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ABSTRACT

Mixture of Block Attention (MoBA) (Lu et al.,[2025) is a promising building block
for efficiently processing long contexts in LLMs by enabling queries to sparsely
attend to a small subset of key-value blocks, drastically reducing computational
cost. However, the design principles governing MoBA’s performance are poorly
understood, and it lacks an efficient GPU implementation, hindering its practical
adoption. In this paper, we first develop a statistical model to analyze MoBA’s
underlying mechanics. Our model reveals that performance critically depends on
the router’s ability to accurately distinguish relevant from irrelevant blocks based
on query-key affinities. We derive a signal-to-noise ratio that formally connects
architectural parameters to this retrieval accuracy. Guided by our analysis, we
identify two key pathways for improvement: using smaller block sizes, and apply-
ing a short convolution on keys to cluster relevant signals, which enhances routing
accuracy. While theoretically better, small block sizes are inefficient on GPUs.
To bridge this gap, we introduce FlashMoBA, a hardware-aware CUDA kernel
that enables efficient MoBA execution even with the small block sizes our theory
recommends. We validate our insights by training LLMs from scratch, showing
that our improved MoBA models match the performance of dense attention base-
lines. FlashMoBA achieves up to 14.7x speedup over FlashAttention-2 for small
blocks, making our theoretically-grounded improvements practical.

1 INTRODUCTION

Large Language Models (LLMs) (Dubey et al.|[2024;|OpenAl, 2023) are expanding into multimodal
domains like video understanding (Lin et al., 2023; [Wang et al., [2024)) and video generation (Kong
et al.| 2024)), requiring the ability to handle exceptionally long contexts. This vision is bottlenecked
by the self-attention mechanism (Vaswani et al.,|2017), whose quadratic computational cost makes
processing long sequences costly. Sparse attention (Zaheer et al., [2020; |Guo et al., [2024} |Xu et al.,
2025)) aims to solve this by focusing computation only on important regions. Among these methods,
Mixture of Block Attention (MoBA) (Lu et al. 2025)) is a promising approach where a learned
router directs each query to a small subset of key-value blocks, reducing complexity to near-linear.

However, MoBA’s success is hindered by two critical issues: the design principles governing its
performance are poorly understood, and it lacks an efficient GPU implementation, especially for
small block sizes. This raises a key question: how does the router reliably select a handful of correct
blocks from thousands of candidates—a needle-in-a-haystack” problem—and how can we make
this process fast on hardware?

To answer this, we develop a statistical model of MoBA’s mechanics. Our analysis reveals that
retrieval accuracy is governed by a signal-to-noise ratio (SNR) that directly links architectural pa-

rameters to performance:
d
SNR o [ &
“\V'B

where d is the head dimension and B is the block size. This insight yields two key design principles:
(1) optimizing the head-dimension-to-block-size ratio (d/B), which we validate by systematically
varying B while holding d constant, and (2) applying a short convolution on keys to better cluster
relevant signals for the router.

While our theory advocates for small block sizes, they are notoriously inefficient on GPUs. To solve
this, we introduce FlashMoBA, a hardware-aware CUDA kernel that makes these theoretically op-
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Figure 1: FlashMoBA forward pass in two stages. MoBA splits keys and values into blocks; each
query scores centroids of key-blocks K and attends only to its top-£ blocks (plus causally to its
own block). 1) Tiled Top-%k Selection: a fused kernel streams tiles of Q and K to emit a sparse
routing mask without materializing the full matrix. 2) Dense Computation: for each selected key
block, queries are gathered into on-chip SRAM, computed densely with FlashAttention-2 logic, then
scattered back. This gather-and-densify strategy coalesces memory, maximizes hardware utilization
and makes small-block MoBA fast on GPUs (See Section E|for more details).

timal configurations practical. By adapting techniques from FlashAttention (Dao et al., 2022} [Dao),
and adding novel optimizations for block-sparsity, FlashMoBA achieves significant speedups.
We validate our approach by training LLMs from scratch, demonstrating that our improved MoBA
models match the performance of dense attention baselines.

