learnable for any € €
[0, 1].

In order for this bound to be applicable, we need to consider meta-distributions for which the above
notions are well-defined. In this work, we will only consider meta-distributions that can be defined
as pushforward measures of Lebesque measures via one-to-one mappings. This method bears some
similarty to common lower bound techniques such as Fano’s inequality, Le Cam’s method and As-
souad’s inequality. In the appendix we will discuss the differences of our bound to these techniques.
Crucially, these known techniques would all fail to show Theorem 11. The proof of this theorem
can be found in Appendix C.

6. Learnability of distribution classes over continuous domains cannot be
characterized by scale sensitive dimensions.

In this section we will go into more detail about the construction of the class Ccounter proof of
Theorem 11, which were already described in Section 3.2 and which were used there to prove that
distribution learning cannot be characterized by a scale-sensitive dimension (Theorem 10).

We start this section by restating the main theorem of this section, Theorem 11.

Theorem 11 There exists a class Ceounter Of distributions for which the following two statements
are true:

1. For every learner A : X* — A(X) and every m € N, there is p € Ceounter Such that
IEDSwpm [dTV(A(S)7p) = 1] =1L

2. Every countable subset C' C Ceounter i$ (realizably) learnable with sample complexity mer (e, 6) =
1 for every (e, d). Every countable C’ C Ccounter 1S also 2-agnostic learnable.

Before defining Ceoynter formally, we first prove Lemma 12, which will be useful, when showing
that Ceounter Satisfies condition (2) of Theorem 11.

6.1. Proof of Lemma 12

Lemma 12 For a class C, if for every p,q € C with p # ¢, we have drv(p,q) = 1, then every
countable subclass C' C C is realizably PAC learnable with m¢(0,0) = 1 and 2-agnostically PAC
learnable, thus also 2-agnostically e-weakly for every ¢ € (0, 1).

Proof Let C' C C be countable. Fix an arbitrary enumeration ' = {p; : i € N}. Let p;,p; € C’
with ¢ # j. From our assumption, we have

drv(pi,pj) = 1.

For every p, g with dpv (p, g) = 1, there exists a set B such that |p(B) — ¢(B)| = 1. Thus, for the
set B we have either p(B) = 1 and ¢(B) = 0 (and thus ¢(X \ B) = 1) or ¢(B) = 1 and p(B) = 0.

For every 7,7 € N with i # j, we can therefore choose sets F; ; and E;; as sets meeting the
following criteria:

14
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* pi(Eij) =1,
* pi(Eji) =1,
e and Ei’j N Ej,i = 0.

Define E; = ﬂ;‘il E; . Clearly p;(E;) = 1. Furthermore, for any two ¢ # j, E; N Ej = (.
Now consider the learner A : XY™ — A(X), that is defined by

A(S) = Di if for all eitherj € N: |SN E;| > |SN Ej|and j > ior |[SNE;| > [SNE;)
p arbirary, if SNE; =(forallj € N

Now fix arbitrary p; € C’. With probability 1 over x ~ p;, x € E;. Thus form = 1
]P’Swp;n [dTv(A(S),pi) = 0] =1.

For the 2-agnostic case, we note that the required learning guarantee is only non-vacuuous, if the
data-generating distribution p satisfies dry(p,p;) < % for some p; € C’. The probability that A
outputs hypothesis p; (which is the optimal hypothesis in C’ in this instance) on a sample of size 1
is thus at least 1/2. Thus we have mZ, (0, 1/2). This now implies that C’ is 2-agnostic PAC learnable
and thus weak learnable for every ¢ € (0, 1) via §-boosting (analogous to the proof of Lemma 17).
|

Counter example class We start this section by restating the definition of the class Ceounter- We
consider the domain X' = |J ;. A4, Where Ay is the ball with radius 1 in dimension d around the
point (3d,0,...,0), ie., X; = {(z1,...,24) € R? : (z1 — 3d)? + Z?ZQ x? < 1}. For every
dimension d, we consider the collection B, of sets B that are intersections of X; with a d — 1
dimensional hyperplane (note that each B € B, is a d — 1 dimensional ball). We define the class
of distributions D; = {qp : B € By}, where ¢p is the uniform distribution on B with respect to
Lebesgue measure. Let Ceounter = UZO:1 D,4. We note that any B € B, can be understood as a ball
dimension d — 1. The density function of ¢p for a given B € B, is given by

