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Abstract

Online bilevel optimization (OBO) is a powerful
framework for machine learning problems where
both outer and inner objectives evolve over time,
requiring dynamic updates. Current OBO ap-
proaches rely on deterministic window-smoothed
regret minimization, which may not accurately re-
flect system performance when functions change
rapidly. In this work, we introduce a novel search
direction and show that both first- and zeroth-
order (ZO) stochastic OBO algorithms leveraging
this direction achieve sublinear stochastic bilevel
regret without window smoothing. Beyond these
guarantees, our framework enhances efficiency
by: (i) reducing oracle dependence in hypergradi-
ent estimation, (ii) updating inner and outer vari-
ables alongside the linear system solution, and
(iii) employing ZO-based estimation of Hessians,
Jacobians, and gradients. Experiments on online
parametric loss tuning and black-box adversarial
attacks validate our approach.

1. Introduction
Bilevel optimization (BO) minimizes an outer objective
dependent on an inner problem’s solution. Originating
in game theory (Stackelberg, 1952) and formalized in
mathematical optimization (Bracken & McGill, 1973), BO
finds applications in operations research, engineering, eco-
nomics (Dempe, 2002), and image processing (Crock-
ett et al., 2022). Recently, BO has gained traction
in machine learning, including hyperparameter optimiza-
tion (Franceschi et al., 2018), meta-learning (Finn et al.,
2017), reinforcement learning (Stadie et al., 2020), and neu-
ral architecture search (Liu et al., 2018a).

In the offline setting, BO solves the following problem:

x∗ ∈ argminx∈Rd1 f(x,y
∗(x))

subj. to y∗(x) = argminy∈Rd2 g(x,y), (BO)

1Anonymous Institution, Anonymous City, Anonymous Region,
Anonymous Country. Correspondence to: Anonymous Author
<anon.email@domain.com>.
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where f and g are the outer and inner objectives, and x and
y are their respective optimization variables.

OBO (Tarzanagh et al., 2024) addresses dynamic scenar-
ios where objectives evolve over time, requiring the agent
to update the outer decision in response to the optimal in-
ner decision. Similar to online single-level optimization
(OSO) (Zinkevich, 2003), OBO involves iterative decision-
making without prior knowledge of outcomes (Tarzanagh
et al., 2024; Lin et al., 2024; Bohne et al., 2024). Let T be
the total number of rounds. Define xt ∈ X ⊂ Rd1 as the
decision variable and ft : X × Rd2 → R as the outer func-
tion. Similarly, define yt ∈ Rd2 and gt : X × Rd2 → R for
the inner problem, where y∗

t (x) = argminy∈Rd2 gt(x,y).
OBO can be seen as a single-player problem, where the
player selects xt without knowing y∗

t (x), using yt as an
estimate based on gt. Alternatively, it can be framed as a
two-player game (Stackelberg, 1952), where the leader (xt)
competes with the follower (yt), who selects y∗

t (x) based
on limited knowledge of gt; see Section 2. This framework
includes online and adversarial variants of (BO), such as
online actor-critic algorithms (Zhou et al., 2020), online
meta-learning (Finn et al., 2019), and online hyperparam-
eter optimization (Lin et al., 2024). The inner and outer
functions may be time-varying, adversarial, unavailable a
priori, and require nonstationary optimization.

1.1. Our Contributions

This paper addresses stochastic OBO, introducing novel
first1- and zeroth-order methods to minimize stochastic
bilevel regret. Key contributions are summarized below.

• Stochastic regret minimization without window-
smoothing. Existing OBO methods (Tarzanagh et al., 2024;
Lin et al., 2024; Huang et al., 2023; Bohne et al., 2024)
rely on deterministic window-smoothed regret minimiza-
tion, which may not accurately reflect system performance
when functions change rapidly. We address these limita-
tions by introducing a novel search direction (Section 3) and
proving that both first-order and ZO methods achieve sub-
linear stochastic bilevel regret without window-smoothing
(w = 1); see Theorems 3.6 and 4.2 and Table 1.

• OBO with function value oracle feedback. In large-scale

1First-order refers to the setting where only partial gradients
of the leader objective ft are accessible, while second-order in-
formation is still required for the follower objective gt; refer to
Section 3.
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Stochastic Regret Guarantees for Online Zeroth- and First-Order Bilevel Optimization

OBO Window Size System Stochastic Const. Only Func. Local

Method in Regret (w) Iters. Regret Regret Min. Feedback Regret Bound

OAGD o(T ) N.A. (Exact) ✗ ✗ ✗ T
w +H1,T +H2,T

SOBOW o(T ) O(κg log κg) ✗ ✗ ✗ T
w + VT +H2,T

SOBBO o(T ) O(κg log κg) ✓ ✓ ✗ T
wσ2 + VT +H2,T

SOGD 1 1 ✓ ✓ ✗ T
1
3 (σ2 +∆T ) + T

2
3ΨT

ZO-SOGD 1 1 ✓ ✓ ✓ (d1 + d2)
3
4T

1
3 (σ̂2 + ∆̂T ) + (d1 + d2)

3
2T

2
3 Ψ̂T

Table 1. Comparison of OBO algorithms based on regret window size (w), system solver iterations, stochastic regret, constrained regret
minimization, function feedback settings, and local regret bounds. Here, κg denotes the condition number of gt, while VT , Hp,T , ∆T ,
ΨT , ∆̂T , and Ψ̂T are defined in (10), (13), and (25), respectively. The compared algorithms include OAGD (Tarzanagh et al., 2024),
SOBOW (Lin et al., 2024), and SOBBO (Bohne et al., 2024).

and black-box settings (Chen et al., 2017; Nesterov, 2005),
first- and second-order information is often unavailable or
costly. Constructing accurate (hyper)-gradient estimators
using only function value oracles is particularly challeng-
ing due to BO’s nested structure. Existing methods rely
on gradient, Hessian, and Jacobian oracles, limiting scal-
ability (Franceschi et al., 2017; Ghadimi & Wang, 2018).
We propose Algorithm 2, which estimates Hessians, Jaco-
bians, and gradients using function value oracles, achieving
sublinear local regret (Theorem 4.2).

• OBO with one subproblem solver iteration. A major
challenge in BO is solving implicit systems to approximate
the hypergradient (Ji et al., 2021; Chen et al., 2021). While
efficient offline BO methods exist (Ji et al., 2021; Dagréou
et al., 2022), extending them to OBO is difficult due to time-
varying objectives. SOBOW (Lin et al., 2024) partially ad-
dresses this using a conjugate gradient (CG) algorithm with
increasing iterations (Table 1). We improve upon SOBOW
by introducing Algorithms 1 and 2, which require only a
single subproblem solver iteration.

2. Preliminaries
Notation. Rd denotes the d-dimensional real space, with
Rd

+ and Rd
++ as its positive and negative orthants. Vectors

are bold lower-case letters (e.g., x,y), with ⟨x,y⟩ for inner
product and ∥·∥ for Euclidean norm. A gradient is ∇x, with
∇2

xy = ∇x∇y. A function is L-smooth if its gradient is
L-Lipschitz. The Euclidean projection onto a convex set X
is ΠX (z) = argminx∈X (1/2)∥x−z∥2. The set {1, . . . , T}
is denoted by [T ], and E[·] represents expectation. Lastly,
O(·) hides problem-independent constants.

Stochastic OBO Setting. Let T be the total rounds
(Tarzanagh et al., 2024). Define xt ∈ X ⊂ Rd1 as the
decision variable and ft : X × Rd2 as the outer objective.
The inner decision variable and objective are yt ∈ Rd2 and
gt : X × Rd2 , where the optimal inner decision is:

y∗
t (x) ∈ argmin

y∈Rd2

{
gt(x,y) := E

ζt∼Dg

[gt(x,y; ζt)]

}
. (1)

Further, we have

ft(x,y
∗
t (x)) := Eξt∼Df

[ft(x,y
∗
t (x); ξt)] .

Here, (Df ,Dg) are data distributions. Note that our setting
is stochastic, and only noisy evaluations of the function,
gradient, and Hessian are accessible.

Unlike OSO, where true losses are revealed immediately, in
OBO, the outer function ft(x,y

∗
t (x)) is unavailable for up-

dating xt. Moreover, ft(x,y∗
t (x)) is typically non-convex

in x, making standard regret definitions from online convex
optimization (Hazan, 2016b) inapplicable.

Given a sequence {αt ∈ R++}Tt=1, we define the following
notion of bilevel local regret:

BL-RegT :=

T∑
t=1

E
[∥∥PX ,αt (xt;∇ft(xt,y

∗
t (xt)))

∥∥2
]
, (2a)

with

PX ,αt (xt;∇ft(xt,y
∗
t (xt)))

=
1

αt

(
xt −ΠX

[
xt − αt∇ft(xt,y

∗
t (xt))

])
. (2b)

The local regret (2) compares the leader’s de-
cision xt to the stationary points x∗

t satisfying
PX ,αt

(x∗
t ;∇ft(x

∗
t ,y

∗
t (x

∗
t ))) = 0. This can also be

viewed as dynamic local regret, as the baseline corresponds
to a stationary point of the leader’s objective ft.

Previous work on (nonconvex) OBO examined uncon-
strained local regret using window-smoothed objectives:
Ft,w(x,y) = (1/w)

∑w−1
i=0 ft−i(x,y). For w = 1 and

X = Rd1 , this reduces to (2). Tarzanagh et al. (2024);
Lin et al. (2024) showed that w = o(T ) ensures sublin-
ear regret under slow variations in {Ft,w}Tt=1, while rapid
changes can lead to deviations. However, smoothing may
misrepresent regret (Figure 1). This paper introduces a new
projection-based local regret notion (2) without smoothing,
and establishes sublinear regret for constrained OBO.

Online Gradient Descent (OGD). One of the most widely
used algorithms for online (single-level) optimization is

2
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Figure 1. Smoothly and rapidly changing ft in OBO with
gt(xt, yt) = (yt − cos(xt))

2, at = 1 + 0.5 sin(t), bt =
1 + sin(0.5t), and ct = 10bt.

OGD (Zinkevich, 2003). The procedure for OGD is as
follows: For each t ∈ [T ], the algorithm selects xt ∈ X ,
observes the function ft : X ⊂ Rd → R, and updates
according to

xt+1 = ΠX
(
xt − αt∇ft(xt)

)
, αt > 0. (OGD)

In the following, we adapt OGD to OBO and introduce a
novel framework that requires limited feedback and can
utilize ZO updates within a single-loop structure.

3. Stochastic OBO with Access to First and
Second Order Oracles

To adapt OGD to OBO, Tarzanagh et al. (2024); Lin et al.
(2024); Bohne et al. (2024) developed a variant alternating
between inner and outer OGD, achieving sublinear bilevel
regret bounds. We introduce a new search direction that
enables sublinear bilevel regret without window smoothing.

To compute the hypergradient ∇ft(x,y
∗
t (x)) where y∗

t (x)
is defined in (1), since ∇ygt(x,y

∗
t (x)) = 0, using the im-

plicit function theorem, yields

∇ft(x,y
∗
t (x)) = ∇xft (x,y

∗
t (x))

+∇y∗
t (x)∇yft (x,y

∗
t (x)) , (3)

where ∇y∗
t (x)∇2

ygt (x,y
∗
t (x)) +∇2

xygt (x,y
∗
t (x)) = 0.

As the exact y∗
t (x) is not available, we estimate the hyper-

gradient of ft at (x,y) by

∇̃ft(x,y) := ∇xft(x,y) +∇2
xygt (x,y)v

∗
t (x), (4a)

where

∇2
ygt (x,y)v

∗
t (x) +∇yft(x,y) = 0. (4b)

An accurate solution of (4b) is crucial for tight regret bounds.
Tarzanagh et al. (2024) assumes an exact solution, which
is restrictive in large-scale settings. To address this, Lin
et al. (2024) proposed an efficient OBO algorithm with
window averaging, using CG methods to solve (4b), which

Algorithm 1 SOGD
Require: (x1,y1,v1) ∈ X × Rd2 × Rd2 ; T ∈ N; p ∈

R++; stepsizes {(αt, βt, δt) ∈ R3
++}Tt=1; parameters

{(γt, λt, ηt)}Tt=1 ∈ (0, 1); zt := (xt,yt).
For t = 1 to T do:

S1. Draw samples Bt and B̄t with batch sizes b and b̄.
Get search directions dy

t ,d
v
t , and dx

t :
dyy
t (zt; B̄t) = ∇ygt(zt; B̄t), (7a)

dy
t = dyy

t (zt; B̄t) + (1− γt)(d
y
t−1 − dyy

t (zt−1; B̄t)),

dvv
t (zt;Bt) = ∇yft(zt;Bt) +∇2

ygt
(
zt; B̄t

)
vt, (7b)

dv
t = dvv

t (zt;Bt) + (1− λt)(d
v
t−1 − dvv

t (zt−1;Bt)),

dxx
t (zt;Bt) = ∇xft(zt;Bt) +∇2

xygt
(
zt; B̄t

)
vt, (7c)

dx
t = dxx

t (zt;Bt) + (1− ηt)(d
x
t−1 − dxx

t (zt−1;Bt)).

S2. Update inner, system, and outer solutions:

yt+1 = yt − βtd
y
t , vt+1 = ΠZp

[
vt − δtd

v
t

]
,

xt+1 = ΠX [xt − αtd
x
t ].

is equivalent to:

minvt∈Rd2 (1/2)∥∇2
ygt (x,y)vt +∇yft(x,y)∥2. (5)

New Search Direction for OBO. Next, we introduce a
novel search direction that enables both first- and ZO
stochastic OBO algorithms to achieve sublinear bilevel re-
gret without smoothing. We first state the following lemma:

Lemma 3.1. Let w = t and W = 1/η in
the window-smoothed gradient ∇̂Ft,ν(xt,yt;Bt) =

(1/W )
∑w−1

i=0 νi∇̂ft−i(xt−i,yt−i;Bt−i), where Bt :=
{ξ1, . . . , ξb} is drawn i.i.d. from Df . Then,

∇̂Ft,ν(xt,yt;Bt) =

t∑
j=1

η(1− η)t−j∇̂fj(xj ,yj ;Bj).

Furthermore, we have ∇̂Ft,ν(xt,yt;Bt) = d̂x
t with

d̂x
t = η∇̂ft(xt,yt;Bt) + (1 − η)d̂x

t−1, and d̂1 =

(1/W )∇̂f1(x1,y1;B1) for all t ≥ 2.

As shown in Lemma 3.1, for a specific choice of w and W ,
the time-smoothed gradient forms a recursive momentum-
type search direction. However, achieving sublinear regret
in stochastic OBO requires large-window smoothing (w =
o(T )). To address this, we propose the following search
direction:

dx
t = η∇ft(xt,yt;Bt) + (1− η)dx

t−1 (6a)
+ (1− η)(∇ft(xt,yt;Bt)−∇ft(xt−1,yt−1;Bt)). (6b)

This direction is used for updating x, with similar updates
for y and v, as discussed below and detailed in Algorithm 1.

3
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The quadratic optimization formulation of (4b) in (5) leads
to single-loop frameworks such as Dagréou et al. (2022).
Inspired by this, we present Simultaneous Online Gradi-
ent Descent (SOGD) for constrained OBO, outlined in Al-
gorithm 1. SOGD evolves the follower’s decision (inner)
variable, the linear system solution, and the leader’s deci-
sion (outer) variable simultaneously at each step for given
batches B := {ξ1, . . . , ξb} and B̄ := {ζ1, . . . , ζb̄}, which
are drawn i.i.d. from unknown distributions Df and Dg with
batch sizes b and b̄. Computing directions in S1. of Algo-
rithm 1 does not require ∇2

ygt (xt,yt) and ∇2
xygt (xt,yt),

only their product with a vector, at the same cost as comput-
ing a gradient. Technically, it utilizes an auxiliary variable
vt and concurrently updates yt, vt, and xt at each local
iteration t. Moreover, S2. of Algorithm 1 introduces an
auxiliary projection ΠZp on the ball Zp defined as follows:

ΠZp
(v) := min

{
1,

p

∥v∥

}
v, (8)

where Zp := {v ∈ Rd2 | ∥v∥ ≤ p}.
Unlike OAGD (Tarzanagh et al., 2024), which updates x
and y in separate loops, SOGD updates both simultaneously.
Compared to SOBOW (Lin et al., 2024), which uses mul-
tiple CG updates, our method employs a single OGD to
update the inner solution, linear system, and outer variable.
Assumption 3.2. gt(x,y) is twice continuously differen-
tiable and µg-strongly convex in y for all x ∈ X , t ∈ [T ].
Assumption 3.3. Let z = [x;y] and z′ = [x′;y′], where
x,x′ ∈ X and y,y′ ∈ Rd2 . For any z, z′, and t ∈ [T ]:

B1. ∃ ℓf,0 ∈ R+ s.t. ∥ft(z; ξ)− ft(z
′; ξ)∥ ≤ ℓf,0∥z− z′∥;

B2. ∃ ℓf,1 ∈ R+ s.t. ∥∇ft(z; ξ)−∇ft(z
′; ξ)∥ ≤ ℓf,1∥z− z′∥;

B3. ∃ ℓg,1 ∈ R+s.t.∥∇gt(z; ζ)−∇gt(z
′; ζ)∥ ≤ ℓg,1∥z− z′∥;

B4. ∃ ℓg,2 ∈ R+ s.t.∥∇2gt(z; ζ)−∇2gt(z
′; ζ)∥ ≤ ℓg,2∥z−z′∥.

Assumption 3.4. For any t ∈ [T ], |ft(x,y∗
t (x))| ≤ M for

some finite constant M ∈ R++ and any x ∈ X .
Assumption 3.5. There exist constants
σgy , σgyy , σgxy , σfy , σfy such that, for all z = [x,y]:

C1. E∥∇ygt(z; ζ)−∇ygt(z)∥2 ≤ σ2
gy ,

C2. E∥∇2
ygt(z; ζ)−∇2

ygt(z)∥2 ≤ σ2
gyy

,

C3. E∥∇2
xygt(z; ζ)−∇2

xygt(z)∥2 ≤ σ2
gxy

,

C4. E∥∇yft(z; ξ)−∇yft(z)∥2 ≤ σ2
fy
,

C5. E∥∇xft(z; ξ)−∇xft(z)∥2 ≤ σ2
fx
.

Throughout this paper, we define

σ2 := σ2
gy + σ2

gyy
+ σ2

fy + σ2
gxy

+ σ2
fx . (9)

Assumptions 3.2 and 3.3 are widely used in both BO (Chen
et al., 2021; Ji et al., 2021) and OBO (Tarzanagh et al.,
2024), and many bilevel machine learning problems sat-
isfy it (Franceschi et al., 2018). Further, Assumption 3.4
is widely used in the study of non-convex online optimiza-
tion (Hazan et al., 2017; Lin et al., 2024). Assumption 3.5

assumes that we have access to an unbiased stochastic gra-
dient, Hessian and Jacobian with bounded variance, which
is standard in the literature (Chen et al., 2021).

Achieving sublinear dynamic regret is generally impossible
due to arbitrary fluctuations in time-varying functions (Bes-
bes et al., 2015). Existing analyses (Tarzanagh et al., 2024;
Lin et al., 2024) bound regret by imposing regularity con-
straints on the comparator sequence. To achieve sublinear
regret, we introduce the following regularities:

• Path-length (of order p) and function variation:
Tarzanagh et al. (2024) defines the following metrics for
bilevel sequences:

Hp,T :=

T∑
t=2

sup
x∈X

∥y∗
t−1(x)− y∗

t (x)∥p,

VT :=

T∑
t=2

sup
x∈X

|ft−1(x,y
∗
t−1(x))− ft(x,y

∗
t (x))| .

(10)

Path-length Hp,T measures changes in the follower’s costs,
while VT captures the smoothness of the leader’s objective.
We use path-length for the follower and function variation
for the leader, as the follower’s objective is strongly convex
(see Assumption 3.2), while the leader’s is nonconvex.

• Inner and Outer Gradient Variations: Another regu-
larity is the sequential difference between the individual
gradients of the upper-level loss function:

Dx,T :=

T∑
t=2

sup
x,y

∥∇xft−1(x,y)−∇xft(x,y)∥2 ,

Dy,T :=

T∑
t=2

sup
x,y

∥∇yft−1(x,y)−∇yft(x,y)∥2 .

(11)

As in Huang et al.; Hallak et al. (2021), Dx,T and Dy,T

measure the gradient drift of ft relative to ft−1 for x and y,
respectively. We further define deviations in the gradient,
Hessian, and Jacobian of the lower-level objective as:

Gy,T :=
T∑

t=2

∥∇ygt−1(xt,yt)−∇ygt(xt,yt)∥2,

Gyy,T :=

T∑
t=2

∥∇2
ygt−1(xt,yt)−∇2

ygt(xt,yt)∥2,

Gxy,T :=

T∑
t=2

∥∇2
xygt−1(xt,yt)−∇2

xygt(xt,yt)∥2.

(12)

We introduce the following notations for simplicity:

∆T := E1 + VT , ΨT := H2,T +GT +DT , (13)

where (VT , Hp,T ) are defined in (10), and

E1 := ∥y1 − y∗
1(x1)∥2 + ∥v1 − v∗

1(x1)∥2,
GT := Gy,T +Gyy,T +Gxy,T ,

DT := Dx,T +Dy,T .

(14)

4
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By accounting for both DT and GT , we can represent the
variations in the environments of OBO.
Theorem 3.6. Let {(ft, gt)}Tt=1 be the sequence of func-
tions presented to Algorithm 1, satisfying Assumptions 3.2-
3.5. For all t ∈ [T ], let

αt =
1

(c+ t)1/3
, βt = cβαt, δt = cδαt, b = b̄ = 1,

γt+1 = cγα
2
t , ηt+1 = cηα

2
t , λt+1 = cλα

2
t . (15)

Here, c, cβ , cδ, cγ , cη, and cλ are specified in (104). Algo-
rithm 1 guarantees:

BL-RegT ≤ O
(
T 1/3(σ2 +∆T ) + T 2/3ΨT

)
, (16)

where σ and (∆T ,ΨT ) are defined in (9) and (13).

Theorem 3.6 bounds the regret of Algorithm 1 without
window-smoothing, based on the regularities in (14). We
note that the average dynamic regret BL-RegT /T ≤
O(T−2/3(σ2 + ∆T ) + T−1/3ΨT ) remains sublinear un-
der suitable conditions on ∆T and ΨT .
Remark 3.7 (Stochastic Regret Guarantee for OBO and
OSO with w = 1). The additional terms in (6b) improve
the average regret dependence on variance, achieving a
T−2/3σ2 bound, better than the T−1/2σ2 bound for stochas-
tic OBO (Bohne et al., 2024). This also provides the first
regret bound without window-smoothing, unlike (Bohne
et al., 2024; Tarzanagh et al., 2024; Lin et al., 2024; Huang
et al., 2023). For OSO, our approach improves the T−1/2σ2

dependence from (Hallak et al., 2021).

4. OBO with Zeroth Order Oracles
Black-box optimization arises in machine learning when
explicit gradients are unavailable (Chen et al., 2017). We
study ZO-type OBO algorithms with limited access to the
leader’s and follower’s objective values. Let s ∈ Rd1 and
r ∈ Rd2 be vectors uniformly generated from the unit balls
B1 and B2, respectively. Given positive smoothing parame-
ters ρ = (ρs, ρr), we use the Gaussian smoothing function
(Nesterov & Spokoiny, 2017) to define the OBO objectives:

ft,ρ (x, ŷ
∗
t (x)) = E

(s,r)
[ft(x+ ρss, ŷ

∗
t (x) + ρrr; ξ)] , (17)

where

ŷ∗
t (x) ∈ argmin

y∈Rd2

{gt,ρ(x,y)

:= E
(s,r)

[gt(x+ ρss,y + ρrr; ζ)]

}
. (18)

Using (17), we provide methodology to approximate each
term in (7) using ZO oracles. Specifically, following
Shamir (2017), we estimate the gradient of a function
h : Rd → R, querying at x − λs and x + λs, yield-
ing an estimator (d/2λ) (h(x+ λs)− h(x− λs)) s. Using
this strategy, the finite-difference estimation of ∇gt,ρ(x,y),
denoted as ∇̂gt(x,y), is constructed for given smoothing

parameters ρ = (ρs, ρr), and batches B := {ξ1, . . . , ξb}
and B̄ := {ζ1, . . . , ζb̄}, drawn i.i.d. from Df and Dg , as:

∇̂ygt(x,y; B̄) :=
d2

2b̄ρr

b̄∑
i=1

(gt(x,y + ρrri; ζi)

−gt(x,y − ρrri; ζi)) ri, (19a)

∇̂xgt(x,y; B̄) :=
d1

2b̄ρs

b̄∑
i=1

(gt(x+ ρssi,y; ζi)

− gt(x− ρssi,y; ζi))si. (19b)

Similarly, we estimate ∇yft,ρ(x,y;B) and
∇xft,ρ(x,y;B), respectively, by

∇̂yft(x,y;B) :=
d2
2bρr

b∑
i=1

(ft(x,y + ρrri; ξi)

− ft(x,y − ρrri; ξi))ri, (20a)

∇̂xft(x,y;B) :=
d1
2bρs

b∑
i=1

(ft(x+ ρssi,y; ξi)

− ft(x− ρssi,y; ξi))si. (20b)

Further, given a smoothing parameter ρv > 0, we can
approximate the Hessian-vector product ∇2

ygt,ρ(x,y)v and
the Jacobian-vector product ∇2

xygt,ρ(x,y)v as the finite
difference between two gradients, respectively, as

∇̂2
ygt(x,y; B̄) :=

1

2b̄ρv

b̄∑
i=1

(∇̂ygt(x,y + ρvv; ζi)

− ∇̂ygt(x,y − ρvv; ζi)), (21a)

∇̂2
xygt(x,y; B̄) :=

1

2b̄ρv

b̄∑
i=1

(∇̂xgt(x,y + ρvv; ζi)

− ∇̂xgt(x,y − ρvv; ζi)). (21b)

Using (19)–(21), the first-order terms in (7) are approxi-
mated as d̂y

t , d̂v
t , and d̂x

t in (22). The approximations in
(21a) and (21b) introduce errors in the hypergradient, which
must be controlled. (21) depends on the dimension of y, as
in ZO optimization (Nesterov & Spokoiny, 2017; Shamir,
2017). The projection ΠZp

in (8) bounds v, controlling
variance in v and x updates for convergence.
Assumption 4.1. There exist constants σ̂gy , σ̂gx , σ̂fy , σ̂fx

such that, for all z = [x,y], the following holds:

D1. E∥∇̂ygt(z; ζ)−∇ygt,ρ(z)∥2 ≤ σ̂2
gy ,

D2. E∥∇̂xgt(z; ζ)−∇xgt,ρ(z)∥2 ≤ σ̂2
gx ,

D3. E∥∇̂yft(z; ξ)−∇yft,ρ(z)∥2 ≤ σ̂2
fy
,

D4. E∥∇̂xft(z; ξ)−∇xft,ρ(z)∥2 ≤ σ̂2
fx
.

Assumption 4.1 is analogous to the upper bound on the
variance of stochastic partial gradients discussed in Luo
et al. (2020); Wang et al. (2020). We simplify the notation
by introducing the following shorthand.

σ̂2 := σ̂2
gy + σ̂2

gx + σ̂2
fy + σ̂2

fx . (23)

Next, we establish a regret bound for ZO-SOGD. Similar to

5
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Algorithm 2 ZO-SOGD
Require: In addition to parameters in SOGD, choose

ρv, ρr, ρs,∈ R++.
For t = 1 to T do:

S1. Draw samples Bt and B̄t with batch sizes b and b̄.
Using (19)–(21), get ZO search directions d̂y

t , d̂
v
t , d̂x

t :

dy
t

(
zt; B̄t

)
= ∇̂ygt(zt; B̄t), (22a)

d̂y
t = dy

t (zt; B̄t) + (1− γt)(d̂
y
t−1 − dy

t (zt−1; B̄t)),

dvv
t (zt;Bt) = ∇̂yft (zt;Bt) + ∇̂2

ygt
(
zt; B̄t

)
, (22b)

d̂v
t = dvv

t (zt;Bt) + (1− λt)(d̂
v
t−1 − dvv

t (zt−1;Bt)),

dxy
t (zt;Bt) = ∇̂xft (zt;Bt) + ∇̂2

xygt
(
zt; B̄t

)
, (22c)

d̂x
t = dxy

t (zt;Bt) + (1− ηt)(d̂
x
t−1 − dxy

t (zt−1;Bt)),

S2. Update inner, system, and outer solutions:

yt+1 = yt − βtd̂
y
t , vt+1 = ΠZp

[
vt − δtd̂

v
t

]
,

xt+1 = ΠX
[
xt − αtd̂

x
t

]
.

previous results, we introduce regularity conditions for the
smoothed functions in (17) and (18).

Inner and Outer Perturbed Gradient Variations: We de-
fine the gradient variations at the perturbed point as follows:

Gv,T :=

T∑
t=2

(χ1t+χ2t), Gx,T :=

T∑
t=2

(χ3t+χ4t). (24)

where z+t := (xt−1,yt−1+ρvvt−1), z−t := (xt−1,yt−1−
ρvvt−1), and

χ1t := ∥∇ygt(z
+
t )−∇ygt−1(z

+
t )∥2,

χ2t := ∥∇ygt(z
−
t )−∇ygt−1(z

−
t )∥2,

χ3t := ∥∇xgt(z
+
t )−∇xgt−1(z

+
t )∥2,

χ4t := ∥∇xgt(z
−
t )−∇xgt−1(z

−
t )∥2.

Further, for simplicity of notation, we define

∆̂T := E1 + VT +DT +Gy,T ,

Ψ̂T := H2,T +Gv,T +Gx,T ,
(25)

where (VT , Hp,T ) and (E1, DT ) are defined in (10), and
(14), repectively. Moreover, Gy,T and (Gv,T , Gx,T ), are
defined in (12) and (24), respectively.

Theorem 4.2. Let {(ft, gt)}Tt=1 be the sequence of func-
tions presented to Algorithm 2, satisfying Assumptions 3.2-
3.4 and 4.1. For all t ∈ [T ], let

αt =
1

(d1 + d2)3/4(c+ t)1/3
, βt = cβαt, δt = cδαt,

γt+1 = cγαt, ηt+1 = cηαt, λt+1 = cλαt,

ρ2v = cvαt, ρ2r =
1

d22T
, ρ2s =

1

d21T
,

b =
T 1/3

(d1 + d2)3/2
, b̄ =

T 2/3

(d1 + d2)3/4
, (26)

where c, cβ , cδ , cγ , cη , cv, and cλ are specified in (232). Let
p = ℓf,0/µg for the set Zp defined in (8). Then, Algorithm
2 guarantees:

BL-RegT ≤ O
(
(d1 + d2)

3/4T 1/3
(
σ̂2 + ∆̂T

)
+(d1 + d2)

3/2T 2/3Ψ̂T

)
.

where σ̂2 and (∆̂T , Ψ̂T ) are defined in (23) and (25).

Theorem 4.2 bounds the regret of Algorithm 2 without
window-smoothing, based on the regularities in (25). We
note that the average dynamic regret BL-RegT /T ≤
O((d1+d2)

3/4T−2/3
(
σ̂2 + ∆̂T

)
+(d1+d2)

3/2T−1/3Ψ̂T )

remains sublinear under suitable conditions on ∆̂T and Ψ̂T .
Remark 4.3 (Regret Guarantee for Zeroth Order OBO).
Theorem 4.2 provides the first regret guarantee for OBO
with access only to noisy function evaluations of the leader
and follower. The dimensional dependence O(d1 + d2) in
Theorem 4.2 aligns with optimal results for simpler offline
min-max problems (Huang et al., 2022). The bound also
depends on the sample sizes b, b̄ and smoothing parameters
ρv, ρr, ρs at each iteration.
Remark 4.4 (Improved Regret for OSO). Our dynamic re-
gret for single-level non-stationary optimization is O((d1 +
d2)

3/4T−2/3(σ̂2 + E1 + VT + DT )), improving the re-
sult in Roy et al. (2022), which is O(T−1/2σ2

√
d). Roy

et al. (2022) proposed a zeroth-order stochastic gradient
descent algorithm for unconstrained, non-convex, time-
varying objective functions, achieving a regret bound of
O(T−1/2σ2

√
dWT ) using a two-point gradient estimator,

where WT bounds the nonstationarity. Additionally, Guan
et al. (2023a) showed that the local regret for standard online
stochastic gradient descent with the standard two-point gra-
dient estimator (Agarwal et al., 2010) is O(T−1/2d

√
VT ).

5. Experimental Results
In this section, we provide experimental results on bilevel
optimization-based black-box attacks on deep neural net-
works and parametric loss tuning for imbalanced data.

5.1. Bilevel Optimization-Based Black-Box Attacks

Deep neural network classifiers are vulnerable to adversarial
examples—images subtly modified to mislead the classifier.
These examples can deceive classifiers even without knowl-
edge of the model, as seen in black-box adversarial attacks
(BBAA) (Chen et al., 2017; Liu et al., 2018b; Chen et al.,

6
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Figure 2. Performance comparison (mean±std) of optimizers including ZO-O-GD, ZO-O-Adam, ZO-O-SignSGD, ZO-O-ConservSGD,
ZO-SOGD, and ZO-SOGD (Adam) on online adversarial attack for MNIST data across five runs.

Figure 3. Performance comparison (mean±std) on imbalanced loss tuning with distribution shift for MNIST data across five runs
between OGD (Zinkevich, 2003), OAGD (Tarzanagh et al., 2024), SOBOW (Lin et al., 2024), and our SOGD.

2019).

