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Abstract

Formulating a real-world problem under the Reinforcement Learning framework
involves non-trivial design choices, such as selecting a discount factor for the learning
objective (discounted cumulative rewards), which articulates the planning horizon
of the agent. This work investigates the impact of the discount factor on the bias-
variance trade-off given structural parameters of the underlying Markov Decision
Process. Our results support the idea that a shorter planning horizon might be
beneficial, especially under partial observability.

1 Introduction

Reinforcement Learning (RL) has had tremendous success on Atari games (Mnih et al., 2013), yet
applications of RL in the real-world remain limited (Dulac-Arnold et al., 2021). This complexity is
due to many challenges such as sample efficiency of RL methods (Yu, 2018), risk/safety issues (Gu
et al., 2023) and partial observability (Sondik, 1978; Francois-Lavet et al., 2019; Kaelbling et al.,
1998). Formulating a real-world problem under the RL framework also involves several non-trivial
decisions such as selecting a state/action space (especially when these are continuous), formulating
a reward function, and formulating the learning objective (Hare, 2019; Devidze et al., 2021). The
learning objective usually corresponds to the discounted cumulative rewards, which depends on a
discount factor articulating the considered planning horizon when attributing values to states and
actions (Sutton and Barto, 2018). This objective is useful since it can reduce the search space
intuitively by giving less credit to futur rewards and actions. In toy and simulated environments,
early practitioners tend to use large discount factor values often found in the RL literature on
Atari (Kaiser et al., 2024; Mnih et al.,, 2013). This equates to considering very long planning
horizons. On the other hand, real-world applications tend to formulate sequential decision-making
problems under the contextual bandit setting (i.e. with a myopic agent w.r.t. the planning horizon)
in response to low data regimes (Bastani and Bayati, 2020; Ding et al., 2019; Durand et al., 2018).

The impact of reducing the planning horizon has been studied previously, and bounds on the resulting
bias-variance trade-off on the state value functions have been proposed (Amit et al., 2020; Jiang
et al., 2015). Unfortunately, these results provide loose bounds that do not consider the structure of
the underlying Markov Decision Process (MDP) and thus fail to capture its impact on the optimal
planning horizon. The optimal planning horizon can be described as the discount factor vy which
minimizes the planning loss (see Eq. 1) i.e. the one which can extract the best policy possible
considering the limited amount of data. Distinct results involving the structure of MDPs (Jiang
et al., 2016; Gheshlaghi Azar et al., 2013; Wu et al., 2023; He et al., 2021) have been achieved
separately, but these insights have never been brought together.

Contributions In this work, we introduce new results on the bias-variance trade-off that explicitly
depend on high-level structural parameters of the underlying MDP (Section 2). More importantly,
our results touch on Partially Observable MDPs (POMDPs), providing the first insights supporting
the advantage of considering short horizons in the learning objective for practical applications un-
der partial observability (Section 3). We support and illustrate the theory with numerical results
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(Section 4), hoping that this can open the door to choices in learning objectives that are better
adapted to real-world RL applications. Finally, we make the code to recreate our simulations and
results open source to ensure reproducibility and offer a framework which practitioners can modify
to better understand the impact of partial observability on their specific applications.

2 Fully observable setting

An MDP can be described as a tuple (S,.A, P, R), where S is a finite state space, A is a finite action
space, P: Sx AxS +— [0,1] is a transition function, and R : S X A — [0, Rax] is a reward function,
with Rpy.x denoting the maximal reward obtainable in the MDP. On each time step ¢ € Ny, the
current state S; € S is observed, an action A; € A is played, the environment transitions into next
state S;y1 (using P) and generates an observed reward R;y; (using R). Given an MDP (tuple) M,
the value of state s € S under policy 7 : S — A is the expected sum of discounted rewards obtained
by selecting actions according to policy 7 from state s:

Virn(s) = Ex lz V¥Rt oi1|Se = S] ,

k=0

where the discount factor v € [0, 1] controls the effective planning horizon (the credit assigned to
action A; for future rewards). The goal of a learning agent is to find the optimal policy 73}, ~, that

maximizes V}j _ (s) for all states s € S. We use V€ RIS to denote the vector of state values. A
full table containing all the notation in the paper can be found in Appendix A.