1
: _1 Bj.
Jap 27 volg—1(B) e B]

This class class is constructed in such a way that for any two distributions ¢, , ¢B, € Ccounter
their total variation distance is 1. This holds, since the intersection between any two distinct sets
B1,By € By has d — 1-dimensional volume 0. Thus for both distributions gp,(B1 N By) =
qB,(B1 N Bg) = 0. It immediately follows that drv (¢p,,¢B,) = 1. With the use of Lemma 12 this
shows that C.ounter Satisfies condition (2) of Theorem 11.

To satisfy (1), we will further show, that for every m € N, we can define a meta-distribution
according to the conditions of Theorem 22. Given a sample size m, we will construct the meta-
distribution () as a uniform distribution over elements of D, 2. Since a sample S of size m is
guaranteed to be contained in a m-dimensional hyperplane, there is an uncountable number of
distributions in the support of ) that are consistent with .S. This is sufficient to satisfy the conditions
of Theorem 22.

We will now state the proof of Theorem 11.
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6.2. Proof of Theorem 11

Proof We start by arguing that every two elements p,q € Cecounter,? 7 ¢ have total variation
distance drv (p, q) = 1. We note, that if p € Dy, and p € Dy, for d; # da, then p and ¢ are defined
over different subdomains. In this case, we clearly have dry(p,q) = 1. Thus, it remains to show
that drv(p, q) = 1 for p,q € Dy for some d € N. We note, that in this case these distributions are
of the form p = ¢p, and ¢ = ¢p, for distinct By, By € By. Thus, either By N By = () or By N By
is the intersection of X; with a d — 2-dimensional hyperplane. In either case we have

VOldfl(Bl N BQ) = 0.
Thus, ¢p, (B1 N B2) = 0. Therefore,

drv(gB,,qB,) = 1.

Thus, Ceounter consists of distributions with pairwise TV-distance 1. Using Lemma 12, we can
thus conclude that countable subclasses of Ceounter are learnable. Thus (2.) is satisfied.

It remains to show that condition (1.) is satisfied as well, namely, that for every learner .A there
exists a distribution p, on which the learner’s output has dv (A(S), p) = 1 with probability 1. We
show this using Theorem 22. We need to show that for every m € N, there exists a meta-distribution
@ such that for all p, ¢ € supp(Q), we have d1v (p, ¢) = 1 and for every finite subset C' C supp(Q)
and every S € supp(|Q|™), we the posterior distribution for g given @ satisfies

K;qQ\SQ<C= S) =0.

We already know that pairwise TV-distances in C are 1, thus it satisfies, to show the condition on
the posterior.

Given m, we will define a meta distribution ) over elements in Dy with d = m+2. Let r(B) be
the radius of a given set B. We note, that we can identify each set B with 0 < (B) < 1 uniquely by
its center point. We can thus define x € X¢ # {04} B(z) = {B € By : x is the center point of B}.
We choose the distribution Q" over center points to be a uniform distribution over X; with respect to
Lebesgue measure normalized by the radius of the ball X; in B. We then can pick ¢p by randomly
selecting a point in the d-dimensional ball X;.

Thus, for a given sample S we get the posterior distribution

er X 1[.%'6.)(m]

1
VOld(Xd)

We then define the meta-distribution () as picking qq = gp(,) according to z ~ Q.

Now, for a sample S = (z1,...,2y,) With m = d — 2, we want to calculate the posterior
KqolSo (+,5). We first note that the density of S with respect to a given qp/y,) is

m

fug (8) = voLdl(Xd)l[:U e v ] ani € B(x)).