We first review the ZO single-level optimization for BBAA
(Chen et al., 2017). Let (a, b) denote a legitimate image
a ∈ Rd with true label b ∈ {1, 2, . . . , J}, where J is the
total number of classes. Define a′ = a+y as an adversarial
example, with y as the adversarial perturbation. Let Y :=
[−5, 5]d ⊂ Rd, and ℓ : Rd → R denote the black-box attack
loss. The goal of BBAA (Chen et al., 2017) is to design y
for images {ai}mi=1 by solving:

min
y∈Y

1

m

m∑
i=1

ℓ(ai + y) + λ∥y∥2. (27)

Here, λ > 0 is a hyperparameter balancing attack loss
minimization and ℓ2 regularization.
To adapt (27) to our OBO, consider OBO for supervised
learning: at each timestep t, new samples (at, bt) ∈ Dt :=
{Dval

t ,Dtr
t } are received, where at ∈ Rd2 is the feature

vector (image) and bt ∈ R is the corresponding target. Note
that the correct decision can change abruptly. We consider
an S-stage scenario where (x∗

s,y
∗
s(x

∗
s)) represents the best

decisions for the s-th stage, for all s ∈ [S].

x∗
s ∈ argmin

x∈X

Ts∑
t=1

f
(
y∗
s(x);Dval

t

)
s.t. y∗

s(x) ∈ argmin
y∈Y

Ts∑
t=1

g
(
x,y;Dtr

t

)
, (28)

where
g(xt,yt;Dtr

t ) =
1

|Dtr
t |

∑
i∈Dtr

t

ℓ(a
(i)
t + yt)

+
1

2

p∑
ι=1

e[xt]ι [yt]
2
ι , (29a)

and

f(yt(xt);Dval
t ) =

1

|Dval
t |

∑
i∈Dval

t

ℓ(a
(i)
t + yt). (29b)

Here, {a(i)t }i∈Dtr
t

and {a(i)t }i∈Dval
t

are batches of training

and validation samples at timestep t; a(i)t is the ith sample
in that batch; and [xt]ι and [yt]ι denote the ιth component
of xt and yt, respectively.

We normalize the pixel values to Y . For an untargeted
attack, the loss in (29) is ℓ(a′t) = max{Z(a′t)bt −
maxj ̸=bt Z(a′t)j ,−κ}, where Z(a′t)j is the prediction score
for class j given input a′t = at +yt, and κ > 0 controls the
confidence gap. In our experiments, we set κ = 0.

Eq. (28) introduces the first OBO formulation of BBAA.
Using a vector x ∈ Rd

+ for hyperparameters instead of
λ ∈ R++ in (27) enables finer control over model com-
ponents, enhancing performance for complex models and
heterogeneous data (Lorraine et al., 2020). For a fair com-
parison with single-level BBAA, we replace λ with a fixed

7
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vector multiplied by each component of y in (27).

We compare our ZO-SOGD and ZO-SOGD (Adam) with
the following competing methods in the online setting:

ZO-O-GD: A single-level method that updates yt with a
fixed x at each timestep using ZO gradient descent (Nes-
terov & Spokoiny, 2017).

ZO-O-Adam: A single-level method that updates yt with
a fixed x at each timestep using ZO Adam (Kingma & Ba,
2014; Chen et al., 2019).

ZO-O-SignSGD: A single-level method that updates yt

with a fixed x at each timestep using ZO SignSGD (Bern-
stein et al., 2018).

ZO-O-ConservSGD: A single-level method that updates
yt with a fixed x at each timestep using ZO Conservative
SGD (Cutkosky & Boahen, 2019).

Note that ZO-SOGD (Adam) is a variant of our algorithm
with an adaptive stepsize, similar to that of (Kingma & Ba,
2014).

We evaluated the proposed algorithms based on runtime,
test accuracy on perturbed samples, and the infinity norm of
yt. Figure 2 compares the methods. The left panel shows
that ZO-SOGD has similar runtime to single-level baselines,
despite outer-level optimization on x. The middle panel
shows that all methods’ accuracy decreases as the adver-
sarial attack y strengthens, with ZO-SOGD outperforming
ZO-O-GD and ZO-O-ConservGD, and ZO-SOGD (Adam)
outperforming ZO-O-Adam and all baselines. The right
panel shows that the increasing infinity norm of yt over
time for all methods, which reduces accuracy. However, the
perturbations remain unnoticeable with a max yt no larger
than 4, demonstrating that ZO-SOGD achieves effective
attacks with better performance than other methods.

5.2. Parametric Loss Tuning for Imbalanced Data

Imbalanced datasets are common in modern machine learn-
ing, causing challenges in generalization and fairness due
to underrepresented classes and sensitive attributes. Deep
NNs often overfit, seeming accurate and fair during training
but performing poorly during testing. A common solution is
designing a parametric training loss that balances accuracy
and fairness while preventing overfitting (Li et al., 2021).

We consider an optimization problem similar to (28). For
a new sample (at, bt), the follower and leader incur a para-
metric and balanced cross-entropy loss, respectively:

g(xt,yt;Dtr
t ) = − log

eγbt [yt(at)]bt+∆bt∑J
j=1 e

γj [yt(at)]j+∆j

, and

f(yt(xt);Dval
t ) = −ubt log

e[yt(at)]bt∑J
j=1 e

[yt(at)]j
. (30)

Here, xt := (∆j , γj)
J
j=1 represents the logits adjustments,

with j indexing the J classes, and uj is the reciprocal of
the proportion of samples from the j-th class to the total

number of samples (Li et al., 2021).

To clarify the notation in (30): yt(xt) denotes the follower
yt conditioned on the leader xt, while [yt(at)]bt represents
the predicted logit for class bt on sample at. The backbone
model for yt is a 4-layer CNN, leading to a nonconvex
bilevel objective.

We compare SOGD with the following methods:

OAGD (Tarzanagh et al., 2024): A state-of-the-art static
online bilevel gradient descent method using the Neumann
series for hypergradient approximation.

SOBOW (Lin et al., 2024): A dynamic online bilevel gra-
dient descent method using conjugate gradients (CG) for
hypergradient approximation.

We conducted experiments on the MNIST (LeCun et al.,
2010). We used a batch size of 64 per timestep. We evalu-
ated cumulative runtime, balanced accuracy, and test accu-
racy, where balanced accuracy is the class-specific average
accuracy:

1

J

J∑
j=1

Pat∼Dj [argmaxi([yt(at)]i) = j] ,

with Dj denoting the distribution over samples of class
j (Li et al., 2021). Learning rates were tuned as βt =
δt = β ∈ {0.001, 0.005, 0.01, 0.05, 0.1} and αt = α ∈
{0.0001, 0.0005, 0.001, 0.005, 0.01} for all t ∈ [T ]. The
parameters γt, λt, ηt were tuned as γt = λt = ηt = γ ∈
{0.9, 0.99, 0.999}. The Neumann series iterations in OAGD
and CG iterations in SOBOW were set to 5.

We evaluated performance over 400 timesteps in four 100-
timestep phases, transitioning from an imbalanced (0.4i) to
a balanced (0.8i) distribution for each class (i = 0, 1, . . . , 9).
Figure 3 (left) shows SOBOW’s longer runtime due to CG
complexity, while SOGD is the fastest with simultaneous
updates. Figures 3 (middle, right) show accuracy gains
as balance increases, with SOGD achieving competitive
accuracy.

6. Conclusion
We introduced a novel online bilevel optimization (OBO)
framework that overcomes the limitations of existing algo-
rithms, which often rely on extensive oracle information
and incur high computational costs. Our approach uses
limited feedback and zeroth-order updates for efficient hy-
pergradient estimation and simultaneous updates of decision
variables, achieving sublinear bilevel regret without window
smoothing. Experiments on online parametric loss tuning
and black-box adversarial attacks confirm its effectiveness.

Impact Statements
This paper develops methods to advance online learning.
While our work has societal implications, none require spe-
cific emphasis here.
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A. Related Work
BO was introduced in game theory by (Stackelberg, 1952) and modeled mathematically in (Bracken & McGill, 1973). Initial
works (Hansen et al., 1992; Lv et al., 2007) reduced it to single-level optimization. Recently, gradient-based approaches
have gained popularity for their simplicity and efficacy (Franceschi et al., 2017; Ghadimi & Wang, 2018; Ji et al., 2021;
Chen et al., 2021), though they assume offline objectives.

OBO was initiated by Tarzanagh et al. (2024), proposing the OAGD method with regret bounds. (Huang et al., 2023)
developed algorithms for online minimax optimization, special cases of OBO with local regret guarantees. (Lin et al.,
2024) introduced SOBOW, a single-loop optimizer using window-smoothed functions and multiple CGs for nonconvex-
strongly-convex cases. Unlike these works, we propose using projected gradient as a more general performance measure for
constrained objectives, focusing on the original functions and their regret; See Table 1 for a comparison.

Single-Level Regret Minimization. Single-level online optimization predominantly focuses on convex problems, either
with static or dynamic convex regret minimization (Zinkevich, 2003; Hazan, 2016a; Shalev-Shwartz et al., 2011). Non-
convex online optimization (Hazan et al., 2017; Guan et al., 2023b;a) poses greater challenges than its convex counterparts
(Shalev-Shwartz et al., 2011; Zinkevich, 2003; Hazan et al., 2007; Besbes et al., 2015). Notable contributions in this field
include adversarial multi-armed bandit algorithms (Bubeck et al., 2008; Héliou et al., 2020; 2021; Krichene et al., 2015)
and the Follow-the-Perturbed-Leader approach (Agarwal et al., 2019; Kleinberg et al., 2008; Suggala & Netrapalli, 2020).
Hazan et al. (Hazan et al., 2017) introduced window-smoothed local regret for gradient averaging in non-convex models,
which Hallak et al. (Hallak et al., 2021) extended to non-smooth, non-convex problems. Inspired by their work, we employ
local regret for Online Bandit Optimization (OBO) without window-smoothing.

Zeroth-Order Optimization. Single-Level ZO Optimization has been widely studied in both offline (Ghadimi & Lan,
2013; Duchi et al., 2015; Agarwal et al., 2010; Nesterov & Spokoiny, 2017) and online settings (Liu et al., 2018b; Guan
et al., 2023a;b; Zhang et al., 2020; Bach & Perchet, 2016). We next review closely related work. Liu et al. (Liu et al., 2018b)
proposed ZOO-ADMM, a gradient-free online optimization algorithm utilizing ADMM. Guan et al. (Guan et al., 2023b)
studied online non-convex optimization with limited oracle feedback. Research on online non-convex optimization with
bandit feedback includes work by Heliou et al. (Héliou et al., 2020), which established bounds on global static and dynamic
regret using dual averaging, further refined in (Héliou et al., 2021). Gao et al. (Gao et al., 2018) extended these ideas to ZO
algorithms. Flaxman et al. (Flaxman et al., 2004) provided algorithms for bandit online optimization of convex functions
using ZO gradient approximation. Our work closely relates to (Sow et al., 2022), which proposes a Hessian-free method
approximating the Jacobian matrix using a ZO method based on finite differences of gradients. In contrast, our method uses
function oracles to approximate both the Hessian and gradients and is derivative-free. We also point out the recent work
(Aghasi & Ghadimi, 2024) on ZO stochastic algorithms for solving bilevel problems when neither the upper/lower objective
values nor their unbiased gradient estimates are available. Their approach, limited to the offline setting, does not include
numerical results, thus leaving its practical efficiency unclear.

B. Additional Preliminaries and Notations
B.1. Preliminary Lemmas

We first provide several useful lemmas for the main proofs.

Definition B.1 (Projected gradient (Ghadimi et al., 2016)). Let X ⊂ Rd1 be a closed convex set. Then, the projected
gradient for any αt > 0 and p ∈ Rd1 is defined as

PX ,αt
(x;p) :=

1

αt

(
x− x+

)
, (31a)

where

x+ = ΠX (x− αtp) , (31b)

and ΠX [·] denotes the orthogonal projection operator onto set X .

Lemma B.2. Goel et al. (2019, Lemma 13) If f : X → R is a µf -strongly convex function with respect to some norm ∥ · ∥,
and x∗ is the minimizer of f (i.e. x∗ = argminx∈X f(x)), then we have ∀ x ∈ X ,

µf

2
∥x− x∗∥2 ≤ f(x)− f(x∗) ≤ 1

2µf
∥∇f(x)∥2.

Lemma B.3. Suppose f(x) is L-smooth, and x∗ ∈ argminx∈X f(x). Then, we can upper bound the magnitude of the
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gradient at any given point x ∈ Rd in terms of the objective sub optimality at x, as follows:

1

2L
∥∇f(x)∥2 ≤ f(x)− f(x∗) ≤ L

2
∥x− x∗∥2. (32)

Lemma B.4. For any set of vectors {xi}mi=1 with xi ∈ Rd, we have∥∥∥∥∥
m∑
i=1

xi

∥∥∥∥∥
2

≤ m

m∑
i=1

∥xi∥2.

Lemma B.5. For any x,y ∈ Rd, the following holds for any c > 0:

∥x+ y∥2 ≤ (1 + c)∥x∥2 +
(
1 +

1

c

)
∥y∥2, and (33)

∥x− y∥2 ≥ (1− c) ∥x− z∥2 +
(
1− 1

c

)
∥z− y∥2 . (34)

We provide a set of auxiliary lemmas that will be used in establishing the proofs for the main theorems.

Lemma B.6. Ghadimi et al. (2016, Proposition 1) Let PX ,αt(x;p) be defined in Definition B.1. Then, for any p1 and p2 in
Rd, we

∥PX ,αt
(x;p1)− PX ,αt

(x;p2)∥ ≤ ∥p1 − p2∥ .
Lemma B.7. Hazan et al. (2017, Proposition 2.4) Let PX ,αt(x;p) be the projected gradient as per Definition B.1. For any
x,p1,p2 ∈ Rd and αt > 0 it holds that

∥PX ,αt
(x;p1 + p2)∥ ≤ ∥PX ,αt

(x;p1)∥+ ∥p2∥ .

Lemma B.8. Let PX ,αt
(x;p) be as given in Definition B.1. Then, for any p ∈ Rd and αt > 0, we have

⟨p,PX ,αt
(x;p)⟩ ≥ ∥PX ,αt

(x;p)∥2 .

Proof. By the definition of x+, the optimality condition of (31b) is〈
p+

1

αt
(x+ − x), z− x+

〉
≥ 0, ∀z ∈ X .

Letting z = x, we obtain 〈
p,x− x+

〉
≥ 1

αt

〈
x− x+,x− x+

〉
,

which can be rearranged to

⟨p,PX ,αt
(x;p)⟩ = 1

αt

〈
p,x− x+

〉
≥ 1

α2
t

〈
x− x+,x− x+

〉
= ∥PX ,αt

(x;p)∥2 .

B.2. Examples

Theorem 3.6 achieves sublinear bilevel regret when the variations VT and H2,T are both o(T ). Below, we provide some
examples of online optimization in both single-level and bilevel settings to illustrate when this occurs.

Example B.9. Consider function ft(x) = ∥Atx − bt∥2, where At = [1, 0; 0, 1 + 1
t ], x = bt = (1, 1). Then, VT :=

13
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∑T
t=2 maxx |ft(x)− ft−1(x)| =

∑T
t=2 |

(
1
t

)2 − ( 1
t−1

)2
|. By a2 − b2 = (a− b)(a+ b), we have

VT =

T∑
t=2

|
(
1

t
− 1

t− 1

)
−
(
1

t
+

1

t− 1

)
|

=

T∑
t=2

|
(
t− 1− t

t(t− 1)

)
−
(
1

t
+

1

t− 1

)
|

=

T∑
t=2

|
(
− 1

t(t− 1)

)
−
(
1

t
+

1

t− 1

)
|

=

T∑
t=2

| 1

t(t− 1)
|| t− 1 + t

t(t− 1)
|

=

T∑
t=2

| 2

t(t− 1)2
|.

Then, VT ≤
∑T

t=2
2
t3 ≈

∫ T

2
2
t3 dt =

1
4 −

1
T 2 . As T → ∞, VT becomes bounded and approaches a constant value, indicating

that VT grows slower than T itself.

Example B.10. Let ft(x) = (− 1
T , 0, 0, 0) if t is even, and ft(x) = (0,− 1

T , 0, 0) if t is odd. Then, VT =∑T
t=2 maxx |ft(x)− ft−1(x)| = O(1).

Example B.11. Let x ∈ X = [−1, 1] ⊂ R, y ∈ R, and consider a sequence of quadratic cost functions

ft(x, y) =
1

2

(
x+ 2a

(1)
t

)2
+

1

2

(
y − a

(2)
t

)2
,

gt(x, y) =
1

2
y2 −

(
x− a

(2)
t

)
y,

where a
(1)
t = 1/t and a

(2)
t = 1/

√
t for all t ∈ [T ].

We have

y∗t (x) = x− a
(2)
t .

We have

ft(x, y
∗
t (x))− ft−1(x, y

∗
t−1(x))

=
1

2

[(
x+ 2a

(1)
t

)2
−
(
x+ 2a

(1)
t−1

)2]
+

1

2

[(
y∗t (x)− a

(2)
t

)2
−
(
y∗t−1(x)− a

(2)
t−1

)2]
=

1

2

[(
x2 + 4xa

(1)
t + 4(a

(1)
t )2

)
−
(
x2 + 4xa

(1)
t−1 + 4(a

(1)
t−1)

2
)]

+
1

2

[(
(x− a

(2)
t )2 − 2(x− a

(2)
t )a

(2)
t + (a

(2)
t )2

)
−
(
(x− a

(2)
t−1)

2 − 2(x− a
(2)
t−1)a

(2)
t−1 + (a

(2)
t−1)

2
)]

= 2x
(
a
(1)
t − a

(1)
t−1 − a

(2)
t + a

(2)
t−1

)
+ 2

(
(a

(1)
t )2 − (a

(1)
t−1)

2 + (a
(2)
t )2 − (a

(2)
t−1)

2
)
.

Taking the maximum over x and using x ∈ [−1, 1] :

sup
x

|ft(x, y∗t (x))− ft−1(x, y
∗
t−1(x))| = 2

∣∣∣a(1)t − a
(1)
t−1

∣∣∣+ 2
∣∣∣−a

(2)
t + a

(2)
t−1

∣∣∣
+ 2

∣∣∣(a(1)t )2 − (a
(1)
t−1)

2
∣∣∣+ 2

∣∣∣(a(2)t )2 − (a
(2)
t−1)

2
∣∣∣ .
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Since a
(1)
t = 1/t and a

(2)
t = 1/

√
t for all t ∈ [T ], then we have

|a(1)t − a
(1)
t−1| ≈

1

t2
, |a(2)t − a

(2)
t−1| ≈

1

2t3/2
,

|(a(1)t )2 − (a
(1)
t−1)

2| ≈ 1

t3
, |(a(2)t )2 − (a

(2)
t−1)

2| ≈ 1

t2
.

Then, we get

VT :=

T∑
t=2

sup
x

|ft(x, y∗t (x))− ft−1(x, y
∗
t−1(x))| =

T∑
t=2

(
2

t2
+

1

2t3/2
+

1

t3

)
.

The series
∑T

t=2

(
2
t2 + 1

2t3/2
+ 1

t3

)
converges, implying VT = O(1). Moreover, we have

H2,T =

T∑
t=2

sup
x

∥y∗t (x)− y∗t−1(x)∥2 =

T∑
t=2

sup
x

∥x− a
(2)
t − x+ a

(2)
t−1∥2

=

T∑
t=2

| − a
(2)
t + a

(2)
t−1|2 =

T∑
t=2

|a(2)t − a
(2)
t−1|2 ≈

T∑
t=2

1

4t3
,

which implies H2,T = O(1).

To achieve VT = o(T ), the changes in the cost functions ft(x,y∗
t (x)) and y∗

t (x) should decay to zero faster than O(1/t).
For example, if the coefficients in the functions change as O(1/ta) with a > 1, then the cumulative sum over T will be
o(T ). When ft(x,y

∗
t (x)) and y∗

t (x) decay as O(1/
√
t), then the total variation grows at most as O(

√
T ).

C. Proof of Regret Bounds for Simultaneous Online Gradient Descent (SOGD)
Proof Roadmap. We introduce Lemma C.2, which quantifies the error between the approximated direction of the
momentum-based gradient estimator, dy

t , and the true direction, ∇ygt(xt,yt), at each iteration. To bound the error of
the lower-level variable, we provide Lemma C.4, which captures the gap ∥yt+1 − y∗

t (xt)∥2 and incorporates the error
introduced in Lemma C.2. Moreover, we provide Lemma C.5, which quantifies the error between the approximated direction
of the momentum-based gradient estimator, dv

t , and the true direction, ∇2
ygt (zt)vt+∇yft(zt), at each iteration. To bound

the error of the system solution, we provide Lemma C.8, which captures the gap ∥vt+1 − v∗
t (xt)∥2 and incorporates the

error introduced in Lemma C.5. Moreover, we provide Lemma C.9, which quantifies the error between the approximated
direction of the momentum-based hypergradient estimator, dx

t , and the true direction, ∇xft(zt) +∇2
xygt (zt)vt, at each

iteration. We also present Lemma C.11, which provides an upper bound for the projection mapping and relates to the three
errors discussed in Lemmas C.4, C.8, and C.9. Finally, by combining these lemmas and appropriately setting the parameters,
we achieve the desired result.

C.1. Proof of Lemma 3.1

Proof. SOBOW (Lin et al., 2024) has estimated the hypergradient as the weighted average of previous ones over a sliding
window of size w for a given Bt := {ξ1, . . . , ξb} drawn i.i.d. from the distribution Df , as follows:

∇̂Ft,ν(xt,yt;Bt) =
1

W

w−1∑
i=0

νi∇̂ft−i(xt−i,yt−i;Bt−i),

with W =
∑w−1

i=0 νi, ν ∈ (0, 1). Let ν = 1− η for η ∈ (0, 1).

Then, the above equality is equivalent to

∇̂Ft,ν(xt,yt;Bt) =
1

W

t∑
j=t−w+1

(1− η)t−j∇̂fj(xj ,yj ;Bj), (35)

with W =
∑t

j=t−w+1(1− η)t−j .

15



825
826
827
828
829
830
831
832
833
834
835
836
837
838
839
840
841
842
843
844
845
846
847
848
849
850
851
852
853
854
855
856
857
858
859
860
861
862
863
864
865
866
867
868
869
870
871
872
873
874
875
876
877
878
879

Stochastic Regret Guarantees for Online Zeroth- and First-Order Bilevel Optimization

Let d̂x
t := ∇̂Ft,ν(xt,yt;Bt). Then (35) is equivalent to

d̂x
t =

1

W
∇̂ft(xt,yt;Bt) + (1− η)d̂x

t−1 −
(1− η)w

W
∇̂ft−w(xt−w,yt−w;Bt−w), (36)

with fi(·) = 0 for all i ≤ 0.

If w = t and W = 1
η , then, we have

d̂x
t = η∇̂ft(xt,yt;Bt) + (1− η)d̂x

t−1.

C.2. Bounds on the Inner Decision Variable

We first provide a lemma that characterizes the Lipschitz continuity of approximate gradients, inner, and system solutions.

Lemma C.1. Under Assumptions 3.2 and 3.3, for all x,x′ ∈ X , and the search directions {dx
t }Tt=1 and {dv

t }Tt=1 generated
by Algorithm 1, we have

∥dx
t −∇ft(xt,y

∗
t (xt))∥2 ≤ M2

f

(
∥yt − y∗

t (xt)∥2 + ∥vt − v∗
t (xt)∥2

)
, (37a)

∥dv
t ∥

2 ≤ M2
v

(
∥yt − y∗

t (xt)∥2 + ∥vt − v∗
t (xt)∥2

)
, (37b)

∥∇ft(x,y
∗
t (x))−∇ft(x

′,y∗
t (x

′))∥ ≤ Lf ∥x− x′∥ , (37c)

∥y∗
t (x)− y∗

t (x
′)∥ ≤ Ly ∥x− x′∥ , (37d)

∥v∗
t (x)− v∗

t (x
′)∥ ≤ Lv ∥x− x′∥ , (37e)

where Mf , Mv, and (Ly, Lv, Lf ) are defined in (40), (41), and (42), respectively.

Proof. We first show (37a).

Using Assumptions 3.2 and 3.3, we have ∇2
ygt (xt,y

∗
t (xt)) ⪰ µg , and

∥v∗
t (xt)∥ = ∥

(
∇2

ygt (xt,y
∗
t (xt))

)−1 ∇yft (xt,y
∗
t (xt)) ∥ ≤ ℓf,0

µg
. (38)

Observe that

∥dx
t −∇ft(xt,y

∗
t (xt))∥ ≤ ∥∇xft(xt,yt)−∇xft(xt,y

∗
t (xt))∥

+ ∥vt∇2
xygt(xt,yt)− v∗

t (xt)∇2
xygt (xt,y

∗
t (xt)) ∥

≤ ∥∇xft(xt,yt)−∇xft(xt,y
∗
t (xt))∥

+ ∥∇2
xygt(xt,yt)∥∥vt − v∗

t (xt)∥
+ ∥v∗

t (xt)∥∥∇2
xygt(xt,yt)−∇2

xygt(xt,y
∗
t (xt))∥

≤
(
ℓf,1 +

ℓg,2ℓf,0
µg

)
∥yt − y∗

t (xt)∥+ ℓg,1∥vt − v∗
t (xt)∥

≤ M2
f (∥yt − y∗

t (xt)∥+ ∥vt − v∗
t (xt)∥) , (39)

where

Mf :=
√
2max

{
ℓf,1 +

ℓg,2ℓf,0
µg

, ℓg,1

}
, (40)

the third inequality is by Assumption 3.3, and the last inequality follows from (38).

Next, we establish (37b).
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Since dv
t
∗ := ∇yft(xt,y

∗
t (xt)) +∇2

ygt (xt,y
∗
t (xt))v

∗
t (xt) = 0, we have

∥dv
t ∥ = ∥dv

t − dv
t
∗∥

= ∥vt∇2
ygt(xt,yt) +∇yft(xt,yt)

−
(
v∗
t (xt)∇2

ygt (xt,y
∗
t (xt)) +∇yft(xt,y

∗
t (xt))

)
∥

≤ ∥
(
∇2

ygt(xt,yt)−∇2
ygt(xt,y

∗
t (xt))

)
v∗
t (xt)∥

+ ∥∇2
ygt(xt,yt) (vt − v∗

t (xt)) ∥
+ ∥∇yft(xt,yt)−∇yft(xt,y

∗
t (xt))∥.

Then, from Assumption 3.3 and (38), we have

∥dv
t ∥ ≤ ℓg,2∥yt − y∗

t (xt)∥∥v∗
t (xt)∥+ ℓg,1∥vt − v∗

t (xt)∥+ ℓf,1∥yt − y∗
t (xt)∥

≤
(
ℓg,2ℓf,0
µg

+ ℓf,1

)
∥yt − y∗

t (xt)∥+ ℓg,1∥vt − v∗
t (xt)∥

≤ Mv (∥yt − y∗
t (xt)∥+ ∥vt − v∗

t (xt)∥) ,

where

Mv :=
√
2max

{
ℓg,2ℓf,0
µg

+ ℓf,1, ℓg,1

}
. (41)

The proofs of Eqs. (37c)-(37e) follow from Tarzanagh et al. (2024, Lemma 17) by setting

Ly :=
ℓg,1
µg

,

Lv := ℓf,1 +
ℓg,1ℓf,1
µg

+
ℓf,0
µg

(
ℓg,2 +

ℓg,1ℓg,2
µg

)
,

Lf := ℓf,1 +
ℓg,1(ℓf,1 +Mf )

µg
+

ℓf,0
µg

(
ℓg,2 +

ℓg,1ℓg,2
µg

)
,

(42)

where the other constants are defined in Assumption 3.3.

Lemma C.2. Suppose Assumptions 3.5, B3. and C1. hold. Let {(xt,yt,vt)}Tt=1 be generated according to Algorithm 1.
For egt defined as

egt := dy
t −∇ygt(xt,yt), (43)

we have:

E∥egt+1∥2 ≤ (1− γt+1)
2(1 + 48ℓ2g,1β

2
t )E∥e

g
t ∥2 + 2γ2

t+1

σ2
gy

b̄
+ 24(1− γt+1)

2ℓ2g,1E∥xt+1 − xt∥2

+ 6(1− γt+1)
2E∥∇ygt(zt+1)−∇ygt+1(zt+1)∥2

+ 48(1− γt+1)
2ℓ2g,1β

2
tE∥∇ygt(xt,yt)∥2. (44)

Proof. From Algorithm 1, we have

dy
t+1 = ∇ygt+1(zt+1; B̄t+1) + (1− γt+1)(d

y
t −∇ygt+1(zt; B̄t+1)).

Then, we have

E∥egt+1∥2 = E∥dy
t+1 −∇ygt+1(zt+1)∥2

= E∥∇ygt+1(zt+1; B̄t+1) + (1− γt+1)(d
y
t −∇ygt+1(zt; B̄t+1))−∇ygt+1(zt+1)∥2

= E∥(1− γt+1)e
g
t + (∇ygt+1(zt+1; B̄t+1)−∇ygt+1(zt+1))

− (1− γt+1)
(
∇ygt+1(zt; B̄t+1)

)
−∇ygt(zt)∥2,
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which implies that

E∥egt+1∥2 = (1− γt+1)
2E∥egt ∥2 + E∥(∇ygt+1(zt+1; B̄t+1)−∇ygt+1(zt+1))

− (1− γt+1)
(
∇ygt+1(zt; B̄t+1)

)
−∇ygt(zt)∥2

≤ (1− γt+1)
2E∥egt ∥2 + 2γ2

t+1E∥∇ygt+1(zt+1; B̄t+1)−∇ygt+1(zt+1)∥2

+ 2(1− γt+1)
2E∥∇ygt+1(zt+1; B̄t+1)

−∇ygt+1(zt+1)−∇ygt+1(zt; B̄t+1) +∇ygt(zt)∥2

≤ (1− γt+1)
2E∥egt ∥2 + 2γ2

t+1

σ2
gy

b̄

+ 2(1− γt+1)
2E∥∇ygt+1(zt+1; B̄t+1)

−∇ygt+1(zt+1)−∇ygt+1(zt; B̄t+1) +∇ygt(zt)∥2,

where the second inequality follows from Cauchy–Schwartz inequality and Assumption 3.5.
Moreover, from Cauchy–Schwartz inequality, we have

E∥egt+1∥2 ≤ (1− γt+1)
2E∥egt ∥2 + 2γ2

t+1

σ2
gy

b̄

+ 6(1− γt+1)
2E∥∇ygt(zt)−∇ygt(zt+1)∥2

+ 6(1− γt+1)
2E∥∇ygt(zt+1)−∇ygt+1(zt+1)∥2

+ 6(1− γt+1)
2E∥∇ygt+1(zt+1; B̄t+1)−∇ygt+1(zt; B̄t+1)∥2.

From Assumption B3., we have

E∥∇ygt(zt+1)−∇ygt(zt)∥2

≤ 2E∥∇ygt(xt+1,yt+1)−∇ygt(xt+1,yt)∥2 + 2E∥∇ygt(xt+1,yt)−∇ygt(xt,yt)∥2

≤ 2ℓ2g,1E∥xt+1 − xt∥2 + 2ℓ2g,1E∥yt+1 − yt∥2

= 2ℓ2g,1E∥xt+1 − xt∥2 + 2ℓ2g,1β
2
tE∥d

y
t ∥2,

and

E∥∇ygt+1(zt+1; B̄t+1)−∇ygt+1(zt; B̄t+1)∥2

≤ 2E∥∇ygt+1(xt+1,yt+1; B̄t+1)−∇ygt+1(xt+1,yt; B̄t+1)∥2

+ 2E∥∇ygt+1(xt+1,yt; B̄t+1)−∇ygt+1(xt,yt; B̄t+1)∥2

≤ 2ℓ2g,1E∥xt+1 − xt∥2 + 2ℓ2g,1E∥yt+1 − yt∥2

= 2ℓ2g,1E∥xt+1 − xt∥2 + 2ℓ2g,1β
2
tE∥d

y
t ∥2.

From the two inequalities above, we have

E∥egt+1∥2 ≤ (1− γt+1)
2E∥egt ∥2 + 2γ2

t+1

σ2
gy

b̄

+ 6(1− γt+1)
2E∥∇ygt(zt+1)−∇ygt+1(zt+1)∥2

+ 24(1− γt+1)
2ℓ2g,1

(
E∥xt+1 − xt∥2 + β2

tE∥d
y
t ∥2
)
.
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Since egt := dy
t −∇ygt(xt,yt), we have

E∥egt+1∥2 ≤ (1− γt+1)
2E∥egt ∥2 + 2γ2

t+1

σ2
gy

b̄
+ 24(1− γt+1)

2ℓ2g,1E∥xt+1 − xt∥2

+ 6(1− γt+1)
2E∥∇ygt(zt+1)−∇ygt+1(zt+1)∥2

+ 48(1− γt+1)
2ℓ2g,1β

2
tE∥e

g
t ∥2 + 48(1− γt+1)

2ℓ2g,1β
2
tE∥∇ygt(xt,yt)∥2

≤ (1− γt+1)
2(1 + 48ℓ2g,1β

2
t )E∥e

g
t ∥2 + 2γ2

t+1

σ2
gy

b̄
+ 24(1− γt+1)

2ℓ2g,1E∥xt+1 − xt∥2

+ 6(1− γt+1)
2E∥∇ygt(zt+1)−∇ygt+1(zt+1)∥2

+ 48(1− γt+1)
2ℓ2g,1β

2
tE∥∇ygt(xt,yt)∥2.

Lemma C.3. Suppose Assumptions 3.2, and B3. hold. Then, for the sequence {(xt,yt)}Tt=1 generated by Algorithm 1, we
have

E
[
∥yt+1 − y∗

t (xt)∥2
]
≤ (1 + a)

(
1− 2βt

µgℓg,1
µg + ℓg,1

)
E
[
∥yt − y∗

t (xt)∥2
]

+

(
−(1 + a)

(
2βt

µg + ℓg,1
− β2

t

))
E
[
∥∇ygt(xt,yt)∥2

]
+ (1 +

1

a
)β2

tE
[
∥egt ∥2

]
,

where egt defined in (43) and a > 0 is a constant.

Proof. From Lemma B.5, we have

E
[
∥yt+1 − y∗

t (xt)∥2
]
= E

[
∥yt − βtd

y
t − y∗

t (xt)∥2
]

≤ (1 + a)E
[
∥yt − βt∇ygt(xt,yt)− y∗

t (xt)∥2
]

+ (1 +
1

a
)β2

tE
[
∥dy

t −∇ygt(xt,yt)∥2
]
. (45)

Next, we will bound the first term on the RHS of (45).
We have

E
[
∥yt − βt∇ygt(xt,yt)− y∗

t (xt)∥2
]
= E

[
∥yt − y∗

t (xt)∥2
]
+ β2

tE
[
∥∇ygt(xt,yt)∥2

]
− 2βtE [⟨∇ygt(xt,yt),yt − y∗

t (xt)⟩]

≤
(
1− 2βt

µgℓg,1
µg + ℓg,1

)
E
[
∥yt − y∗

t (xt)∥2
]

−
(

2βt

µg + ℓg,1
− β2

t

)
E
[
∥∇ygt(xt,yt)∥2

]
, (46)

where the inequality results from the strong convexity of gt by Assumption 3.2, which implies

⟨∇ygt(xt,yt),yt − y∗
t (xt)⟩ ≥

µgℓg,1
µg + ℓg,1

∥yt − y∗
t (xt)∥2 +

1

µg + ℓg,1
∥∇ygt(xt,yt)∥2.