Our contributions are threefold:

* A statistical model of MoBA that connects architectural parameters (d, B) to router accu-
racy via a signal-to-noise ratio, providing a principled guide for design.

¢ Two design principles for improving MoBA validated through controlled experiments:
optimizing the d/B ratio (by varying block size B while controlling for model capacity)
and applying a convolution on keys to improve signal clustering.

* FlashMoBA, a hardware-aware CUDA kernel that makes theoretically optimal small block
sizes practical, achieving up to 14.7x speedup on GPUs.

2 PRELIMINARIES

We briefly review MoBA (Lu et al.| [2025). Given a sequence of N key tokens, MoBA partitions
them into n = N/B blocks of size B. For each query q, instead of attending to all N keys and
values, MoBA selects only the top & most relevant blocks.

The block selection uses a gating mechanism. For block i with keys K; € RPZ* the relevance score
is computed as s; = q - k; where k; = % ZkeKi k represents the centroid —i.e., mean pooling
of the block K;. The top-k blocks with highest scores are selected, and attention is computed only
over their tokens:

MoBA(q, K, V) = softmax(qK 2 /Vd) Vs,

where S contains all tokens from selected blocks. To preserve causality, blocks containing future
tokens are masked during selection. Additionally, each query always attends to its current block
with causal masking.

This reduces complexity from O(N?) to O(N - kB) when k < n. Our experiments systematically
explore configurations with B € {512,256, 128} and corresponding & € {2,4,8} to maintain
constant sparsity of 7/8 when N = 8192. To encourage within-block clustering, we optionally

apply a short depthwise causal convolution on keys 2024) (kernel size 3 or 5); details
are provided in Appendix [C}
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3 A STATISTICAL MODEL OF MOBA

For MoBA to be effective, its router must select the correct key-value block for a given query. This
is challenging because the router scores a block using its centroid (the average of all its keys), a
process that risks drowning out the signal from a single relevant token. To understand how MoBA
succeeds, we developed a statistical model of its block selection mechanism.

3.1 MODELING THE BLOCK SELECTION CHALLENGE

We model the router’s task by treating the dot products between a query g and the keys as random
variables. We assume that for a given query, “’signal” keys (k™) it is seeking have a higher expected
dot product than irrelevant “noise” keys (k). Let signat = E[q' k*] and pinoise = E[q'k]. The
fundamental separation between signal and noise is the difference Ay = pgignal — ftnoise- FoOr a router
to function, this separation must be positive (A > 0).

The router scores each block j by computing the dot product with the block’s centroid, s; = qu~<j,
where k; = % Zkeblockj k. The key question is whether the score of the signal-containing block
(s;+) will reliably be higher than the score of any noise block (s;).

3.2 SIGNAL-TO-NOISE RATIO (SNR) ANALYSIS

To quantify when block selection succeeds, we analyze the signal-to-noise ratio (SNR) of the
router’s scores. We consider the difference in scores, D = sj« — s;, between the signal block
7" and a pure noise block j. The expected value of this difference represents the “’signal,” while its
standard deviation represents the “’noise.”

Through statistical analysis (see Appendix [B), we find:

A
E[D] = =£* (M
2
Var(D) = B (for normalized vectors) 2)

Here, Ap.g is the effective signal separation. If m related signal tokens are clustered within the
target block, this separation is amplified: Aperr = Ap 4+ (m — 1) (Leluster — fnoise)s Where ficiuster 18
the average affinity between the query and other clustered signal tokens.

The SNR is the ratio of the expected outcome to its standard deviation, which is our central finding:

SNR = 2L /L 3)

)~ 2m

The probability of a retrieval failure—a noise block outranking the signal block—decreases expo-
nentially as the SNR increases: pgy = ®(—SNR), where ® is the standard normal CDF. For reliable
top-k retrieval in a long context with thousands of blocks, a high SNR is essential.