Thus,

m

1 1
fQQ,SQ((L S) = ml[q = 4B(x) and x € Xd] H ml[zz S B(m)]
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Thus for the posterior, we have

fC fQQ So (q7 (zla sy Zm))dq
K C,(z1,...,2m)) = :
quSQ( ( ' )) fccounmr qu,SQ (¢, (21, -, 2m)dq

fccoumcr 7\/01(11(‘)(0{) 1[(] = qB(aj) Nx € Xd} Hzﬂil Voldill(B(ﬂfT) ]-[ZZ (& B(ZC)]dq

We note, that the points z1, . . ., z,,, must be contained in the intersection of X; with a a m-dimensional
hyperplane. Let us denote this intersection with L. For every such L, the set {B € B; : L C B}
has uncountable cardinality, since m < d — 1. Furthermore, every distribution g € Dy that is con-
sistent with S is given positive density by the posterior distribution. And furthermore, the densities
between two different elements in the support of the posterior differs by at most a real-valued factor.
It follows that for every finite subset C' C supp(Q), we have rg, s, (C, (21, - - ., zn)) = 0.

Thus, by Theorem 22, for every learner A : X* — A(X) and every m € N, there exists
P € Ceounter With

Pgpm[drv(A(S),p) =1] = 1.
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Appendix A. General Learning Tasks

While we generally focus on distribution learning in this work, some of our results, also hold for
a more general notion of statistical learning tasks. We adapt the notion of statistical learning tasks
described in Lechner and Ben-David (2024). A learning problem consists of the following elements:

* adomain Z from which the input-instances/training-instances are sampled
* A class of benchmark models C

* A class of permissible data generating distributions P C A(Z), where A(Z) denotes all
distributions over the domain Z.

* A set of possible outputs of a learner . Usually, C C F.

* A loss/ approximation measure L : F X A(Z) — Ra“ (where Ra’ denotes the set of non-
negative real numbers).

The approximation error of a class C w.r.t. some data generating distribution p is defined as
opt(C,p) = infpec L(h7p)

A learning task is defined as a collection of learning problems. Usually they are grouped to-
gether by the loss function, e.g. “distribution learning with respect to total variation distance” only
specifies L to be dry and C = P C F = A(Z). However learning tasks can be restricted further,
by assuming additional requirements, such as realizability, properness, ect. In this work, we also
consider the learning task of “distribution learning of countable classes over countable domains
(with respect to total variation distance)”, which corresponds to including only countable Z and C
in the collection of learning problems.

We define the notions of (g, d)-success, sample complexity, PAC learning and weak learning
analogous to the definitions in the previous subsection.

Definition 23 ((¢, §)-success) Let C x P be a pair of classes and L : F x A(Z) — R be a loss
function. We say a sample size m guarantees (g, d)-success for C X P with respect to L if there
exists a learner A : Z* — F such that for every p € {p’ € P : opt(C, p) = 0}, with probability
1— 0 over S ~ p™ we have

L(A(S),p) <e.

We say a sample size m guarantees c-agnostic (g, d)-success for C x P with respect to L if there
exists a learner A : Z* — F such that for every p € ‘P, with probability 1 — 6 over S ~ p"" we
have

L(A(S),p) < a-opt(C,p) +e.
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Definition 24 (sample complexity) Let C X P be a pair of classes. Let
Mecyp(g,0) = {m € N : m guarantees (g, 0)-success for C x P.}

The realizable sample complexity mexp : [0,1]? — NU {oo} is defined by

min{m : m € Mexp(e,8)} ,if Mc(e,6) #0
mCXP(ea 6) = .
00 , otherwise.
Similarly, for o > 1, we define the set
Meyp(e,0)® = {m € N : m guarantees a-agnostic (g, 9)-success for C.}

We then define the a-agnostic sample complexity md, 5 : [0, 1] — N U {oo} by

min{m : m € Mg p(e,0)} ,if MG, p(e,0) #0

00 , otherwise.

mgx?(€7 d) = {

We now define weak learnability and PAC learnability

Definition 25 (¢-weak learnability) A pair of classes C x P is e-weakly learnable, if for every
5 € (0,1), mexp(e,d) < co. A pair of classes C x P is a-agnostically, e-weakly learnable, if for
every § € (0,1), m&, p(e,6) < oo.

Definition 26 (PAC learnability) A pair of classes C x P is PAC learnable in the realizable case, if
foreverye, § € (0,1), mexp(e,d) < co. A pair of classes C x P is a-agnostically PAC learnable,
ifforevery e, 6 € (0,1), m3, p(e,0) < oc.

To simplify notation and phrasings we will often only refer to concept classes C and sample
complexity function m¢ in the main body of the work.