Substituting (46) into (45), gives the desired result.

To simplify the notation in the analysis, we introduce the definitions

θyt := ∥yt − y∗
t (xt)∥2, and θvt := ∥vt − v∗

t (xt)∥2. (47)
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Lemma C.4. Suppose Assumptions 3.2, and B2., B3. hold. Let θyt be defined as in (47). Then, for the sequence
{(xt,yt)}Tt=1 generated by Algorithm 1, the following bound is guaranteed:

T∑
t=1

(
E[θyt+1]− E[θyt ]

)
≤ −

Lµg

2

T∑
t=1

βtE[θyt ] +
2

Lµg

T∑
t=1

βtE
[
∥egt ∥2

]
+

4L2
y

Lµg

T∑
t=1

1

βt
E∥xt − xt+1∥2

+
4

Lµg

T∑
t=2

1

βt
sup
x∈X

E∥y∗
t−1(x)− y∗

t (x)∥2 +
T∑

t=1

(
− 2βt

µg + ℓg,1
+ β2

t

)
E
[
∥∇ygt(xt,yt)∥2

]
, (48)

where Lµg
=

µgℓg,1
µg+ℓg,1

, Ly =
ℓg,1
µg

is defined as in (42); H2,T is defined in (10). Moreover, egt is defined in (43).

Proof. From Lemma B.5, we have for any ć > 0

E
[
∥yt+1 − y∗

t+1(xt+1)∥2
]
= E

[
∥yt+1 − y∗

t (xt) + y∗
t (xt)− y∗

t+1(xt+1)∥2
]

≤ (1 + ć)E
[
∥yt+1 − y∗

t (xt)∥2
]

+

(
1 +

1

ć

)
E
[
∥y∗

t+1(xt+1)− y∗
t (xt)∥2

]
. (49)

From Lemma C.3, we have for any a > 0

E
[
∥yt+1 − y∗

t (xt)∥2
]
≤ (1 + a)

(
1− 2βt

µgℓg,1
µg + ℓg,1

)
E
[
∥yt − y∗

t (xt)∥2
]

+

(
−(1 + a)

(
2βt

µg + ℓg,1
− β2

t

))
E
[
∥∇ygt(xt,yt)∥2

]
+

(
1 +

1

a

)
β2
tE
[
∥egt ∥2

]
. (50)

Substituting (50) into (49), we get

E
[
∥yt+1 − y∗

t+1(xt+1)∥2
]

≤ (1 + ć)(1 + a)

(
1− 2βt

µgℓg,1
µg + ℓg,1

)
E
[
∥yt − y∗

t (xt)∥2
]

+

(
−(1 + ć)(1 + a)

(
2βt

µg + ℓg,1
− β2

t

))
E
[
∥∇ygt(xt,yt)∥2

]
+ (1 + ć)(1 +

1

a
)β2

tE
[
∥egt ∥2

]
+

(
1 +

1

ć

)
E
[
∥y∗

t+1(xt+1)− y∗
t (xt)∥2

]
. (51)

Choose ć =
βtLµg/2

1−βtLµg
and a =

βtLµg

1−2βtLµg
. Then, the following equations and inequalities are satisfied.

(1 + ć)(1 + a)
(
1− 2βtLµg

)
= 1−

βtLµg

2
,

(1 + a)
(
1− 2βtLµg

)
= 1− βtLµg ,

(1 + ć)
(
1− βtLµg

)
= 1−

βtLµg

2
,

1 +
1

a
≤ 1

βtLµg

, 1 +
1

ć
≤ 2

βtLµg

,

(52)
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where Lµg
=

µgℓg,1
µg+ℓg,1

. Based on (51) and (52), we get

E
[
∥yt+1 − y∗

t+1(xt+1)∥2
]
− E

[
∥yt − y∗

t (xt)∥2
]

≤ −
βtLµg

2
E
[
∥yt − y∗

t (xt)∥2
]
+

(
−
(

2βt

µg + ℓg,1
− β2

t

))
E
[
∥∇ygt(xt,yt)∥2

]
+

2

βtLµg

β2
tE
[
∥egt ∥2

]
+

2

βtLµg

E
[
∥y∗

t+1(xt+1)− y∗
t (xt)∥2

]
. (53)

Next, we upper-bound the last term of the above inequality.

E
[
∥y∗

t+1(xt+1)− y∗
t (xt)∥2

]
≤ 2

(
E
[
∥y∗

t+1(xt+1)− y∗
t+1(xt)∥2

]
+ E

[
∥y∗

t+1(xt)− y∗
t (xt)∥2

])
≤ 2

(
L2
yE
[
∥xt − xt+1∥2 + ∥y∗

t+1(xt)− y∗
t (xt)∥2

])
, (54)

where the second inequality is by Lemma D.2.

Substituting (54) into (53) and summing over t ∈ [T ], give the desired result.

C.3. Bounds on the Linear System Solution

Lemma C.5. Suppose Assumptions B2., B3., B4., C2. and C4. hold. Let {(xt,yt,vt)}Tt=1 be generated according to
Algorithm 1. For evt+1 defined as

evt := dv
t −∇Pt(xt,yt,vt), where ∇Pt(xt,yt,vt) := ∇2

ygt (xt,yt)vt +∇yft(xt,yt). (55)

we have:

E∥evt+1∥2 ≤ (1− λt+1)
2(1 + 72ℓ2g,1δ

2
t )E∥evt ∥2 + 4λ2

t+1(
σ2
gyy

b̄
p2 +

σ2
fy

b
)

+ 12p2(1− λt+1)
2E∥∇2

ygt (xt+1,yt+1)−∇2
ygt+1 (xt+1,yt+1) ∥2

+ 12(1− λt+1)
2E∥∇yft(xt+1,yt+1)−∇yft+1(xt+1,yt+1)∥2

+ 72(1− λt+1)
2(ℓ2g,2p

2 + ℓ2f,1)
(
E∥xt+1 − xt∥2 + 2β2

tE∥e
g
t ∥2 + 2β2

tE∥∇ygt(xt,yt)∥2
)

+ 72(1− λt+1)
2ℓ4g,1δ

2
t θ

v
t , (56)

for all t ∈ [T ] and θvt is defined in (47).

Proof. Note that

evt+1 := dv
t+1 −∇Pt+1(xt+1,yt+1,vt+1),

where

∇Pt+1(xt+1,yt+1,vt+1) := ∇2
ygt+1 (xt+1,yt+1)vt+1 +∇yft+1(xt+1,yt+1).

From Algorithm 1, we have

dv
t+1 = dvv

t+1 (xt+1,yt+1;Bt+1) + (1− λt+1)(d
v
t − dvv

t+1(xt,yt;Bt+1)).

Let u = [x;y;v]. Then, we have

E∥evt+1∥2 = E∥dv
t+1 −∇Pt+1(ut+1)∥2

= E∥∇Pt+1(ut+1;Bt+1) + (1− λt+1)(d
v
t −∇Pt+1(ut;Bt+1))−∇Pt+1(ut+1)∥2

= E∥(1− λt+1)e
v
t +∇Pt+1(ut+1;Bt+1)−∇Pt+1(ut+1)

− (1− λt+1) (∇Pt+1(ut;Bt+1)−∇Pt(ut)) ∥2,
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which implies that

E∥evt+1∥2

= (1− λt+1)
2E∥evt ∥2 + E∥λt+1 (∇Pt+1(ut+1;Bt+1)−∇Pt+1(ut+1))

− (1− λt+1) (∇Pt+1(ut;Bt+1)−∇Pt+1(ut+1;Bt+1) +∇Pt+1(ut+1)−∇Pt(ut)) ∥2

≤ (1− λt+1)
2E∥evt ∥2 + 2λ2

t+1E∥∇Pt+1(ut+1;Bt+1)−∇Pt+1(ut+1)∥2

+ 2(1− λt+1)
2E∥∇Pt+1(ut+1;Bt+1)−∇Pt+1(ut+1)−∇Pt+1(ut;Bt+1) +∇Pt(ut)∥2,

where the inequality follows from Cauchy–Schwartz inequality.
For the first term, from Assumptions C2. and C4., we have

E∥∇Pt+1(ut+1;Bt+1)−∇Pt+1(ut+1)∥2

= E∥
(
∇2

ygt+1

(
xt+1,yt+1; B̄t+1

)
−∇2

ygt+1 (xt+1,yt+1)
)
vt+1

+∇yft+1(xt+1,yt+1;Bt+1)−∇yft+1(xt+1,yt+1)∥2

≤ 2E∥
(
∇2

ygt+1

(
xt+1,yt+1; B̄t+1

)
−∇2

ygt+1 (xt+1,yt+1)
)
vt+1∥2

+ 2E∥∇yft+1(xt+1,yt+1;Bt+1)−∇yft+1(xt+1,yt+1)∥2

≤ 2(
σ2
gyy

b̄
p2 +

σ2
fy

b
),

where the last inequality follows from (8).

Then, from the above inequality and ∥a+ b+ c∥2 ≤ 3(∥a∥2 + ∥b∥2 + ∥c∥2), we have

E∥evt+1∥2 ≤ (1− λt+1)
2E∥evt ∥2 + 4λ2

t+1(
σ2
gyy

b̄
p2 +

σ2
fy

b
)

+ 6(1− λt+1)
2E∥∇Pt(ut)−∇Pt(ut+1)∥2

+ 6(1− λt+1)
2E∥∇Pt(ut+1)−∇Pt+1(ut+1)∥2

+ 6(1− λt+1)
2E∥∇Pt+1(ut+1;Bt+1)−∇Pt+1(ut;Bt+1)∥2. (57)

Moreover, from ∥a+ b+ c∥2 ≤ 3(∥a∥2 + ∥b∥2 + ∥c∥2), we have

E∥∇Pt(ut+1)−∇Pt(ut)∥2

≤ 3E∥∇Pt(xt+1,yt+1,vt+1)−∇Pt(xt,yt+1,vt+1)∥2

+ 3E∥∇Pt(xt,yt+1,vt+1)−∇Pt(xt,yt,vt+1)∥2

+ 3E∥∇Pt(xt,yt,vt+1)−∇Pt(xt,yt,vt)∥2

≤ 3E∥(∇2
ygt (xt+1,yt+1)−∇2

ygt (xt,yt+1))vt+1 +∇yft(xt+1,yt+1)−∇yft(xt,yt+1)∥2

+ 3E∥(∇2
ygt (xt,yt+1)−∇2

ygt (xt,yt))vt+1 +∇yft(xt,yt+1)−∇yft(xt,yt)∥2

+ 3E∥∇Pt(xt,yt,vt+1)−∇Pt(xt,yt,vt)∥2

≤ 6(ℓ2g,2E∥vt+1∥2 + ℓ2f,1)
(
E∥xt+1 − xt∥2 + E∥yt+1 − yt∥2

)
+ 3ℓ2g,1E∥vt+1 − vt∥2

≤ 6(ℓ2g,2p
2 + ℓ2f,1)

(
E∥xt+1 − xt∥2 + β2

tE∥d
y
t ∥2
)
+ 3ℓ2g,1δ

2
tE∥dv

t ∥2

≤ 6(ℓ2g,2p
2 + ℓ2f,1)

(
E∥xt+1 − xt∥2 + 2β2

tE∥e
g
t ∥2 + 2β2

tE∥∇ygt(xt,yt)∥2
)

+ 6ℓ2g,1δ
2
t (E∥evt ∥2 + E∥∇Pt(xt,yt,vt)∥2)

≤ 6(ℓ2g,2p
2 + ℓ2f,1)

(
E∥xt+1 − xt∥2 + 2β2

tE∥e
g
t ∥2 + 2β2

tE∥∇ygt(xt,yt)∥2
)

+ 6ℓ2g,1δ
2
t

(
E∥evt ∥2 + ℓ2g,1E∥vt − v∗

t (xt)∥2
)
, (58)

where the third inequality follows from Assumptions B2., B3. and B4.; the last inequality follows from (62).
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Similarly, we have

E∥∇Pt+1(ut+1;Bt+1)−∇Pt+1(ut;Bt+1)∥2

≤ 6(ℓ2g,2p
2 + ℓ2f,1)

(
E∥xt+1 − xt∥2 + 2β2

tE∥e
g
t ∥2 + 2β2

tE∥∇ygt(xt,yt)∥2
)

+ 6ℓ2g,1δ
2
t

(
E∥evt ∥2 + ℓ2g,1E∥vt − v∗

t (xt)∥2
)
. (59)

Substituting (59) and (58) into (57), we have

E∥evt+1∥2 ≤ (1− λt+1)
2(1 + 72ℓ2g,1δ

2
t )E∥evt ∥2 + 4λ2

t+1(
σ2
gyy

b̄
p2 +

σ2
fy

b
)

+ 6(1− λt+1)
2E∥∇Pt(ut+1)−∇Pt+1(ut+1)∥2

+ 72(1− λt+1)
2(ℓ2g,2p

2 + ℓ2f,1)
(
E∥xt+1 − xt∥2 + 2β2

tE∥e
g
t ∥2 + 2β2

tE∥∇ygt(xt,yt)∥2
)

+ 72(1− λt+1)
2ℓ4g,1δ

2
tE∥vt − v∗

t (xt)∥2.

From ∥a+ b∥2 ≤ 2∥a∥2 + 2∥b∥2 and (8), we have

E∥∇Pt(ut+1)−∇Pt+1(ut+1)∥2 = E∥∇2
ygt (xt+1,yt+1)vt+1 −∇2

ygt+1 (xt+1,yt+1)vt+1

+∇yft(xt+1,yt+1)−∇yft+1(xt+1,yt+1)∥2

≤ 2E∥
(
∇2

ygt (xt+1,yt+1)−∇2
ygt+1 (xt+1,yt+1)

)
vt+1∥2

+ 2E∥∇yft(xt+1,yt+1)−∇yft+1(xt+1,yt+1)∥2

≤ 2E∥∇2
ygt (xt+1,yt+1)−∇2

ygt+1 (xt+1,yt+1) ∥2p2

+ 2E∥∇yft(xt+1,yt+1)−∇yft+1(xt+1,yt+1)∥2.

This completes the proof.

As demonstrated in Lemma C.5, the gradient estimation error evt+1 for the linear system consists of four key components: (1)
an iteratively refined error term (1− λt+1)

2(1 + 72ℓ2g,1δ
2
t )E∥evt ∥2, which depends on the stepsize δt; (2) the error arising

from the variation in the Hessian of the lower-level objectiv; (3) the error resulting from the variation in the gradient of the
upper-level objective, and (4) an approximation error term of order O(δ2t θ

v
t ) associated with solving the linear system.

Lemma C.6. Suppose Assumptions 3.2 and 3.3 hold. Then, for the sequence {(xt,yt,vt)}Tt=1 generated by Algorithm 1,
we have

E∥vt+1 − v∗
t (xt)∥2 ≤ (1 + ć)

(
1− 2δt

(ℓg,1 + ℓ3g,1)µg

µg + ℓg,1
+ δ2t ℓ

2
g,1

)
E∥vt − v∗

t (xt)∥2

+ (1 +
1

ć
)δ2tE∥evt ∥2,

where evt defined in (55) and for any ć > 0.

Proof. From the update rules in Algorithm 1, we have the following:

E∥vt+1 − v∗
t (xt)∥2 = E∥vt − δtd

v
t − v∗

t (xt)∥2

≤ (1 + ć)E∥vt − δt∇Pt(xt,yt,vt)− v∗
t (xt)∥2

+ (1 +
1

ć
)δ2tE∥dv

t −∇Pt(xt,yt,vt)∥2, (60)

where ∇Pt(xt,yt,vt) := ∇2
ygt (xt,yt)vt +∇yft(xt,yt).
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For the first term of the above eq. (60), we have

E∥vt − δt∇Pt(xt,yt,vt)− v∗
t (xt)∥2

= E∥vt − v∗
t (xt)∥2 − 2δtE⟨vt − v∗

t (xt),∇Pt(xt,yt,vt)⟩+ δ2tE∥∇Pt(xt,yt,vt)∥2

≤
(
1− 2δt

µgℓg,1
µg + ℓg,1

)
E∥vt − v∗

t (xt)∥2 − (2δt
µgℓg,1

µg + ℓg,1
− δ2t )E∥∇Pt(xt,yt,vt)∥2

≤

(
1− 2δt

(ℓg,1 + ℓ3g,1)µg

µg + ℓg,1
+ δ2t ℓ

2
g,1

)
E∥vt − v∗

t (xt)∥2, (61)

where the first inequality follows from the strong convexity of Pt function (in eq. (4b)) that

E⟨vt − v∗
t (xt),∇Pt(xt,yt,vt)⟩ ≥

µgℓg,1
µg + ℓg,1

E∥vt − v∗
t (xt)∥2 +

1

µg + ℓg,1
E∥∇Pt(xt,yt,vt)∥2.

The second inequality is derived from the following inequality.

E∥∇Pt(xt,yt,vt)∥2 = E∥∇2
ygt (xt,yt)vt +∇yft(xt,yt)∥2

= E∥∇2
ygt (xt,yt) (vt − v∗

t (xt))∥2 ≤ ℓ2g,1E∥vt − v∗
t (xt)∥2. (62)

Combining (60) and (61), we get the desired result.

Lemma C.7. Suppose Assumptions 3.2 and 3.3 hold. Then, we have∥∥v∗
t (xt)− v∗

t+1(xt+1)
∥∥2 ≤ 2

ν2

µ2
g

(∥∥y∗
t+1(xt+1)− y∗

t (xt)
∥∥2 + ∥xt+1 − xt∥2

)
,

where ν := ℓf,1 +
ℓg,2ℓf,0

µg
, and v∗

t (x) is a solution of Subproblem (4b).

Proof. Based on (4b), we have that∥∥v∗
t (xt)− v∗

t+1(xt+1)
∥∥2

= ∥
(
∇2

ygt(xt,y
∗
t (xt))

)−1 ∇yft(xt,y
∗
t (xt))

−
(
∇2

ygt+1(xt+1,y
∗
t+1(xt+1))

)−1 ∇yft+1(xt+1,y
∗
t+1(xt+1))∥2

≤ 2
∥∥∥((∇2

ygt(xt,y
∗
t (xt))

)−1 −
(
∇2

ygt+1(xt+1,y
∗
t+1(xt+1))

)−1
)
∇yft(xt,y

∗
t (xt))

∥∥∥2 (63a)

+ 2
∥∥∥(∇2

ygt+1(xt+1,y
∗
t+1(xt+1))

)−1 (∇yft(xt,y
∗
t (xt))−∇yft+1(xt+1,y

∗
t+1(xt+1))

)∥∥∥2 . (63b)

In the following steps, we bound the terms (63a) and (63b), respectively.

For (63a), we have: ∥∥∥(∇2
ygt(xt,y

∗
t (xt))

)−1 −
(
∇2

ygt+1(xt+1,y
∗
t+1(xt+1))

)−1
∥∥∥2

= ∥
(
∇2

ygt(xt,y
∗
t (xt))

)−1
(∇2

ygt+1(xt+1,y
∗
t+1(xt+1))

−∇2
ygt(xt,y

∗
t (xt)))

(
∇2

ygt+1(xt+1,y
∗
t+1(xt+1))

)−1 ∥2

≤ 1

µ2
g

∥∥∇2
ygt(xt,y

∗
t (xt))−∇2

ygt+1(xt+1,y
∗
t+1(xt+1))

∥∥2
≤ ℓg,2

µ2
g

∥∥(xt,y
∗
t (xt))−

(
xt+1,y

∗
t+1(xt+1)

)∥∥2
≤ ℓg,2

µ2
g

(∥∥y∗
t (xt)− y∗

t+1(xt+1)∥2 + ∥xt − xt+1

∥∥2) , (64)
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where the first equality holds since for any invertible matrix A and B we have ∥A−1 −B−1∥ = ∥A−1(B−A)B−1∥, and
the second inequality is obtained from Assumption 3.3.

Thus, from (64) and Assumption 3.3, we get

(63a) ≤ ℓf,0ℓg,2
µ2
g

(∥∥y∗
t (xt)− y∗

t+1(xt+1)
∥∥2 + ∥xt − xt+1∥2

)
. (65)

For (63b), we have

(63b) ≤ 1

µg
∥∇yft(xt,y

∗
t (xt))−∇yft+1(xt+1,y

∗
t+1(xt+1))∥2

≤ ℓf,1
µg

∥(xt,y
∗
t (xt))− (xt+1,y

∗
t+1(xt+1))∥2

≤ ℓf,1
µg

(
∥y∗

t+1(xt+1)− y∗
t (xt)∥2 + ∥xt+1 − xt∥2

)
. (66)

Combining (65) and (66), we have∥∥v∗
t (xt)− v∗

t+1(xt+1)
∥∥2 ≤ 1

µg

(
ℓf,0ℓg,2
µg

+ ℓf,1

)(∥∥y∗
t+1(xt+1)− y∗

t (xt)
∥∥2 + ∥xt+1 − xt∥2

)
.

By raising both sides of the above inequality to the power 2 and using (a+ b)2 ≤ 2a2 + 2b2, we complete the proof.

Lemma C.8. Suppose Assumptions 3.2 and 3.3 hold. Let θvt be defined in (47). Then, for any positive choice of step sizes as

δt ≤
Lµg

ℓ2g,1
, where Lµg =

(ℓg,1 + ℓ3g,1)µg

(µg + ℓg,1)
,

for all t ∈ [T ], the sequence {vt}Tt=1 generated by Algorithm 1 satisfy

T∑
t=1

(
E[θvt+1]− E[θvt ]

)
≤ −

δtLµg

4

T∑
t=1

E[θvt ] +
4

Lµg

δt

T∑
t=1

E∥evt ∥2

+
16ν2

Lµg
µ2
gδt

T∑
t=1

E
∥∥y∗

t+1(xt)− y∗
t (xt)

∥∥2
+

8ν2

Lµg
µ2
gδt

(1 + 2L2
y)

T∑
t=1

E ∥xt+1 − xt∥2 , (67)

where evt is defined in (55).

Proof. By Lemma B.5, for any a > 0, we have

E
∥∥vt+1 − v∗

t+1(xt+1)
∥∥2 = E

∥∥vt+1 − v∗
t (xt) + v∗

t (xt)− v∗
t+1(xt+1)

∥∥2
≤ (1 + a)E∥vt+1 − v∗

t (xt)∥2

+

(
1 +

1

a

)
E
∥∥v∗

t+1(xt+1)− v∗
t (xt)

∥∥2 . (68)

From Lemma C.6, we have for any ć > 0:

E∥vt+1 − v∗
t (xt)∥2 ≤ (1 + ć)

(
1− 2δt

(ℓg,1 + ℓ3g,1)µg

µg + ℓg,1
+ δ2t ℓ

2
g,1

)
E∥vt − v∗

t (xt)∥2

+ (1 +
1

ć
)δ2tE∥evt ∥2. (69)
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Substituting (69) into (68), we get

E
∥∥vt+1 − v∗

t+1(xt+1)
∥∥2 ≤ (1 + a) (1 + ć)

(
1− 2δt

(ℓg,1 + ℓ3g,1)µg

µg + ℓg,1
+ δ2t ℓ

2
g,1

)
E∥vt − v∗

t (xt)∥2

+ (1 + a) (1 +
1

ć
)δ2tE∥evt ∥2

+

(
1 +

1

a

)
E
∥∥v∗

t+1(xt+1)− v∗
t (xt)

∥∥2 . (70)

In the following, we provide a bound for the third term on the right-hand side of (70). To this end, we have from Lemma C.7:

E
∥∥v∗

t+1(xt+1)− v∗
t (xt)

∥∥2 ≤ 2
ν2

µ2
g

(
E
∥∥y∗

t+1(xt+1)− y∗
t (xt)∥2 + E∥xt+1 − xt

∥∥2)
≤ 2

ν2

µ2
g

(
2E
∥∥y∗

t+1(xt+1)− y∗
t+1(xt)

∥∥2
+2E

∥∥y∗
t+1(xt)− y∗

t (xt)
∥∥2 + E ∥xt+1 − xt∥2

)
≤ 2

ν2

µ2
g

(
(1 + 2L2

y)E ∥xt+1 − xt∥2 + 2E
∥∥y∗

t+1(xt)− y∗
t (xt)

∥∥2) ,
where the last inequality follows from Lemma C.1.

Combining this result with (70) gives

E
∥∥vt+1 − v∗

t+1(xt+1)
∥∥2 ≤ (1 + a) (1 + ć)

(
1− 2δt

(ℓg,1 + ℓ3g,1)µg

µg + ℓg,1
+ δ2t ℓ

2
g,1

)
E∥vt − v∗

t (xt)∥2

+ (1 + a) (1 +
1

ć
)δ2tE∥evt ∥2 + 4

(
1 +

1

a

)
ν2

µ2
g

E
∥∥y∗

t+1(xt)− y∗
t (xt)

∥∥2
+ 2

(
1 +

1

a

)
ν2

µ2
g

(1 + 2L2
y)E ∥xt+1 − xt∥2 . (71)

Let Lµg
:=

(ℓg,1+ℓ3g,1)µg

µg+ℓg,1
, then we have

1− 2δt
(ℓg,1 + ℓ3g,1)µg

µg + ℓg,1
+ δ2t ℓ

2
g,1 = 1− 2δtLµg

+ δ2t ℓ
2
g,1

≤ 1− δtLµg
, (72)

where the last inequality follows from δt ≤
Lµg

ℓ2g,1
.

Choose a =
δtLµg/4

1−
δtLµg

2

and ć =
δtLµg/2

1−δtLµg
. Then, from (72), we have

(1 + a) (1 + ć)

(
1− 2δt

(ℓg,1 + ℓ3g,1)µg

µg + ℓg,1
+ δ2t ℓ

2
g,1

)

≤ (1 + a) (1 + ć)
(
1− δtLµg

)
= 1−

δtLµg

4
,

(1 + a)

(
1 +

1

ć

)
≤ 4

δtLµg

,

1 +
1

ć
≤ 2

δtLµg

, 1 +
1

a
≤ 4

δtLµg

,

(73)

where Lµg
:=

(ℓg,1+ℓ3g,1)µg

µg+ℓg,1
.
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Thus, from (71) and (73) we have

E
∥∥vt+1 − v∗

t+1(xt+1)
∥∥2 ≤

(
1−

δtLµg

4

)
E∥vt − v∗

t (xt)∥2

+
4

Lµg

δtE∥evt ∥2 +
16ν2

Lµg
µ2
gδt

E
∥∥y∗

t+1(xt)− y∗
t (xt)

∥∥2
+

8ν2

Lµg
µ2
gδt

(1 + 2L2
y)E ∥xt+1 − xt∥2 .

Rearranging the terms and summing from t = 1 to T , gives the desired result.

C.4. Bounds on the Outer Objective and its Projected Gradient

Lemma C.9. Suppose Assumptions B2., B3., C3. and C5. hold. Let {(xt,yt,vt)}Tt=1 be generated according to Algorithm
1. For eft defined as

eft := dx
t − d̃t (zt) , where d̃t (zt) = ∇xft(zt) +∇2

xygt (zt)vt, (74)

we have:

E∥eft+1∥2 ≤ (1− ηt+1)
2E∥eft ∥2 + 4η2t+1(

σ2
gxy

b̄
p2 +

σ2
fx

b
)

+ 12p2(1− ηt+1)
2E∥∇2

xygt (xt+1,yt+1)−∇2
xygt+1 (xt+1,yt+1) ∥2

+ 12(1− ηt+1)
2E∥∇xft(xt+1,yt+1)−∇xft+1(xt+1,yt+1)∥2

+ 72(1− ηt+1)
2(ℓ2g,2p

2 + ℓ2f,1)
(
E∥xt+1 − xt∥2 + 2β2

tE∥e
g
t ∥2 + 2β2

tE∥∇ygt(xt,yt)∥2
)

+ 72ℓ2g,1(1− ηt+1)
2δ2tE∥evt ∥2 + 72(1− ηt+1)

2ℓ4g,1δ
2
tE[θvt ], (75)

for all t ∈ [T ], and θvt are defined in (47).

Proof. Note that

eft+1 = dx
t+1 − d̃t+1 (xt+1,yt+1,vt+1) ,

where

d̃t+1 (xt+1,yt+1,vt+1) = ∇xft+1(xt+1,yt+1) +∇2
xygt+1 (xt+1,yt+1)vt+1. (76)

From Algorithm 1, we have

dx
t+1 = dxx

t+1 (xt+1,yt+1;Bt+1) + (1− ηt+1)(d
x
t+1 − dxx

t+1(xt+1,yt+1;Bt+1)),

where dxx
t+1 (xt+1,yt+1;Bt+1) = ∇xft+1(xt+1,yt+1;Bt+1) +∇2

xygt+1 (xt+1,yt+1;Bt+1)vt+1.
Let u = [x;y;v]. Then, we have

E∥eft+1∥2 = E∥dx
t+1 − d̃t+1 (ut+1) ∥2

= E∥d̃t+1(ut+1;Bt+1) + (1− ηt+1)(d
x
t − d̃t+1(ut;Bt+1))− d̃t+1(ut+1)∥2

= E∥(1− ηt+1)e
f
t + d̃t+1(ut+1;Bt+1)− d̃t+1(ut+1)

− (1− ηt+1)(d̃t+1(ut;Bt+1)− d̃t(ut))∥2,
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which implies that

E∥eft+1∥2

= (1− ηt+1)
2E∥eft ∥2 + E∥ηt+1(d̃t+1(ut+1;Bt+1)− d̃t+1(ut+1))

− (1− ηt+1)(d̃t+1(ut;Bt+1)− d̃t+1(ut+1;Bt+1) + d̃t+1(ut+1)− d̃t(ut))∥2

≤ (1− ηt+1)
2E∥eft ∥2 + 2η2t+1E∥d̃t+1(ut+1;Bt+1)− d̃t+1(ut+1)∥2

+ 2(1− ηt+1)
2E∥d̃t+1(ut+1;Bt+1)− d̃t+1(ut+1)− d̃t+1(ut;Bt+1) + d̃t(ut)∥2, (77)

where the inequality follows from ∥a+ b∥2 ≤ 2∥a∥2 + 2∥b∥2.
Let us bound the second term in the right-hand side of (77). Based on (76), we have

E∥d̃t+1(ut+1;Bt+1)− d̃t+1(ut+1)∥2

= E∥
(
∇2

xygt+1

(
xt+1,yt+1; B̄t+1

)
−∇2

xygt+1 (xt+1,yt+1)
)
vt+1

+∇xft+1(xt+1,yt+1;Bt+1)−∇xft+1(xt+1,yt+1)∥2

≤ 2E∥
(
∇2

xygt+1

(
xt+1,yt+1; B̄t+1

)
−∇2

xygt+1 (xt+1,yt+1)
)
vt+1∥2

+ 2E∥∇xft+1(xt+1,yt+1;Bt+1)−∇xft+1(xt+1,yt+1)∥2

≤ 2(
σ2
gxy

b̄
p2 +

σ2
fx

b
),

where the first inequality is by and ∥a+ b∥2 ≤ 2∥a∥2 + 2∥b∥2; the second inequality follows from Assumptions C3., C5.
and (8).
Substituting the above inequality into (77) and using ∥a+ b+ c∥2 ≤ 3(∥a∥2 + ∥b∥2 + ∥c∥2), we obtain

E∥eft+1∥2 ≤ (1− ηt+1)
2E∥eft ∥2 + 4λ2

t+1(
σ2
gxy

b̄
p2 +

σ2
fx

b
)

+ 6(1− ηt+1)
2E∥d̃t(ut)− d̃t(ut+1)∥2

+ 6(1− ηt+1)
2E∥d̃t(ut+1)− d̃t+1(ut+1)∥2

+ 6(1− ηt+1)
2E∥d̃t+1(ut+1;Bt+1)− d̃t+1(ut;Bt+1)∥2. (78)

Moreover, from ∥a+ b+ c∥2 ≤ 3(∥a∥2 + ∥b∥2 + ∥c∥2), we have

E∥d̃t(ut+1)− d̃t(ut)∥2

≤ 3E∥d̃t(xt+1,yt+1,vt+1)− d̃t(xt,yt+1,vt+1)∥2

+ 3E∥d̃t(xt,yt+1,vt+1)− d̃t(xt,yt,vt+1)∥2

+ 3E∥d̃t(xt,yt,vt+1)− d̃t(xt,yt,vt)∥2

(i)

≤ 3E∥(∇2
xygt (xt+1,yt+1)−∇2

xygt (xt,yt+1))vt+1 +∇xft(xt+1,yt+1)−∇xft(xt,yt+1)∥2

+ 3E∥(∇2
xygt (xt,yt+1)−∇2

xygt (xt,yt))vt+1 +∇xft(xt,yt+1)−∇xft(xt,yt)∥2

+ 3E∥d̃t(xt,yt,vt+1)− d̃t(xt,yt,vt)∥2

(ii)

≤ 6(ℓ2g,2E∥vt+1∥2 + ℓ2f,1)
(
E∥xt+1 − xt∥2 + E∥yt+1 − yt∥2

)
+ 3ℓ2g,1E∥vt+1 − vt∥2

(iii)

≤ 6(ℓ2g,2p
2 + ℓ2f,1)

(
E∥xt+1 − xt∥2 + β2

tE∥d
y
t ∥2
)
+ 3ℓ2g,1δ

2
tE∥dv

t ∥2

(iv)

≤ 6(ℓ2g,2p
2 + ℓ2f,1)

(
E∥xt+1 − xt∥2 + 2β2

tE∥e
g
t ∥2 + 2β2

tE∥∇ygt(xt,yt)∥2
)

+ 6ℓ2g,1δ
2
t (E∥evt ∥2 + E∥∇Pt(xt,yt,vt)∥2)

(vi)

≤ 6(ℓ2g,2p
2 + ℓ2f,1)

(
E∥xt+1 − xt∥2 + 2β2

tE∥e
g
t ∥2 + 2β2

tE∥∇ygt(xt,yt)∥2
)

+ 6ℓ2g,1δ
2
t

(
E∥evt ∥2 + ℓ2g,1E∥vt − v∗

t (xt)∥2
)
, (79)
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where the (i) follows from (76); (ii) follows from Assumptions B2., B3. and B4.; (iii) follows from (8); (iv) follows from
(43) and (55); (vi) follows from (62).
Similarly, we have

E∥d̃t+1(ut+1;Bt+1)− d̃t+1(ut;Bt+1)∥2

≤ 6(ℓ2g,2p
2 + ℓ2f,1)

(
E∥xt+1 − xt∥2 + 2β2

tE∥e
g
t ∥2 + 2β2

tE∥∇ygt(xt,yt)∥2
)

+ 6ℓ2g,1δ
2
t

(
E∥evt ∥2 + ℓ2g,1E∥vt − v∗

t (xt)∥2
)
. (80)

Substituting (80) and (79) into (78), we have

E∥eft+1∥2 ≤ (1− ηt+1)
2E∥eft ∥2 + 4η2t+1(

σ2
gyy

b̄
p2 +

σ2
fy

b
)

+ 6(1− ηt+1)
2E∥d̃t(ut+1)− d̃t+1(ut+1)∥2

+ 72(1− ηt+1)
2(ℓ2g,2p

2 + ℓ2f,1)
(
E∥xt+1 − xt∥2 + 2β2

tE∥e
g
t ∥2 + 2β2

tE∥∇ygt(xt,yt)∥2
)

+ 72ℓ2g,1(1− ηt+1)
2δ2tE∥evt ∥2 + 72(1− ηt+1)

2ℓ4g,1δ
2
tE∥vt − v∗

t (xt)∥2.