3.3 ARCHITECTURAL INSIGHTS FROM THE SNR MODEL

The SNR formula provides two clear and actionable principles for designing effective MoBA archi-
tectures:

1. The d/B ratio is the key. The SNR is proportional to /d/B. This ratio emerges as the
most critical factor governing the router’s retrieval capability. This insight suggests two avenues
for improvement: increasing the head dimension d or decreasing the block size B. However, the
head dimension d is a confounding variable; increasing it not only improves the theoretical SNR
but also increases the model’s parameters and computational cost (FLOPs), adding capacity that
makes a controlled comparison difficult. Therefore, to isolate and empirically validate the d/B
ratio’s impact on retrieval accuracy alone, our study fixes d (controlling for model capacity) and
systematically varies B. Halving the block size improves the SNR by a factor of 1/2, making it
easier for the router to find the signal.
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2. Within-block clustering is a performance multiplier. When semantically related tokens are
grouped together in a block—a behavior encouraged by token-level key convolution (Yang et al.,
2024)) during training—the effective signal Api.g increases via larger m and picpyseer, Significantly
boosting the SNR.

These principles form the theoretical foundation for our architectural improvements, which we val-
idate systematically in Section [3]

4 FLASHMOBA: AN OPTIMIZED KERNEL FOR SMALL-BLOCK MOBA

Our theoretical model shows that smaller block sizes yield significant quality gains, but a naive GPU
implementation is inefficient. The original MoBA implementation released by |Lu et al.|(2025)), when
configured with small blocks, suffers from performance bottlenecks that negate the computational
savings from sparsity, resulting in slower execution than dense attention. We introduce FlashMoBA,
an hardware-aware CUDA kernel designed to make small-block MoBA practical and fast.

4.1 PERFORMANCE CHALLENGES WITH SMALL BLOCKS

Small block sizes introduce several critical performance challenges that must be addressed for prac-
tical deployment. First, inefficient memory access occurs when gathering sparse, non-contiguous
key-value blocks for each query, leading to uncoalesced memory reads from HBM. Second, top-k
and gating overhead becomes problematic as smaller block sizes B increase the number of blocks
(n = N/B) that the router must score. The original implementation materializes a large N x n
score matrix, incurring substantial memory overheads. Finally, low GPU occupancy results from
the reduced work per block and the overhead of launching many independent kernels, leading to
poor parallelism and low hardware utilization.

4.2 FLASHMOBA KERNEL DESIGN

To overcome these challenges, FlashMoBA employs three fused kernels that minimize HBM round-
trips and aligns computation with the GPU architecture, as depicted in Figure[T}

1. Tiled Top-K Selection The top-k selection process is a primary bottleneck in the original
MoBA implementation|Lu et al.|(2025), which materializes a full score matrix and processes batched
sequences serially. We replace this with Flash TopK (Step 1 in Figure[I), a highly optimized three-
stage pipeline of fused kernels. First, a Triton kernel computes key-block centroids, producing a
much smaller matrix K. Second, a tiled kernel inspired by FlashAttention-2 finds the top-k key-
blocks for each query by computing scores between Q and K without ever materializing the full
score matrix to HBM, as summarized in Algorithm 3] Finally, an efficient epilogue reformats the
query-centric indices into a key-block-centric varlen layout for the main attention pass. This entire
pipeline is fully parallelized across batches and heads, eliminating the original performance bottle-
neck. The detailed breakdown of all three stages is provided in Appendix [D.1]

2. Forward Pass with Gather-and-Densify To handle MoBA’s irregular sparsity, our forward
kernel uses a “gather-and-densify” strategy based on a two-level blocking mechanism, detailed in
Algorithm 1| We distinguish between two types of blocks:

* Logical Blocks: Large, contiguous blocks of queries (Q;) and keys (Kj;) that the kernel iterates
over in its outer loops. A logical key block matches a MoBA key block.