Blackwell discount factor Practitioners often believe using a higher discount factor will get
a better policy on their specific problem. While this is true with an infinite amount of data, it
is rarely the case when building RL applications in practice. It has even been shown previously
that there always exists a discount factor in finite MDPs such that the optimal policy cannot be
improved by further extending the planning horizon under the Blackwell optimality criterion when
|S|] < oo and |A| < 0o (Grand-Clément and Petrik (2023) Thm. 3.2). Above this point, we are in fact
only cumulating variance and noise. We refer to the corresponding discount factor as the Blackwell
discount factor denoted yp,,. We refer to the planning horizon under discount factor vg,, as the
Blackwell planning horizon. This concept closely resembles the idea of Effective planning horizon in
Laidlaw et al. (2023), but with a discount factor instead of a number of steps look ahead.

Planning loss The planning loss captures the impact of ‘using v < ypw given that the planning
is performed in an approximate model of the environment M with M ~ M*:

*
||V T, TBw _ |/ M’y ||oo — ||V1LM TBw _ |/ JVI—y 4V M~, _VWJCI,—Y Hoo

M,vygw M, vBw 1, YBw M ’YBw M, YBw MP/Bw
T wk T
< Waie Vit oo+ Vi Vil e ()
bias variance

This decomposition offers insight into two components which can affect the quality of the policy
obtained when planning on an approximate model of the environment using a shallow planning
horizon (v < vpyw). The bias denotes the loss in value function (evaluated on the true MDP M and
with the Blackwell planning horizon) when using a policy that is optimal with a shallow planning
horizon ~ instead of using a policy that is optimal with vp,. On the other hand, the variance
captures the impact of optimizing the policy under an approximate model M with a shallow planning
horizon and will tend to 0 with more data. This decomposition is different from previous work (Jiang
et al., 2015) and has the advantage of being interpretable as a bias-variance trade-off from the PAC-
learning literature. We can compare the bias to the approximation error and the variance to the
estimation error (Shalev-Shwartz and Ben-David, 2014).

IWe remain agnostic to how M is computed and how the data is collected as literature on the topic is abun-
dant (Gheshlaghi Azar et al., 2013; Wu et al., 2023; He et al., 2021).
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Structural parameters have been introduced previously to characterize the difficulty of an MDP.

Definition 1 (Value-function variation, Jiang et al. (2016)). Given an MDP M and discount factor
v, the value-function variation captures the largest difference between the values of two different
states when following the optimal policy:

T Ty R
v = g Vi () = Vil )] < T2

Note that the value-function is evaluated with the same discount horizon as used by the policy.

The value-function variation provides insight on the impact of starting in certain states over others
in the MDP. A low value indicates that the starting state is not important to consider for predicting
future rewards (Jiang et al., 2016).

Definition 2 (Action variation, Jiang et al. (2016)). Given an MDP M with transition probabilities
P, the action variation captures how much actions can impact state transitions:

— . P . /
O = max max [|P(|s,a) = P(|s,a)ll;

If the action variation is equal to 0, the agent cannot influence the state transitions (and therefore
future rewards). In this case, we would expect the problem to be safely (and efficiently) formulated
under the contextual bandit setting, which corresponds to using a myopic (y = 0) agent. The
maximal value for this L; distance is 2, which often happen under deterministic settings.

Using Definitions 1 and 2, Jiang et al. (2016) introduced the following bound on the bias:

g 1T O /2 kmqy(VBw — )
Varmnze = Vo Jloo < o (2)

(1 = vBuw)(I = vBuw(1 = 90 /2))

bias

Unfortunately, the action variation is not sensitive to the planning horizon of the agent compared
with the Blackwell planning horizon. Moreover, unlike the bias, there is no current bounds for the
variance. We address these limitations in Sections 2.1 and 2.2, which will allow us to obtain a new
bound on the planning loss in Section 2.3.

2.1 Improving the bias bound

In order to consider the planning horizon in the bias bound of Jiang et al. (2016) (Eq. 2), we
introduce the following definitions:

Definition 3 (Discordant state-action pairs). The set of state-action pairs in an MDP M where
two policies m and ©' differ:

Zu(r#7')={(s,a) e S x A:7(s) #7'(s), ©'(s) =a}.