From ∥a+ b∥2 ≤ 2∥a∥2 + 2∥b∥2 and (8), we have

E∥d̃t(ut+1)− d̃t+1(ut+1)∥2 = E∥∇2
xygt (xt+1,yt+1)vt+1 −∇2

xygt+1 (xt+1,yt+1)vt+1

+∇xft(xt+1,yt+1)−∇xft+1(xt+1,yt+1)∥2

≤ 2E∥
(
∇2

xygt (xt+1,yt+1)−∇2
xygt+1 (xt+1,yt+1)

)
vt+1∥2

+ 2E∥∇xft(xt+1,yt+1)−∇xft+1(xt+1,yt+1)∥2

≤ 2E∥∇2
xygt (xt+1,yt+1)−∇2

xygt+1 (xt+1,yt+1) ∥2p2

+ 2E∥∇xft(xt+1,yt+1)−∇xft+1(xt+1,yt+1)∥2.

This completes the proof.

As demonstrated in Lemma C.9, the hypergradient estimator error eft+1 comprises five key components: (1) the term
(1 − ηt+1)

2E∥eft ∥2, representing the per-iteration improvement achieved by the momentum-based update; (2) the error
arising from the variation in the Jacobian of the lower-level objectiv; (3) the error caused by the variation in the gradient of
the upper-level objective ; (4) the error term O(2β2

tE∥e
g
t ∥2+2β2

tE∥∇ygt(xt,yt)∥2), which is due to solving the lower-level
problem; and (5) the error term O(δ2tE∥evt ∥2 + 72(1− ηt+1)

2ℓ4g,1δ
2
t θ

v
t ), which is introduced by the one-step momentum

update in solving the linear system problem.

Lemma C.10. Let Assumption 3.4 holds. Then, for the sequence of functions {ft}Tt=1, we have

T∑
t=1

(ft(xt,y
∗
t (xt))− ft(xt+1,y

∗
t (xt+1))) ≤ 2M + VT ,

where M is defined in Assumption 3.4; VT is defined in (10).

Proof. Note that, we have

T∑
t=1

(ft(xt,y
∗
t (xt))− ft(xt+1,y

∗
t (xt+1)))

= f1(x1,y
∗
1(x1))− fT (xT+1,y

∗
T (xT+1))

+

T∑
t=2

(
ft(xt,y

∗
t (xt))− ft−1(xt,y

∗
t−1(xt))

)
≤ 2M + VT ,

where the inequality follows from Assumption 3.4.
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Lemma C.11. Let {ft}Tt=1 denote the sequence of functions presented to Algorithm 1, satisfying Assumptions 3.2, 3.3 and
3.4. Let PX ,αt

be defined as in Definition B.1. For any positive step size αt such that αt ≤ 1
Lf

for all t ∈ [T ], Algorithm 1
ensures the following bound:

T∑
t=1

(
αt − Lfα

2
t

)
E ∥PX ,αt

(xt;∇ft(xt,y
∗
t (xt)))∥2

≤ 8M + 4VT + 2M2
f

T∑
t=1

(
2αt − Lfα

2
t

)
(E[θyt ] + E[θvt ])

+ 2

T∑
t=1

(
2αt − Lfα

2
t

)
E
∥∥∥eft ∥∥∥2 . (81)

Here, θyt and θvt are defined in (47); VT is defined in (10), M is given in Assumption 3.4; and Mf is defined in (40).

Proof. It follows from Lemma C.1 that

ft(xt+1,y
∗
t (xt+1))− ft(xt,y

∗
t (xt))

≤ ⟨∇ft(xt,y
∗
t (xt)),xt+1 − xt⟩+

Lf

2
∥xt+1 − xt∥2

= −αt ⟨∇ft(xt,y
∗
t (xt)),PX ,αt (xt;d

x
t )⟩+

Lfα
2
t

2
∥PX ,αt (xt;d

x
t )∥

2
. (82)

For the first term on the right hand side of (82), we have that

− ⟨∇ft(xt,y
∗
t (xt)),PX ,αt (xt;d

x
t )⟩

= −⟨dx
t ,PX ,αt

(xt;d
x
t )⟩ − ⟨∇ft(xt,y

∗
t (xt))− dx

t ,PX ,αt
(xt;d

x
t )⟩

≤ −1

2
∥PX ,αt

(xt;d
x
t )∥

2
+

1

2
∥dx

t −∇ft(xt,y
∗
t (xt))∥2 ,

where the inequality follows from Lemma B.8.
Let d̃t (zt) = ∇xft(zt) +∇2

xygt (zt)vt. Then, from Lemma C.1, we have

∥dx
t −∇ft(xt,y

∗
t (xt))∥2 =

∥∥∥dx
t − d̃t (zt) + d̃t (zt)−∇ft(xt,y

∗
t (xt))

∥∥∥2
≤ 2

∥∥∥dx
t − d̃t (zt)

∥∥∥2 + 2
∥∥∥d̃t (zt)−∇ft(xt,y

∗
t (xt))

∥∥∥2
≤ 2

∥∥∥eft ∥∥∥2 + 2
∥∥∥d̃t (zt)−∇ft(xt,y

∗
t (xt))

∥∥∥2
≤ 2

∥∥∥eft ∥∥∥2 +M2
f (θyt + θvt ) , (83)

where eft := dx
t − d̃t (zt). This implies that

− ⟨∇ft(xt,y
∗
t (xt)),PX ,αt

(xt;d
x
t )⟩

≤ −1

2
∥PX ,αt (xt;d

x
t )∥

2
+ 2

∥∥∥eft ∥∥∥2 +M2
f (θyt + θvt ) , (84)

Plugging the bound (84) into (82), we have that

ft(xt+1,y
∗
t (xt+1))− ft(xt,y

∗
t (xt))

≤ (Lfα
2
t − αt)

2
∥PX ,αt (xt;d

x
t )∥

2
+ 2αt

∥∥∥eft ∥∥∥2 +M2
f (θyt + θvt )αt,
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which can be rearranged into

(αt − Lfα
2
t ) ∥PX ,αt

(xt;d
x
t )∥

2

≤ 2ft(xt,y
∗
t (xt))− ft(xt+1,y

∗
t (xt+1)) + 4αt

∥∥∥eft ∥∥∥2 + 2M2
f (θyt + θvt )αt. (85)

In addition, we have

∥PX ,αt (xt;∇ft(xt,y
∗
t (xt)))∥2

≤ 2 ∥PX ,αt
(xt;d

x
t )− PX ,αt

(xt;∇ft(xt,y
∗
t (xt)))∥2 + 2 ∥PX ,αt

(xt;d
x
t )∥

2

≤ 2 ∥dx
t −∇ft(xt,y

∗
t (xt))∥2 + 2 ∥PX ,αt

(xt;d
x
t )∥

2

≤ 4
∥∥∥eft ∥∥∥2 + 4M2

f (θyt + θvt ) + 4 ∥PX ,αt (xt;d
x
t )∥

2
, (86)

where the second inequaliy follows from non-expansiveness of the projection operator and the last inequality follows from
(83).

Combining (85) and (86), we have

T∑
t=1

(
αt − Lfα

2
t

)
∥PX ,αt (xt;∇ft(xt,y

∗
t (xt)))∥2

≤ 4

T∑
t=1

(ft(xt,y
∗
t (xt))− ft(xt+1,y

∗
t (xt+1)))

+ 2M2
f

T∑
t=1

(
2αt − Lfα

2
t

)
(θyt + θvt ) + 2

T∑
t=1

(
2αt − Lfα

2
t

) ∥∥∥eft ∥∥∥2
≤ 8M + 4VT

+ 2M2
f

T∑
t=1

(
2αt − Lfα

2
t

)
(θyt + θvt ) + 2

T∑
t=1

(
2αt − Lfα

2
t

) ∥∥∥eft ∥∥∥2 ,
where the second inequality is due to Lemma C.10.

Lemma C.12. Let Assumptions 3.3 and 3.4 hold. Let {xt}Tt=1 be generated according to Algorithm 1. Then, we have

∥xt − xt+1∥2 ≤ 2α2
t

(
∥PX ,αt

(xt;∇ft(xt,y
∗
t (xt)))∥2 +M2

f (θyt + θvt )
)
,

where θyt and θvt are defined in (47).

Proof. From the update rule of Algorithm 1, we have

∥xt − xt+1∥2 = α2
t ∥PX ,αt

(xt;d
x
t )∥

2

≤ 2α2
t

(
∥PX ,αt

(xt;∇ft(xt,y
∗
t (xt)))∥2

+ ∥PX ,αt
(xt;d

x
t )− PX ,αt

(xt;∇ft(xt,y
∗
t (xt)))∥2

)
≤ 2α2

t

(
∥PX ,αt

(xt;∇ft(xt,y
∗
t (xt)))∥2

+ ∥dx
t −∇ft(xt,y

∗
t (xt))∥2

)
≤ 2α2

t

(
∥PX ,αt

(xt;∇ft(xt,y
∗
t (xt)))∥2 +M2

f (θyt + θvt )
)
, (87)

where the first inequality is by (a+ b)2 ≤ 2a2+2b2; the second inequality follows from non-expansiveness of the projection
operator; and the last inequality follows from Eq. (37a) in Lemma C.1.
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C.5. Proof of Theorem 3.6

Proof. Bounding E∥eft ∥2 in (75) . From (75), we have

E∥eft+1∥2

αt
− E∥eft ∥2

αt−1
≤
(
(1− ηt+1)

2

αt
− 1

αt−1

)
E∥eft ∥2 +

4η2t+1

αt
(
σ2
gxy

b̄
p2 +

σ2
fx

b
)

+
12p2

αt
(1− ηt+1)

2E∥∇2
xygt (xt+1,yt+1)−∇2

xygt+1 (xt+1,yt+1) ∥2

+
12

αt
(1− ηt+1)

2E∥∇xft(xt+1,yt+1)−∇xft+1(xt+1,yt+1)∥2

+
72

αt
(1− ηt+1)

2(ℓ2g,2p
2 + ℓ2f,1)

(
E∥xt+1 − xt∥2 + 2β2

tE∥e
g
t ∥2 + 2β2

tE∥∇ygt(xt,yt)∥2
)

+
72

αt
ℓ2g,1(1− ηt+1)

2δ2tE∥evt ∥2 +
72

αt
(1− ηt+1)

2ℓ4g,1δ
2
tE[θvt ]. (88)

With respect to the coefficient of the first term on the right-hand side of equation (88), it is important to note that we have:

(1− ηt+1)
2

αt
− 1

αt−1
≤ 1

αt
− ηt+1

αt
− 1

αt−1
. (89)

Using the definition of αt in (15), we have

1

αt
− 1

αt−1
= (c+ t)1/3 − (c+ t− 1)1/3

(i)

≤ 1

3(c+ t− 1)2/3

(ii)

≤ 1

3( c2 + t)2/3

=
22/3

3(c+ 2t)2/3

(iii)

≤ 22/3

3(c+ t)2/3

(iv)

≤ 22/3

3
α2
t

(vi)

≤ αt

6Lf
, (90)

where the (i) follows from (a + b)1/3 − a1/3 ≤ b/(3a2/3); (ii) follows from c ≥ 2 in (104); (iii) follows from (15); (iv)
follows from αt ≤ 1/4Lf in (104).

Substituting (90) into (89) and using δt = cδαt and ηt+1 = cηα
2
t , we have

(1− ηt+1)
2

αt
− 1

αt−1
≤ αt

6Lf
− ηt+1

αt
=

αt

6Lf
− cηαt ≤ −5Ωαt, (91)

where the inequalities follow from cη = 1
6Lf

+ 5Ω with Ω in (103).

Then, substituting (91) into (88) yields

1

Ω
E

(
∥eft+1∥2

αt
− ∥eft ∥2

αt−1

)
≤ −5αtE∥eft ∥2 +

4η2t+1

Ωαt
(
σ2
gxy

b
p2 +

σ2
fx

b́
)

+
12p2

Ωαt
(1− ηt+1)

2E∥∇2
xygt (xt+1,yt+1)−∇2

xygt+1 (xt+1,yt+1) ∥2

+
12

Ωαt
(1− ηt+1)

2E∥∇xft(xt+1,yt+1)−∇xft+1(xt+1,yt+1)∥2

+
72

Ωαt
(1− ηt+1)

2(ℓ2g,2p
2 + ℓ2f,1)

(
E∥xt+1 − xt∥2 + 2β2

tE∥e
g
t ∥2 + 2β2

tE∥∇ygt(xt,yt)∥2
)

+
72

Ωαt
ℓ2g,1(1− ηt+1)

2δ2tE∥evt ∥2 +
72

Ωαt
(1− ηt+1)

2ℓ4g,1δ
2
tE[θvt ]. (92)

Bounding E∥egt ∥2 in (44) .
From (44), we have
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E∥egt+1∥2

αt
− E∥egt ∥2

αt−1
≤
(

1

αt
(1− γt+1)

2(1 + 48ℓ2g,1β
2
t )−

1

αt−1

)
E∥egt ∥2

+ 2
γ2
t+1

αt

σ2
gy

b
+

24

αt
(1− γt+1)

2ℓ2g,1E∥xt+1 − xt∥2

+
6

αt
(1− γt+1)

2E∥∇ygt(xt+1,yt+1)−∇ygt+1(xt+1,yt+1)∥2

+ 48(1− γt+1)
2ℓ2g,1

β2
t

αt
E∥∇ygt(xt,yt)∥2. (93)

Let us examine the coefficient of the first term on the right-hand side of Eq. (93). Specifically, for γt+1 = cγα
2
t and

βt = cβαt, we have:

1

αt
(1− γt+1)

2(1 + 48ℓ2g,1β
2
t )−

1

αt−1
≤ 1

αt
(1− γt+1)(1 + 48ℓ2g,1β

2
t )−

1

αt−1

=
1

αt
− 1

αt−1
− γt+1

αt
+

1− γt+1

αt
48ℓ2g,1β

2
t

=
1

αt
− 1

αt−1
− cγαt + (

1

αt
− cγαt)48ℓ

2
g,1c

2
βα

2
t

≤ αt

6Lf
+ 48ℓ2g,1c

2
βαt − cγαt, (94)

where the last inequality follows from (90).

Recalling Φ from (103) that we selected, we obtain

cγ =
1

6Lf
+ 48ℓ2g,1c

2
β + ℏΦ, where ℏ := 25

M2
f

L2
µg

,

which, when combined with Eq. (94), results in

1

αt
(1− γt+1)

2(1 + 48ℓ2g,1β
2
t )−

1

αt−1
≤ −ℏΦαt. (95)

Substituting eq. (95) into eq. (93) yields

1

Φ

(
E∥egt+1∥2

αt
− E∥egt ∥2

αt−1

)
≤ −ℏαtE∥egt ∥2

+ 2
γ2
t+1

Φαt

σ2
gy

b
+

24

Φαt
(1− γt+1)

2ℓ2g,1E∥xt+1 − xt∥2

+
6

Φαt
(1− γt+1)

2E∥∇ygt(xt+1,yt+1)−∇ygt+1(xt+1,yt+1)∥2

+ 48(1− γt+1)
2ℓ2g,1

β2
t

Φαt
E∥∇ygt(xt,yt)∥2. (96)

Bounding E∥evt ∥2 in (56) .
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From (56), we get

E∥evt+1∥2

αt
− E∥evt ∥2

αt−1
≤
(

1

αt
(1− λt+1)

2(1 + 72ℓ2g,1δ
2
t )−

1

αt−1

)
E∥evt ∥2

+ 4
λ2
t+1

αt
(
σ2
gyy

b̄
p2 +

σ2
fy

b
) +

12p2

αt
(1− λt+1)

2E∥∇2
ygt (xt+1,yt+1)−∇2

ygt+1 (xt+1,yt+1) ∥2

+
12

αt
(1− λt+1)

2E∥∇yft(xt+1,yt+1)−∇yft+1(xt+1,yt+1)∥2

+
72

αt
(1− λt+1)

2(ℓ2g,2p
2 + ℓ2f,1)

(
E∥xt+1 − xt∥2 + 2β2

tE∥e
g
t ∥2 + 2β2

tE∥∇ygt(xt,yt)∥2
)

+
72

αt
(1− λt+1)

2ℓ4g,1δ
2
tE[θvt ]. (97)

Let us examine the coefficient of the first term on the right-hand side of equation (97). Specifically, for λt+1 = cλα
2
t and

δt = cδαt, we have:

1

αt
(1− λt+1)

2(1 + 72ℓ2g,1δ
2
t )−

1

αt−1
≤ 1

αt
(1− λt+1)(1 + 72ℓ2g,1δ

2
t )−

1

αt−1

=
1

αt
− 1

αt−1
− λt+1

αt
+

1− λt+1

αt
72ℓ2g,1δ

2
t

=
1

αt
− 1

αt−1
− cλαt + (

1

αt
− cλαt)72ℓ

2
g,1c

2
δα

2
t

≤ αt

6Lf
+ 72ℓ2g,1c

2
δαt − cλαt, (98)

where the last inequality follows from (90).

Recalling Ψ from (103) that we selected, we obtain

cλ =
1

6Lf
+ 72ℓ2g,1c

2
δ + ȷΨ, where ȷ = 90

M2
f

L2
µg

,

which, when combined with Eq. (98), results in

1

αt
(1− λt+1)

2(1 + 72ℓ2g,1δ
2
t )−

1

αt−1
≤ −ȷΨαt. (99)

Substituting eq. (99) into eq. (97) yields

1

Ψ

(
E∥evt+1∥2

αt
− E∥evt ∥2

αt−1

)
≤ −ȷαtE∥evt ∥2

+ 4
λ2
t+1

Ψαt
(
σ2
gyy

b̄
p2 +

σ2
fy

b
) +

12p2

Ψαt
(1− λt+1)

2E∥∇2
ygt (xt+1,yt+1)−∇2

ygt+1 (xt+1,yt+1) ∥2

+
12

Ψαt
(1− λt+1)

2E∥∇yft(xt+1,yt+1)−∇yft+1(xt+1,yt+1)∥2

+
72

Ψαt
(1− λt+1)

2(ℓ2g,2p
2 + ℓ2f,1)

(
E∥xt+1 − xt∥2 + 2β2

tE∥e
g
t ∥2 + 2β2

tE∥∇ygt(xt,yt)∥2
)

+
72

Ψαt
(1− λt+1)

2ℓ4g,1δ
2
tE[θvt ]. (100)

Combining the outcomes . We recall from Lemma C.12 that we have

∥xt − xt+1∥2 ≤ 2α2
t

(
∥PX ,αt

(xt;∇ft(xt,y
∗
t (xt)))∥2 +M2

f (θyt + θvt )
)
. (101)
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Let

Λ := Γ

T∑
t=1

(
E[θyt+1]− E[θyt ]

)
+Υ

T∑
t=1

(
E[θvt+1]− E[θvt ]

)
+

1

Φ

T∑
t=1

(
E∥egt+1∥2

αt
− E∥egt ∥2

αt−1

)

+
1

Ψ

T∑
t=1

(
E∥evt+1∥2

αt
− E∥evt ∥2

αt−1

)
+

1

Ω

T∑
t=1

(
E∥eft+1∥2

αt
− E∥eft ∥2

αt−1

)
. (102)

Here

Γ =
11M2

f

Lµgcβ
, Υ =

22M2
f

Lµgcδ
, Φ = 480ℓ2g,1,

Ψ = max

{
144(ℓ2g,2p

2 + ℓ2f,1)

(
10 +

L2
µg
c2β

11M2
f

)
,
288ℓ4g,1
M2

f

c2δ

}
,

Ω = max

{
144(ℓ2g,2p

2 + ℓ2f,1)

(
10 +

L2
µg
c2β

11M2
f

)
,
288ℓ4g,1
M2

f

c2δ

}
.

(103)

Here, from (15), we have
c ≥ max {4Lf , cβ(µg + ℓg,1), 2} ,

cβ =

√
880

L2
yM

2
f

L2
µg

,

cδ =

√
3520

ν2M2
f

L2
µg
µ2
g

(1 + 2L2
y),

cγ =
2

3Lf
+ 48ℓ2g,1c

2
β + ℏΦ, where ℏ := 25

M2
f

L2
µg

,

cη =
2

3Lf
+ 5Ω,

cλ =
2

3Lf
+ 72ℓ2g,1c

2
δ + ȷΨ, where ȷ = 90

M2
f

L2
µg

.

(104)

Using (100), (96), (92), (81), (67), and (48), along with (101) and the fact that αt decreases with respect to t, we obtain:

T∑
t=1

A(αt, βt, δt)E ∥PX ,αt
(xt;∇ft(xt,y

∗
t (xt)))∥2 + Λ

≤ 8M + 4VT +

T∑
t=1

B(αt, βt, δt)E[θvt ] +
T∑

t=1

C(αt, βt)E[θyt ] (105a)

+

T∑
t=1

D(αt)E∥eft ∥2 +
T∑

t=1

F (βt, δt)E∥egt ∥2 +
T∑

t=1

I(αt, βt, δt)E∥evt ∥2 (105b)

+

T∑
t=1

L(βt)E∥∇ygt(xt,yt)∥2 +
T∑

t=2

N(βt, δt) sup
x∈X

∥y∗
t−1(x)− y∗

t (x)∥2 (105c)

+
σ2
gy

b̄

2

Φ

T∑
t=1

γ2
t+1

αt
+

4

Ψ

(
σ2
gyy

b̄
p2 +

σ2
fy

b

)
T∑

t=1

λ2
t+1

αt
+

4

Ω

(
σ2
gxy

b̄
p2 +

σ2
fx

b

)
T∑

t=1

η2t+1

αt
(105d)

+
6

ΦαT
Gy,T +

12p2

ΩαT
Gxy,T +

12p2

ΨαT
Gyy,T +

12ℓ2f,1
ΨαT

Dy,T +
12ℓ2f,1
ΩαT

Dx,T . (105e)

Here, M is defined in Assumption 3.4, VT and H2,T are defined in (10). Moreover, Gy,T , Gxy,T , and Gyy,T are defined in
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(12). Let

E(βt, δt) :=
4L2

y

Lµg
βt

Γ +
8ν2

Lµg
µ2
gδt

(1 + 2L2
y)Υ + 72(1− ηt+1)

2(ℓ2g,2p
2 + ℓ2f,1)

1

Ωαt

+ 24(1− γt+1)
2ℓ2g,1

1

Φαt
+ 72(1− λt+1)

2(ℓ2g,2p
2 + ℓ2f,1)

1

Ψαt
,

A(αt, βt, δt) := αt − (Lf + 2E(βt, δt))α
2
t ,

B(αt, βt, δt) := −
Lµg

Υ

4
δt + 4M2

fαt − 2M2
fLfα

2
t + 2M2

fE(βt, δt)α
2
t

+ 72(1− λt+1)
2ℓ4g,1δ

2
t

1

Ψαt
+ 72(1− ηt+1)

2ℓ4g,1δ
2
t

1

Ωαt
,

C(αt, βt) := −
LµgΓ

2
βt + 4M2

fαt − 2LfM
2
fα

2
t + 2M2

fE(βt, δt)α
2
t ,

D(αt) := 2
(
2αt − Lfα

2
t

)
− 5αt,

F (αt, βt, δt) :=
2Γ

Lµg

βt − ℏαt + 72(1− λt+1)
2(ℓ2g,2p

2 + ℓ2f,1)2
β2
t

Ψαt

+ 72(1− ηt+1)
2(ℓ2g,2p

2 + ℓ2f,1)2
β2
t

Ωαt
,

I(αt, βt, δt) :=
4Υ

Lµg

δt − ȷαt + 72ℓ2g,1(1− ηt+1)
2 δ2t
Ωαt

.

(106)

Moreover, we have

L(βt) := − 2Γ

µg + ℓg,1
βt + Γβ2

t + 48(1− γt+1)
2ℓ2g,1

β2
t

Φαt

+ 72(1− λt+1)
2(ℓ2g,2p

2 + ℓ2f,1)2
β2
t

Ψαt
+ 72(1− ηt+1)

2(ℓ2g,2p
2 + ℓ2f,1)2

β2
t

Ωαt
,

N(βt, δt) :=
4

Lµg
βt

Γ +
16ν2

Lµg
µ2
gδt

Υ.

(107)

Note that, we have

E(βt, δt) =
4L2

y

Lµg
βt

Γ +
8ν2

Lµg
µ2
gδt

(1 + 2L2
y)Υ + 72(1− ηt+1)

2(ℓ2g,2p
2 + ℓ2f,1)

1

Ωαt

+ 24(1− γt+1)
2ℓ2g,1

1

Φαt
+ 72(1− λt+1)

2(ℓ2g,2p
2 + ℓ2f,1)

1

Ψαt
,

which together with βt = cβαt, δt = cδαt, we have

α2
tE(βt, δt) =

4L2
y

Lµg

Γ
α2
t

βt
+

8ν2

Lµg
µ2
g

(1 + 2L2
y)Υ

α2
t

δt
+ 72(1− ηt+1)

2(ℓ2g,2p
2 + ℓ2f,1)

αt

Ω

+ 24(1− γt+1)
2ℓ2g,1

αt

Φ
+ 72(1− λt+1)

2(ℓ2g,2p
2 + ℓ2f,1)

αt

Ψ

≤
44L2

y

L2
µg

M2
f

αt

c2β
+

176ν2

L2
µg
µ2
g

(1 + 2L2
y)M

2
f

αt

c2δ

+ 24ℓ2g,1
αt

Φ
+ 72(ℓ2g,2p

2 + ℓ2f,1)(
1

Ω
+

1

Ψ
)αt

≤ αt

4
, (108)

where the first inequality follows from Γ =
11M2

f

Lµg cβ
and Υ =

22M2
f

Lµg cδ
in (103); the last inequality follows from cβ ≥
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880

L2
yM

2
f

L2
µg

, cδ ≥
√
3520

ν2M2
f

L2
µg

µ2
g
(1 + 2L2

y), in (104) and Φ ≥ 480ℓ2g,1, and Ω,Ψ ≥ 1440(ℓ2g,2p
2 + ℓ2f,1) in (103).

Moreover, we have

A(αt, βt, δt) := αt − Lfα
2
t − 2E(βt, δt)α

2
t

≥ αt − Lfα
2
t −

αt

2

≥ αt

4
, (109)

where the last inequality is by αt ≤ 1/4Lf in (104).
Bounding (105a) .
From (106), we have

B(αt, βt, δt) = −
Lµg

Υ

4
δt + 4M2

fαt − 2M2
fLfα

2
t + 2M2

fE(βt, δt)α
2
t

+ 72(1− λt+1)
2ℓ4g,1δ

2
t

1

Ψαt
+ 72(1− ηt+1)

2ℓ4g,1δ
2
t

1

Ωαt

≤ −
Lµg

Υ

4
δt + 4M2

fαt − 2M2
fLfα

2
t +

M2
f

2
αt + 72ℓ4g,1(

1

Ψ
+

1

Ω
)
δ2t
αt

=

(
−
Lµg

4
Υcδ +

9

2
M2

f + 72ℓ4g,1(
1

Ψ
+

1

Ω
)c2δ

)
αt

≤ −1

2
M2

fαt, (110)

where the first inequality follows from βt = cβαt, δt = cδαt, and (108); the second inequality is by Υ =
22M2

f

Lµg cδ
, and

Ψ,Ω ≥ 288ℓ4g,1
M2

f
c2δ in (103); the last inequality follows from in (103).

Moreover, from (106), and βt = cβαt, we have

C(αt, βt) = −
LµgΓ

2
βt + 4M2

fαt − 2LfM
2
fα

2
t + 2M2

fE(βt, δt)α
2
t

≤ −
Lµg

2
Γcβαt +

9

2
M2

fαt

= −M2
fαt, (111)

where the first inequality follows from (108); the last equality follows from Γ =
11M2

f

Lµg cβ
in (103).

Thus, from (110) and (111), we get

(105a) ≤ O (VT ) . (112)

Bounding (105b) .
From (106), we also obtain

D(αt) = 4αt − 2Lfα
2
t − 5αt ≤ 0.
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From βt = cβαt, Γ =
11M2

f

Lµg cβ
and (106), we obtain

F (αt, βt, δt) =
2Γ

Lµg

βt − ℏαt + 144(1− λt+1)
2(ℓ2g,2p

2 + ℓ2f,1)
β2
t

Ψαt

+ 144(1− ηt+1)
2(ℓ2g,2p

2 + ℓ2f,1)
β2
t

Ωαt

≤
22M2

f

L2
µg

αt − ℏαt + 144(ℓ2g,2p
2 + ℓ2f,1)(

1

Ψ
+

1

Ω
)c2βαt

≤ 24
M2

f

L2
µg

αt − ℏαt

= −
M2

f

L2
µg

αt,

where the second inequality follows from Ω,Ψ ≥ 144(ℓ2g,2p
2 + ℓ2f,1)

L2
µg

c2β

M2
f

in (103); and the last equality is by ℏ := 25
M2

f

L2
µg

.

From δt = cδαt, we obtain

I(αt, βt, δt) =
4Υ

Lµg

δt − ȷαt + 72ℓ2g,1(1− ηt+1)
2 δ2t
Ωαt

≤ 4Υ

Lµg

cδαt − ȷαt + 72ℓ2g,1
c2δαt

Ω

≤
89M2

f

L2
µg

αt − ȷαt

= −
M2

f

L2
µg

αt,

where the second inequality follows from Υ =
22M2

f

Lµg cδ
and Ω ≥

72ℓ2g,1L
2
µg

M2
f

c2δ ; the last equality follows from ȷ = 90
M2

f

L2
µg

.

Thus, we get

(105b) ≤ 0. (113)

Bounding (105c) .
From βt = cβαt and (107), we have

L(βt) = − 2Γβt

µg + ℓg,1
+ Γβ2

t + 48(1− γt+1)
2ℓ2g,1

β2
t

Φαt

+ 72(1− λt+1)
2(ℓ2g,2p

2 + ℓ2f,1)2
β2
t

Ψαt
+ 72(1− ηt+1)

2(ℓ2g,2p
2 + ℓ2f,1)2

β2
t

Ωαt

≤ − 2Γcβαt

µg + ℓg,1
+ Γc2βα

2
t + 48ℓ2g,1c

2
β

αt

Φ
+ 144(ℓ2g,2p

2 + ℓ2f,1)(
1

Ψ
+

1

Ω
)c2βαt

≤ − 2Γcβαt

µg + ℓg,1
+ Γc2βα

2
t +

3Γcβαt

4(µg + ℓg,1)

≤ − Γcβαt

4(µg + ℓg,1)
,

where the second inequality is by Φ ≥ 192ℓ2g,1
(µg+ℓg,1)

Γ cβ , and Ω,Ψ ≥ 576(ℓ2g,2p
2 + ℓ2f,1)

(µg+ℓg,1)
Γ cβ in (103); the last

inequality follows from αt ≤ 1
cβ(µg+ℓg,1)

in (104).
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From βt = cβαt, δt = cδαt and (107), we obtain

N(βt, δt) =
4

Lµgβt
Γ +

16ν2

Lµgµ
2
gδt

Υ

=
4

Lµg
cβαt

Γ +
16ν2

Lµg
µ2
gcδαt

Υ.

Thus, we get

(105c) =
T∑

t=1

L(βt)E∥∇ygt(xt,yt)∥2 +
T∑

t=2

N(βt, δt) sup
x∈X

∥y∗
t−1(x)− y∗

t (x)∥2

≤ O
(
H2,T

αT

)
. (114)

Bounding (105d) .
From ηt+1 = cηα

2
t , γt+1 = cγα

2
t , λt+1 = cλα

2
t , we obtain

(105d) =
σ2
gy

b̄

2

Φ

T∑
t=1

γ2
t+1

αt
+

4

Ψ

(
σ2
gyy

b̄
p2 +

σ2
fy

b

)
T∑

t=1

λ2
t+1

αt
+

4

Ω

(
σ2
gxy

b̄
p2 +

σ2
fx

b

)
T∑

t=1

η2t+1

αt

≤ O

(
(
σ2
gy

b̄
+

σ2
gyy

b̄
+

σ2
fy

b
+

σ2
gxy

b̄
+

σ2
fx

b
)

T∑
t=1

α3
t

)
. (115)

Bounding (105e) .
We have

(105e) =
6

ΦαT
Gy,T +

12p2

ΩαT
Gxy,T +

12p2

ΨαT
Gyy,T +

12ℓ2f,1
ΨαT

Dy,T +
12ℓ2f,1
ΩαT

Dx,T

≤ O
(

1

αT
(Gy,T +Gxy,T +Gyy,T +Dy,T +Dx,T )

)
. (116)

Let

GT := Gy,T +Gxy,T +Gyy,T ,

DT := Dy,T +Dx,T ,

σ2 := σ2
gy + σ2

gyy
+ σ2

fy + σ2
gxy

+ σ2
fx ,

b = b̄ = 1.

By inequalities (109), (112), (113), (114), (115), (116), we have

T∑
t=1

αt

2
E ∥PX ,αt

(xt;∇ft(xt,y
∗
t (xt)))∥2 + Λ

≤ O

(
VT +

H2,T

αT
+

σ2

b

T∑
t=1

α3
t +

GT

αT
+

DT

αT

)
. (117)
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From the definition of Λ in (102), we have

−Λ = Γ

T∑
t=1

(
E[θyt ]− E[θyt+1]

)
+Υ

T∑
t=1

(
E[θvt ]− E[θvt+1]

)
+

1

Φ

T∑
t=1

(
E∥egt ∥2

αt−1
−

E∥egt+1∥2

αt

)

+
1

Ψ

T∑
t=1

(
E∥evt ∥2

αt−1
−

E∥evt+1∥2

αt

)
+

1

Ω

T∑
t=1

(
E∥eft ∥2

αt−1
−

E∥eft+1∥2

αt

)

≤ Γθy1 +Υθv1 +
σ2
gy

Φα0
+

σ2
gyy

+ σ2
fy

Ψα0
+

σ2
gxy

+ σ2
fx

Ωα0
. (118)

Using (118), we get

T∑
t=1

αt

2
E ∥PX ,αt

(xt;∇ft(xt,y
∗
t (xt)))∥2

≤ O

(
VT +

H2,T

αT
+

σ2

b

T∑
t=1

α3
t +

GT

αT
+

DT

αT
− Λ

)

≤ O

(
VT + θy1 + θv1 +

σ2

b

T∑
t=1

α3
t +

H2,T

αT
+

GT

αT
+

DT

αT
+

σ2

α0

)
.