* Physical Blocks: Smaller tiles (e.g., 64 x 64 or 128 x 128) loaded into SRAM for matrix multi-
plication. Their optimal size depends on GPU architecture and head dimension.

The kernel assigns a logical query block Q; to each thread block, iterating through all logical key
blocks Kj. For each pair, it uses varlen indices to find relevant queries. This subset is batched
into dense physical blocks: a physical block of queries is gathered from HBM into a dense SRAM
buffer for computation. This two-level approach is key, as caching the queries in SRAM allows
reuse across all physical tiles of the logical key block, amortizing costly irregular memory access
with efficient dense GEMMs.
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Algorithm 1 FlashMoBA Forward Pass
Require: Matrices Q, K,V € RV*? in HBM. Varlen indices A, Offset, C. Logical block sizes
B, B. Physical tile sizes B,., B..
1: Divide Q into T}, = [Bﬂ] logical blocks Q; of size B, x d.
2: Divide K, V into T}, = [ %] logical blocks K, V; of size B x d.
3: Initialize output matrix O € RV*?, temporary output matrix Otmp € RY *d and logsumexp
vector L € RY in HBM.

4: for 0 < i < T, do in parallel

5: for 0 < j < Ty do

6: Let Indices; be the list of IN; query indices from Q; attending to K.

7: Define tile counts 7, = [B/B.], T\") = [N,/B,].

8: Divide K, V; into physical tiles K; 1., V .

9: for 0 < r < T\”) do
10: Gather-load the r-th tile of queries from Q into SRAM based on Indices;.
11: Gather-load the corresponding outputs from Ogp,p into on-chip accumulators.
12: for0 < k<T,.do
13: Load K ., V1 from HBM to SRAM.
14: On-chip, compute scores S, = QSJ) (Kjr)'.
15: Update on-chip softmax stats and partial outputs in accumulators.
16: end for
17: Scatter-store the updated partial outputs from accumulators back t0 O¢mp.
18: end for
19: end for

20: Load data from O¢mp, convert to output dtype, and write back to O;.
21: end for

Table 1: Performance comparison on language modeling and zero-shot common-sense reasoning for
340M models trained on 100B tokens. MoBA-128 + kconv5 achieves the best average performance.

Model Wiki | OBQA PIQA Hella. Lamb. ARC-c TQA ARC-e Wino. ‘ Avg.

ppll acc T acc T acc T acc T acc T acc T acc T accT | acc?
Dense | 19.6 | 208 69.7 48.5 39.8 30.5 27.1 63.8 53.5 442
MoBA-512 | 209 | 22.0 68.7 48.2 39.7 31.1 29.7 64.3 534 44.6
MoBA-256 | 203 | 22.8 68.8 48.5 39.2 30.9 27.8 63.4 55.1 44.6

MoBA-128 | 19.7
+ kconv3 19.3 25.6 69.7 48.3 41.7 32.6 26.8 64.7 55.1 45.6
+ kconv5 19.5 232 68.9 48.4 40.0 31.7 36.1 64.8 56.3 46.2

|
|
|
21.8 69.0 48.3 40.9 31.7 28.2 65.5 554 45.1

3. Backward Pass with Recomputation Our backward pass leverages the memory-efficient de-
sign of FlashAttention-2 and is implemented as a sequence of three kernels (Algorithm [5). The
primary kernel parallelizes computation across the key dimension, with each thread block process-
ing one key-block. To handle sparsity, it mirrors the forward pass’s ”gather-and-densify” strategy,
using varlen indices to gather subsets of queries and output gradients into on-chip tiles. Following
the FlashAttention-2 methodology, we recompute attention scores during the backward pass to avoid
storing the full attention matrix in memory. While key and value gradients are written directly to
HBM, the partial query gradients (dQ) require accumulation across multiple key-blocks, which is
handled efficiently and safely using atomic additions to a high-precision global buffer. This design
ensures that the backward pass maintains linear complexity in sequence length, a critical improve-
ment over the quadratic complexity of standard attention. As the backward pass typically constitutes
the main performance bottleneck in optimized attention implementations (often 2-3x slower than
the forward pass|Dao|(2023)), the efficiency of our backward kernel is crucial for enabling practical

