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Abstract

Human motion taxonomies serve as high-level hi-
erarchical abstractions that classify how humans
move and interact with their environment. They
have proven useful to analyse grasps, manipula-
tion skills, and whole-body support poses. De-
spite substantial efforts devoted to design their
hierarchy and underlying categories, their use
remains limited. This may be attributed to the
lack of computational models that Il the gap be-
tween the discrete hierarchical structure of the tax-
onomy and the high-dimensional heterogeneous
data associated to its categories. To overcome
this problem, we propose to model taxonomy data
via hyperbolic embeddings that capture the as-
sociated hierarchical structure. We achieve this
by formulating a novel Gaussian process hyper-
bolic latent variable model that incorporates the
taxonomy structure through graph-based priors
on the latent space and distance-preserving back
constraints. We validate our model on three differ-
ent human motion taxonomies to learn hyperbolic
embeddings that faithfully preserve the original
graph structure. We show that our model properly
encodes unseen data from existing or new taxon-
omy categories, and outperforms its Euclidean
and VAE-based counterparts. Finally, through
proof-of-concept experiments, we show that our
model may be used to generate realistic trajecto-
ries between the learned embeddings.

humans move and interact with their environment to then
generate biologically-inspired motions and behaviors of
robotic hands, arms, humanoids, or animated characters.
In this endeavor, researchers have proposed to structure
and categorize human hand grasps and body poses into
hierarchical classi cations known asxonomies Their
structure depends on the sensory variables considered to
categorize human motions and the interactions with the
environment, as well as on associated qualitative measures.

Different taxonomies have been proposed in the area of hu-
man and robot grasping(tkosky 1989 Feix et al, 2016
Abbasi et al.2016 Stival et al, 2019. Feix et al.(2016 in-
troduced a hand grasp taxonomy whose structure was mainly
de ned by the hand pose and the type of contact with the
object. As such taxonomy heavily depends on subjective
qualitative measuresStival et al.(2019 proposed a quan-
titative tree-like hand grasp taxonomy based on muscular
and kinematic patterns. A similar data-driven approach was
used to design a grasp taxonomy based on contact forces
in (Abbasi et al.2016. Bullock et al.(2013 introduced a
hand-centric manipulation taxonomy that classi es manipu-
lation skills according to the type of contact with the objects
and the object motion imparted by the hand. A different
strategy was developed Baulius et al(2019, who de-
signed a manipulation taxonomy based on a categorization
of contacts and motion trajectories. Humanoid robotics also
made signi cant efforts to analyze human motions, thus
proposing taxonomies as high-level abstractions of human
motion con gurations. For exampl&orras et al.(2017)
analyzed the contacts between the human limbs and the en-
vironment to design a whole-body support pose taxonomy.

1. Introduction Besides their analytical purpose in biomechanics or robotics,

Robotic systems or virtual characters that exhibit humansome of the aforementioned taxonomies were employed
or animal-like capabilities are often inspired by biological for modeling grasp actionRpmero et al.201Q Lin &
insights Giciliano & Khatib, 2016). In the particular context Sun 2019, for planning contact-aware whole-body pose

of motion generation, itis rst necessary to understand howsedquencesandery et al.20164, and for learning manip-
ulation skills embeddingd$@ulius et al.2020. However,

despite most of these taxonomies carry a well-de ned hi-
erarchical structure, it was often overlooked. First, these
taxonomies were usually employed for classi cation tasks
Proceedings of thd1%! International Conference on Machine Where only the tree leaves were used to de ne target classes,

Learning Vienna, Austria. PMLR 235, 2024. Copyright 2024 by disregarding the full taxonomy structurégjx et al, 2016
the author(s).
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Abbasi et al. 2016. Second, the discrete representationstructure of taxonomy data. Assacond contributioywe

of the taxonomy categories hindered their use for motiorintroduce mechanisms to enforce the taxonomy structure

generationRRomero et al.2010. in the learned embeddings through graph-based priors on

the latent space and via graph-distance-preserving back con-

Arguably thg main dif culty of Ieve.ragmg human motion .straints Lawrence & Quiionero Cande|&2006 Urtasun
taxonomies is the lack of computational models that exploit

(i) the domain knowledge encoded in the hierarchy, @hd etal, 2008.

the information of the high-dimensional data associated t&Ve validate our approach on three distinct human motion
the taxonomy categories. We tackle this problem from a@axonomies: a bimanual manipulation taxonoriyebs
representation learning perspective by modeling taxonom$ Asfour, 2022, a hand grasps taxonomgtival et al,

data as embeddings that capture the associated hierarchi@019, and a whole-body support pose taxonorBpitas
structure. Inspired by the pioneer workkfioukov et al. et al, 2017). The proposed GPHLVM successfully learns
(2010 on the use of hyperbolic geometry on complex hierarhyperbolic embeddings that comply with the original graph
chies, and by recent advances on hierarchical representatiatructure of all the considered taxonomies, and it properly
learning (Nickel & Kiela, 2017 2018 Mathieu et al.2019  encodes unseen poses from existing or new taxonomy nodes.
Montanaro et a).2022, we propose to leverage thgper- Moreover, we show how we can exploit the continuous
bolic manifold(Ratcliffe, 2019 to learn such embeddings. geometry of the hyperbolic manifold to generate trajectories
An important property of the hyperbolic manifold is that between different embeddings pairs via geodesic paths in
distances grow exponentially when moving away from thethe latent space. We leverage this to, for example, generate
origin, and shortest paths between distant points tend to passalistic trajectories that are competitive with state-of-the-art
through it, resembling eontinuous hierarchical structure character animation, while being trained at low data regimes.
Therefore, we hypothesize that the geometry of the hype©®ur results show that GPHLVM consistently outperforms
bolic manifold allows us to learn embeddings that complyits Euclidean and VAE-based counterparts. The source code
with the hierarchical structure of human motion taxonomiesand video accompanying the paper are availabldtps:

In this paper we propose a Gaussian process hyperbolié/snes.google.com/wew/gphlvm/

latent variable model (GPHLVM) to learn embeddings of 2. Background

taxonomy data on the hyperbolic manifold. Oxst con-

tribution tackles the challenges that arise when imposing &3aussian Process Latent Variable Models: A GPLVM
hyperbolic geometry to the latent space of the well-knownde nes a generative mapping from latent variables
GPLVM (Lawrence 2003 Titsias & Lawrence2010), a  fXnOn=1:Xn 2 RQ to observationyngh-; ;yn 2 R® by
model that has been Successfu”y app“ed in human posl@ode“ng the Corresponding non-”near tl’anSfOI’mation W|th
estimation and motion generationavrence & Quiionero ~ Gaussian processes (GPsjfrence 2003. The GPLVM
Candela200§ Urtasun et a].2008 Gupta et al.2008 Ding  is described as,

;?_L Fan, 20h15 Lalghf.m((jj et a!.2022l), ?nhﬁ iE cclrr?;lilex s?_t— Yod N (Yndifnd; 5)

ings such as robotic dressing assistaNisifanth Koganti . . .

& lkeda, 2019. Speci cally, we reformulate the Gaus- with - foa  GP(Ma(Xn)ika(XniXn)); (3
sian distribution, the kernel, and the optimization process and xn N (0;1);

of the GPLVM to account for the geometry of the hyper-wherey, 4 denotes the-th dimension of the observatign,,

bolic latent space. To do so, we leverage the hyperboliq;nd( ):R! Randkq(;):R? RR! Rarethe GP
wrapped Gaussian distributioN@gano et a).2019, and  mean and kernel function, respectively, arfds a hyper-
provide a positive-de nite-guaranteed approximation of theparameter. Conventionally, the hyperparameters and latent
hyperbolic kernel proposed ByicKean(1970. Moreover,  variables of the GPLVM were optimized usingaximum

we resort to Riemannian optimizatioAlgsil et al, 2007 |ikelihood or maximum a posteriofMAP) estimates. As
Boumal 2023 to optimize the GPHLVM embeddings. Our this does not scale gracefully to large datasets, contemporary
GPHLVM is conceptually similar to the GPLVM for Lie  methods use inducing points and variational approximations
groups (ensen et 812020, which also imposes geometric of the evidenceTitsias & Lawrence2010. In contrast to
properties to the GPLVM latent space. However, our formuneyral-network-based generative models, GPLVMs are data
lation is speci cally designed for the hyperbolic manifold ef cient and provide automatic uncertainty quanti cation.

and fuIIy_buiIt on tools from Riemannian geometry. More- piemannian geometry: To understand the hyperbolic
over, unlike osi et al, 2014 and ggrgensen & Hauberg  anifolq, it is necessary to rst de ne some basic Rieman-

2(.)2])' Wh_ere the Igtent space was endowed with a _pu"badﬂian geometry conceptide 2018. To begin with, consider
Riemannian metric learned via the GPLVM mapping, we, piemannian manifolt , which is a locally Euclidean

impose the hyperbolic geometry to the GPHLVM latenty, | qica| space with a globally-de ned differential struc-
space as an inductive bias to comply with the hlerarchlca{ure For each point 2 M , there exists a tangent space
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Figure 1:Left: lllustration of the Lorentz 2 and Poinca P2 models of the hyperbolic manifold. The former is depicted as the gray
hyperboloid, while the latter is represented by the blue circle. Both models show a geedeshefween two pointg 1 (¢) andxz (e).

The vectou (—) lies on the tangent spacef such that = Log, , (x2). Right: Hand grasp taxonomyB{ival et al, 2019 used in

one of our experiments. Grasp types are organized in a tree structure based on their muscular and kinematic properties. Each leaf node of
the tree is a hand grasp type. The lines represent the depth of the leavé3:eugd |E are at distancg and3 from the root node.

T« M that is a vector space consisting of the tangent vector2017 Chami et al. 2020. Although its potential to em-

of all the possible smooth curves passing througth Rie-  bed discrete data structures into a continuous space is well
mannian manifold is equipped with a Riemannian metricknown in the machine learning community, its application
which permits to de ne curve lengths M . Shortest-path in motion analysis and generation is presently scarce.

curves, called geodesics, can be seen as the generalizatigpperbonc wrapped Gaussian distribution: Probabilis-

of straight lines on the Euclidean space to Riemannian mafic models on Riemannian manifolds demand to work with
ifolds, as they are minimum-length curves between twoprgpability distributions that consider the manifold geom-
points inM . To operate with Riemannian manifolds, it is etry. We use the hyperbolic wrapped distributidtagano
common practice to exploit the Euclidean tangent spaces. Tgt a1, 2019, which builds on a Gaussian distribution on the
do so, we resort to mappings back and forth betwgevi tangent space at the originy = (1;0;:::;0)T of L9, that
andM , which are the exponential and logarithmic mapsis then projected onto the hyperbolic space after transporting
The exponential mafxp (u) : kMM maps apoint  the tangent space to the desired location. Intuitively, the
u in the tangent space afto a pointy on the manifold, S0 construction of this wrapped distribution is as follows (see
that it lies on the geodesic startingxain the directionu, 5|50 Fig.6): (1) sample a point- 2 RY from the Euclidean
and such that the geodesic distadge betweerx andy  normal distributionN (0; ), (2) transformy to an element
equals the distance betweerandu. The inverse operation of T ,L9  R%1 py settingv = (0;%)7, (3) apply the

is the logarithmic majpog, (u) : M!T M . Finally,the  parallel transporti =P ,, v , and(4) projectu to L ¢
parallel transpoPy; y u :TxM!T M operateswith yia Exp (u). The resulting probability density function s,
manifold elements lying on different tangent spaces.

logN_a(x; ; )=log N(v;0; ) 2)

. . . . d .
Hyperbolic manifold: The hyperbolic spackl? is the (d 1)log (sinh(kuk, )=kuk,)

unique simply-connected completedimensional Rieman-
nian manifold with a constant negative sectional curva:

) . . withv =P u ,u = Log (x),andkuk? = hu;ui
ture (Ratcliffe, 2019. There are several isometric models T 2 L
for the hyperbolic space, in particular, the Poirgchall P ¢ The hyperbolic wrapped distributiohlegano et J.2019

and the Lorentz (hyperboloid) modef (see Fig.1-left). has a more general expression giverSkdpek et al.2020.

