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ABSTRACT

Survival analysis appears in various fields such as medicine, economics, engi-
neering, and business. Due to the difficulty of integration that naturally arises
in continuous-time modeling, previous works either made a strong assumption
or discretized the time domain, thus limits their practical usages. In this paper,
we propose assumption-free survival analysis, which models continuous-time sur-
vival function without any assumption. Our model obtains an assumption-free sur-
vival function by integrating an assumption-free hazard function using Neural Or-
dinary Differential Equations. Inspired by smoothness prior from semi-supervised
learning literature, we further propose a regularizer that encourages the survival
function to be locally smooth by minimizing the variation of the survival function
in the covariate space. We found this regularizer increases the predictive power of
the survival function as it propagates high-quality local information to the neigh-
borhoods of data points. Experimental results on three public benchmarks show
that our approach has better predictive power and is well-calibrated compared to
strong baselines. Moreover, the proposed regularizer is superior to global regular-
izers and insensitive to hyperparameters.

1 INTRODUCTION

Survival analysis (a.k.a time-to-event modeling) is a branch of statistics that predicts the duration
of time until an event occurs (Kleinbaum & Kleinl [2012)). Survival analysis appears in various
fields such as time-to-death modeling in medicine (Coxl [1972;|Ishwaran et al., 2008; | Katzman et al.,
2018)), unemployment duration prediction in economics (Meyer, [1988)), machine failure analysis in
engineering (O’Connor & Kleyner, 2011}, and churn prediction in business (Jing & Smola, 2017}
Li et al.;2021)). As time is essentially continuous, survival analysis models should be able to model
continuous time. However, continuous-time modeling is challenging due to the integration operation
that naturally arises in survival analysis. Previous works proposed methods that detour the difficulty.

The Cox proportional hazards model (Coxl 1972} [Katzman et al.| 2018)), which is a widely used
model in survival analysis, makes a strong assumption that if the survival probability of a person A
is higher than that of another person B at a certain time, A’s survival probability is always higher
than that of B. A mixture of experts is employed to model the density function (Nagpal et al., 2021a).
Each primitive distribution should have support only in the space of positive reals as time in survival
analysis is inherently positive. Also, each primitive distribution is assumed to be integrated into
closed-form cumulative density function for ease of survival probability calculation. Another class
of models discretized the time domain to detour the difficulty of continuous-time modeling (Lee
et al.,|2018; Ren et al.l 2019; Xue et al., 2020).

In this paper, we model the continuous-time survival function using Neural Ordinary Differential
Equations (Neural ODEs) (Chen et al., [2018} [Kidger et al.,2021). The relationship between the log
survival function and the hazard function (a.k.a conditional failure rate) is naturally defined as an
ODE. By using Neural ODEs, we can solve the ODE numerically and make the continuous-time
survival function fully learnable. Unlike previous works, the proposed method’s hazard function
and survival function are free from any assumption.

An assumption-free survival function is prone to be a wiggly function. To compensate for this,
we propose a regularizer that enhances local smoothness. The regularizer minimizes the variation
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of the survival function in the covariate space so that the survival function becomes locally smooth.
Under the smoothness prior, which is a classical inductive bias in semi-supervised learning (Chapelle
et al., 2006), the proposed regularizer increases the predictive power of the survival function as it
propagates high-quality local information to the neighborhoods of data points.

To demonstrate the superiority of our approach, we conduct experiments on three public bench-
marks: SUPPORT, METABRIC, and GBSG. The experimental results show that our approach out-
performs state-of-the-art baselines. The main contributions of this paper are summarized as follows:

* Assumption-free continuous-time survival functions based on Neural ODEs.

* A regularizer that encourages the survival function to be locally smooth and increases the

predictive power of the survival function.

 The possibility of applying the developments in semi-supervised learning to survival anal-
ysis by experimentally showing the smoothness prior holds in survival analysis.

* The state-of-the-art predictive power, calibration performance on three public benchmarks.

2 PRELIMINARIES

2.1 SURVIVAL ANALYSIS

Survival analysis data comprises an observed covariate x,
a failure event time ¢, and an event indicator e. If an event
is observed, ¢ corresponds to the duration time from the
beginning of the follow-up of an individual until the event
occurs. In this case, event indicator e = 1. If an event
is unobserved, ¢ corresponds to the duration time from
the beginning of follow-up of an individual until the last
follow-up. In this case, we cannot know the exact time of
the event occur and event indicator e = 0. An individual
is said to be right-censored if e = 0. The presence of
right-censored data differentiates survival analysis from
regression problems. In this paper, we only focus on the
single-risk problem where event e is a binary-valued vari-
able.