Since αt = 1/(c+ t)1/3, we get

T∑
t=1

α3
t =

T∑
t=1

1

c+ t
≤

T∑
t=1

1

1 + t
≤ log(T + 1),

which, combined with the fact that αt decreases with respect to t and by multiplying both sides by 2/αT , results in Thus,
we have

BL-RegT =

T∑
t=1

E ∥PX ,αt
(xt;∇ft(xt,y

∗
t (xt)))∥2

≤ O
( 1

αT
(VT + ∥y1 − y∗

1(x1)∥2 + ∥v1 − v∗
1(x1)∥2 + σ2 log(T + 1) +

σ2

α0
)

+
1

α2
T

(H2,T +GT +DT )
)
.

This completes the proof.

D. Proof of Regret Bounds for Zeroth Order SOGD (ZO-SOGD)
Proof Roadmap. We provide Lemma D.9, which quantifies the error between the approximated direction of the momentum-
based gradient estimator, d̂y

t and the true direction, ∇ygt,ρ(xt,yt), at each iteration. Lemma D.11 assesses the convergence
of the iterative solutions {yt}Tt=1, specifically the gap E

[
∥yt+1 − ŷ∗

t (xt)∥2
]
, while accounting for the error introduced in

Lemma D.9. To establish Lemma D.15, which quantifies the error between the approximated direction of the momentum-
based gradient estimator, d̂v

t , and the true direction, ∇yft,ρ(xt,yt) +∇2
ygt,ρ (xt,yt)vt, we need to present Lemma D.13.

This lemma quantifies the error between d̂v
t and ∇yft,ρ(xt,yt) +

1
2ρv

(∇ygt,ρ(xt,yt + ρvvt)−∇ygt,ρ(xt,yt − ρvvt)).
Then, Lemma D.17 captures the error of the system solution of Problem (17), i.e., gap E

[
∥vt+1− v̂∗

t (xt)∥2
]
, based on these

errors. To establish Lemma D.21, which quantifies the error between the approximated direction of the momentum-based
hypergradient estimator, d̂x

t , and the true direction, ∇xft,ρ(xt,yt)+∇2
xygt,ρ (xt,yt)vt, it is necessary to introduce Lemma

D.19. This lemma quantifies the error between d̂x
t and ∇xft,ρ(xt,yt) +

1
2ρv

(∇xgt,ρ(xt,yt + ρvvt)−∇xgt,ρ(xt,yt −
ρvvt)). Then, Lemma D.22 bounds the projection mapping based on these errors. By combining these lemmas and setting
parameters, we achieve the desired result.
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D.1. Auxiliary Lemmas for Proof of Theorem 4.2

To solve the online bilevel problem in (17), we need to obtain the hyper-gradient of ft,ρ in (17) at (x,y) as

∇ft,ρ(x, ŷ
∗
t (x)) := ∇xft,ρ(x, ŷ

∗
t (x)) +∇2

xygt,ρ (x, ŷ
∗
t (x))v

∗
t (x), where

v∗
t (x) := −[∇2

ygt,ρ (x, ŷ
∗
t (x))]

−1∇yft,ρ(x, ŷ
∗
t (x)).

Obtaining ŷ∗
t (x) in closed-form is usually a challenging task, so it is natural to use the following gradient surrogate. At any

(x,y), define:

∇̃ft,ρ(x,y) := ∇xft,ρ(x,y) +∇2
xygt,ρ (x,y) v̂

∗
t (x), where (119a)

v̂∗
t (x) := −[∇2

ygt,ρ (x,y)]
−1∇yft,ρ(x,y). (119b)

To do so, we also introduce dy
t,ρ, dv

t,ρ and dx
t,ρ as follows:

dy
t,ρ(x,y) = ∇ygt,ρ(x,y), (120a)

dv
t,ρ(x,y,v) = ∇yft,ρ(x,y) +∇2

ygt,ρ (x,y)v, (120b)

dx
t,ρ(x,y,v) = ∇xft,ρ(x,y) +∇2

xygt,ρ (x,y)v. (120c)

To approximate these directions, we use (19)-(21). It can be shown that ∇̂yft(x,y; ξ) and ∇̂xft(x,y; ξ) are unbiased
estimators of the true gradients ∇yft,ρ(x,y) and ∇xft,ρ(x,y) with respect to y and x (Flaxman et al., 2004), respectively,
i.e.,

Er

[
∇̂yft(x,y; ξ)

]
= ∇yft,ρ(x,y), Ez

[
∇̂xft(x,y; ξ)

]
= ∇xft,ρ(x,y),

and,

Er

[
∇̂ygt(x,y; ζ)

]
= ∇ygt,ρ(x,y), Ez

[
∇̂xgt(x,y; ζ)

]
= ∇xgt,ρ(x,y). (121)

Similarly,

Er

[
∇̂yft(x,y;B)

]
= ∇yft,ρ(x,y), Ez

[
∇̂xft(x,y;B)

]
= ∇xft,ρ(x,y),

and,

Er

[
∇̂ygt(x,y; B̄)

]
= ∇ygt,ρ(x,y), Ez

[
∇̂xgt(x,y; B̄)

]
= ∇xgt,ρ(x,y). (122)

Lemma D.1. Allen-Zhu & Li (2018, Lemma A.1.) Suppose Assumption B4. holds. Then, for any x,v ∈ X , we have:∥∥∇gt(x+ v,y + v)−∇gt(x,y)−∇2gt(x,y)v
∥∥ ≤ ℓg,2 ∥v∥2 .

Lemma D.2. Suppose that Assumptions 3.2 and 3.3 hold for all x,x′ ∈ X , and t ∈ [T ], and that dx
t,ρ and dv

t,ρ are defined
in (120). Then, we have

∥dx
t,ρ −∇ft,ρ(x, ŷ

∗
t (x))∥2 ≤ M2

f

(
∥y − ŷ∗

t (x)∥
2
+ ∥v − v̂∗

t (x)∥
2
)
, (123a)∥∥dv

t,ρ

∥∥2 ≤ M2
v

(
∥y − ŷ∗

t (x)∥
2
+ ∥v − v̂∗

t (x)∥
2
)
, (123b)

∥∇ft,ρ(x, ŷ
∗
t (x))−∇ft,ρ(x

′, ŷ∗
t (x

′))∥ ≤ Lf ∥x− x′∥ , (123c)

∥ŷ∗
t (x)− ŷ∗

t (x
′)∥ ≤ Ly ∥x− x′∥ , (123d)

∥v̂∗
t (x)− v̂∗

t (x
′)∥ ≤ Lv ∥x− x′∥ . (123e)

Here, v̂∗
t (x) and ft,ρ, ŷ∗

t (x) are defined in (119b) and (17), respectively. Moreover, the constants Mf , Mv, and (Ly, Lv, Lf )
are defined as in (40), (41), and (42), respectively.

Proof. We first show Eq. (123a).
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Using Assumptions 3.2 and B1., we have ∇2
ygt,ρ (x, ŷ

∗
t (x)) ⪰ µg , and

∥v̂∗
t (x)∥ = ∥

(
∇2

ygt,ρ (x, ŷ
∗
t (x))

)−1 ∇yft,ρ (x, ŷ
∗
t (x)) ∥ ≤ ℓf,0

µg
. (124)

Observe that we have

∥dx
t,ρ −∇ft,ρ(x, ŷ

∗
t (x))∥ ≤ ∥∇xft,ρ(x,y)−∇xft,ρ(x, ŷ

∗
t (x))∥

+ ∥v∇2
xygt,ρ(x,y)− v̂∗

t (x)∇2
xygt,ρ (x, ŷ

∗
t (x)) ∥

≤ ∥∇xft,ρ(x,y)−∇xft,ρ(x, ŷ
∗
t (x))∥

+ ∥∇2
xygt,ρ(x,y)∥∥v − v̂∗

t (x)∥
+ ∥v̂∗

t (x)∥∥∇2
xygt,ρ(x,y)−∇2

xygt,ρ(x, ŷ
∗
t (x))∥

≤
(
ℓf,1 +

ℓg,2ℓf,0
µg

)
∥y − ŷ∗

t (x)∥+ ℓg,1∥v − v̂∗
t (x)∥

≤ M2
f (∥y − ŷ∗

t (x)∥+ ∥v − v̂∗
t (x)∥) , (125)

where Mf is defined as in (40); the third inequality is by Assumption 3.3 and the last inequality is by Eq. (124).

We now show Eq. (123b).
Since dv∗

t,ρ := ∇yft,ρ(x, ŷ
∗
t (x)) +∇2

ygt,ρ (x, ŷ
∗
t (x)) v̂

∗
t (x) = 0, we have

∥dv
t,ρ∥ = ∥dv

t,ρ − dv∗
t,ρ∥

= ∥vt∇2
ygt,ρ(x,y) +∇yft,ρ(x,y)

−
(
v̂∗
t (x)∇2

ygt,ρ (x, ŷ
∗
t (x)) +∇yft,ρ(x, ŷ

∗
t (x))

)
∥

≤ ∥
(
∇2

ygt,ρ(x,y)−∇2
ygt,ρ(x, ŷ

∗
t (x))

)
v̂∗
t (x)∥

+ ∥∇2
ygt,ρ(x,y) (v − v̂∗

t (x)) ∥
+ ∥∇yft,ρ(x,y)−∇yft,ρ(x, ŷ

∗
t (x))∥.

Then, from Assumption 3.3 and Eq. (124), we have

∥dv
t,ρ∥ ≤ ℓg,2∥y − ŷ∗

t (x)∥∥v̂∗
t (x)∥+ ℓg,1∥v − v̂∗

t (x)∥+ ℓf,1∥y − ŷ∗
t (x)∥

≤
(
ℓg,2ℓf,0
µg

+ ℓf,1

)
∥y − ŷ∗

t (x)∥+ ℓg,1∥v − v̂∗
t (x)∥

≤ Mv (∥y − ŷ∗
t (x)∥+ ∥v − v̂∗

t (x)∥) ,

where Mv is defined as in (41).

The proofs of Eqs. (123c)-(123e) follow from Tarzanagh et al. (2024, Lemma 17) by setting (Ly, Lv, Lf ) as in (42).

D.2. Perturbation Bounds for OBO Objectives and Their Smoothing Variants

Lemma D.3. Given ρ = (ρs, ρr) as positive smoothing parameters, let gt,ρ(x,y) and ft,ρ(x,y) be the functions defined
by (17).

(a) Suppose Assumption B3. holds. Then, we have

|gt,ρ(x,y)− gt(x,y)| ≤
ℓg,1(ρ

2
s + ρ2r)

2
. (126)

(b) Suppose Assumption B2. holds. Then, we have

|ft,ρ(x,y)− ft(x,y)| ≤
ℓf,1(ρ

2
s + ρ2r)

2
. (127)

Proof. Let B1 and B2 be the unit ball in Rd1 and Rd2 , respectively. Let V(d1) and V(d2) be volume of the unit ball in Rd1
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and Rd2 , respectively. Then, we have

|gt,ρ(x,y)− gt(x,y)|

=

∣∣∣∣ 1

V(d1)V(d2)

∫
B1

∫
B2

(gt(x+ ρss,y + ρrr)− gt(x,y)) dsdr

∣∣∣∣
=

∣∣∣∣ 1

V(d1)V(d2)

∫
B1

∫
B2

(gt(x+ ρss,y + ρrr)− gt(x,y)− ⟨∇gt(x,y), (ρss, ρrr)⟩) dsdr
∣∣∣∣ .

Thus, we get

|gt,ρ(x,y)− gt(x,y)|

≤
∫
B1

∫
B2

|gt(x+ ρss,y + ρrr)− gt(x,y)− ⟨∇gt(x,y), (ρss, ρrr)⟩| dsdr

≤
∫
B1

∫
B2

ℓg,1
2

(
ρ2s∥s∥2 + ρ2r∥r∥2

)
dsdr

=
ℓg,1ρ

2
s

2

∫
B1

∥s∥2ds+ ℓg,1ρ
2
r

2

∫
B2

∥r∥2dr

=
ℓg,1ρ

2
s

2

d1
d1 + 2

+
ℓg,1ρ

2
r

2

d2
d2 + 2

≤ ℓg,1(ρ
2
s + ρ2r)

2
,

where the last equality follows since 1
V(d)

∫
s∈B

∥s∥pds = d
d+p .

The proof of part (b) follows using similar arguments.

Lemma D.4. Given ρ = (ρs, ρr) as positive smoothing parameters, let gt,ρ(x,y) and ft,ρ(x,y) be the functions defined
by (17).

(a) Suppose Assumption B3. holds. Then, we have

∥∇gt,ρ(x,y)−∇gt(x,y)∥ ≤ ℓg,1(ρsd1 + ρrd2)

2
. (128)

(b) Suppose Assumption B2. holds. Then, we have

∥∇ft(x,y)−∇ft,ρ(x,y)∥ ≤ ℓf,1(ρsd1 + ρrd2)

2
. (129)
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Proof. Let S(d1) be the surface area of the unit sphere in Rd1 . Moreover, let UB1
be the unit sphere.

∥∇xgt,ρ(x,y)−∇xgt(x,y)∥

=

∥∥∥∥∥ 1

S(d1)

(
d1
ρs

∫
UB1

gt(x+ ρss,y)sds

)
−∇xgt(x,y)

∥∥∥∥∥
=

∥∥∥∥∥ 1

S(d1)

(
d1
ρs

∫
UB1

gt(x+ ρss,y)sds−
∫
UB1

d1
ρs

gt(x,y)sds

−
∫
UB1

d1
ρs

⟨∇xgt(x,y), ρss⟩sds

)∥∥∥∥∥
≤ d1

S(d1)ρs

∫
UB1

∣∣∣gt(xt + ρss,y)− gt(x,y)− ⟨∇xgt(x,y), ρss⟩
∣∣∣ ∥s∥ ds

≤ d1
S(d1)ρs

· ℓg,1ρ
2
s

2

∫
UB1

∥s∥3 ds

=
ρsd1ℓg,1

2
, (130)

where the second equality follows from
∫
UB1

ss⊤ds = S(d1)
d1

I.

Similarly, let S(d2) be the surface area of the unit sphere in Rd2 . Moreover, let UB2
be the unit sphere.

∥∇ygt,ρ(x,y)−∇ygt(x,y)∥

=

∥∥∥∥∥ 1

S(d2)

(
d2
ρr

∫
UB2

gt(x,y + ρrr)rdr

)
−∇ygt(x,y)

∥∥∥∥∥
=

∥∥∥∥∥ 1

S(d2)

(
d2
ρr

∫
UB2

gt(x,y + ρrr)rdr−
∫
UB2

d2
ρr

gt(x,y)rdr

−
∫
UB2

d2
ρr

⟨∇ygt(x,y), ρrr⟩rdr

)∥∥∥∥∥
≤ d2

S(d2)ρr

∫
UB2

∣∣gt(xt,y + ρrr)− gt(x,y)− ⟨∇ygt(x,y), ρrr⟩
∣∣ ∥r∥ dr

≤ d2
S(d2)ρr

· ℓg,1ρ
2
r

2

∫
UB2

∥r∥3 dr

=
ρrd2ℓg,1

2
, (131)

where the second equality follows from
∫
UB2

rr⊤dr = S(d2)
d2

I.

Thus, we get

∥∇gt,ρ(x,y)−∇gt(x,y)∥
≤ ∥∇xgt,ρ(x,y)−∇xgt(x,y)∥+ ∥∇ygt,ρ(x,y)−∇ygt(x,y)∥

≤ ρsd1ℓg,1
2

+
ρrd2ℓg,1

2
.

Finally, by a similar argument as in Part (a), we obtain

∥∇xft,ρ (x,y)−∇xft (x,y)∥ ≤ ρsd1ℓf,1
2

, (132)
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and

∥∇yft,ρ (x,y)−∇yft (x,y)∥ ≤ ρrd2ℓf,1
2

, (133)

which implies

∥∇ft,ρ (x,y)−∇ft (x,y)∥ ≤ (ρsd1 + ρrd2)ℓf,1
2

.

Lemma D.5. Suppose Assumption B4. holds. Given ρ = (ρs, ρr) as positive smoothing parameters, let gt,ρ(x,y) be the
function defined in (17). Then, we have

∥∥∇2
ygt,ρ (x,y)−∇2

ygt (x,y)
∥∥2 ≤

d22ℓ
2
g,2

4
ρ2r.

Proof. Similary, let S(d2) be the surface area of the unit sphere in Rd2 . Moreover, let UB2 be the unit sphere.∥∥∇2
ygt,ρ (x,y)−∇2

ygt (x,y)
∥∥

=

∥∥∥∥∥ 1

S(d2)

(
d2
ρr

∫
UB2

∇ygt(x,y + ρrr)rdr

)
−∇2

ygt(x,y)

∥∥∥∥∥
=

∥∥∥∥∥ 1

S(d2)

(
d2
ρr

∫
UB2

∇ygt(x,y + ρrr)rdr−
∫
UB2

d2
ρr

∇ygt(x,y)rdr

−
∫
UB2

d2
ρr

⟨∇2
ygt(x,y), ρrr⟩rdr

)∥∥∥∥∥
≤ d2

S(d2)ρr

∫
UB2

∣∣∇ygt(xt,y + ρrr)−∇ygt(x,y)− ⟨∇2
ygt(x,y), ρrr⟩

∣∣ ∥r∥ dr
≤ d2

S(d2)ρr
· ℓg,2ρ

2
r

2

∫
UB2

∥r∥3 dr

=
ρrd2ℓg,2

2
,

where the second equality follows from
∫
UB2

rr⊤dr = S(d2)
d2

I.

Lemma D.6. Suppose Assumption B3. holds. Let ∇̂ygt(x,y; B̄) and ∇̂xgt(x,y; B̄) be defined as in (19a) and (19b),
respectively. Then, for any (x,y) ∈ Rd1 × Rd2 and ρr, ρs ≥ 0, we have

Er

[
∥∇̂ygt(x,y; B̄)− ∇̂ygt(x, ý; B̄)∥2

]
≤ 3d2ℓ

2
g,1∥y − ý∥2 +

3ℓ2g,1d
2
2ρ

2
r

2
∀ý ∈ Rd2 , (134a)

Ez

[
∥∇̂xgt(x,y; B̄)− ∇̂xgt(x́,y; B̄)∥2

]
≤ 3d1ℓ

2
g,1∥x− x́∥2 +

3ℓ2g,1d
2
1ρ

2
s

2
∀x́ ∈ Rd1 . (134b)

Proof. The proof is similar to that of Lemma 5 in (Ji et al., 2019).

Lemma D.7. Suppose Assumptions 3.2 and B3. hold. Let ρ = (ρs, ρr) be positive smoothing parameters. Let y∗
t (x) and

ŷ∗
t (x) be defined in (1) and (18), respectively. Then, we have

E
[
∥ŷ∗

t (x)− y∗
t (x)∥

2
]
≤ ℓg,1(ρ

2
s + ρ2r)

µg
. (135)

Proof. From (1), we have y∗
t (x) ∈ argminy∈Rd2 gt(x,y). Since by Assumption 3.2, gt (x,y) is µg-strongly convex in
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terms of y. Then, by Lemma B.2, we get

∥y − y∗
t (x)∥

2 ≤ 2

µg
(gt (x,y)− gt (x,y

∗
t (x))) .

By setting y = ŷ∗
t (x), we have

∥ŷ∗
t (x)− y∗

t (x)∥
2 ≤ 2

µg
(gt (x, ŷ

∗
t (x))− gt (x,y

∗
t (x))) . (136)

Similarly, from (18), we have

ŷ∗
t (x) ∈ arg min

y∈Rd2

{
gt,ρ(x,y) = E(z,r) [gt(x+ ρss,y + ρrr; ζ)]

}
.

Since by Assumption 3.2, gt,ρ (x,y) is µg-strongly convex in terms of y. Then, from Lemma B.2, we have

∥y − ŷ∗
t (x)∥

2 ≤ 2

µg
(gt,ρ (x,y)− gt,ρ (x, ŷ

∗
t (x))) .

By setting y = y∗
t (x), we have

∥y∗
t (x)− ŷ∗

t (x)∥
2 ≤ 2

µg
(gt,ρ(x,y

∗
t (x))− gt,ρ(x, ŷ

∗
t (x))) . (137)

Summing up (136) and (137), we get

∥y∗
t (x)− ŷ∗

t (x)∥
2 ≤ 1

µg
(gt,ρ(x,y

∗
t (x))− gt (x,y

∗
t (x)))

+
1

µg
(gt (x, ŷ

∗
t (x))− gt,ρ(x, ŷ

∗
t (x))) ,

which implies

∥y∗
t (x)− ŷ∗

t (x)∥
2 ≤ 1

µg
|gt,ρ(x,y∗

t (x))− gt (x,y
∗
t (x))|

+
1

µg
|gt (x, ŷ∗

t (x))− gt,ρ(x, ŷ
∗
t (x))|

≤ ℓg,1(ρ
2
s + ρ2r)

µg
,

where the last inequality is by Eq. (126).

Lemma D.8. Suppose Assumptions 3.2 and 3.3 hold. Let v∗
t (x) and v̂∗

t (x) be defined in (4b) and (119b), respectively.
Then, we have

E
[
∥v̂∗

t (x)− v∗
t (x)∥

2
]
≤ d22

2µ4
g

(
ℓ2f,1µ

2
g + ℓ2g,2ℓ

2
f,0

)
ρ2r. (138)

Proof. From (4b) and (119b), we have

∥v̂∗
t (x)− v∗

t (x)∥
2

=
∥∥[∇2

ygt,ρ (x,y)]
−1∇yft,ρ(x,y)− [∇2

ygt (x,y)]
−1∇yft(x,y)

∥∥2
≤ 2

∥∥[∇2
ygt,ρ (x,y)]

−1∇yft,ρ(x,y)− [∇2
ygt,ρ (x,y)]

−1∇yft(x,y)
∥∥2 (139a)

+ 2
∥∥[∇2

ygt,ρ (x,y)]
−1∇yft(x,y)− [∇2

ygt (x,y)]
−1∇yft(x,y)

∥∥2 . (139b)
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Next, we separately bound each of the above terms, (139a) and (139b).

(139a) ≤ 2
∥∥[∇2

ygt,ρ (x,y)]
−1
∥∥2 ∥∇yft,ρ(x,y)−∇yft(x,y)∥2

≤ 2

µ2
g

∥∇yft,ρ(x,y)−∇yft(x,y)∥2

≤ 2

µ2
g

ρ2rd
2
2ℓ

2
f,1

4
, (140)

where the second inequality holds due to the Assumption 3.2, the third inequality is by (133).

To bound (139b), note that for any invertible matrices A1 and A2, we have

∥A−1
2 −A−1

1 ∥ = ∥A−1
1 (A1 −A2)A

−1
2 ∥ ≤ ∥A−1

1 ∥∥A−1
2 ∥∥A1 −A2∥,

which implies

(139b) ≤ 2
∥∥[∇2

ygt,ρ (x,y)]
−1 − [∇2

ygt (x,y)]
−1
∥∥2 ∥∇yft(x,y)∥2

≤ 2
∥∥[∇2

ygt,ρ (x,y)]
−1
∥∥2 ∥∥[∇2

ygt (x,y)]
−1
∥∥2∥∥∇2

ygt,ρ (x,y)−∇2
ygt (x,y)

∥∥2 ∥∇yft(x,y)∥2

≤ 2

µ4
g

ρ2rd
2
2ℓ

2
g,2

4
ℓ2f,0, (141)

where the last inequality follows from Lemma D.5.

Using (139)– (140), we obtain the desired result.

D.3. Bounds on the Zeroth-Order Inner Solution

Lemma D.9. Suppose that Assumptions B3. and D1. hold. Consider the sequence {(xt,yt,vt)}Tt=1 generated by Algorithm
2, and define

e
gρ
t := ∇ygt,ρ(xt,yt)− d̂y

t . (142)

Then, we have

E∥egρt+1∥2 ≤ (1− γt+1)
2E∥egρt ∥2 + 12(1− γt+1)

2E∥∇ygt−1(xt,yt)−∇ygt(xt,yt)∥2

+ 9d22ℓ
2
g,1(1− γt+1)

2ρ2r + 24d2ℓ
2
g,1(1− γt+1)

2E∥xt+1 − xt∥2

+ 24d2ℓ
2
g,1(1− γt+1)

2E∥yt+1 − yt∥2 + 2
σ̂2
gy

b̄
γ2
t+1. (143)

Proof. From the definition of d̂y
t+1 in Algorithm 2, we have

d̂y
t+1 − d̂y

t = −γt+1d̂
y
t + γt+1∇̂ygt+1(xt+1,yt+1; B̄t+1)

+ (1− γt+1)
(
∇̂ygt+1(xt+1,yt+1; B̄t+1)− ∇̂ygt+1(xt,yt; B̄t+1)

)
.
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Then, we have

E∥∇ygt+1,ρ(xt+1,yt+1)− d̂y
t+1∥2

= E∥∇ygt+1,ρ(xt+1,yt+1)− d̂y
t − (d̂y

t+1 − d̂y
t )∥2

= E∥∇ygt+1,ρ(xt+1,yt+1)− d̂y
t + γt+1d̂

y
t − γt+1∇̂ygt+1(xt+1,yt+1; B̄t+1)

− (1− γt+1)
(
∇̂ygt+1(xt+1,yt+1; B̄t+1)− ∇̂ygt+1(xt,yt; B̄t+1)

)
∥2

= E∥(1− γt+1)(∇ygt,ρ(xt,yt)− d̂y
t )

+ γt+1(∇ygt+1,ρ(xt+1,yt+1)− ∇̂ygt+1(xt+1,yt+1; B̄t+1))

+ (1− γt+1) (∇ygt+1,ρ(xt+1,yt+1)−∇ygt,ρ(xt,yt)

+∇ygt+1,ρ(xt,yt)−∇ygt+1,ρ(xt,yt)

−∇̂ygt+1(xt+1,yt+1; B̄t+1) + ∇̂ygt+1(xt,yt; B̄t+1)
)
∥2.

From (122), we have

E
[
∇̂ygt+1(xt+1,yt+1; B̄t+1)

]
= ∇ygt+1,ρ(xt+1,yt+1),

E
[
∇̂ygt+1(xt+1,yt+1; B̄t+1)− ∇̂ygt+1(xt,yt; B̄t+1)

]
= ∇ygt+1,ρ(xt+1,yt+1)−∇ygt+1,ρ(xt,yt),

then, we have

E∥∇ygt+1,ρ(xt+1,yt+1)− d̂y
t+1∥2

= (1− γt+1)
2E∥∇ygt,ρ(xt,yt)− d̂y

t ∥2

+ E∥γt+1(∇ygt+1,ρ(xt+1,yt+1)− ∇̂ygt+1(xt+1,yt+1; B̄t+1))

+ (1− γt+1) (∇ygt+1,ρ(xt+1,yt+1)−∇ygt,ρ(xt,yt) +∇ygt+1,ρ(xt,yt)−∇ygt+1,ρ(xt,yt)

−∇̂ygt+1(xt+1,yt+1; B̄t+1) + ∇̂ygt+1(xt,yt; B̄t+1)
)
∥2

≤ (1− γt+1)
2E∥∇ygt,ρ(xt,yt)− d̂y

t ∥2

+ 2(1− γt+1)
2E∥∇ygt+1,ρ(xt+1,yt+1)−∇ygt,ρ(xt,yt) +∇ygt+1,ρ(xt,yt)

−∇ygt+1,ρ(xt,yt)− ∇̂ygt+1(xt+1,yt+1; B̄t+1) + ∇̂ygt+1(xt,yt; B̄t+1)∥2

+ 2γ2
t+1E∥∇ygt+1,ρ(xt+1,yt+1)− ∇̂ygt+1(xt+1,yt+1; B̄t+1)∥2,

where the second inequality holds by Cauchy-Schwarz inequality.
Then, from E∥a− E[a]∥2 = E∥a∥2 − ∥E[a]∥2 and Assumption 4.1, we have

E∥∇ygt+1,ρ(xt+1,yt+1)− d̂y
t+1∥2

≤ (1− γt+1)
2E∥∇ygt,ρ(xt,yt)− d̂y

t ∥2

+ 4(1− γt+1)
2E∥∇ygt+1,ρ(xt,yt)−∇ygt,ρ(xt,yt)∥2

+ 4(1− γt+1)
2E∥∇̂ygt+1(xt+1,yt+1; B̄t+1)− ∇̂ygt+1(xt,yt; B̄t+1)∥2 + 2γ2

t+1

σ̂2
gy

b̄

≤ (1− γt+1)
2E∥∇ygt,ρ(xt,yt)− d̂y

t ∥2

+ 4(1− γt+1)
2E∥∇ygt+1,ρ(xt,yt)−∇ygt,ρ(xt,yt)∥2

+ 12(1− γt+1)
2d2ℓ

2
g,1E∥(xt+1,yt+1)− (xt,yt)∥2

+ 3(1− γt+1)
2ℓ2g,1d

2
2ρ

2
r + 2γ2

t+1

σ̂2
gy

b̄
,

where the second inequality follows from Young’s inequality and Lemma D.6.
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From Eq. (131), we have

E∥∇ygt+1,ρ(xt,yt)−∇ygt,ρ(xt,yt)∥2

≤ 3E∥∇ygt+1,ρ(xt,yt)−∇ygt+1(xt,yt)∥2

+ 3E∥∇ygt+1(xt,yt)−∇ygt(xt,yt)∥2

+ 3E∥∇ygt(xt,yt)−∇ygt,ρ(xt,yt)∥2

≤ 3E∥∇ygt+1(xt,yt)−∇ygt(xt,yt)∥2 +
3ρ2rd

2
2ℓ

2
g,1

2
.

Finally, we get

E∥∇ygt+1,ρ(xt+1,yt+1)− d̂y
t+1∥2 ≤ (1− γt+1)

2E∥∇ygt,ρ(xt,yt)− d̂y
t ∥2

+ 12(1− γt+1)
2E∥∇ygt+1(xt,yt)−∇ygt(xt,yt)∥2 + 6(1− γt+1)

2ρ2rd
2
2ℓ

2
g,1

+ 12(1− γt+1)
2d2ℓ

2
g,1E∥(xt+1,yt+1)− (xt,yt)∥2 + 3(1− γt+1)

2ℓ2g,1d
2
2ρ

2
r + 2γ2

t+1

σ̂2
gy

b̄
.

Lemma D.10. Suppose Assumptions 3.2 and B3. hold. Then, for the sequence {(xt,yt)}Tt=1 generated by Algorithm 2, we
have

E
[
∥yt+1 − ŷ∗

t (xt)∥2
]
≤ (1 + a)

(
1− 2βt

µgℓg,1
µg + ℓg,1

)
E
[
∥yt − ŷ∗

t (xt)∥2
]

+

(
−(1 + a)

(
2βt

µg + ℓg,1
− β2

t

))
E
[
∥∇ygt,ρ(xt,yt)∥2

]
+ (1 +

1

a
)β2

tE
[
∥egρt ∥2

]
,

where a > 0 is a constant, egρt is defined in (142), and ŷ∗
t (xt) is defined in (18).

Proof. From Lemma B.5, we have

E
[
∥yt+1 − ŷ∗

t (xt)∥2
]
= E

[
∥yt − βtd̂

y
t − ŷ∗

t (xt)∥2
]

≤ (1 + a)E
[
∥yt − βt∇ygt,ρ(xt,yt)− ŷ∗

t (xt)∥2
]

+ (1 +
1

a
)β2

tE
[
∥d̂y

t −∇ygt,ρ(xt,yt)∥2
]
. (144)

Next, we will separately bound the first term on the RHS of the above inequality.
We have

E
[
∥yt − βt∇ygt,ρ(xt,yt)− ŷ∗

t (xt)∥2
]
= E

[
∥yt − ŷ∗

t (xt)∥2
]
+ β2

tE
[
∥∇ygt,ρ(xt,yt)∥2

]
− 2βtE [⟨∇ygt,ρ(xt,yt),yt − ŷ∗

t (xt)⟩]

≤
(
1− 2βt

µgℓg,1
µg + ℓg,1

)
E
[
∥yt − ŷ∗

t (xt)∥2
]

−
(

2βt

µg + ℓg,1
− β2

t

)
E
[
∥∇ygt,ρ(xt,yt)∥2

]
, (145)

where the inequality results from the strong convexity of gt,ρ by Assumption 3.2, which implies

⟨∇ygt,ρ(xt,yt),yt − ŷ∗
t (xt)⟩ ≥

µgℓg,1
µg + ℓg,1

∥yt − ŷ∗
t (xt)∥2 +

1

µg + ℓg,1
∥∇ygt,ρ(xt,yt)∥2.

Substituting (145) into (144), gives the desired result.
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For notational brevity in the analysis, we define

θ̂yt := ∥yt − ŷ∗
t (xt)∥2, θ̂vt := ∥vt − v̂∗

t (xt)∥2, (146)

where ŷ∗
t (x) and v̂∗

t (x) are defined in (18) and (119b), respectively.

Lemma D.11. Suppose Assumptions 3.2, B2. and B3. hold. Let θ̂yt be defined in (146). Then, for the sequence {(xt,yt)}Tt=1
generated by Algorithm 2 guarantees the following bound:

T∑
t=1

(
E[θ̂yt+1]− E[θ̂yt ]

)
≤

(
−
Lµg

2

T∑
t=1

E[θ̂yt ] +
2

Lµg

T∑
t=1

E
[
∥egρt ∥2

])
βt +

4L2
y

Lµg

T∑
t=1

E∥xt − xt+1∥2
1

βt

+

T∑
t=1

(
24ℓg,1
Lµg

µg
(ρ2s + ρ2r) +

12

Lµg

sup
x∈X

∥y∗
t−1(x)− y∗

t (x)∥2
)

1

βt

+

T∑
t=1

(
− 2βt

µg + ℓg,1
+ β2

t

)
E
[
∥∇ygt,ρ(xt,yt)∥2

]
, (147)

where Lµg
=

µgℓg,1
µg+ℓg,1

, and Ly =
ℓg,1
µg

is defined as in (42).