The latter representation is chosen here as it is pumerica}lg_ The proposed GPHLVM

more stable than the former, and thus better suited for Rie-

mannian optimization (see App. 1 for the principal Rie- Ve present the GPHLVM, that extends GPLVM to hyper-
mannian operations and their illustration on the LorentzZ00lic latent spaces. A GPHLVM de nes a generative map-
model). However, the Poindamodel provides a more intu- PiNg from the hyperbolic Iatept spat& to the observation

itive representation and is here used for visualization. Thi$Pace, e.g., the data associated to the taxonomy, based on
is easily achieved by leveraging the isometric mapping beQPs. _By con5|der|ng mdependgnt GPs across'the observa-
tween both models (see Apf.2 for details). An important ~ tion dimensions, the GPHLVM is formally described as,
property of the hyperbolic manifold is the exponential rate . L2
of the volume growth of a ball with respect to its radius. In Yna N (Yna:fas a)

other words, distances Y grow exponentially when mov- with g GP(Ma(Xn)iK5® (Xnixn) ()

ing away from the origin, and shortest paths between distant and xn N Lo( o} 1)

points on the manifold tend to pass through the origin, re-

sembling a continuous hierarchical structure. Because afherey,.q denotes the&-th dimension of the observation
this, the hyperbolic manifold is often exploited to embedy, 2 RP andx, 2 L ? is the corresponding latent variable.
hierarchical data such as trees or grapfiisKel & Kiela, = Our GPHLVM is built on hyperbolic GPs, characterized by
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a mean functiomg() : L® ! R (usually set td)), and  Notice that we leverage the isometry between Lorentz and

akernek®(;):LQ L Q! R.These kerels encode Poincaé models (see Ap@) for computing the kerne(6)
similarity information in the latent hyperbolic manifold and (see AppB for details on(6)). Note that hyperbolic kernels
should re ect its geometry to perform effectively, as de-for L? with Q > 3 are generally de ned as integrals of
tailed in §.3.1 Also, the latent variablg 2 L Q is assigned the kernelg4) (Grigoryan & Noguchi199§. Analogs of

a hyperbolic wrapped Gaussian pridfo ( o; |) based Matérn kernels folL? are obtained as integral of the SE
on(2), where g is the origin ofL?, and the parameter ~ kernel of the same dimensiodgquier et a).2021).

cqntrols the spread of the latent variable§l_f?l. As Eu_- 3.2. Model training

clidean GPLVMS’ our GPHL.VM can be trained by nding As in the Euclidean case, training the GPHLVM is equiva-
a MAP estimate or via variational inference. However, SP€ant to nding optimal latent variableX = fxng\., and
cial care must be taken to guarantee that the latent variabl N ¥n=1

%Syperparameters = f 405, by solvingargmax X
| he h l ifol lained i ! . d=1 X
belong to the hyperbolic manifold, as explained i85 withx, 2 L Q, 4 being the hyperparameters of tti¢h GP,

3.1. Hyperbolic kernels and’ as a loss function. We introduce a GPHLVM trained
For GPs in Euclidean spaces, the squared exponential (SHR MAP estimation for small datasets and a variational
and Maérn kernels are standard choicé&agmussen & GPHLVM that handles larger datasets, providing users with
Williams, 2009. In the modern machine learning literature the most appropriate tool for their needs. Note that recent
these were generalized to non-Euclidean spaces such @stensions of GPLVMI(alchand et al.2022ab) scale to
manifolds Borovitskiy et al, 202Q Jaquier et a).2027)  massively large datasets via stochastic variational inference.
or graphs Borovitskiy et al, 2021). The generalized SE For small datasets, the GPHLVM can be trained by maxi-
kernels can be connected to the much stutiieat kernels ~ Mizing the log posterior, i.e.map = 10g p(Y jX )p(X )

These are given (cErigoryan & Noguchi(1998) by, withY =(yp:::yn)T andX =(x1:::xy)T. For large
7 datasets, the GPHLVM can be trained, similarly to the
Lo, o 2Tt se s7=2 ) _ so-called Bayesian GPLVMI{tsias & Lawrence2010),
K- (x:x9) = C. (cosh(s) cosh())1=2 ds; (4) by maximizing the marginal likelihood of the data, i.e.,
2 “va =log p(Y) =log p(YjX)p(X)dX . As this quan-
K xxd= — e =@ (5) tityisintractable, it is approximated via variational inference
Cy sinh by adapting the methodology @ftsias & Lawrencg2010

where = dist _«(x:x9) is the geodesic distance between.to hyperbolic latent spaces, as explained next. Correspond-

x;x°2 L9 and 2 are the kernel lengthscale and vari-'"9 algorithms are provided in Api.

ance, andC, is a normalizing constant. To the best of our Variational inference: We approximate the posterior
knowledge, no closed form expression kgt is known. In - p(X jY ) by a variational distribution de ned as a hyper-
this case, the kernel is approximated via a discretizatiomolic wrapped normal distribution over the latent variables,
of the integral. One appealing option is the Monte Carlo W

approximation based on the truncated Gaussian density. Un- q(X)= Nio(Xn: ni n): @)
fortunately, such approximations easily fail to be positive
semide nite if the number of samples is not very large. We

. - _ N .
address this via an alternative Monte Carlo approximationVith variational parameters = f n; ngy-; , with n 2
LQand , 2T ,LQ. Similarly to the Euclidean cas@&i(-

2 1 % sias & Lawrencg2010), this variational distribution allows
oL s tanh( s |) ww; (6) the formulation of a lower bound,
1

=1 . ..
logp(Y) Eq (x)[logp(YjX)] KL g (X)jip(X) :
®)
The KL divergenc&kL g (X )jjp(X ) between two hyper-

n=1

k-* (x: x9)

wheretxp ; bi = log jlijXPbﬁ is the hyperbolic outer prod-

uct W'th Xp be_lng tgle_represerltatlon f'if as a p_omt_ N holic wrapped normal distributions can easily be evaluated
the Poincag diskP? = D, w = e@si+D b with . . .

. . . . . . via Monte-Carlo sampling (see Ap@.1for details). More-

|., 4 denotlng the |ng|nary u.mt and corrnpl.ex conjuga-over, the expectatioBy (x , [logp(Y jX )] can be decom-
tion, respectivelyp = U(T) with T the unit circle, and poged into individual terms for each observation dimension
S| Hd g s? 2:21[0;1 y(8). The distributions ob; ands| are  as 5’21 Eq x) [logp(yqjX )], whereygq is thed-th col-
easy to sample from: The former is sampled by applyingumn ofY . For large datasets, each term can be evaluated
x ! €™ tox U([0;1]) and the latter is (proportional via a variational sparse GP approximatidiitgias 2009

to) a truncated normal distribution. Importantly, the right-Hensman et al2015. To do so, we introduc# induc-
hand side of6) is easily recognized to be an inner producting inputsf zq., gM_; with z4. 2 L Q for each observa-

in the spaceCt, which implies its positive semide niteness. tion dimensiord, whose corresponding inducing variables

4
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fugmg¥_, are de ned as noiseless observations of thepriors on the embeddings and back constraibés\tence

GP in(3), i.e, uq GP(md(zd);k'aQ(zd;zd)). Similar
to (Hensman et 812015, we can write,

Eq (ta) 10gN (ya;fa(X); 3
KL g (ua)iip(ugjZa) ;

where we de nedq (f4) = Rp(f djug)q (ug)dug with
the variational distributioq (ug) = N (ug; ~¢; ~4q), and
variational parameters= f ~g; ~dg(?:1 . Remember that
the inducing variablesy., are Euclidean, i.e., the varia-
tional distributionq (uq) is a Euclidean Gaussian and the
KL divergence in(9) has a closed-form solution. In this
case, the training parameters of the GPHLVM are the s
of inducing inputd z4., gM_, , the variational parameters
and , and the hyperparameters(see AppC.2for the
derivation of the GPHLVM variational inference process).

logp(yajX ) ©)

Optimization: As several training parameters of the
GPHLVM belong toL Q, i.e., the latent variables,, for
the MAP estimation, or the inducing inputg., and means

& Quiflonero Candel&2006 Urtasun et a].2008. Both are
reformulated to preserve the taxonomy graph structure in
the hyperbolic latent space as a function of the node-to-node
shortest paths.

Graph-distance priors: As shown byUrtasun et al.
(2008, the structure of the latent space can be modi ed
by adding priors of the fornp(X ) / e )= 7 to the
GPLVM, where (X)) is a function that we aim at minimiz-
ing. Incorporating such a prior may also be alternatively
understood as augmenting the GPLVM lossith a regu-
larization term (X ). Therefore, we propose to augment
&he loss of the GPHLVM with a distance-preserving graph-

ebased regularizer. Several such losses have been proposed

in the literature, seeQruceru et al.2027) for a review.
Speci cally, we de ne (X ) as the stress loss,

“sres{X ) = dista(c;q) dist o (xi;x;) % (11)

i<j

n for variational inference, we need to account for theirwherec; denotes the taxonomy node to which the observa-
hyperbolic geometry during optimization. To do so, wetiony; belongs, andlistg, dist_¢ are the taxonomy graph

leverage Riemannian optimization methoddbgil et al,
2007 Boumal 2023 to train the GPHLVM. Each step of

distance and the geodesic distance_&h respectively. The
loss(11) encourages the preservation of all distances of the

rst order (stochastic) Riemannian optimization methods istaxonomy graph ih. 9. It therefore actglobally, thus al-

generally of the form,

t hgrad(xt); ¢ 1;
Exp, (¢ t);

t th! Xt+1 t -

Xt+1 (10)

The update ; 2 Tx,M is rst computed as a function
h of the Riemannian gradiemrad of the loss™ (x;) and

of ; 1,the previous update that is parallel-transported toBack-constraints-

the tangent space of the new estimate The estimate
Xt is then updated by projecting the updatescaled by
a learning rate ; onto the manifold using the exponential
map. The functior is equivalent to computing the update
of the Euclidean algorithm, e.g.; grad (x;) for a
simple gradient descent. Notice tHa0) is applied on a

product of manifolds when optimizing several parameters

In this paper, we used the Riemannian Ada@adigneul
& Ganea 2019 implemented in GeoopKpchurov et al.
2020 to optimize the GPHLVM parameters.

4. Incorporating Taxonomy Knowledge

While we are now able to learn hyperbolic embeddings of i
the data associated to a taxonomy using our GPHLVM, they

lowing the complete taxonomy structure to be re ected by
the GPHLVM. Notice thaCruceru et al(202]) also survey

a distortion loss that encourages the distance of the embed-
dings to match the graph distance by considering their ratio.
However, this distortion loss is only properly de ned when
the embeddings; andx; correspond to different classes

C 6 ¢ . Interestingly, our empirical results using this loss
were lackluster and numerically unstable (see App.