Given a set of triplet D = {(x;,t;,e;)},, the goal of
survival analysis is to predict the likelihood of an event
occur p(t | ) or the survival probability S(¢ | ). The
likelihood and the survival probability have the following
relationship:
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Figure 1: The difference between un-
censored data and censored data. Indi-
vidual B did not fail until the time of end
of study to while A failed at ¢; which is
before the end time of study. All we can
know about B is that B did not fail until
to.

Modeling p(t | «) or S(¢ | =) directly is challenging as those have the following constraints:

p(t|x) >0, /Ooop(ﬂa:)dT:l

S(0) =1, tlim S(t) =0, S(t)non-increasing
— 00

Many previous works instead modeled the hazard function (a.k.a conditional failure rate) h(t | x).

PA<T<t+At|T>tz) pt|x)
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As the hazard function is a probability per unit time, it is unbounded upwards. Hence, the only
constraint of the hazard function is that the function is non-negative: h(t | ) > 0
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Figure 2: The overview of Assumption-Free Survival Analysis (AFreeSurv) and Local Survival
Smoothing (LS2) regularizer. Left) We model the hazard function with a neural network followed
by the softplus function to ensure that the output of the hazard function is positive. By modeling
the hazard function with a neural network, we do not employ any assumption. Middle) We define
log survival function as the solution of the ODE initial value problem where the ODE is defined as
equation [3|and the initial value log S(0 | ) = 0. We calculate the survival function by integrating
assumption-free hazard function. This, in turn, returns the assumption-free survival function. Right)
The LS2 regularizer encourages the survival function to be locally smooth. At first LS2 finds the
neighbor covariate &’ of a covariate & whose log survival probability at time ¢ is most different from
that of . After then it minimize the difference between two log survival probability: log S(¢ | ')
and log S(¢t | )

2.2 NEURAL ODEs
Neural ODEs are a family of neural network models that define the continuous dynamics of variables

(Chen et al., 2018). Starting from z(0), we can define the output z(7") to be the solution of the
following ordinary differential equation (ODE) initial value problem.

dz(t)
dt

= f(z(t),t,&)
0

T
z(T) = 2(0) + f(=z(t),t,0)dt

Naively applying an ODE solver to solve an ODE initial value problem leads to a practical difficulty.
An ODE solver builds a big computation graph which gives rise to high memory cost and additional
numerical error in backpropagation steps.

Chen et al.| (2018) showed that we can calculate the gradients of a scalar-valued loss w.r.t all inputs of
any ODE solver with constant memory cost. We can calculate the gradients without backpropagating
through the operations of the solver but with another call to an ODE solver.

3 METHODS

In this section, we describe Assumption-Free Survival Analysis (AFreeSurv) and Local Survival
Smoothing (LS2) regularizer. Figure 2] illustrates an overview of AFreeSurv and LS2.

3.1 ASSUMPTION-FREE SURVIVAL ANALYSIS

We can obtain an ODE which explains the relationship between the hazard function and the survival
function by putting derivative of equation [I]into equation [2] (Kleinbaum & Klein| 2012).

it | @) = - - = G

p(t | x) 1 (_dS(t|a:)> :_dlogS(t\:c)
Stlx) S|=x)

Starting from initial value log S(0 | &) = 0, we can define log S(¢ | «) as the solution of the ODE
initial value problem where the ODE is defined as equation 3] We can acquire an assumption-free
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hazard function and an assumption-free survival function with constant memory cost by modeling
h(t | ) using a neural network followed by the softplus activation function and modeling log S(¢ |
x) using Neural ODEs.

log S(t | ) =1og S(0 | x) —|—/0 —h(r | x)dr = /0 —h(7 | x)dr

From equation [2| the density function can be expressed as a product of the hazard function and the
survival function.

p(t|@)=h(t|z) S|z

We train the hazard function by minimizing the negative event-time log-likelihood

L= _E(m,t,e)ND [logp(t | ZB) S(t | :E) ]
= —E(gt,e)~plelogp(t [ @) + (1 —€)log S(t | x)] 4)
= —E(zte)~plelogh(t | @) - S(t | x) + (1 —e)S(t | x)]

= B ¢ (loghtt | 2) + i | 2)ir) +(1-0) | her | o] ©

Applying Neural ODEs to the ODE defined in equation [3]is simple yet effective. However, to our
surprise, our work is the first to apply Neural ODEs in this way.