Proof. From Lemma B.5, we have for any c > 0

E
[
∥yt+1 − ŷ∗

t+1(xt+1)∥2
]
= E

[
∥yt+1 − ŷ∗

t (xt) + ŷ∗
t (xt)− ŷ∗

t+1(xt+1)∥2
]

≤ (1 + c)E
[
∥yt+1 − ŷ∗

t (xt)∥2
]

+

(
1 +

1

c

)
E
[
∥ŷ∗

t+1(xt+1)− ŷ∗
t (xt)∥2

]
. (148)

From Lemma D.10, we have for any a > 0

E
[
∥yt+1 − ŷ∗

t (xt)∥2
]
≤ (1 + a)

(
1− 2βt

µgℓg,1
µg + ℓg,1

)
E
[
∥yt − ŷ∗

t (xt)∥2
]

+

(
−(1 + a)

(
2βt

µg + ℓg,1
− β2

t

))
E
[
∥∇ygt,ρ(xt,yt)∥2

]
+

(
1 +

1

a

)
β2
tE
[
∥egρt ∥2

]
. (149)

Substituting (149) into (148), we get

E
[
∥yt+1 − ŷ∗

t+1(xt+1)∥2
]

≤ (1 + c)(1 + a)

(
1− 2βt

µgℓg,1
µg + ℓg,1

)
E
[
∥yt − ŷ∗

t (xt)∥2
]

+

(
−(1 + c)(1 + a)

(
2βt

µg + ℓg,1
− β2

t

))
E
[
∥∇ygt,ρ(xt,yt)∥2

]
+ (1 + c)(1 +

1

a
)β2

tE
[
∥egρt ∥2

]
+

(
1 +

1

c

)
E
[
∥ŷ∗

t+1(xt+1)− ŷ∗
t (xt)∥2

]
. (150)
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Choose c =
βtLµg/2

1−βtLµg
and a =

βtLµg

1−2βtLµg
. Then, the following equations and inequalities are satisfied.

(1 + c)(1 + a)
(
1− 2βtLµg

)
= 1−

βtLµg

2
,

(1 + a)
(
1− 2βtLµg

)
= 1− βtLµg

,

(1 + c)
(
1− βtLµg

)
= 1−

βtLµg

2
,

1 +
1

a
≤ 1

βtLµg

, 1 +
1

c
≤ 2

βtLµg

,

(151)

where Lµg
=

µgℓg,1
µg+ℓg,1

. Based on (150) and (151), we get

E
[
∥yt+1 − ŷ∗

t+1(xt+1)∥2
]
− E

[
∥yt − ŷ∗

t (xt)∥2
]

≤ −
βtLµg

2
E
[
∥yt − ŷ∗

t (xt)∥2
]
+

(
−
(

2βt

µg + ℓg,1
− β2

t

))
E
[
∥∇ygt,ρ(xt,yt)∥2

]
+

2

βtLµg

β2
tE
[
∥egρt ∥2

]
+

2

βtLµg

E
[
∥ŷ∗

t+1(xt+1)− ŷ∗
t (xt)∥2

]
. (152)

Next, we upper-bound the last term of the above inequality.

E
[
∥ŷ∗

t+1(xt+1)− ŷ∗
t (xt)∥2

]
≤ 2

(
E
[
∥ŷ∗

t+1(xt+1)− ŷ∗
t+1(xt)∥2

]
+ E

[
∥ŷ∗

t+1(xt)− ŷ∗
t (xt)∥2

])
≤ 2

(
L2
yE
[
∥xt − xt+1∥2 + ∥ŷ∗

t+1(xt)− ŷ∗
t (xt)∥2

])
, (153)

where the second inequality is by Lemma D.2.
Moreover, from Lemma D.7, we get

E
[
∥ŷ∗

t+1(xt)− ŷ∗
t (xt)∥2

]
≤ 3E

[
∥ŷ∗

t+1(xt)− y∗
t+1(xt)∥2

]
+ 3E

[
∥y∗

t+1(xt)− y∗
t (xt)∥2

]
+ 3E

[
∥y∗

t (xt)− ŷ∗
t (xt)∥2

]
≤ 3E

[
∥y∗

t+1(xt)− y∗
t (xt)∥2

]
+

6ℓg,1(ρ
2
s + ρ2r)

µg
. (154)

Combining (153) and (154) yields

E
[
∥ŷ∗

t+1(xt+1)− ŷ∗
t (xt)∥2

]
≤ 2

(
L2
yE
[
∥xt − xt+1∥2

]
+ 3E

[
∥y∗

t+1(xt)− y∗
t (xt)∥2

]
+

6ℓg,1(ρ
2
s + ρ2r)

µg

)
. (155)

Substituting (155) into (152) and summing over t ∈ [T ], give the desired result.

D.4. Bounds on the Zeroth-Order System Solution

Lemma D.12. Suppose Assumptions B2. and B3. hold. Then, for the sequence {(xt,yt,vt)}Tt=1 generated by Algorithm 2,
we have

E∥∇̂yft+1(zt+1;Bt+1) + ∇̂2
ygt+1(zt+1; B̄t+1)− ∇̂yft+1(zt;Bt+1)− ∇̂2

ygt+1(zt; B̄t+1)∥2

≤ (12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d2E∥xt+1 − xt∥2 + (12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d2E∥yt+1 − yt∥2

+
9

2
d2ℓ

2
g,1E∥vt+1 − vt∥2 + (3ℓ2f,1 +

3ℓ2g,1
4ρ2v

)d22ρ
2
r,

where ∇̂yft and ∇̂2
ygt are defined in (20a) and (21a), respectively.
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Proof. From Lemma D.6, we have

∥∇̂yft+1(zt+1;Bt+1)− ∇̂yft+1(zt;Bt+1)∥2

≤ 3d2ℓ
2
f,1∥zt+1 − zt∥2 +

3

2
ℓ2f,1d

2
2ρ

2
r

≤ 6d2ℓ
2
f,1∥xt+1 − xt∥2 + 6d2ℓ

2
f,1∥yt+1 − yt∥2 +

3

2
ℓ2f,1d

2
2ρ

2
r. (156)

Moreover, from (21a), we have

∥∇̂2
ygt+1(zt+1; B̄t+1)− ∇̂2

ygt+1(zt; B̄t+1)∥2

=
1

4ρ2v
∥∇̂ygt+1(xt+1,yt+1 + ρvvt+1; B̄t+1)− ∇̂ygt+1(xt,yt − ρvvt; B̄t+1)∥2

≤ 3

4ρ2v
d2ℓ

2
g,1∥(xt+1,yt+1 + ρvvt+1)− (xt,yt − ρvvt)∥2 +

3

8ρ2v
ℓ2g,1d

2
2ρ

2
r

≤ 9

4ρ2v
d2ℓ

2
g,1∥xt+1 − xt∥2 +

9

4ρ2v
d2ℓ

2
g,1∥yt+1 − yt∥2

+
9

4
d2ℓ

2
g,1∥vt+1 − vt∥2 +

3

8ρ2v
ℓ2g,1d

2
2ρ

2
r, (157)

where the first inequality follows from Lemma D.6.

From ∥a+ b∥2 ≤ 2
(
∥a∥2 + ∥b∥2

)
, we get

∥∇̂yft+1(zt+1;Bt+1) + ∇̂2
ygt+1(zt+1; B̄t+1)− ∇̂yft+1(zt;Bt+1)− ∇̂2

ygt+1(zt; B̄t+1)∥2

≤ 2∥∇̂2
ygt+1(zt+1; B̄t+1)− ∇̂2

ygt+1(zt; B̄t+1)∥2

+ 2∥∇̂yft+1(zt+1;Bt+1)− ∇̂yft+1(zt;Bt+1)∥2

≤ (12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d2∥xt+1 − xt∥2 + (12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d2∥yt+1 − yt∥2

+
9

2
d2ℓ

2
g,1∥vt+1 − vt∥2 + (3ℓ2f,1 +

3ℓ2g,1
4ρ2v

)d22ρ
2
r,

where the second inequality follows from (156) and (157).

Lemma D.13. Suppose Assumptions B2., B3., D1., and D3. hold. Consider the sequence {(xt,yt,vt)}Tt=1 generated by
Algorithm 2, and define

eMt+1 := ∇yft+1,ρ(xt+1,yt+1) + ∇̃2
ygt+1(xt+1,yt+1)− d̂v

t+1, where (158)

∇̃2
ygt+1 (xt+1,yt+1) =

1

2ρv
(∇ygt+1,ρ(xt+1,yt+1 + ρvvt+1)

−∇ygt+1,ρ(xt+1,yt+1 − ρvvt+1)). (159)
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Then, we have

E∥eMt+1∥2 ≤ (1− λt+1)
2E∥eMt ∥2 + 36E ∥∇yft+1(xt,yt)−∇yft(xt,yt)∥2

+

(
18d22ℓ

2
f,1 + 6(3ℓ2f,1 +

3ℓ2g,1
4ρ2v

)d22

)
ρ2r + 18d22ℓ

2
g,1

ρ2r
ρ2v

+
18

ρ2v
E∥∇ygt+1(xt,yt + ρvvt)−∇ygt(xt,yt + ρvvt)∥2

+
18

ρ2v
E∥∇ygt+1(xt,yt − ρvvt)−∇ygt(xt,yt − ρvvt)∥2

+ 6(12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d2E∥xt+1 − xt∥2 + 6(12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d2E∥yt+1 − yt∥2

+ 27d2ℓ
2
g,1E∥vt+1 − vt∥2 + 3(

σ̂2
gy

b̄ρ2v
+

σ̂2
fy

b
)λ2

t+1. (160)

Proof. According to the definition of d̂v
t in Algorithm 2, we have

d̂v
t+1 − d̂v

t = −λt+1d̂
v
t + λt+1(∇̂yft+1 (zt+1;Bt+1) + ∇̂2

ygt+1(zt+1; B̄t+1))

+ (1− λt+1)
(
∇̂yft+1 (zt+1;Bt+1) + ∇̂2

ygt+1(zt+1; B̄t+1)

−∇̂yft+1 (zt;Bt+1)− ∇̂2
ygt+1(zt; B̄t+1)

)
.

Then we have

E∥∇yft+1,ρ(zt+1) + ∇̃2
ygt+1(zt+1)− d̂v

t+1∥2

= E∥∇yft+1,ρ(zt+1) + ∇̃2
ygt+1(zt+1)− d̂v

t − (d̂v
t+1 − d̂v

t )∥2

= E∥∇yft+1,ρ(zt+1) + ∇̃2
ygt+1(zt+1)− d̂v

t + λt+1d̂
v
t

− λt+1

(
∇̂yft+1(zt+1;Bt+1) + ∇̂2

ygt+1(zt+1; B̄t+1)
)

− (1− λt+1)
(
∇̂yft+1(zt+1;Bt+1) + ∇̂2

ygt+1(zt+1; B̄t+1)

−∇̂yft+1(zt;Bt+1)− ∇̂2
ygt+1(zt; B̄t+1)

)
∥2

= E∥(1− λt+1)(∇yft,ρ(zt) + ∇̃2
ygt(zt)− d̂v

t )

+ λt+1(∇yft+1,ρ(zt+1) + ∇̃2
ygt+1(zt+1)− ∇̂yft+1(zt+1;Bt+1)− ∇̂2

ygt+1(zt+1; B̄t+1))

+ (1− λt+1)
(
∇yft+1,ρ(zt+1) + ∇̃2

ygt+1(zt+1)−∇yft,ρ(zt)− ∇̃2
ygt(zt)

+∇yft+1,ρ(zt) + ∇̃2
ygt+1(zt)−∇yft+1,ρ(zt)− ∇̃2

ygt+1(zt)

−∇̂yft+1(zt+1;Bt+1)− ∇̂2
ygt+1(zt+1; B̄t+1) + ∇̂yft+1(zt;Bt+1) + ∇̂2

ygt+1(zt; B̄t+1)
)
∥2.

Since

E
[
∇̂yft+1(zt+1;Bt+1) + ∇̂2

ygt+1(zt+1; B̄t+1)
]
= ∇yft+1,ρ(zt+1) + ∇̃2

ygt+1(zt+1),

E
[
∇̂yft+1(zt+1;Bt+1) + ∇̂2

ygt+1(zt+1; B̄t+1)− ∇̂yft+1(zt;Bt+1)− ∇̂2
ygt+1(zt; B̄t+1)

]
= ∇yft+1,ρ(zt+1) + ∇̃2

ygt+1(zt+1)−∇yft+1,ρ(zt)− ∇̃2
ygt+1(zt),

53



2915
2916
2917
2918
2919
2920
2921
2922
2923
2924
2925
2926
2927
2928
2929
2930
2931
2932
2933
2934
2935
2936
2937
2938
2939
2940
2941
2942
2943
2944
2945
2946
2947
2948
2949
2950
2951
2952
2953
2954
2955
2956
2957
2958
2959
2960
2961
2962
2963
2964
2965
2966
2967
2968
2969

Stochastic Regret Guarantees for Online Zeroth- and First-Order Bilevel Optimization

then, we have

E∥∇yft+1,ρ(zt+1) + ∇̃2
ygt+1(zt+1)− d̂v

t+1∥2

= (1− λt+1)
2E∥∇yft,ρ(zt) + ∇̃2

ygt(zt)− d̂v
t ∥2

+ ∥λt+1(∇yft+1,ρ(zt+1) + ∇̃2
ygt+1(zt+1)− ∇̂yft+1(zt+1;Bt+1)− ∇̂2

ygt+1(zt+1; B̄t+1))

+ (1− λt+1)
(
∇yft+1,ρ(zt+1) + ∇̃2

ygt+1(zt+1)−∇yft,ρ(zt)− ∇̃2
ygt(zt)

+∇yft+1,ρ(zt) + ∇̃2
ygt+1(zt)−∇yft+1,ρ(zt)− ∇̃2

ygt+1(zt)

−∇̂yft+1(zt+1;Bt+1)− ∇̂2
ygt+1(zt+1; B̄t+1) + ∇̂yft+1(zt;Bt+1) + ∇̂2

ygt+1(zt; B̄t+1)
)
∥2

≤ (1− λt+1)
2E∥∇yft,ρ(zt) + ∇̃2

ygt(zt)− d̂v
t ∥2

+ 3(1− λt+1)
2E∥∇yft+1,ρ(zt+1) + ∇̃2

ygt+1(zt+1)−∇yft,ρ(zt)− ∇̃2
ygt(zt)

+∇yft+1,ρ(zt) + ∇̃2
ygt+1(zt)−∇yft+1,ρ(zt)− ∇̃2

ygt+1(zt)

− ∇̂yft+1(zt+1;Bt+1)− ∇̂2
ygt+1(zt+1; B̄t+1) + ∇̂yft+1(zt;Bt+1) + ∇̂2

ygt+1(zt; B̄t+1)∥2

+ 3λ2
t+1E∥∇yft+1,ρ(zt+1)− ∇̂yft+1(zt+1;Bt+1)∥2

+ 3λ2
t+1E∥∇̃2

ygt+1(zt+1)− ∇̂2
ygt+1(zt+1; B̄t+1)∥2, (161)

where the second inequality holds by Cauchy-Schwarz inequality.
Note that, for the last term on the right-hand side of (161), from (21a) and (159), we have

∥∇̃2
ygt+1(zt+1)− ∇̂2

ygt+1(zt+1; B̄t+1)∥2

≤ 2∥ 1

2ρv
(∇ygt+1,ρ(xt+1,yt+1 + ρvvt+1)− ∇̂ygt+1(xt+1,yt+1 + ρvvt+1; B̄t+1))∥2

+ 2∥ 1

2ρv
(∇̂ygt+1(xt+1,yt+1 − ρvvt+1; B̄t+1)−∇ygt+1,ρ(xt+1,yt+1 − ρvvt+1))∥2

≤
σ̂2
gy

b̄ρ2v
,

where the last inequality follows from Assumption 4.1.
Then, from E∥a− E[a]∥2 = E∥a∥2 − ∥E[a]∥2 and Assumption 4.1, we have

E∥∇yft+1,ρ(zt+1) + ∇̃2
ygt+1(zt+1)− d̂v

t+1∥2

≤ (1− λt+1)
2E∥∇yft,ρ(zt) + ∇̃2

ygt(zt)− d̂v
t ∥2

+ 6(1− λt+1)
2E∥∇yft+1,ρ(zt) + ∇̃2

ygt+1(zt)−∇yft,ρ(zt)− ∇̃2
ygt(zt)∥2

+ 6(1− λt+1)
2E∥∇̂yft+1(zt+1;Bt+1) + ∇̂2

ygt+1(zt+1; B̄t+1)

− ∇̂yft+1(zt;Bt+1)− ∇̂2
ygt+1(zt; B̄t+1)∥2 + 3λ2

t+1

(
σ̂2
gy

b̄ρ2v
+

σ̂2
fy

b

)
.
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Then, from Young’s inequality and Lemma D.12, we obtain

E∥∇yft+1,ρ(zt+1) + ∇̃2
ygt+1(zt+1)− d̂v

t+1∥2

≤ (1− λt+1)
2E∥∇yft,ρ(zt) + ∇̃2

ygt(zt)− d̂v
t ∥2

+ 12(1− λt+1)
2E∥∇yft+1,ρ(zt)−∇yft,ρ(zt)∥2

+ 12(1− λt+1)
2E∥∇̃2

ygt+1(zt)− ∇̃2
ygt(zt)∥2

+ 6(12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d2∥xt+1 − xt∥2 + 6(12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d2∥yt+1 − yt∥2

+ 27d2ℓ
2
g,1∥vt+1 − vt∥2 + 6(3ℓ2f,1 +

3ℓ2g,1
4ρ2v

)d22ρ
2
r + 3λ2

t+1(
σ̂2
gy

b̄ρ2v
+

σ̂2
fy

b
), (162)

For the third term on the right-hand side of (162), based on (159), we have

∥∇̃2
ygt+1(xt,yt)− ∇̃2

ygt(xt,yt)∥2

≤ 1

2ρ2v
∥∇ygt+1,ρ(xt,yt + ρvvt)−∇ygt,ρ(xt,yt + ρvvt)∥2 (163a)

+
1

2ρ2v
∥∇ygt,ρ(xt,yt − ρvvt)−∇ygt+1,ρ(xt,yt − ρvvt)∥2. (163b)

For (163a), we get

∥∇ygt+1,ρ(xt,yt + ρvvt)−∇ygt,ρ(xt,yt + ρvvt)∥2

≤ 3∥∇ygt+1,ρ(xt,yt + ρvvt)−∇ygt+1(xt,yt + ρvvt)∥2

+ 3∥∇ygt+1(xt,yt + ρvvt)−∇ygt(xt,yt + ρvvt)∥2

+ 3∥∇ygt(xt,yt + ρvvt)−∇ygt,ρ(xt,yt + ρvvt)∥2

≤ 3∥∇ygt(xt,yt + ρvvt)−∇ygt+1(xt,yt + ρvvt)∥2 +
3ρ2rd

2
2ℓ

2
g,1

2
,

where the last inequality follows from Eq. (131).
Similary, for (163b), we have

∥∇ygt,ρ(xt,yt − ρvvt)−∇ygt+1,ρ(xt,yt − ρvvt)∥2

≤ 3∥∇ygt(xt,yt − ρvvt)−∇ygt+1(xt,yt − ρvvt)∥2 +
3ρ2rd

2
2ℓ

2
g,1

2
.

Substituting the above inequalities in (163), we have

∥∇̃2
ygt+1(xt,yt)− ∇̃2

ygt(xt,yt)∥2 ≤ 3

2ρ2v
∥∇ygt(xt,yt + ρvvt)−∇ygt+1(xt,yt + ρvvt)∥2

+
3

2ρ2v
∥∇ygt(xt,yt − ρvvt)−∇ygt+1(xt,yt − ρvvt)∥2 +

3ρ2rd
2
2ℓ

2
g,1

2ρ2v
. (164)

For the second term on the right-hand side of (162), we have

∥∇yft+1,ρ(xt,yt)−∇yft,ρ(xt,yt)∥2

≤ 3∥∇yft+1,ρ(xt,yt)−∇yft+1(xt,yt)∥2

+ 3∥∇yft+1(xt,yt)−∇yft(xt,yt)∥2

+ 3∥∇yft(xt,yt)−∇yft,ρ(xt,yt)∥2

≤ 3∥∇yft(xt,yt)−∇yft+1(xt,yt)∥2 +
3ρ2rd

2
2ℓ

2
f,1

2
, (165)

where the last inequality follows from Eq. (133).
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From (164), (165) and (162), we get

E∥∇yft+1,ρ(zt+1) + ∇̃2
ygt+1(zt+1)− d̂v

t+1∥2

≤ (1− λt+1)
2E∥∇yft,ρ(zt) + ∇̃2

ygt(zt)− d̂v
t ∥2

+ 36∥∇yft(xt,yt)−∇yft+1(xt,yt)∥2 + 18ρ2rd
2
2ℓ

2
f,1

+
18

ρ2v
∥∇ygt(xt,yt + ρvvt)−∇ygt+1(xt,yt + ρvvt)∥2

+
18

ρ2v
∥∇ygt(xt,yt − ρvvt)−∇ygt+1(xt,yt − ρvvt)∥2 +

18ρ2rd
2
2ℓ

2
g,1

ρ2v

+ 6(12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d2∥xt+1 − xt∥2 + 6(12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d2∥yt+1 − yt∥2

+ 27d2ℓ
2
g,1∥vt+1 − vt∥2 + 6(3ℓ2f,1 +

3ℓ2g,1
4ρ2v

)d22ρ
2
r + 3λ2

t+1(
σ̂2
gy

b̄ρ2v
+

σ̂2
fy

b
).

Lemma D.14. Suppose Assumptions B3. and B4. hold. Let

eHt := ∇̃2
ygt (xt,yt)−∇2

ygt,ρ (xt,yt)vt, (166a)

eJt := ∇̃2
xygt (xt,yt)−∇2

xygt,ρ (xt,yt)vt, (166b)

where

∇̃2
ygt (xt,yt) =

1

2ρv
(∇ygt,ρ(xt,yt + ρvvt)−∇ygt,ρ(xt,yt − ρvvt)),

∇̃2
xygt (xt,yt) =

1

2ρv
(∇xgt,ρ(xt,yt + ρvvt)−∇xgt,ρ(xt,yt − ρvvt)).

Then, for (xt,yt,vt) presented to Algorithm 2, we have

(a)

E
[∥∥eHt ∥∥2] ≤ ℓ2g,2ρ

2
vp

4. (167a)

(b)

E
[∥∥eJt ∥∥2] ≤ ℓ2g,2ρ

2
vp

4. (167b)

Proof. For part (a): From Lemma D.1, We have

E
[∥∥eHt ∥∥] = E

[∥∥∥∇̃2
ygt (xt,yt)−∇2

ygt,ρ (xt,yt)vt

∥∥∥]
≤ 1

2ρv
E
[∥∥∇ygt,ρ(xt,yt + ρvvt)−∇ygt,ρ(xt,yt)−∇2

ygt,ρ (xt,yt) ρvvt

∥∥]
+

1

2ρv
E
[∥∥∇ygt,ρ(xt,yt)−∇ygt,ρ(xt,yt − ρvvt)−∇2

ygt,ρ (xt,yt) ρvvt

∥∥]
≤ ℓg,2ρvE

[
∥vt∥2

]
≤ ℓg,2ρvp

2, (168)

where the last inequality follows from (8).
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For part (b): From Lemma D.1, We have

E
[∥∥eJt ∥∥] = E

[∥∥∥∇̃2
xygt (xt,yt)−∇2

xygt,ρ (xt,yt)vt

∥∥∥]
≤ 1

2ρv
E
[∥∥∇xgt,ρ(xt,yt + ρvvt)−∇xgt,ρ(xt,yt)−∇2

xygt,ρ (xt,yt) ρvvt

∥∥]
+

1

2ρv
E [∥∇xgt,ρ(xt,yt)−∇xgt,ρ(xt,yt − ρvvt)−∇xygt,ρ (xt,yt) ρvvt∥]

≤ ℓg,2ρvE
[
∥vt∥2

]
≤ ℓg,2ρvp

2, (169)

where the last inequality follows from (8).

Lemma D.15. Suppose Assumptions B2., B3. and B4. hold. Then, for directions d̂v
t and d̂x

t presented to Algorithm 2, and

(a) dv
t,ρ defined in (120b), we have

E
[∥∥∥d̂v

t − dv
t,ρ

∥∥∥2] ≤ 2E
[∥∥eMt ∥∥2]+ 2ℓ2g,2ρ

2
vp

4 := Bt, (170a)

where eMt := d̂v
t −∇yft,ρ(xt,yt)− ∇̃2

ygt (xt,yt), with ∇̃2
ygt(xt,yt) is defined in (171).

(b) dx
t,ρ defined in (120c), we have

E
[∥∥∥d̂x

t − dx
t,ρ

∥∥∥2] ≤ 2E
[∥∥eLt ∥∥2]+ 2ℓ2g,2ρ

2
vp

4, (170b)

where eLt := d̂x
t −∇xft,ρ(xt,yt)− ∇̃2

xygt (xt,yt) with ∇̃2
xygt (xt,yt) is defined in (176).

Proof. For part (a): Let

∇̃2
ygt (xt,yt) =

1

2ρv
(∇ygt,ρ(xt,yt + ρvvt)−∇ygt,ρ(xt,yt − ρvvt)). (171)

According to the definition of dv
t,ρ in (120b), we have

E
[∥∥∥d̂v

t − dv
t,ρ

∥∥∥2] = E
[∥∥∥d̂v

t −∇yft,ρ(xt,yt)−∇2
ygt,ρ (xt,yt)v

∥∥∥2]
≤ 2E

[∥∥∥d̂v
t −∇yft,ρ(xt,yt)− ∇̃2

ygt (xt,yt)
∥∥∥2] (172a)

+ 2E
[∥∥∥∇̃2

ygt (xt,yt)−∇2
ygt,ρ (xt,yt)v

∥∥∥2] . (172b)

Next, we separately bound (172a)–(172b) on the RHS of the above inequality.
Bounding (172a) . We have

2E
[∥∥∥d̂v

t −∇yft,ρ(xt,yt)− ∇̃2
ygt (xt,yt)

∥∥∥2] := 2E
[∥∥eMt ∥∥2] . (173)

Bounding (172b) . From Lemmas D.1 and D.14, we have

(172b) = E
[∥∥eHt ∥∥2] ≤ 3ℓ2g,2ρ

2
vp

4. (174)
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Combining (173)-(174) yields

E
[∥∥∥d̂v

t − dv
t,ρ

∥∥∥2] ≤ 2E
[∥∥eMt ∥∥2]+ 2ℓ2g,2ρ

2
vp

4. (175)

For part (b): Let

∇̃2
xygt (xt,yt) =

1

2ρv
(∇xgt,ρ(xt,yt + ρvvt)−∇xgt,ρ(xt,yt − ρvvt)). (176)

According to the definition of dx
t,ρ in (120c), we have

E
[∥∥∥d̂x

t − dx
t,ρ

∥∥∥2] = E
[∥∥∥d̂x

t −∇xft,ρ(xt,yt)−∇2
xygt,ρ (xt,yt)v

∥∥∥2]
≤ 2E

[∥∥∥d̂x
t −∇xft,ρ(xt,yt)− ∇̃2

xygt (xt,yt)
∥∥∥2] (177a)

+ 2E
[∥∥∥∇̃2

xygt (xt,yt)−∇2
xygt,ρ (xt,yt)vt

∥∥∥2] . (177b)

Next, we separately bound (177a)–(177b) on the RHS of the above inequality.
Bounding (177a) . We have

2E
[∥∥∥d̂x

t −∇xft,ρ(xt,yt)− ∇̃2
xygt (xt,yt)

∥∥∥2] := 2E
[∥∥eLt ∥∥2] . (178)

Bounding (177b) . From Lemmas D.1 and D.14, we have

(177b) = E
[∥∥eJt ∥∥2] ≤ 2ℓ2g,2ρ

2
vp

4. (179)

Combining (178)–(179) yields

E
[∥∥∥d̂x

t − dx
t,ρ

∥∥∥2] ≤ 2E
[∥∥eLt ∥∥2]+ 2ℓ2g,2ρ

2
vp

4.

Lemma D.16. Suppose Assumptions 3.2, B1. and B3. hold. Set the step size δt and the parameter p in (8), as

δt ≤

(
2 +

1

ℓ2g,1

)
µgℓg,1

µg + ℓg,1
, ∀t ∈ [T ], and p =

ℓf,0
µg

. (180)

Then, for the sequence {(xt,yt,vt)}Tt=1 generated by Algorithm 2, we have

E
[
∥vt+1 − v̂∗

t (xt)∥2
]
≤ (1 + á)

(
1− δt

µgℓg,1
µg + ℓg,1

)
E[θ̂vt ] +

(
1 +

1

á

)
δ2tBt,

for some á > 0, where θ̂vt and Bt are defined in Eq. (146) and Lemma D.15, respectively.
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Proof. By setting the radius p :=
ℓf,0
µg

in (8), we have

E
[
∥vt+1 − v̂∗

t (xt)∥2
]
= E

[∥∥∥ΠZp

[
vt − δtd̂

v
t

]
−ΠZp

[v̂∗
t (xt)]

∥∥∥2]
≤ E

[
∥vt − δtd̂

v
t − v̂∗

t (xt)∥2
]

≤ (1 + á)E
[
∥vt − δtd

v
t,ρ(xt,yt,vt)− v̂∗

t (xt)∥2
]︸ ︷︷ ︸

It

+

(
1 +

1

á

)
δ2t E

[
∥d̂v

t − dv
t,ρ(xt,yt,vt)∥2

]
︸ ︷︷ ︸

Kt

, (181)

where dv
t,ρ(xt,yt,vt) is defined in (120b); the first inequality follows from non-expansiveness property of a projection

operator.

We next bound the It, and Kt terms in (181), respectively.

Bounding It . We have

It = E
[
∥vt − v̂∗

t (xt)∥2
]
− 2δtE

[
⟨dv

t,ρ(xt,yt,vt),vt − v̂∗
t (xt)⟩

]
+ δ2tE

[
∥dv

t,ρ(xt,yt,vt)∥2
]

≤
(
1− 2δt

µgℓg,1
µg + ℓg,1

)
E
[
∥vt − v̂∗

t (xt)∥2
]

−
(
2δt

µgℓg,1
µg + ℓg,1

− δ2t

)
E
[
∥dv

t,ρ(xt,yt,vt)∥2
]
,

where the inequality holds since dv
t,ρ in (120) is the gradient of the strongly convex quadratic program 1

2v
⊤∇2

ygt,ρ (x,y)v+

v⊤∇yft,ρ(x,y).

Thus, we have

E
[
⟨dv

t,ρ(xt,yt,vt),vt − v̂∗
t (xt)⟩

]
≥ µgℓg,1

µg + ℓg,1
E
[
∥vt − v̂∗

t (xt)∥2
]
+

1

µg + ℓg,1
E
[
∥dv

t,ρ(xt,yt,vt)∥2
]
.

Since δt ≤
(
2 + 1

ℓ2g,1

)
µgℓg,1
µg+ℓg,1

, then we have

It ≤
(
1− 2δt

µgℓg,1
µg + ℓg,1

)
E
[
∥vt − v̂∗

t (xt)∥2
]
+

1

ℓ2g,1

(
µgℓg,1

µg + ℓg,1
δt

)
E
[
∥dv

t,ρ(xt,yt,vt)∥2
]

≤
(
1− δt

µgℓg,1
µg + ℓg,1

)
E
[
∥vt − v̂∗

t (xt)∥2
]
, (182)

where the second inequality holds since from (119b), we have

E
[
∥dv

t,ρ(xt,yt,vt)∥2
]
= E

[
∥∇yft,ρ(x,y) +∇2

ygt,ρ (x,y)v∥2
]

= E
[
∥∇2

ygt,ρ (x,y) (v − v̂∗
t (xt))∥2

]
≤ ℓ2g,1E

[
∥vt − v̂∗

t (xt)∥2
]
.

Bounding Kt . Let

∇̃2
ygt (xt,yt) =

1

2ρv
(∇ygt,ρ(xt,yt + ρvvt)−∇ygt,ρ(xt,yt − ρvvt)) .

From Lemma D.15, we have

Kt = E
[
∥d̂v

t − dv
t,ρ(xt,yt,vt)∥2

]
≤ Bt. (183)
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Putting (182), and (183) together with Eq. (181) yields the desired result.

E
[
∥vt+1 − v̂∗

t (xt)∥2
]
≤ (1 + á)

(
1− δt

µgℓg,1
µg + ℓg,1

)
E
[
∥vt − v̂∗

t (xt)∥2
]
+

(
1 +

1

á

)
δ2tBt.

Lemma D.17. Suppose Assumptions 3.2 and 3.3 hold. Let θ̂vt be defined in (146). Set the parameter p in (8) as p =
ℓf,0
µg

.
Then, for any positive choice of step sizes satisfying

δt ≤

(
2 +

1

ℓ2g,1

)
µgℓg,1

µg + ℓg,1
,

the sequence {(xt,yt,vt)}Tt=1 generated by Algorithm 2 guarantees the following bound:

T∑
t=1

(
E[θ̂vt+1]− E[θ̂vt ]

)
≤

T∑
t=1

(
−
Lµg

4
E[θ̂vt ] +

4

Lµg

Bt

)
δt

+
16ν2

Lµg
µ2
g

(2L2
y + 1)

T∑
t=1

E ∥xt+1 − xt∥2
1

δt

+

T∑
t=1

(
96ℓg,1ν

2

Lµgµ
3
g

(ρ2s + ρ2r) +
48ν2

Lµgµ
2
g

sup
x∈X

∥y∗
t−1(x)− y∗

t (x)∥2
)

1

δt
, (184)

where Bt and ν are defined in Lemmas D.15 and C.7, respectively.

