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Abstract

Online bilevel optimization (OBO) is a powerful
framework for machine learning problems where
both outer and inner objectives evolve over time,
requiring dynamic updates. Current OBO ap-
proaches rely on deterministic window-smoothed
regret minimization, which may not accurately re-
flect system performance when functions change
rapidly. In this work, we introduce a novel search
direction and show that both first- and zeroth-
order (ZO) stochastic OBO algorithms leveraging
this direction achieve sublinear stochastic bilevel
regret without window smoothing. Beyond these
guarantees, our framework enhances efficiency
by: (i) reducing oracle dependence in hypergradi-
ent estimation, (ii) updating inner and outer vari-
ables alongside the linear system solution, and
(iii) employing ZO-based estimation of Hessians,
Jacobians, and gradients. Experiments on online
parametric loss tuning and black-box adversarial
attacks validate our approach.

1. Introduction

Bilevel optimization (BO) minimizes an outer objective
dependent on an inner problem’s solution. Originating
in game theory (Stackelberg, 1952) and formalized in
mathematical optimization (Bracken & McGill, 1973), BO
finds applications in operations research, engineering, eco-
nomics (Dempe, 2002), and image processing (Crock-
ett et al.,, 2022). Recently, BO has gained traction
in machine learning, including hyperparameter optimiza-
tion (Franceschi et al., 2018), meta-learning (Finn et al.,
2017), reinforcement learning (Stadie et al., 2020), and neu-
ral architecture search (Liu et al., 2018a).

In the offline setting, BO solves the following problem:

x* € argmin, cpa, f(X,y"(x))

subj. to y*(x) = argming g4, 9(X,y), (BO)
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where f and g are the outer and inner objectives, and x and
y are their respective optimization variables.

OBO (Tarzanagh et al., 2024) addresses dynamic scenar-
ios where objectives evolve over time, requiring the agent
to update the outer decision in response to the optimal in-
ner decision. Similar to online single-level optimization
(OSO) (Zinkevich, 2003), OBO involves iterative decision-
making without prior knowledge of outcomes (Tarzanagh
et al., 2024; Lin et al., 2024; Bohne et al., 2024). Let T be
the total number of rounds. Define x; € X C R% as the
decision variable and f, : X x R% — R as the outer func-
tion. Similarly, define y; € R% and g; : X x R% — R for
the inner problem, where y; (x) = argming cga, g:(X, y).
OBO can be seen as a single-player problem, where the
player selects x; without knowing y;(x), using y; as an
estimate based on g;. Alternatively, it can be framed as a
two-player game (Stackelberg, 1952), where the leader (x;)
competes with the follower (y;), who selects y; (x) based
on limited knowledge of g;; see Section 2. This framework
includes online and adversarial variants of (BO), such as
online actor-critic algorithms (Zhou et al., 2020), online
meta-learning (Finn et al., 2019), and online hyperparam-
eter optimization (Lin et al., 2024). The inner and outer
functions may be time-varying, adversarial, unavailable a
priori, and require nonstationary optimization.

1.1. Our Contributions

This paper addresses stochastic OBO, introducing novel
first'- and zeroth-order methods to minimize stochastic
bilevel regret. Key contributions are summarized below.

e Stochastic regret minimization without window-
smoothing. Existing OBO methods (Tarzanagh et al., 2024;
Lin et al., 2024; Huang et al., 2023; Bohne et al., 2024)
rely on deterministic window-smoothed regret minimiza-
tion, which may not accurately reflect system performance
when functions change rapidly. We address these limita-
tions by introducing a novel search direction (Section 3) and
proving that both first-order and ZO methods achieve sub-
linear stochastic bilevel regret without window-smoothing
(w = 1); see Theorems 3.6 and 4.2 and Table 1.

e OBO with function value oracle feedback. In large-scale

'First-order refers to the setting where only partial gradients
of the leader objective f; are accessible, while second-order in-
formation is still required for the follower objective g;; refer to
Section 3.
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OBO Window Size System Stochastic Const. Only Func. Local
Method | in Regret (w) Iters. Regret Regret Min. Feedback Regret Bound
OAGD o(T) N.A. (Exact) X X X Ly Hir+Hr
SOBOW o(T) O(k4log kg) X X X L4+ Vr+Hyr
SOBBO o(T) O(kglog kg) X L6% 4+ Vi + Har
SOGD 1 1 X T3 (02 4+ Ap) + T3 0p
Z0-SOGD 1 1 (di + do)iT5 (62 + Ap) + (dy + do) 5 T3 U

Table 1. Comparison of OBO algorithms based on regret window size (w), system solver iterations, stochastic regret, constrained regret
minimization, function feedback settings, and local regret bounds. Here, x4, denotes the condition number of g;, while V, H,
Ur, AT, and U are defined in (10), (13), and (25), respectively. The compared algorithms include OAGD (Tarzanagh et al., 2024),

p,T> AT,

SOBOW (Lin et al., 2024), and SOBBO (Bohne et al., 2024).

and black-box settings (Chen et al., 2017; Nesterov, 2005),
first- and second-order information is often unavailable or
costly. Constructing accurate (hyper)-gradient estimators
using only function value oracles is particularly challeng-
ing due to BO’s nested structure. Existing methods rely
on gradient, Hessian, and Jacobian oracles, limiting scal-
ability (Franceschi et al., 2017; Ghadimi & Wang, 2018).
We propose Algorithm 2, which estimates Hessians, Jaco-
bians, and gradients using function value oracles, achieving
sublinear local regret (Theorem 4.2).

e OBO with one subproblem solver iteration. A major
challenge in BO is solving implicit systems to approximate
the hypergradient (Ji et al., 2021; Chen et al., 2021). While
efficient offline BO methods exist (Ji et al., 2021; Dagréou
et al., 2022), extending them to OBO is difficult due to time-
varying objectives. SOBOW (Lin et al., 2024) partially ad-
dresses this using a conjugate gradient (CG) algorithm with
increasing iterations (Table 1). We improve upon SOBOW
by introducing Algorithms 1 and 2, which require only a
single subproblem solver iteration.

2. Preliminaries

Notation. R? denotes the d-dimensional real space, with
Rff_ and Rff_ 4 as its positive and negative orthants. Vectors
are bold lower-case letters (e.g., x,y), with (x, y) for inner
product and ||-|| for Euclidean norm. A gradient is V, with

= VxVy. A function is L-smooth if its gradient is
L- L1psch1tz The Euclidean projection onto a convex set X’
is x(z) = argmin, . y(1/2)||x —z|%. The set {1,..., T}
is denoted by [T'], and E[] represents expectation. Lastly,
O(-) hides problem-independent constants.

Stochastic OBO Setting. Let 7' be the total rounds
(Tarzanagh et al., 2024). Define x;, € X C R% as the
decision variable and f; : X x R? as the outer objective.
The inner decision variable and objective are y; € R9 and
ge + X X R? where the optimal inner decision is:

i €argmin {(x.y) = 5, lnlyiclf. )

y€ER2 Ger

Further, we have
fe(%,y7 (%) = E¢,np, [fe(x,y7 (%) &) -

Here, (Dy, D, ) are data distributions. Note that our setting
is stochastic, and only noisy evaluations of the function,
gradient, and Hessian are accessible.

Unlike OSO, where true losses are revealed immediately, in
OBO, the outer function f;(x, y;(x)) is unavailable for up-
dating x;. Moreover, f;(x,y;(x)) is typically non-convex
in x, making standard regret definitions from online convex
optimization (Hazan, 2016b) inapplicable.

Given a sequence {o; € R} |, we define the following
notion of bilevel local regret:

BL-Reg, := ZE [ |PX ar (%65 V fr(xe, yi (xt)) H } , (2a)
t=1

with

Pxa, (x¢5 Vfir(xe,¥7 (Xt)))

1 .
= OT(Xt —x [Xt -V fi(%t,y; (Xt))]) (2b)
t
The local regret (2) compares the leader’s de-
cision x; to the stationary points x; satisfying

Px .o, (X535 Vi(xs,yi(x;))) = 0. This can also be
viewed as dynamic local regret, as the baseline corresponds
to a stationary point of the leader’s objective f;.

Previous work on (nonconvex) OBO examined uncon-
strained local regret using window-smoothed objectives:
Frw(xy) = (1/w) XY fimi(x,y). For w = 1 and
X = R%, this reduces to (2). Tarzanagh et al. (2024);
Lin et al. (2024) showed that w = o(T) ensures sublin-
ear regret under slow variations in {F} ,, }thl, while rapid
changes can lead to deviations. However, smoothing may
misrepresent regret (Figure 1). This paper introduces a new
projection-based local regret notion (2) without smoothing,
and establishes sublinear regret for constrained OBO.

Online Gradient Descent (OGD). One of the most widely
used algorithms for online (single-level) optimization is
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filXe, i) = = (Xe+ Y, —a)? —sin(by,’)
— X Y{) = —(Xe+ Y, —a)? —sin(cyy)

1 2 3 4 5 6
t

Figure 1. Smoothly and rapidly changing f; in OBO with
gt(itt,yt) = (yt — COS(l’t))Q, ay = 1+ O.5sin(t), bt =
1 + sin(0.5¢), and ¢; = 10b;.

OGD (Zinkevich, 2003). The procedure for OGD is as
follows: For each ¢t € [T, the algorithm selects x; € X,
observes the function f, : X C R? — R, and updates
according to

xp+1 =y (x¢ — ayVfi(xt)), o >0. (OGD)

In the following, we adapt OGD to OBO and introduce a
novel framework that requires limited feedback and can
utilize ZO updates within a single-loop structure.

3. Stochastic OBO with Access to First and
Second Order Oracles

To adapt OGD to OBO, Tarzanagh et al. (2024); Lin et al.
(2024); Bohne et al. (2024) developed a variant alternating
between inner and outer OGD, achieving sublinear bilevel
regret bounds. We introduce a new search direction that
enables sublinear bilevel regret without window smoothing.

To compute the hypergradient V f;(x, y; (x)) where y; (x)
is defined in (1), since Vyg,(x,y;(x)) = 0, using the im-
plicit function theorem, yields
V(% y: (%)) = Vafi (%, 7 (%))
+Vyi ) Vyfi (xyi (), G)

where Vy; (x)V3g: (%, y7 (%)) + Vi, g: (x,¥7(x)) = 0.

As the exact y; (x) is not available, we estimate the hyper-
gradient of f; at (x,y) by

VIi(x,y) ==V fi(x,¥) + Viy0: (x,y) vi (%), (4a)

where

V200 (x,¥) Vi (%) + Vy fi(x,y) = 0.

An accurate solution of (4b) is crucial for tight regret bounds.
Tarzanagh et al. (2024) assumes an exact solution, which
is restrictive in large-scale settings. To address this, Lin
et al. (2024) proposed an efficient OBO algorithm with
window averaging, using CG methods to solve (4b), which

(4b)

Algorithm 1 SOGD
Require: (x;,y;,vi) € X x R x R%; T € N; p €
Ry 4; stepsizes {(a, B¢, 0;) € R% |}/ ; parameters

{(ves Aesmi) }—y € (0,1);5 24 2= (x4, y1)-
Fort =1to T do:

S1. Draw samples B; and B, with batch sizes b and b.
Get search directions d?, d}, and d¥:

dY” (245 Bt) = Vygu(2e; B), (7a)
dY = d¥¥(ze; Be) + (1 — 7o) (dY_y — dY” (215 Be)),
d}Y (2z¢; B:) = Vy fe(2ze; Be) + Vage (2¢;Be) ve, (Tb)
di =diY (ze; Be) + (1= A)(di=y — 4 (213 Br)),
di™ (245 Be) = Vi fi(ze;Be) + Viayge (26 Bi) vi, (70)
df =di™ (z¢; Be) + (1 —me)(di_1 — A (ze—1;By)).

S2. Update inner, system, and outer solutions:

Yir1 =y — Bed), v =1Iz, [Vt - 5td2’]7

Xt41 — H;y[xt — atdﬂ.

is equivalent to:

miny, cgex (1/2)[|V3ge (%, ¥) v + Vy fi(x,y)[% (5)

New Search Direction for OBO. Next, we introduce a
novel search direction that enables both first- and ZO
stochastic OBO algorithms to achieve sublinear bilevel re-
gret without smoothing. We first state the following lemma:

Lemma 3.1. Let w = t and W = 1/n in
the window-smoothed gradient VF, ,(x,y;;B;) =
(1/w) Zqiv:_ol V' froi(Xe—iy Yi—i; Bi—i), where By =

{&,. .., &} isdrawn ii.d. from Dy. Then,
A t . A
VEF(xe,y6B) =Y (1 =)'V f;(x5, 55 By)-
j=1
Furthermore, we have @Ft,,,(xt, ye; By) = (Slf with

&f = U@ft(xt,}’t;Bt) + (1 - n)df_l, and d, =
(I/W)V f1(x1,y1; B1) forall t > 2.

As shown in Lemma 3.1, for a specific choice of w and W,
the time-smoothed gradient forms a recursive momentum-
type search direction. However, achieving sublinear regret
in stochastic OBO requires large-window smoothing (w =
o(T)). To address this, we propose the following search
direction:

df =V fi(xe,ye;Be) + (1 —n)di_,
+ (1 =) (Vfe(xe, ¥4 Be) = Vfe(Xe—1,¥1—1; Bt)).

This direction is used for updating x, with similar updates
for y and v, as discussed below and detailed in Algorithm 1.

(6a)
(6b)
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The quadratic optimization formulation of (4b) in (5) leads
to single-loop frameworks such as Dagréou et al. (2022).
Inspired by this, we present Simultaneous Online Gradi-
ent Descent (SOGD) for constrained OBO, outlined in Al-
gorithm 1. SOGD evolves the follower’s decision (inner)
variable, the linear system solution, and the leader’s deci-
sion (outer) variable simultaneously at each step for given
batches B := {&1,...,&} and B := {(1,..., (3}, which
are drawn i.i.d. from unknown distributions Dy and D, with
batch sizes b and b. Computing directions in S1. of Algo-
rithm 1 does not require V2 g, (x¢,y) and Vi, g; (X1, y1).
only their product with a vector, at the same cost as comput-
ing a gradient. Technically, it utilizes an auxiliary variable
v, and concurrently updates y;, v, and x; at each local
iteration . Moreover, S2. of Algorithm 1 introduces an
auxiliary projection Iz, on the ball Z,, defined as follows:

Iz, (v) = min{l,z”}v, 8)

where Z, := {v € R | |v| < p}.

Unlike OAGD (Tarzanagh et al., 2024), which updates x
and y in separate loops, SOGD updates both simultaneously.
Compared to SOBOW (Lin et al., 2024), which uses mul-
tiple CG updates, our method employs a single OGD to
update the inner solution, linear system, and outer variable.

Assumption 3.2. ¢;(x,y) is twice continuously differen-
tiable and p4-strongly convex in y for all x € X', ¢ € [T.

Assumption 3.3. Let z = [x;y] and 2’ = [x;y’], where
x,x' € X andy,y’ € R%. Forany z,z’,and t € [T]:

Bl 3/s0 € Ry st || fe(z:€) — fu(25 )| < Lyollz — 2's
B2 305y € By st [V fi(z6) = VI O < Ly llz— 2]
B3. 34,1 € Rys.t||[Vge(z;¢) — Vge(z';0)|| < lgallz —2'||;
B4. 34, € Ry s.t.||V2g:(2;¢) = V3gu(2'; Q|| < ly2llz—2'|.

Assumption 3.4. For any t € [T, | f:(x,y;(x))| < M for
some finite constant M € Ry, and any x € &.

Assumption 3.5. There exist constants
TgysOgyys Tguy> T fy» O, such that, for all z = [x,y]:
ClL E[Vyg:(z;C) — Vygt(z)nz < Ugy»
C2. E|V2g:(z:C) - Vigi(2)|? < o2,
C3. E[|Viy0:(2: C) = Viyai(2)|* < o,
C4. E||Vy fi(2:€) — Vy fe(2)|* < 0F
Cs. EHfot(z; ) - fot(z)Hz < 0—]2”,('
Throughout this paper, we define
o? = aﬁy + aiyy + U?«y + aixy + a]%x. &)

Assumptions 3.2 and 3.3 are widely used in both BO (Chen
et al., 2021; Ji et al., 2021) and OBO (Tarzanagh et al.,
2024), and many bilevel machine learning problems sat-
isfy it (Franceschi et al., 2018). Further, Assumption 3.4
is widely used in the study of non-convex online optimiza-
tion (Hazan et al., 2017; Lin et al., 2024). Assumption 3.5

assumes that we have access to an unbiased stochastic gra-
dient, Hessian and Jacobian with bounded variance, which
is standard in the literature (Chen et al., 2021).

Achieving sublinear dynamic regret is generally impossible
due to arbitrary fluctuations in time-varying functions (Bes-
bes et al., 2015). Existing analyses (Tarzanagh et al., 2024;
Lin et al., 2024) bound regret by imposing regularity con-
straints on the comparator sequence. To achieve sublinear
regret, we introduce the following regularities:

e Path-length (of order p) and function variation:
Tarzanagh et al. (2024) defines the following metrics for
bilevel sequences:

T
Hyr =) sup [lyi_1(x) = yi (%),
t—2 xXEX
. (10)
Vpi= sup | fi—1(x, yio1(%) = fi(x,y: (x))]

t=2 X€

Path-length H), T measures changes in the follower’s costs,
while Vr captures the smoothness of the leader’s objective.
We use path-length for the follower and function variation
for the leader, as the follower’s objective is strongly convex
(see Assumption 3.2), while the leader’s is nonconvex.

e Inner and Outer Gradient Variations: Another regu-
larity is the sequential difference between the individual
gradients of the upper-level loss function:

T
Dxr =Y sup [ Vfi1(x,y) = Vi fe(x,¥)|,
t=2 XY

an

T
Dyr =Y sup|Vyfi1(x,y) = Vyfi(x,¥)]*.

t=2 Y

As in Huang et al.; Hallak et al. (2021), Dy 7 and Dy 7
measure the gradient drift of f; relative to f;_; for x and y,
respectively. We further define deviations in the gradient,
Hessian, and Jacobian of the lower-level objective as:

T
Gy =Y |IVyge1(xt,y) = Vyge(xe, y0) %,

t=2
T

Gyy,r =Y Vygi1(xe,31) — Vyge(xe, )|, (12)
t=2
T

Gxy.r =) | Viyge-1(xt,30) = Viyge (e, o) |
t=2

We introduce the following notations for simplicity:
Ap:=FE1+Vp, Yp:=Hyr+Gr+Dp, (13)
where (Vr, Hy, 1) are defined in (10), and

Ey = [lyr — yi (<) [P + [lve = vi (x|,
C7VT = CTYy,T + ny,T + ny,T; (14)
Dr := Dy 1+ Dy 7.
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By accounting for both D1 and G, we can represent the
variations in the environments of OBO.
Theorem 3.6. Let {(f:,9:)}1_, be the sequence of func-

tions presented to Algorithm 1, satisfying Assumptions 3.2-
3.5. Forallt € [T), let
1

“= oy P

2
V41 = Cy O,

cgay, O = csay, b:5:1,

N1 = cnaf, i1 = cAaf. (15)
Here, c, cg, c5, ¢y, cp, and c), are specified in (104). Algo-
rithm 1 guarantees:

BL-Reg, < O (T1/3(a2 + A7)+ T2/3\1:T) . (16)
where o and (Ar, Ur) are defined in (9) and (13).

Theorem 3.6 bounds the regret of Algorithm 1 without
window-smoothing, based on the regularities in (14). We
note that the average dynamic regret BL-Reg, /T <
O(T~2/3(0® + Ar) + T~'/3W7) remains sublinear un-
der suitable conditions on A and W.

Remark 3.7 (Stochastic Regret Guarantee for OBO and
OSO with w = 1). The additional terms in (6b) improve
the average regret dependence on variance, achieving a
T—2/352 bound, better than the T~/252 bound for stochas-
tic OBO (Bohne et al., 2024). This also provides the first
regret bound without window-smoothing, unlike (Bohne
et al., 2024; Tarzanagh et al., 2024; Lin et al., 2024; Huang
et al., 2023). For OSO, our approach improves the 7~ /25>
dependence from (Hallak et al., 2021).

4. OBO with Zeroth Order Oracles

Black-box optimization arises in machine learning when
explicit gradients are unavailable (Chen et al., 2017). We
study ZO-type OBO algorithms with limited access to the
leader’s and follower’s objective values. Let s € R% and
r € R?% be vectors uniformly generated from the unit balls
B; and B, respectively. Given positive smoothing parame-
ters p = (ps, pr), wWe use the Gaussian smoothing function
(Nesterov & Spokoiny, 2017) to define the OBO objectives:

fro (X,¥7 (%)) = & E [fi(x+ pss, 37 (%) + per; €], (17)

where

yi (x) € argmin {g; p(x,y)
y€eR?2

= B It sy 4ol (9

Using (17), we provide methodology to approximate each
term in (7) using ZO oracles pecifically, following
Shamir (2017), we estimate the gradient of a function

h : R — R, querying at x — s and x + s, yield-
ing an estimator (d/2)) (h(x 4+ As) — h(x — As)) s. Using
this strategy, the finite-difference estimation of Vg, ,(x,y),
denoted as Vg;(x,y), is constructed for given smoothing

agb}
NG drawnlld from Dy and D, as:

parameters p = (ps, pr), and batches B := {{1,. ..
and B := {¢,. ..

Vygi(x,y; B) = 222r Z;( 91 (%, 5 + peri; Gi)
—gt(x,y : prri; Ci)) ri, (19a)
b
ngt(X y7 Z gt X+pssuy Cz)
Ps i
- gt(x_ psSi, ¥; Ci))si (19b)

Similarly, we estimate
Vi fi,p(x,y; B), respectively, by

Vyft,p(xa}’;B) and

Vy fi(x,y; B) i= T Z(ft(x y + peris &)
— fe(%,y — peris &), (20a)

Vafi(x,y; B) = %;S bl(ft(x + pssi, V3 &)
- ft(XZ: psSi,y;&i))si. (20b)

Further, given a smoothing parameter p, > 0, we can
approximate the Hessian-vector product V?, 9t.p(X,y)v and

the Jacobian-vector product Viygt’ p(X,y)v as the finite
difference between two gradients, respectively, as
b

V39:(%,y; B) i= ——— > (Vyg:(x,y + puv; Ci)

26/)" i=1
— %m(x y = peviGi)), (21a)
b
@iygt(&}’;é) : 2b xgt X,y + pvv; G)
- ngt( Y — puv; Gi)). (21b)

Using (19)—(21), the first-order terms in (7) are approxi-
mated as dY, dY, and d¥ in (22). The approximations in
(21a) and (21b) introduce errors in the hypergradient, which
must be controlled. (21) depends on the dimension of y, as
in ZO optimization (Nesterov & Spokoiny, 2017; Shamir,
2017). The projection Ilz, in (8) bounds v, controlling
variance in v and x updates for convergence.

Assumption 4.1. There exist constants 6, ,5y,,0,,0f,
such that, for all z = [x, y], the following holds:

DI. E[|Vyg:(2: ) — Vygrp(2)|* < 62,
D2. E||Vigi(2:C) — Vgt p(2)||* < 62,
D3. B[V, fi(zi€) — Vy (o) < 62,
D4. E[[Vyfi(2:€) — Vfrp(z)|? < 63 .

)

Assumption 4.1 is analogous to the upper bound on the
variance of stochastic partial gradients discussed in Luo
et al. (2020); Wang et al. (2020). We simplify the notation
by introducing the following shorthand.

A2 . A2 A2 A2 ~2
0% =0y +0, +05 +07%. (23)

Next, we establish a regret bound for ZO-SOGD. Similar to
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Algorithm 2 ZO-SOGD
Require: In addition to parameters in SOGD, choose

Pv; Prs Ps, € R++~
Fort =1 to T do:

S1. Draw samples B; and B, with batch sizes b and b.
Using (19)—(21), get ZO search directions dY, dY, d:

dY (z¢; Be) = Vygi(ze; B), (22a)
dY = d¥ (2:; B:) + (1 — 7o)(dY_, — dY (215 Br)),
AYY (z6;B:) = Vy fi (2 B:) + V2gi (20:B1),  (22b)
at dW(zt,Bt) (1= ) (d-y — d}Y (213 By)),

¥ (203 Br) = Vi fe (26 Be) + Viyge (z6:Bt) ,  (220)
az‘— (Zt,&) (1= n) (&) — & (2013 B1)),

S2. Update inner, system, and outer solutions:

Bta¥7 HZp [V
= HX I:Xt — ataﬂ .

Yt+1 =yt — Vil = +— 5@2’}7

Xt41

previous results, we introduce regularity conditions for the
smoothed functions in (17) and (18).

Inner and Outer Perturbed Gradient Variations: We de-
fine the gradient variations at the perturbed point as follows:

T T
Gy, = Z(Xlt +x2t), Gx1 = Z(X?ﬂf +Xar)- (24)
t=2 t=2
where z, = (X;_1,yi_1+pvVio1)2Z; = (X¢_1,¥i_1—
PvVi—1), and
X1t = [Vyge(z) — Vygi—1(2i)|%
X2t = HVygt(Zt_) - vygt—l(zt_)|‘27
X3t = HVth(er) - vxgt—l(zj)|‘27
X4t = Hvxgt(zt_) - ngt—l(zt_)HZ'

Further, for simplicity of notation, we define

Ar:= E, + Vi + Dy + Gy 1,

R (25)

Uy :=Hyr + Gy1r+ Gy,
where (Vr, H, ) and (E4, Dr) are defined in (10), and
(14), repectively. Moreover, Gy 1 and (G 1, Gx 1), are
defined in (12) and (24), respectively.