The back-constrained GPLVM
(Lawrence & Quiionero Candela2006 de nes the
latent variables as a function of the observations, i.e.,
Xng = Ogq(Y1::::Yn;Wq) With parameters!;wngQ:l . This
allows us to incorporate new observations in the latent
space after training, while preserving local similarities
between observations in the embeddings. To incorporate
graph-distance information into the GPHLVM and ensure
that latent variables lie on the hyperbolic manifold, we
propose the back-constraints mapping,

Xn = Exp  (%n)

b 12
Wq;mkR (yn;ym)kG(Cn;Cm): (12)

m=1

do not necessarily follow the taxonomy graph structure. In

other words, the manifold distances between pairs of emthe mapping12) not only expresses the similarities be-
beddings do not necessarily match the graph distances. Taeen data in the observation space via the kekRe) but
overcome this, we introduce graph-distance information agncodes the relationships between data belonging to nearby
inductive bias to learn the embeddings. To do so, we levetaxonomy nodes vi&®. In other words, similar observa-

age two well-known techniques in the GPLVM literature:

5

tions associated to the same (or near) taxonomy nodes will
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be close to each other in the resulting latent space. Thand the classical SE kernel for the Euclidean models. As
kernelk® is a Mag&rn kernel on the taxonomy graph follow- GPLVMs are generally prone to local optima during training,
ing the formulation introduced irBprovitskiy et al, 2021),  they bene t from a good initializationBitzer & Williams,
which accounts for the graph geometry (see also A)p. 2010 Ko & Fox, 2017). Here, we initialize the embeddings
We also use a Euclidean SE kernel k% . Notice thatthe of all GPLVMs by minimizing the stress associated with
back constraints only incorporaiecal information into the  their taxonomy nodes, so that = min x " syressWith “stress
latent embedding. Therefore, to preservedtubal graph  asin(11), using the hyperbolic and Euclidean distance for
structure, we pair the proposed back-constrained GPHLVMhe GPHLVMs and GPLVMs, respectively (see Aip2.9).
with the stress priof11). Note that both kernels are re- Since our experiments deal with low-data scenarios, all
quired in(12): By de ning the mapping as a function of the models were trained via MAP estimation by maximizing the
graph kernel only, the observations of each taxonomy nodéss™ = “map swess Where is a parameter balancing
would be encoded by a single latent point. When using théhe two losses (see Apfs.2.3for details).

observation kernel only, dissimilar observations of the same

taxonomy node would be distant in the latent space, despitelyPerbolic embeddings of taxonomy data: We em-
the additional stress prior 48" (Yn:¥m) O. bed the taxonomy data of the aforementioned taxonomies

into 2-dimensional hyperbolic and Euclidean spaces using
5. Experiments GPHLVM and GPLVM. For each, we test the model without
regularization, with stress prior, and with back-constraints

We test the proposed GPHLVM on three distinct roboticscoupled with stress prior. Figuré2c, 3a3c, and1la

taxonomies. First, we model the dz?ta from the bimanual ; ¢ show the learned embeddings alongside error matrices
ma_mpt:latlpn taxonomﬁl(rebs & Asfour, 2022, thatis  enicting the difference between geodesic and taxonomy
a simple binary tree whose nodes represent coordinatiog, o, gistances for the bimanual manipulation, hand grasps,

patterns of human bimanual manipulation skills. We use,, support pose taxonomies, respectively. As shown in
a balanced dataset 60 whole-body poses extracted from Figs.2a 3a 113 the models without regularization do not

recordings of bimanual household activities, asineps & encode any meaningful distance structure in latent space. In

Aggour, 2029). Each pose is a vector of jointanghes 2 - conirast, the models with stress prior result in embeddings
R®. Second, we consider a hand grasp taxono8tw&l  yhat comply with the taxonomy graph structure: The embed-
etal, 2019 that organizes common grasp types into a re&yin s are grouped and organized according to the taxonomy
structu_re bgsed on their muscular and kinematic pr_opert|e§0des, the geodesic distances match the graph ones, and ar-
(see Fig.1-right). We used4 grasps ofl9types obtained 4,541y more so in the hyperbolic case (see error matrices in
from r(_acordlngs of humans grasping different opjgcts. EaCf#igs.Zch, 3b-3¢, 11b-110). Moreover, the GPHLVM with

grasp |s§ncod§d by & vector of wristand nger joint anglesy,, i constraints further organizes the embeddings inside a
yn 2 R™. Third, we model data from the whole-body ¢5sq according to the similarity between their observations
support pose taxonomrras et al. 2017). Each node (gee Figsac, 3¢, 110). Note that augmenting the support

of this taxonomy graph is a support pose de ned by itS,q6 taxonomy leads to several groups of the same support
contacts, so that the distance between nodes can be wewsgse in Figs11b-11 e.g.,F splits intoLF andRF.

as the number of contact changes required to go from a

support pose to another. We use standing and kneeling pos@squantitative comparison of the stress values of the latent
of the datasets inandery et al.20163 and (angenstein  €mbeddings with respect to the graph distances con rms that
2020. The former were extracted from recordings of aa hyperbolic geometry captures better the data structure (see
human walking without hand support, or using supportsfablel). All regularized GPHLVMs with2-dimensional
from a handrail or from a table on one side or on both sidedatent spaces outperform their Euclidean counterparts. In
The latter were obtained from a human standing up frongeneral, we observe a prominent stress reduction for the
a kneeling position. Each pose is identi ed with a node of Euclidean and hyperbolig-dimensional latent spaces com-
the graph of Fig9. We test our approach on an unbalancedpared to the2-dimensional ones. This is due to the in-
dataset ofl00 poses 72 standing an@8 kneeling poses), crease of volume available to match the graph structure in
where each pose is represented by a vector of joint angleksdimensional spaces relative Zedimensional ones. In-

yn 2 R*. Note that we augment the taxonomy to explicitly terestingly, the hyperbolic models of the bimanual manip-
distinguish between left and right contacts. The main result/lation and hand grasps taxonomies also outperform the
are analyzed in the sequel, while additional experimentaFuclidean models witl3-dimensional latent spaces (see

details, results, and comparisons are given in AppndH. ~ models in App.G.5). This is due to the fact that the volume
of balls in hyperbolic space increases exponentially with

Implementation details: App.G.1land App.G.2describe  respect to the radius of the ball rather than polynomially as
the data and hyperparameters used for all experiments. Wa Euclidean space, which translates to signi cantly more
used the hyperbolic SE kernels 088l for the GPHLVMs, space for embedding tree-like data with minimal distortion.
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@ Uk O Uright O TCA O  TCAignt @ TCS

(a) Vanilla (b) Stress prior (c) BC + stress prlor(d) Adding poses (e) Adding a class

Figure 2: Bimanual manipulation categories: The rst and last two rows show the latent embeddings and examples of interpolating
geodesics if? 2 andR?, followed by pairwise error matrices between geodesic and taxonomy graph distances. Background colors indicate
the GPLVM uncertainty. Added poséd) and classe$ CAqign: (€) are marked with stars and highlighted with red in the error matrices.
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(a) Vanilla (b) Stress prior (c) BC + stress prior(d) Adding poses (e) Adding a class
Figure 3: Grasps: The rst and last two rows show the latent embeddings and examples of interpolating geoBlésicsliR?, followed
by pairwise error matrices between geodesic and graph distances. Embeddings colors match thoseighEignd background colors
indicate the GPLVM uncertainty. Added poge$ and classe®u; St; MW ; andRi (e) are marked with stars and highlighted with red in
the error matrices.
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Table 1: Average stress per geometry and regularization. The stress is compute l)sangl averaged over all pairs of training
embeddings. For models with unseen poses and classes, the stress is computed over all pairs of training and additional embeddings. Lower
stress values indicate better compliance with the taxonomy structure.

TAXONOMY M ODEL NO REGULARIZER STRESS BC + STRESS UNSEEN POSES UNSEEN CLASS
5 GPLVM,R?  2:03 215 ¢13 0:33 015 031 015 029 0:08 0:11
IMANUAL GPHLVM,L2 0:98 1:26 0:11 0:33 0:09 0:12 0:09 0:11 0:13 2:15

MANIPULATION

CATEGORIES ~ GPLVM,R®  2:39 2:36 0:01 0:01 020 038 020 038 0:05 0:07
GPHLVM, L3 1:18 1:35 0:01 0:03 0:04 0:08 0:03 0:07 0:05 0:07
GPLVM,R?  7:25 540 039 041 040 044 053 077 060 0:73

GRASPS GPHLVM, L? 5:47 4:07 0:14 0:16 0:18 0:29 0:35 0:78 0:48 0:76
GPLVM,R®  8:15 5:85 014 018 015 019 029 064 038 0:66
GPHLVM,L® 837 571 0:04 0:08 0:07 0:18 0:23 0:68 0:37 0:72
GPLVM,R? 393 3:97 058 0:94 063 094 066 099 0:85 1:73

SUPPORT GPHLVM,L? 2:05 2:50 0:51 0:82 0:53 0:83 0:56 0:86 0:86 1:70

POSES GPLVM,R®  3:76 3:74 0:24 0:40 0:29 0:39 0:30 0143  0:555 1:26
GPHLVM,L® 378 371 630 0:38 035 045 037 0:50 069 1:36

; ; : : i experiments of the hand grasps taxonomy. Training time was mea-
to embed hierarchical taxonomies with a tree-like structurlegured oveb00iterations for both models. The implementations

as the bimanual manipulation and hand grasps taxonomiege fylly developed on Python, and the runtime measurements were
In the case of the support pose taxonomy, the Euclideataken using a standard laptop w2 GB RAM, Intel Xeon CPU
models with3-dimensional latent space slightly outperform E3-1505M v6 processor, and Ubuntu 20.04 LTS.

the 3-dimensional hyperbolic embeddings. We attribute this
to the cyclic graph structure of the taxonomy. Such type of _MODEL TRAINING DECODING
structure has been shown to be better embedded in spherical GPLVM, R? 2:1978s 0:082  6256ms 0:314
or Euclidean space§( et al, 2019. Interestingly, despite GPHLVM,L? 41467s 3087 274s 0:487
the cyclic graph structure of the support pose taxonomy, the GpPLVM, R? 3:148s 0:171  6774ms 0:545
Euclidean models are still outperformed by the hyperbolic GPHLVM,L® 6:887s 0:307 1034ms 1.05
embeddings in tha-dimensional case (see Talle This
suggests that the increase of volume available to match the

ranh structure in hvoerbolic spaces compared to Euclide increase in computational cost is mainly attributed to the
grap yp P P -dimensional hyperbolic kernel (see TaBle App. G.3).

spaces leads to better low-dimensional representations cfrnis may be alleviated by reducing the number of samples

taxonomy data, including those with cyclic graph structure, . ; : )
or via more ef cient sampling strategies.

Importantly, a comparative study reported in.Ar}rb..l Taxonomy expansion and unseen poses encodingAn
shows that the GPHLVM also outperformed vanilla and hy-agyantage of back-constrained GPLVMs is their affordance
perbolic versions of a VAE to encode meaningful taxonomy;q “embed” new observations into the latent space. We
information in the latent space. For all taxonomies, addingest the GPHLVYM ability to place unseen class instances
the stress regularizatiqii1) to the VAEs helps to preserve o ynopserved taxonomy classes into the latent space, hy-
the graph distance structure, although the embeddings @fothesizing that their respective embeddings should be po-
different taxonomy nodes are not as clearly separated &gioned to preserve the relative distances within the taxon-
in the GPHLVMs. This is illustrated by the higher aver- omy graph compared to the other latent points. First, we
age stress of the VAES' latent embeddings and their highegonsider back-constrained GPHLVMs with stress prior pre-
reconstruction error compared to the GPHLVMS' (see Tay;ioysly trained on a subset of the taxonomies data (i.e., the
ble 13). Finally, we also tested a GPLVM for learning a models in Figs2c, 3¢, 11¢) and embedded unseen class in-
Riemannian manifoldTosi et al, 2014 of the taxonomy  gtances. Figurezd, 3d and11dshow how the new data land
data, reported in Appl.2, which is unable to capture the lo- ¢jose to their respective class cluster. Second, we train new
cal and global data structure as this model was not originallys p| \vMs for the three taxonomies while withholding all
designed for hierarchical discrete data. data instance from one or several classes (see Gh4.
Runtimes: Table2 shows the runtime measurements forWe then encode these data and nd that they preserve the
the training and decoding phases of GPHLVM and GPLVM.relative taxonomy graph distances when compared to the
The main computational burden arises in the GPHLVM withmodel trained on the full dataset. Although this is accom-
a2-dimensional latent space, which is in sharp contrast withplished by both models, our GPHLVMs display lower stress
the experiments using&dimensional latent space. This values (see Tabl#).
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) Euclidean approaches underperformed on all the forego-
b” ing cases. Finally, we introduced a mechanism to generate
taxonomy-aware motions in the hyperbolic latent space.