3.2 LOCALLY SMOOTHING THE SURVIVAL FUNCTION

As the survival function we propose is free from any assumption, it is prone to become a wig-
gly function. However, it is highly unlikely that a function in the real world has extreme oscil-
lations (Murphy, 2012). Smoothness prior, which is a common inductive bias in semi-supervised
learning literature, state that if the inputs in a high-density region are close, then so should be the
corresponding outputs (Chapelle et al., 2006). Inspired by the smoothness prior, we propose a
regularizer that minimizes the variation of the survival in the covariate space. Formally speaking,
S(t|x) ~ S(t| x+ eu) where ¢ is a small positive number and w is a unit vector.

To minimize the variation of the survival in the covariate space, we minimize the following regular-
izer.

R =E@gnp | max d(logS(t|a’),logS(t]|x)) (6)

x'€B(x,€)

where B(x, €) is a epsilon ball with center x and § is a distance function. Intuitively speaking, we
find * whose log survival probability at time ¢ is the most different from that of = near . We then
minimize the difference between the two log survival probability: log S(¢ | ') and log S(¢ | x).
Obviously, the key to calculating the value of the regularizer is to find

x* = argmax [6(log S(t | '), log S(t | x))]
x’'€B(x,€)

Instead of finding the exact «*, we find the approximate & ~ x*. The first order Taylor approxima-
tion of log S(t | ) is as follows:

rdlogS(t| )

log S(t | ') ~log S(t | ) + (2’ — x) o

(7

Say, we set 6(x,y) = ||@ — y|2. Putting equation [7]into the inside of the brackets of equation [6]
yields the following equation.
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rdlogS(t| x)

/
max -z
x'€B(x,€) ( ) dx 5
The maximum of H(a}’ — m)TU”Ogdii(tlm) ’ under the constraint ' € B(z,¢) is obtained when
2
dlog S(t|x) z

Hence, the approximate & is

' — x = e - normalize ( -~
€T

) where normalize(z) = PR

expressed as

®)

dlog S(t | )
dx

T =x + €-normalize (

Now, we can train an assumption-free survival function with the local survival smoothing regularizer
by combining equation ff] and equation [6]

Lo =L+ AR~ L+ AE (g0~ [[[log S(t | 2) —log S(t | )[|2]
= —E@,t.e)~plelogp(t | 2) + (1 —e)log S(¢ | z)]
+ AE(z~pll|log S(t | &) —log S(t | z)]2] ©)

where A is a coefficient that controls the magnitude of the local survival smoothing regurlarizer.

4 RELATED WORK

Previous works proposed methods to model censored data in survival analysis. |Cox|(1972) proposed
Cox proportional hazards (CoxPH) which assumes constant proportional hazard. Every individual
has an extended or shrunk form of hazard function in the same shape. This is a strong assumption in
that if the survival probability of a person A is higher than that of another person B at a certain time,
A’s survival probability is higher than that of B all the time. |Faraggi & Simon|(19935)); | Katzman et al.
(2018)) replaced the linear model of CoxPH with a neural network.

A mixture of experts was used for better expressivity of the density function (Nagpal et al.|[2021ajb).
Though a mixture of experts is an effective method, the method assumes that the density function is
a combination of primitive distributions. For ease of integration, the density function is further re-
stricted to a mixture of primitive distribution with a closed-form cumulative density function (Nagpal
et al.l[2021a).

A line of works employed Gaussian Process (GP) for survival analysis (Fernandez et al., 2016 |Alaa
& van der Schaar, 2017). Employing GP can make a more expressive hazard function compared
to CoxPH. However, the methods need expert knowledge for selecting Gaussian process prior and
kernel functions. |(Chapfuwa et al.|(2018)) modeled the density function using Generative Adversarial
Networks (GANs). Though the adversarial approach does not have an assumption, it cannot access
exact likelihood as GANs are implicit models.

The work of (Groha et al| (2020) is similar to ours in that Neural ODEs are applied to survival
analysis. However, we apply Neural ODE:s to the relationship between the hazard function and the
survival function while |Groha et al.| (2020) applied Neural ODEs to Markov jump processes for
multi-state modeling. In addition, we explore the applicability of semi-supervision through the LS2
regularizer while |Groha et al.[(2020) did not.

Minimax optimization can be found in diverse fields of Machine Learning including GANs (Good-
fellow et al.|[2014)), adversarial training (Madry et al.l2018)), semi-supervised learning (Miyato et al.,
2018b), and optimization procedure (Foret et al., 2021). Among those works, the most related to
ours is virtual adversarial training (Miyato et al.,[2018b)). Ours and Miyato et al.|(2018b)’s work are
similar in that both find the neighbor with the most variation in the output space and minimize the
variation. However, ours focus on survival analysis while Miyato et al.| (2018b)’s work focused on
the classification problem. To the best of our knowledge, our work is the first to explore how helpful
a smoothness prior is in survival analysis. Through the exploration, we open the new chances of
applicability of advances in semi-supervised learning to survival analysis.
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Table 1: Summary statistics of the datasets used in our experiments.