This new set will be used to capture the impact of a shallow-horizon policy on the action variation:

Definition 4 (Horizon-sensitive action variation). The most important difference in transition prob-
abilities induced by using discount factor v instead of discount factor v, on an MDP M :

001,y 1Pl mhrq (5)) = P(ls,a)llh

= max

(37‘1)621\4(”31,75‘6”;1,731”
The implementation of the action variations in proofs is to bound the difference in transition proba-
bilities between two different policies. The highest possible bound is given by prior results (Definition
2), but we tighten this result by simply considering states for which the policies are unequal instead
of all states. This has the benefit of being 0 when the policy is evaluated with a discount factor
above the Blackwell. By building on the analysis of Jiang et al. (2016) we can obtain the following
result to characterize the impact of optimizing the policy with a shallow horizon on k-steps transition
probabilities.
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Proposition 1 (Horizon-sensitive transition probabilities distance). Given an MDP M, let PT,
denote the wvector of the transition probabilities from state s € S to every possible states when
following policy © for k > 1 time steps. The transition probabilities when following the policy that
is optimal for a shallow planning horizon (v) instead of following the policy that is optimal for the
Blackwell planning horizon is bounded by:

s

IPIR = PIEme |y <2 = 2(1 = Sar /2)F

Proposition 1 can then be used to extend Eq. 2 using the horizon-sensitive structural parameters:

n* wk O /Q-HM (’YBw *’Y)
V. MYBw __ V. Moy o < Y Y , 3
s ~Varsulloo < T VT L T da1272)) ®)

bias

where we use the term dp7~ (instead of dar) to capture the divergence between the shallow and
optimal-horizon policies. Since the set offered by Def. 3 is smaller than the set of all state-action
pairs, Eq. 3 is tighter than Eq. 2. See Appendix B for the complete proofs.

2.2 Controlling the variance

We will now introduce new definitions and results to provide a bound on the variance (in Eq. 1).
Recall that the variance captures the impact of learning an optimal policy on an (empirical) approx-
imation M of a true MDP M when using a shallow planning horizon (y < g4, ). To this end, it will
be convenient to isolate the variance that does not depend on the shallow planning.

Definition 5 (Variance due to model approximation). The mazimum difference in value-function
due to the approximate model M :

* ﬂ-*A
e= Vi = V" oo

This term can be upper-bounded into the following results by using known settings in the PAC
literature (Gheshlaghi Azar et al., 2013; Wu et al., 2023; He et al., 2021). We can also use the
discordant state-action pairs (Def. 3) to capture the action variation resulting from having optimized
the policy on an approximation M of a true MDP M.

Definition 6 (Empirical action variation). The most important difference in transition probabilities
when following the policy optimal on an MDP M wvs the policy optimal on an approximate model M :

Sniny = max P(|s,m . (5)) — P(:|s,a)|l, .
M= pen S PG e (60) = Pl

This improvement over the action variation (Definition 2) is that it will tend towards 0 as M~ M
which is desirable in a bound on the variance. As was done previously in Section 2.1, we can also
build on the analysis of Jiang et al. (2016) to obtain the following result to characterize the impact
of optimizing the policy with an approximate model M on k-steps transition probabilities.

Proposition 2 (Empirical transition probabilities distance). Given an MDP M and an approximate
model M. Let P7y. denote the vector of the transition probabilities from state s € S to every possible
states when following policy © for k > 1 time steps. For a planning horizon -y, the transition
probabilities when following the policy that is optimal on M instead of following the policy that is
optimal on M is bounded by:

1P — P |y < 2= 2(1 — 8ar /2)".

Proposition 2 can be used with Definitions 3 and 6 to obtain the following bound on the variance.
See Appendix C for the complete proofs.
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Lemma 1 (Variance). Consider optimal policies computed with planning horizon v < Y, on an
MDP M and an approximate model M. The difference between their value-function evaluated on M
with discount factor vg,, is bounded by:

0oy ¥ Trt"/ 2 1_7 3M7 /2.K;]\/[a (’wa_fy)
Vars., = Varia, lloo < € (1 ) - 5 (1= '
— YBw (1—73w)(1_73w(1_61\4,’y/2))

This bound is interesting because it becomes tighter when the empirical action variation ) M,y OF
the value function variation sz, decrease. We can then deduct that a problem with low value in
these structural parameters lowers both the bias (Eq. 3) and the variance. Finally, the use of the
empirical action variation (Def. 6) gives rise to a bound that is coherent in convergence, as it will
tend towards 0 as the amount of data increases.

2.3 A new bound on the planning loss

By combining the extended bias bound (Eq. 3) with our novel bound on the variance (Lemma 1),
we obtain the following bound on the planning loss (Eq. 1). See Appendix D for the complete proof.