Note that we assumed that the desired hierarchy is mainly
provided by the given taxonomy, which we use as inductive
o bias in our model. Although our assumption is that the pro-
vided taxonomy structure is accurate, our model may also
be encouraged to discover additional hierarchical structure
by adjusting the scale of the stress loss function. This
Figure 4: Motions obtained via geodesic interpolation in the backis particularly interesting for cases where the provided tax-
constrained GPHLVM latent spacgop Grasp taxonomy from  gnomy is incomplete or inexact, and thus a lower scale
e T e o, SubberL 265 . may allow the model o prioritze unsupenvised discovery
of a hierarchical structure from the dataset itself, mitigating
Trajectory generation via geodesics: The geometry of  the impact of potential taxonomy errors. An interesting
the GPHLVM latent space can also be exploited to generatgxtension to our work would be incorporating uncertainty
trajectories in the latent space by following the geodesicmeasures for the taxonomy graph. If quanti able measures
i.e., the shortest path, between two embeddings. In othejf uncertainty for speci ¢ nodes or relationships exist, we
words, our GPHLVM intrinsically provides a mechanism could integrate them into the stress loss. This would allow

to plan motions via geodesics in the low-dimensional lateny;s to down-weight the in uence of unreliable nodes of the
space. Examples of geodesics between two embeddinggxonomy, further improving robustness.

for the three taxonomies are shown in Figb:2c, 3b-3c, ) )
and11b-11 with the colors along the trajectory matching Our proposed GPHLVM opens the door to potential applica-
the class corresponding to the closest hyperbolic latent poirfonS in €lds like bioinformatics. For instance, GPHLVM
Importantly, the geodesics in GPHLVMs latent space followMay uncover hle.rarch|cal structures asso_ma.ted.to protein
the transitions between classes de ned in the taxonomy. Ifteractions Alanis-Lobato et al.201§ or within biolog-
other words, the shortest paths in the hyperbolic embed¢@! sequencesdorso et al. 2021, Macaulay et al.2023.
ding correspond to the shortest paths in the taxonomy grap[&(_loreover, the availability of a motion taxonomy structure
For instance, in the case of the support pose taxonomy, trfgmPowers the GPHLVM to impact various downstream
geodesic fronLF to F,RH follows LF | F, | FoRH. tasks, mgludm_g robot motion generatlpn., robotic grasping
Straight lines in the Euclidean embeddings are more likeynd manipulation, human motion prediction, and character
to deviate from the graph shortest path, resulting in trans2nimation. In particular, the taxonomy prior may compen-
tions that do not exist in the taxonomy, e BFRH! F in s_ate for the lack of data in some of the foregoing applica-
the Euclidean latent space of Figib11c Figure4 and tions. Unlike other LVMs such as VPosd?gvlakos et a|.
App. G.7 show motions resulting from geodesic interpola-2919, GAN-S Davydov et al, 2029, and TEACH fthana-

tion in the GPHLVM latent space. The obtained motions are>ioU €t al. 2022, which are trained on full human motion
more realistic than those obtained via linear interpolation intr@€ctories and thousands of datapoints, our model lever-

the GPLVM latent space and as realistic as those obtaine@d®S the taxonomies as inductive bias to better structure

° e ° o o ) o o

via VPoser Pavlakos et a]2019 (see Figs16-17). the Iearne_d emb_eddings, and uses geodesics as a simple
and effective motion generator between single poses. How-
6. Conclusions ever, as other models, our geodesic motion generation does

Inspired by the recent developments of human motion tax20t Use explicit knowledge on how physically feasible the
onomies, we proposed a computational model C_:‘PI_”_VMgenerated trgjectorles are. We plgr) to |nvest|gatg how to
that leveraged two types of domain knowledge: the structyrdiclude physics constraints or explicit contact data into the

of a human-designed taxonomy and a hyperbolic geomégPHLVM to obtair_1 p_hysically-feasiblg motions. We will
try on the latent space which complies with the intrinsicaISO work on alleviating the computational cost of the hy-

taxonomy's hierarchical structure. Our GPHLVM allows perbolic kerngl by using more ?f cient sampling.stratggigs.
us to learn hyperbolic embeddings of the features of th(jfor example, instead of sampling from a Gaussian distribu-

taxonomy nodes while capturing the associated hierarchic4/O" for the approximatiori6), we could sample from the
structure. To achieve this, our model exploited the curvaturdX@Yleigh distribution. This is because complex numbers,

of the hyperbolic manifold and the graph-distance informa!/10S€ real and imaginary components are i.i.d. Gaussian,
tion as inductive bias. We showed that these two formdave absolute value that is Rayleigh-distributed. Finally, we

of inductive biases are essential to learn taxonomy-awar&ill investigate other manifold geometries to accommodate

embeddings, encode unseen data, and potentially expaﬁ'&ore com_plex st_ructures coming from highly-heterogeneous
the learned taxonomy. Moreover, we reported that vanill"@Phs Giovanni et al.2022).
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(a) Exponential and logarithmic maps. (b) Parallel transport.

Figure 5: Principal Riemannians operation on the Lorentz mbdela) The geodesic<—) is the shortest path between the two points
toy on the manifold. The vectar (—) lies on the tangent spacexfsuch thay = Exp, (u). (b) Px: y v is the parallel transport
of the vectov from T, L? to T, L2.

A. Hyperbolic manifold
A.1. Manifold operations

As mentioned in the main text (8, we resort to the exponential and logarithmic maps to operate with Riemannian manifold
data. The exponential mdgxp, (u) : TyM!M  maps a pointi in the tangent space a&fto a pointy on the manifold,

while the logarithmic magpog, (u) : M!' T yM performs the corresponding inverse operation. In some settings, it is
necessary to work with data lying on different tangent spaces of the manifold. In this case, one needs to operate with all data
on a single tangent space, which can be achieved by leveraging the parallel trégspprtt : M IT (M . All the
aforementioned operators are de ned in Tabker the Lorentz model ¢ and illustrated in Fig5 for L2. Moreover, we
introduce the inner produtti; vi, between two points oh9, which is used to compute the geodesic distatigéu ; v)

and all the foregoing operations in the Lorentz model, as shown in Bable

Table 3: Principal operations on the Lorentz mod&l For more details, se®pse et al.2020 and Peng et a.2021).

OPERATION FORMULAD

hu; viy UoVo+ 0, UiV

du (u;Vv) arcosh(h u;vix) N

Exp, (u) cosh(kuk, )x + sinh( kukL)ﬁ withkuk, = = hu;uix
Log, (¥) PLD(y + ) with = hyix

Pxiy v V"'%(X"'Y)

A.2. Equivalence of Poincaeé and Lorentz models

As pointed out in the main text 8, it is possible to map points from the Lorentz model to the Poinbatl via an isometric
mapping. Formally, such an isometry is de ned as the mapping funétiohd ! P ¢ such that

CHERON
f(x)= ————; 13
()= =H (13)
wherex 2 L 9 with components; X1;:::;Xq. The inverse mapping *: P9 1L %is de ned as follows

the Poinca disk throughout the paper, as well as in the computation of the kle‘rﬁe(kl).

A.3. Hyperbolic wrapped Gaussian distribution

Fig. 6 illustrates the hyperbolic wrapped Gaussian distributiagano et a).2019, which is introduced in & and utilized
as prior distribution for the GPHLVM's embeddings.
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Figure 6: lllustration of the hyperbolic wrapped Gaussian distribuign (x; ; ) on the Lorenz modél? of the hyperbolic manifold.
Left: Manifold origin o, mean , and corresponding tangent spacédiddle: A point v is sampled from a Euclidean Gaussian
distribution in the tangent space of and moved ta L2 via the parallel transporRight: The parallel transported sampleis projected
onto the manifold using the exponential map. The resulting hyperbolic sample is depicted as a red dot.

B. Hyperbolic kernels

As mentioned in the main text & 1), following the developments on kernels on manifolds liBerovitskiy et al, 202Q

Jaquier et a).2021), we may identify the generalized squared exponential kernel witheéhtkernel— an important object
studied on its own in the mathematical literature. Due to this, we can obtain the exprég¥iarie expression for the case

of L? requires discretizing the integral, which may lead to an approximation that is not positive semide nite. We address
this by suggesting another approximation guaranteed to be positive semide nite.

B.1. Alternative Monte Carlo approximation

Reversing the derivation irChave| 1984 p. 246), we obtain
2 2 z 1
KT, 2(xix)= o exp( (2 *)P 1= (cosh( ))stanh( s )ds; (15)
1 0

where = distpa(x;x% denotes the geodesic distance betweex®2 P2, and ? are the kernel lengthscale and
varianceC? is a normalizing constant aril are Legendre functioné\bramowitz & Stegun1964. Note that we leverage

the isometry between the Lorentz and Poikaaodels for the computation of the kernel. Now we prove that these Legendre
functions are connected to tBpherical functions— special functions closely tied to the geometry of the hyperbolic space
and possessing a very important property.

Proposition B.1. Assume the disk modelBf (i.e. the Poincag disk). Denote the disk iy and its boundary, the circle,

by T. De ne the hyperbolic outer product by ; bi =  log jlzj Ejz forz 2 D;b2 T. Then
z z
s) 1o is (COSh( )) - e(ZSi +1) hz;bi db = e(ZSi +1) hz;bi mdb, (16)
I —{z y T

spherical function ,5(z)

wherez 2 Dis such that =distp2(z;0) andzy;z, 2 D are such that = dist p2(z1;2z,). Herei denotes the imaginary
unit andz is the complex conjugation.

Proof. Let denote the angle betweerandb, and note the following simple identities

jz bj?=jzj?+1 2jzjcos()=tanh( )?+1 2tanh( )cos(); (17)
1jzj®= tanh( )2 =cosh( ) 2: (18)
Then, we write
) . . 2 si 1=2 ; —
el2si+1) heibi — ‘121_ :}2 = cosh()2(tanh( )2+1 2tanh( )cos()) ° **2: (19)
= sinh( )2+cosh( )2 2sinh( )cosh()cos() ° *: (20)
=(cosh(2 ) +sinh(2 )cos()) si 122, (22)
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R
On the other hand, biyebedev et al(1965 Eq. 7.4.3), we havB, (cosh(x)) = 1 o (cosh(x) +sinh( x) cos( ))®d ; hence

Z
P 1-0+is (cosh(2)) = 1 (cosh(2 ) +sinh(2 )cos()) ¥2*'d; (22)
i
= Zi (cosh(2 ) +sinh(2 )cos()) 72*'d; (23)
Z
- e( 2si +1) hz ;bi db = ZS(Z): (24)
.