Appendix B. j-boosting: Deferred proof
B.1. Proof of Lemma 18

Consider a learning task for which there exists a function m¢.. : N x (0,1)? — N, such that
every finite class C’ with [C’| = k is a-agnostically learnable with sample complexity mg; (¢, d) <
mg .. (k. €,0) forevery e,6 € (0,1).

For any fixed ¢, let C be a concept class for which there exists ¢’,7 € (0, 1) such that a sample
size m suffices for (£ — 7, 6’)-success. Then, C is e-weakly learnable with

2
mc(e,6) < mn + Manite (7%777 5> )

where n = log(;,(g).
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Proof Given an sample S of size mn + mgnite (1,7, 2), we split S into n + 1 subsamples
Si1,--.,5.n, 52, where for every i € [n], we have [S1;| = m and |S2| = Manite (n,n, %)
We know that there exists a learner .4 such that for every p € {p’ € P : opt(C,p) = 0} we have

Pgrmpldrv(A(S) < — —n] <1-4"

Qlm

Thus, if S is i.i.d. sampled by some p € p € {p’ € P : opt(C,p) = 0}, then for every independent
subsample S ; the above theorem holds. Define a set of candidates

C/ = {A(Sl’l) = [n]}

Since |C'| = n, we can use an a-agnostic learner Aginite ¢ for C’ with sample complexity mgpite (12, -, -

Since [ S| = Mnite (n, 7, 2) with probability 1 — §

Aﬁnite,C’(SQ) <o Opt(p,C) n.

—Zis1—(8")" =1— 3. Thus,

The probability that C’ contains an element ¢ with drv (p,¢q) < £
1 — 9, we have

taking everything together, with probability 1 — % + g

13
Afiitec'(S2) < a-opt(p,C) —n < - S ontn=e

B.2. Proof of Lemma 17

Let C be a class of distributions. If there exists a learner A and parameters ¢',7 € (0,1) and m € N,
such that a sample size m guarantees (57, §’)-success, then C is e-weakly learnable with sample

complexity
meo(8) < mn+ 0 <log<”> : 12og(2/6)> |

where n = logy ().

Proof For this proof we will make use of the hypothesis selection algorithm that guarantees 2-
agnostic learnability for finite hypothesis classes introduced in Bousquet et al. (2022). Their results
states, that for a finite class of hypotheses C” with |C”| = n a learning success of

dTV(ﬁap) <2 opt + 6”7

can be guaranteed with probabiltity 1 — ¢§”, when trained on an i.i.d. sample of size m” >
men(€”,8"), where men(e”,6") € O <%). The result then follows as an immediate

corollary of Lemma 18
|

Appendix C. Lower Bound for Distribution Learning

We start this subsection by giving a comparison of Theorem 22 and common lower bound tech-
niques.
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Comparisson to other lower bound techniques. Our result bears some similarity with common
lower bound techniques from literature, such as Fano’s inequality, Le Cam’s method and Assouad’s
inequality, in the sense that all of these methods rely on creating some form of ”indistinguishability”.
However, our result also differs in ways that are crucial when it comes to proving a lower bound for
the class Ceounter-

Fano’s inequality Fano’s inequality requires distibutions to have pairwise small KL-divergence.
Both of our methods yield positive results for distributions which have pairwise KL-divergence
oo. In particular, Fano’s inequality could not yield a lower bound for Ceounter-

Assouad’s inequality Assouad’s inequality relies on a finite number of distributions. In our set-
ting we require a lower bound that considers an infinite number of distributions in our class
Cecounter> as this class is constructed in such a way that every finite subset is learnable for
sample complexity m(0,0) = 1. Thus, any technique relying on only a finite subset could
thus not yield a sufficient lower bound for learning Ceoynter-

Le Cam’s method Le Cam’s two-point method would not obtain the required indistinguishabil-
ity to obtain hardness (as an uncountable number of distributions is needed for that). Le
Cam’s mixture-vs-point method in contrast could handle the class Ccounter to obtain some
lower bound, as it also makes use of a meta-distribution. However, this method could bound
the total variation distance of learning by at most %, which is worse than our result, which
gives a lower bound of 1. Structurally, our bound creates indistinguishability in the poste-
rior between different support elements, whereas Le Cam’s mixture-vs-point method creates
a meta-distribution @) such that |Q|™ is hard to distinguish from some fixed p € C.