Proof. From Lemma B.5, we have, for any ć > 0

E
[∥∥vt+1 − v̂∗

t+1(xt+1)
∥∥2] = E

[∥∥vt+1 − v̂∗
t (xt) + v̂∗

t (xt)− v̂∗
t+1(xt+1)

∥∥2]
≤ (1 + ć)E

[
∥vt+1 − v̂∗

t (xt)∥2
]

+

(
1 +

1

ć

)
E
[∥∥v̂∗

t+1(xt+1)− v̂∗
t (xt)

∥∥2] . (185)

From Lemma D.16, we have, for any á > 0

E
[
∥vt+1 − v̂∗

t (xt)∥2
]
≤ (1 + á)

(
1− δt

µgℓg,1
µg + ℓg,1

)
θ̂vt +

(
1 +

1

á

)
δ2tBt. (186)

Substituting (186) into (185), we get

E
[∥∥vt+1 − v̂∗

t+1(xt+1)
∥∥2] ≤ (1 + ć) (1 + á)

(
1− δt

µgℓg,1
µg + ℓg,1

)
θ̂vt

+ (1 + ć)

(
1 +

1

á

)
δ2tBt

+

(
1 +

1

ć

)
E
[∥∥v̂∗

t+1(xt+1)− v̂∗
t (xt)

∥∥2] . (187)
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Choose ć =
δtLµg/4

1−
δtLµg

2

and á =
δtLµg/2

1−δtLµg
. Then, the following equations and inequalities are satisfied.

(1 + ć) (1 + á)
(
1− δtLµg

)
= 1−

δtLµg

4
,

(1 + ć)

(
1 +

1

á

)
≤ 4

δtLµg

,

1 +
1

á
≤ 2

δtLµg

, 1 +
1

ć
≤ 4

δtLµg

,

(188)

where Lµg =
µgℓg,1
µg+ℓg,1

.

Thus, we have

E
[∥∥vt+1 − v̂∗

t+1(xt+1)
∥∥2] ≤ (1− δtLµg

4

)
θ̂vt +

4

Lµg

δtBt

+
4

Lµg

1

δt
E
[∥∥v̂∗

t+1(xt+1)− v̂∗
t (xt)

∥∥2] . (189)

We now bound the last term on the right-hand side of (189). By Lemma C.7, we have:∥∥v̂∗
t+1(xt+1)− v̂∗

t (xt)
∥∥2

≤ 2
ν2

µ2
g

(∥∥ŷ∗
t+1(xt+1)− ŷ∗

t (xt)∥2 + ∥xt+1 − xt

∥∥2)
≤ 2

ν2

µ2
g

(
2
∥∥ŷ∗

t+1(xt+1)− ŷ∗
t+1(xt)

∥∥2
+2
∥∥ŷ∗

t+1(xt)− ŷ∗
t (xt)

∥∥2 + ∥xt+1 − xt∥2
)

≤ 2
ν2

µ2
g

(
2L2

y ∥xt+1 − xt∥2 + 2
∥∥ŷ∗

t+1(xt)− ŷ∗
t (xt)

∥∥2 + ∥xt+1 − xt∥2
)
, (190)

where the last inequality follows from Lemma D.2.
From (154), we have

∥ŷ∗
t+1(xt)− ŷ∗

t (xt)∥2 ≤ 3∥ŷ∗
t+1(xt)− y∗

t+1(xt)∥2

+ 3∥y∗
t+1(xt)− y∗

t (xt)∥2 + 3∥y∗
t (xt)− ŷ∗

t (xt)∥2

≤ 3∥y∗
t+1(xt)− y∗

t (xt)∥2 +
6ℓg,1(ρ

2
s + ρ2r)

µg
. (191)

Plugging (191) into (190), we get∥∥v̂∗
t+1(xt+1)− v̂∗

t (xt)
∥∥2

≤ 4
ν2

µ2
g

(2L2
y + 1) ∥xt+1 − xt∥2

+ 4
ν2

µ2
g

(
3∥y∗

t+1(xt)− y∗
t (xt)∥2 +

6ℓg,1(ρ
2
s + ρ2r)

µg

)
. (192)

Then, substituting (192) into (189), rearranging the resulting inequality and summing over t ∈ [T ], we obtain the desired
result.
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D.5. Bounds on the Zeroth-Order Objective Function and its Projected Gradients

Lemma D.18. Suppose Assumptions B2., B3. hold. Then, for the sequence {(xt,yt,vt)}Tt=1 generated by Algorithm 2, we
have

∥∇̂xft+1(zt+1;Bt+1) + ∇̂2
xygt+1(zt+1; B̄t+1)− ∇̂xft+1(zt;Bt+1)− ∇̂2

xygt+1(zt; B̄t+1)∥2

≤ (12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d1∥xt+1 − xt∥2 + (12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d1∥yt+1 − yt∥2

+
9

2
d1ℓ

2
g,1∥vt+1 − vt∥2 + (3ℓ2f,1 +

3ℓ2g,1
4ρ2v

)d21ρ
2
s ,

where ∇̂xft+1 and ∇̂2
xygt+1 are defined in (20b) and (21b), respectively.

Proof. From Lemma D.6, we have

∥∇̂xft+1(zt+1;Bt+1)− ∇̂xft+1(zt;Bt+1)∥2

≤ 3d1ℓ
2
g,1∥zt+1 − zt∥2 +

3

2
ℓ2f,1d

2
1ρ

2
s

≤ 6d1ℓ
2
f,1∥xt+1 − xt∥2 + 6d1ℓ

2
f,1∥yt+1 − yt∥2 +

3

2
ℓ2f,1d

2
1ρ

2
s . (193)

Moreover, from (21a), we have

∥∇̂2
yygt+1(zt+1; B̄t+1)− ∇̂2

yygt+1(zt; B̄t+1)∥2

=
1

4ρ2v
∥∇̂xgt+1(xt+1,yt+1 + ρvvt+1; B̄t+1)− ∇̂xgt+1(xt,yt − ρvvt; B̄t+1)∥2

≤ 3

4ρ2v
d1ℓ

2
g,1∥(xt+1,yt+1 + ρvvt+1)− (xt,yt − ρvvt)∥2 +

3

8ρ2v
ℓ2g,1d

2
1ρ

2
s

≤ 9

4ρ2v
d1ℓ

2
g,1∥xt+1 − xt∥2 +

9

4ρ2v
d1ℓ

2
g,1∥yt+1 − yt∥2

+
9

4
d1ℓ

2
g,1∥vt+1 − vt∥2 +

3

8ρ2v
ℓ2g,1d

2
1ρ

2
s , (194)

where the first inequality follows from Lemma D.6.

From ∥a+ b∥2 ≤ 2
(
∥a∥2 + ∥b∥2

)
, we get

∥∇̂xft+1(zt+1;Bt+1) + ∇̂2
xygt+1(zt+1; B̄t+1)− ∇̂xft+1(zt;Bt+1)− ∇̂2

xygt+1(zt; B̄t+1)∥2

≤ 2∥∇̂2
xygt+1(zt+1; B̄t+1)− ∇̂2

xygt+1(zt; B̄t+1)∥2

+ 2∥∇̂xft+1(zt+1;Bt+1)− ∇̂xft+1(zt;Bt+1)∥2

≤ (12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d1∥xt+1 − xt∥2 + (12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d1∥yt+1 − yt∥2

+
9

2
d1ℓ

2
g,1∥vt+1 − vt∥2 + (3ℓ2f,1 +

3ℓ2g,1
4ρ2v

)d21ρ
2
s ,

where the second inequality follows from (193) and (194).

Lemma D.19. Suppose Assumptions B2., B3., D2., and D4. hold. Consider the sequence {(xt,yt,vt)}Tt=1 generated by
Algorithm 2, and define

eLt := ∇xft,ρ(xt,yt) + ∇̃2
xygt(xt,yt)− d̂x

t , where (195)

∇̃2
xygt (xt,yt) =

1

2ρv
(∇xgt,ρ(xt,yt + ρvvt)−∇xgt,ρ(xt,yt − ρvvt)). (196)
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Then, we have

E∥eLt+1∥2 ≤ (1− ηt+1)
2E∥eLt ∥2 + 36E ∥∇xft+1(xt,yt)−∇xft(xt,yt)∥2

+

(
18d21ℓ

2
f,1 + 6(3ℓ2f,1 +

3ℓ2g,1
4ρ2v

)d21

)
ρ2s + 18d21ℓ

2
g,1

ρ2s
ρ2v

+
18

ρ2v
E∥∇xgt+1(xt,yt + ρvvt)−∇xgt(xt,yt + ρvvt)∥2

+
18

ρ2v
E∥∇xgt+1(xt,yt − ρvvt)−∇xgt(xt,yt − ρvvt)∥2

+ 6(12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d1E∥xt+1 − xt∥2 + 6(12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d1E∥yt+1 − yt∥2

+ 27d1ℓ
2
g,1E∥vt+1 − vt∥2 + 3(

σ̂2
gx

b̄ρ2v
+

σ̂2
fx

b
)η2t+1. (197)

Proof. According to the definition of d̂x
t in Algorithm 2, we have

d̂x
t+1 − d̂x

t = −ηt+1d̂
x
t + ηt+1(∇̂xft+1(zt+1;Bt+1) + ∇̂2

xygt+1(zt+1; B̄t+1))

+ (1− ηt+1)
(
∇̂xft+1(zt+1;Bt+1) + ∇̂2

xygt+1(zt+1; B̄t+1)

−∇̂xft+1(zt;Bt+1)− ∇̂2
xygt+1(zt; B̄t+1)

)
.

Then, we have

E∥∇xft+1,ρ(zt+1) + ∇̃2
xygt+1(zt+1)− d̂x

t+1∥2

= E∥∇xft+1,ρ(zt+1) + ∇̃2
xygt+1(zt+1)− d̂x

t − (d̂x
t+1 − d̂x

t )∥2

= E∥∇xft+1,ρ(zt+1) + ∇̃2
xygt+1(zt+1)− d̂x

t + ηt+1d̂
x
t

− ηt+1(∇̂xft+1(zt+1;Bt+1) + ∇̂2
xygt+1(zt+1; B̄t+1))

− (1− ηt+1)
(
∇̂xft+1(zt+1;Bt+1) + ∇̂2

xygt+1(zt+1; B̄t+1)

−∇̂xft+1(zt;Bt+1)− ∇̂2
xygt+1(zt; B̄t+1)

)
∥2

= E∥(1− ηt+1)(∇xft,ρ(zt) + ∇̃2
xygt(zt)− d̂x

t )

+ ηt+1(∇xft+1,ρ(zt+1) + ∇̃2
xygt+1(zt+1)− ∇̂xft+1(zt+1;Bt+1)− ∇̂2

xygt+1(zt+1; B̄t+1))

+ (1− ηt+1)
(
∇xft+1,ρ(zt+1) + ∇̃2

xygt+1(zt+1)−∇xft,ρ(zt)− ∇̃2
xygt(zt)

+∇xft+1,ρ(zt) + ∇̃2
xygt+1(zt)−∇xft+1,ρ(zt)− ∇̃2

xygt+1(zt)

−∇̂xft+1(zt+1;Bt+1)− ∇̂2
xygt+1(zt+1; B̄t+1) + ∇̂xft+1(zt;Bt+1) + ∇̂2

xygt+1(zt; B̄t+1)
)
∥2.

Since

E
[
∇̂xft+1(zt+1;Bt+1) + ∇̂2

xygt+1(zt+1; B̄t+1)
]
= ∇xft+1,ρ(zt+1) + ∇̃2

xygt+1(zt+1),

E
[
∇̂xft+1(zt+1;Bt+1) + ∇̂2

xygt+1(zt+1; B̄t+1)− ∇̂xft+1(zt;Bt+1)− ∇̂2
xygt+1(zt; B̄t+1)

]
= ∇xft+1,ρ(zt+1) + ∇̃2

xygt+1(zt+1)−∇xft+1,ρ(zt)− ∇̃2
xygt+1(zt),
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then, we have

E∥∇xft+1,ρ(zt+1) + ∇̃2
xygt+1(zt+1)− d̂x

t+1∥2

= (1− ηt+1)
2E∥∇xft,ρ(zt) + ∇̃2

xygt(zt)− d̂x
t ∥2

+ ∥ηt+1(∇xft+1,ρ(zt+1) + ∇̃2
xygt+1(zt+1)− ∇̂xft+1(zt+1;Bt+1)− ∇̂2

xygt+1(zt+1; B̄t+1))

+ (1− ηt+1)
(
∇xft+1,ρ(zt+1) + ∇̃2

xygt+1(zt+1)−∇xft,ρ(zt)− ∇̃2
xygt(zt)

+∇xft+1,ρ(zt) + ∇̃2
xygt+1(zt)−∇xft+1,ρ(zt)− ∇̃2

xygt+1(zt)

−∇̂xft+1(zt+1;Bt+1)− ∇̂2
xygt+1(zt+1; B̄t+1) + ∇̂xft+1(zt;Bt+1) + ∇̂2

xygt+1(zt; B̄t+1)
)
∥2

≤ (1− ηt+1)
2E∥∇xft,ρ(zt) + ∇̃2

xygt(zt)− d̂x
t ∥2

+ 3(1− ηt+1)
2E∥∇xft+1,ρ(zt+1) + ∇̃2

xygt+1(zt+1)−∇xft,ρ(zt)− ∇̃2
xygt(zt)

+∇xft+1,ρ(zt) + ∇̃2
xygt+1(zt)−∇xft+1,ρ(zt)− ∇̃2

xygt+1(zt)

− ∇̂xft+1(zt+1;Bt+1)− ∇̂2
xygt+1(zt+1; B̄t+1) + ∇̂xft+1(zt;Bt+1) + ∇̂2

xygt+1(zt; B̄t+1)∥2

+ 3η2t+1E∥∇xft+1,ρ(zt+1)− ∇̂xft+1(zt+1;Bt+1)∥2

+ 3η2t+1E∥∇̃2
xygt+1(zt+1)− ∇̂2

xygt+1(zt+1; B̄t+1)∥2, (198)

where the second inequality holds by Cauchy-Schwarz inequality.
Note that for the last term on the right-hand side of (198), using (196) and (21b), we have

∥∇̃2
xygt+1(zt+1)− ∇̂2

xygt+1(zt+1; B̄t+1)∥2

≤ 2∥ 1

2ρv
(∇xgt+1,ρ(xt+1,yt+1 + ρvvt+1)− ∇̂xgt+1(xt+1,yt+1 + ρvvt+1; B̄t+1))∥2

+ 2∥ 1

2ρv
(∇̂xgt+1(xt+1,yt+1 − ρvvt+1; B̄t+1)−∇xgt+1,ρ(xt+1,yt+1 − ρvvt+1))∥2

≤
σ̂2
gx

b̄ρ2v
,

where the last inequality follows from Assumption 4.1.
Then, from E∥a− E[a]∥2 = E∥a∥2 − ∥E[a]∥2 and Assumption 4.1, we have

E∥∇xft+1,ρ(zt+1) + ∇̃2
xygt+1(zt+1)− d̂x

t+1∥2

≤ (1− ηt+1)
2E∥∇xft,ρ(zt) + ∇̃2

xygt(zt)− d̂x
t ∥2

+ 6(1− ηt+1)
2E∥∇xft+1,ρ(zt) + ∇̃2

xygt+1(zt)−∇xft,ρ(zt)− ∇̃2
xygt(zt)∥2

+ 6(1− ηt+1)
2E∥∇̂xft+1(zt+1;Bt+1) + ∇̂2

xygt+1(zt+1; B̄t+1)

+ ∇̂xft+1(zt;Bt+1) + ∇̂2
xygt+1(zt; B̄t+1)∥2 + 3η2t+1(

σ̂2
gx

b̄ρ2v
+

σ̂2
fx

b
), (199)

Then, from Young’s inequality and Lemma D.18, we have

E∥∇xft+1,ρ(zt+1) + ∇̃2
xygt+1(zt+1)− d̂x

t+1∥2

≤ (1− ηt+1)
2E∥∇xft,ρ(zt) + ∇̃2

xygt(zt)− d̂x
t ∥2

+ 12(1− ηt+1)
2E∥∇xft+1,ρ(zt)−∇xft,ρ(zt)∥2 + 12(1− ηt+1)

2E∥∇̃2
xygt+1(zt)− ∇̃2

xygt(zt)∥2

+ 6(12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d1∥xt+1 − xt∥2 + 6(12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d1∥yt+1 − yt∥2

+ 27d1ℓ
2
g,1∥vt+1 − vt∥2 + 6(3ℓ2f,1 +

3ℓ2g,1
4ρ2v

)d21ρ
2
s + 3η2t+1(

σ̂2
gx

b̄ρ2v
+

σ̂2
fx

b
). (200)
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For the third term on the right-hand side of (199), we have

∥∇̃2
xygt+1(xt,yt)− ∇̃2

xygt(xt,yt)∥2

≤ 1

2ρ2v
∥∇xgt+1,ρ(xt,yt + ρvvt)−∇xgt,ρ(xt,yt + ρvvt)∥2 (201a)

+
1

2ρ2v
∥∇xgt,ρ(xt,yt − ρvvt)−∇xgt+1,ρ(xt,yt − ρvvt)∥2. (201b)

For (201a), we get

∥∇xgt+1,ρ(xt,yt + ρvvt)−∇xgt,ρ(xt,yt + ρvvt)∥2

≤ 3∥∇xgt+1,ρ(xt,yt + ρvvt)−∇xgt+1(xt,yt + ρvvt)∥2

+ 3∥∇xgt+1(xt,yt + ρvvt)−∇xgt(xt,yt + ρvvt)∥2

+ 3∥∇xgt(xt,yt + ρvvt)−∇xgt,ρ(xt,yt + ρvvt)∥2

≤ 3∥∇xgt(xt,yt + ρvvt)−∇xgt+1(xt,yt + ρvvt)∥2 +
3ρ2sd

2
1ℓ

2
g,1

2
,

where the last inequality follows from Lemma 131.
Similary, for (163b), we have

∥∇xgt,ρ(xt,yt − ρvvt)−∇xgt+1,ρ(xt,yt − ρvvt)∥2

≤ 3∥∇xgt(xt,yt − ρvvt)−∇xgt+1(xt,yt − ρvvt)∥+
3ρ2sd

2
1ℓ

2
g,1

2
.

Substituting these inequalities in (201), we have

∥∇̃2
xygt+1(xt,yt)− ∇̃2

xygt(xt,yt)∥2

≤ 3

2ρ2v
∥∇xgt(xt,yt + ρvvt)−∇xgt+1(xt,yt + ρvvt)∥2

+
3

2ρ2v
∥∇xgt(xt,yt − ρvvt)−∇xgt+1(xt,yt − ρvvt)∥2 +

3ρ2sd
2
1ℓ

2
g,1

2ρ2v
. (202)

For the second term on the right-hand side of (199), we have

∥∇xft+1,ρ(xt,yt)−∇xft,ρ(xt,yt)∥2

≤ 3∥∇xft+1,ρ(xt,yt)−∇xft+1(xt,yt)∥2

+ 3∥∇xft+1(xt,yt)−∇xft(xt,yt)∥2

+ 3∥∇xft(xt,yt)−∇xft,ρ(xt,yt)∥2

≤ 3∥∇xft(xt,yt)−∇xft+1(xt,yt)∥2 +
3ρ2sd

2
1ℓ

2
f,1

2
, (203)

where the last inequality follows from Eq. (133).
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From (202), (203) and (200), we get

E∥∇xft+1,ρ(zt+1) + ∇̃2
xygt+1(zt+1)− d̂x

t+1∥2

≤ (1− ηt+1)
2E∥∇xft,ρ(zt) + ∇̃2

xygt(zt)− d̂x
t ∥2

+ 36E∥∇xft(xt,yt)−∇xft+1(xt,yt)∥2 + 18ρ2sd
2
1ℓ

2
f,1

+
18

ρ2v
E∥∇xgt(xt,yt + ρvvt)−∇xgt+1(xt,yt + ρvvt)∥2

+
18

ρ2v
E∥∇xgt(xt,yt − ρvvt)−∇xgt+1(xt,yt − ρvvt)∥2 +

18ρ2sd
2
1ℓ

2
g,1

ρ2v

+ 6(12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d1E∥xt+1 − xt∥2 + 6(12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d1E∥yt+1 − yt∥2

+ 27d1ℓ
2
g,1E∥vt+1 − vt∥2 + 6(3ℓ2f,1 +

3ℓ2g,1
4ρ2v

)d21ρ
2
s + 3η2t+1(

σ̂2
gx

b̄ρ2v
+

σ̂2
fx

b
).

Lemma D.20. Suppose Assumptions 3.2, B2., B3., and 3.4 hold. Then, for the sequence of functions {ft,ρ}Tt=1 defined in
Eq. (17), we have

T∑
t=1

(ft,ρ(xt, ŷ
∗
t (xt))− ft,ρ(xt+1, ŷ

∗
t (xt+1)))

≤ 2M + VT + ℓf,1

(
1 + 2

ℓg,1
µg

)
T
(
ρ2s + ρ2r

)
.

Here, VT is defined in (10); and M is defined in Assumption 3.4.

Proof. Note that, we have

T∑
t=1

(ft,ρ(xt, ŷ
∗
t (xt))− ft,ρ(xt+1, ŷ

∗
t (xt+1)))

=

T∑
t=1

(ft,ρ(xt, ŷ
∗
t (xt))− ft(xt, ŷ

∗
t (xt))) (204)

+

T∑
t=1

(ft(xt, ŷ
∗
t (xt))− ft(xt+1, ŷ

∗
t (xt+1))) (205)

+

T∑
t=1

(ft(xt+1, ŷ
∗
t (xt+1))− ft,ρ(xt+1, ŷ

∗
t (xt+1))) . (206)

From (127), we have

(204) ≤ T
ℓf,1(ρ

2
s + ρ2r)

2
, (207)

and

(206) ≤ T
ℓf,1(ρ

2
s + ρ2r)

2
. (208)
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Moreover, from Lemma D.7, we have

(205) =
T∑

t=1

(ft(xt, ŷ
∗
t (xt))− ft(xt,y

∗
t (xt)))

+

T∑
t=1

(ft(xt,y
∗
t (xt))− ft(xt+1,y

∗
t (xt+1)))

+

T∑
t=1

(ft(xt+1,y
∗
t (xt+1))− ft(xt+1, ŷ

∗
t (xt+1)))

≤ ℓf,1

T∑
t=1

∥ŷ∗
t (xt)− y∗

t (xt)∥+ ℓf,1

T∑
t=1

∥ŷ∗
t (xt+1)− y∗

t (xt+1)∥

+

T∑
t=1

(ft(xt,y
∗
t (xt))− ft(xt+1,y

∗
t (xt+1)))

≤ 2Tℓf,1
ℓg,1(ρ

2
s + ρ2r)

µg
+

T∑
t=1

(ft(xt,y
∗
t (xt))− ft(xt+1,y

∗
t (xt+1))) . (209)

For the last term of the above inequality, we have

T∑
t=1

(ft(xt,y
∗
t (xt))− ft(xt+1,y

∗
t (xt+1))) = f1(x1,y

∗
1(x1))− fT (xT+1,y

∗
T (xT+1))

+

T∑
t=2

(
ft(xt,y

∗
t (xt))− ft−1(xt,y

∗
t−1(xt))

)
≤ 2M + VT ,

which implies that

(205) ≤ 2Tℓf,1
ℓg,1(ρ

2
s + ρ2r)

µg
+ 2M + VT . (210)

From (207), (208), and (210), we get the desired result.

Lemma D.21. Suppose that Assumptions 3.2 and 3.3 hold. Let ft,ρ be defined as in (17). Then, for d̂x
t generated by

Algorithm 2, for all t ∈ [T ], we have

E
[∥∥∥d̂x

t −∇ft,ρ(xt, ŷ
∗
t (xt))

∥∥∥2] ≤ 4E
[∥∥eLt ∥∥2]+ 4ℓ2g,2ρ

2
vp

4

+ 2M2
f

(
E[θ̂yt ] + E[θ̂vt ]

)
:= At, (211)

where eLt is defined in Lemma D.15, and θ̂yt , θ̂vt are as defined in (146). Additionally, Mf is given in Lemma D.2.

Proof. From ∥a+ b∥2 ≤ 2
(
∥a∥2 + ∥b∥2

)
, we get

E
[∥∥∥d̂x

t −∇ft,ρ(xt, ŷ
∗
t (xt))

∥∥∥2]
≤ 2E

[∥∥∥d̂x
t − dx

t,ρ

∥∥∥2] (212a)

+ 2E
[∥∥dx

t,ρ −∇ft,ρ(xt, ŷ
∗
t (xt))

∥∥2] , (212b)
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where dx
t,ρ is defined in (120c). From Lemma D.15, we have

(212a) ≤ 4E
[∥∥eLt ∥∥2]+ 4ℓ2g,2ρ

2
vp

4. (213)

Moreover, from Eq. (123a), we get

(212b) ≤ 2M2
f

(
E[θ̂yt ] + E[θ̂vt ]

)
. (214)

Substituting (213) and (214) into (212), we conclude the desired result.

Lemma D.22. Suppose Assumptions 3.2, 3.3, and 3.4 hold. Let the sequence of functions {ft,ρ}Tt=1 be defined in(17), and
PX ,αt

be given in Definition B.1. Then, for any positive choice of step sizes as αt ≤ 1/4Lf , for all t ∈ [T ], Algorithm 2
guarantees the following bound:

T∑
t=1

(
αt − Lfα

2
t

)
E
[
∥PX ,αt (xt;∇ft,ρ(xt,y

∗
t (xt)))∥2

]
≤ 12M + 6VT +

T∑
t=1

(
6αt − 3Lfα

2
t

)
At

+

T∑
t=1

(
6ℓf,1(1 + 2

ℓg,1
µg

) +
3ℓf,1ℓg,1

µg
(αt − Lfα

2
t )

)(
ρ2s + ρ2r

)
, (215)

where VT and At are respectively defined in Eq. (10) and Lemma D.21.

Proof. Due to the Lf -smoothness of ft function by Lemma C.1, ft,ρ is Lf -smooth as well. Hence,

ft,ρ(xt+1, ŷ
∗
t (xt+1))− ft,ρ(xt, ŷ

∗
t (xt))

≤ ⟨∇ft,ρ(xt, ŷ
∗
t (xt)),xt+1 − xt⟩+

Lf

2
∥xt+1 − xt∥2

= −αt

〈
∇ft,ρ(xt, ŷ

∗
t (xt)),PX ,αt

(
xt; d̂

x
t

)〉
+

Lfα
2
t

2

∥∥∥PX ,αt

(
xt; d̂

x
t

)∥∥∥2 . (216)

For the first term on the R.H.S of Eq. (216), we have that

− E
〈
∇ft,ρ(xt, ŷ

∗
t (xt)),PX ,αt

(
xt; d̂

x
t

)〉
= −E

〈
d̂x
t ,PX ,αt

(
xt; d̂

x
t

)〉
− E

〈
∇ft,ρ(xt, ŷ

∗
t (xt))− d̂x

t ,PX ,αt

(
xt; d̂

x
t

)〉
≤ −1

2
E
[∥∥∥PX ,αt

(
xt; d̂

x
t

)∥∥∥2]+ 1

2
E
[∥∥∥d̂x

t −∇ft,ρ(xt, ŷ
∗
t (xt))

∥∥∥2]
≤ −1

2
E
[∥∥∥PX ,αt

(
xt; d̂

x
t

)∥∥∥2]+ At

2
, (217)

where the first inequality follows from Lemma B.8; the last inequality follows from Lemma D.21.

Plugging the bound (217) into (216), we have that

E [ft,ρ(xt+1, ŷ
∗
t (xt+1))− ft,ρ(xt, ŷ

∗
t (xt))]

≤ (Lfα
2
t − αt)

2
E
[∥∥∥PX ,αt

(
xt; d̂

x
t

)∥∥∥2]+ αtAt

2
,
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which can be rearranged into

(αt − Lfα
2
t )E

[∥∥∥PX ,αt

(
xt; d̂

x
t

)∥∥∥2]
≤ 2E [ft,ρ(xt, ŷ

∗
t (xt))− ft,ρ(xt+1, ŷ

∗
t (xt+1))] + αtAt. (218)

In addition, we have

E
[
∥PX ,αt

(xt;∇ft,ρ(xt,y
∗
t (xt)))∥2

]
≤ 3E

[∥∥∥PX ,αt

(
xt; d̂

x
t

)
− PX ,αt

(xt;∇ft,ρ(xt, ŷ
∗
t (xt)))

∥∥∥2]
+ 3E

[
∥PX ,αt (xt;∇ft,ρ(xt, ŷ

∗
t (xt)))− PX ,αt (xt;∇ft,ρ(xt,y

∗
t (xt)))∥2

]
+ 3E

[∥∥∥PX ,αt

(
xt; d̂

x
t

)∥∥∥2]
≤ 3E

[∥∥∥d̂x
t −∇ft,ρ(xt, ŷ

∗
t (xt))

∥∥∥2]
+ 3E

[
∥∇ft,ρ(xt, ŷ

∗
t (xt))−∇ft,ρ(xt,y

∗
t (xt))∥2

]
+ 3E

[∥∥∥PX ,αt

(
xt; d̂

x
t

)∥∥∥2] ,
where the second inequaliy follows from non-expansiveness of the projection operator.

Then, from Lemma D.21 and Assumption 3.3, we have

E
[
∥PX ,αt

(xt;∇ft,ρ(xt,y
∗
t (xt)))∥2

]
≤ 3At + 3ℓf,1E

[
∥ŷ∗

t (xt)− y∗
t (xt)∥2

]
+ 3E

[∥∥∥PX ,αt

(
xt; d̂

x
t

)∥∥∥2]
≤ 3At + 3ℓf,1

ℓg,1(ρ
2
s + ρ2r)

µg
+ 3E

[∥∥∥PX ,αt

(
xt; d̂

x
t

)∥∥∥2] , (219)

where the last inequality is by Lemma D.7.

Combining (218) and (219) and summing over t = 1 to T , we have

T∑
t=1

(
αt − Lfα

2
t

)
E
[
∥PX ,αt

(xt;∇ft,ρ(xt,y
∗
t (xt)))∥2

]
≤ 6

T∑
t=1

(ft,ρ(xt, ŷ
∗
t (xt))− ft,ρ(xt+1, ŷ

∗
t (xt+1)))

+
3ℓf,1ℓg,1

µg
(ρ2s + ρ2r)

T∑
t=1

(
αt − Lfα

2
t

)
+ 3

T∑
t=1

(
2αt − Lfα

2
t

)
At

≤ 12M + 6VT + 6ℓf,1

(
1 + 2

ℓg,1
µg

)
T
(
ρ2s + ρ2r

)
+

3ℓf,1ℓg,1
µg

(ρ2s + ρ2r)

T∑
t=1

(
αt − Lfα

2
t

)
+ 3

T∑
t=1

(
2αt − Lfα

2
t

)
At,

where the second inequality is due to Lemma D.20.

Lemma D.23. Let the sequence {(xt,yt,vt)}Tt=1 be generated by Algorithm 2.
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(a) Then, we have

∥yt+1 − yt∥2 ≤ 2β2
t ∥e

gρ
t ∥2 + 2β2

t ∥∇ygt,ρ(xt,yt)∥2,

where e
gρ
t is defined in (142).

(b) Suppose Assumptions 3.2, B2. and B3. hold. Then, we have

∥xt+1 − xt∥2 ≤ 4α2
t ∥PX ,αt

(xt;∇ft,ρ(xt,y
∗
t (xt)))∥2

+
4ℓf,1ℓg,1α

2
t (ρ

2
s + ρ2r)

µg
+ 2Atα

2
t , (220)

where At is defined in (211).

(c) Suppose Assumptions B1., B2. and B3. hold. Then, we have

∥vt+1 − vt∥2 ≤ 2δ2t ∥eMt ∥2 + 3d22ℓ
2
f,1δ

2
t ρ

2
r

+ (12ℓ2f,0 + 6ℓ2g,1p
2)δ2t + 6ℓ2g,1

δ2t
ρv2

θ̂yt ,

where eMt and θ̂yt are defined in (158) and (146), respectively.

Proof. For part (a): From Algorithm 2, we have

∥yt+1 − yt∥2 = β2
t ∥d̂

y
t ∥2

≤ 2β2
t ∥d̂

y
t −∇ygt,ρ(xt,yt)∥2 + 2β2

t ∥∇ygt,ρ(xt,yt)∥2

= 2β2
t ∥e

gρ
t ∥2 + 2β2

t ∥∇ygt,ρ(xt,yt)∥2, (221)

and from (220), we get
For part (b):

From the update rule in Algorithm 2, we obtain

∥xt − xt+1∥2 = α2
t

∥∥∥PX ,αt

(
xt; d̂

x
t

)∥∥∥2
≤ 2α2

t

(
∥PX ,αt

(xt;∇ft,ρ(xt, ŷ
∗
t (xt)))∥2

+
∥∥∥PX ,αt

(
xt; d̂

x
t

)
− PX ,αt (xt;∇ft,ρ(xt, ŷ

∗
t (xt)))

∥∥∥2)
≤ 2α2

t

(
∥PX ,αt (xt;∇ft,ρ(xt, ŷ

∗
t (xt)))∥2

+
∥∥∥d̂x

t −∇ft,ρ(xt, ŷ
∗
t (xt))

∥∥∥2)
≤ 2α2

t

(
∥PX ,αt

(xt;∇ft,ρ(xt, ŷ
∗
t (xt)))∥2 +At

)
, (222)

where the first inequality is by (a+ b)2 ≤ 2a2+2b2; the second inequality follows from non-expansiveness of the projection
operator; and the last inequality follows from Lemma D.21.
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The first term in the above inequality can be bounded as

∥PX ,αt
(xt;∇ft,ρ(xt, ŷ

∗
t (xt)))∥2

≤ 2 ∥PX ,αt
(xt;∇ft,ρ(xt, ŷ

∗
t (xt)))− PX ,αt

(xt;∇ft,ρ(xt,y
∗
t (xt)))∥2

+ 2 ∥PX ,αt
(xt;∇ft,ρ(xt,y

∗
t (xt)))∥2

≤ 2 ∥∇ft,ρ(xt, ŷ
∗
t (xt))−∇ft,ρ(xt,y

∗
t (xt))∥2

+ 2 ∥PX ,αt
(xt;∇ft,ρ(xt,y

∗
t (xt)))∥2

≤ 2ℓf,1∥ŷ∗
t (xt)− y∗

t (xt)∥2 + 2 ∥PX ,αt
(xt;∇ft,ρ(xt,y

∗
t (xt)))∥2

≤ 2ℓf,1
ℓg,1(ρ

2
s + ρ2r)

µg
+ 2 ∥PX ,αt (xt;∇ft,ρ(xt,y

∗
t (xt)))∥2 , (223)

where the last inequality follows from Lemma D.7.

Based on (223) and (222), we get

∥xt − xt+1∥2 ≤ 2α2
t

(
2 ∥PX ,αt

(xt;∇ft,ρ(xt,y
∗
t (xt)))∥2 +

2ℓf,1ℓg,1(ρ
2
s + ρ2r)

µg
+At

)
.