This computation roughly follow€ohen & Lifshits(2012 Section 4.3.4). Now, bZohen & Lifshits(2012 Section 3.5),
we have 25(z) = 25(z) which proves the rstidentity. Finally, Lemma 3.5 fro@ohen & Lifshits(2012 proves the
second identity. O

By combining expressiond §) and (L6), we get the following Monte Carlo approximation

2
kfz.. 2(X;Xo) CT% s tanh(Sl)e(25|i+1)th;b|ie(23|i+l)hxg;b|i; (25)
h I ==
whereb . U(T) ands, Hd g s 2=21[0;1 y(s). This gives the approximation used in the main text (s8elB
Having established a way to evaluate or approximate the heat kernel, analog€af kinels can be de ned by
221 .
k.. 2(x;x9= c u te YR, Pop o (x;x9du; (26)
0

whereR; P , isthe same as; P55 . but with the normalizing constanf=C; dropped for simplicity. Her€ is
the normalizing constant ensuring that - (x;x) = 2 forall x.

B.2. In uence of the number of Monte Carlo samples

The number of Monte Carlo samples in uences the quality of the hyperbolic kernel which is used to evaluate the relationship
between the latent embeddings in the GPHLVM w#tlimensional latent space. Figdisplays the hyperbolic kernel value

kfz;; 2(x;x9) with = =1 asafunction of the distanakst, - (x;x% between two embeddings x° for different

number of Monte Carlo samples. The expected behavior of the hyperbolic kernel is similar to that of the Euclidean SE kernel,
i.e., (1) kfz;; 2(x;x9 =1 whendist2(x;x% =0, and (2)kfz;; . (x;x9 decreases monotonically wheist. (x ; x9)
increases. We observe that this second property is not respected for low humber of Monte Carlo sarhp0s}, @s

the kernel value oscillates when the distance increases. This would result in inconsistent behaviors of the GPHLVM, as
kernel values may be higher for distant embedding pairs than for closer embedding pairs. The kernel generally achieves the
expected behavior when the number of Monte Carlo samples is xed &t@®d@ Higher number of samples lead to higher
precision and repeatability in the computation of the kernel at the expense of computation time. For our experiments, we
traded-off between kernel quality and computation time by usd@Jsamples for the kernel computation.
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C. GPHLVM variational inference

As mentioned in 8.2, when training our GPHLVM on large datasets, we resort to variational inference as originally
proposed inTitsias & Lawrence2010. Here we provide the mathematical details about the changes that are needed to
train our model via variational inference.

C.1. Computing the KL divergence between two hyperbolic wrapped normal distributions

As mentioned in 8.2, we approximate the KL divergence between two hyperbolic wrapped distributions via Monte-Carlo
sampling. Namely, given two hyperbolic wrapped distributigné«) andp(x), we write

X
Ay 17 0q i),

o) X K, B0 @)

Z
KL g (x)jjp(x) = g (x)log

where we used independent Monte-Carlo samples drawn frgnix) to approximate the KL divergence. These
samples are obtained via the procedure describe®jn.§., by sampling an element on the tangent space of the origin

0=(1;0;:::;0)T of LY, via a Euclidean normal distribution, and then applying the parallel transport operation and the
exponential map to project it onto™.

C.2. Details of the variational process

As mentioned in the main text 32), the marginal likelihoogh(Y ) is approximated via variational inference by approxi-
mating the posteriop(X jY ) with the hyperbolic variational distributiog (X ) as de ned by(7). The lower bound8) is
then obtained, similarly as ifitsias & Lawrence2010, as

Z
logp(Y)=log  p(Y X )p(X)dX (28)
Z
_ . a(X) . _ p(Y jX)p(X )
=log p(YjX)p(X )q X )dX =log Eq (x) W (29)
Eq o) 10g D(YJX>)(D(X) = gq(X)log D(YJX>)(D(X ) 4x (30)
2 q (X) 2 (x )q (X)
_ : q
= g (X)logp(Y jX)dX g (X )log o0X) dXx (31)
= Eq (x) [logp(Y jX )] KL g (X)iip(X) ; (32)

following Jensen's inequality i30). As mentioned in 8.2, the expectatioit, (x y [logp(Y jX )] can be decomposed into
individual terms for each observation dimension agil Eq (x) [logp(yqjX )], whereyy is thed-th column ofY . We

then de ne the inducing inputg 4 and inducing variables 4 the same way as the noiseless observatignso that the
joint distribution off 4 anduy can be written as

! ! n
mg(X) Ka(X ;X))  ka(X;Zq)

) _ g _ ) i
Platad =0 "N ez | ke@aiX) keZeiZo) (33)
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The lower bound9) is then obztained for each dimension, similarly astieisman et al2015, as

logp(yqjX )= logp(ydjX ;uq)p(uq)dug (34)
Z
. iX;
=log p(yqjX ;ud)p(ud)g Ezgidud =log Eq (uy) p(y‘“q (E‘Bp(ud) (35)
p(yajX ;ug)p(ua) _ P(YajX ;Ug)p(Uq)
Eq (ug) log 7 (o) z_ g (ug)log 1 (Ug) dug (36)
= g (ug)logp(yaX (ugdus g (ug)log 189 ay, (37)
p(uq)

= Eq (ug) [logp(ydjX ;uq)l KL g (uq)jjp(uq) (38)
Eq (ug) Epfojug) Hogp(yaif a(X )] KL g (uq)jip(uq) (39)

= Eq (t4) llogp(yqjf a(X))] KL g (ug)jip(udjZq) (40)
= Eq (rq) 10N (ya;fa(X); &) KL g (ua)iip(ugiZa) ; (41)

where we de nedy (f4) = p(fajuq)g (ug)dug with the Euclidean variational distributian (ug) = N (Uq4; ~4; ~d),
and wrotep(uq4jZ4) = p(uq) for simplicity. The inequality(36) corresponds to Jensen's inequality, wh{B&) is shown
in (Titsias 2009.

Finally, substituting41) in (32) results in the following bound on the marginal likelihood

X ,
logp(Y') Eq xn) Eq (fna) 10ON (Ynia:fna (Xn); g)
n=1 d=1
p .. . >(\I .e
KL g (ug)jjp(ugjZa) KL g (xn)jjp(xn) : (42)
d=1 n=1

D. GPHLVM algorithms

In 8 3.2 we introduced a GPHLVM trained via MAP estimation for small datasets and a variational GPHLVM that handles
larger datasets with the aim of providing users with the most appropriate model for their speci ¢ problems. Algarithms
and2 summarize the training process of the GPHLVM and back-constrained GPHLVM via MAP estimation. Alg8rithm
summarizes the training process of the variational GPHLVM.

Algorithm 1 GPHLVM training via MAP.

Input:
Observation$y,g)-; withy, 2 RP, associated taxonomy classes g\-; , prior on hyperparametepg§ ).
Output:
Latent variable$x ng\-; with x, 2 L Q, hyperparameters = f 495, .
Initialization:
Set the prior distributiop(x) = N a(Xx; o; |I).
Initialize the latent variablebx , gN-; .
Training:
repeat
Compute the MAP losSyap(X ; ).
Compute additional losses, e.Gwes{ X ) (11).
X ; RiemannianOptStef yap *+ stresd (10):
until convergence

E. Matérn kernels on taxonomy graphs

As explained in & of the main paper, we leverage the at kernel on graphs proposed Bgrovitskiy et al.(202]) to
design a kernel for our back-constrained GPHLVM that accounts for the geometry of the taxonomy graph. Here we provide
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Algorithm 2 Back-constrained GPHLVM training via MAP.

Input:
Observation$y,gh_, withy, 2 RP, associated taxonomy clasdes g\_, , prior on hyperparameterg ).
Output:
Back-constraints weightswg;, g,’:'j(?:l , hyperparameters = f 405, .
Initialization:
Initialize the back-constraints weighte/gn g, -
Training:
repeat
Compute the latent variabléx ,g\-, from back constraintsl@).
Compute the MAP lossyap(X ; ).
Compute additional losses, e.%ges{ X ) (11).
X; RiemannianOptSteQ yap + stresd (10):
until convergence

Algorithm 3 GPHLVM training via variational inference.

Inputs:
Observation$y,g)-, withy, 2 RP, associated taxonomy classesg\-, , prior on hyperparametep§ ).
Outputs:
Inducing inputsf zg.m gM_; with zgm 2 L Q, hyperbolic variational parameters= f ,; nON=; , with 2L Q and
n 2T ,LQ, Euclidean variational parameters= f ~q; ~q0l-, , hyperparameters = f 4g5_; .
Initialization:
Set the prior distributiop(x) = Ny a(X; o; |I).
Initialize the inducing input§zg.m gM —; .
Initialize the hyperbolic variational distribution over the latent varialolgs< ) (7).
Initialize the Euclidean variational distribution over the inducing variablés 4).
Training:
repeat
Compute the variational lossa as the lower bounddj.
Compute additional losses, e.Gyes X ) (11).
Z::: RiemannianOptStefva + “stresd (10):
until convergence

the main equations of such a kernel, and refer the read@&uaimyitskiy et al, 2021) for further details. Formally, let us
de ne a graphG = (V; E) with verticesV and edge& and thegraph Laplacignas =D W, whereW isthe graph
adjacency matrix anb its corresponding diagonal degree matrix, with = ; Wi . The eigendecompositidd U T
of the Laplacian is then used to formulate both the SE and &tatkernels on graphs, as follows,

k§. (cosem)=U e = UT; and k® (CosCm)= U 2—2+ ut; (43)

where is the lengthscale (i.e., it controls how distances are measured)iartie smoothness parameter determining
mean-squared differentiability of the associated Gaussian process (GP). Note that the graph kernel exprés3ians in
obtained by considering the connection betweenévtakernel GPs and stochastic partial differential equations, originally
proposed byWhittle (1963 and later extended to Riemannian manifoldsBorvitskiy et al, 2020. This connection
establishes that SE and Mah GPs satisfy

+ f=W; (44)

whereW N (0;1)andf :V ! R, which lead to de nition of graph GP®8provitskiy et al, 2021).
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Figure 8: Embeddings learned with distortion regularizat{@pand(b) display the latent embeddings alongside distance matrices after
training our GPHLVM model with an added distortion 10gswrtion @S it was originally de ned, and with our modi ed distortion loss

Siistortion, respectively. These embeddings indeed show that our regularizations failed to encode the distances in the graph.

F. Distortion loss

As explained in the main paper, we focus on two ways of embedding the graph in the hyperbolic space: a global approach
using a stress regularization which matches graph distances with geodesic distances, and a combination between this
stress regularization and the use of back constraints (deefowever, the literature on graph embeddings also surveys a
distortion losg(Cruceru et al.2021) given by

dist o (Xi;X;j)?

X
\diStOTﬁOn(X ) = dIStG(CI . q )2

i<j

; (45)

which tries to match the graph and manifold distances by minimizing their ratio’s distadce to

We found that our problem is more subtle than usual graph embeddings, given that several points in our dataset may
correspond to the same graph node (e.qg., two different poses in which the left foot is the only limb in contact). Indeed, notice
that(46) is ill-de ned for the case = j, or equivalentlydists(ci; ¢ )? = 0. This is because all nodes are assumed to be
different from each other. However, in our setup, severahay correspond to the exact same class in the taxonomy.

Our rst attempt to remediate this was to add a simple regulatizel0 ! to the denominator. However, this caused the
loss to give more weight to the points whelists(c;; ¢ )? = 0 (see Fig8afor the outcome of training a GPHLVM with this
type of regularization). We then considered an alternate de nition of distortion in which the term inside the sum is given by

(

ConiondXi1X]) = 1‘dist,_o (xirx;) ifx; an.dxj 's classes are identical (46)
2 distortion(Xi; Xj) Otherwise

where 1; » 2 R* are hyperparameters; governs how much we encourage latent codes of the same class to collapse
into a single point, while , weights how much the geodesic distance should match the graph distance. After manual
hyperparameter tuning, we obtained the latent space and distance matrix portrayed8a Blg#\s can be seen in both
accounts, the distortion loss produced lackluster results and failed to properly match the latent space distances with that of
the graph. For these experiments, we used a loss scfg of = 0:01and , = 10, meaning that we strongly encouraged
the distances between non-identical classes to match in ratio.
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G. Additional details on the experiments of §
G.1. Data

For all experiments, we used humans recordings from the KIT Whole-Body Human Motion Datéaselery et al.
2016h. Additional details on the data of each experiments are described in the sequel.