Theorem 1 (APlanning loss). Given an MDP M, its Blackwell discount factor yp.,, and an approx-
imate model M. The planning loss is bounded by:

T T — Om /2 81\/[ /2
VM B T e <VBw ’Y) o + Sl
|| M, yBw M7'YBw|| Y 1 7’}/B’uj 1—’7310(175]»[7'«//2) 1_'7Bw(1_6M,v/2)

+é (1 —7 > :
1- YBw
This result provides insight into how structural parameters affect not only the bias, but also the
variance. For instance, a problem with action variation d;; &~ 0 has low variance due to the limited
impact of the policy over the state value (agent actions do not impact transition probabilities).
Similarly to prior work (Jiang et al., 2015), although the applicability of this result is limited by
not having access to the true model M, it remains a helpful guide to design heuristics and better
understand how one could decide a discount factor. For example, it justifies framing recommender
systems as contextual bandits when the outcome of future recommendations do not depend on
current recommendations, which translates into a low value-function variation rps,. Thm. 1 is

tighter than the current existing bound (Jiang et al., 2015) under the following condition on the
quality of the model approximation M (see Appendix E):

A~ Rmaz 6]\/1 7/2 8M’Y/2
€< -k ) * ’ 5 . '
1 " (173w(15M,’7/2) 1= 7Buw(l = dary) N

Fig. 1 supports the idea that Thm. 1 becomes tighter than prior results when the variance due to

model approximation (Def. 5) is low or when BiL‘ff is dominant (v close to 1).

3 Bias under partial observability

We now look at how partial observability impacts the structural parameters to better understand
its impact on the bias. This is important since most practical problems suffer from a form of partial
observability (Dulac-Arnold et al., 2021). We consider a discrete-time POMDP (Sondik, 1978)
described by the MDP tuple extended with two elements: a finite set of possible observations €2 and
the probabilities of receiving each observation given a state, @ : S x Q — [0,1]. On each time step
t € Ny, the current state S; € S leads the agent to receive an observation O; € Q (using Q), an
action A; € A is played, the environment transitions into the next (unknown) state S;+1 (using P)
and generates an observed reward R11 (using R).
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When facing a partially observable setting, an
effective way of approximating a solution is
to use a policy defined on compressed histo-
ries (Francois-Lavet et al., 2019). Let H; =
Q2 x (A xR x Q)" denote the set of histories
observed up to time t and let H = U:io Hy
denote the space of all possible histories. The

Proportion
o
o]
w

—— 1 samples per (s,a)
—— 5 samples per (s,a)

o

o

S
L

. 0.75 —— 25 samples per (s,a)
belief state b(s|H) is a vector where the i-th 50 samples per (s,a)
component (i € {1,...,|S[}) corresponds to Y 02 0.4 0.6 0.8 10
P(s = i|H), for any history H € H. One 14

can define a mapping ¢ : H +— ¢(H), where .
(M) = {¢(H)|H € H} is finite, which can be Figure 1: Proportion of randomly sampled MDPs
used as input to a policy 7 : ¢(H) — A. where Eq. 4 is true given a discount factor +.

Given a POMDP (extended tuple) M and any
given distribution Dy over histories, one can define the expected return obtained over an infinite
time horizon from a given history H, with A; ~ 7(¢(Hz)):

Vi (0(H) = B [Vi(H'|6)

S(H')=¢(H)

Vit (H'|¢) = Ex Z’Yth+k+1‘St ~b(|Hy = H’),] :
k=0

For a given mapping ¢, the optimal policy 7}, . maximizes Vj\’}ﬁ(qb(H )) for all histories H € H.

3.1 Extending structural parameters

We can extend Definitions 1 and 2 to the POMDP setting by applying them to compressed histories
rather than the actual states in the underlying MDP:

= Bl [ (@)~ Vi) ®
6%, = max max P(o’|o, a) — P(o'|o, )] . 6
M ocEP(H) a,a’€A 0/62(25;7{) | ( | ) ( | )| ( )

We introduce the following result showing how the structural parameters in the POMDP relate to
the structural parameters of the underlying MDP (see Appendix F):

Theorem 2. Given a POMDP M, let mﬁjﬁ and 65, denote the structural parameters (Definitions 1

and 2) evaluated on the underlying state space. Let H(s) = Useo{Hy : b(s|Hy) > 0, Hy € H,} denote

the set of all histories which can lead to being in state s at any time t, and Dy (s) denote its probability

distribution. Define A? s.t. ijfy’”(s) - V&‘i’v(s) < A% Vs €S, define my(s) = u g: ( )777\/1 ,(¢(H))
9 ’ ~ H s b

as the optimal policy on compression of histories when executed over the underlying state space and

define b(slo) = HNDH(SIF;:U:¢(H)b(s|H) for o € ¢(H). We have that:

16(:|o) = bCloN)ly (kS

6?\5/[ <65 and Hf/[ <  max Ayt Af) .