. Durations Event Quantiles
Dataset N'| d| Censoring (%) e T domain | F = 25% [ £ = 50% [ £ = T5%
SUPPORT | 9105 | 24 31.89% 1724 NT 14 58 252

42.06% 1686 R* 42.68 85.86| 14533
43.23% 1230 R* 13.61 24.01 40.32

METABRIC | 1904
GBSG 2232

~ O

5 EXPERIMENTS

In this section, we evaluate our model against competitive baselines, on three publicly available
real-world datasets: Study to Understand Prognoses Preferences Outcomes and Risks of Treatment
(SUPPORT), Molecular Taxonomy of Breast Cancer International Consortium (METABRIC), and
Rotterdam & German Breast Cancer Study Group (GBSG). Table [I| summarizes the details of the
datasets.

5.1 METHODS COMPARED

Cox Proportional Hazards (CoxPH) is the standard semi-parametric model which assumes con-
stant proportional hazard, i.e., h(t | &) = ho(t)ef®) (Cox,[1972). The function f(z) is linear. The
model is semi-parametric in that the baseline hazard h(¢) is an unspecified function.

DeepSurv is an extension of CoxPH where the linear function in the exponent of e is replaced with
a deep neural network (Katzman et al., [2018).

DeepHit models the distribution of first hitting time p(¢ | «). To satisfy the positivity constraint
p(t | ) > 0 and the integrate-to-one constraint [ p(t | @)dt = 1, Lee et al.| (2018) discretize the
time domain and employ a neural network followed by a single softmax layer.

Deep Recurrent Survival Analysis (DRSA) employs RNNs to model survival probability over the
discretized time domain. The hazard function at time k is defined as h(t = k | ) = fg(r)) where
). is the kth hidden vector of the RNN and fy(+) is a neural network.

Random Survival Forests (RSF) is an extension of the Random Forest model to right-censored
data (Ishwaran et al., [2008)). RSF splits the tree so that each node maximizes survival difference.

Deep Survival Machines (DSM) is a fully parametric model which models the density function
p(t | ) as a mixture of K primitive distributions. [Nagpal et al. (2021a) choose the Weibull and the
Log-Normal distribution for the primitive distributions as a) they have support only in the positive
reals and b) closed-from solution CDF.

5.2 EVALUATION METRICS

Throughout this subsection, we denote S(¢ | @) as the estimate of S( | x), I(-) as the indicator

function, (x;,T;,e;) as the ith covariate, time, event indicator of the dataset, G (t) as the Kaplan-
Meier estimator for censoring distribution (Kaplan & Meier, (1958)), and w; as ﬁ

Time Dependent Concordance Index (C'*%) The concordance index, or C-Index is defined as the
proportion of correctly ordered pairs among all comparable pairs. We use time dependent variant of
C-Index that truncates pairs within the prespecified time point (Uno et al.,[2011).

_ S S edGT)) T < T, T < )I(S(t| @) < S(t] @)

ot — -
Dim1 Zj:l e G(T3)} 2 1(T; < T;,T; < t)

Time Dependent Area Under Curve (AUC) is an extension of the ROC-AUC to survival data
(Hung & Chiang| 2010). It measures how well a model can distinguish individuals who fail before
the given time (T; < t) and who fail after the given time (1} > ?).
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Figure 3: Density plots of various models on SUPPORT dataset. Uncensored data (@) and censored
data (X) are drawn at the corresponding time. CoxPH outputs density plots of almost similar shapes
across all samples. DeepHit outputs density plots of relatively various shapes compared to CoxPH or
DSM yet the model outputs wiggly density plots as it models discrete-time domain using softmax.
DSM sometimes outputs density plots with a gentle decrease. However, we can observe a sharp
decrease across all density plots. AFreeSurv outputs density plots of various shapes across various
samples. We can even observe a slightly increasing density plot in the initial time (5th sample).

SN SN Ty > )T < Hw (S(t ] i) < S(t | x5))
(SN I(T > 0) (0N I(T; < tw;)

Brier Score is a measure of calibration in survival analysis. The Brier score is a weighted mean
squared error that measures the difference between O (or 1) and the survival probability if the event
did not happen until ¢ (if the event happened before ¢) (Graf et al.,|1999).