Theorem 4.2. Let {(f,9:)}1_, be the sequence of func-
tions presented to Algorithm 2, satisfying Assumptions 3.2-
3.4 and4.1. Forallt € [T, let

1
= _ 5 —

a (d1+d2)3/4(c+t)1/3’ ﬁt Cplit, t Cs O,
Yt+1 = Cy O, Nt+1 = CnQit, >\t+1 = caau,

,02ICOQ /)2:L p2zi

v vOt, r d§T7 s d%T7

T‘l/3 _ T2/3
b= b 6)

(d1 + d2)3/2’ - (dqv + d2)3/4’

where ¢, cg, c5, Cy, Cp, Cy, and ¢y, are specified in (232). Let
p = Ls0/ g for the set Z, defined in (8). Then, Algorithm
2 guarantees:

BL-Reg, < O ((d1 + dy)3/AT3 (&2 + AT)

+(d1 + d2)3/2T2/3\iJT) .

where 62 and (AT, \i/T) are defined in (23) and (25).

Theorem 4.2 bounds the regret of Algorithm 2 without
window-smoothing, based on the regularities in (25). We
note that the average dynamic regret BL-Reg, /T <

O((dy+do)¥/*T—2/3 (&2 +AT) F(da+do P2T 130 )

remains sublinear under suitable conditions on AT and \IIT

Remark 4.3 (Regret Guarantee for Zeroth Order OBO).
Theorem 4.2 provides the first regret guarantee for OBO
with access only to noisy function evaluations of the leader
and follower. The dimensional dependence O(d; + d2) in
Theorem 4.2 aligns with optimal results for simpler offline
min-max problems (Huang et al., 2022). The bound also
depends on the sample sizes b, b and smoothing parameters
Dv, Prs Ps at each iteration.

Remark 4.4 (Improved Regret for OSO). Our dynamic re-
gret for single-level non-stationary optimization is O((d; +
d2)3/4T=2/3(62 + Ey + Vp + Dr)), improving the re-
sult in Roy et al. (2022), which is O(T~'/202v/d). Roy
et al. (2022) proposed a zeroth-order stochastic gradient
descent algorithm for unconstrained, non-convex, time-
varying objective functions, achieving a regret bound of
O(T~1/26%\/dWr) using a two-point gradient estimator,
where W bounds the nonstationarity. Additionally, Guan
et al. (2023a) showed that the local regret for standard online
stochastic gradient descent with the standard two-point gra-
dient estimator (Agarwal et al., 2010) is O(T~Y2d\/V7).

5. Experimental Results

In this section, we provide experimental results on bilevel
optimization-based black-box attacks on deep neural net-
works and parametric loss tuning for imbalanced data.

5.1. Bilevel Optimization-Based Black-Box Attacks

Deep neural network classifiers are vulnerable to adversarial
examples—images subtly modified to mislead the classifier.
These examples can deceive classifiers even without knowl-
edge of the model, as seen in black-box adversarial attacks
(BBAA) (Chen et al., 2017; Liu et al., 2018b; Chen et al.,
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Figure 2. Performance comparison (mean=std) of optimizers including ZO-O-GD, ZO-O-Adam, ZO-0O-SignSGD, ZO-0-ConservSGD,

Z0-SOGD, and ZO-SOGD (Adam) on online adversarial attack for

MNIST data across five runs.
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Figure 3. Performance comparison (mean+std) on imbalanced loss tuning with distribution shift for MNIST data across five runs
between OGD (Zinkevich, 2003), OAGD (Tarzanagh et al., 2024), SOBOW (Lin et al., 2024), and our SOGD.

2019).

We first review the ZO single-level optimization for BBAA
(Chen et al., 2017). Let (a,b) denote a legitimate image
a € RY with true label b € {1,2,...,.J}, where J is the
total number of classes. Define a’ = a + y as an adversarial
example, with y as the adversarial perturbation. Let ) :=
[~5,5]7 € R, and £ : R? — R denote the black-box attack
loss. The goal of BBAA (Chen et al., 2017) is to design y
for images {a;}/; by solving:

min

min 27

1 & )
E;aaz +y) +Alyl*

Here, A > 0 is a hyperparameter balancing attack loss
minimization and /5 regularization.

To adapt (27) to our OBO, consider OBO for supervised
learning: at each timestep ¢, new samples (a;, b;) € D; :=
{D}¥, DI} are received, where a; € R% is the feature

vector (image) and b; € R is the corresponding target. Note
that the correct decision can change abruptly. We consider

an S-stage scenario where (x}, y*(x})) represents the best
decisions for the s-th stage for all s € [S].

x5 € argmmz f ( Df‘l)
xeX 7
Ts
s.t. ya(x) € argmin Zg x,y;Dy), (28)
YeY =1

where
9(xe,y1; D)) = q Z 0@ +ye)
‘D eDll’
1
[xt]. 2

+ 5;(3 P lyl?, (292)

and
Flye(xe); D) = >t +y). (29b)

Dval'
16D"al

Here, {agi)}iepg and {agi)}iepgal are batches of training
and validation samples at timestep t; agi) is the ith sample
in that batch; and [x;], and [y:], denote the ¢th component

of x; and y, respectively.

We normalize the pixel values to ). For an untargeted
attack, the loss in (29) is {(a}) max{Z(a})y, —
max;p, Z(ay);, —k}, where Z(a}); is the prediction score
for class j given input a}, = a; + y, and k > 0 controls the
confidence gap. In our experiments, we set k = 0.

Eq. (28) introduces the first OBO formulation of BBAA.
Using a vector x € Ri for hyperparameters instead of
A € Ry, in (27) enables finer control over model com-
ponents, enhancing performance for complex models and
heterogeneous data (Lorraine et al., 2020). For a fair com-
parison with single-level BBAA, we replace A with a fixed
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vector multiplied by each component of y in (27).

We compare our ZO-SOGD and ZO-SOGD (Adam) with
the following competing methods in the online setting:

Z.0-0O-GD: A single-level method that updates y; with a
fixed x at each timestep using ZO gradient descent (Nes-
terov & Spokoiny, 2017).

Z0-0-Adam: A single-level method that updates y; with
a fixed x at each timestep using ZO Adam (Kingma & Ba,
2014; Chen et al., 2019).

Z.0-0-SignSGD: A single-level method that updates y,
with a fixed x at each timestep using ZO SignSGD (Bern-
stein et al., 2018).

Z.0-0-ConservSGD: A single-level method that updates
y: with a fixed x at each timestep using ZO Conservative
SGD (Cutkosky & Boahen, 2019).

Note that ZO-SOGD (Adam) is a variant of our algorithm
with an adaptive stepsize, similar to that of (Kingma & Ba,
2014).

We evaluated the proposed algorithms based on runtime,
test accuracy on perturbed samples, and the infinity norm of
y:. Figure 2 compares the methods. The left panel shows
that ZO-SOGD has similar runtime to single-level baselines,
despite outer-level optimization on x. The middle panel
shows that all methods’ accuracy decreases as the adver-
sarial attack y strengthens, with ZO-SOGD outperforming
Z0-0-GD and ZO-0O-ConservGD, and ZO-SOGD (Adam)
outperforming ZO-O-Adam and all baselines. The right
panel shows that the increasing infinity norm of y; over
time for all methods, which reduces accuracy. However, the
perturbations remain unnoticeable with a max y, no larger
than 4, demonstrating that ZO-SOGD achieves effective
attacks with better performance than other methods.

5.2. Parametric Loss Tuning for Imbalanced Data

Imbalanced datasets are common in modern machine learn-
ing, causing challenges in generalization and fairness due
to underrepresented classes and sensitive attributes. Deep
NNs often overfit, seeming accurate and fair during training
but performing poorly during testing. A common solution is
designing a parametric training loss that balances accuracy
and fairness while preventing overfitting (Li et al., 2021).

We consider an optimization problem similar to (28). For
anew sample (ay, b;), the follower and leader incur a para-
metric and balanced cross-entropy loss, respectively:

DU 1 eV ye(an)]o, +Au, d
Xt, Yt =-10 o
9(x¢,y:; DY) g Z;_le evilye(an)]j+4;

elyi(a)ls,

.Dval - _ 1 B E— 30
f(Yt(Xt)7 t ) Up, 108 Z;']:I elye(at)l; G0

Here, x; := (Aj,,)7_, represents the logits adjustments,
with j indexing the J classes, and u; is the reciprocal of
the proportion of samples from the j-th class to the total

number of samples (Li et al., 2021).

To clarify the notation in (30): y:(x;) denotes the follower
v+ conditioned on the leader x;, while [y:(a;)]p, represents
the predicted logit for class b; on sample a;. The backbone
model for y; is a 4-layer CNN, leading to a nonconvex
bilevel objective.

We compare SOGD with the following methods:

OAGD (Tarzanagh et al., 2024): A state-of-the-art static
online bilevel gradient descent method using the Neumann
series for hypergradient approximation.

SOBOW (Lin et al., 2024): A dynamic online bilevel gra-
dient descent method using conjugate gradients (CG) for
hypergradient approximation.

We conducted experiments on the MNIST (LeCun et al.,
2010). We used a batch size of 64 per timestep. We evalu-
ated cumulative runtime, balanced accuracy, and test accu-
racy, where balanced accuracy is the class-specific average
accuracy:

1 J
=3 Py, largma, (fye(an)):) = ]

j=1

with D; denoting the distribution over samples of class
j (Li et al., 2021). Learning rates were tuned as 3; =
d; = B € {0.001,0.005,0.01,0.05,0.1} and oy = & €
{0.0001, 0.0005, 0.001,0.005,0.01} for all t € [T]. The
parameters v, \¢, 1y were tuned as iy = Ay =1y = 7 €
{0.9,0.99,0.999}. The Neumann series iterations in OAGD
and CG iterations in SOBOW were set to 5.

We evaluated performance over 400 timesteps in four 100-
timestep phases, transitioning from an imbalanced (0.4%) to
abalanced (0.8?) distribution for each class (i = 0,1, ..., 9).
Figure 3 (left) shows SOBOW'’s longer runtime due to CG
complexity, while SOGD is the fastest with simultaneous
updates. Figures 3 (middle, right) show accuracy gains
as balance increases, with SOGD achieving competitive
accuracy.

6. Conclusion

We introduced a novel online bilevel optimization (OBO)
framework that overcomes the limitations of existing algo-
rithms, which often rely on extensive oracle information
and incur high computational costs. Our approach uses
limited feedback and zeroth-order updates for efficient hy-
pergradient estimation and simultaneous updates of decision
variables, achieving sublinear bilevel regret without window
smoothing. Experiments on online parametric loss tuning
and black-box adversarial attacks confirm its effectiveness.

Impact Statements

This paper develops methods to advance online learning.
While our work has societal implications, none require spe-
cific emphasis here.
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A. Related Work

BO was introduced in game theory by (Stackelberg, 1952) and modeled mathematically in (Bracken & McGill, 1973). Initial
works (Hansen et al., 1992; Lv et al., 2007) reduced it to single-level optimization. Recently, gradient-based approaches
have gained popularity for their simplicity and efficacy (Franceschi et al., 2017; Ghadimi & Wang, 2018; Ji et al., 2021;
Chen et al., 2021), though they assume offline objectives.

OBO was initiated by Tarzanagh et al. (2024), proposing the OAGD method with regret bounds. (Huang et al., 2023)
developed algorithms for online minimax optimization, special cases of OBO with local regret guarantees. (Lin et al.,
2024) introduced SOBOW, a single-loop optimizer using window-smoothed functions and multiple CGs for nonconvex-
strongly-convex cases. Unlike these works, we propose using projected gradient as a more general performance measure for
constrained objectives, focusing on the original functions and their regret; See Table 1 for a comparison.

Single-Level Regret Minimization. Single-level online optimization predominantly focuses on convex problems, either
with static or dynamic convex regret minimization (Zinkevich, 2003; Hazan, 2016a; Shalev-Shwartz et al., 2011). Non-
convex online optimization (Hazan et al., 2017; Guan et al., 2023b;a) poses greater challenges than its convex counterparts
(Shalev-Shwartz et al., 2011; Zinkevich, 2003; Hazan et al., 2007; Besbes et al., 2015). Notable contributions in this field
include adversarial multi-armed bandit algorithms (Bubeck et al., 2008; Héliou et al., 2020; 2021; Krichene et al., 2015)
and the Follow-the-Perturbed-Leader approach (Agarwal et al., 2019; Kleinberg et al., 2008; Suggala & Netrapalli, 2020).
Hazan et al. (Hazan et al., 2017) introduced window-smoothed local regret for gradient averaging in non-convex models,
which Hallak et al. (Hallak et al., 2021) extended to non-smooth, non-convex problems. Inspired by their work, we employ
local regret for Online Bandit Optimization (OBO) without window-smoothing.

Zeroth-Order Optimization. Single-Level ZO Optimization has been widely studied in both offline (Ghadimi & Lan,
2013; Duchi et al., 2015; Agarwal et al., 2010; Nesterov & Spokoiny, 2017) and online settings (Liu et al., 2018b; Guan
et al., 2023a;b; Zhang et al., 2020; Bach & Perchet, 2016). We next review closely related work. Liu et al. (Liu et al., 2018b)
proposed ZOO-ADMM, a gradient-free online optimization algorithm utilizing ADMM. Guan et al. (Guan et al., 2023b)
studied online non-convex optimization with limited oracle feedback. Research on online non-convex optimization with
bandit feedback includes work by Heliou et al. (Héliou et al., 2020), which established bounds on global static and dynamic
regret using dual averaging, further refined in (Héliou et al., 2021). Gao et al. (Gao et al., 2018) extended these ideas to ZO
algorithms. Flaxman et al. (Flaxman et al., 2004) provided algorithms for bandit online optimization of convex functions
using ZO gradient approximation. Our work closely relates to (Sow et al., 2022), which proposes a Hessian-free method
approximating the Jacobian matrix using a ZO method based on finite differences of gradients. In contrast, our method uses
function oracles to approximate both the Hessian and gradients and is derivative-free. We also point out the recent work
(Aghasi & Ghadimi, 2024) on ZO stochastic algorithms for solving bilevel problems when neither the upper/lower objective
values nor their unbiased gradient estimates are available. Their approach, limited to the offline setting, does not include
numerical results, thus leaving its practical efficiency unclear.

B. Additional Preliminaries and Notations
B.1. Preliminary Lemmas
We first provide several useful lemmas for the main proofs.

Definition B.1 (Projected gradient (Ghadimi et al., 2016)). Let X C R% be a closed convex set. Then, the projected
gradient for any a; > 0 and p € R% is defined as

1
P (XP) = o (x—x"), (31a)

where
xt =1y (x — asp), (31b)
and I1y [-] denotes the orthogonal projection operator onto set X

Lemma B.2. Goeletal. (2019, Lemma 13) If f : X — R is a py-strongly convex function with respect to some norm || -
and x* is the minimizer of f (i.e. X* = arg mingex f(X)), then we have Vx € X,

5

Hlx—x|2 < 160 = £(x") < 5 IVF )

1
2p
Lemma B.3. Suppose f(x) is L-smooth, and x* € argminy » f(x). Then, we can upper bound the magnitude of the

12
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gradient at any given point x € R% in terms of the objective sub optimality at x, as follows:

L
S IVFRI? < F(x) — 7)< 5~ 7|1

Lemma B.4. For any set of vectors {x;}™, with x; € R% we have

m 2 m
doxif <m Ikl
i=1 =1

Lemma B.5. For any x,y € R%, the following holds for any ¢ > 0:

1
Iyl < @l + (14 1) Il and

2 2 1 2
=312 (=9 lx =l + (1= 1) 231,

We provide a set of auxiliary lemmas that will be used in establishing the proofs for the main theorems.

(32)

(33)

(34)

Lemma B.6. Ghadimi et al. (2016, Proposition 1) Let Px o, (x; p) be defined in Definition B.1. Then, for any p1 and p in

R we
Px.a, (3% P1) = Pxa, (X;P2)[| < |IP1 — P2 -

Lemma B.7. Hazan et al. (2017, Proposition 2.4) Let Px o, (X; p) be the projected gradient as per Definition B.1. For any

X, p1, P2 € R? and oy > 0 it holds that
[P0, (%P1 + P2)ll < [[Px.a, 05 P + [[P2]] -

Lemma B.8. Let Px o, (x; p) be as given in Definition B.1. Then, for any p € R? and oy > 0, we have

(P, P .o, (X; D)) > [P, (x; D)

Proof. By the definition of x*, the optimality condition of (31b) is

1
<p—|—(x+—x),z—x+> >0, VzelX.

Qi

Letting z = x, we obtain

<p,xfx+>2 <xfx+,xfx+>,
O
which can be rearranged to
1 + ! + +
<paPX,Ott(X;p)> = <p,X—X > Z Nl <X_X y X —X >
(673 (&%
2
= [[Px,a, (5 P)II” -

B.2. Examples

Theorem 3.6 achieves sublinear bilevel regret when the variations Vi and Hy 1 are both o(T"). Below, we provide some

examples of online optimization in both single-level and bilevel settings to illustrate when this occurs.

Example B.9. Consider function fy(x) = ||A¢x — by||?, where A, = [1,0;0,1 + 1], x = b, = (1,1). Then, Vr

13
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ST mas () — froa () = £, 1 (1) = (25) By a2~ b2 = (a— b)(a +b). we have
(-73) - ()]

-2 ()~ (et
(

-2 () - ()

Then, Vp < Zthz t% ~ f2T %dt = i — % As T — oo, Vp becomes bounded and approaches a constant value, indicating
that Vi grows slower than T itself.

Example B.10. Let fy(x) = (—%,0,0,0) if ¢ is even, and f;(x) = (0,—%,0,0) if ¢ is odd. Then, Vy =
Yol maxs [ £i(%) = fia (x)] = O(1).

Example B.11. Letz € X = [—1,1] C R, y € R, and consider a sequence of quadratic cost functions

fi(z,y) = ; (1: + 2a(1)> + 3 (y — a§2)) ,
gi(z,y) = %yz - (1’ a’® )> v,

where a\" = 1/t and a{® = 1/v/% forall ¢ € [T).

We have
vi(@) ==z —af.
We have
fe(a,yi (x)) — fi 1(96 Yi—1(2))
1 ) Ly, @)° * (2)
2{(%’4'26% —(334'2@ ):|+2|:<yt($)_at ) _(yt—l() ay_ 1)
1
=3 KIQ + 4:17af (agl))Z) — (x2 +4xa§1_)1 + 4(a§1_)1)2>}
1
+5 [(@ = o) =26 = af)a + (@?)?) - (@@ - afh)? - 2@ — aZ e, + (af))?)]
22 (afV - aiﬂ —a? o) +2((af)? = (@) + (@) - (@f))?).

Taking the maximum over x and using z € [—1,1] :

agl)*at1)1’+2’ (2)+a§ )1‘

sup|fu(2, y; (2)) — femr (2,971 (2))] = 2

+2|(af")? - (@22 + 2| (@) - (@2))?).

14
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Since a =1/t and a(2) = 1/+/tforall t € [T], then we have

1 1 1 2 2 1
\ag)—a§)1|%t—2, |a§)—a( )1‘~2t3/2’

1 1 1 2 2 1
(at")? = (@)% = =, 1(af”)? = (i) ~ .

3’ 12

Then, we get

T T 1
V= ZSUPU:&(%Q:(%)) Je—1(@, yi( Z <t2 t3/2 t3>
t=2 ¥

The series Zf,Tzz (t% + 21&3'% + t%) converges, implying Vo = O(1). Moreover, we have

T
2
Hyr =3 sup Iy (2) = i ()] = Zwmw —z+a?)|?
t=2
T

T
1
(2 2
S T ot
=2
which implies Ho 7 = O(1).

To achieve Vi = o(T'), the changes in the cost functions f;(x,y; (x)) and y; (x) should decay to zero faster than O(1/t).
For example, if the coefficients in the functions change as O(1/t*) with a > 1, then the cumulative sum over T will be

o(T). When f;(x,y}(x)) and y; (x) decay as O(1/+/t), then the total variation grows at most as O(v/T).

C. Proof of Regret Bounds for Simultaneous Online Gradient Descent (SOGD)

Proof Roadmap. We introduce Lemma C.2, which quantifies the error between the approximated direction of the
momentum-based gradient estimator, dY, and the true direction, Vy g:(X¢,y¢), at each iteration. To bound the error of
the lower-level variable, we provide Lemma C.4, which captures the gap |ly;+1 — y; (x:)||?> and incorporates the error
introduced in Lemma C.2. Moreover, we provide Lemma C.5, which quantifies the error between the approximated direction
of the momentum-based gradient estimator, d}, and the true direction, V2 vt (z¢) ve + Vy fi(2¢), at each iteration. To bound

the error of the system solution, we provide Lemma C.8, which captures the gap ||[v;4+1 — v} (x;)||* and incorporates the
error introduced in Lemma C.5. Moreover, we provide Lemma C.9, which quantifies the error between the approximated
direction of the momentum-based hypergradient estimator, d¥, and the true direction, Vy f:(z:) + V,Q(y gt (z¢) vy, at each
iteration. We also present Lemma C.11, which provides an upper bound for the projection mapping and relates to the three
errors discussed in Lemmas C.4, C.8, and C.9. Finally, by combining these lemmas and appropriately setting the parameters,
we achieve the desired result.

C.1. Proof of Lemma 3.1
Proof. SOBOW (Lin et al., 2024) has estimated the hypergradient as the weighted average of previous ones over a sliding

window of size w for a given B; := {1, ...,&} drawn i.i.d. from the distribution Dy, as follows:
1 w—1
VFty(XtaYt;Bt ZVVft i(Xt—is Ye—is Be—i),
=0

with W = """ ' i v e (0,1). Letw = 1 — n fornp € (0,1).
Then, the above equality is equivalent to

t
1
th V(XtaytaBt Z f jvf_](xj7y]78 )7 (35)

J:t—w+1

with W = Z] e wH(l—n)t_j.
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Let flf = @Ftvy(xt, vt; Bt). Then (35) is equivalent to

A 1 - o 1—n% .
dif = vat(XhYt;Bt) + @ =ndi, — ( Wn) Vfmw(Xt—w Yi—wi Bi—w), (36)

with f;(-) = 0forall ¢ < 0.

Ifw=tand W = %, then, we have

dX =0V fi(xe,y6 Be) + (1 —n)dX ;.

C.2. Bounds on the Inner Decision Variable

We first provide a lemma that characterizes the Lipschitz continuity of approximate gradients, inner, and system solutions.

Lemma C.1. Under Assumptions 3.2 and 3.3, for all x,x' € X, and the search directions {dX}_, and {d} }]_, generated
by Algorithm 1, we have

I = Vfiloce, i (xe)II* < M7 (Ilye =i GOll* + ve = vi (x0)l1*) (37a)
lay® < 22 (Jlye =y Gell* + Ive = vi (x)l1P) (37b)
V420,35 () = Vi w7 () < Ly = ] (370)
Iy (x) = yi I < Ly [Ix =X, (37d)
Vi 60) = v ()| < Ly [ =X (37¢)

where My, My, and (Ly, Ly, L) are defined in (40), (41), and (42), respectively.

Proof. We first show (37a).
Using Assumptions 3.2 and 3.3, we have V2 g; (x¢,y7 (X)) = pig, and

* * -1 * 6 s
Ivi el = I (Vyge (e 7 () ™ D (xanyi (o)) || < S22 (38)
g
Observe that
ldF — Vfi(xe,y7 (%)l < |V fe(xe,¥0) = Vi fe(Xe, 7 (%)) ||
+ H"tviygt(xta}'}) - V:(Xt)viygt (%t 7 (x2) |l
< ||V fe(xe,¥t) — Ve fe(xe, yi(x2)) ||
+ I Vayg: (ke yo) Ve = vi (x|
+ HV:(Xt)”HViygt(XtaYt) - Viygt(xt,yi(xt))ll
L, o0 . .
< (tra+ 2220 )y, - i)l + fyallve — ViG]
g
< M7 (lly: — yi xe)ll + [ve = vi(xo)D) (39)
where 0o
Mf = \/imax {ng + g,2f707£g’1} s (40)
Hg

the third inequality is by Assumption 3.3, and the last inequality follows from (38).
Next, we establish (37b).