C.1. Proof of Theorem 22
C.1.1. THEOREM 22

Let C be a class of distributions. If for m € N, there exists a meta distribution () over elements
in C, such that for every q,p € supp(Q) with p # ¢, we have dpy(p,q) = 1 and for every
s € supp(|Q|™) C X™, for the conditional probability distribution over elements of C with @
as prior, conditioned on a sample Sg ~ |Q|™, we have for every finite subset B¢ C C and every
S € X™ we have

KqqlSo (Bv S) =0,

then for every learner A : X* — A(X), there exists ¢ € C with
PSNq[dTV(A(S)aQ) = 1] =L

If for every m € N such a meta-distribution exists, then C is not e-weakly learnable for any ¢ €
[0, 1].

Proof Let us consider n pairwise distinct distributions p1, . .., p, € supp(Q). By our assumption,
we know that for any 4, j € [n] with ¢ # j we have dpv(p;, p;) = 1. Then, for every pair (p;, p;)
we can define a set F; ; C Xy with p;(E; ;) = 1 and p;(E; ;) = 0, such that F; ; and Ej; are
disjoint. Let E; := ﬂ;‘zl E; . Clearly p;(E;) = 1 and for all j # ¢ we have E; N E; = () and
p;(E;) = 0. Let us consider any ¢ € A(X). For every i € [n], we have

drv(@,p) = sup |d(B) = pi(B)| = 4(Ey).
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Thus, for every ¢ € A(X'), we have

Let By, 3 C supp(Q) be defined as {p € supp(Q) : drv(4,p) < “=1}. From the above a
calculation, clearly |B,,| < n.

For a fixed S € AX™, consider the distribution defined by
X* = A(X):

qQ|5Q(~, S) and any learner A :

Faqlse({P € A(X) : drv(A(S),p) <1},5) < Kgq s, ({p € supp(Q) : drv(A(S),p) < 1},5)

< i%s@ ({p € supp(Q) = drv(A(S),p) < *— . } 7S>

n

< ZHQQ\SQ(B”’S)
n=0

oo
<> o0=o0.
n=0

Thus kg, (s, ({p € A(X) : drv(A(S),p) =1}, 5) = 1.
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Now consider for an arbitrary learner .A

P(qQ,SQ)NQC,m[dTV(A(Sq)¢ QQ) = 1] = /C o qu,SQ (Q> S)l[dTV(A(S)a Q) = 1]d(qa S)

= /qu 5o(q, 9)1[drv(A(S),q) = 1]dq> s

Xm

/

/ / fa0.50(4; S)dq> ds
xm {pEC dTV 7p) 1}

/..
E
/ (f{pECdTv(AS)p 1y faa% (@ 5)da /qusQ q, )dQ> ds
(
(+
(

| ool S)1ldrv(AGS). >=1qu) as

3

<
3

fc Ja0.54(a:5)dq
/Xm Kaqlso ({dTv(A(Sq), 4g) = 1}, 5) - </c Fao$0 (@ S)dq>> Js

/Xm (/ Ja.50(4; S)clq)) dss
/ / faq.50(a: )dq> dss

( /C Faoso (@ 9)d(a,5)

CxXxm
= 1.

Thus, for every learner A:

sup ESNq[dTv(.A(S),q)] > EqNQ,SNQ[dTV(A(SLQ)} > 1
g€supp(Q)

Thus, for every learner A, there exists ¢ € C, with

Psgldrv(A(S),q) = 1] = 1.

Appendix D. Pseudo-compactness for distribution learning for countable hypothesis
classes over countable domains

D.1. Proof of Theorem 20

The learning task of learning countable distribution classes over a countable domain satisfies 2-
pseudo sample complexity compactness.

Proof Let C be a countable class over a countable domain. Thus, we want to show that for every
g,0 € (0,1) and every m € N, if for every finite subset C’ C C, we have

mC(€7 5) >m
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then
me(2e,0) > m.

Since C is countable, we can consider an arbitrary enumeration of C = {p; : i € N}. Let us assume
for every finite subset C' C C, we have

me(g,0) >m
. In particular, if we consider the sets C; = {p; : j € [i]}, we get
me,(€,0) > m
. Thus, there exists a learner .A; for C;, such that for every p; € C, we have
Pgpm[dov(Ai(S),pi) <€l =1 -0.