R o0’ €P(H) 2

The first inequality confirms that partial observability impacts negatively the ability for the agent to
control state transitions. The second inequality implies that if the policy on the partially observable
domain remains good (A? = 0), then the state-value variation observed by the agent is lower (since
the Ly distance is bounded by 2), which could make the learning task easier and as efficient with
a low discount factor. This L, distance often has a value of 2, which makes the bound quite loose,
but they illustrate the idea that the values of structural parameters decrease when taking a convex
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combination over states. In fact the maximal value of the expectation of a random variable happens
if all the mass is concentrated on the maximal value of the support. This is explained further in the
appendix B. By considering that the horizon-sensitive action variation (Def. 4) is upper-bounded by
the action variation (Def. 2), we can observe from Eq. 3 that the bias in the underlying MDP upper-
bounds the bias of the POMDP when the optimal policy under partial observability is accurate on
the true state space. This extends the ideas from Abel et al. (2016) where abstractions can make a
problem much easier to learn while retaining good performance and in our case, lower the bias.

4 Numerical experiments

We now conduct a series of experiments to highlight the relationships between the planning horizon,
the partial observability, and the structural parameters of the (underlying) MDP. See code online.

Random MDPs We consider the simulated environment of Jiang et al. (2016). We use 2-actions
MDPs, with Fized(|S|,d) denoting a randomly generated MDP with d > 1 next states reachable
from each state. MDPs are sampled using the following procedure: 1) each state-action pair is
assigned d possible next states; 2) transition probabilities to these states are sampled uniformly in
[0, 1], then normalized; 3) rewards are assigned to state-action pairs by sampling uniformly in [0, 1].

Extension to partial observability We consider the state-abstraction setting (Abel et al., 2016),
which corresponds to a specific case of partial observability where the history compressor ¢(H)
returns only the last observation and where Q is a one-hot vector on an observation from 2. For
simplicity, we make sure that each observation is connected to at least one state. Using Bayes’
theorem to recover the belief that the agent is in state s given observation w, we get a constant
uniform distribution on every state s which maps onto this observation:

1

b(s|w) = €8 :000.9) >O}|VSES:@(w7s) > 0,Vw € Q,

and a belief of 0 otherwise. From this special case of POMDP, we can extract an abstract MDP
My = (Sa, A, Pa, Ra,~y) from the underlying MDP M = (S, A, P, R,~) by using (Abel et al., 2016):

Ra(w,a) = Z b(s|w)R(s, a) (7)
s€S

Pa(w,a,w') =Y > P(s,a,s")b(s|w)0(w’, s'). (8)

seS s'eS

For our experiments under partial observability, we start by sampling an MDP from Fized(|S|,d).
Then, we can map it onto abstracted MDPs (POMDPs) with different number of observations is
|2]. The number of obervations encodes the level of partial observability. For |Q2] = |S]|, the problem
is fully observable. For | =1 (and |S| > 1), the agent is completely blind to the state. We sample
10* MDPs with Fized(10,3) and abstract each MDP into 6 configurations: |Q| € {10,8,6,4,2,1}.
The Blackwell discount factors are computed by iterating from v =1 to v = 0 with step size of 0.01
until the optimal policy changes.

Fig. 2 (left) shows that the mass of the Blackwell planning horizon tends to decrease as the ob-
servability decreases. Since the bias is null when planning with a discount factor larger than vp,,
we only cumulate variance above that point. When || = 1, the myopic agent (7 = 0) enjoys the
optimal planning horizon, which corresponds to the bandit setting.

We also evaluate the normalized bias maxses (V;ff{;i“’ (s) — V;ﬁf{’;w (s)) V&”;;i“’ (s) for different
planning horizons, averaged over different levels of partial observability. Fig. 2 (right) shows that
although the bias decreases when the planning horizon increases, this effect attenuates as the ob-
servability decreases. Given that many real-world problems are partially observable, this finding
supports the need to consider shallow planning more seriously.
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Figure 2: Left: Distribution of Blackwell discount factors over 10* POMDPs given the number of
observations. Right: Average normalized bias given the planning horizon and number of observations.
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Figure 3: Left: Distribution of normalized n%ﬁ over 10* POMDPs given the number of observations

and the discount factor used. Right: Distribution of normalized 6%1 given the number of observations.