16
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Since d} ™ := Vy, fi (x4, y7 (x¢)) + Vf,gt (xt, ¥ (x¢)) vi(x¢) = 0, we have
Id¥ ]| = [ld} —dy™||
= Hvtvigt(XhYt) + Vy fe(xt,¥t)
— (Vi(xe)Vage (%, y7 (x4)) + Vy fe(xe, y7 (x0))) |l
< (V39e(xe,¥6) = V590 (xe, 37 (x2))) vi (%)
+ V3 9e(xe, y2) (Ve — v (x0)) |
+ I Vy fe(xe, ye) = Vy frlxe, y7 (x0))]]-

Then, from Assumption 3.3 and (38), we have

¥l < Lo2llye —yi Geo)l[llve )l + €gallve = vl + €rallys — yi (%2l

E 726 ,0 * *
< (‘quf wl) Iy = ¥7 Geoll + Ly allve = vi (%)
g

< My (lye —yi %)l + [[ve = vix)ll)

where 0
M, = \/imax{m +ef,1,egyl}. (41)
Hg
The proofs of Eqgs. (37c)-(37¢e) follow from Tarzanagh et al. (2024, Lemma 17) by setting
l
Ly = L’l,
Hg
L,/ / Ly 0
Ly =l + 2201 4 2O (fg,z + e “) , (42)
Hg Hg Hg
by1(ls1+ M L £yl
Ly— oty + g1(lra+Myp) | tro (5972 A g,2> 7
Hg Hg Hg
where the other constants are defined in Assumption 3.3. O

Lemma C.2. Suppose Assumptions 3.5, B3. and C1. hold. Let {(x¢,y+,v:)}L_ | be generated according to Algorithm 1.
For €] defined as

ef :==dY — Vygi(x¢,y1), (43)
we have:
g
Ellef 4 ]I> < (1 —v41)*(1 + 4855,153)15:”6?“2 + 2’Yt2+1'Ty +24(1 - 'Yt+1)2£!2],1E”Xt+1 —x¢|?
+6(1 = 7141)°E[|Vygi(z141) — Vyges1(zeg) |
HA8(1 = ve1) 205 1 BTE( Vy gi (%, y2) | (44)

Proof. From Algorithm 1, we have
dY, ) = Vygir1(zer1: Bepr) + (1 — 7e01) (A7 — Vygeri(ze; Biya)).
Then, we have
Ellef i[> = EldY 1 — Vyger1(zes1)]
=B Vygi11(Ze115 Bea) + (1= 301)(dY = Vygis1(26 Bis1)) — Vygera (2e41)|1?

=E[(1 —ye11)ef + (Vyges1(ze11; Bis1) — Vyger1(2zes1))
- (1 - ’Yt+1) (Vy9t+1(zt§ Bt+1)) - vygt(zt)HZ,

17



Stochastic Regret Guarantees for Online Zeroth- and First-Order Bilevel Optimization

which implies that

E‘|@f+1||2 =(1- ’Yt+1)2E||€§||2 + EH(VygtH(Ztﬂ;Btﬂ) = Vygi+1(Ze+1))
— (1= 41) (Vy9t+1(zt;5t+1)) - Vygt(Zt)H2
< (1= 741)’Ell el I” + 297 1 B Vy gi41(Ze41; Brin) — Vygera (ze01) [P
+2(1 — 7¢41)°E[| Vy ges1 (2e41; Beya)

— Vyge41(ze41) — Vygey1(2ze; Bigr) + Vyge(ze) ||
2

o
< (1= y41)’Ellef|* + 27f,2+1%

+2(1 — Y41) E||Vy get1(2Ze41; Bit1)

— Vy9t+1(2e41) — Vyge1 (26 Bir1) + Vyge(ze) |7,

where the second inequality follows from Cauchy—Schwartz inequality and Assumption 3.5.
Moreover, from Cauchy—Schwartz inequality, we have

QN

Yy

Ellef 1]1? < (1 — y41)Ellef I + 29714
+6(1 = 7141)°E[|Vygi(z) — Vyge(zes1)|”

+6(1 — 741)°E[|Vy gt (2e41) — Vyges1(zer1) |
+6(1 — %41)°E||Vy ges1(2e41; Big1) — Vyger1(ze; Begr)|*

@‘\‘

From Assumption B3., we have

E(Vygt(2i41) — Vyge(ze)|?
< 2E(|Vygi(xe41, Ye41) — Vyge(Xet1, Y012 + 2B Vy ge (X041, ¥i) — Vyge(xe, y0)|1?
<202 Ellx 41 — x¢l” 4+ 205 1 Ellyey1 — yel®
=202 | Elx¢ i1 — x¢|* 4262 | 57E[|dY |17,

and

E|\Vygt+1(zi41; Bis1) — Vygis1(2ze; Biv)|?

< 2E||Vy gis1(Xes1, Yer1; Biv1) — Vyges1 (Xe1, ye; Bear)||?
+ 2E[|Vy g1 (X1, ye3 Bii1) — Vygis1(Xt, ¥t Bt+1)H2

< 202 \Ellxe1 — x¢||> + 202 1 Ellyesr — yel

=202 \E|lx; 11 — xi|* + 262, B7E||dY ||*.

From the two inequalities above, we have

0.2

Ellefy1]” < (1= 741)Ellef |2 + 27714 gy
+6(1 = 741)°E[[Vyg:(2e41) = Vygrs1(zei1) |
+ 24(1 — ’Yt+1)2€!2]71 (E’th-‘rl — thl2 + ﬁ?]EHdg‘P) .

18
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Since €f :=d} — Vyg:(x¢,y:), we have
0.2
Ellel,1)” < (1 — ve41)’Ellef I” + 297, = 5 +24(1 — 7241)°02 | B[ xe41 — x4

+6(1 — 741)°E[|Vy gt (2e41) — Vyges1(ze1) |
+48(1 = ve41)* 02 1 BPE €] |* + 48(1 — ve41)%00 1 BPE | Vy gt (x4, y4) |12

0.2
< (1= yq1)(1+ 4862 | BP)E|ef |* + 247 = l_) + 241 — 7241)%00 1B x40 — x?
+6(1 = 7141)°E[|Vyge(z111) — Vyges1(ze1)|”
+48(1 = i41)%02 1 BPE(Vyge (0, 1) I

O

Lemma C.3. Suppose Assumptions 3.2, and B3. hold. Then, for the sequence {(x;,y)}1_, generated by Algorithm 1, we
have

14
E [y —yi xo))I’] € (1+a) <1 - 25tm> E [|ly: — y;i (x0)[%]

+ <_(1 +a) <N92fle —glﬁ,?)) E [[Vyg: (e, yo)lI]
+(1+ ) E [Jlef]%]

where ef defined in (43) and a > 0 is a constant.

Proof. From Lemma B.5, we have

E[lyer = vi x)lI?] = E [llys — Bed) —y; (x0)[|]
<(1+a)E [Hy:: — BiVyge(xe,¥¢) — y;:k(xt)”Q]

1
+ (L4 FE[IAY — Vygr(xe yo)lI°] (43)
Next, we will bound the first term on the RHS of (45).
We have
E [||Yt — BtVygt(Xt,yt) — y:(xt)”Q] =K [||Yt yi (x| ] + 5:& U|Vy9t(xt7}’t)||2]
= 2B:E [(Vy gt (%2, ¥1), vt — ¥i (%2))]
/‘geg,l * 2
<|(1-28,——2>— |E —
< (1-2a E) v~ vi ()P
(2 - 8) B IVl (46)
tg + Lg

where the inequality results from the strong convexity of g, by Assumption 3.2, which implies

« ¢ 1
(Vyge(xe,yt), vt — ¥y (xt)) > ﬁ\lw yi(x t)||2 + m|'vygt(xt7)’t)||2'
Substituting (46) into (45), gives the desired result.
O
To simplify the notation in the analysis, we introduce the definitions
0 = |y —yi ()% and 6 = [lvi — vi(x0)] 47
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Lemma C4. Suppose Assumptions 3.2, and B2., B3. hold. Let 0Y be defined as in (47). Then, for the sequence
{(x¢,y:)}E_, generated by Algorithm 1, the following bound is guaranteed:

Z t+1 eyD

=1
L T
e S BB+ 2 3 A Il ] + A Z Bl — x|
t=1 llg t=1 Hg t= 1
T
b Y swElyi () |F+§j -+ 62 ) E Va3 ) @8)
I pE[lyi_1 € t yIt{Xt, Yt )
Hg t—9 t xeX g"‘
where L, = #’i“’f;?;ll, L, = 9 is defined in (43).

Proof. From Lemma B.5, we have for any ¢ > 0

4 [HYt+1 - YI+1(Xt+1)||2] =E [HYH-I —yi (%) +yi(xe) — Y;+1(Xt+1)H2}
<A+ OE [[lyrrr — yi (x)I°]

1
+ (1 + C’) E [llyi(xee1) = yi (xo)[?] - )

From Lemma C.3, we have for any a > 0

E[llye1 — vix)l?] < (1+a) (1 — 2&%69’1) E [lly: — y;(xt)|?]

pg + g
-%4H@(%3ﬁnmwwmwm
,ug +€g, t Yy Y
+ (1 + i) BEE [lefI?] - (50)

Substituting (50) into (49), we get
E[[lye+1 = yier (kee) %]

<@+ +) (1-28-L280 Y B Iy, -y )]
2%,

" ((1 +(1+a) (ugwq

4+ )BTE [

- 5) ) E 1950101

1 * *
# (14 1) Byt - viGol?). 51)
Choose ¢ = 2Eea/2 and g = BEva Then, the followi i d inequaliti isfied
00S€ ¢ = 1—;8tLug ana a = m en, the fo owing equatlons and mequa 1ties are satisfied.
L
(1+6(1+a)(1—-2BL,,)=1- &T“
(1+a)(1-28L,,) =1 BiL,.,
) L (52)
(1+c) (1=BiLy,)=1- &TM
1 + < 1 1+ 1.2
BiLu,’ ¢ Bily,’
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where L, = ;Zg-lfz,%l . Based on (51) and (52), we get

E [lye+r — yio e I?] = E [llye — y7 (x0)[1%]

L 2
< -2 Iy - yite0l) + (- (0=~ #2) ) B lIVsantx vl

+

PE [llefII7] +

2 2
L s B i) = yi Gl (53)

Next, we upper-bound the last term of the above inequality.

E [l (xe1) — w7 (x0)1?]
< 2(E [llysa (o) = i (xo)lI?] + B [llyia (xe) —yi (x0)11%])
< 2(LIE [llxe = xesa |l + llyisa () — 7 (xo)11%]) (54)
where the second inequality is by Lemma D.2.

Substituting (54) into (53) and summing over ¢ € [T'], give the desired result.

C.3. Bounds on the Linear System Solution

Lemma C.5. Suppose Assumptions B2., B3., B4., C2. and C4. hold. Let {(x;,y:,v:)}L | be generated according to
Algorithm 1. For e}, | defined as

ey :==dY — VPi(x¢,ye,ve), where VPy(xy,yt,ve) = Vige (X¢,¥t) Ve + Vy fr(X¢,y1). (55)
we have:
2 2
v o2 2 2 <2 V|2 2 (Tayy 2 | %y
E||et+1|| < (= A1) (1 + 72£g,lét)EHet <+ 4)‘t+1( b -+ b )

+12p°(1 = Xeq1)’E( V3 9t (%041, Ye41) — Vigear (Xes1, yer) [P

+12(1 - /\t+1)2E||Vyft(Xt+1,Yt+1) - Vyft+1(xt+1,Yt+1)H2

+ 7201 = Aey1)* (65 20 + 03 1) (Ellxeqs — xe|* + 267Ellef ||* + 267 [ Vyge (xe, y2) %)

+72(1 — Aeg1)?€, 16767, (56)

forallt € [T) and 0} is defined in (47).

Proof. Note that

ep1 = Ay — VPi1 (Xeq1, Yet1, Vitr),
where
VPp1 (X1 Y1, Vig1) i= vigt+1 (Xt41,Yi41) Vit1 + Vy fr1 (Xes1, Yir1)-
From Algorithm 1, we have
dy = dYY) (Xe1, Y1 Begr) + (1= M) (dY — dYY (%, 65 Begr))-
Let u = [x;y;V]. Then, we have

Elley 1> = ElldY; — VP (ug)]?

= E[VPi1 (015 Ber) + (1= Mg )(dY = VP (wi; Biga)) = VP (ugg)|f
=E[(1 — Aq1)ed + VPipr(es1; Bigr) — VP (uey)
— (1= A1) (VPia(ug; Biyr) — VP (w)) |7,
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which implies that

Elle} ]
= (1= A1) Ellef I + EAes1 (VPes1 (W15 Begr) = VPri1 (W)
— (1= A1) (VPis1(ug; Begr) = VPri1 (Wesr; Bigr) + VP (1) — VP () |12
< (1= M) Ell €} 1P + 2201 BV Pt (We1; Berr) = VP (w) |
+2(1 = A1) ’E| VPig1 (e 15 Beg1) — VPip1 (W) — V Py (ug; Begr) + VP (wy) |2,

where the inequality follows from Cauchy—Schwartz inequality.
For the first term, from Assumptions C2. and C4., we have

E||VPi1(0ig1; Beyr) = VP (wg)|?
=E| (v§9t+l (Xt+laYt+l§ Bt+1) - Vf,gtﬂ (Xt+1,Yt+1)) Vit
+ Vy ferr (Xe41, Yer15 Biar) = Vy fror (e 1, ve4) |12
< 2E|| (vigt+1 (Xt+17Yt+1§Bt+1) - vigt-&-l (Xt+1,}’t+1)) Vt+1H2

+ 2E||Vy frr1 (Xt 1, Yer1; Bir1) — Vy fea1 (%1, Vi)
o? o2
<9 %yy 2 i
< 2=+ ),
where the last inequality follows from (8).

Then, from the above inequality and |la + b + ¢||* < 3(||a||* + [|b]|? + ||c||?), we have

o2 a2
Ellef 1 ]” < (1= A1) Ellef | + 40300 (=597 + =%)

+6(1 = A1) B[V Py (ur) — VP (g
+6(1 = Ay 1)’ B[ VP (ur41) = VP (e[|
F6(1 = A1) 2E| VPt (W13 Bigr) — VPt (g B2

Moreover, from ||a + b + ¢||? < 3(||al|? + ||b]|*> + ||c[|?), we have

E||VP;(ai11) — VP (u)|?
< 3E||VPi(Xe41,Ye41, V1) — VP(Xe, Yeg1, Verr) |2
+ 3E[|VPi(xt, yir1, Vir1) — VPi(xt, ¥t Vi) |2
+3E(| VP (xt, ¥, Vir1) = VP (%s, ¥, Vi) ||
< BE(VE gt (Xe41,ye41) — Vg (X, Ye1)) Vi1 + Vy fe(Xeq1, Y1) — Vy fe(xe, ye41)|
+ 3E[(V3 gt (x¢,¥e41) — Vige (%6, 7)) Vi1 + Vy fi(xe,y141) — Vy fi(xe, y0) |12
+ 3BV Py (x¢, ¢, Vig1) — VPi(xe, ye, ve) |2
< 6(€§,QEHW+1”2 + g?ﬁl) (Ellxes1 — %e)® + Ellyesr — yell?) + 36371E||Vt+1 - v?
<665 507 + 071) (Bllxe1 — xo]|* + BPE[ QY |*) + 365 167 E [ dY ||
< 6(07 op° + €51) (Bllxerr — x| + 267Elef > + 267E| Vyge(x0, y0) 1)
+ 6€§,15§(EH€2’H2 + E||VPy(x¢, ye. ve)||?)
< 6(02 9p° + 031) (Bllxerr — xel|” + 267E|lef |* + 267E( Vyge (xt, y4)11%)
+602 67 (Blley|1? + €5 1 Ellve — v; (x0)[I?)

2

where the third inequality follows from Assumptions B2., B3. and B4.; the last inequality follows from (62).
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Similarly, we have

E(VPiy1(urs1; Biyr) — VP (ag; Biga)|?
< 6(65 09" + 61 (Elxess — xel* +267El|ef |I* + 287E ] Vy 91 (e, 30)[1°)
+ 665107 (Eley | + £, Ellve = vi ()| (59)
Substituting (59) and (58) into (57), we have

0_2 0.2
Ellefa | < (1= M) (1 + 7262 (BN [P + 02, (T2 + =)

+6(1 = A1) B[V Py (ury1) — VP (1)
+ 7201 = Aeg1)*(2 90" + 031) (Bllxesr — xe||” + 287Elef |* + 267 Vyge (xt, y2) 1)
+72(1 = Aeg1)05 1 07E|ve — vi (x|

From ||a + b||? < 2||a||? + 2||b]|? and (8), we have

E||V P, (w41) = VPiy1 (1) [|* = E[V3g: (Xe41,Yer1) Vesr = Viygesr (Xet1,Ye41) Vs
+ Vy fe(Xe415¥e11) = Vy oo (K1, yern) |
<2E[ (Vige (%es1,¥141) — Vagirt (Xer1,¥e41)) Vi |)?
+2E(|Vy fi(xt11, Yer1) — Vyfror (o1, yer) |12
< 2E||V39t (Xt+15 Y1) — Vigtﬂ (xe+1,ye41) I°P°
+ 2E(|Vy fi(xe11, Yer1) — Vy o (%eq1, yern) |12

This completes the proof. ]

As demonstrated in Lemma C.5, the gradient estimation error e}, ; for the linear system consists of four key components: (1)

an iteratively refined error term (1 — A, y1)(1 + 72¢2 ,67)E|e} ||, which depends on the stepsize d;; (2) the error arising
from the variation in the Hessian of the lower-level objectiv; (3) the error resulting from the variation in the gradient of the
upper-level objective, and (4) an approximation error term of order O(§76}) associated with solving the linear system.

Lemma C.6. Suppose Assumptions 3.2 and 3.3 hold. Then, for the sequence {(x;,y:,v¢)}I_, generated by Algorithm I,
we have

(29,1 + gz,l)ﬂg

E — v 2<(1+é8)[1-26
[Vier — vi(x)| < ( +C)< t tig + Los

+ 5353,1> Efve = vy (x|

1 v
+ (L+ )5 E ey |1,

where e} defined in (55) and for any ¢ > 0.

Proof. From the update rules in Algorithm 1, we have the following:

Elvis1 — vi (xo)|I” = Ellve — 6edy — vy (x0) ||

< (1+ OE||vy — 6V Py(x4, 34, v4) — vi (x2)[|
1
+ (14 2)S7EdY = VP (e v, vo) I (60)

where V Py (x4, yt, Vi) i= Vigt (xt,¥t) Vi + Vy fi (e, ¥1)-
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For the first term of the above eq. (60), we have

E|[ve — 8V Pi(x¢, ¥, vi) — v (x¢)
=E|vi — vi(xo)||> = 26 E(ve — vy (xt), VPi(x¢, yi, Vi) + GBIV P (x4, yi, vio) |I?

14 l
< (1 - 25t/$g+g,1> Ellv: — vi(xo)|” - (2(Sztﬂlug+7$1 — OBV Py (x4, y1, i) |12

tg + g1 g+l
(Eg,l + 62,1)1@ 2,2 * 2
< (1 — Qatm + 61& Eg,l IEHVt — Vi (Xt)H ) (61)

where the first inequality follows from the strong convexity of P, function (in eq. (4b)) that

* Ly, *
E(vy — vi(x¢), VPi(x¢,y¢, V) > MEHW — V(x| +

1
————E||VPi(xs, y1, ve) ||
Ng +6971 ﬂg +£g,l H t( ty Yt t)“

The second inequality is derived from the following inequality.

EHVPt(XtaYtth)HQ = E||V§,gt (Xt,yt) Vi + Vyft(Xt7}’t)||2
=E[[Vyg: (%6, 3¢) (v — vi (%)) < 6 1 Ellve — vi (x0) 1. (62)

Combining (60) and (61), we get the desired result. O]

Lemma C.7. Suppose Assumptions 3.2 and 3.3 hold. Then, we have

2
Ivi G = viaGeesn)I” < 275 (IiaGeesn) =37 G+ Bheea =)
g

where v :={s 1 +

lg’zl;f L and v (x) is a solution of Subproblem (4b).

Proof. Based on (4b), we have that

Vi (xe) = Vi (i) ||
= 1 (V29: (¢, 7 (x0))) ™ Vi filxe, 57 (x1))

—1
— (Vigeri(Xer1, i (%e11))) Vyfeor(Xern, i (xee) |12

< 2| (V3000057 00) ™ = (TheraGerrn,¥701 (5041) ™) Dy foee i x0)| (630)

_ 2
+ 2 H (v)2,gt+l (xt+17 y:+1(Xt+l))) ! (Vyft (Xt7 y: (Xt)) — Vyft+1(xt+1, y:+1(Xt+1))) H . (63b)

In the following steps, we bound the terms (63a) and (63b), respectively.
For (63a), we have:

_ 112
| (V201 0xv: x0) ! = (P2 (ke v (xi40)) |

* -1 *
= (Vige(xe,y7 (x0))) (Vi gier (X1, Yipr (Xeg1))
* * -1
—Vigi(xe,y; (x0))) (Vigesr(Xea1,yi1 (xe11))) I

1
S 12 96 (5, 77 (x2)) = V29011 (Xe11, ¥ 1 (xe0)) ||
g
4 . X
< Z’; H(Xt,yt (x¢)) — (Xt+layt+1(xt+1))”2
g

Ly o . . 2
< ;2 (Hyt (x¢) = yipa (e )1 + 1% — %44 ]| ) ) (64)
g
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where the first equality holds since for any invertible matrix A and B we have [A~! — B~!|| = ||A~}(B — A)B~!||, and
the second inequality is obtained from Assumption 3.3.

Thus, from (64) and Assumption 3.3, we get

£rol . .
(63a) < % (Hyt (%0) = ¥ ) ||* + I — xt+1||2) : (65)
g
For (63b), we have
1 . \
(63b) < ;”vyft(xtvyt (x¢)) = Vy fer1 (Xe11, Y741 (xe41)) 1P
g

leq
< Gk ¥ () = G, i ()|

9
E 1 .
= il (||Yt+1(xt+1) Yi (Xt)”2 +[[xe+1 — Xt||2) . (66)

g

Combining (65) and (66), we have
* * 2 1 ¢ Og ) * * 2 2
H"t (x¢) — Vt+1(xt+1)H < /7 ( fu 9:2 + 4y ) (HytJrl(XtJrl) —Y: (Xt)H +lIxeg1 — x| ) .
g g

By raising both sides of the above inequality to the power 2 and using (a + b)? < 2a? + 2b%, we complete the proof. [

Lemma C.8. Suppose Assumptions 3.2 and 3.3 hold. Let 0} be defined in (47). Then, for any positive choice of step sizes as

L Y/ 63
6 < =%, where L, = Uga + 1)1y
b1 (kg +g1)

forallt € [T), the sequence {v.}I_, generated by Algorithm I satisfy

T
> (BI6Y] - E5Y]) < t%ZEW+—@ZMHW

t=1

ZEHytH xi) = yi (%))

Ly 1501
8v? 9 2

+ 25, (1+2L3) ZE l[xe+1 — x4l (67)
/*‘*yug t=1

where e} is defined in (55).

Proof. By Lemma B.5, for any a > 0, we have

E ([veer — Vi (xe)||” = E|[veer = vi(x) +vi (%) = Vi (s ||
< (14 a) Efvigr — vi(x)?

1 « . 2
+ (1+ a) IEHth(xtH) — vy (Xt)H . (63)
From Lemma C.6, we have for any ¢ > 0:

(eg,l + gz,l)ﬂg

E — v 2<(1+é8[1-26
[Virr — vi(x)|” < ( +C)< t g+

+ 074, 1> Elve - vi (x|
1
+ (14 2)o7Eey | (69)
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Substituting (69) into (68), we get

" 2 , (6971 + 62,1),“9 2,2 * 2
E|Vier = vip ()| < U +a) (1 +6) (1 - 20—+ 57051 | Ellve — vi(x)]|

tg +Lga
1
+(1+a) (1+ )6 Elef |
1 . “(x,)]|2
+ (1 + a) E||vii (xe1) = vi(x)||” 7

In the following, we provide a bound for the third term on the right-hand side of (70). To this end, we have from Lemma C.7:

2
E[[viyaGeenn) = viGell* < 25 (B [v70 0ce0) = v Gl + Bl = xi])
g

v? . « 2
<20 (2B i ban) = yin G|
g
+2E ||y 12 () = yi ()| + Ellxesn — i)
2
< 2% ((1 + QLi)E lIx¢11 — xt||2 +2E HYZ‘H(Xt) - Yt*(Xt)HZ) )
g

where the last inequality follows from Lemma C.1.