Using this sequence of learner (A;);cn, we now aim to define a learner .A4* for C such that for every
pj € C =J,_, Ci, we have

Pgpm[drv(A*(S),pi) <e] = 1-0.

We note that since X’ is countable, there is an enumeration of subsets S of size m, i.e. {S; : k €
N} =am™.
Now let 3(i, j, k) denote the following binary function:

1 if & dTv(Ai(Sk),pj) <e
0 otherwise.

B(i,j, k) = {
For every ¢ > j, we know that

> B0, 4. k)p(Sk) < 1.

keN

Our goal is now to define A*(.Sy,) in such a way that preserves this learnability for every p;. To do
so we want to define a ”limit behaviour” of the sequence (.A4;);x.
For fixed 7, k and an infinite indexset I € N, consider the sequence (/3(i, j, k))icr. We define

vl 1 if there are infinitely many ¢ € I with (4, j,k) =1
A, k), 1) = .
0 otherwise.
And define the subsequence I*(j, k, I) by
i € I°((j, k), 1) =i € Tand 57(j, k, 1) = B(i, j, k).

It is easy to verify that if I is an infinite sequence, then so is I*((j, k), I).
We can now travers the pairs (j, k) jen xen “diagonally”, by the following recursively defined
sequence (a;);N:

* ay = (1,1)
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e Ifa; = (j, k) with j # Lthenaj1 = (j — 1,k + 1)
e Ifaq; = (1, k:) then, a;j41 = (k‘ + 1, 1).

Clearly {a; : | € N} = N2,
We now define the sequence I} recursively by I = N and

Il* — I*(al,Il*il)

We now define the index set I* = (i} );n by

Where I;(n) refers to the n-th element of the sequence I}
Now if we consider the sequence (3(4, j, k))icr= = (B(i], J, k))i;:leN, we get

lim (i}, j, k) = B(j, k, I").
l—o00
We now want to argue that we can choose 4%, such that

1. Forevery k € Nand every j € N: 8*((4,k), I*) = 1 implies

drv(A*(Sk),pj) < 2-¢,

2. and forevery j € N
> B k), I*)pi(Se) = 16
k=1

We start by arguing (2.).

Zb* 3 k), I)psi(Se) = 1= > (1= b*((j, k), T*))p;(Sk)
k=1

= 1= lim > (1—=5%((k),1"))p;(Sk)

k=1

We now note that by the way we picked i; and the way we enumerated pairs (j, k) via the sequence
ar, we know that for every [ > (j + k)2, we have 3(i}, j, k) = B*(i, j, I*). Conversely, if for a
fixed j and fixed t, we have [ > (j + t)?, then

t

> (=BG, 5, k)i (Sk) = (1= B*((j, k), I7)).

k=1

Furthermore, since [* is a subsequence of (i);cn, we have
W=l (j+t)° 2
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Thus, we get the following:

Zﬂ* (G, k), I)pi(Sk) = 1= (1= k), I"))p;(Sk)

=1— lim (1 — 870 k), 17))p; (Sk)

=1- llgloz J+t27]7k))pj(sk)
>1- 11}1?;102 ]—l—t 2,],k§))pj(5k)
>1— lim
t—00
=1-24.

Thus condition (2) is satisfied.
We now want to argue condition (1.). Given k, we define Qy, := {p; : j € N with 8*(j, k, [*) =
1}. If Qy, is empty then then statement (1) is trivially true. Thus, we will assume for the rest of the
proof that Qj, contains at least one element. We want to choose .A*(.S) in such a way that for every
pj € Qk, we have
dTv(.A*(Sk),pj) <2-e.

We note, that since for every p;,,pj, € 9k, we can upper bound their total variation distance, by
considering a learner A;» with [ > jy, jo:

drv(pj, pja) < dov(Air (Sk),pj1) + dov(Aiz (Sk), pj.) < 2€.
Thus we can define the learner A* as:

A*(S) = 4P where j = min{j" : pj € Qy}, if Qy is not empty,
01 otherwise.

Clearly, this learner satisfies condition (1.). From (2.) we now have that .A* is a successful learner
for C.
|
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