G.1.1. BMANUAL MANIPULATION

Table4 describes the data of the bimanual manipulation taxonomy used in the experiments repofetiMa &e data

from subject 1723 executing ve different bimanual household activities, namglgndpeela cucumberoll dough,stir,

andwipe The taxonomy categories are obtained using the annotations providécklys(& Asfour, 2022. We obtain

data for two bimanual categories that do not appear in the dataset (unimanual right and tightly-coupled asymmetric left
dominant) by mirroring the motions.

Table 4: Description of the bimanual manipulation patterns extracted from the bimanual manipulation taxidreme\&( Asfour, 2022
used in our experiments.

\ BIMANUAL CATEGORY ABBREVIATION | BIMANUAL ACTIVITY | NUMBER |
PEEL 5
WIPE
PEEL
WiPE

UNIMANUAL LEFT Ulett

UNIMANUAL RIGHT Uright

UNCOORDINATED BIMANUAL B

Cut
PEEL
STIR
WIPE
CuTt
PEEL
STIR
WIPE
CuTt
PEEL
STIR
WIPE
TIGHTLY-COUPLED SYMMETRIC TCS RoLL

LOOSELY COUPLED LC

TIGHTLY-COUPLED ASYMMETRIC LEFT DOMINANT TCAett

TIGHTLY-COUPLED ASYMMETRIC RIGHT DOMINANT TCAvight

WNWNWNWNDNDNDBADNDOIOTLOTO

-
o

G.1.2. HAND GRASPS

Fig. 1-right shows the hand grasps taxonon®fiyal et al, 2019 and Table5 describes the data used irb8We use grasp

daté from subjects 2122, 2123, 2125, 2177. The considered human recordings consist of a human grasping an object on a
table, lifting it, and placing it back. We consider a single object per grasp type and extract the wrist and nger joint angles of
the human when the object is at the highest position. Each grasp is identi ed with a leaf node of the taxonomy tree. Notice
that no data was available for the three- ngers-sphere grasp type.

G.1.3. SYPPORT POSES

Table6 describes the data of the whole-body support pose taxonomy used in the experiments repdstdehich§pose is

identi ed with a support pose category, i.e., a node of the graph ingrignd with a set of associated contacts. As shown in

the table, some support poses include several sets of contacts. For example, the suppaytq@aseall types of support

poses where only one foot is in contact with the environment. In our experiments, we consider an augmented version of the
taxonomy that explicitly distinguishes between left and right contacts. Notice that some sets of contacts are not represented
in the data and thus do not appear in Table

https://motion-database.humanoids.kit.edu/
2https://motion-database.humanoids.kit.edu/list/motions/?datasets=3534
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Table 5: Description of the grasps extracted from the quantitative grasp taxo®org} et al, 2019 used in our experiments.

\ CATEGORY \ GRASP TYPE | ABBREVIATION | GRASPED OBJECT | NUMBER |
LATERAL La PabpLock 5
EXTENSION TYPE ET FRUIT BARS 5
FLAT GRASPS QUADPOD Qu LEVER RED 5
PARALLEL EXTENSION PE FRUIT BARS 5
INDEX FINGER EXTENSION IE KNIFE 5
STICK St Fizzy TABLETS 5
DISTAL GRASPS WRITING TRIPOD WT SYRINGE 5
PRISMATIC FOUR FINGERS PF MIXING BOWL 5
POWER DISK PD DoaG 5
LARGE DIAMETER LD DWARF 5
CYLINDRICAL GRASPS MEDIUM WRAP MW POWER TOOL 5
SMALL DIAMETER SD CLAMP 5
FIXED HOOK FH Fizzy TABLETS 5
TRIPOD Tr PaDLOCK 5
SPHERICAL GRASPS POWER SPHERE PS Doa 5
PRECISION SPHERE RS BALL 5
THREE FINGERS SPHERE TS - 0
RING GRASPS PRISMATIC PINCH PP FLOWER cuP 5
TIP PINCH TP CHOPSTICKS 4
RING Ri COLA BOTTLE 5

Table 6: Description of the support poses extracted from the whole-body support pose tax&uworay ét al. 2017) used in our
experiments.

| SUPPORT POSE | AUGMENTED SUPPORT POSE | CONTACTS | NumBeR |
E LF LEFT FOOT 7
RF RIGHT FOOT 6
LFLH LEFT FOOT, LEFT HAND 5
FH RFRH RIGHT FOOT, RIGHT HAND 6
LFRH LEFT FOOT, RIGHT HAND 5
RFLH RIGHT FOOT, LEFT HAND 6
F> F> LEFT FOOT, RIGHT FOOT 6
FH, LFH, LEFT FOOT, LEFT HAND, RIGHT HAND 6
RFH, RIGHT FOOT, LEFT HAND, RIGHT HAND 6
FH F2H' LEFT FOOT, RIGHT FOOT, LEFT HAND 5
F2RH LEFT FOOT, RIGHT FOOT, RIGHT HAND 7
FaH2 F2H2 LEFT FOOT, RIGHT FOOT, LEFT HAND, RIGHT HAND 7
K LK LEFT KNEE 1
RK RIGHT KNEE 1
EK LFRK LEFT FOOT, RIGHT KNEE 2
FLK RIGHT FOOT, LEFT KNEE 3
KH LKLH LEFT KNEE, LEFT HAND 4
RKRH RIGHT KNEE, RIGHT HAND 1
Ks Ka LEFT KNEE, RIGHT KNEE 1
EKH RFLKLH RIGHT FOOT, LEFT KNEE, LEFT HAND 5
LFRKRH LEFT FOOT, RIGHT KNEE, RIGHT HAND 2
KH2 LKH, LEFT KNEE, LEFT HAND, RIGHT HAND 1
KoH K2LH LEFT KNEE, RIGHT KNEE, LEFT HAND 2
K2RH LEFT KNEE, RIGHT KNEE, RIGHT HAND 1
FKH» RFLKH; RIGHT FOOT, LEFT KNEE, LEFT HAND, RIGHT HAND 2
KzHa KzHaz LEFT KNEE, RIGHT KNEE, LEFT HAND, RIGHT HAND 2
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G.2. Implementation details
G.2.1. TRAINING PARAMETERS AND MODEL CHOICES

Table7 reports the hyperparameters used for the experiments describéd WeSused the hyperbolic SE kernels de ned
in 8 3.1for the GPHLVMSs, and the classical SE kernel for the Euclidean models. For the back-constraints nie®)ping
we de nedkR’ (Yn:;Ym) as a Euclidean SE kernel with lengthscaje , andk®(c, ; ¢y ) as a graph Marn kernel with
smoothness = 2:5 and lengthscaleg. We additionally scaled the product of kernels with a variange.s. For training
the back-constrained GPHLVM and GPLVM, we used a Gamma @anm4 ; ) with shape and rate on the
lengthscale of the kernels.

G.2.2. MODEL INITIALIZATION

To provide a good starting point for their optimization, the embeddings of all GPLVMs were initialized by minimizing the
stress associated with their taxonomy nodes, so that,

X = m)in " stress (47)

with " gressa@s in(11), using the Euclidean and hyperbolic distance between two embeddings for the GPLVMs and GPHLVM,
respectively. The oracle stress possible for each system, achieved by the initialization, is reporteddn Table

G.2.3. INFLUENCE OF THE STRESS LOSS SCALE

For our experiments, we trained the GPLVMs and GPHLVMs via MAP estimation by maximizing the3oSgap stress

where is a parameter trading-off between the log posterior Igas and the stress-based regularization [Qgsss The

in uence of the loss scale is illustrated in Fig.10 for models trained on the hand grasp taxonomy Bitfimensional

latent spaces. On one hand, we observe that the stress loss steadily decreaseases. This trend continues until the
embeddings for each node collapse onto a single point in the latent space, achieving the stress that matches the oracle value.
On the other hand, the log-likelihood of the model decreases (a.k.a the negative log-likelihood increasexkases.

For all our experiments, we chose a loss scatleat trades off between log posterior and stress losses, as depicted by the
vertical line in Fig.10.

G.2.4. TAXONOMY EXPANSION AND UNSEEN POSES ENCODING

For the rst part of the experiments on taxonomy expansion, we encoded unseen poses of each class for the back-
constrained GPLVM and GPHLVM with a stress regularization using the models presented irY. Tblethe second

part of the experiments, we left one or several classes out during training and we “embedded” them using the back-
constraints mapping. The left-out classes are: tightly-coupled asymmetric right donfidaiy.), f Qu; St; MW; Rig, and
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Table 7: Summary of experiments and list of hyperparameters.

TAXONOMY M ODEL REGULARIZATION L OSS SCALE PRIORON | =po RD G rp.c  OPTIMIZER (LEARNING RATE )
NO REGULARIZER 0 NoNE - - -
GPLVM,R®>  STRESS 1500 NONE - - - ADAM (0.01)
BC + STRESS 1000 GAMMA (2; 2) 30 15 2
NO REGULARIZER 0 NONE - - -
GPHLVM,L? STRESS 1500 NONE - - - RIEMANNIAN ADAM (0.025)
BiMANUAL BC + STRESS 1000 GAMMA (2;2) 30 15 2
MANIPULATION
CATEGORIES NO REGULARIZER 0 NoNE - - -
GPLVM,R®  STRESS 6000 NONE - - - ADAM (0.01)
BC + STRESS 1200 GAMMA (2; 2) 30 15 2
NO REGULARIZER 0 NONE - -
GPHLVM,L® STRESS 6000 NONE - - - RIEMANNIAN ADAM (0.025)
BC + STRESS 1200 GAMMA (2;2) 30 15 2
NO REGULARIZER 0 NoNE - - -
GPLVM,R?>  STRESS 5500 NONE - - - ADAM (0.01)
BC + STRESS 2000 GAMMA (2;2) 1:8 15 2
NO REGULARIZER 0 NONE - -
GPHLVM, L?  STRESS 5500 NONE - - - RIEMANNIAN ADAM (0.05)
BC + STRESS 2000 GAMMA (2;2) 1:8 15 2
GRASPS
NO REGULARIZER 0 NOoNE - - -
GPLVM,R®  STRESS 6000 NONE - - - ADAM (0.01)
BC + STRESS 3000 GAMMA (2; 2) 1:8 15 2
NO REGULARIZER 0 NONE - -
GPHLVM,L® STRESS 6000 NONE - - - RIEMANNIAN ADAM (0.05)
BC + STRESS 3000 GAMMA (2;2) 1:8 15 2
NO REGULARIZER 0 NoNE - - -
GPLVM, R? STRESS 7000 NONE - - - ADAM (0.01)
BC + STRESS 5000 GAMMA (2; 2) 20 08 2
NO REGULARIZER 0 NONE - -
GPHLVM,L? STRESS 7000 NONE - - - RIEMANNIAN ADAM (0.05)
BC + STRESS 5000 GAMMA (2;2) 20 08 2
SUPPORT POSES
NO REGULARIZER 0 NoNE - - -
GPLVM,R®  STRESS 10000 NONE - - - ADAM (0.01)
BC + STRESS 8000 GAMMA (2;2) 20 08 2
NO REGULARIZER 0 NONE - -
GPHLVM, L®  STRESS 10000 NONE - - - RIEMANNIAN ADAM (0.05)
BC + STRESS 8000 GAMMA (2; 2) 20 08 2

Table 8: Oracle stress achieved by the initialization per geometry and regularization. The stress is compuféd) @sidgveraged over
all pairs of training embeddings. Lower stress values indicate better compliance with the taxonomy structure.