Combining this result with (70) gives

(Eg,l ‘1'62,1)#!1

2
E R < (1 1+6)|1-26
HVHI Vt+1(xt+1)H <(+a){l+d) ( ' pg + g1

+ 53@,1) Elve — vi (x|

2

1 v 1 " X 2
) (L DRELI 4 (141 ) S Iyt - vicx)]

g

1\ v?
+2 (1 + a) E(l + 2L32,)IE Ixet1 — Xt||2 . (71)
g

Let L# - (€9~1+Zf1,1)“9
g

T - , then we have
g g,

(eg,l + fg,l)ﬂg

1-25
' g+ Lg1

+ 6702 =1—26,L,,, + 6705,
<1—6:L,,, (72)

. . L
where the last inequality follows from §; < 7.
g,1
8:Lu, /4

Choose a = —; o and ¢ = ftf:;“z/ 2 Then, from (72), we have
I tlipg
lyq + 063
(1+a)(1+¢) (1 — 25tw + 636%)
Mg T £g,1
oL
<A+a)1+6(1-08L,)=1- "t
: ) 4 (73)
1 1+-)<
( +a)( * é) - 57&‘[/#97
1 2 1 4
1+-< , 1+-< ,
+ ¢~ 5tLHg + a 6tLug
3
where L, := 7(69:;’_[2,13“ g
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Thus, from (71) and (73) we have

* 2 6tL g *
E|[visr = viga (e[| < (1 - 4M) Ellve —v; (x:)|*

4 1612 2
= 5EleY 2 " E * _oF
+ L. (Elley |7 + Ly, 120, ||yt+1(xt) Y (Xt)H
82 2
———(1+2L3E - .
L0 R e
Rearranging the terms and summing from ¢ = 1 to T, gives the desired result. O

C.4. Bounds on the Outer Objective and its Projected Gradient

Lemma C.9. Suppose Assumptions B2., B3., C3. and C5. hold. Let {(x;,y¢, Vi) }1_, be generated according to Algorithm
1. For e,{ defined as

el :=df —d;(z), where di(z)=Vxfi(z:)+ Vi, 9i (21) Vi, (74)
we have:
o2 20 L F 112 2 Ty o of
Bl 11 < (1= Pl I + (et 4 722)

+12p* (1 — 7e41)°E | Vay 9t (Xe41, ¥141) — Vayger1 (Ket1, Yes1) |12

+12(1 = 9e41) Bl Vi St (Xe41, ¥i41) = ViacSer1 (Ko 1, yer1) P

+ 7201 = e1)2 (05 0% + 631) (Ellxer1 — o> + 287Ele]||” + 267E[|Vy g2 (%2, y2) )

+ 72&2;,1(1 —my1) 87 Elley |2+ 72(1 — nt+1)2£3,15§E[92’]7 (75)

forallt € [T, and 0} are defined in (47).

Proof. Note that

ez{+1 =d7 — i1 (Xeg1, Vi1, vig)
where
di1 (X415 Y41, Virn) = Vi (%e1, Y1) + Vg gee1 (Keg1, Yis1) Vigr (76)
From Algorithm 1, we have
diy ;= A (e 1, Vi1 Beyn) + (0= e (A7 — d355 (Xet15 Yer1; Bitr)),

where Ay (Xr41, Yer1; Be1) = Ve fer (%41, Vi1 Berr) + Vg gerr (Xe1, Yo 15 Big1) Vir
Let u = [x;y; v]. Then, we have

Ellef,,[I” = Bl dY,, — i (uega) |2
=E|lder1 (w15 Bigr) + (1= nen)(dF = dega (g Begr)) — dega (uega)|)?
= E|[(1 = ms1)e] + derr(errs Bipr) — digr (1)
— (1= Mg (degr (e Biyr) — de(wy))[J?,
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which implies that

Ellel, .|
= (1= nu1)’Elle] | + Ellnes1 (degr (Weg1; Bipr) — dega (Wig1))
-(1- 77t+1)(at+1(ut§ Bit1) — at+1(ut+1% Biy1) + at+1(ut+1) - &t(ut))||2
< (1= 0e1) Ellef |12 + 207 Bl dygr (g1 Beg) — digr (ueg)||?
+2(1 = mu41)° Bl drg1 (g3 Bipr) — diga(egn) — dega (ug; Bega) + dy(ue) )%,
where the inequality follows from ||a + b||? < 2||a||? + 2/|b]|.
Let us bound the second term in the right-hand side of (77). Based on (76), we have

IE||(§1t+1 (ut+1; Bt+1) - at+1 (U-t+1) ||2

= EH (ViygtJrl (Xt+17 Yi+1; Bt+1) - Viygtﬂ (Xt+1>Yt+1)) Vit1
+ Vi fr1 (X1, Y15 Beg1) — Vi fr (Xet1, yer1)|?
< 2E| (Viyger1 (Xes1, Yer1: Ber1) = Viag g (Xes1,¥e41)) vega |

+ 2BV frpr (Xe1, Yer1; Bey1) = Vafrrn (%o 1, ¥e41) |12
o2 o2
< 9Ly p? 4 TIxy
<2750+ )
where the first inequality is by and ||a + b||? < 2||a||® + 2||b
and (8).
Substituting the above inequality into (77) and using ||a + b + ¢||*> < 3(||al|? + ||b]|* + ||c||?), we obtain

2 2

ag
Ellef 1 [? < (1= mesn)*Ellef [° + 40301 (529" + %)

+6(1 — ner1) El[dy (ug) — de(uggr)]?
+6(1 — nes1) *El|dg (g 1) — degr (aggr) |2
+6(1 — 141)°El[d 1 (0pgr; Begr) — degr (g Begr) |12

Moreover, from ||a + b + c||? < 3(||a|? + [|b]|* + ||c||?), we have
El[d(up1) — de(uy)|?
< BE|de(Xe41, Yes1, Virr) — de(Xe, Yerr, Ver1)||
+ 3E||d¢ (%4, yit1, Vir1) — de(Xe, ¥, Vt+1)||2

+ 3E||d¢ (X, Y1, Ver1) — de (e, v, Vi) |2

(©)]
< 3E((Viy gt (K41, Ye41) — Vg g (X6, ¥e41)) Vi1 + Vacfe(Xe1, ye41) — Vacfe (e, yer1) |12

+ 3E||(V>2<ygt (Xt, Ye41) — viygt (X6, ¥£)) Vi1 + Ve fe(Xe, Yer1) — vxft(xtaYt)H2
I

+ 3E||&t(xt,yt,vt+1) - at(xtaYt;Vt)
(13)

< 6062 SE[1virr|? + 671) (Bllxesr — %el)* + Ellyess — yell”) + 365 1 Ellvesr — ve|?
(iid)

< 6(65 0" + 03 1) (Ellxegr — xi|” + BPE(AY[|*) + 36 167 E|dy |12

(iv)
< 6(02 0% + 21) (Ellxer1 — x¢]|? + 262E€f]|? + 262E||Vy g (0, y2)|2)
+ 6f§,15t2(EH€2’||2 + E||VPy(x¢, ye, ve)||?)

(vi)
< 65 9p° + 031) (Bllxesr — x| + 267E[[e] ||I* + 267E Vyge (xe, o)1)
+605 107 (Elley |I* + €5 1 Ellve — vi (x:)%)
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where the (i) follows from (76); (ii) follows from Assumptions B2., B3. and B4.; (iii) follows from (8); (iv) follows from
(43) and (55); (vi) follows from (62).

Similarly, we have
Ellde1(er1; Bes1) — degt (ug; Besa) |12
< 6(07 op° + 031) (Bllxera — x| + 267Ele] > + 267E| Vyge (1, y0) 1)
+ 605 107 (Elle} |1 + € 1 Ellve — vi (x0)]?) - (80)
Substituting (80) and (79) into (78), we have

0.2 2
Ellel < (1= nua) Elle] | + 402y (229° + )

+6(1 = mu41)°Elldr(uer1) — digr (wgg)])?
+ 7201 = 9e1)2 (05 0% + 631) (Ellxer1 — o> + 267Ele] ||* + 267E[|Vy g2 (%, y2) )
+ 7205 (1 = 1e41)207E e} [P + 72(1 = 141)° €5 1 GTE || ve — v (%)%

From ||a + b||? < 2||a||? + 2||b]|? and (8), we have

Ellde(ws1) — dig1 (W) > = ElVayge (Xe41, Yi41) Verr — Vg Gea1 (Xe1, Yer1) Vig1
+ Vaeft (X415 ¥e11) = VS (X1, yer1) [
< 2B (Vi gt (Xe41,¥141) — Vayget1 (Kes1,Ye41)) Vigal?
+ 2B (| Vo fr(%e41, Yer1) = Vafr1 (i1, yern) |
< 2B V2,9 (Xe11, Vi) — Vaygerr (Xe1, i) [P0
+ 2E(| Vs ft (X141, Yer1) — Vacfer1 (Xer1, Vi) |
This completes the proof. ]

As demonstrated in Lemma C.9, the hypergradient estimator error etf 41 comprises five key components: (1) the term

(1- nt+1)2]E||e ||%, representing the per-iteration improvement achieved by the momentum-based update; (2) the error
arising from the variation in the Jacobian of the lower-level objectiv; (3) the error caused by the variation in the gradient of
the upper-level objective ; (4) the error term O(267E||ef |2 +2B82E|| Vy g:(x¢, y+ ) ||?), which is due to solving the lower-level

problem; and (5) the error term O(67E| ey |2 4 72(1 — m11)?£5 16707 ), which is introduced by the one-step momentum
update in solving the linear system problem.

Lemma C.10. Let Assumption 3.4 holds. Then, for the sequence of functions { f;}1_,, we have

T
D (el 35 (x0) = fi(Xep1, ¥5 (%e41))) < 2M + Vi,
t=1
where M is defined in Assumption 3.4; Vr is defined in (10).

Proof. Note that, we have

T

(fe(xe, y7 (x¢)) = fe(Xeq1,¥7 (Xe41)))

1
1(x1,¥1(x1)) = fr(xr+1, yr(Xr+41))
T
+ Z (felxesyi (%)) = feo1 (xe, y7-1(x0)))
=2
<2M + Vrp,
where the inequality follows from Assumption 3.4. O
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Lemma C.11. Let {f;}I_ | denote the sequence of functions presented to Algorithm 1, satisfying Assumptions 3.2, 3.3 and
3.4. Let Px o, be defined as in Definition B.1. For any positive step size oy such that oy < L% Sorallt € [T), Algorithm 1
ensures the following bound:

T
> (@ = Lyad) E |[Paca, (x5 V filxe y5 (x)°

t=1

T
< 8M +4Vp 4+ 2M Z 204t Lfat (E[&g’} +E[0}])
=1

T 2
QZ(Qat—Lfaf)lEHe{H . 81)
t=1

Here, 0} and 6} are defined in (47); Vr is defined in (10), M is given in Assumption 3.4; and M is defined in (40).

Proof. 1t follows from Lemma C.1 that
S,y (xe41)) — fe(xe, yi (%))
< (Vo 00)), e = x) = ees =
=~ (Vfe(xe,¥{ (%¢)), Px,a, (x¢5dF)) + LfTa? 1P, (03 A7) - (82)
For the first term on the right hand side of (82), we have that

— (Vfe(xe, y7 (x¢)), P, (x5 dF))
—(dF, P, (x45d7)) — <Vft(xt,YZ‘(Xt)) —d¥, Pra, (x4 d7))
1

= 5”7’2«% (¢t dF) || +*|Id" V fi(xe i (xo)l

where the inequality follows from Lemma B.8.
Letd; (z:) = Vfi(z:) + Viygt (z¢) v¢. Then, from Lemma C.1, we have

~ ~ 2
IdF = V fuloxe, i (e) | = Hd:f ~die) +die) - Y fixesyi (x0))|

(Zt + 2 ‘ dt (z¢) — Vfi(xe,y1 (Xt))H2
<2 e{ +2’dt () —Vft(xt,yf(xt))’r
< 2He{H2 + M2 (6Y +6Y), (83)

where e/ := d¥ — d; (z;). This implies that

— (Vfe(xt,¥7 (%)), Pa,a, (x¢3d5))

< =5 Poa G )P 2 [ef |+ 002 07+, 54
Plugging the bound (84) into (82), we have that
Je(Xer1, ¥i (Xe41) = fr(xe, y7 (x2))
< 0= yp )+ 2o el 3 @ 4 07
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which can be rearranged into
(@ — Lya?) [|Px.a, (c: A7)
2
< 2% 77 (%0)) = fi(kea1,¥7 (1)) + o e |+ 2003 (67 + 0 e, (85)
In addition, we have
1P, (x5 V fio(xe, 37 (%))
< 2|[Pa,a, (%65 dF) = Pie,a, (%65 V F(x0, 57 ()| + 2 [P,y (x5 A7)
< 2|df = Vi (e, y7 (xo)|* + 2 [ P, (x5 )|

2
<aef |+ angF 07 +67) + 4P, (i )P, (86)

el

where the second inequaliy follows from non-expansiveness of the projection operator and the last inequality follows from
(83).

Combining (85) and (86), we have
— L107) |[Pac.ove (%25 V fix0, 5 (30)) ||

ft Xt»Yt Xt ) ft(XtJrhy;k(xtJrl)))

i

T T
+2M7> (200 — Lya?) (07 +6Y) + 2> (204 — Lya7) ’ e
t=1 t=1
< 8M + 4V
T T ,
+2M7Y " (200 — Lyad) (07 +67) +2Y (204 — Lyaf) He{’ 7
t=1 t=1
where the second inequality is due to Lemma C.10. O

Lemma C.12. Let Assumptions 3.3 and 3.4 hold. Let {x;}}]_, be generated according to Algorithm 1. Then, we have
e = %11 < 207 (1P, (x0T ol i (k) + MF (6 +67))

where 0Y and 07 are defined in (47).

Proof. From the update rule of Algorithm 1, we have
e = xe41l? = 0F [P, (2 )1
<202 (P, (x5 V i1, 7 (x0)))
1P, (503 dF) = P, (563 Y foxes i (x0)))?)
< 202 (|[Pat,a, (23 ¥ fy o, 7 (50)))
i = Vol yi (x0)])
< 207 (Pa.a (%03 Vil v () I+ M3 (6 +67)) (87)

where the first inequality is by (a +b)? < 2a? + 2b?; the second inequality follows from non-expansiveness of the projection
operator; and the last inequality follows from Eq. (37a) in Lemma C.1.

31



Stochastic Regret Guarantees for Online Zeroth- and First-Order Bilevel Optimization

C.5. Proof of Theorem 3.6
Proof. Bounding E|¢/||2 in (75) . From (75), we have

Ellef 112 E|ef|2 1-m1)? 1 A, o o
||et+1|| o Het || < ( 77t+1) _ E||61{H2 + nt+1( {xyp2 + A)
(e Q1 O Qp—1 Qi b b
12p* 2 2 2 2
+ " (1= 1e41) B[ Viy 9t (X1, ¥i41) — VigGir1 (Xex1, Yer1) |l
12
+ ;t(l - 77t+1)2EHfot(Xt+17Yt+1) - vxft+1(xt+17Yt+1>||2
72
+ Ojt(l — 0e41)° (02 o0 + 05 1) (Ellxeqr — x> + 267Ele] |I” + 2B7E || Vyge (xe, ye)|*)
72 v 72 v
+ a—t@?,l(l — e41) 2 Eley |12 + o - Ne+1) g 16, E[67]. (88)

With respect to the coefficient of the first term on the right-hand side of equation (88), it is important to note that we have:

_ 2
A=mer)® L 1 men 1 (89)

Qi Q1 Qi Qi Q1

Using the definition of oy in (15), we have

(1) 1 (i4) 1
=+t —(c+t-13 < <
a0 ay Tt m TS g TR S g
22/3 @) 22/3 (iv) 92/3 , W) qy
= <

= < < — v
3(ct202 = 3(ctrt)2/3 = 3 0= 6Ly

(90)

where the (i) follows from (a + b)'/3 — a'/3 < b/(3a?/3); (ii) follows from ¢ > 2 in (104); (iii) follows from (15); (iv)
follows from a; < 1/4Ly in (104).

Substituting (90) into (89) and using é; = csay and 1 = c,,af, we have

(1= neg1)? 1 ar o Mgl o
_ <+ _ = _ < —50Q 91
Qg Qi1 6Lf Qg 6Lf = a ( )
where the inequalities follow from ¢, = % + 58 with 2 in (103).
Then, substituting (91) into (88) yields
Lo (lelal® e 2 fi2 .y 8 Tony o O
—E|———— - —— | < 5K — = (== -
5 ( O ) < —sauBle] |2+ e (Tt 4+ 2
12272 1 2[R ||v2 v2 2
+ Qo (1 = ne1)"E|| xy 9t (Xt+1,¥t+1) — xy Jt+1 (Xt+1, Y1) |
12
+ @(1 — 141)°E || Vs fe (Xe41, Ye41) — Vi frr1 (Ko 1, yer1)|I?
72
+ @(1 = 1) 2 (05 207 + 631) (Ellxer1 — x| + 267El|e] ||* + 267E[|Vy g2 (%, y2)[|*)
72 v 72 v
+ @55,1(1 — 1) 25 Elley [|* + @(1 — Ne41) g 1 O7E[6Y]. 92)

Bounding E||ef||? in (44) .
From (44), we have
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Elell® _ Ellef|® _
Qi Q1

1
< (=20 + 4805 187) — Ellef||?
Q¢ Q1

2
Vi1 %9y | 24

+2 @ b +— ” (1= 741) 200 1 Bllxep1 — x|

6
+ Et(l = %41)°E(|Vy g (Xt41, Y1) — Vygis1 (Xes1, yer1) |
480 - 30008 BTy e,y ©3)

Let us examine the coefficient of the first term on the right-hand side of Eq. (93). Specifically, for 7,11 = ¢,a? and
B¢ = cpgay, we have:

1 1 1
—(1— 2(1 44862, 67) — < —(1- 14 48¢% 57 —
Ozt( Y1) (1 + 4865 1 58;) g = Ozt( Y1) (1 + 4865 1 8;) s
1 1 1-—
_ 41 + 7t+148£3 153
o e T | ay (e ’
1 1 1
- = _ _ i 48£2 2 2
at o1 Cyou + (at Cy 480 1 vy
< — 6L + 48€2 1Chou — cya, 94)
where the last inequality follows from (90).
Recalling ® from (103) that we selected, we obtain
2
cy = 6T +4802 (¢ + h®, where h:= 25L2 ,
which, when combined with Eq. (94), results in
i(l — yer1)?(1 + 4802 | B2) — < —hday. (95)
Qy 9 Qi1
Substituting eq. (95) into eq. (93) yields
1 (Ellef [ Efef|?
= - < —hoyE|l€] |
5 (Sl EED) < paimper)
2%2+1 U;y 24 1 22 2
+ Doy b + T)at( = Y1) L1 El[xe1 — x|

6
+ @7%(1 = %41) B Vy g (Xe11, ¥e+1) — VyGir1 (X1, yes1)|?
292 BtQ 2
+48(1 — ve41) 59717(1)%E\Wy9t(xt73’t)|| : (96)

Bounding E||¢} ||? in (56) .
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From (56), we get

Ellcf |2 Eley|? (1 ! v
IRl BT (L s, - ) B
o Q1

o Q1
2 2
+ 4)\3;1(%(;3'1)2 + %) + 121:2(1 - /\t+1)QIE||Vf,gt (X¢11,Yer1) — V§9t+1 (Xes1, yerr) |12
+ 5(1 — A1) ’EVy fi(Xe11, Yir1) — Vy ferr (Xeq1, yeg1) P
+ Z%(l — Ae1)2 (62 9p% + 03 1) (Ellxes1 — x¢l|* + 287E|e] |* + 2B87E (| Vyge (xe, ye)1?)
+ %(1 — A1)l 16 E[67]. ©7)

Let us examine the coefficient of the first term on the right-hand side of equation (97). Specifically, for \;y1 = cxa? and
0; = csag, we have:

1 1 1
— (1= Xey1)? (1 + 7202 ,62) — < —(1-2 147202 ,67) —
at( t+1)° (1 + 7265 16;) o = at( t+1) (1 + 7265 16;) ot
1 1 A 1—A
- = BN S HEL7e2 |57
T o T | Qg Qg ’
1 1
=— - = — - 7207 \ciai
oo a0 + (at exay) 7205 jcsop
Qi
< oL " 7202 | ciay — eaau, (98)
where the last inequality follows from (90).
Recalling ¥ from (103) that we selected, we obtain
1 M?
ey = 6L + 7253’10(2; + ¥, where )= QOLTf7
f Hg
which, when combined with Eq. (98), results in
1
— (1= Xeg1)? (1 + 7202 1 67) — < —gWoy. (99)

Qi Q1

Substituting eq. (99) into eq. (97) yields

1 (E€Z+1ll2 _ Efley)?

) < —jaElel|?

\ oy 1

+ 4?1?2 (U%yPQ + ng )+ 32? (1= Xe41)°El Vgt (Xe41,Ve41) = Vet (Xes1, Ye41) ||

+ %(1 — Met1) E||Vy fe(Xe41, ¥e41) — Vy fror (Xeg1, Yeg1) |2

2 ) (Bl —l 4 20BN + 257 Ty, v )

+ %(1 — Ai41)*l 1 OFE[6}]). (100)

Combining the outcomes . We recall from Lemma C.12 that we have

e = %012 < 207 (1P, (x0T ol i (kD)) + MF (6 +67)) (101)
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Let
T T T
1 Ellefall*  Efef)?
P M v v t4+1 t
A=Y (BIO] B + T3 (KD~ )+ N
t=1 t= t=1
. gi (Enetw? - EIIe?IP) 1 i Enem\\? _ Ellef|? 102)
e o ap—1 et a1 )
Here
llM]% 22M§
- , T= , & =48002,,
Ll‘gcﬁ Ll‘906
L2 2\ 288¢%
9 B 9,1
U= max{144(£3)2p2 +€%1) (10 + 1fM?> ) M)é] g, (103)

L? 2\ 288/t
_ 2 2 2 to B e}
Q_max{144(£g,2p +£51) <1O+ 11M]%>’ Mz

c>max{4Ls, ca(pg +44.1),2},

Here, from (15), we have

L?,M2
880 L2
V2 ?
= 3520[% g(l +2L2),
) o v (104)
Cy = E + 480, 1c5 + h®, where h:= 25L2 )
2
—— + 50,
cy = 3L, +
2 2 2 M}
e\ = 57— + 720, ,¢5+ ¥, where )= 90—.
3Ly ug

Using (100), (96), (92), (81), (67), and (48), along with (101) and the fact that o; decreases with respect to ¢, we obtain:

T
ZA(O‘tvﬂt»(st)E 1P, (x5 V fr(x2, 57 (x0) 1 * + A
t=1
T T
<8M +4Vr+ > Blay, i, 0)E[0}] + Y Clay, B)E[6}] (105a)
t=1 t=1
T T T
+> D(a)Elle] > + ZF(ﬂtvdt)EnefHQ + Zl(at, Br, 81 )E ey || (105b)
t=1
T
+ ) L(B)E[Vyge(x, yi H2+ZN B, 0t) sup lyi—i(%) — yi (®)[” (105¢)
t=1 t=2
022T2 4 o2 o2 T)\z 402 o2 T 2
gy TVit1 Iyy 2 fy t+1 Ixy 2 fx Mi41
9y £ | 9y Iy — [ = —x 105d
+b®;at+\ll » Pt ;at+§2 p Pty ;at (105d)
6 12p? 12p? 1207 1265
G —— Gy —G —=D =Dy 7. 105
* (I) y.T + QOZT v.T \I/OéT vy, T \I’OZT y.T + QOéT T ( e)

Here, M is defined in Assumption 3.4, Vr and Hy 7 are defined in (10). Moreover, Gy 7, Gy, 7, and Gy, 7 are defined in
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(12). Let

412 812 1
E(B;,6) := —2T 14 2L3)Y +72(1 — 2002 p*+ 02 ) —
(B, 01) L b + Lon g5t( +2Ly) T + 72(1 — myy1) (£ 20" + f’l)Qozt

1
+24(1 — 741)%02, 14)7 +72(1 = Meg1) (6 50 + 5?,1)\1,70%7
A(ataﬂtaét) = o — (Lf+2E(5t75t))atv

B(Oétaﬂtafst) =

— 2M7Lyof + 2M7E(f;, 5t)a2

+ 72(1 - >\t+1) ﬂg 1515 \117 + 72(1 - 77t+1) ﬂg 15t ﬁ
(106)

C(Oéhﬂt) : Bt +4Mfat — 2LfoO[t + 2Mf (ﬁt,ét)af,
D(ay) :=2 (204t — Lyad) — 5ay,

F(ay, i, 0¢) ==

Eﬁt — hay +T2(1 — Ny 1) 2 (02 5p* + 12 )Qﬂ—f
L,, 9:2 PV oy
B
QOét’
47 52
I(ou, Be, 8¢) := —— 08¢ — oy + 7202 (1 — 2t
(s, B, 0¢) 7, Jou o1 (L =me41) Qo

721 1) (G 20 + 65,0)2

g

Moreover, we have

oT 82
_— 2 +48(1 — 2 L
Ng+€g,1ﬂt+ Bt + ( ,yt“rl) gl@at

Bt
\I/th

L(Bt) == —

2
+ 72(1 = A1) (€2 50" + 07 1)2 + 72(1 = ne1)* (€2 0% + [{1)2%, (107)
t
4 1612

N = T
(ﬂh 6t) L,u_q 6t + Lp.g,ug(st

Note that, we have

412 812
E(By,0;) = —X T+ (1+2L2)Y + 72(1 — negr)* (€2 op° + 03 1)
Llhﬁt Mg 9575

1
+24(1 — y441) 8371(1)—% +72(1 = Agn) 22007 + 03

1
QOét
1
,1)\1170%7

which together with 8; = cgay, §; = c50, we have

412 a? 82
E(ﬂhat) yF

a2 «
3 (L4 2L0) 75 4+ 72(1 = 1) (600" + 051)
ﬁt Hg g 5t

(673 (6]

+ 24(1 — 41)20, 13 T 72(1 — A1) (62 50 + ffu)at
_ 4412 2 + 17612
= f

Ll%fy L/%g 9

1 1

+ 2402 +72(£2 0+ 07 )(§+$)at

Qi

< — 1
S (108)

(1 +2L2)M2‘”

2
11M5

2
where the first inequality follows from I' = + and T = 22

g CB Lugcg

in (103); the last inequality follows from cg >
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and Q, 0 > 1440(€2 ,p°® + (7 ;) in (103).