AUC(t) =

R 2
N 0-S Z;
BS(t) = %ZI(I} <t = 1)(@((2)))

5.3 RESULTS AND ANALYSES

We report the C'*? score in Table the time-dependent AUC in Table and the Brier score in
Table We measure all the scores at t = 25%, 50%, 75% event quantiles. The values of event
quantiles of different datasets are in the rightmost columns of Table [I, From now on, we will
denote Assumption-Free Survival Analysis as AFreeSurv and Assumption-Free Survival Analysis
with Local Survival Smoothing regularizer as AFreeSurv+. Our approach beats the state-of-the-art
baselines by comfortable margins on almost all metrics across all datasets. Figure [3] demonstrates
the qualitative results.

PERFORMANCE EVALUATION ON REAL DATA

We can observe intriguing results by looking at C*¢ and AUC, which measure the predictive power.
The results on AUC in Table [2b] shows that AFreeSurv outperforms other methods except that our
method is on par with DeepHit at ¢ = 25%, 50% on GBSG. However, DeepHit and RSF beat our
approach on METABRIC and GBSG on C*®. The observation means that if the failure times of
the two individuals are before the metric measurement time, AFreeSurv does not distinguish the
survival probabilities of those two individuals well. The indistinguishability of AFreeSurv implies
that the survival probability after the failure does not properly decrease which, in turn, can be the
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Table 2: Experimental results of various models on three public benchmarks.

(a) Ctd
MODEL SUPPORT METABRIC GBSG
25%  50% 5% | 25% 50% < 15% | 25%  50% = 15%
CoxPH 0.6888 0.6776 0.6720 | 0.6598 0.6381 0.6354 | 0.7351 0.7085 0.6972

DeepSurv | 0.7046 0.6897 0.6745 | 0.6539 0.6455 0.6336 | 0.7168 0.7008 0.6883
DeepHit 0.7454 0.7174 0.6843 | 0.7501 0.6748 0.6227 | 0.7407 0.7196 0.6961

DRSA 0.7131 0.6906 0.6676 | 0.7197 0.6682 0.6516 | 0.7316 0.7072 0.6946
RSF 0.7611 0.7111 0.6613 | 0.7748 0.6750 0.6384 | 0.7372 0.7135 0.6984
DSM 0.7502 0.7157 0.6793 | 0.7540 0.6580 0.6190 | 0.7320 0.7168 0.7054

AFreeSurv | 0.7588 0.7252 0.6882 | 0.7494 0.6734 0.6405 | 0.7373 0.7193 0.6987
AFreeSurv+ | 0.7694 0.7304 0.6912 | 0.7837 0.6960 0.6530 | 0.7422 0.7212 0.7063

(b) AUC

SUPPORT METABRIC GBSG
MODEL e300 75% [ 25%  50%  75% | 25%  50%  T5%
CoxPH 06940 0.7099 0.7228 | 0.6742 06599 0.6782]0.7522 0.7384 0.7401

DeepSurv | 0.7055 0.7205 0.7131 | 0.6681 0.6676 0.6579 | 0.7329 0.7279 0.7308
DeepHit 0.7581 0.7495 0.7265 | 0.7644 0.6958 0.6750 | 0.7609 0.7519 0.7319

DRSA 0.7206 0.7220 0.7192]0.7378 0.6887 0.6755|0.7482 0.7370 0.7357
RSF 0.6507 0.6742 0.7006 | 0.6754 0.6507 0.6579 | 0.7431 0.7348 0.7357
DSM 0.7618 0.7506 0.7284 | 0.7684 0.6831 0.6551 | 0.7487 0.7480 0.7479

AFreeSurv | 0.7763 0.7581 0.7364 | 0.7687 0.6959 0.6918 | 0.7538 0.7518 0.7366
AFreeSurv+ | 0.7844 0.7597 0.7363 | 0.8017 0.7149 0.7010 | 0.7597 0.7527 0.7489

(c) Brier score

SUPPORT METABRIC GBSG
MODEL ‘s 50 75% [ 25% 0% 7T5% | 5% 50% 75%
CoxPH [ 0.1388 0.1982 02136 |0.1103 0.1963 0.2225]0.1160 0.1826 0.2093

DeepSurv | 0.1328 0.1928 0.2182|0.1134 0.1994 0.2413 | 0.1091 0.1802 0.2062
DeepHit 0.1323 0.1874 0.2133]0.1071 0.1973 0.2250 | 0.1103 0.1753 0.2068

DRSA 0.2611 0.2550 0.2388 | 0.1962 0.2456 0.2563 | 0.2140 0.2315 0.2397
RSF 0.1316 0.1968 0.2199 | 0.1030 0.1934 0.2269 | 0.1125 0.1784 0.2066
DSM 0.1327 0.1938 0.2110 | 0.1049 0.1969 0.2323 | 0.1098 0.1747 0.1998

AFreeSurv | 0.1319 0.1851 0.2095 | 0.1025 0.1905 0.2181 | 0.1100 0.1725 0.2038
AFreeSurv+ | 0.1289 0.1855 0.2099 | 0.1026 0.1893 0.2210 | 0.1116 0.1747 0.2047

proof of the survival function’s wiggliness. Note that this may be due to the lack of data given that
the dataset size of METABRIC or GBSG is smaller than that of SUPPORT.