We normalize the parameters by dividing the structural parameters for each abstract MDP by the
underlying parameter in the true Fized(-) MDP. Fig. 3 (right) highlights the strict inequality offered
by Thm. 2 on the action variation of the POMDP vs the underlying MDP. By observing Thm. 1
and Fig. 3, the reduction in structural parameters offers insight into how why the bias decreases
under partial observability. It also points to the fact that there might exist a bound on the Blackwell
discount factor using structural parameters much tighter than the one provided in Grand-Clément
and Petrik (2023) or even improve upon the results in Laidlaw et al. (2023) using partial observability.

5 Conclusion

We extended existing structural parameters to consider the planning horizon (Def. 4) and the model
approximation (Def. 6). This allowed us to extend an existing bound on the bias (Eq. 3) and
propose a new bound on the variance (Lemma 1), which resulted in a new bound on the planning
loss (Thm. 1). We finally extended the structural parameters to POMDPs (Eq. 5 and 6) and
showed that these are controlled by their fully observable counterparts (Thm. 2). This complements
previous results (Abel et al., 2016; Francois-Lavet et al., 2019) by considering the impact of the
planning horizon on the bias when shallow planning under partial observability.
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A Notation

Symbol Description
S Finite state space
A Finite action space
p Transition function P : S x A x S+ [0,1]
R Reward function R : 8 X A+ [0, Rmax]
YBw Blackwell discount factor
Vit~ Vector of state values when following policy m on MDP M with discount factor ~
TN Optimal policy in MDP M with discount factor
Zu(m #7') | Set of state-action pairs on MDP M where two policies m and 7’ differ
é Variance due to model approximation
O Action variation for MDP M
KM~ Value-function variation in MDP M with discount factor ~y
OM Horizon-sensitive action variation in MDP M with discount factor ~
5 M.~ Empirical action variation in MDP M with discount factor y
ok |S| x |S| matrix of transition probabilities from state s when following policy 7 for k steps
[PFr] |S| % |S| matrix of transition probabilities when following policy 7 in MDP M
ed One-hot vector of length |S| with a 1 at the index of s € S
Q Finite set of observations
O Observation probabilities O : S x Q — [0, 1]
Hi Set of histories observed up to time ¢
H Space of all possible histories
Dy Distribution over histories
b(s|H) Belief state, P(s = i|H) for history H € H
1) Mapping from histories to a finite set, ¢ : H — ¢(H)
o(H) Space of all possible compression of histories
m(p(H)) Policy defined on compressed histories
76($) Optimal policy defined over compressed histories executed on the true state space
Vir~(¢(H)) | Expected return from history H with policy =
TM Optimal policy for POMDP M and discount factor
A? Loss of performance on the true state space from executing m4(s) instead of the optimal policy
f-c‘i/l’,y Value-function variation in POMDP M with discount factor v and mapping ¢
(5@ Action variation in POMDP M and mapping ¢

Table 1: List of notations
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B Proof of Eq. 3

Let [P7;] denote a |S| x |S| matrix with the element indexed by (s, s’) being P(s’|s, a) under policy
7 and e] be a one-hot vector on an arbitrary state s € S, that is a vector of 0s and a value of 1 for
the index s. We use the following result from Appendix A, Sec. 1 in Jiang et al. (2016):

Fact 1 (State value decomposition, Jiang et al. (2016)). Let M be and MDP with Blackwell discount
factor vy > :

o
™ % k— T ™
Vil s (8) = esTVMp, + Z(VBw — YV oaea {PM]kVM,'y'
k=1

We then have for any arbitrary state s € S by using fact 1 on both state values of the bias:

MY B TN~ S L VI T ™My
VMmaw (S) VMmaw (5) =6 VM{Y €s VM,W

oo

+(VBw =)D VBw (e;r[P;;M”Bw]kVA’Zwa - e;r[P;;MW]kv@y) .
1

=~
Il

M8
e
1

TIp™ ,vBwlk “RI"Y TrpT™™,~1k 7"1*\4,7
(es [P]\/I “] VM,«/ — € [PM ] V]V[,'y .