TAXONOMY MODEL ORACLE STRESS
GPLVM, R? 0:034 0:044
BIMANUAL GPHLVM, L2 0:018 0:022

MANIPULATION
CATEGORIES GPLVM, R® 0:007 0:010
GPHLVM, L® 0:002 0:004

GPLVM, R? 0:38 0:40
GPHLVM,L? 0:13 0:14

GPLVM, R® 0:13 0:16
GPHLVM, L% 0:03 0:04

GPLVM, R? 0:56 0:96
SUPPORT GPHLVM, L% 0:49 0:82

POSES GPLVM,R®  0:23 045
GPHLVM, L® 029 0:39

GRASPS

FH = f LFLH; RFLH, LFRH, RFRHy, for the bimanual manipulation, hand grasp, and support pose taxonomies, respectively.
The newly-trained models also followed the same hyperparameters presented i. Table
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G.3. Runtimes

In order to show the computational cost of our approach, we ran a set of experiments to measure the average runtime
for the training and decoding phases, usthgnd 3-dimensional latent spaces. As a reference, we added the runtime
measurements of Euclidean counterpart, that is, the vanilla GPLVM. Patflews the runtime measurements. Note that the

main computational burden arises in our GPLHVM witB-dimensional latent space, which is in sharp contrast with the
experiments using &dimensional latent space. This increase in computational cost is mainly attribute®tdithensional
hyperbolic kernel. Nevertheless, we also measured the computational cost of evaluating the kernel and the (Riemannian)
optimization of the learned embeddings for both GPLVM and GPHLVM inldémensional setting. Tab&shows the

average runtimes for both approaches, where it is possible to observe that the highest computational costs comes from the
hyperbolic kernel computation. This may be alleviated by reducing the number of samples or via more ef cient sampling
strategies.

Table 9: Average runtime for kernel evaluation and (Riemannian) optimization of our GPHLVM and vanilla GPLV¥0dvaining

iterations of the whole-body support poses taxonomy, usiglianensional latent space for both models. The implementations are fully
developed on Python, and the runtime measurements were taken using a standard laf32®BifRAM, Intel Xeon CPU E3-1505M

v6 processor, and Ubuntu 20.04 LTS. We report the computational cost in miliseconds and percentage w.r.t the total training iteration time.

M ODEL KERNEL cOMP. [ms] KERNEL COMP. % OPTIMIZATION [ms] OPTIMIZATION %
GPLVM, R? 0:043 0:009 1% 043 0:063 10%
GPHLVM,L? 73069 7522 32% 100 0:15 0.05%

G.4. Hyperbolic embeddings of support poses

Fig. 11a11cshow the learned embeddings of the support pose manipulation taxonomy alongside error matrices depicting
the difference between geodesic and taxonomy graph distances. As discus$ethia odels with stress prior result in
embeddings that comply with the taxonomy graph structure, with additional intra-class organizations for the back-constrained
models. Note that augmenting the support pose taxonomy leads to several groups of the same support poseti Figs.

e.g.,F splits intoLF andRF. It is worth noticing that, despite the cyclic graph structure of the support pose taxonomy, the
hyperbolic models outperform the Euclidean models in2iidmensional case As reported irb§the back-constrained
GPHLVM and GPLVM allow us to properly place unseen poses or taxonomy classes into the latent space (8de&8igs.

G.5. Hyperbolic embeddings inL 3

In this section, we embed the taxonomy data of the three taxonomies usBd@ito®-dimensional hyperbolic and Euclidean

spaces to analyze the performance of the proposed models in higher-dimensional latent spaces. We test the GPHLVM
and GPLVM without regularization, with stress prior, and with back-constraints coupled with stress prior, similarly to the
experiments o2-dimensional latent spaces reported i &d App.G.4 Figs.12a12¢ Figs.13a13¢ and Figsl4al4c

show the learned embeddings alongside the corresponding error matrices for the bimanual manipulation taxonomy, the hand
grasps taxonomy, and the whole-body support pose taxonomy, respectively. As expected, and similaghdimémsional
embeddings, the models without regularization do not encode any meaningful distance structure in the latent spaces (see
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OF OFH OF, OFH @FH, @FH, OFK @FKH @FKH,0K @KH OK: @KH, @KH @KoMy

(a) Vanilla (b) Stress prior (c) BC + stress prior(d) Adding poses (e) Adding a class
Figure 11: Support poses: The rst and last two rows show the latent embeddings and examples of interpolating ge&feaius in
R?, followed by pairwise error matrices between geodesic and taxonomy graph distances. Embeddings colors match th8se of Fig.

and background colors indicate the GPLVM uncertainty. Added p@esd classeSH = F'""9H""'9 (e) are marked with stars and
highlighted with red in the error matrices.

Figs.123 133 149. In contrast, the models with stress prior result in embeddings that comply with the taxonomy graph
structure, and the back constraints further organize the embeddings inside a class according to the similarity between
their observations (see Figk2b-12¢ 13b-13¢ 14b-14¢). As discussed in 8§, we generally observe a prominent stress
reduction for the Euclidean and hyperbdidimensional latent spaces compared to2témensional ones (see Tallg

For taxonomies with a tree structure, such as the bimanual manipulation and hand grasps taxonomy, all Euclidean models
are still outperformed by thg-dimensional hyperbolic embeddings. This is due to the fact that hyperbolic spaces are ideal

to embed such purely-hierarchical taxonomies. For taxonomies with cyclic structure, such as the support pose taxonomy, the
Euclidean models witB-dimensional latent space slightly outperform 8idimensional hyperbolic embeddings. Moreover,
similarly to the2-dimensional cases, the back-constrained GPHLVM and GPLVM allow us to properly place unseen poses
or taxonomy classes into the latent space (see ER$12¢ 13d-13¢ 14d-146).

G.6. Marginal log-likelihoods of trained models

Table10 shows the marginal log-likelihood (MLL)

p(Y) = p(YjX; Jp(X)p( ) (48)

of the GPHLVM and GPLVM described in® We observe that the marginal log-likelihood of the models with regularization

is slightly lower than that of the models without regularization. This is due to the combination of the two'lgssend

" stresswhen training the regularized models, resulting in a trade-off. In other words, we expect the non-regularized models to
achieve the highest MLL. Interestingly, the gap between the MLL of non-regularized and regularized models is reduced for
the bimanual manipulation and grasping taxonomies compared to the support pose taxonomy. We hypothesize that this is
due to the tree structure of the two former taxonomies, which are ideally embedded in hyperbolic spaces. We would like
to emphasize that the ML{48) depends on the prior distributigaiX ), which itself is de ned based on the geometry of

the manifold, and on the prig( ) imposed on the model parameters, which also differs across geometries (segé).Table
Therefore, comparing the values of the MLL across geometries may generally be misleading.
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(a) Vanilla (b) Stress prior (c) BC + stress prior(d) Adding poses (e) Adding a class

Figure 12: Bimanual manipulation categories: The rst and last two rows show the latent embeddings and examples of interpolating
geodesics ifP® andR?, followed by pairwise error matrices between geodesic and taxonomy graph distances. Addéd)mosbs
classege) are marked with crosses and highlighted with red in the error matrices.
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(a) Vanilla (b) Stress prior (c) BC + stress prior(d) Adding poses (e) Adding a class

Figure 13: Grasps: The rst and last two rows show the latent embeddings and examples of interpolating geoBésirsliR®,
followed by pairwise error matrices between geodesic and taxonomy graph distances. Embeddings colors match thds@dd&dy.
poseqd) and classeée) are marked with crosses and highlighted with red in the error matrices.
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(a) Vanilla (b) Stress prior (c) BC + stress prior(d) Adding poses (e) Adding a class

Figure 14: Support poses: The rst and last two rows show the latent embeddings and examples of interpolating ge&feaiwsi,
followed by pairwise error matrices between geodesic and graph distances. Embeddings colors match thdsefafded.posegd)
and classee) are marked with crosses and highlighted with red in the error matrices.

Table 10: Marginal log-likelihood per geometry and regularization.

TAXONOMY M ODEL NO REG. STRESS BC + STRESS
GPLVM, R? 79:50 7511 6876
BIMANUAL GPHLVM, L2 7842 7338 7349
MANIPULATION
CATEGORIES GPLVM, R® 8313 6986 8393
GPHLVM, L® 8455 6844 7977
GPLVM, R? 9:97 455 949
2 . . 3
GRASPS GPHLVM, L% 791 419 582
GPLVM, R® 12:15 5.00 958
GPHLVM, L® 9:60 345 915
GPLVM, R? 6:96 13:30 6:06
SUPPORT GPHLVM, L? 552 12:29 7:47
POSES GPLVM,R®  10:63 1435  4:90
GPHLVM, L® 871 1543 4:14

G.7. Additional motions obtained via geodesic interpolation and comparisons

Figs.15and16 show additional examples of motions obtained via geodesic interpolation between two embeddings of the

hand grasps taxonomy in the latent space of the GPHLVM. The generated motions look realistic and smoothly interpolate
between the given initial and nal grasps. In comparison, motions obtained via linear interpolation between two embeddings
in the Euclidean latent space of the GPLVM are less realistic. They display less regular interpolation patterns 15ee Fig.

and are often noisy, featuring wavering wrist or nger motions (see Rifg.15b and16h). This is supported by the higher
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(b) QuadpodQu) to parallel extensionRE)

(c) Small diameter$D) to tripod (Tr)

Figure 15: Generated motions for graspsp: Motions obtained via geodesic interpolation in the latent space of the back-constrained
GPHLVM trained on the the hand grasp taxonomy (Big). Bottom: Motions obtained via linear interpolation in the latent space of the
corresponding back-constrained GPLVM.
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(a) Tip pinch TP) to xed hook (FH)

(b) Writing tripod (WT) to power disk PD)

Figure 16: Generated motions for graspgp: Motions obtained via geodesic interpolation in the latent space of the back-constrained
GPHLVM trained on the the hand grasp taxonomy (Big. Bottom: Motions obtained via linear interpolation in the latent space of the
corresponding back-constrained GPLVM.

average jerkiness of the motions generated from the GPLVM compared to those generated from the GPHLVM, as reported
in Table11. Moreover, the generated grasps re ect less accurately the taxonomy categories (see, e.g., the parallel extension
(PE) grasp in Figd5bor the tip pinch TP grasp of Fig169. Interestingly, the geodesic interpolation between two grasps

in the latent space of the GPHLVM allows us to generate unobserved transitions between hand grasps. As such, it offers us a
mechanism to generate data that are generally dif cult to collect via human motion recordings.

Figs.17-19 show additional examples of motions obtained via geodesic interpolation between two embeddings of the
whole-body support pose taxonomy in the latent space of the GPHLVM. The generated motions look realistic, smoothly
interpolate between the given initial and nal body poses, and are consistent with the transitions between classes encoded in
the taxonomy. In comparison, motions obtained via linear interpolation between two embeddings in the Euclidean latent
space of the GPLVM look less realistic and are less smooth (see Tablm particular, the resulting kneeling poses often

look unnatural (see Fig4.7 and19).

We also compare the trajectories generated via geodesic interpolation with the trajectories generated in the latent space
of VPoser Pavlakos et a].2019 Sec. 3.3), a state-of-the art human pose latent space obtained from a VAE trained on
MoCap data and used to generate human motions. VPoser was introdueadakos et al(2019 as a body pose prior to
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(a) LFRHto K,RH

Figure 17: Generated motions for support posEsp: Motion obtained via geodesic interpolation in the latent space of the back-
constrained GPHLVM trained on the support pose taxonomy (Hig. Middle: Motion obtained via linear interpolation in the latent
space of the corresponding back-constrained GPLBb&ttom: Motion obtained via linear interpolation in the latent space of VPoser.
Contacts are depicted by gray circles in the two rst rows.