9,1’

880 y ,C5 > \/3520 u (1+ 2L2) in (104) and ® > 480¢2

Moreover we have

Aoy, Bt 01) = oy — Lfaf — 2E(B, (5t)at2

> oy — Lfozt — %

Qi
> 109
2 (109)

where the last inequality is by a; < 1/4Ly in (104).
Bounding (105a) .
From (106), we have

T
B(Oét, 5t, 5t> = — Mo 5t + 4M]%ozt — QMfQLfOZ? + QM?E(,Bt,(St)Oéf
1
+72(1 - Ml)?zg 153\?— +72(1 — nes1)*ly, 1539
M7 1, 1.8
L . 9 1 1
= <— Z Yes + §M]% + 7233,1(@ + Q)Cg) e
1
< Mo, (110)
where the first inequality follows from 3; = cgow, 6: = csoy, and (108); the second inequality is by T = iiMcfs , and
v, Q> 28 se 06 in (103); the last inequality follows from in (103).
Moreover, from (106), and 3; = cgay, we have
Clay, Br) = — 5t+4MfOtf *QLfoaf +2Mf (B, 6¢)a;
L
< - 5§ FCBQt + gM?Oét
= —Mjoy, (111)
where the first inequality follows from (108); the last equality follows from I' = Mf in (103).
Thus, from (110) and (111), we get
(105a) < O (V). (112)

Bounding (105b) .
From (106), we also obtain

D(ay) = 4oy — 2Lfaf — 5ay <0.
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2
From 8, = cgoy, I' = iliMCfﬁ and (106), we obtain
Hg

2T 2
F(O[hﬁh (St) = Tﬁt — holt + 144(1 — At+1)2(€3’2p2 —+ [?’1)%
Hg

2
T N (A
Qi

22M?
Qi

L,

M2

< 24LTfO[t — hOét

Mg

2
_My
Lag

1 1
— hoy + 144((;2}92 + 6?1)(6 + ﬁ)c%at

i,

2

L
ba, < in (103); and the last equality is by

where the second inequality follows from Q, ¥ > 144(6 2p + E )

From 6; = csa;, we obtain

I(cu, Br, 6t) T, + 7202 (1 )2 %
. = — — L
s Pt, Ot L, t— J% g,1 Ne+1 Qa,
47 5 Cioy
< L;Lg Csoyy — Joy + 725971 Q
- SQM?
S Qp — Jy
L,
M2
= _7fah
L,
L 2
where the second inequality follows from T = 22 c’; and Q > %05, the last equality follows from j = 90
Hg f
Thus, we get
(105b) < 0. (113)

Bounding (105¢) .
From f; = cga; and (107), we have

2T, 2 B
L =——+T 48(1 — 2
(B) o + 187 +48(1 — vi41)%03, 1 Doy
+72(1 = A1) 2 (22 op* + 03 ))2 B +72(1— V2(02 p* + 03 )Qﬁ—t2
t+1 g,2P 1Y% Mt+1 g,2P V%00,
2lcgay 9 9 9 o 1 1, 5
N +Tchof + 4802 lcﬁ 3 +144(€ oD +€f’1)(\1} Q)cﬁat
_ 2lcpoy LT2a? + 3legay
Hg +£g,1 o 4<Mg +£g,1)
_ Tegoy
A(pg +Lg1)’

where the second inequality is by ® > 1925371%65, and Q, U > 576(63,21)2 + é%l)WCB in (103); the last

. . 1 .
inequality follows from ay < GG N (104).
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From (3; = cgoy, 0y = csoy and (107), we obtain

4 1612
, 0. '+ T
NBed) = 75T+ I, 25,
I S (7
Ly, caoy L#g,ugc(;at
Thus, we get
T
(105¢) = ZL BOEIVygi(xe, y)I* + D N(Br,61) sup [lyi1 () —yi (o)
t=1 t=2
H.
<o (”) . (114)
ar
Bounding (105d) .

2 2 2 :
From 7y 11 = ¢,07, Y41 = €40, Ai41 = caqrf, we obtain

2 9 L 42 2 2\ T 42 2 2\ T o
2 Pyt-‘rl 4 Ug 2 Uf )\t-'rl 4 ag 2 o’f 77t+1
105d) = 2~ = 2 o _fy 2 %9xy TF
105 = 25> =+ g | 5+ Zat+Q AR DY

t=1 "t t=1 =1 Y
o2 o2 o2 o2 o2

<O(( vy Iy oy Tx 3. 115

_((b+b+b+b+b)t;at (115)
Bounding (105¢) .
‘We have

6 12p? 12p? 1203 1203
105¢) = —G —— Gy —G —=D —==Dx
( e) <I)aT y.T * QaT v.T * \IJCYT yy.T + \I/OéT y.T * QaT T
1
<0 <aT(Gy,T + ny,T + ny,T + Dy,T + Dx,T)> . (116)

Let

GT = Gy,T + ny,T + ny7Ta
D7 := Dy 1+ Dy,

o2 =2 +O’ +Uf -‘rU

9y 9yy

b=b=1.

2
+ 0%,

Ixy
By inequalities (109), (112), (113), (114), (115), (116), we have

T
> FE P, (65 V il yi (x0))* 4+ A

t=1

o T
O’ GT DT
<O 2T 4 2 + — 117
< < ar b;:la > (117)

ar
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From the definition of A in (102), we have

T T 9
v v Elef|> Elef|
—A=T> (E[6}] - E[6},,]) Z E[6Y] — E[6}4]) Z( F—— ;
t=1 = t=1 -
T v T
Jriz Elley]>  Elef .l +*Z Ele/I> Elef.l?
U=\ o o Q= oy
o2 o2 +o0%2 o2 402
<T6Y + YOY + @ZZ) + gygao Iy gxzmo Fx | (118)
Using (118), we get
£l (6%
> {E 1P, (x5 V fe(xe, v (x0))II
t=1
H 2 L Gr D
<O(Vp+ 2L 4 TNt ¢ T 2Ly
aT b — aT aT

T T 1 1
doaf =3 <D <loa(T+1),

which, combined with the fact that o;; decreases with respect to ¢ and by multiplying both sides by 2/a, results in Thus,
we have

T
BL-Regy = Y E|[Paa, (x4 Vfolxe, 7 (x0)))II”
t=1

1 o2
< 0(7(VT + ly1 = yi =) + [lve = viGa)[]* + 0® log(T + 1) + =)
0

+ (H2T+GT+DT)>

a2
Qap

This completes the proof. O

D. Proof of Regret Bounds for Zeroth Order SOGD (ZO-SOGD)

Proof Roadmap. We provide Lemma D.9, which quantifies the error between the approximated direction of the momentum-
based gradient estimator, df and the true direction, Vy g, p(xt, yt), at each iteration. Lemma D.11 assesses the convergence

of the iterative solutions {y, }{_,, specifically the gap E[[|y;+1 — ¥; (x;)||*], while accounting for the error introduced in
Lemma D.9. To establish Lemma D.15, which quantifies the error between the approximated direction of the momentum-

based gradient estimator, dY, and the true direction, Vyftp(Xe,ye) + V?, 9t,p (X¢,¥t) Vi, we need to present Lemma D.13.
This lemma quantifies the error between (?1;’ and Vy fi p(X¢,y¢) + i(vygt’p(xt7 Vi + pvVi) — Vyge p(Xe, e — puvi)).

Then, Lemma D.17 captures the error of the system solution of Problem (17), i.e., gap E [[|v41 — v} (x;)||?], based on these
errors. To establish Lemma D.21, which quantifies the error between the approximated direction of the momentum-based

hypergradient estimator, &x, and the true direction, Vi fr p(X¢, y¢)+ Viy Gt.p (X¢, ¥t) Ve, it is necessary to introduce Lemma
D.19. This lemma quantifies the error between a;( and Vi fr p(x¢,y¢) + ﬁ(vxgt,p(xt, Vi + pvVie) — ViGep(Xe, ¥t —

pvVve)). Then, Lemma D.22 bounds the projection mapping based on these errors. By combining these lemmas and setting
parameters, we achieve the desired result.
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D.1. Auxiliary Lemmas for Proof of Theorem 4.2

To solve the online bilevel problem in (17), we need to obtain the hyper-gradient of f; , in (17) at (x,y) as
Vfep(%, 97 (%)) 1= Viefo,o(x, 97 (%)) + Vg ge,p (%, 57 (%)) vi (x),  where
Vi (%) = =[V3gue (%, 37 ()] Vy fop(x, 57 (%))

Obtaining y; (x) in closed-form is usually a challenging task, so it is natural to use the following gradient surrogate. At any
(x,y), define:

Vip(%,Y) = Vi frp(%,¥) + Vigip (x,¥) V7 (x),  where (119a)
Vi (%) == ~[Vygee (,¥)] 7 Vyfen(x,y)- (119b)
To do so, we also introduce d%’ e d;” o and d;f p as follows:
df ,(x,¥) = Vygrp(x.¥), (120a)
4y ,(x,y,v) = Vy frp(x,¥) + Vi (x.3) v, (120b)
Ay, (%,5,V) = Vafi.p(X,¥) + Viygip (X,¥) V. (120¢)

To approximate these directions, we use (19)-(21). It can be shown that @y fi(x,y;&) and Vi f1(x,y;&) are unbiased
estimators of the true gradients Vy f; ,(x,y) and V« f; ,(x, y) with respect to y and x (Flaxman et al., 2004), respectively,
ie.,

Ee [Vyfux,¥i6)| = Vyfun(x¥), Ea [Vfixyi8)] = Vafip(x,3),
and,

Er [Vyg:x,¥i Q)] = Vygip(e¥), B [Vagi(xy:0)| = Vagrp(x,¥). (121)
Similarly,

B, [Vyfilx,¥iB)] = Vyfip(3). Eq [Vafi(x3iB)| = Vifiplx.y),
and,

B [@ygt(x,y;g): =Vygip(x,y), E, :ﬁxgt(x,y;l?)] = Vxgtp(X,y)- (122)

Lemma D.1. Allen-Zhu & Li (2018, Lemma A.1.) Suppose Assumption B4. holds. Then, for any x,v € X, we have:
[Vge(x + v,y +v) = Va(x,y) — Vg (x,y)v|| < L2 V]

Lemma D.2. Suppose that Assumptions 3.2 and 3.3 hold for all x,x’ € X, and t € [T, and that dy, and dy , are defined
in (120). Then, we have

12 = Ve, 55 G < 27 (Ily = 91 ()P + v = ¥ 0l (1233)
I, |* < 242 (ly =53 I + Ilv = v () 1F) (123b)
19410 (3,57 (50)) = Voo (o 97 ()| < Ly = (1230)
197 (x) = 37 I < Ly [lx = X1, (123d)
195 () = 91 ()| < L [lx = x| (123¢)

Here, V{(x) and f; p, yi(x) are defined in (119b) and (17), respectively. Moreover, the constants M, My, and (Ly, Ly, L)
are defined as in (40), (41), and (42), respectively.

Proof. We first show Eq. (123a).
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Using Assumptions 3.2 and B1., we have V2 g, , (X, ¥;(x)) > pg, and

~ sk ~ K - ~ % ¢ )
5700 = | (Vg1 (.57 0) ™ T (57061 | = L2, (124)
g
Observe that we have
12, = V£ (6,5 G < [V fip(3,3) = Vg 52
V2, g0 () — ¥ (V2 g (5,55 (0) |
< IV a o (%,3) — Vafop(% 52 )]
V2 e o W)Y =¥ (0
9 GV Gep (3, 3) — V24 gt.p(x, 72G0) |
Y4 o o
< (éf,l n uf) Iy — 5760l + byallv — 5]
g
< M2 (lly = 55 + v = (0l (125)

where M is defined as in (40); the third inequality is by Assumption 3.3 and the last inequality is by Eq. (124).
We now show Eq. (123b).
Since dY, := Vy f1 p(X, ¥ (X)) + Vg1, (X, 57 (X)) ¥} (x) = 0, we have
Iyl = N, — |

= Hvtvygt p(X,¥) + Vyfep(x,y)

= (VI () V39t (x, 37 (%)) + Vy frp(x, ¥ (X))) |

< ( ygt,p(xd’) - Vygt,p x,¥; (x )

V3 gep(xy) (v = vi(x) |

+ I Vyfeo(x,¥) = Vy frpo(x, 37 (x))]]-

Then, from Assumption 3.3 and Eq. (124), we have
171l < Ly 2lly = 97 (VG + £y allv = Vi (x)
ly2ls0
< (ng wf,l) [y = 97 Gl + Lgallv = ¥i ()]

g

My ([ly =i ()l + [lv = vl

- Vi (%)

where M, is defined as in (41).
The proofs of Egs. (123¢)-(123e) follow from Tarzanagh et al. (2024, Lemma 17) by setting (L, Ly, L) asin (42). [

D.2. Perturbation Bounds for OBO Objectives and Their Smoothing Variants

Lemma D.3. Given p = (ps, pr) as positive smoothing parameters, let g; ,(X,y) and fi ,(x,y) be the functions defined
by (17).

(a) Suppose Assumption B3. holds. Then, we have

o1 (03 + Py
|9t,0(%,¥) — gt(x,¥)| < #. (126)
(b) Suppose Assumption B2. holds. Then, we have
Cra(p2 + p?
[fro(x,y) = fi(x,¥)| < w. (127)

Proof. Let By and By be the unit ball in R% and R?, respectively. Let V(d;) and V(dz) be volume of the unit ball in R%
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and R?2, respectively. Then, we have

~—

’ / / (9e(x + pss,y + prr) — gi(x,y)) dsdr
B, J By

\gt,p(x y) — g(x,y

=’ / / (9e(x + pss,y + prr) — 9:(X,y) — (Vg:(%,¥), (pss, prr))) dsdr| .
B B

Thus, we get
|gt7P(X7 Y) — Gt (X7 y)|
< / / 9:(x + pss,y + por) — 91(x,y) = (Vai(x,¥), (pss, per))| dsdr
B1 J By
Uy
<[] gl dsar
B, JBs
ly1p2 ly1p?
— 9,1Ps / ||SH2dS + 9,1Pr / ||r||2dr
2 B, 2 B
_ lgap: da lyapy do
2 di+2 2 dy+2
< Lo (0 +p7)
— 2 )
where the last equality follows since V(l Lo IsllPds = Tp'
The proof of part (b) follows using similar arguments. O

Lemma D.4. Given p = (ps, pr) as positive smoothing parameters, let g; ,(X,y) and f: p(x,y) be the functions defined
by (17).

(a) Suppose Assumption B3. holds. Then, we have

(psdy + prda)

12
||Vgt,p(xay) - v.gt(xv y)H S 9.1 9

(128)

(b) Suppose Assumption B2. holds. Then, we have

Cr1(psdy + prdz)

vat(xay) _Vft,p(xvy)” S 9

(129)
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Proof. Let S(dy) be the surface area of the unit sphere in R?%'. Moreover, let Up, be the unit sphere.

1Vxgt,p(%,¥) — Vxge(x,y)]|

1 dy
S(dl) ( /B gt(x+ pss,y)sds> - vxgt(xv y)

1 dl/ / dy
gt (X + psS,y)sds — —g+(x,y)sds
SW( [ jsds = [l

d
- / — (Vxg:(x,y), psS>SdS> |
UBl pS

dy
< SO - ) - x d
< i Jy, 100+ p99) — a053) = (P90, 8 sl s

d Uy 1p2
< g [ sl
Us,

S(dl)ps 2
sd1l
= M, (130)
2
. S(d
where the second equality follows from fUBl ss'ds = 5111) L
Similarly, let S(d2) be the surface area of the unit sphere in R%. Moreover, let Up, be the unit sphere.
||Vy9t,p x,y) = Vyge(x, )|l
( g%,y + prr)rdr> = Vyg:(x,y)
Us,
1 2 / d?
= — 9¢(%,y + pyr)rdr — / —g¢(x,y)rdr
S d2) <p1' U32 ) U32 p!‘
da
- / - <vygt (X, y)> prr>rdr> H
U32 pl‘
ds
< |9:(xe,y + pet) — g1(%,¥) = (Vyge(x,¥), per) | || dr
S(d2)Pr Usg,
d Ly 1p?
S 2 . g,lpr / ||r||3 dI‘
S(dQ)pl‘ 2 U32
rdol
— P2l (131)
2
where the second equality follows from |, Us, rrldr = 2 EZ"’) I
Thus, we get
IVgt,p(x,5) = Vage(x,y) ||
< [IVige.p(6,5) = Vg (5, 9)| + [ Vygr.p(x%,7) = Vyge(x, )
< psd1€g,1 + Prd2€g,1 )
- 2 2
Finally, by a similar argument as in Part (a), we obtain
psdily,
IVscfip (6,3) = Vace (x,y)]| < BEEE (132)

2 )
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and
[Vyfop (6.3) ~ Vol (x.y)] < 2200 133
which implies
IV fop (e.3) ~ Vi (ey)| < Lot e)lr
O

Lemma D.5. Suppose Assumption B4. holds. Given p = (ps, pr) as positive smoothing parameters, let g; ,(x,y) be the
function defined in (17). Then, we have

362,
— =0t

V3900 (6.¥) = Vyge (x3)||* < =

Proof. Similary, let S(d5) be the surface area of the unit sphere in R%2. Moreover, let Up, be the unit sphere.

V29t (x,¥) = Vige (x,y)|

1 (dy ,
oy \ 77 Vgt (X, y + ppr)rdr | — Vig:(x,y
S(d) (pr o, O ) J0:(x.¥)
1 (dy d,
=l = Vyg (x,y—i—prr)rdr—/ = Vyg:(x,y)rdr
§(d2) ('D‘” Us, v Us, Pr vt
dy s
- 7<V gt(xay)vprr>rdr
UB2 pr
do ,
= v r -V ? —(V ) s Pr d
= S(d2)pe /UB2 | y9t(Xt, Y + prr) v9:(%,y) — (V50:(%,y), p r>| ||r|| dr
d 0y 2p?
< ® ﬂ/ e| dr
S(dz)pr 2 Us,
_ Prdalyn
2 )
where the second equality follows from fUB rrldr — S(dd;)l‘ -
2

Lemma D.6. Suppose Assumption B3. holds. Let @ygt(x, y; B) and @xgt(x, y; B) be defined as in (192) and (19b),
respectively. Then, for any (x,y) € R% x R and p,, ps > 0, we have

30514307

Ee [[Vygi(x, 71 B) = Vygu(x, 33 B)|2] < 3dat2 Iy =9I + =212 vy e R, (1342)
g 2 O 2112 2 2, 35ad308 d
E, [Hvxgt(an; B) — Vyg:(%,y: B)| } < 3di ) [Jx — %"+ % vx € R™. (134b)
Proof. The proof is similar to that of Lemma 5 in (Ji et al., 2019). O

Lemma D.7. Suppose Assumptions 3.2 and B3. hold. Let p = (ps, pr) be positive smoothing parameters. Let y}(x) and
Vi (x) be defined in (1) and (18), respectively. Then, we have

. . lya(p2+ p?
E (19700 - ;o] < et (139)
g9

Proof. From (1), we have y; (x) € argminycga, g¢(X,y). Since by Assumption 3.2, g; (X, y) is pi4-strongly convex in

45



Stochastic Regret Guarantees for Online Zeroth- and First-Order Bilevel Optimization

terms of y. Then, by Lemma B.2, we get

uy—ﬁ@n2sjgmuoo—wwyﬂw».
By setting y = y; (x), we have
197 (0) — ¥ 12 < ;Z<gf<x §1) — g (3, 77 (). (136)

Similarly, from (18), we have
yi(x) € arg min {gp(x,y) = Eur) [9:(x + pas,y + e O}
Since by Assumption 3.2, g; , (X,y) is j1g-strongly convex in terms of y. Then, from Lemma B.2, we have
Iy = 50O < = (00 () ~ g1 (5.5 ().
By setting y = y;(x), we have
3700 = $7 001 < - (06,37 (09) — 01,57 (). (137)

Summing up (136) and (137), we get

ly; () = 97 ()1” <Mlg(9tp(x yi (%)) = g1 (x,¥7(x)))

+;fmmﬁ&WwW®ﬁ@m,

which implies
* Ak 2 1 * *
ly: () =y )" < o 196.0(%, 57 (%)) — g1 (%, ¥ (%))
g

Lo 65700 05700

< Loa(pi+p7)

Hg
where the last inequality is by Eq. (126). O

Lemma D.8. Suppose Assumptions 3.2 and 3.3 hold. Let v{(x) and ¥} (x) be defined in (4b) and (119b), respectively.
Then, we have

Ewﬂ@wwAnﬂ_24wﬂ%+ﬁ¢ 0) P2 (138)

Proof. From (4b) and (119b), we have
nww—w@W
= V2900 (. 39)] 7 Vy frp(x,y) = V20 (. ¥)] 71y il y)|
S 2 H ygt,p (Xv y)} vyft,p(x7 y) - [vigt,p (X7 y)]_lvyft (Xv y) ||2 (1393)
+2[[V2g0,p (6, 3)] IV fi(x,y) — V20 (x,3)] Vg £ y)| - (139b)
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Next, we separately bound each of the above terms, (139a) and (139b).

112
(1392) < 2| (V3900 &V Vg fep(x,¥) = Vy i 3)1°
2
< 5 195 fpx,y) = Vyfilx,y)I*
g
B2 Pfdggiu
— /Lg 4 )
where the second inequality holds due to the Assumption 3.2, the third inequality is by (133).
To bound (139b), note that for any invertible matrices A and A5, we have
|A" = AT = [|AT (AL — A2) A Y| < AT AZ Y]] AL — As,

which implies

(139b) < 2||[V gtp< y) - [v2 < VP IV fi(x,3))1?
<2|[[V2gip (x, >1H V29 ()1 7|°
HVygt,p(x y) = Vigi (x,y || IIVyft(x,y)Il2

2d2£
ugT foa

where the last inequality follows from Lemma D.5.

Using (139)— (140), we obtain the desired result.

D.3. Bounds on the Zeroth-Order Inner Solution

(140)

(141)

Lemma D.9. Suppose that Assumptions B3. and D1. hold. Consider the sequence {(x;,y+,V+)}1_, generated by Algorithm

2, and define
e_zzp = Vygt,p(Xth) - ag

Then, we have

Ellef2y)* < (1= n+1)°Ellef” | +12(1 = %41)*ElVyge1(xe, y1) = Vyge(xe, y2)|*

+ 94505 (1 = 111)°p7 + 24dall (1 — 4111) E|xr 41 — %4
’\2
+24dol2 (1 = 7111) Elly i1 — yel? 270 b /AT

Proof. From the definition of dt 1 in Algorithm 2, we have

ag’+1 - &g’ = _W’t+1a¥ + 7t+1@ygt+1(xt+17 Yi+1;3 BtJrl)

+ (1 — Yes1) (@ygt+1(xt+17}’t+1§ Bt+1) - @ygtH(XuYﬁBtH)) .
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Then, we have

E||Vyget1,p(Xes1,ye41) — dYy [

=E||Vygit1,0(Xt41,¥e41) — df — (d¥+1 - df)”2

= ]E||Vy9t+1,p(xt+17 Yt+1) - dg’ + ’Yt+1d¥ - ’Yt+1@y9t+1(xt+1, Yit+1s Bt—i—l)
- (1 - %+1) (@ygtH(XtHyyHl; Bt+1) - @ygtJrl(xtaYt; Bt+1)) ||2
=E|(1 = 7e11)(Vygep(xe, y:) — d)

+ ’Yt+1(vygt+1,p<xt+1a Yt+1) - @ygt+1(Xt+17 Yit+1; Bt+1))
+ (1 - %+1) (Vygt+1,p(xt+1v Yt+1) - vygt,p(xtv Yt)
+Vygit1,0(Xe,¥t) = VyGrr1,p(Xe, i)

7@ygt+1(xt+1ay15+l;gt+1) + @ygt+1(xta}’t;gt+l)) ||2

From (122), we have

E [@ygt+1(xt+1,yt+1; B_t+1)} = Vygi+1,p(Xt4+1, ¥t+1),
E [@ygt+1(xt+1aYt+1§ Bt+1) - @ygt+1(xtay& Bt+1)}
= vygt+1,p(xt+17yt+1) - vygt+1,p(xtayt)7
then, we have
E(|Vygir1,p(Xit1,yes1) — d¥yy P
=(1- ’Yt+1)2]E||Vy9t,p(Xt7Yt) - d%'H2
+ ]E||%+1(Vygt+1,p(xt+1’ Yt+1) - vygt—i-l(xt-',-h Yit+1; Bt+1))

+ (1 = y41) (Vy9t+1,p(xt+1a Yit1) — vygt,p(xtayt) —+ Vygt+1,p(xt7 yi) — Vy9t+1,p(xtv yt)

~Vygtr1(Xe41,¥er15 Beyr) + Vygera (e, yi; Bt+1)> [
< (1= 741)°E[| Vygep(xs,y2) — dY [|°
+2(1 = 741)°ElVy gi11,p(Xt41, Y41) — VyGe.p(Xt: ¥t) + Vyges1,0(xXe, yt)
— VyGit1.0(Xt, ¥t) = Vygir1 (Xet1, Yer1; Bevr) + Vygirr (X, yes Bigr)|?
+ 2971 B Vy a1 ,p(Xe11, Yea1) — VyGeat (Xes1, Yer1; Ben) |
where the second inequality holds by Cauchy-Schwarz inequality.
Then, from E|la — E[a]||?> = E||a||* — ||E[a]||*> and Assumption 4.1, we have
E[|Vygei1.0(Xe41,yes1) — Y |12
< (1= 7e11) B[ Vyge p(x1,y1) — dY ||
+4(1 = 741)° B Vygi1,0(%6, Y1) = Vy gt p(x1, 1) ||

Q>
QN

Yy

+ 4(1 - %+1)2E|Wy9t+1(xt+1, Yt+13 Et—i—l) - ?ygt-i-l(xtv Yi; Bt+1)||2 + 2%2+1

< (1= %41)°E || Vyge p(xe, ye) — d |2
+4(1 = 741)°E[| Vy git1,p(x¢, Y1) — Vyge,o(xe, y2) |2

+12(1 — 7t+1)2d2£3,1E”(Xt+1>YtJrl) - (Xt>Yt)||2
)
g

+3(1 - 7t+1)253,1d§/73 + 2%2“%,

@‘\‘

where the second inequality follows from Young’s inequality and Lemma D.6.
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From Eq. (131), we have

E(Vyger1,0(Xt;yt) — Vygep(xe, y:)|I”
< 3E||Vygit1,0(Xt, Y1) = Vyger1(xe, ye)|
+ 3E(Vyges1(xe, 1) — Vyge(xe, y0) |I?