<0+ (YBw—"7) Y 7

k

Il
-

By realizing that V]\Zf’f/” (s) > V]C[Z:Q’VB” (s) Vs € S, the first term is upper bounded by 0. We can also
start by bounding the inner term of the sum. To achieve this, we will use the following result:

Lemma 2 (from Jiang et al. (2016)). Given stochastic vectors p,q € R!S|, and a real vector V with
the same dimension,
p'V =g VI < |lp— gy max [V(s) - V()] /2

In a way, this lemma gives a bound on the difference between two expectations defined over the
same support. The result is quite loose since it doesn’t take well into consideration the form of the
distribution in p and gq. We will still use it since its the only result we know, and will still be useful
to illustrate our ideas.

We can bound the inner sum using Lemma 2:

e;'— [P&M,wmu]kv]\";l’v{yw _ e;l' [P]ZM'W]kV]\?’\QW < ||6;F[PJ‘C[MWBw}k _ e;r [P]‘(}M"Y]kHl Ii]\é[’ﬁ/.

In their proof Jiang et al. (2016) use the action variation as an upper bound to the row-wise L;-norm
distance between the transition matrices [Py}]| and [Py?] of two policies 71 and mo. By realizing that
this distance is 0 on states where 71 (s) = m2(s), we can tighten up the bounds using Def. 3, changing
a single step in the proof of Lemma 1 from Jiang et al. (2016), and using their Corollary 4 with
our new maximal /;-norm distance in definition 4 and definition 6 to get the following inequalities,
which are equivalent to Propositions 1 and 2 respectively:

S S

el [P = el PP | < 2= 201 = bas /20"
1

eI (PR — TPy R < 2= 201 = Bara/2)".

1

By plugging the second inequality in our inner term, we obtain the following bound:

* * S
iy e -
VafonBe (s) = Vit () <Y (vBw — MvBu™ (1= (1= 0ar/2)%) kinry
k=1

O~ /2 kmy(YBw — )
(1 =98w)(1 = vBuw(l = 0r/2))
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C Proof of Lemma 1

For this proof, we will use the same setting as section B. Using Fact 1 on both state values in the
variance, we have the following:

™, i, — T Tf*., T
Vareis, (8) = Varos, (8) = € Vary” = VM”T

variance pr h gy T (9)
(o= Yot (T 1P V3 = T3 ).

We will start by bounding the sum first. The inner term can be rewritten as:

S S

6T[ Trlufy} V M’y 76 [P M’y} V]Q;%yﬁ :eT[ 771\4'y] V M’y 762[P7T1\71,'y]kv;\2]*\/’[y,7 (10)
te] [PAZM”]’“VA%” _ TPy,

Note that there is a loss in tightness that comes from the fact that to isolate € (to use the existing

litterature on the variance term), we need to use this decomposition, on which we will then use

Holder’s inequality. For the next results, we use Lemma 2 on the first difference, and using Holder’s

inequality on the second, we obtain:

el [PV — el [Py

S

M,y I, K,
T[PMM. ]kfeT[PMMw]kul 2’Y

+

For bounding the first term, we use the inequality presented in section B.Then, we have that the
term inside the sum from Eq 9 is bounded by:

TNy T ¥
VM,'Y VMW

[ee)

el [Py 1F — el PR || S +e

2 = 2(1 — 0n7/2)F)rn

e;r[ ﬂM”} Vi A“ — e:[PLM”}kVAZ%” < ( 5 + &
This allows us to obtain the following bound on the variance:
i LN - s (YBw — 7)€
Viarnm, (8) = V]VIAin;w( $) < e+ > (18w — V0" (1= (1= 0014 /2)" ) kary + T
variance k=1 b
:é( 1—v )+ O /2 Kty (YBw — )
1 =vBw (1 = 7vBw)(I = vBuw(l = 0m,4/2))
O
D Proof of Theorem 1
Recall the following decomposition of the planning loss (Eq. 1):
||VMN§;§” VMN'Iy;w”OO < HVMAQ;L’:” — Vit oo+ [IVaptr — VMNQ,ZLUHW
bias variance

We can upper-bound the bias using a result from Jiang et al. (2016), which we extended (see
Appendix 2.1) to explicit the dependence on the planning horizon using Def. 4:

T 0y 1) 2- w —
||V N;;Bw — VMAQ’; ||°O S M»'Y/ /ﬁ:M,'y('}/B 7) )
e e (I =7Bw)(1 = vBw(l = 0n4/2))

bias
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We can combine the bias upper bound with Lemma 1 and obtain Thm. 1:

™M T M T T T
Vaams — Vot oo < IVt Vit o Varts, = Vadis
VB

|o<>~

M, yBw M, YBw M,YBw M,vBw M,YBw
bias variance
5M,w/2"‘5M,7(VBw—’Y) A< 1—7 ) 5M,y/2'/€M,7(WBw -7)
> € —+ -
(l_rYBw)(l_’YBw(l_(S]W,’y/z)) 1_rYBw (1_73w)(1_73w(1_5M,’y/2))

— YBw — 7 oMy /2 4 SM»’Y/Q P 1—7
T\ - 1= 95wl —6rx~/2)  1-— —5 1— ’
YBw YBw M,y 1 ’}/Bw(l 6M,’y/2) YBw

where the last equality is obtained by rearranging the terms.