Unlike AFeeSurv, AFreeSurv+ consistently outperforms strong baselines across all datasets on C*?
and AUC except that it is on par with DeepHit at ¢t = 25% on AUC score on GBSG. Especially,
AFreeSurv+ outperforms compared methods by a large margin on SUPPORT and METABRIC
datasets. The results show that the smoothness prior, which is widely accepted in semi-supervised
learning, is also an acceptable inductive bias in survival analysis. In other words, the proposed L.S2
regularizer diminishes the wiggliness of the survival function and endows better predictive power.

The results in Table [2c| shows that AFreeSurv is well-calibrated compared to competitive base-
lines. Our method outperforms other deep learning-based methods by a large margin on SUPPORT
and METABRIC. The result is natural given that our AFreeSurv does not have any assumption
while other methods have an assumption in any form. Comparing the results of AFreeSurv and
AFreeSurv+, we can see that the proposed LS2 regularizer does not increase the Brier score. We
speculate that what LS2 does is propagating high-quality labels to neighborhoods in covariate space,
so they cannot increase the calibration power of AFreeSurv as AFreeSurv has already been trained
with high-quality labels.
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SUPERIORITY OF LOCAL REGULARIZER OVER GLOBAL REGULARIZER

To argue the necessity of local smoothness constraint,

we compare the LS2 regularizer with global regularizers:

weight decay and spectral normalization (Miyato et al.| 10

2018a). See Table 3] for the results. Overall, the proposed & Q

LS2 regularizer outperforms two counterparts on the C*¢ -

and AUC scores and the LS2 is on par with two counter- c .-

parts on the Brier score. s*@wﬁf e
g 1

v{.‘. 0.4

We run experiments of weight decay by setting the coef- @
ficient of the regularizer A = le-6, le-4, le-2. Across all .‘U
datasets and metrics, there is little difference in perfor- p h
mance. Though there is little difference in performance . 00
across all datasets and metrics, the performance is rather (a) Without L.S2

poor when A\ = le-2 so we report the result of A = le-4

for weight decay experiments. 10

We can observe that the spectral normalization deterio- L Q
rates the performance of the model on SUPPORT and e

GBSG. The spectral normalization limits the Lipschitz ﬂ * 5 06
constant of the network to a fixed constant by dividing ﬁ Qﬁ; A -,
. ]

each layer by the largest singular value of the layer. We «,,
L ]

conjecture that the global regularization of the function s

o . .. » 02
variation strongly restricts the expressivity of the func- pr
tion. ¢ 0o
The low-density separation, which is widely accepted (b) With LS2

prior in semi-supervised learning (Chapelle et al., 2006),

states that the decision boundary should lie in a low- Figure 4: t-SNE plots (Van der Maaten
density region. Though the prior is common in classifi- & Hinton, 2008) of SUPPORT test data.
cation problems, it can also be applied to survival analy- Colors denotes the survival probability
sis. There may be cases where we need to model the dif- att = 50% event quantile. It is easy to
ferences in survival probabilities between different clus- see that the LS2 regularizer makes the
ters, which leads to the necessity of modeling low func- survival function locally smooth.

tion variation in high-density regions and high function

variation in low-density regions.

Also, we experimentally found that the LS2 regularizer is

insensitive to hyperparameters: the coefficient A and the neighborhood size e. The hyperparameter
insensitivity implies that the regularizer is easy for practitioners to use. See Table @ and Table 3] for
details.

6 CONCLUSION

We proposed assumption-free continuous-time survival function modeling, AFreeSurv, based on
Neural ODEs. We also proposed the LS2 regularizer which minimizes the variation of the survival
function in the covariate space. AFreeSurv outperforms state-of-the-art deep learning baselines
on public datasets by a large margin as AFreeSurv does not make any assumptions. However,
AFreeSurv is prone to become a wiggly function due to the constraint-free property. The proposed
LS2 regularizer, which is inspired by the smoothness prior from semi-supervised learning, encour-
ages the survival function to be locally smooth to increase the predictive power of the survival
function. The combination of AFreeSurv and LS?2 has better predictive power and is well-calibrated
compared to strong baselines.