training on long sequences.
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Table 2: Performance comparison on language modeling and zero-shot common-sense reasoning for
1B models trained on 100B tokens. MoBA-128 + kconv3 achieves the best average performance.

Model Wiki | OBQA PIQA Hella. Lamb. ARC-c TQA ARC-e Wino. | Avg.

ppl | acc T acc T acc T acc T acc T acc T acc T accT | acc?
Dense | 147 | 262 72.6 59.4 47.1 384 33.0 71.3 59.0 | 509
MoBA-128 15.1 26.2 73.6 59.7 48.0 41.4 30.2 73.0 61.5 51.7
+ kconv3 14.5 254 72.6 60.1 48.1 40.4 43.5 72.5 58.7 52.7
+ kconv5 14.7 27.8 73.1 59.7 49.0 39.9 30.5 73.3 59.6 51.6

Table 3: Zero-shot performance on RULER S-NIAH tasks for 340M models trained on 100B tokens.
Models trained on 8K contexts are evaluated on sequences up to 64K without fine-tuning. The
reported scores are accuracy percentages from a 1000-sample test set.

| S-NIAH-1 | S-NIAH-2 | S-NIAH-3 |Ave
Model  |4K 8K 16K 32K 64K|4K 8K 16K 32K 64K|4K 8K 16K 32K 64K|

Dense (100 100 79 0 0 [100 99 5 0 0 [78 69 0 0 0 [420
MoBA-512/90 86 72 59 35|81 41 14 4 16330 7 1 0 [388
MoBA-256/100 100 100 99 94 [96 64 22 5 0 |37 14 5 0 0 [49.1
MoBA-128(100 100 100 100 85 [99 92 65 17 1|52 25 5 0 0 [560
+keonv3 100 100 100 99 96 (99 94 58 5 0 |57 22 4 0 0 [555
+keonvs 100 100 100 100 100100 99 71 3 0 |95 67 22 1 0 |639

Table 4: Zero-shot performance on RULER S-NIAH tasks for 1B models. Models trained on 8K
contexts are evaluated on sequences up to 64K without fine-tuning. The reported scores are accuracy
percentages from a 1000-sample test set.

| S-NIAH-1 | S-NIAH-2 | S-NIAH-3 |Avg
Model ~ |[4K 8K 16K 32K 64K|4K 8K 16K 32K 64K |4K 8K 16K 32K 64K|
Dense  |100 100 100 62 0 [100 99 91 0 0 |94 92 81 0 0 [613

MoBA-128|100 100 100 99 74 (100 98 83 16 1 |81 67 29 2 0 |633
+ kconv3d [100 100 100 100 66 [100 100 95 37 2 |89 78 45 10 1 |68.2
+kconvS |100 100 100 100 100|100 9% 76 17 O |98 84 44 7 0 |68.1

5 EXPERIMENTS

5.1 EXPERIMENTAL SETUP

We validate our design principles of MoBA through controlled experiments on models pre-trained
from scratch.