+ 3E[|Vyge(xt,¥t) = Vyge,p(xe, 3) I

| 2

3prdsl;
< 3E[|Vyger1(xt,¥e) — Vyge(xe,y0) |1 + %'

Finally, we get

E([Vyget1,p(Xer1, yer1) — Al < (1= 7e11)°E|| Vy ge,p(xe, y2) — dY |2

+12(1 - %+1)2]E||Vygt+1(xta}’t) - vygt(xt>Yt)||2 +6(1 — ’Yt+1)2p§d§€371
o

QN

Y

+12(1 - %+1)2d2g52;,1]E||(Xt+17Yt+1) - (Xm}’t)HQ +3(1— %+1)2€371d§p3 + 27t2+1

@‘\‘

O

Lemma D.10. Suppose Assumptions 3.2 and B3. hold. Then, for the sequence {(x;,y:)}i, generated by Algorithm 2, we
have

Emwﬁ—ﬁﬂ&ﬂﬂé(k+®<1—%tuﬂwL)Emw—yﬂ&mﬂ

/jfg +£g,1
+(—u+@(M%—ﬁﬁ)Emv9 —
Ng_’_ng t yYt,p\ &ty Yt

1
+(L+ )BE [,
where a > 0 is a constant, €J* is defined in (142), and ¥} (x;) is defined in (18).

Proof. From Lemma B.5, we have
E[llyi = 95 () 2] = E [lly: — Bid} = 37 (x) 2]
< (1+a)E [llye — BiVygr.p(xe,y1) — 37 (x2)]|?]
+ (14 D)FE (I8 ~ Vgl v 7). (144)
Next, we will separately bound the first term on the RHS of the above inequality.
We have

E [lly: = B:Vygr.p(x0,51) = 97 (x0)|1?] = E [llye — 97 (x0)I1?] + B7E [ Vyge.0(xe, y0) %]
—2BE [<vygt,p(xta Yi), Yt — }A’f(xt»]

/
§<12@j“”>Emmﬁ@mﬂ

g T 6971
20 2) 2
- — - E ||V Xy, , 145
(0~ 58 ) B[ 50)1) (145)
where the inequality results from the strong convexity of g; , by Assumption 3.2, which implies
(Vygrp(oer ),y — 97 x0)) 2 98y, g )2+ Vg1 ploc 3
frg + g tg + g1

Substituting (145) into (144), gives the desired result.
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For notational brevity in the analysis, we define
= llye =9 )l?, 0 = [lve = vy (=), (146)

where y7 (x) and v (x) are defined in (18) and (119b), respectively.

Lemma D.11. Suppose Assumptions 3.2, B2. and B3. hold. Let 6% be defined in (146). Then, for the sequence {(x¢,y¢)}L_,
generated by Algorithm 2 guarantees the following bound:

Lﬂy a 2 = P 4 Yy
< (- L0+ - R flel ) /mTZEnxt x5

t=1 Hg =1

T /240 12 1

+ SL(p2 4+ p2) + —— su *_x—*x2>
S (Tl + s lyia G0 i)
T 26

+Y (- + 52 ) E 1950070 P). (147)
t=1 M9+€91

where L, = #’:gfz;l, and Ly =

Proof. From Lemma B.5, we have for any ¢ > 0

E[Ilyee1 = i1 e )] = E [[lyerr = 97 (xe) + 37 (x0) = 71 (%e41) [1?]
< (14 )E [[lyeer — 97 (x0)|1%]

1 Ak ~ K
# (14 ) Ellgtatonn) - 57001 (148
From Lemma D.10, we have for any a > 0

E [||Yt+1 - S’Zk(Xt)Hﬂ <(l+a) (1 - 2&/@59,1) E [||Yt - 5’2‘(Xt)||2]

pg +Lg1
n (—(1 ta) (25 s )) E [ Vyg0.0(xe, y2) 7]
[y +€g7 t yJi.p )
+ (1 + i) BIE [let*11”] (149)

Substituting (149) into (148), we get
E [||Yt+1 - }A’Z+1(Xt+1)”2}
4 .
<(1+c¢)(1+a) (1 — 2Bt'uggl> E [||yt -y (xt)||2]

g +€gv
#(~aroura () BNyl
H O+ DFE 7]+ (142 ) B (1550 Gcean) = 01 (150
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Choose ¢ = fiLﬁ‘tz/ > anda = % Then, the following equations and inequalities are satisfied.
BtLMg
(1+c)(1+4a)(1- 2BtLMg) =1- —
(1 +(L) (1 - 2BtLﬂy) =1- ﬁtLNg’
BeLy, (151)

(1+0) (1= fily,) =1- =222,

1 1 1 2
1+-< , 14+ -Z ,

a BtLll«g ¢ ﬂtLNy

where L, = % Based on (150) and (151), we get

E [[lys+1 = ¥7s1 () 1) = E [llye — 37 (o) 1]

L
< -8 Iy - 51 00) + (- (o0~ ) ) B (I Wyaunt v
2

2
/BtL/Lg BtL/Lg

Next, we upper-bound the last term of the above inequality.

+

BIE [llef?|I*] + E (1971 (xe41) — 97 (xe) 1] - (152)

E (1971 (xe41) — 37 (x0)||]
S2(E 1971 (k1) — ¥ ()P + E Iy (xe) — 37 (x0)[1])
<2(LIE [l — e |® + 19750 (xe) — 97 (xe)IP]) (153)

where the second inequality is by Lemma D.2.
Moreover, from Lemma D.7, we get

E [Iy741(ee) =37 ) lI”] < 3E [[[9711 (xe) = yi42 (x)[1?]
+3E [llyr 1 (xe) = y7 (xo)lIP] + 3E [llyy () — 377 ()17

<38 [Iyiea ) — yi 7] + Slea e, (154
9
Combining (153) and (154) yields
E (|37 11 (xe1) — 37 (xo) 1]
<2 (38 [ — xea ) + 38 v () — i) ] + S22, (155)

Substituting (155) into (152) and summing over ¢ € [T'], give the desired result.

D.4. Bounds on the Zeroth-Order System Solution

Lemma D.12. Suppose Assumptions B2. and B3. hold. Then, for the sequence {(x;,y¢, Vi) }1_, generated by Algorithm 2,
we have

E|[Vy fis1(ze41; Bevt) + Vagir (Ze1: Bis1) — Vy i1 (26 Bivr) — Vages (ze; B ||

9¢2 9¢2
< (1207, + ﬁ;)dzEHXm — x| + (1263, + 25; Vd2E|yis1 — yel?

9 362 1
+ §d2f§,1E||Vt+1 — Vel + (363, + 45‘% )d3p3,

where @y ft and @f,gt are defined in (20a) and (21a), respectively.
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Proof. From Lemma D.6, we have
IVy frr1(Ze41; Biyr) = Vy froa (265 Bia) |2
< 3d2€f Wz —2ze* + 52 1d2Pr
< 6dal7 3 ||xe1 — xe* + 620 1 [[yerr — yel* + 52 1d3p;- (156)
Moreover, from (21a), we have
|W39t+1(zt+1; Bii1) — W—gm(zt; Biy)|?

1 ~ _ A _
= w”vygtﬁ-l(xt-i-la}’t-&-l + PvViti; Bt+1) - vygt+1(xta}’t - Pth;Bt+1)H2

3

< 402 d2€g (Kot Yerr + povirr) — (X, ¥ — Pth)H + 872€3’1de‘"
9 9 9 9
< 4p2 —5dol? [ xe 1 — x| + 7 Aol 1 [[yer1 — v
+Z@g1 —WW+82@dwi (157)

where the first inequality follows from Lemma D.6.

From [la + b[}2 < 2 (|lal|? + []2). we get

IVy frv1 (215 Bisr) + Viagira(2e1; Bisr) — Vy froa (20 Birr) — Vager (ze; By |
< 2\|@§,gt+1(zt+1;gt+1) - @igt+1(zt§ Biy1)|?
+2||Vy fer1(2e1; Bey1) — Vy fgr (265 Beg) |?

9¢2 1 2 1
< (12631 4+ 2 )dalxegr — xe|” + (1205 + 525 )dallyesr — vl
2p5 2p5

9 3€
+ §d2f§,1||vt+1 —vil* + (367, + 1 2 S)d3p?,

where the second inequality follows from (156) and (157).

Lemma D.13. Suppose Assumptions B2., B3., D1., and D3. hold. Consider the sequence {(x;,y,v¢)}i_, generated by
Algorithm 2, and define

6%1 = Vyfir1,p(Xer1,¥e41) + @igt+1(xt+1y}’t+1) — a;’ﬂ, where (158)
1
Vigtﬂ (Xt+1a}’t+1) = ﬁ(vygt+l,p(xt+1v§’t+l + vat+1)
v

— VyGis1,p(Xt41, Y41 — PvVit1))- (159)
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Then, we have

Ellef{1l* < (1= Aes1) Elle}” |* + 36E | Vy fi1 (2, ¥0) = Vy fi (e, y0)|*

3054 Pr
+ (1&@@}1 +6(363, + 455 )d%) Py + 18d§€3’1p—;
18 2
+ pﬁEHVygtH(Xt, Yi + pvVe) — Vyge(Xe,ye + pvve) ||
v
18 2
+ pﬁE|\vygt+1(Xt7Yt — pvvi) — Vyge(xe, ¥ — pvvi)||
9¢2 | 92,
+ 6(12@,1 + ﬁ)dﬂf”xtﬂ —xe|” + 6(126?,1 + ﬁ)(bEHYtH —yiel?
2 2 &gy 6-;y 2
+27d2€g’1E||Vt+1 _VtH +3(W + T))\t+1- (160)

Proof. According to the definition of Ei;’ in Algorithm 2, we have
Ay — dY = =N dy + A1 (Vy firn (20415 Bist) + Vi ger (2415 Bia)
+ (1= A1) (ﬁyftJrl (Ze41; Bit1) + Vager1(zeg1; Biga)
—Vy for1 (26 Beyr) — Vi gera (ze; Bt+1)) :
Then we have
E(Vy fix1,0(2zi11) + @3gt+1(zt+1) - a§+1||2
=E|Vy fes1,p(Ze41) + Vg1 (2e41) — df — (Y, — dY)|
= E||Vy frr1,p(Ze+1) + Viger1(zes1) — dY + Aeady
= At41 (@yftﬂ(ztﬂ? Bii1) + V2 g1 (Zer1; BHI))
— (1= Aey1) (@yft+1(zt+1%3t+1) + Vigii1(2zer1; Biyr)
~Vy frr1(ze; Biga) — @igtﬂ(zt;gtﬂ)) 12
= EJ|(1 = Aoy 1) (Vy frop(2) + Vygi(zi) — dY)
+ X1 (Vy fra1,0(Ze11) + @igtﬂ(ztﬂ) - @yft+1(zt+1§ Bit1) — ?3gt+1(zt+1; Biy1))

+ (1= Ay1) (Vyft+1.,p(zt+1) + Vigi1(zin1) — Vyfep(zi) — Vage(zi)
+Vy frip(20) + Vyger1(2e) = Vy fer1p(ze) — Vigei (2:)
—Vy frr1(215 Bigr) — Vagiea (21; Bir) + Vy frpa (2 Bisa) + Vagei (24; Bt+1)> [
Since
E Wyftﬂ(ztﬂ; Bi1) + Vygii (zis1; Bt+1)} = Vy fir1.p(zer1) + Vi g1 (2i41),
E Wyftﬂ(ztﬂ; Bis1) + V3041 (2115 Biv1) — Vy fre1 (263 Bigr) — Vagi (24; Bt+1)]

= Vy fir1.0(zer1) + Vagiri(zii1) = Vy firrp(z) = Vigi (z0),
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then, we have
E||Vy fi41,p(Ze41) + @igt+1(zt+1) - &1‘&,—1-1 12
= (1= A1) 2E||Vy fop(2e) + V2gi(2,) — dY |2
+ [Ae41(Vy figr,0(2e41) + @39t+1(zt+1) = Vy fer1(Ze415 Brrn) = @igtﬂ(zt“; Bi+1))
+ (1= Aeg1) (Vyft+1,p(zt+1) + ﬁigﬂrl(zﬂrl) — Vy fep(zt) — @igt(zt)
+Vy fri1.0(2) + Vigri1(2e) = Vy frinp(ze) — Vi ges(ze)
—Vy fri1(Zes1; Bry1) — V2gis1(Zer1; Bisr) + Vy fisr (26 Bip1) + Vg (ze; Bt“)) I”
< (1= A1) B[ Vy fop(20) + V2 gi(20) — A7 |
+3(1 = A1)’ E||Vy frs1,0(2e11) + Vi gis1(2es1) — Vy fro(2e) — Vagi(zi)
+ Vy fi1,0(2e) + @igtﬂ(zt) = Vy fer1,0(ze) — @39“1(%)
— @yft+1(Zt+1; Bii1) — $39t+1(zt+1§ Biy1) + @yftﬂ(zt; Bii1) + ?igt“(zt? Bi)lI?
+ 3N B Vy frarp(Ze41) = Vy frr1 (zes1; Bey) [
+ 3N LBV g1 (Ze41) — Vi g (zer1; B |1,

(161)

where the second inequality holds by Cauchy-Schwarz inequality.
Note that, for the last term on the right-hand side of (161), from (21a) and (159), we have

|W§'gt+1(zt+1) - @igﬂrl(zﬂrl; Bi)|?

1 N _
< 2”§(vygt+l,p(xt+layt+l + pvVir1) — Vygir (Xes1, Yes1 + pvVir1; Bis))|?
A%

1 - _
+ 2”7(vygt+1(xt+la}’t+1 - Pth+1;Bt+1) - vygt+1,p(xt+1aYt+1 - PvV1t+1))||2

where the last inequality follows from Assumption 4.1.
Then, from E|la — E[a]||?> = E||a||* — ||E[a]||*> and Assumption 4.1, we have
E|[Vy frs1,p(ze41) + Vigiri (zee1) — dY 4 |
< (1= A1)’ Bl Vy frp(20) + Vige(z) — dY||?
+6(1 = \+1)’E(| Vy fra1,0(2e) + Vagir1(ze) — Vy frp(z) — Vige(z:)|?
+6(1 = A41)’E[|Vy fer1 (Zer1; Bev1) + Vages1(zes1; Beit)
Tty

R R B 5.2 A2
— Vy fer1(2e: Berr) = Vi ger1 (2 B |I” + 304 (B;’; + ]
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Then, from Young’s inequality and Lemma D.12, we obtain

E|[Vy frrt,p(Ze41) + Vigeri (zes1) — dYy |12
< (1= Mq1)’E||Vy fup(ze) + Vagi(z) — dy|
+12(1 - /\t+1)2E||Vyft+1,p(zt) - yft,p(zt)”2

+12(1 = A1)’ B[ Vi gir1(ze) — Vage(zo)||”
2 2

9¢
—E0)da %41 — x| 2+ 6(1262 ) + 2DV dalyesr — vl

6(12¢02
(121t 5 203

302, oo, 0
+ 27daly Ve = viel® +6(365, + 7% )d% 3+3At+1(5 s +%)7 (162)

For the third term on the right-hand side of (162), based on (159), we have
\WigtJrl(Xtayt) - @?,gt(xt,yt)||2

< Vygts1,0(Xt: ¥t + puve) — Vi p(xe, yi + pyvi) || (163a)

2/)3
+ ﬁ“vygt,p(xta}"t — puVi) — Vygir1,p(Xe, vt — puve) || (163b)

For (163a), we get

IVygit1.0(%e, ¥t + puvi) = Vygi p(x6, i + pyvie) |12
<3| Vygi1.o(%e, ¥t + puvi) = Vg1 (%0, 51 + puvi) II°
+3[Vy g1 (X6, e + puve) = Vyge(Xe, ye + puvi)|[®
+ 3[[Vyge(xt, ¥yt + pvvi) — Vygep(xe, ¥t + pvve)|®
3p3dsl? |

2 et

< 3||Vy9t(xtaYt + Pth) - Vygt+1(Xt,Yt + Pth)

where the last inequality follows from Eq. (131).
Similary, for (163b), we have

Hvygt,p(xty Yt — Pth) - Vygt-‘er(Xtv ye — Pth)||2
3/)2033552;,1

2
2+ 2

<3| Vygi(xt, ¥t — pvvi) — Vygit1(Xe, Yt — pvVi)
Substituting the above inequalities in (163), we have

- - 3
IV2ge41(x6,¥0) — Vagi(xe,y)||* < ﬁ”vygt(xt,}% + puvi) = Vygiii (X, ye + povi) |12
v

3p2d202
12 4 %1 (164)

3
=+ ﬂ“vygt(xtv Yi — PvVi) — Vyger1 (X, ye — pvve) 202

For the second term on the right-hand side of (162), we have

||Vyft+1,p(Xt,Yt) - Vyft,p(xt,)’t)HQ
<3| Vy fig1,0(xe, ye) — Vy frgr (xe, y0) |1
+3[|Vy fer1 (%, ) = Vy fe(xe, y2) ||
+3|[Vy fe (%6, ¥0) = Vy frp(xe, y2) I
3/’3‘@@,1

27
|2+ L

<3| Vy fe(xt,¥1) — Vy fra1 (Xt yt) (165)

where the last inequality follows from Eq. (133).
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From (164), (165) and (162), we get

E|Vy fi+1,0(zt41) + @igtH(ZH—l) - 32’+1 12
< (1= Ms1)’E|Vy fop(e) + Vigi(ze) — A7
+ 36||Vyft(Xt,Yt) - vyft+1(xt7yt)||2 + 18p3d§€?1

18
+ pﬁ\\vygt(xu Yt +pvvi) = Vyger1(Xe, yi + Pth)H2

18 18p2d3 02
+ 7“Vy9t(xt7Yt — pvVi) — vygt+1(xt7y15 - PvW)HQ + —r el

[ 3
902 | 902 |
+6(126%, + #)dﬂxtﬂ —xe|” +6(120%, + #)d2”yt+l —yil?
302 52 52
2 2 2 9,1\ 42 2 2 9y Iy
+ 27d2€g71|\vt+1 — VtH + 6(3€f,1 + 4p‘2, )d2,0r + 3>\t+1(% + T)
O
Lemma D.14. Suppose Assumptions B3. and B4. hold. Let
efl = @3% (xt,¥t) — Vf,gt,p (Xt, ¥t) Vi, (166a)
ef = @iygt (xt,yt) — Viygup (Xt,¥t) Vi, (166b)
where
~ 1
V?,gt (Xta Yt) = ﬁ(vygt,p(xta ye + Pth) - Vygt,p(xtvyt - Pth))a
v
~ 1
v?{ygt (Xtu Yt) = ﬁ(vxgt,p(xtv Yy + Pth) - ngt,p(xta Yt — Pth))~
v
Then, for (X¢,y+, Vi) presented to Algorithm 2, we have
(a)
2
E[[lef|’] < £2.2020". (167a)
(b)
2
E |le|°] < 200", (167b)
Proof. For part (a): From Lemma D.1, We have
E [Hef]H] =E [H@igt (Xt,¥¢) — vigt,p (Xt,¥¢) Vi }
1
< ﬁE [Hvygt,p(xt; Vi +pyve) — vygt,p(xta yi) — vigt,p (Xt,¥t) PthH]
1
+ g [Hvygt,p(xtv}’t) - vygt,p(xtayt — pyVi) — v?/gt,p (xt,¥t) PthH]
< Ly20E [Ivi]?]
< Lg2pvp’ (168)

where the last inequality follows from (8).
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For part (b): From Lemma D.1, We have

It HI@#IH =E {H@iygt (xt,yt) — viygt,p (Xt,¥t) Vi

}

1
< ﬁE (| Vx9t.0(Xt, ¥t + pvvi) = VxGtp(Xt,¥1) — VayGt.p (X6, ¥t) puvie|]

1
+ [Hvxgt,p(xt7 Yt) - vxgt,p(xta Yt — Pth) - vxygt,p (Xty Yt) vatH]

2py
< by [Iv)]
< Ly2pvp?, (169)
where the last inequality follows from (8). O

Lemma D.15. Suppose Assumptions B2., B3. and B4. hold. Then, for directions cAi,‘f’ and a;‘ presented to Algorithm 2, and

(a) dy , defined in (120b), we have

E |

where e} = (?1;’ — Vyfep(Xe,yt) — @igt (xt,yt), with @igt(xt, v¢) is defined in (171).

d|

where ef 1= Elf = Vi ft,p(Xt,¥1) — @?{ygt (Xt, yt) with @iygt (X, yt) is defined in (176).

v v
d; — dt,p

’2] <2 [[[e|’] + 262 0020 = B, (170a)

(b) di, defined in (120c), we have

Jx x
d; _dt,p

ﬂ < 2 [[[ef|*] + 262 po2p*, (170b)

Proof. For part (a): Let

1

ﬁ(vygt,p(xtu Vi +pvve) — Vygt.p(Xt; ¥t — pvVi))- 171)

@3% (x¢t,yt) =

According to the definition of dZ p in (120b), we have

. 2 . 2
E U df - pr ‘ } =E {Hdr - vyft,p(xt7Yt) - v?/gt,p (Xn}’t)VH }
~ ~ 2
<2E “ dY — Vy fip(Xe, 1) = Vg (Xt’Yt)H } (172a)
~ 2
+2E [Hv;qt (%1 31) = Vi (x6,30) V| } . (1720)

Next, we separately bound (172a)—(172b) on the RHS of the above inequality.
Bounding (172a) . We have

. N 2 9
2E U dy — Vy fip(Xt,yt) — Vigt (Xt,¥t) } = 2K {He{”“ ] . (173)
Bounding (172b) . From Lemmas D.1 and D.14, we have
(1726) = E |[ef?||*] < 322 103" (174)
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Combining (173)-(174) yields

v v
d; — dt,p

E |

]2] < 28 [[]el|] + 262 020"

For part (b): Let

1

g(vxgt,p(xh ye + Pth) - ngt,p(xh Yt — Pth))~

@)chgt (xt,yt) =

According to the definition of d} p 10 (120c), we have

ooz -z, -2

<9E U

Ix x
d; dt,p

N 2
dy - vxft,p(xta yi) — viygt,p (Xt,¥¢) VH }

. _ 2
d¥ — Vi fip(Xe,y0) — v?{ygt (Xta)’t)H }

~ 2
+2E [Hv,%ygt (%1, ¥2) = V2900 (x6,32) Vi } .

Next, we separately bound (177a)—(177b) on the RHS of the above inequality.
Bounding (177a) . We have

2]

Bounding (177b) . From Lemmas D.1 and D.14, we have

Elf — Vi fip(Xt,yt) — ﬁiygt (Xt,¥1)

=2 et

1770) = |le] |[*] < 262 120"
Combining (178)—(179) yields

Jx x
dt - dt,p

z|]

‘2] <2E [Heﬂﬂ +2€§72p3p4.

Lemma D.16. Suppose Assumptions 3.2, B1. and B3. hold. Set the step size §; and the parameter p in (8), as

1 l 14
i< (24 5 | PU2 vie(T], and p= L0
gg,l pg + g1 Hg

Then, for the sequence {(X¢,yt, Vi) )1, generated by Algorithm 2, we have

l . 1
o 2] p _ Hgtg,1 v L) o2
E [Iven =9 a0l"] < (1+d) (1= 6 B2L B0 + (142 ) 978,

for some 6 > 0, where ét" and By are defined in Eq. (146) and Lemma D. 15, respectively.
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Proof. By setting the radius p := =2 in (8), we have

2
E [||vigr — ¥ (%) [HHZ [Vt 5dy } -z, [‘A’:(Xt)]H ]
< B [|lvi - 0,y — ¥ (x0) ]
< A+ Q) E[[[ve = 6d} (e, 30, vi) — V7 (x0) 7]
Iy
1+ N2k [||61V —dy )||2} (181)
7 t t t,p Xt Y, Vit )

Ky

where dY , (X, y¢, v¢) is defined in (120b); the first inequality follows from non-expansiveness property of a projection
operator.