The performance gain thanks to the LS2 regularizer opens the possibility that developments in semi-
supervised learning (Zhang et al., [2018; |Yun et al.| 2019} |Kurakin et al., [2020) can also be applied
to the survival analysis domain. Furthermore, we hope that recent developments in representation
learning will be applied to the field of survival analysis.
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A REPRODUCIBILITY STATEMENT
Throughout all experiments, metrics are calculated using scikit-survival (Polsterl, [2020).

A.1 DATASETS

Throughout all datasets, we split the train, validation, and test datasets into ratios of 0.7, 0.1, and
0.2. We split the datasets using PyTorch’s random_split function and set the seed to 42. All
datasets were standardized using StandardScaler of scikit—-learn (Pedregosaetal.,[2011).

SUPPORT We used the same version of SUPPORT dataset that DSM used We used 24
features: age, income, num.co, meanbp, wblc, hrt, resp, temp, pafi,
alb, bili, crea, sod, ph, glucose, bun, urine, adlp, adls, sex,
dzgroup, dzclass, race, and ca. For wblc, bili, bun, we added 1 and took log.
We turned income feature into the ordinal feature. Missing values were imputed using the mean
value for numerical features and the mode for categorical features.

METABRIC We downloaded METABRIC dataset from PyCox package || Missing values were
imputed using the mean value.

GBSG We downloaded GBSG dataset from PyCox package. For x5, x6 feature, we added 1 and
took log. Missing values were imputed using the mean value.

A.2 METHODS COMPARED

For CoxPH, DeepSurv, and RSF, we used PySurvival’s implementation (Fotso et al., 2019-).
For DeepHit, we used PyCox’s implementation. For DSM, we used official implementation
Across all deep learning-based models, we stacked two hidden layers with dimension size 64. We
experimented both with and without batch normalization (loffe & Szegedyl, |2015) and reported a
better result. The experiments of RSF were conducted by selecting the number of trees between
10 and 20, and we reported the best results among them. We discretized the time domain into 100
bins for DeepHit experiments. The experiments of DSM were conducted by selecting the number
of primitive distributions between 3, 4, and 6. We reported the best results among them.

A.3 AFREESURV AND LS2 REGULARIZER

We implemented our model using PyTorch (Paszke et al| 2019) and PyTorch Lightning
(Falcon et al.,|2019). We stacked two hidden layers with dimension size 64 with layer normalization
(Ba et al., 2016). We normalized the time ¢ by ;3_%;1 where ¢1, ¢2 and g3 are 25%, 50%, and 75%

event quantile each. We set atol, rtol as le-5 and used dopri5 solver. We used L; distance
instead of Ly distance in equation[9]across all experiments as we could get better results empirically.
We used Adam optimizer (Kingma & Bal [2015).

B FURTHER EXPERIMENTS

B.1 COMPARISON OF DIFFERENT REGULARIZATION TECHNIQUES

We compare different regularization techniques: weight decay, spectral normalization, and our local
survival smoothing regularizer. See Table 3] for details.

B.2 HYPERPARAMETER SENSITIVITY OF LS2 REGULARIZER

We show experimental results related to the sensitivity of our model to the two hyperparameters: A
and € in equation[9] See Table ] and Table 5] for details.

"https://github.com/autonlab/DeepSurvivalMachines/blob/master/dsm/datasets/support2.csv
*https://github.com/havakv/pycox
3https://github.com/autonlab/DeepSurvivalMachines
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Table 3: Result comparison of different regularization techniques