Model Architecture. All models use a hybrid 24-layer architecture: odd layers use sliding win-
dow attention (window size 256) with RoPE, while even layers use either dense attention (baseline)
or MoBA variants without positional encoding. This design, inspired by Command-A (Team Co-
here}, 2025) and SWAN-GPT (Puvvada et al.;[2025)), isolates MoBA’s contribution while maintaining
local dependencies. We train two model families: 340M (hidden size 1024, 16 heads, intermediate
size 2816) and 1B (hidden size 2048, 32 heads, intermediate size 8192). Both model families use
a fixed head dimension d = 64. While our SNR model predicts that increasing d is beneficial, this
change is confounded with an increase in model parameters and FLOPs. To conduct a controlled
experiment that isolates the effect of the router’s retrieval mechanism (as governed by the d/ B ratio)
from changes in model capacity, we fix d and focus our empirical validation on the effect of block
size B and key convolution. Both use Llama-2 tokenizer (32K vocabulary) and 8K training context.
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Table 5: Performance on real-world LongBench tasks for 340M models trained on 100B tokens.
MoBA-128 + kconv3 achieves the best average scores.

Single-Doc QA Multi-Doc QA Summarization Few-shot Code
A \b’ \ad ~ S IS4 § N a Q"& g o]
Model f?& Voad § ,§$ $ Oog § L &g $ Qob DQO Avg.
g < & v § S g v %
Dense 7.6 17.3 40 9.1 23 121 152 125 83 11.8 19.1 169 11.3

MoBA-512 6.5 14.4 58 106 3.7 137 168 132 108 150 16.7 21.1 124
MoBA-256 7.3 15.3 6.1 103 36 138 176 129 112 149 223 225 132

MoBA-128 6.8 15.2 56 102 37 130 161 112 113 168 20.8 19.1 125
+ kconv3 8.3 14.4 65 95 39 143 183 194 11.6 163 213 204 13.7
+ kconv5 7.4 14.3 63 101 40 178 174 184 105 178 156 17.6 13.1

Table 6: Performance on real-world LongBench tasks for 1B models trained on 100B tokens.

Single-Doc QA Multi-Doc QA Summarization Few-shot Code
R S § £ & £ ¢ 2
Model "?Q@ Voad § _é* go OQS— § =L &-@\ $ Oob 0@ Avg.
(@Y% N & Y S S N < ~ S
Dense 9.2 19.0 63 107 44 227 17.1 187 128 16.7 203 18.1 14.6

MoBA-128 8.9 20.2 74 92 41 164 181 174 142 190 181 21.1 145
+ kconv3 8.2 17.7 74 89 45 223 184 125 137 181 21.7 215 146
+ kconv5 8.7 18.3 70 95 42 195 185 184 132 186 21.8 234 151

Configurations. For 340M models, we systematically vary block sizes while maintaining 7/8 spar-
sity: MoBA-512 (B = 512, k = 2), MoBA-256 (B = 256, k = 4), and MoBA-128 (B = 128,
k = 8). For 1B models, we focus on the MoBA-128 configuration. Our theory predicts smaller B
improves SNR and retrieval accuracy.

Training and Evaluation. All models are pre-trained on FineWeb-Edu (Penedo et al., 2024) us-
ing AdamW optimizer with 81 = 0.9, 82 = 0.95, weight decay 0.1, and cosine learning rate
schedule. We use peak LR 6 x 10~%, batch size 500K tokens. All models are trained on 100B
tokens. All models use gradient clipping at 1.0, and mixed precision training with bfloat16. We
evaluate on: (1) Language Modeling: WikiText2 perplexity (Merity et al., [2017) and 8 zero-shot
tasks: OpenBookQA (Mihaylov et al., 2018)), PIQA (Bisk et al., 2020), HellaSwag (Zellers et al.,
2019), WinoGrande (Sakaguchi et al., |2020), ARC-e/c (Clark et al.| 2018), Truthful QA (Lin et al.,
2021), and LAMBADA (Paperno et al [2016). (2) Long-Context Retrieval: S-NIAH-1/2/3 from
RULER (Hsieh et al.,2024) at 4K—64K lengths. (3) LongBench: 12 tasks (Bai et al., 2023): single-
document QA (Qasper, MField), multi-document QA (HotpotQA, 2WikiMQA, MuSiQue), sum-
marization (GovReport, QMSum, MultiNews), few-shot (TriviaQA, SAMSum), and code (LCC,
RepoBench-P).