We next bound the I, and K; terms in (181), respectively.
Bounding I; . We have

It =E |:||Vt - {/:(Xt)”Q:I - 26tE [<d2:p(xtaytavt)7vt - ‘}:(Xt)” + 6t2 I:Hdt p(Xh}’tth)Hﬂ

fgt o
<1 p ) E [|lv: — ¥ (x) 2]

trglgn 2) v 9
0p—2L—— — 6 |E[||dY (x4, y¢, vV ’
( Lhg + gg 1 t [H t,p( ty Yt t)H }

where the inequality holds since dy , in (120) is the gradient of the strongly convex quadratic program 3 IvTv? y9t.p (X, ¥) v+
vTvyft,P(Xa y)
Thus, we have

E (Y (%6, ¥¢, Vi), v — Vi (x1))]

NgggJ ok 2
> 22 E||vy —v;(x +
= Mg+£g)1 [” t t( t)H }

1

7E dV 2 )
o Gy ® oy )]

: 1 Hglg,1
Since §; < (2 + —23’1) T then we have

tglg.1 - 2 1 Hglgn v 2
L <(1-26,"22L | E — 4+ — [ 45, |E|||d
t < ( tlug ég,1> [||vt Vi(xy)]| ] E?;J (Mg lon t [H t,p(met;Vt)H ]

¢ -
< (1 - 6t“”;1> E [[lve — 7 (x)[%] (182)
9,

Hg

where the second inequality holds since from (119b), we have
E (14} o (xe, yt, vo)I?] = E [ Vy fep(x,¥) + Vgt (x,¥) V]

=E [”vygtp(x y) (v = vi(xe))]| ]
<R [[lve — ¥ (x0))1?] -

Bounding K . Let

1

2w (Vyt.p(Xe, ¥t + pvvi) — Vy G p(Xe, ¥t — pyvie)) -
v

@igt (xt,y1) =
From Lemma D.15, we have

K,=E [||a; - d;p(xt,yt,vt)\ﬂ < B.. (183)
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Putting (182), and (183) together with Eq. (181) yields the desired result.

. , l . 1
E [lvees - 91 eol"] < (1040 (1- 6220 Y (v = wi0l] + (14 5) 2B

tg + Ly,
O
Lemma D.17. Suppose Assumptions 3.2 and 3.3 hold. Let 0}' be defined in (146). Set the parameter p in (8) as p = ==
Then, for any positive choice of step sizes satisfying
1 L
5 < 2+2— to'ol
E Hg + €g71
the sequence {(x;,y¢, Vi) }1, generated by Algorithm 2 guarantees the following bound:
T T
. L 4
0v Qv ) < Hg E ev — B
Z( 1] — E[67] _Z( [ }+LH t>5t
t=1 t=1 9
1602 9
+ 57— 2Ly +1) ZEHXtH—XtH
L:“g'ug t=1
T
960,112, , 9 4812 2) 1
+ L (pz + pz) + su *(x -, (184)
S (TRt ) i) ~¥iGI) 5
where By and v are defined in Lemmas D.15 and C.7, respectively.
Proof. From Lemma B.5, we have, for any ¢ > 0
. 2 . 2
E [HVtH — Vi (o) } [Hvtﬂ Vi (%) + V(%) = Vi () | }
< A+ OE [[vepr — ¥7 (xo)|?]
1
+ (1 + c') |:Hvt+1 Xeq1) — Vi (X4 H } (185)
From Lemma D.16, we have, for any ¢ > 0
E [||vt+1 - o;‘(xt)ﬂ <(+a) (10t Vavy (141) a8, (186)
- pg +Lg1 a
Substituting (186) into (185), we get
. 2 , p gl )
E [ . } <1+ 1— 6, Lool ) gy
vier = Siabeinl] < a0 0+ 0 (10 2 g
1
+(1+¢) (1 + a) 62B,
1 Ak ~ 2
+(1+3)E [va(xm) — (x| } . (187)
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Choose ¢ = ftL;t‘ 2,/ j and ¢ = ff{:i/ 2 Then, the following equations and inequalities are satisfied.
-——2 Hg
0+ L,
(146 (L+d) (1-0,Ly,) =1 - =,
1 4
14814+ <
( +C) < * d) - 5tLl1'g,
14 1 < 2 14 1 < 4
a = &Ly’ ¢ = 0Ly,
_ _Kgly,
where L,,, = ug+€g%1'

Thus, we have

0L A 4
E {Hvtﬂ - ‘A’f+1(xt+1)|’2] < (1 - t4#g> 0f + 0B
Hg
4 1 A% Ak
+ o5 B ¥ iG]

‘We now bound the last term on the right-hand side of (189). By Lemma C.7, we have:

9741 (k1) — ‘A’f(xt)w

VQ Ok ok 2 2
S5 (Hyt+1(xt+1) =35 ()| + %1 — x| )
g
2
< 2% (219752 Gee) = 3700 G0
g

213712 () = 35 ()| + lxess — i)

VQ 2 Ak Ak 2 2
<25 (214 e =l + 21570 6c0) = 5 )+ s =)

where the last inequality follows from Lemma D.2.
From (154), we have

19741 Gee) = 97 (xe) 1 < 319740 (ee) =y ()12

+ 3y (%) — vi ()12 + 3llys (%) — 97 (xa) |17
60g,1(p2 + p?
)H2+ gul(ps pr)'
g

<3|y (xe) — v (%
Plugging (191) into (190), we get

971 (ke1) — 97 (x0)||”

2
14
<A (2L +1) [|xep1 — xe

Mg

V2 " N 6/ 1(p2+p2)
e <3”yt+1<Xt> —yi x| + ) .

Hy g

(188)

(189)

(190)

(191)

(192)

Then, substituting (192) into (189), rearranging the resulting inequality and summing over ¢ € [T'], we obtain the desired

result.
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D.5. Bounds on the Zeroth-Order Objective Function and its Projected Gradients

Lemma D.18. Suppose Assumptions B2., B3. hold. Then, for the sequence {(x;,y:,v¢)}1_, generated by Algorithm 2, we

have

IV frs1 (Ber1; Bivr) + Vg g1 (Zes1; Berr) — Ve fira (265 Bian) — Vg ger (26 By |

2 2
< (1202 %1 d —x,||? + (1242 %51 d —yilI2
< (1265 + 22 Jdal[xe1 —x¢||* 4 (1265 + 22 Ydi|lyis1 — yell

1 ;’5 )dipZ,

9
+ g dlglveen = vil* + (3671 +
where @xf{;_i'_l and @iygt_,_l are defined in (20b) and (21b), respectively.

Proof. From Lemma D.6, we have

|fot+1(zt+1; Bt+1) - @xftJrl(Zt; Bt+1)H2
3
< 3dil} 1|l Zer1 — 2|1 + 5@,165%,05

3
< 6d1 07 ) |Ixe1 — xel|” + 6d1 3 [lyera — yel|” + 55?,16@03-

Moreover, from (21a), we have

|W§y9t+1 (Ze41; Bry1) — @f,ygtﬂ (2z4; Big1)||?
1

= [ VsGe41(Xeq1, Ve + pvvirts Bevr) — Veges1 (X6, ye — puves Begr) |12

4p2
3
= 403

|Yt+1 - Yt||2

9 9
< —di 02 —xi|? + —5di L2
=42 105 1 l1xe1 — x| + 2 1491

3

9
Zd £2 o 2
+ Rt oallvers — ve” + 802

2 2 2
gg,ldlpsa

where the first inequality follows from Lemma D.6.

From [la + b[}2 < 2 (|lal|? + ], we get

Vs fra1(Ze41: Big1) + Vg g1 (215 Berr) — Vsfopr (263 Bipr) — Vg g (26 B )|

< 2|V2, gr1 (215 Be1) — Vg grin (26 By )|
+ 2|V fer1(Ze41: Bipr) — VSt (215 B |12

2 2
< (1202 Y11y —x||2 + (1262 Vg d — v
< (1265 + 252 Y |[xp1 — x|+ (1265 + 252 dillyerr — yell

9 302
+ §d1€371||vt+1 —vi|* + (3@,1 + 4;; )dipZ,

where the second inequality follows from (193) and (194).

3
< i [[(%e1, Y41 + puvirn) — (X ye — pyve) [ + @eﬁ,ldfﬂg
v

(193)

(194)

O

Lemma D.19. Suppose Assumptions B2., B3., D2., and D4. hold. Consider the sequence {(X¢,y:,v:)}i_, generated by

Algorithm 2, and define

65 = Vft,p(Xt,yt) + @iygt(Xth) - a-::(7 where

-~ 1
Viygt (%6, ¥1) = 57— (VxGt.p(Xt, ¥t + pv Vi) = VGt p(Xt, ¥t — py Vi)

2py
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Then, we have

Ellefl* < (1= 1) Ellef | + 36E | Vi frrt (X6 ¥2) = Vi, y0)

305 P2

+ (1&%@}1 +6(36%, + 455 )d%) P2+ 18d?€3’1p—;

18 2
+ pﬁEHvxgwl(Xt? ye + Pth) - ngt(Xt, ye + Pth)H

v

18 2
+ pﬁE|‘vx9t+1(XtaYt - Pth) - ngt(xt,}’t - Pth)H
+ 6(12@,1 + ﬁ)dlEHXtH —xe|” + 6(126?,1 + ﬁ)dlEHYtﬂ —yiel?

2 2 (}gx 612& 2

+27d1€gle”Vt+l 7th +3(l_)p2 + b )’I]t+1. (197)

Proof. According to the definition of &2‘ in Algorithm 2, we have
A, — df = = dy + e (Vaefer1 (2o Bin) + Vay 641 (2415 Bigr))
+ (1 = nes1) (@xft+1(zt+1; Bit1) + Viaygii1(ze41; Biya)
—Visfi41(2e; Biy1) — Vi, gii(ze; gt+1)) :
Then, we have

E|Vfir1,p(Ze41) + Viy g1 (Zes1) — diy, ||
= El|Vafrr1,p(Zei1) + Viggri1(ze1) — dF — (¥, — d¥)|?
= E||Vafis1.0(zi41) + Vaygis1(2es1) — dF + nyady
— 1 (VaeSer1 (21 Bir) + Vay 941 (2015 Biya))
= (1= m41) (ﬁxft+1(zt+1; Bit1) + Viaygre1(ze41; Bira)
Ve (2 Ben) = Viggor (@i Bi) ) |

= EH(l - nt+1)(vxft¢p(zt) + @iygt(zt) — &;‘)
+ 77t+1(fot+1,p(Zt+1) + @iygtﬂ(ztﬂ) - @xftﬂ(ztﬂ; Bt+1) — @iygtﬂ(ztﬂ; Bt+1))

+ (1 = ne41) (fot+1,p(zt+1) + Vi 9i41(2e41) — Vafrp(ze) — Vaygi(ze)
Vs fir1,p(2) + Viygi41(2) — Vafri1,0(20) — Vaygir1(2e)
—@xftﬂ(ztﬂ; Bit1) — @iygtﬂ(ztﬂ; Bt+1) + @xft“(zt; Biy1) + @iygt+1(zt; Bt+1)> ||2
Since
E {@xftﬂ(ztﬂ; Bii1) + Vi gii1(zein; Bt+1)} = Vifit1.0(Zes1) + Vay g1 (Ze41),
E fotﬂ(ztﬂ; Biy1) + @iygﬂ*l(zﬂ*l; Bit1) — @xftﬂ(zt% Biy1) — @ing“l(zt; Bt+1)}

= Vifis1.0(Ze11) + Vg gi1(2e41) — Vcfir1,0(2t) — Vaygis1(2e),
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then, we have

E|[Vifirr,p(Zes1) + Vaygrs1(zep1) — diy |2
= (1= 111) B[V fip(20) + Viygi(z) — d7|)?
+ 141 (VacFr41,0(Ze11) + Vg 901 (2e41) = Viefra1(2e413 Bipr) = Vg gea1 (20413 Biga))
+ (L = ne41) (fot+1,p(zt+1) + @iygtﬂ(ztﬂ) — Vi fipo(zt) — @iygt(zt)
Vs fii1.0(28) + Vg 9e41(20) — Viefir1,p(2e) — Viygria(2e)
@xftﬂ(ztﬂ; Biy1) — @iygtH(ZtH; Bii1) + @xftﬂ(zt; Biy1) + @iyg“rl(zt; Bt+1)> &
< (1= m41) B[V frp(20) + Viygi(z:) — 7|
+3(1 = 1u31)° Bl Vi fir1,0(2011) + Vg 9i41(241) — Viefrp(21) — Viyge(21)
+ Vaefrr1.0(2e) + Vi gi1(2e) — Vafei1,p(2e) — Vaygei1(ze)
— V41 (20115 Biv1) — Vg gee1(2ei1; Ber) + Vi1 (265 Bisn) + Viay gera (265 By |
+ 377t2+1E||VXft+l,p(Zt+1) - @xft+1(zt+1§ Bt+1)H2
+ 377t2+1E||@>2<y9t+1(Zt+1) - ﬁiygt+1(zt+1§ Bt+1)H27 (198)

where the second inequality holds by Cauchy-Schwarz inequality.
Note that for the last term on the right-hand side of (198), using (196) and (21b), we have

H@iygtﬂ(ztﬂ) - @iygtJrl(thrl; Bt+1)”2

1 N _
< 2||7(ngt+1,p(xt+1a Y1 + pvvirt) = Vagert (Xes 1, Y1 + pvvier; Be))|?

+ 2”7( Vi1 (Xe4 1, i1 — puVest; Bert) — ViGeitp(Xes1, Yea1 — pyviest))|?

A2

<

)

Q“I

<o |F

p
where the last inequality follows from Assumption 4.1.
Then, from E|la — E[a]||?> = E||a||* — ||E[a]||?> and Assumption 4.1, we have
E(|Vifrit,p(Zes1) + Viygiri(zesr) — diyy |2
< (1= 0u41)°E|| Vi frp(ze) + Vigge(ze) — d||
+6(1 = 0e11)°El Vaefir1,0(2) + Viygri1(2e) = Vaefip(2i) — Vg ge(ze)|?

+6(1 = 1041) "Bl Ve fer1 (0415 Bes1) + Vaygis1 (Zes1; Ber)
-2

~ ~ — g
+ VS (2 Bia) + Viggea (@ B 4 30 (725 + g’w (199)

Then, from Young’s inequality and Lemma D.18, we have
E|[ Vi frit,p(Zes1) + Viggri(zer) — diyq |2
< (1= 041)°E|[ Vi frop(2e) + Vg ge(2e) — df||?
+ 12(1 = 41)°El Ve fra1.0(21) — Vacfrp(20)1> + 12(1 = 0041)°E(| V3, ge41(20) — Vg 9e(20)|?

962 2 N
(I%f 1+ 2Pv IV, [|xp 41 — 42 + 6(125 2;‘% )i llyesr — yel)?
362 62 &2
+27d1 6 | [|vegr — viel? +6(30F, + 5 )dip3 + 377t+1(5 >t gx ). (200)
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For the third term on the right-hand side of (199), we have

||@)2cygt+1(xt7 yi) — ﬁEcygt(Xt» yt) ||2

1

< ﬁ”vxgt-ﬂ,p(xtv Ve + 0vVe) — Vgep(Xe, ¥ + pvvi)|)? (201a)
1

+ ﬁ”vxgt,p(xtaYt - Pth) - ngt-ﬁ-l,p(xta}’t - Pth)||2- (201b)

For (201a), we get

IVxGtt1,0(Xe; ¥t + puve) — Vg p(X¢, ye + Pth)H2

< 3| VxGt1,p(Xes Yi + pvVi) — Viegis1 (Xe, ¥t + puve)|?

+ 3| Vxge41(Xe, Yo + pv Vi) — Vege(Xe, ye + Pth)“2
+ 3| Vxge(X¢, ¥t + pvVi) — VGt p(Xt, Yt + pevi)|l?
3p2dir?
< 3| Vxgt (X, ¥t + pvVe) — Vg1 (Xe, ¥t + Pth)H2 + %»

where the last inequality follows from Lemma 131.
Similary, for (163b), we have

Vxt,p (Xt ¥t — pyvi) = VGii1,p(Xe, ¥t — pvvie) ||

202,
< 3| Vigi(Xt, ¥t — pvVie) — VGer1(Xe, ¥ — puve) || + f

Substituting these inequalities in (201), we have
V2, gt1(xe,¥e) = Viaygr(xe,ye)||”

3
< ﬁ”vxgt(xt»w + pvvie) — Vg1 (Xe, ye + Pth)”2
v

3 3p2dily
+ ﬁ”vxgt(xtv}’t — pvVie) — VGri1 (X6, Y — Pth)H2 + 72;2 gL (202)
For the second term on the right-hand side of (199), we have
||vxft+1,p(xt7}’t) - vxft,p(xt7Yt)||2

<3|V firrp(xe, ¥¢) — Vi froa (xe,70) |12
+ 3|V frr1 (%6, ¥¢) — Vi fr(xe, y0)|I?
+ 3|V fe (%0, ¥0) = VaSrp(%0, y2) I
<3|V fe(xt:¥t) — Vi feq1 (xe, y) | + — =, (203)

where the last inequality follows from Eq. (133).
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From (202), (203) and (200), we get

||V fisi,po(Zi41) + Viy g1 (ze1) — di |1?
< (1= 1e41)°E|[ Vi frp(ze) + V2y00(2) — d¥|?
+ 36E(| Ve fe(Xe, yt) — Vicfea1 (xe, y¢) |12 + 18p2d307

18
+ pszHngt(Xt,Yt + pvvt) — ngt+l(xt7}’t + ﬂth)H

18 8[)2(1262‘
+ TEHvxgt(xhyt — pvvt) — ngt+1(xt>yt _ vat)H2 s“1%g,1

7 [
2 983 1 2 2 %Z 1 2
+6(1263 + W)dlEthH — x| +6(1263, + ﬁ)dﬂEHytH — i
362, Og. , 7
20 B Ve il 60300 + TR0+ 30 (% + )

Lemma D.20. Suppose Assumptions 3.2, B2., B3., and 3.4 hold. Then, for the sequence of functions { fi, p}le defined in
Eq. (17), we have

T
Z ft p XtaYt Xt)) - ft,p(xt+lay:(xt+1)))
t=1

14
<2M +Vp + L5, <1+2Z’1>T(p§+p3).

g

Here, V1 is defined in (10); and M is defined in Assumption 3.4.

Proof. Note that, we have

M=

(fep (k6,37 (%)) = fr.p(Xe41, ¥7 (Xe41)))

~
Il
-

Il
[M]=

(fr.o(xt, 77 (%)) — fe(xe, 7 (1)) (204)

~
Il
—

M=

(fe(xe, 37 (%¢)) = fe(Xeq1, Y7 (Xe41))) (205)
t=1
T
) (felxe1, 37 (xex1)) = Frop(Kes1, 37 (xe41))) - (206)
t=1
From (127), we have
2 2
(204) < Tigfvl(ps; pr). (207)
and
2 2
(206) < TW. (208)
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Moreover, from Lemma D.7, we have

T

(205) = > (folxe, 95 (x0)) = fo(xe,¥7 (x2)))

t=1

_|_

E

(fe(xe, y1 (xt)) = fe(Xew1, ¥7 (Xe41)))

o~
I

1

M'ﬂ

+ (fe(xer1,¥7 (ke41)) — fe(Xew1, Y7 (Xe41)))
t=1
T
<Lsa Z 97 (xe) —yi (xe)ll +Lpa Z 197 (xe41) — ¥ (xe1) |
t=1

+

Me

(fe(xe, yi(xt)) — fe(Xer1, ¥i (Xe41)))

o+
Il

1

< 2T,
Hg

T
+ Z (fe(xe,y7 (%)) — fe(xet1, ¥/ (xe41))) - (209)
t=1

For the last term of the above inequality, we have

T
D Filxayi (x0)) = fikern, 7 (x41))) = 131,55 (1)) = fr(xri1, y7 (X0 11))
t=1

T
+ Z (fe(xe, 7 (%0) = fro1(xe,y7_1(x0)))

t=2
<2M + Vr,

which implies that

Ly (P2 + p?)
Hg

From (207), (208), and (210), we get the desired result. L]

(205) < 2T¢; 4 +2M + V. (210)

Lemma D.21. Suppose that Assumptions 3.2 and 3.3 hold. Let f; , be defined as in (17). Then, for a;‘ generated by
Algorithm 2, for all t € [T], we have

E |

where el is defined in Lemma D.15, and 67, 9}' are as defined in (146). Additionally, My is given in Lemma D.2.

~ 2
a5 = Vhptx,i )| | < 42 ] + 46t

+ 203 (E[éty] + E[é;’]) = Ay, @11)

Proof. From |la + b||> < 2 ([|al|* + [|b]|?), we get

E |

<2EU

R 2
dy — Vft,p(xt’y:(xt))H }

Ix x
dy - dt,p

2
‘ } (212a)

+2E {Hd?ﬁp —Vft,p(Xuyi(xt))HQ}’ (212b)
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where d;f o is defined in (120c). From Lemma D.15, we have

(212a) < 4E [||ef||2} + 402,02, 213)
Moreover, from Eq. (123a), we get

(212b) < 2M? (E[éty] + E[éy]) . (214)
Substituting (213) and (214) into (212), we conclude the desired result. O

Lemma D.22. Suppose Assumptions 3.2, 3.3, and 3.4 hold. Let the sequence of functions { fi, p}tT=1 be defined in(17), and
Px.«, be given in Definition B.1. Then, for any positive choice of step sizes as o < 1/4Ly, for all t € [T, Algorithm 2
guarantees the following bound:

T
S (00— L) E [P, (x4 ¥ 50,7 () ]

t=1
T
<12M + 6V + Y (6a; — 3Lygo7) A,
t=1
o ¢ 30710
+y <6£f,1(1+2;’1)+ﬂ;9’1(athaf)) (o2 +p2), (215)
g g

t=1

where Vi and Ay are respectively defined in Eq. (10) and Lemma D.21.

Proof. Due to the L y-smoothness of f; function by Lemma C.1, f; , is L;-smooth as well. Hence,
Jep (%41, 77 (Xe41)) — fe,p(xe, 77 (x¢))

- L
<V op (50,97 (360)) X1 = %0) o+ = xesn — il

- —a <Vft,,,(xt,yz‘(xt)),7ﬁxm (xt; df)> L Lsad Pra, (xt; &;‘) ’2 (216)
For the first term on the R.H.S of Eq. (216), we have that
— B (Vo0 (0,57 (1)), Pt (x0:5) )
- _E <a;<, Pr.a, (xt; &;‘)>
~E{V fip(x0,35 (x0)) = 5, P, (305 )
1 RN T AT 2
< =gl (eo)[ ]+ 2 [fr - s
<t ) ]+ &

where the first inequality follows from Lemma B.8§; the last inequality follows from Lemma D.21.

Plugging the bound (217) into (216), we have that

E [ft,p(Xt41, 3¢ (Xe+1)) — fr.p(Xe, 7 (%1))]

(Lia? — ay) A ]2 a A
=0 aran)] 2
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which can be rearranged into

) N2
(o — Lyoi)E [HPX’O“ (xt;df) ‘ ]
< 2E [fi,p(%6, Y7 (%¢)) — fr,p(Xe1, V7 (Xe41))] + Ay

In addition, we have
E [P a0 (<13 V frp (52, ¥7 (50)
N . 2
< 3E [Hm,at (305 ) = P, (23 Vo1 97 (x0)) | }
+3E | [Paa, (x63 Vo0, 57 (%0))) = Paar (x5 Vft,p(Xtyy;k(Xt)))HQ}
]

_ Vft7p(Xt;y:((xt))H2:|

+3E _Hmm (xt; a;‘)

<3E Udt

+ 3E [[|V fip (51, 37 (x0)) = V fip0x2 ¥ ()
]

where the second inequaliy follows from non-expansiveness of the projection operator.

+3E _HPXM (xt;&f)

Then, from Lemma D.21 and Assumption 3.3, we have
E [P (%65 V fop (0, ¥ (x0))I

< 3A; + 30, E [||y:(xt) _yt (xt)uﬂ +3E {Hm,m (xt; ag)

it

]
ly1(p2 + p7)

< 34; + 36]0’1
Hg

+ 3E [HPX’O“ (xt;a;‘)

where the last inequality is by Lemma D.7.

Combining (218) and (219) and summing over ¢ = 1 to 7", we have

M’ﬂ

— L10d) E || Pat.a, (%03 V fu,p (0, ¥ (x0))I]

t:l

T
Z Tro(Xe, 77 (%)) — fe.p(Xe41, Y7 (Xe41)))

3€ 14
LU (92 4 p2)
9 t

T
(ozt — Lfozf) + 32 (2ozt — Lfoz?) A

1 t=1

HMH

wo
+
)
o

S~—

14
<12M +6Vy + 6444 1+29’1)T(p
4 g

T
(¢ — L) +3) (200 — Lya?) Ay,

1 t=1

B

30101
 TLeL (2 2y
9 t

where the second inequality is due to Lemma D.20.