E Tightness of Theorem 1

The bound offered by Thm. 1 is tighter than prior results (Jiang et al., 2015) when the gain in
tightness from using structural parameters is higher than the loss incurred from having a looser
variance term in Eq. 1. Formally, we are looking for the condition such that Thm. 1 is tighter than
prior results (Jiang et al., 2015):

w — Sarn/2 Snin/2 11—
e (P25 ) a7 * et dum) ()
YBw YBw M,~ 1— ’wa(l — (5]»1’7/2) YBw

YBw — 7
(1 =7vBuw)(1—7)

Rmax + 67

which we can re-arrange until we obtain Eq. 4:

Snra/2 Snra/2 1— Ronos 1—
K JM,'y/ 4 JV[,'y/ d +¢ ( Y > < BX_ L g ( ’YBw)
1= 98wl =6mn/2) 1 —ypu(l —dr~/2) YBw =Y (1—7) YBw — Y

On /2 Ont/2 Riax A(1—73w> ( 1—v )
KM,~ + = — <€ —€| ———
]-_’YBUJ(]-_(SM,W/Z) 1_7Bw(1_51b17'y/2) (1_7) YBw — 7 YBw — 7
~ Rmaw 61VI 7/2 SM 7/2
e< — — K/]\/[) : . ~ .
-~ K <1’YB1U(15M7’Y/2) l_VBw(l_(SMN)

F  Proof of Theorem 2

Let us begin with the result on the action variation in Thm. 2. We can decompose Eq. 6 and find the
underlying structural parameter on the true state space. We start this by realizing that P(o'|o, a)
is an expected value over possible histories distributed under an arbitrary distribution over histories
Dpy. Then we decompose the transition probability into its underlying components using the belief
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state, as done in Francois-Lavet et al. (2019):

§? = max max P(o’'|o,a) — P(o’|o, d
b= s, 3 Rloi0) ~PIna)

= ma E P('|H ,a)— E P'|H d
oezﬁ()“r(L) aI,E’ae}il /Z H'~Dp: (7|, a) H'~Dpy: (o'|H ')
7€) o(m")=0 o(H')=0

— E ]P) /H/ 7}}9 /H/ !/
s Sy 2 |, PO )~ B )
O'/E¢('H) ¢(H/):0,

= E b(s|H')p s’ H'
max max S | B S5 Ul H)p(s s, aplo’ls 1)

oo (¥ o €M) | (H) HseSses

=3T3 sl H (s s, a (o )

seS s'eS

— ma a E 'Is,a’)) b(s|H' '|s', H'
| B 5
o'ep(H) ¢(H ) o SESS'ES

< max max Y B > Ip(s'|s,a) = p(s'|s, a') | b(s|H )p(e’|s', H')

o€P(H) a,a’E.Aa e 0) ¢(H ) C;SES IS

<oy max » E p(o'|s' H')
7 et B

="

We obtain the first inequality by using the triangle inequality and on the second, we use Holder’s
inequality on the dot product for s € S to retrieve 6%,. On this last inequality, we also interchange the
order of summations, summing all probabilities on the support of ¢’ and then taking the expectation
of the constant 1, which gives the result.

We take a similar approach to obtain the result on the value-function variation in Thm. 2. We can
decompose Eq. 5 to retrieve the equivalent parameter on the true state space:

= [V @) = Vil @)
= max Zb slo) VJ\Z“’W s) — Zb(s|a’)V]Cﬁ7(8)
o0’ €P(H) sES
Hb(‘|0)*b(‘|‘7)”1 T T (o
S 2 on e ‘VMW(S) = Virn(s)
b —b
B e AT
0,0’ €EP(H) 2

We obtain the first inequality by using lemma 2. The last one is obtained by observing that
VAZ’V;” (s) > V]\Zﬂ/(s)ﬁs € S and that by the assumption of Thm. 2 we have that —V&fv(s) <

A =V (s),Vs €S, O
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