Table 11: Average jerkiness (a.k.a. smoothn&sgsubramanian et aR015) of the motions obtained via linear and geodesic
interpolation in the latent space of the back-constrained GPLVMs and GPHLVMs.

TAXONOMY M ODEL JERKINESS

GPLVM, R? 137705 172144
GPHLVM,L? 108:65 140:54

SUPPORT GPLVM, R? 21008 22897
POSES GPHLVM, L% 27:15 27:58

GRASPS

address the problem of building a full 3D model of human gestures by learning a deep neural network that jointly models
the human body, face and hands from RBG imad&silakos et al(2019 released the weights of their model under a
non-commercial licencg Of the two models available, we downloaded version 2, and followed the instructions on their
repository for set-uf.Since our human poses used a different number of joints, we searched inside the KIT dataset part of
the AMASS datasetMahmood et al.2019 for similar poses with the same contacts con guration. Tdl@shows the

exact poses used in the comparison. These poses were embedded into the latent space of VPoser. The motions obtained via
linear interpolation in the space of VPoser are displayed in the bottom rows oflFid9. We observe that the motions
generated by our approach are as realistic as the ones obtained from VPoser. It is worth noticing that VPoser is trained on
full human motion trajectories and a large datasetMfdatapoints. Therefore, it is natural that it can retrieve realistic

human motions. This is also the case for other models such as TEA®HE@asiou et al2022 and text-conditioned human

3https://smpl-x.is.tue.mpg.de/
“https://github.com/nghorbani/human_body_prior (vposer.ipynb ).
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motion diffusion models{ha r et al, 2023, which are trained on full human motion trajectories and conditioned on textual
prompts to generate sequences of human motions. In contrast, the GPHLVM is not trained on full trajectories, but only
on 100single human poses. Instead, GPLHVM leverages the robotic taxonomy and geodesic interpolation as a motion
generation mechanism. Notice that the latent space of the GPHLVM is of low dimension compared to the 32-dimensional
latent space of VPoser.

Table 12: Poses used when comparing with VPoBawlakos et al.2019. In our notation, the les inside the KIT subset of
AMASS (Mahmood et a].2019 are structured into subfolders of naewtry _id ; each.npz le contains an array of body poses, and
the exact pose used in the comparison is speci ed by the ihdex

TRAJECTORY FILE FOR SOURCE (entry .id, t=index ) FILE FOR TARGET (entry _.id, t=index )

LFRHto K;RH (Fig.17)  Walk w. handrail table beam, left, Nr. 01 (6757 250) Kneel up w. right hand, Nr. 01 (3,= 185)
RFto RFH, (Fig. 183 Walk w. handrail table beam, left, Nr. 01 (67457 100) Walk w. handrail table beam, left, Nr. 01 (6755 300)

LF to FoH> (Fig. 18b) Walk at medium speed Nr. 01 (4507 320) Walk w. handrail table beam, left, Nr. 01 (67457 250)
LF to LFRK (Fig. 199 Walk at medium speed Nr. 01 (4507 320) Kneel up w. right hand Nr. 09 (3,= 150)
F» to K> (Fig. 19b) Walk at medium speed Nr. 01 (4507 10) Kneel up w. left hand Nr. 01 (3,=50)

It is important to emphasize that augmenting the support pose taxonomy to explicitly distinguish between left and right
contact is crucial for generating realistic motions with the GPHLVM. With the original taxonomy, poses with very different
feet and hands positions may belong to the same class. For inséamgiet foot contact with a left hand contact on the
handrail or aleft foot contact with a right hand contact on the talbleth belong to the sanfeH node in the original
taxonomy. In contrast, differentiating between left and right contacts allows very different poses to be placed far apart in the
latent space. For instance, the two aforementioned poses are identi ed with thelfdtldandRFLHin the augmented
taxonomy.

H. Additional comparisons
H.1. Comparison against Variational Autoencoders

In this section, we compare the trained GPHLVMs of FBs3, and11 with two additional baselines: a vanilla variational
autoencoder (VAE) and a hyperbolic variant of this VAE in which the latent space is the Lorentz model of hyperbolic
geometry (akin tollathieu et al.2019). Both VAEs are designed with2 input nodesg hidden nodes, a-dimensional

latent space, and a symmetric decoder. Their encoder speci es the mean and standard deviation of a normal distribution
(resp. wrapped normal for the hyperbolic VAE), and their decoder speci es the mean and standard deviation of the normal
distribution that governs the reconstructions. Both models are trained by maximizing an Evidence Lower Bound (ELBO)
under similar regimes as the GPHLVMs, i.£000epochs with a learning rate 6f05. The KL divergence for the hyperbolic

VAE is computed using Monte Carlo estimates.

Figs.20, 21, and22 show the learned embeddings of the Euclidean and hyperbolic VAEAwitid3-dimensional latent

spaces alongside the corresponding error matrices between geodesic and taxonomy graph distances for the bimanual
manipulation, hand grasps and support pose taxonomies. Although adding a stress regularization as for the GPHLVM helps
preserve the graph distance structure, the embeddings of different classes are not as well separated as in our GPHLVM
models (see FigOvs 2, Fig. 21vs 3, and Fig.22vs 11). Moreover, when compared to our proposed GPHLVM, all VAE

models provide a subpar uncertainty modeling in their latent spaces.

Table13 shows that the VAE baselines result in higher average stress than the GPLVMs. In other words, our proposed
GPHLVM consistently outperforms all VAEs to encode meaningful taxonomy information in the latent space. Moreover, the
GPLVMs consistently achieve a lower reconstruction error than the VAE baseline. We argue that VAEs are not the right tool
for our target applications. When training VAESs, the Kullback-Leibler term in the ELBO tries to regularize the latent space
to match a unit Gaussian. This regularization is in stark contrast with our goal of separating the embeddings to preserve the
taxonomy graph distances.

H.2. Comparison against learned manifolds

We compare the proposed GPHLVM to a GPLVM that learns a Riemannian manifold fronifdat&{ al, 2014). Fig.23
shows the learned latent space including the embeddings and the volume of the Riemannian metric of the learned manifold,
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Table 13: Average stress and reconstruction error per model, geometry, and regularization.

STRESS RECONSTRUCTION ERROR
NO REG. STRESS BC + STRESS NO REG. STRESS BC + STRESS
GPLVM, R? 2:03 215 013 0:33 015 031 001 0:02 001 0:.01 002 0:02
VAE, R? 1:70 197 012 0:20 011 0:18 012 0:17
VAE, L? 1:89 1.85 010 0:15 012 0:18 012 0:17
BIMANUAL GPHLVM,L? 0:98 1:26 0:11 0:33 0:09 0:12 004 004 003 0:04 004 004

MANIPULATION
CATEGORIES GPLVM, R® 2:39 2:36 0:01 0:01 0:20 0:38 001 0:01 0:01 0:01 001 001
VAE, R® 2:58 276 005 0:09 008 0:15 012 0:18
VAE, L® 176 1:84 011 017 003 0:04 012 0:18
GPHLVM,L® 1:18 1:35 0:01 0:03 0:04 0:08 0:00 0:01 0:01 0:01 0:00 0:01

GPLVM, R? 7:25 5:40 039 041 040 0:44 0:04 0:04 0:03 0:03 0:03 0:03

VAE, R? 352 431 048 055 011 012 013 0:15

VAE, L2 8:99 6:20 070 1:28 013 0:16 014 0:15
GRASPS GPHLVM,L? 547 4:07 0:14 016 0:18 029 005 005 008 007 009 0:09

GPLVM,R® 815 585 014 018 015 019 003 003 014 018 015 0:19

VAE, R® 271 347 025 0:32 010 0:13 014 0:16

VAE, L® 8:28 594 033 059 011 014 012 0:14

GPHLVM,L® 837 571 0:04 008 0:07 0:18 0:03 0:02 0:01 001 0:02 0:02

GPLVM,R? 393 397 058 094 063 094 005 005 017 018 011 0:12

VAE, R? 1.75 2:29 054 0:80 015 0:18 018 0:20

VAE, L2 481 429 057 0:85 018 021 018 0:20
SUPPORT GPHLVM,L2 2:05 2:50 0:51 0:82 0:53 0:83 007 007 0116 0:17 015 016
POSES GPLVM,R®  3:76 3:74 0:24 040 0:29 0:39 0:03 003 017 018 0108 0:09

VAE, R® 210 2:64 031 0:40 038 047 016 0:19

VAE, L® 453 423 038 055 017 021 017 0:20

GPHLVM,L® 378 371 030 0:38 035 045 0:03 0:03 0:16 0:17 0:08 0:09

alongside distance matrices for the three considered robotics taxonomies. Overall, the model is unable to capture the local
and global taxonomy structure. This is due to the fact that the learned Riemannian metric is designed to be high in regions
with high uncertainty, thus leading to shortest paths, i.e., geodesics, avoiding these regions. As such, this model was not
designed for hierarchical discrete data and does not embed any knowledge about the taxonomy. This is further re ected by
the resulting high stress values (see Rigd).
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(b) LF to FoH2

Figure 18: Generated motions for support posksp: Motions obtained via geodesic interpolation in the latent space of the back-
constrained GPHLVM trained on the support pose taxonomy (FEig. Middle: Motions obtained via linear interpolation in the latent
space of the corresponding back-constrained GPLBbttom: Motions obtained via linear interpolation in the latent space of VPoser.

Contacts are depicted by gray circles.
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‘EM

(b)F2 to K>

Figure 19: Generated motions for support posksp: Motions obtained via geodesic interpolation in the latent space of the back-
constrained GPHLVM trained on the support pose taxonomy (Hig. Middle: Motions obtained via linear interpolation in the latent
space of the corresponding back-constrained GPLBbtom: Motions obtained via linear interpolation in the latent space of VPoser.

Contacts are depicted by gray circles.
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0.

(a) Vanilla (2d) (b) Stress (2d)  (c) Vanilla (3d) (d) Stress (3d)

Figure 20: Embeddings of bimanual manipulation categories with VAEs: The rst and last two rows show the latent embeddings of the
hyperbolic and Euclidean VAE iR ? andR?, followed by pairwise error matrices between geodesic and taxonomy graph distances.

@lLa OET @Qu OPE @IE @St @WTOPF @PD @LD OMW@SD @FH OTr OPS ORS @TS OPP @TP @Ri

(a) Vanilla (2d) (b) Stress (2d)  (c) Vanilla (3d) (d) Stress (3d)

Figure 21: Embeddings of grasps with VAEs: The rst and last two rows show the latent embeddings of the hyperbolic and Euclidean
VAE in P2 andRQ, followed by pairwise error matrices.
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(a) Vanilla (2d) (b) Stress (2d)  (c) Vanilla (3d) (d) Stress (3d)

Figure 22: Embeddings of support poses with VAEs: The rst and last two rows respectively show the latent embeddings of the hyperbolic
and Euclidean VAE iP ? andR®, followed by pairwise error matrices.

Taxonomy Stress

Bimanual
manipulation 39590 36601
categories
Grasps 10856 10611
Support 27759 24037
poses

(a) Bimanual categories  (b) Grasps (c) Support poses (d) Average stress

Figure 23: Embeddings of taxonomy data on learned manifolds: The rst row shows the latent spaces of the GPLVM. The background
color is proportional to volume of the learned Riemannian metric. The second row displays the error matrix between the geodesic and
taxonomy graph distances.
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