Lemma D.23. Let the sequence {(x;,y+,v¢)}1_, be generated by Algorithm 2.
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(a) Then, we have
lyers = yell* < 2871”11 + 2621V y 9,0 (%6, y0) 1%,

where ef" is defined in (142).

(b) Suppose Assumptions 3.2, B2. and B3. hold. Then, we have

[xe+1 — %e|[? < 40F [P a, (%6 V fop(Xe, 37 (x2)))]|°
N Ay by 107 (P2 + p?)

Hg

+ 24,02, (220)

where Ay is defined in (211).

(c) Suppose Assumptions B1., B2. and B3. hold. Then, we have

[Vers = vell* < 262l ||” + 3363 10707
67 4
+ (1265 o + 602 1p*)67 + 6@3,17’&29{,

v

where eM and ég’ are defined in (158) and (146), respectively.

Proof. For part (a): From Algorithm 2, we have

lyerr — yell* = BZlldY |12
< 2B7||dY — Vyge,o(xe, 301> + 287 [ Vyge,0(xe, y2) |2
=287 ||ef? |1 + 267 (| Vy ge.0(xe, ye) |17, (221)

and from (220), we get
For part (b):

From the update rule in Algorithm 2, we obtain
2 2 2
Ixe = x1.1]2 = o |

Px.o (xt; El;‘)

< 207 ([P, (%6 V fup (%2, 97 (x0) |1

[P () = P, 055V gt 57 )|
< 207 (I1Pa,a (%03 V fip 30, 35 ()

d

R 2
dy — Vft,p(xtyyt*(xt))H )
< 207 (1P, (003 Voo, 35 Ge))I* + Ar) (222)

where the first inequality is by (a +b)? < 2a? + 2b?; the second inequality follows from non-expansiveness of the projection
operator; and the last inequality follows from Lemma D.21.
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The first term in the above inequality can be bounded as

1P, (%63 V fr (%0, 95 (x0)))|°
< 2P o, (%43 V(36,37 (x0))) = Pavay (%65 V frp (%0, ¥7 (x0))) I
+ 2P, (%45 V frp(x2, 57 (x0)) 1
<2V rp(xe, 37 (x0)) = Vi p(x, 57 (x0) I
+ 2P, (x5 V frp(x0, 57 (x0)) 12
< 2 all97(x1) = ¥ (%P + 2 1P, (%65 Y frp (%0, ¥7 (x0)) I
Lo (p3 +p7)

T 2P a, (%65 Voo (e yi ()
g

<2

where the last inequality follows from Lemma D.7.
Based on (223) and (222), we get

. 2041041 (p2 + p2
It — xe]]? < 20 (2 1P (65 ¥ fup (30, ¥ (k) + 242 f pr) | At) .
g

For part (c): Note that, we have

IVers = vil* = &7 |1 |I?

< 202||dY — Vy fr.p(2e) — V2ge(ze) 1> + 267 | Vy frp(2e) + V2 ge(2e) |

= o2l |?

+ 267 Vy frp(xt,y2) + e (Vy9e,0(Xe,¥e + pvvi) = Vygep(Xe, ¥ — puve)) ||
< 98212 + 6621V, fup ot 0

o2 Ty gl ¥+ I+ Vgl 31— )

From Assumption B3., Lemma B.3 and (8), we have

IVygt.0(xe, 71 + puvi) 1P <6 1 llye + pove — 37 (x0)|1?
<20 1 lpevill® + 202 1|y — 97 (x0) |12
<202 p2p% + 202 Iy, — ¥5 (x0) ||

Similarly, we get

IVygtp(xe,ye — puve)lI? < 202 p2p% + 202 1 |lye — 37 (x|

Moreover, from Eq. (133) and Assumption B1., we have

IVy fro(ke Y2 < 20 Vy fop(x6,¥e) = Vy ik, y) |12 + 21 Vy fi(x2, y2) 12
303 1 p%
- 2
d%@@ﬂf
- 2
Substituting (225), (226) and (227), into (224), we get

+2||Vy fe(xe, y0) |

+203 .

[Vesr = viel® < 267 e 1> + 3d365 167

602 .
+ (1262 + 602, ,p)52 + pg;l 52 |lye — ¥i (%)%

v
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O
D.6. Proof of Theorem 4.2
Proof. Since (1 — v441)® <1 — 741 and v = ¢y 0y, from (143), we have
Ellefs,[I” = Ellef”||* < —c,cuEllef”|?
+12(1 — 7441)°E||Vygr—1(x¢, ¥1) — Vyge(xe, ¥
+9d305 1 (1 = Ye11)pF + 24dal 1 (1 = 741) *El|xe 11 — x|
&2
+24d25 1 (1 = 71401) By — o> +2 gy Vip1- (228)
Since (1 — m41)? <1 — g1 and neq1 = ¢y0y, from (197), we have
I[*:||€th+1|\2 - E”etL”2 _CnatE”et ||2 + 36E ||V fr1(xe,y1) — xft(Xt,Yt)H2
3051 Pz
18d3107,1 +6(3¢71 + 5 S)d3 ) p2+18d3e2
Py Py
36
+ ij||ngt+1(Xt,Yt + pvvi) = Vigi(Xs, ¥t + pyve) ||
) 2 ) 2 952 2
601263, + 55 Vi Ells 4 612631 + S5 Elyeer — i
52
+ 2765 1 El|vers — ve* + 3(5 + ;j* Vs (229)
Since (1 — Apy1)? <1 — A¢gq and A\py1 = exay, from (160), we have
Elletf [ — Ellef||” < —exaElle} [|* + 36E | Vy fos1(xe, y1) — Vy fr(xe, y2)|”
2 )2 2 36371 2| 2 2 )2 P%
18d30% 1 +6(365 1 + W)dQ . + 18d2£ga1,72
36
+ S E[Vygis1(Xt, ¥t + pvvi) — Vygi(Xe, ¥ + puvi) |l
2 9£s2z 2, 2 963 2
6(1267, + 5 3 S )doBl[xp g1 — xe|* + 6(1263, + 5,2 5 )daElly i1 — yel
Py Py
2 &?
+ 27d2£g B[ vigr — ve||® + 3(51;’2 é,y ))\f+1 (230)
Combining the outcomes .
1 X
E[GY]) + 5 X (Ellef5a |2 — Ellef”||?)
t=1

9Y)+TZ( 6y,,] -

1 T
> (Ellefil® —Ellef11?)
t=1

Let
T

Z( Tial

t

—

T
Z:E\Iemll2 Elle:[I*) + g
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Here, we have

11M? 5202 dof? . 12d90? L2 2
r=—L v-""" ¢—max{240>2t, 20l mh L
Lycs Ly,cs Ly LyMy
dol7, L 144do? (g + Ly1)cs 3602 doL? 2
- 720—LL 27 M0 g2 g L1009 79, F1 = B 231
ma’X{ Lf 5 »-rL 1 2C§, Lfr ) LfMJ% ) ( )
dq 02 L 144d, 02 +0,1)es 3602 dy L2 2
Q = max { 720— f71,27 B f2 a1dics, - fJ(ug 21) B, 1 2% b ,
Lf TL LfF Lfo
with
L?,M2 szJ%
cp > /1760 7 cs > 33280L,%qug (1+2L2),
3
4812 dol? |2
Hg g,1%8
= (max{uf’%(”ﬁég’l)’]\m +5 (232)
5412 216 dy dy
v zmax{1080€g 1) M2€3186’ M/;g@l %v L 1cs(pg +g0) (a‘f‘ﬁ),
26 M 2D 107
f
Cy Liy B Cn 6 s C) = 7L#g cs
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By adding (229), (228), (230), (147), and (184), along with (215) and considering the fact that o; decreases with respect to

t, and by applying Lemma D.23, we obtain:

T

> Al 8,80 [[Pata, (523 V frploxe, v (xe)IF] + A

t=1

~

< 12M +6Vr +ZB ay, Br, 61)0 Z (t, B, 60)0

t=1 t=1

40510y 1 a

1€g,1

+ﬁZE(ﬁta5t7pv)a?(pg“"/ﬁ)+ZL(at75t,5t)EH€£H2

9 t=1 t=1
862 p'T d 4 d 2 2 2
—Z2 N5t + 40 p* > (60y — BLyaf + 207 E(By. b1, py)) P2

Hg t=1 t=1

12 T 482 r) T
+ + ) Hor+ Y M(ay, B, 6)E[eM]
(Lug Br ,U'glLLg(ST 2 ; (ar, Be, ¢ )E| e, ||

+ ZQ (s, Be, 1) E]lef” | * + ZS ar, Be, 00)E [[[Vyge.p(xe, y1) ]

t=1 t=1
T
+ 3" Z(ay) (3d303162pF + (1203 + 602 1p*)57)
t=1
36 36 18 18
a yT+ QDxT+ Gy’T+\II2G +97[)%,GX,T
T 2 &2 A2 52 TH41 ~2 52 T 2
Vit gy fy i1 O9x | T« M1
Z 3 4 o) YL g g eyt
P bpv b —~ v bp2 b p Q
T
+ R(pV>Tpr + R(pV)Tps + 18d2£g 1 Q 2 Zg 1 2 + Z D(at7 Btv 6t) (ps + pr)
t=1
Here
ALY T 1602 T
E(B¢, 64, pv) : 2L2 +1
Bdepe) = "5 7, @ Py T U5
£2 9¢? d d
24d 9 1202 ely 22 4 2L

Ao, Br,0¢) == oy — Lfat —4E(Bt, 61, py)ii,

Lﬂq
Blay, B, 64) = Y6 + 2M7 (60 — 3Lga; + 207 E(By, b1, pv)) 5
_ dy dy
Z(oy) = 2702 (\P+Q)

L
Claw, B, 6t) = #q IB: + Z(ay)602

2

912

74

+2M7 (6a; — 3Lgai + 207 E(Br, 01, pv)) -

(233a)

(233b)

(233¢)

(233d)

(233¢)

(2331)

(2339)

(233h)

(2331)

(234)
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Moreover,
A 8T
M{(c, By, 6) o= — 5 4 Z(0)207 + —0,
v L,,
l 3010
D(at,ﬁt,ét) = 6(]‘"1(]. + 297,1) + M(at - Lfa?)
Hg Hg
240, 1 £ 9669711/2 1
L;Lg tg Bt Lug MS &
2 2702, dy d
. g1 2 g,1 2 1
F(Ozt) = 24ds > + (72[151 + 7)(@ + 5),
28,T"
S(at,ﬁhét) = —% —&-ﬁff—&-?F(at)ﬁf, (235)
g g
2
Qo Br,61) i= 7—DB; — TE- + 2F ()7,
Hg
2, 0 2 2
R(py) = 9d2 g’ + 1842 f’ F6(302, + e )
5 2£f71 2 2,1 d%
R(py) := 18d3 o +6(307 1 + 12 )5,
L(atvﬁta(st) = ngl +4(6at 3Lfat2+2at2E(Bt76t7pv)) :
We then provide bounds for the terms in (233a)-(233i).
Note that, we have
AL3 T 1612 T
Eﬁvaapv ::7},7"_ 2L2 re
( oo ) Lug Bt ug,ug( )5t
02 9%, dy d
24dy 2L + 6(12¢3 oLy 2 4 2L
which together with 8; = cgay, §; = c5o, we have
4L2Ta2 1612 Ta?
E(B,0¢,py) = —L —*L 202 +1)—
(/Bta ts P ) Lu,g ﬂt + Lﬂg,u/g( y+ ) (St
e, 2702 do dy
+ 24d2—at (7203 107 + p;’* af)(E +4q)
4412 202
< 2YM2at 8?; L 2r2) M3
L:U'g Ll‘g g 05
dof? | 1802, 2702 | dy dy
6 g, £ 9, _“ _—
+ Lf‘bat+( Lf oy + o at)(\II+Q)
< (236)
h 11Mf _ 52Mf .
where the first inequality is by I' = , T = in (231), p2 = ¢yt and oy < 1/4Ly; the second inequality follows

dgf

from cg > /1760 y ql U= 720dzlf1 dlefl

Q = T20—L=

2
f, cs > \/33280L2 = +2L2) in (232); and ® = 240
and ¢, > 1080¢2 (5 + 4 in (231).
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Moreover, we have

Ao, Br, 0¢) = ay — Lyaig — AE(Bt, 8¢, pv) ot

> oy — Lyai — %t

Qg
> — 237
2T (237)

where the last inequality is by oy, < 1/4L in (232).
Bounding (233a) .
From §; = csoy, we have

L,
Bloy, B, 0;) = — 219 Y6 + 2M7 (60 — 3Ly + 207 E(By, 6, pv))
L M?
< —{Yesan + 12Mfay — 6MFLyof + — o

L 25
< (_ Z.GTC(;—F 2Mf) (e

1
< —5Mfar, (238)

2
where the first inequality follows from (236); the last inequality is by T = 22MC,~5 in (231).

From (234), we obtain

o = ().

Thus, from 3; = cgay, 8 = cson and p2 = ey, we have

" d 52
Clow, Bi, 61) = “’Pﬁt + 162(\; )54 r
+ 2Mf (6 — 3Ly + 207 E(By, 6t pv))
L, d d c2 9
< — 29Fcﬂat—|—162(\; 91)64 60¢t—|—2Mfat
11 2 d2 d1 4 C(; 9
1
< —iMJ%at, (239)

2
where the first inequality follows from (236); the second equality follows from I' = leCJ; in (231); the last inequality is by

o> B + 4k

Thus, from (238) and (239), we get
(2332) < O (V7). (240)

Bounding (233b) .
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From (236), we also obtain

4£f,1£g,1 d 2/ 2 2
—L9L N BBy, 01, pu)af (02 + pF)

Hg t=1
4010y 1 e
f,1%g,1 t, 2 2
< L= P —
<= > g (s +r%)
9 t=1

T
=0 (Z (2 +p3>>- (241)

t=1
From (235) and 1;41 = ¢, we have
__tn 2 2
L(O{t,ﬁt, 6t) = —T +4 (60615 - 3Lf0[t + 20lt E(Bt,5t, pv))
c
< fﬁnat + 25a;
S —Qy,

where the last inequality is by c,, > 262 and (236).

Thus, we get
T
> L(ay, B, 6,)Ellef||* < 0. (242)
t=1
From (242) and (241), we have
T
(233b) < O (Z o (p? + pE)) : (243)
t=1

Bounding (233c¢) .
From é; = csay and (236), we have

8@2 2p4T T T
=Y O+ A opt Y (600 — 3Lyof + 207 E(Br, 0v, pv))
Fe =1 =1
865 20" T < L 25
< 22 Z csoupr + 45372]94 Z Zatp?,.
t=1

Hg t=1
Thus, from p2 = c,ay, we have
T
(233¢) < O (Z at2> . (244)
=1

Bounding (233d) .
From (234), we obtain

dy d
Z(oy) =272 (\; + Ql) . (245)
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From (235), A\t+1 = caay and §; = csa, we have

A 8T
M, By, 0¢) = === + Z()267 + =0,
4 Lﬂg
oy o (da  di\, o o 8T
=—3 + 270 4 (\p + Q> 2c5o5 + T%Céat
27T 27 5 dy | dy 2
S _Liy‘gc(sat + Eﬂg’l (\II + ﬁ 205at
< ——csay,
Hg

where the first inequality is by ¢y > iO—Tc(;\II and oy < 1/4Ly; the last inequality follows from ¥ > 275?}( 63 1dacs and
Hg >

Q> 27422 dacs.

Since B; = cgay and §; = c50, we get

12 T 482 T d
(233d) = ( —+ ) Hpr + ) Moy, By, 6B} |*
Ly, Br Ly, pg or ; !
H
<o (ZT) . (246)
ar
Bounding (233e¢) .
From (235), we have
Ga 2705, dy | dy
Flay) = 24@% + (7207, + ng’ (T +q) (247)
v
From (235), y¢4+1 = ¢y, B¢ = cgoy, we have
Yt 2 2
Q(at, B, 01) = — + —TI'B; + 2F (o)
¢ Lll«g
O 4 2M; + | 24d by + (7263, + 27E“Q”l)(d2 + 4] 92q2
T e Tz ™ 2o I e N T | T
< 4MJ% + (24d Z527,1 2 + (7262 2 + 2743710515)(612 + d; )> 9 2
<- e % 2 =0 10 T ——— ) T 5/ ] “Cs
Lﬁg d Cv v oQ
4M? 6y 2 18 2702 1o dy  d
f 2%g,1 2 g,1%%t, (42 1 2
< —— — —/ — )=+ =) ]2
>~ Lig at+<Lf ) Oét+(Lf f,104t+ cy )(\II+Q) CB
M2
< —har, (248)
Hg
o 11M7 . . 26M 3P . .
where the first equality isby I' = + (’; and p2 = cyay; the first inequality follows from ¢y > —z'—: the second inequality
g™ Hg
5412 12d20% | L2 3 3602 (do L2 2
: . . : kg 92 (d d 2 2%9,1%ug“p 192558
is by oy < 1/4Ly; the last inequality follows from ¢, > o (G + ) @ > TM?,and v > T

2 2 2
36¢3 ,di L7, c

and ) > e
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From (235), B; = cpau, p2 = cyay and (247), we have

28,1
Sy s 61) = ——D0 4 BT 1 2F (a0) 62
Hg 6971
2cgol’ 53 1 27552; 1,,de  di 2 2
= 2r 24dy =~ 28 =4+ =) ]2
AR +< g HP G ) R
Cﬁat 27637101t

v

dy dy
< - 24d £, + (7265 = 4+ =) |24
T Hg LG < ’ at ( 1at )(\If + Q)> ‘6

C[g&tr 6d2 18 2 276527 10¢ dg d1 2
— —_f S g —H= (= _— 2
T pgtLgn ( at Lf a0t Cv )("I’ * Q) 8
cgoyl’
<———, (249)
A(pg +Lg,1)

where the first inequality follows from oy < 1/cg (g + €4,1); the second inequality is by o < 1/4L y; the last inequality is by
24da 0} | (pg+Heg,1)

L 144d202% | (pg+-£€g.1)c 144d1 02 | (pg+-Lg.1)c
v > 2000 (B +G )es(pgtly) and @ > Lycsl sand U > - f'L;LF ~% and Q2 > —k L#F ==,
Thus, we get
T T
(233¢) = > Qau, B, 00)El|ef” |* + > S(a, B, 01)E [[[Vyge,p(x0, 1) [?] < 0. (250)
t=1 t=1
Bounding (233f) .

From (234), we obtain

dy d
Z(ay) = 2702 (\; + Ql) .

Thus, from §; = csa, we have

(2330) = > Z(au) (3d3(3 167 p} + (1205 + 607 1p*)57)

T
dy d
= Z 2763,1 (\; Ql) (3d2€f PE+ (126?0 + 653,1p2)) cia?

T
=0 (Z(dl +d2)(afp; + a?)) : (251)
t=1
Bounding (233g) . From p2 = ¢, «y, we have
36 36 36 36
(233g)—a yT+QDxT+ GyT+\I/2G T+Q7p%Gx,T
1
=0 <Dy,T + Dx,r + Gy,r + OT(GV,T + GX,T)> . (252)
T
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Bounding (233h) . From .41 = ¢y, i1 = ¢y, Aer1 = cxay and p2 = cyay, we have

T 2 5 52 ~2  T+1 2 ~2 T o
. Z Vit1 Pgy 9y | 9ty Z ATt 9 fx 2 : M1
t=1 t= t=1

Bounding (233i) . From 8; = cgau, §; = cso, we have

/ 1 ?)gf 1[ 1 2 244 1 r 964 11/2T
D(ay, Be,0¢) = 6051 (1 +2-22) + =~ (o — Lya) + — 2~ — o
(s, Biy 61) = 6451 ( ug) ) ( o) R
l RIFEY 244 r 96/, 1% T
— 6£f,1(1 +9 971) + fi1tg,1 (at _Lfag) + g,1 g’lz
Hg Hg Ly, pg cpou Lugﬂg 50t

_O(()ét+1),
Qi

and

T T
Zﬁ@ﬁﬂoﬁ+ﬁ%0@3m+;Né+@>.

t=1

Moreover, we have

2€f 1 2 é?},l d% 1 2
R(pyv) = 9d —I— 18d3 (3€f71 + 12 )E =0 (1+ %)d2 ,
12 302, a2 1
27 f1 2 A 91 2
R(py) = 18d2 5 +6(367, + 4;’3 )ﬁ =0 ((1 + p‘%)dl) ,
which, implies that
) 2
Mmﬁm+ﬂmﬁ&+mwmgg ew@;

1 T
=0(u T+ B2 + o (3 + d%@)

From (254), (255) and p2 = cyay, we get

T

(233) < O (Z(at 41

t=1

) (4 9) + (L4 T (et + %%O

(253)

(254)

(255)

(256)

Combining the outcomes (233i) . Combining inequalities (240), (243), (244), (246), (250), (251), (252), (253), and (256)
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leads to

E S B[P, (i V(e v (k)] + A

t=1

T T T
H
(vT +Y ou(pl o)+ > ai+ OZT + > (di + da) (0} p} +a?)>
t=1

t= t=1

—

1

T T T
—A =T (EY) - E6},,)) + T (6]~ El6Y,)) + 5 D (Ellef|” — Ellef., )
1 t:l

o~
Il

1

T T
1 . Y 1
5 2 Elef I~ Blefial?) + ¢ X (EllefI? - Bllef,]1)
t=1

t=1
~2 ) 22 22 2
o o: +0 o, +o0
STOY 400y + 2 vy Coy e
= oy T T v T g
From (23), we have
A2 . A2 A2 ~2 A2 ~2
- U!Jy + Ugyy + Ufy + ngy + fo'

From (26), we have

_ B B .
Qp = (dl ¥ d2)3/4(c+ t)l/ga Bt = CpQ, 6t =cson, pL = Cyay,
i CyQ n oy A o 2 1 52 1
1 = Gy, Mgl = Gy Mgl = CaQq,  pr = —o—, P = —m,
) ! 3T &T
Tl/?’ _ T2/3
b= ——73 b=/
(d1 + d2)3/? (dy + dg)3/
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Thus, using (257), (258), and rearranging the terms, we get

S E [P, (55 Y fup (e, i (eI

t=1

T T T
o
< 7(9 (VT+ >l pf) + D ad + =25 Y (dy + da) (0} +a?)>

t=1 t=1 t=1

2 1
+ *(9 Dy .1+ Dy + Gyr + *(Gv,T + Gx,T)>
aT

[72 ap  62ar 52 q 6% a?
e 9y f t Ix t fx—t
+ O ( < 2 + b + b + b

T
1
+ 70 Z 677 + ps + pr) (1 + 7) (d2pr dlps)>

+—O(93’+0;’+& )
ar
<0 ((d1 +do)¥ATY3 (Vi + Dy 1 + Dy + Gy 1 + Ay +62)
+(dy + d2)**T* (Hyp + Gy.r + Gx,T)) ;

where second inequality holds because we have

T T T
1 log(T + 1
Z aj = Z o/a(c Z 9/4 < og(T + 9/)47
t=1 t=1 (dy +do) =1 (di+d2)4(1+t) = (di +da)
1 T1/3

Pgﬂ
||M
M)~

< )
(dy + d2)?2(c (dy + dy) 3/2 1+ 6)23 = (dy + dy)3/2

*
Il
-
-
Il

1
372%/3

1
<
d1+d2 3/4 1+t)1/3 - 2(d1+d2)3/47

(dl + d2)3/4 C+t 1/3

M 10

(=]
£

I

T

o~
Il

1
1

Qi

i
]~ LM

N}\CA.')

(dl + d2)3/4(0 + t)l/ (dl + d )3/4T4/3

\TMﬂ
I

1

Then, note that, we have

T
%Z (1P, (23 V fola, 7 )]

T
< 3B [P (s Vgl i eI

E [I1Pa,a (065 VG ¥ (50))) = Povaa, (265 V fopl0x 7 () 1]

Mﬂ i

+

o~
Il
-
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From non-expansiveness of the projection operator and Lemma D.4, we have
1P, (¢ V fi (362, ¥7 (50))) = P, (%65 V frp (22, y7 (362))|

<V felxe, y7 (xe)) = VftP(XDYt(Xt))”z
< (psdl +prd2) E

= 4

_ (pdi+ gﬁd%)f?c,l

This implies

T

1

52 [|77Xat Xtvvft(xt’Yt(Xt)))HQ}

T 2 72 2 72\ p2
(psdi + prd3)l

<) E 1P, (523 V frp e, 7 (x0))) P + ==L

Applying the upper bound in (259) yields

T
1
P (1P, G523 9 fuloxes v (i)
( 1 +do)**TY? (Vi + Dy 1 + Dy + Gy 1 + A1 + 67)
+(dr + o) T (Hyp + Gy + Gr))

T(p2d? + p3d3)l3
2

Thus, from p? = dQT and p? = % we get

T
S B[P (6 Vfulx v )]

=1
<0 ((d1 + do)?/ATY/? (VT +Dyr+Dxr+Gyr+ A1+ (32)

(i + do)?PT3 (Hyp + Gy + GX,T)) .

This completes the proof.
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