For part (c): Note that, we have

∥vt+1 − vt∥2 = δ2t ∥d̂v
t ∥2

≤ 2δ2t ∥d̂v
t −∇yft,ρ(zt)− ∇̃2

ygt(zt)∥2 + 2δ2t ∥∇yft,ρ(zt) + ∇̃2
ygt(zt)∥2

= 2δ2t ∥eMt ∥2

+ 2δ2t ∥∇yft,ρ(xt,yt) +
1

2ρv
(∇ygt,ρ(xt,yt + ρvvt)−∇ygt,ρ(xt,yt − ρvvt))∥2

≤ 2δ2t ∥eMt ∥2 + 6δ2t ∥∇yft,ρ(xt,yt)∥2

+
3δ2t
2ρv2

∥∇ygt,ρ(xt,yt + ρvvt)∥2 +
3δ2t
2ρv2

∥∇ygt,ρ(xt,yt − ρvvt)∥2. (224)

From Assumption B3., Lemma B.3 and (8), we have

∥∇ygt,ρ(xt,yt + ρvvt)∥2 ≤ ℓ2g,1∥yt + ρvvt − ŷ∗
t (xt)∥2

≤ 2ℓ2g,1∥ρvvt∥2 + 2ℓ2g,1∥yt − ŷ∗
t (xt)∥2

≤ 2ℓ2g,1ρ
2
vp

2 + 2ℓ2g,1∥yt − ŷ∗
t (xt)∥2. (225)

Similarly, we get

∥∇ygt,ρ(xt,yt − ρvvt)∥2 ≤ 2ℓ2g,1ρ
2
vp

2 + 2ℓ2g,1∥yt − ŷ∗
t (xt)∥2. (226)

Moreover, from Eq. (133) and Assumption B1., we have

∥∇yft,ρ(xt,yt)∥2 ≤ 2∥∇yft,ρ(xt,yt)−∇yft(xt,yt)∥2 + 2∥∇yft(xt,yt)∥2

≤
d22ℓ

2
f,1ρ

2
r

2
+ 2∥∇yft(xt,yt)∥2

≤
d22ℓ

2
f,1ρ

2
r

2
+ 2ℓ2f,0. (227)

Substituting (225), (226) and (227), into (224), we get

∥vt+1 − vt∥2 ≤ 2δ2t ∥eMt ∥2 + 3d22ℓ
2
f,1δ

2
t ρ

2
r

+ (12ℓ2f,0 + 6ℓ2g,1p
2)δ2t +

6ℓ2g,1
ρv2

δ2t ∥yt − ŷ∗
t (xt)∥2.
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D.6. Proof of Theorem 4.2

Proof. Since (1− γt+1)
2 ≤ 1− γt+1 and γt+1 = cγαt, from (143), we have

E∥egρt+1∥2 − E∥egρt ∥2 ≤ −cγαtE∥e
gρ
t ∥2

+ 12(1− γt+1)
2E∥∇ygt−1(xt,yt)−∇ygt(xt,yt)∥2

+ 9d22ℓ
2
g,1(1− γt+1)

2ρ2r + 24d2ℓ
2
g,1(1− γt+1)

2E∥xt+1 − xt∥2

+ 24d2ℓ
2
g,1(1− γt+1)

2E∥yt+1 − yt∥2 + 2
σ̂2
gy

b̄
γ2
t+1. (228)

Since (1− ηt+1)
2 ≤ 1− ηt+1 and ηt+1 = cηαt, from (197), we have

E∥eLt+1∥2 − E∥eLt ∥2 ≤ −cηαtE∥eLt ∥2 + 36E ∥∇xft+1(xt,yt)−∇xft(xt,yt)∥2

+

(
18d21ℓ

2
f,1 + 6(3ℓ2f,1 +

3ℓ2g,1
4ρ2v

)d21

)
ρ2s + 18d21ℓ

2
g,1

ρ2s
ρ2v

+
36

ρ2v
E∥∇xgt+1(xt,yt + ρvvt)−∇xgt(xt,yt + ρvvt)∥2

+ 6(12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d1E∥xt+1 − xt∥2 + 6(12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d1E∥yt+1 − yt∥2

+ 27ℓ2g,1d1E∥vt+1 − vt∥2 + 3(
σ̂2
gx

b̄ρ2v
+

σ̂2
fx

b
)η2t+1. (229)

Since (1− λt+1)
2 ≤ 1− λt+1 and λt+1 = cλαt, from (160), we have

E∥eMt+1∥2 − E∥eMt ∥2 ≤ −cλαtE∥eMt ∥2 + 36E ∥∇yft+1(xt,yt)−∇yft(xt,yt)∥2

+

(
18d22ℓ

2
f,1 + 6(3ℓ2f,1 +

3ℓ2g,1
4ρ2v

)d22

)
ρ2r + 18d22ℓ

2
g,1

ρ2r
ρ2v

+
36

ρ2v
E∥∇ygt+1(xt,yt + ρvvt)−∇ygt(xt,yt + ρvvt)∥2

+ 6(12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d2E∥xt+1 − xt∥2 + 6(12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)d2E∥yt+1 − yt∥2

+ 27d2ℓ
2
g,1E∥vt+1 − vt∥2 + 3(

σ̂2
gy

b̄ρ2v
+

σ̂2
fy

b
)λ2

t+1. (230)

Combining the outcomes .
Let

Λ := Γ

T∑
t=1

(
E[θ̂yt+1]− E[θ̂yt ]

)
+Υ

T∑
t=1

(
E[θ̂vt+1]− E[θ̂vt ]

)
+

1

Φ

T∑
t=1

(
E∥egρt+1∥2 − E∥egρt ∥2

)
+

1

Ψ

T∑
t=1

(
E∥eMt+1∥2 − E∥eMt ∥2

)
+

1

Ω

T∑
t=1

(
E∥eLt+1∥2 − E∥eLt ∥2

)
.
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Here, we have

Γ =
11M2

f

Lµg
cβ

, Υ =
52M2

f

Lµg
cδ

, Φ = max

{
240

d2ℓ
2
g,1

Lf
,
12d2ℓ

2
g,1L

2
µg
c2β

LfM2
f

}
,

Ψ = max

{
720

d2ℓ
2
f,1

Lf
, 27

Lµg

ΥLf
ℓ2g,1d2cδ,

144d2ℓ
2
f,1(µg + ℓg,1)cβ

LfΓ
,
36ℓ2f,1d2L

2
µg
c2β

LfM2
f

}
,

Ω = max

{
720

d1ℓ
2
f,1

Lf
, 27

Lµg

ΥLf
ℓ2g,1d1cδ,

144d1ℓ
2
f,1(µg + ℓg,1)cβ

LfΓ
,
36ℓ2f,1d1L

2
µg
c2β

LfM2
f

}
,

(231)

with

cβ ≥

√
1760

L2
yM

2
f

L2
µg

, cδ ≥

√
33280

ν2M2
f

L2
µg
µ2
g

(1 + 2L2
y),

c ≥

(
max

{
4Lf , cβ(µg + ℓg,1),

48L2
µg
d2ℓ

2
g,1c

2
β

M2
fΦ

})3

+ 1,

cv = max

{
1080ℓ2g,1,

324

M2
f

ℓ4g,1c
2
δ ,

54L2
µg

M2
f

ℓ2g,1c
2
β ,

216

Γ
ℓ2g,1cβ(µg + ℓg,1)

}
(
d2
Ψ

+
d1
Ω
),

cγ =
26M2

fΦ

L2
µg

, cη = 26Ω, cλ =
10Υ

Lµg

cδΨ.

(232)
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By adding (229), (228), (230), (147), and (184), along with (215) and considering the fact that αt decreases with respect to
t, and by applying Lemma D.23, we obtain:

T∑
t=1

A(αt, βt, δt)E
[
∥PX ,αt

(xt;∇ft,ρ(xt,y
∗
t (xt)))∥2

]
+ Λ

≤ 12M + 6VT +

T∑
t=1

B(αt, βt, δt)θ̂
v
t +

T∑
t=1

C(αt, βt, δt)θ̂
y
t (233a)

+
4ℓf,1ℓg,1

µg

T∑
t=1

E(βt, δt, ρv)α
2
t (ρ

2
s + ρ2r) +

T∑
t=1

L(αt, βt, δt)E∥eLt ∥2 (233b)

+
8ℓ2g,2p

4Υ

Lµg

T∑
t=1

δtρ
2
v + 4ℓ2g,2p

4
T∑

t=1

(
6αt − 3Lfα

2
t + 2α2

tE(βt, δt, ρv)
)
ρ2v (233c)

+

(
12

Lµg

Γ

βT
+

48ν2

Lµgµ
2
g

Υ

δT

)
H2,T +

T∑
t=1

M(αt, βt, δt)E∥eMt ∥2 (233d)

+

T∑
t=1

Q(αt, βt, δt)E∥e
gρ
t ∥2 +

T∑
t=1

S(αt, βt, δt)E
[
∥∇ygt,ρ(xt,yt)∥2

]
(233e)

+

T∑
t=1

Z(αt)
(
3d22ℓ

2
f,1δ

2
t ρ

2
r + (12ℓ2f,0 + 6ℓ2g,1p

2)δ2t
)

(233f)

+
36

Ψ
Dy,T +

36

Ω
Dx,T +

12

Φ
Gy,T +

18

Ψρ2v
Gv,T +

18

Ωρ2v
Gx,T (233g)

+ 2

T∑
t=1

γ2
t+1

Φ

σ̂2
gy

b̄
+ 3(

σ̂2
gy

b̄ρ2v
+

σ̂2
fy

b
)

T+1∑
t=1

λ2
t+1

Ψ
+ 3(

σ̂2
gx

b̄ρ2v
+

σ̂2
fx

b
)

T∑
t=1

η2t+1

Ω
(233h)

+R(ρv)Tρ
2
r + Ŕ(ρv)Tρ

2
s + 18d21ℓ

2
g,1

Tρ2s
Ωρ2v

+ 18d22ℓ
2
g,1

Tρ2r
Ψρ2v

+

T∑
t=1

D(αt, βt, δt)
(
ρ2s + ρ2r

)
. (233i)

Here

E(βt, δt, ρv) :=
4L2

y

Lµg

Γ

βt
+

16ν2

Lµg
µ2
g

(2L2
y + 1)

Υ

δt

+ 24d2
ℓ2g,1
Φ

+ 6(12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)(
d2
Ψ

+
d1
Ω
),

A(αt, βt, δt) := αt − Lfα
2
t − 4E(βt, δt, ρv)α

2
t ,

B(αt, βt, δt) := −
Lµg

4
Υδt + 2M2

f

(
6αt − 3Lfα

2
t + 2α2

tE(βt, δt, ρv)
)
,

Z(αt) := 27ℓ2g,1

(
d2
Ψ

+
d1
Ω

)
,

C(αt, βt, δt) := −
Lµg

2
Γβt + Z(αt)6ℓ

2
g,1

δ2t
ρ2v

+ 2M2
f

(
6αt − 3Lfα

2
t + 2α2

tE(βt, δt, ρv)
)
.

(234)
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Moreover,

M(αt, βt, δt) := −λt+1

Ψ
+ Z(αt)2δ

2
t +

8Υ

Lµg

δt,

D(αt, βt, δt) := 6ℓf,1(1 + 2
ℓg,1
µg

) +
3ℓf,1ℓg,1

µg
(αt − Lfα

2
t )

+
24ℓg,1
Lµg

µg

Γ

βt
+

96ℓg,1ν
2

Lµg
µ3
g

Υ

δt
,

F (αt) := 24d2
ℓ2g,1
Φ

+ (72ℓ2f,1 +
27ℓ2g,1
ρ2v

)(
d2
Ψ

+
d1
Ω
),

S(αt, βt, δt) := − 2βtΓ

µg + ℓg,1
+ β2

t Γ + 2F (αt)β
2
t ,

Q(αt, βt, δt) :=
2

Lµg

Γβt −
γt+1

Φ
+ 2F (αt)β

2
t ,

R(ρv) := 9d22
ℓ2g,1
Φ

+ 18d22
ℓ2f,1
Ψ

+ 6(3ℓ2f,1 +
3ℓ2g,1
4ρ2v

)
d22
Ψ
,

Ŕ(ρv) := 18d21
ℓ2f,1
Ω

+ 6(3ℓ2f,1 +
3ℓ2g,1
4ρ2v

)
d21
Ω
,

L(αt, βt, δt) := −ηt+1

Ω
+ 4

(
6αt − 3Lfα

2
t + 2α2

tE(βt, δt, ρv)
)
.

(235)

We then provide bounds for the terms in (233a)-(233i).
Note that, we have

E(βt, δt, ρv) :=
4L2

y

Lµg

Γ

βt
+

16ν2

Lµg
µ2
g

(2L2
y + 1)

Υ

δt

+ 24d2
ℓ2g,1
Φ

+ 6(12ℓ2f,1 +
9ℓ2g,1
2ρ2v

)(
d2
Ψ

+
d1
Ω
),

which together with βt = cβαt, δt = cδαt, we have

α2
tE(βt, δt, ρv) =

4L2
y

Lµg

Γα2
t

βt
+

16ν2

Lµgµ
2
g

(2L2
y + 1)

Υα2
t

δt

+ 24d2
ℓ2g,1
Φ

α2
t + (72ℓ2f,1α

2
t +

27ℓ2g,1
ρ2v

α2
t )(

d2
Ψ

+
d1
Ω
)

≤
44L2

y

L2
µg

M2
f

αt

c2β
+

832ν2

L2
µg
µ2
g

(1 + 2L2
y)M

2
f

αt

c2δ

+ 6
d2ℓ

2
g,1

LfΦ
αt + (

18ℓ2f,1
Lf

αt +
27ℓ2g,1
cv

αt)(
d2
Ψ

+
d1
Ω
)

≤ αt

8
, (236)

where the first inequality is by Γ =
11M2

f

Lµg cβ
, Υ =

52M2
f

Lµg cδ
in (231), ρ2v = cvαt and αt ≤ 1/4Lf ; the second inequality follows

from cβ ≥
√
1760

L2
yM

2
f

L2
µg

, cδ ≥
√
33280

ν2M2
f

L2
µg

µ2
g
(1 + 2L2

y), in (232); and Φ = 240
d2ℓ

2
g,1

Lf
, Ψ = 720

d2ℓ
2
f,1

Lf
, Ω = 720

d1ℓ
2
f,1

Lf

and cv ≥ 1080ℓ2g,1(
d2

Ψ + d1

Ω ) in (231).
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Moreover, we have

A(αt, βt, δt) = αt − Lfα
2
t − 4E(βt, δt, ρv)α

2
t

≥ αt − Lfα
2
t −

αt

2

≥ αt

4
, (237)

where the last inequality is by αt ≤ 1/4Lf in (232).
Bounding (233a) .
From δt = cδαt, we have

B(αt, βt, δt) = −
Lµg

4
Υδt + 2M2

f

(
6αt − 3Lfα

2
t + 2α2

tE(βt, δt, ρv)
)

≤ −
Lµg

4
Υcδαt + 12M2

fαt − 6M2
fLfα

2
t +

M2
f

2
αt

≤
(
−
Lµg

4
Υcδ +

25

2
M2

f

)
αt

≤ −1

2
M2

fαt, (238)

where the first inequality follows from (236); the last inequality is by Υ =
52M2

f

Lµg cδ
in (231).

From (234), we obtain

Z(αt) = 27ℓ2g,1

(
d2
Ψ

+
d1
Ω

)
.

Thus, from βt = cβαt, δt = cδαt and ρ2v = cvαt, we have

C(αt, βt, δt) = −
Lµg

2
Γβt + 162(

d2
Ψ

+
d1
Ω
)ℓ4g,1

δ2t
ρ2v

+ 2M2
f

(
6αt − 3Lfα

2
t + 2α2

tE(βt, δt, ρv)
)

≤ −
Lµg

2
Γcβαt + 162(

d2
Ψ

+
d1
Ω
)ℓ4g,1

c2δ
cv

αt +
9

2
M2

fαt

= −11

2
M2

fαt + 162(
d2
Ψ

+
d1
Ω
)ℓ4g,1

c2δ
cv

αt +
9

2
M2

fαt

≤ −1

2
M2

fαt, (239)

where the first inequality follows from (236); the second equality follows from Γ =
11M2

f

Lµg cβ
in (231); the last inequality is by

cv ≥ 324
M2

f
ℓ4g,1(

d2

Ψ + d1

Ω )c2δ .
Thus, from (238) and (239), we get

(233a) ≤ O (VT ) . (240)

Bounding (233b) .
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From (236), we also obtain

4ℓf,1ℓg,1
µg

T∑
t=1

E(βt, δt, ρv)α
2
t (ρ

2
s + ρ2r)

≤ 4ℓf,1ℓg,1
µg

T∑
t=1

αt

8
(ρ2s + ρ2r)

= O

(
T∑

t=1

αt(ρ
2
s + ρ2r)

)
. (241)

From (235) and ηt+1 = cηαt, we have

L(αt, βt, δt) = −ηt+1

Ω
+ 4

(
6αt − 3Lfα

2
t + 2α2

tE(βt, δt, ρv)
)

≤ −cη
Ω
αt + 25αt

≤ −αt,

where the last inequality is by cη ≥ 26Ω and (236).
Thus, we get

T∑
t=1

L(αt, βt, δt)E∥eLt ∥2 ≤ 0. (242)

From (242) and (241), we have

(233b) ≤ O

(
T∑

t=1

αt(ρ
2
s + ρ2r)

)
. (243)

Bounding (233c) .
From δt = cδαt and (236), we have

8ℓ2g,2p
4Υ

Lµg

T∑
t=1

δtρ
2
v + 4ℓ2g,2p

4
T∑

t=1

(
6αt − 3Lfα

2
t + 2α2

tE(βt, δt, ρv)
)
ρ2v

≤
8ℓ2g,2p

4Υ

Lµg

T∑
t=1

cδαtρ
2
v + 4ℓ2g,2p

4
T∑

t=1

25

4
αtρ

2
v.

Thus, from ρ2v = cvαt, we have

(233c) ≤ O

(
T∑

t=1

α2
t

)
. (244)

Bounding (233d) .
From (234), we obtain

Z(αt) = 27ℓ2g,1

(
d2
Ψ

+
d1
Ω

)
. (245)
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From (235), λt+1 = cλαt and δt = cδαt, we have

M(αt, βt, δt) = −λt+1

Ψ
+ Z(αt)2δ

2
t +

8Υ

Lµg

δt

= −cλαt

Ψ
+ 27ℓ2g,1

(
d2
Ψ

+
d1
Ω

)
2c2δα

2
t +

8Υ

Lµg

cδαt

≤ − 2Υ

Lµg

cδαt +
27

4Lf
ℓ2g,1

(
d2
Ψ

+
d1
Ω

)
2c2δαt

≤ − Υ

Lµg

cδαt,

where the first inequality is by cλ ≥ 10Υ
Lµg

cδΨ and αt ≤ 1/4Lf ; the last inequality follows from Ψ ≥ 27
Lµg

ΥLf
ℓ2g,1d2cδ and

Ω ≥ 27
Lµg

ΥLf
ℓ2g,1d1cδ .

Since βt = cβαt and δt = cδαt, we get

(233d) =
(

12

Lµg

Γ

βT
+

48ν2

Lµgµ
2
g

Υ

δT

)
H2,T +

T∑
t=1

M(αt, βt, δt)E∥eMt ∥2

≤ O
(
H2,T

αT

)
. (246)

Bounding (233e) .
From (235), we have

F (αt) = 24d2
ℓ2g,1
Φ

+ (72ℓ2f,1 +
27ℓ2g,1
ρ2v

)(
d2
Ψ

+
d1
Ω
) (247)

From (235), γt+1 = cγαt, βt = cβαt, we have

Q(αt, βt, δt) = −γt+1

Φ
+

2

Lµg

Γβt + 2F (αt)β
2
t

= −cγαt

Φ
+

22M2
f

L2
µg

αt +

(
24d2

ℓ2g,1
Φ

+ (72ℓ2f,1 +
27ℓ2g,1
cvαt

)(
d2
Ψ

+
d1
Ω
)

)
2c2βα

2
t

≤ −
4M2

f

L2
µg

αt +

(
24d2

ℓ2g,1
Φ

α2
t + (72ℓ2f,1α

2
t +

27ℓ2g,1αt

cv
)(
d2
Ψ

+
d1
Ω
)

)
2c2β

≤ −
4M2

f

L2
µg

αt +

(
6d2
Lf

ℓ2g,1
Φ

αt + (
18

Lf
ℓ2f,1αt +

27ℓ2g,1αt

cv
)(
d2
Ψ

+
d1
Ω
)

)
2c2β

≤ −
M2

f

L2
µg

αt, (248)

where the first equality is by Γ =
11M2

f

Lµg cβ
and ρ2v = cvαt; the first inequality follows from cγ ≥ 26M2

fΦ

L2
µg

; the second inequality

is by αt ≤ 1/4Lf ; the last inequality follows from cv ≥
54L2

µg

M2
f

ℓ2g,1(
d2

Ψ + d1

Ω )c2β , Φ ≥
12d2ℓ

2
g,1L

2
µg

c2β

LfM2
f

,and Ψ ≥
36ℓ2f,1d2L

2
µg

c2β

LfM2
f

,

and Ω ≥
36ℓ2f,1d1L

2
µg

c2β

LfM2
f

.
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From (235), βt = cβαt, ρ2v = cvαt and (247), we have

S(αt, βt, δt) = − 2βtΓ

µg + ℓg,1
+ β2

t Γ + 2F (αt)β
2
t

= − 2cβαtΓ

µg + ℓg,1
+ c2βα

2
tΓ +

(
24d2

ℓ2g,1
Φ

+ (72ℓ2f,1 +
27ℓ2g,1
cvαt

)(
d2
Ψ

+
d1
Ω
)

)
2c2βα

2
t

≤ − cβαtΓ

µg + ℓg,1
+

(
24d2

ℓ2g,1
Φ

α2
t + (72ℓ2f,1α

2
t +

27ℓ2g,1αt

cv
)(
d2
Ψ

+
d1
Ω
)

)
2c2β

≤ − cβαtΓ

µg + ℓg,1
+

(
6d2
Lf

ℓ2g,1
Φ

αt + (
18

Lf
ℓ2f,1αt +

27ℓ2g,1αt

cv
)(
d2
Ψ

+
d1
Ω
)

)
2c2β

≤ − cβαtΓ

4(µg + ℓg,1)
, (249)

where the first inequality follows from αt ≤ 1/cβ(µg + ℓg,1); the second inequality is by α ≤ 1/4Lf ; the last inequality is by

cv ≥ 216
Γ ℓ2g,1(

d2

Ψ + d1

Ω )cβ(µg+ℓg,1) and Φ ≥ 24d2ℓ
2
g,1(µg+ℓg,1)

Lf cβΓ
, and Ψ ≥ 144d2ℓ

2
f,1(µg+ℓg,1)cβ

LfΓ
, and Ω ≥ 144d1ℓ

2
f,1(µg+ℓg,1)cβ

LfΓ
.

Thus, we get

(233e) =
T∑

t=1

Q(αt, βt, δt)E∥e
gρ
t ∥2 +

T∑
t=1

S(αt, βt, δt)E
[
∥∇ygt,ρ(xt,yt)∥2

]
≤ 0. (250)

Bounding (233f) .
From (234), we obtain

Z(αt) = 27ℓ2g,1

(
d2
Ψ

+
d1
Ω

)
.

Thus, from δt = cδαt, we have

(233f) =
T∑

t=1

Z(αt)
(
3d22ℓ

2
f,1δ

2
t ρ

2
r + (12ℓ2f,0 + 6ℓ2g,1p

2)δ2t
)

=

T∑
t=1

27ℓ2g,1

(
d2
Ψ

+
d1
Ω

)(
3d22ℓ

2
f,1ρ

2
r + (12ℓ2f,0 + 6ℓ2g,1p

2)
)
c2δα

2
t

= O

(
T∑

t=1

(d1 + d2)(α
2
tρ

2
r + α2

t )

)
. (251)

Bounding (233g) . From ρ2v = cvαt, we have

(233g) =
36

Ψ
Dy,T +

36

Ω
Dx,T +

12

Φ
Gy,T +

36

Ψρ2v
Gv,T +

36

Ωρ2v
Gx,T

= O
(
Dy,T +Dx,T +Gy,T +

1

αT
(Gv,T +Gx,T )

)
. (252)
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Bounding (233h) . From γt+1 = cγαt, ηt+1 = cηαt, λt+1 = cλαt and ρ2v = cvαt, we have

(233h) = 2

T∑
t=1

γ2
t+1

Φ

σ̂2
gy

b̄
+ 3(

σ̂2
gy

b̄ρ2v
+

σ̂2
fy

b
)

T+1∑
t=1

λ2
t+1

Ψ
+ 3(

σ̂2
gx

b̄ρ2v
+

σ̂2
fx

b
)

T∑
t=1

η2t+1

Ω

= 2

T∑
t=1

c2γα
2
t

Φ

σ̂2
gy

b̄
+ 3(

σ̂2
gy

b̄ρ2v
+

σ̂2
fy

b
)

T+1∑
t=1

c2λα
2
t

Ψ
+ 3(

σ̂2
gx

b̄ρ2v
+

σ̂2
fx

b
)

T∑
t=1

c2ηα
2
t

Ω

= O

((
σ̂2
gy

b̄
+

σ̂2
gy

b̄αt
+

σ̂2
fy

b
+

σ̂2
gx

b̄αt
+

σ̂2
fx

b

)
T∑

t=1

α2
t

)
. (253)

Bounding (233i) . From βt = cβαt, δt = cδαt, we have

D(αt, βt, δt) = 6ℓf,1(1 + 2
ℓg,1
µg

) +
3ℓf,1ℓg,1

µg
(αt − Lfα

2
t ) +

24ℓg,1
Lµg

µg

Γ

βt
+

96ℓg,1ν
2

Lµg
µ3
g

Υ

δt

= 6ℓf,1(1 + 2
ℓg,1
µg

) +
3ℓf,1ℓg,1

µg
(αt − Lfα

2
t ) +

24ℓg,1
Lµgµg

Γ

cβαt
+

96ℓg,1ν
2

Lµgµ
3
g

Υ

cδαt

= O
(
αt +

1

αt

)
,

and

T∑
t=1

D(αt, βt, δt)
(
ρ2s + ρ2r

)
:= O

(
T∑

t=1

(αt +
1

αt
)
(
ρ2s + ρ2r

))
. (254)

Moreover, we have

R(ρv) = 9d22
ℓ2g,1
Φ

+ 18d22
ℓ2f,1
Ψ

+ 6(3ℓ2f,1 +
3ℓ2g,1
4ρ2v

)
d22
Ψ

= O
(
(1 +

1

ρ2v
)d22

)
,

Ŕ(ρv) = 18d21
ℓ2f,1
Ω

+ 6(3ℓ2f,1 +
3ℓ2g,1
4ρ2v

)
d21
Ω

= O
(
(1 +

1

ρ2v
)d21

)
,

which, implies that

R(ρv)Tρ
2
r + Ŕ(ρv)Tρ

2
s + 18d21ℓ

2
g,1

Tρ2s
Ωρ2v

+ 18d22ℓ
2
g,1

Tρ2r
Ψρ2v

= O
(
(1 +

1

ρ2v
)T (d21ρ

2
s + d22ρ

2
r) +

T

ρ2v
(d22ρ

2
r + d21ρ

2
s)

)
. (255)

From (254), (255) and ρ2v = cvαt, we get

(233i) ≤ O

(
T∑

t=1

(αt +
1

αt
)
(
ρ2s + ρ2r

)
+ (1 +

1

αT
)T (d22ρ

2
r + d21ρ

2
s)

)
. (256)

Combining the outcomes (233i) . Combining inequalities (240), (243), (244), (246), (250), (251), (252), (253), and (256)
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leads to

αT

2

T∑
t=1

E
[
∥PX ,αt

(xt;∇ft,ρ(xt,y
∗
t (xt)))∥2

]
+ Λ

≤ O

(
VT +

T∑
t=1

αt(ρ
2
s + ρ2r) +

T∑
t=1

α2
t +

H2,T

αT
+

T∑
t=1

(d1 + d2)(α
2
tρ

2
r + α2

t )

)

+O
(
Dy,T +Dx,T +Gy,T +

1

αT
(Gv,T +Gx,T )

)
+O

(
T∑

t=1

(
σ̂2
gyα

2
t

b̄
+

σ̂2
gyαt

b̄
+

σ̂2
fy
α2
t

b
+

σ̂2
gxαt

b̄
+

σ̂2
fx
α2
t

b

))

+O

(
T∑

t=1

(αt +
1

αt
)
(
ρ2s + ρ2r

)
+ (1 +

1

αT
)T (d22ρ

2
r + d21ρ

2
s)

)
.

From the definition of Λ in (102), we have

−Λ = Γ

T∑
t=1

(
E[θyt ]− E[θyt+1]

)
+Υ

T∑
t=1

(
E[θvt ]− E[θvt+1]

)
+

1

Φ

T∑
t=1

(
E∥egt ∥2 − E∥egt+1∥2

)
+

1

Ψ

T∑
t=1

(
E∥evt ∥2 − E∥evt+1∥2

)
+

1

Ω

T∑
t=1

(
E∥eft ∥2 − E∥eft+1∥2

)
≤ Γθy1 +Υθv1 +

σ̂2
gy

Φ
+

σ̂2
gyy

+ σ̂2
fy

Ψ
+

σ̂2
gxy

+ σ̂2
fx

Ω
. (257)

From (23), we have

σ̂2 := σ̂2
gy + σ̂2

gyy
+ σ̂2

fy + σ̂2
gxy

+ σ̂2
fx .

From (26), we have

αt =
1

(d1 + d2)3/4(c+ t)1/3
, βt = cβαt, δt = cδαt, ρ2v = cvαt,

γt+1 = cγαt, ηt+1 = cηαt, λt+1 = cλαt, ρ2r =
1

d22T
, ρ2s =

1

d21T
,

b =
T 1/3

(d1 + d2)3/2
, b̄ =

T 2/3

(d1 + d2)3/4
.

(258)
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Thus, using (257), (258), and rearranging the terms, we get

T∑
t=1

E
[
∥PX ,αt (xt;∇ft,ρ(xt,y

∗
t (xt)))∥2

]
≤ 2

αT
O

(
VT +

T∑
t=1

αt(ρ
2
s + ρ2r) +

T∑
t=1

α2
t +

H2,T

αT
+

T∑
t=1

(d1 + d2)(α
2
tρ

2
r + α2

t )

)

+
2

αT
O
(
Dy,T +Dx,T +Gy,T +

1

αT
(Gv,T +Gx,T )

)
+

2

αT
O

(
T∑

t=1

(
σ̂2
gyα

2
t

b̄
+

σ̂2
gyαt

b̄
+

σ̂2
fy
α2
t

b
+

σ̂2
gxαt

b̄
+

σ̂2
fx
α2
t

b

))

+
2

αT
O

(
T∑

t=1

(αt +
1

αt
)
(
ρ2s + ρ2r

)
+ (1 +

1

αT
)T (d22ρ

2
r + d21ρ

2
s)

)

+
2

αT
O
(
θy1 + θv1 + σ̂2

)
≤ O

(
(d1 + d2)

3/4T 1/3
(
VT +Dy,T +Dx,T +Gy,T +∆1 + σ̂2

)
+(d1 + d2)

3/2T 2/3 (H2,T +Gv,T +Gx,T )
)
, (259)

where second inequality holds because we have

T∑
t=1

α3
t =

T∑
t=1

1

(d1 + d2)9/4(c+ t)
≤

T∑
t=1

1

(d1 + d2)9/4(1 + t)
≤ log(T + 1)

(d1 + d2)9/4
,

T∑
t=1

α2
t =

T∑
t=1

1

(d1 + d2)3/2(c+ t)2/3
≤

T∑
t=1

1

(d1 + d2)3/2(1 + t)2/3
≤ T 1/3

(d1 + d2)3/2
,

T∑
t=1

αt =

T∑
t=0

1

(d1 + d2)3/4(c+ t)1/3
≤

T∑
t=1

1

(d1 + d2)3/4(1 + t)1/3
≤ 3T 2/3

2(d1 + d2)3/4
,

T∑
t=1

1

αt
=

T∑
t=0

(d1 + d2)
3/4(c+ t)1/3 ≤ 3

2
(d1 + d2)

3/4T 4/3.

Then, note that, we have

1

2

T∑
t=1

E
[
∥PX ,αt

(xt;∇ft(xt,y
∗
t (xt)))∥2

]
≤

T∑
t=1

E
[
∥PX ,αt (xt;∇ft,ρ(xt,y

∗
t (xt)))∥2

]
+

T∑
t=1

E
[
∥PX ,αt

(xt;∇ft(xt,y
∗
t (xt)))− PX ,αt

(xt;∇ft,ρ(xt,y
∗
t (xt)))∥2

]
.
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From non-expansiveness of the projection operator and Lemma D.4, we have

∥PX ,αt
(xt;∇ft(xt,y

∗
t (xt)))− PX ,αt

(xt;∇ft,ρ(xt,y
∗
t (xt)))∥2

≤ ∥∇ft(xt,y
∗
t (xt))−∇ft,ρ(xt,y

∗
t (xt))∥2

≤
(ρsd1 + ρrd2)

2ℓ2f,1
4

≤
(ρ2sd

2
1 + ρ2rd

2
2)ℓ

2
f,1

2
.

This implies

1

2

T∑
t=1

E
[
∥PX ,αt (xt;∇ft(xt,y

∗
t (xt)))∥2

]
≤

T∑
t=1

E
[
∥PX ,αt

(xt;∇ft,ρ(xt,y
∗
t (xt)))∥2

]
+

T (ρ2sd
2
1 + ρ2rd

2
2)ℓ

2
f,1

2
.

Applying the upper bound in (259) yields

1

2

T∑
t=1

E
[
∥PX ,αt

(xt;∇ft(xt,y
∗
t (xt)))∥2

]
≤ O

(
(d1 + d2)

3/4T 1/3
(
VT +Dy,T +Dx,T +Gy,T +∆1 + σ̂2

)
+(d1 + d2)

3/2T 2/3 (H2,T +Gv,T +Gx,T )
)

+
T (ρ2sd

2
1 + ρ2rd

2
2)ℓ

2
f,1

2
.

Thus, from ρ2r = 1
d2
2T

and ρ2s = 1
d2
1T

, we get

T∑
t=1

E
[
∥PX ,αt

(xt;∇ft(xt,y
∗
t (xt)))∥2

]
≤ O

(
(d1 + d2)

3/4T 1/3
(
VT +Dy,T +Dx,T +Gy,T +∆1 + σ̂2

)
+(d1 + d2)

3/2T 2/3 (H2,T +Gv,T +Gx,T )
)
.

This completes the proof.
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