(a) SUPPORT

ctd Brier Score AUC
MODEL 5% 50% 5% | 25% 0% 5% | 5% 50%  T5%
vanilla 0.7588 07252 0.68820.1310 0.1851 0.2095 07763 0.7581 0.7364
weight decay | 0.7588 0.7252 0.6882 | 0.1319 0.1851 0.2095|0.7763 0.7581 0.7364
spectral norm | 0.7580 0.7243 0.6829 | 0.1333 0.1854 0.2114 | 0.7739 0.7575 0.7303
LS2 (ours) | 07694 0.7304 0.6912 | 0.1289 0.1855 0.2099 | 0.7844 0.7597 0.7363
(b) METABRIC
Ctd Brier Score AUC
MODEL 5% 50%  T5% | 25% 0% 5% | 5% 50%  T5%
vanilla 0.7497 0.6734 0.6405]0.1025 0.1905 0.218110.7687 0.6050 0.6018
weight decay | 0.7497 0.6734 0.6405 | 0.1025 0.1905 0.2181|0.7687 0.6959 0.6918
spectral norm | 0.7633 0.6851 0.6519 | 0.1028 0.1883 0.2191 | 0.7806 0.7074 0.7003
LS2 (ours) | 0.7837 0.6960 0.6530 | 0.1026 0.1893 0.2210 | 0.8017 0.7149 0.7010
(c) GBSG
Ctd Brier Score AUC
MODEL 5% 50% 5% | 25% 0% T5% | 5% 50%  T5%
vanilla 0.7373 07193 0.6987 | 0.1100 0.1725 0.2038 [0.7538 07518 0.7366
weight decay | 0.7373 0.7193 0.6987 | 0.1100 0.1725 0.2038 | 0.7538 07518 0.7366
spectral norm | 0.7350 0.7144 0.6986 | 0.1105 0.1731 0.2011 | 0.7507 0.7455 0.7390
LS2 (ours) | 0.7422 07212 0.7063 | 0.1116 0.1747 0.2047 | 0.7597 0.7527 0.7489
Table 4: Coefficient A sensitivity of LS2 regularizer when e = 0.01
(a) SUPPORT
ctd Brier Score AUC
MODEL |00 —75% | 25%  50%  75% | 5%  50%  75%
X—0 (07588 0.7252 0.638210.1310 0.1851 0.2005]0.7763 0.7581 0.7364
A=10 |07620 07272 0.6908 | 0.1289 0.1857 02098 | 0.7769 0.7571 0.7357
A=20 |07694 07304 0.6912|0.1289 0.1855 0.2099 | 0.7844 0.7597 0.7363
A=40 |07803 07361 0.6810|0.1319 0.1891 02165 |0.7949 0.7660 0.7308
(b) METABRIC
ctd Brier Score AUC
MODEL |00 —75% [ 25%  50%  75% | 5%  50%  75%
X—0 [0.7494 06734 06405101025 0.1905 02181]0.7687 0.6059 0.6918
A=10 |07722 0.6895 0.6527|0.1018 0.1882 0.2200|0.7913 0.7114 0.7017
A=20 |07837 0.6960 0.6530|0.1026 0.1893 0.2210|0.8017 0.7149 0.7010
A=40 |07832 07047 0.6532|0.1042 0.1929 0.2255 | 0.8000 0.7197 0.6964
(c) GBSG
ctd Brier Score AUC
MODEL |00 —75% [ 25%  50%  75% | 5%  50%  75%
= 0.7373 0.7193 0.6987]0.1100 0.1725 02038 [0.7538 0.7518 0.7366
A=10 |07431 07232 0.7065|0.1106 0.1726 02026 |0.7604 0.7558 0.7465
A=20 |07422 07212 07063 |0.1116 0.1747 0.2047 | 0.7597 0.7527 0.7489
A=40 |07330 07124 07021 |0.1132 0.1786 02110 |0.7489 0.7426 0.7438
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Table 5: Neighborhood size € sensitivity of LS2 regularizer

Ctd

(a) SUPPORT

Brier Score

AUC

MODEL

25%

50%

75%

25%  50% < 75%

25%

50%

75%

e=20.1
e =0.01
e = 0.001

MODEL

0.7680
0.7694
0.7695

0.7293
0.7304
0.7305

Ctd

0.6906
0.6912
0.6913

0.1291 0.1858 0.2101
0.1289 0.1855 0.2099
0.1289 0.1855 0.2099
(b) METABRIC

Brier Score

0.7830
0.7844
0.7846

0.7585
0.7597
0.7599

AUC

0.7359
0.7363
0.7363

25%

50%

75%

25%  50% @ 75%

25%

50%

75%

e=0.1
e =0.01
e =0.001

MODEL

0.7827
0.7837
0.7837

0.6961
0.6960
0.6961

C«td

0.6546
0.6530
0.6530

0.1025 0.1890 0.2206

0.1026 0.1893 0.2210

0.1026 0.1893 0.2211
(c) GBSG

Brier Score

0.8007
0.8017
0.8016

0.7149
0.7149

AUC

0.7010
0.7009

25%

50%

75%

25%  50%  75%

25%

50%

75%

e=20.1
e =0.01
e = 0.001

0.7417
0.7422
0.7423

0.7210
0.7212
0.7213

0.7061
0.7063
0.7062

0.1116 0.1746 0.2044
0.1116 0.1747 0.2047
0.1116 0.1747 0.2047

0.7593
0.7597
0.7598

0.7525
0.7527
0.7528

0.7487
0.7489
0.7485
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Figure 5: Survival probability plots of diverse samples. Uncensored data (@) and censored data (X)
are drawn at the corresponding time.
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