Implementation. Models are implemented using PyTorch with FlashAttention-2 (Daol 2023)) for
efficient attention computation. For MoBA, we compare our custom CUDA kernels (detailed in
Section[d)) against the original implementation released by (Lu et al.,2025). Our kernels build upon
FlashAttention’s tiling strategy while introducing novel optimizations specifically for block-sparse
patterns with small blocks. All experiments use 8 xH100 80GB GPUs with gradient checkpointing
and fully-sharded data parallelism for memory efficiency.

5.2 QUALITY RESULTS

We evaluate MoBA'’s quality across language modeling, long-context retrieval, and real-world tasks.
Our experiments confirm that the theoretical improvements translate to consistent gains across di-
verse benchmarks.



Under review as a conference paper at ICLR 2026

E MoBA [ FlashAttention-2 Bl FlashMoBA
T 50 150 [— 500 1500 | mm 6000 rmm 4000 | m
E s 375 ’7 112.5 375 1125 gy 4500 |-y 18000 |-g-y
z 10 25 il 75 250 H 750 %: 3000 :g: 212000 :g: fate
g 5 e 125 . = 375 e 125 w375 SO 1500 1-gCy 1 6000 |- ¢Pp i
0 = 0 0 0 0 L= = ()l =] 0 Llima =
4 10 20 50 PIg— L —" 80 |ww
s "L (] LI
S 3 75 15 375 30 |y 60 gy 60 |ggri
z 2 5 10 25 20 |§l 40 %l 40 I%'
2 st = st
5 1 25 5 12.5 10 |4 .H. 20 |-y .H. 20 |5
=, | i O (Sl I o L o Lant
8K 16K 32K 64K 128K 256K 512K
Figure 3: Latency & memory vs. length (bsz=2, B=128, k=8) for MoBA (origi-

nal), FlashAttention-2, and FlashMoBA. Top: end-to-end latency; bottom: peak memory.
MoBA/FlashMoBA bars are decomposed (top—bottom) into backward, forward, and Top-k over-
heads. MoBA is dominated by non-attention overheads and hits OOM at 128K. By fusing tiled
Top-k with a gather-and-densify kernel, FlashMoBA makes overhead negligible, cuts memory, and
is up to 14.7 x faster than FlashAttention at long sequence lengths.
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Block Size Impact. Figure 2] shows block size
effects on WikiText perplexity and RULER accu-
racy for 340M models. As predicted by SNR
1/+/B, reducing block size from 512 to 128 im-
proves perplexity from 20.9 to 19.7 and RULER
from 38.8% to 56.0%. Smaller blocks help the
router identify relevant content more precisely.
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The trend holds across all benchmarks and scales. Block Size B

For 340M models, reducing block size 4x from
512 to 128 improves language modeling accuracy
from 44.6% to 45.6% (Table |I[), RULER from
38.8% to 63.9% (Table [3), and LongBench from
13.2 to 15.3 (Table[5). Small blocks are necessary

Figure 2: Smaller block sizes improve Wiki-
Text perplexity and RULER accuracy (340M,
d = 64, 100B tokens). Reducing B from 512
to 128 lowers ppl by 1.2 and increases RULER
by 17.2%.

for MoBA to match dense attention.

Key Convolution Benefits. Key convolution improves performance with task-specific prefer-
ences. For 340M models, kconv3 increases commonsense reasoning from 45.1% to 45.6% (Ta-
ble |I|) while kconv5 achieves 100% retrieval at 64K vs 85% without (Table @) On LongBench,
kconv3 reaches 15.3% (Table [5). At 1B scale, kconv3 improves LM accuracy to 52.7% (Table 2))
and RULER to 68.2% (Table % These gains confirm convolution amplifies Apeg by clustering
related tokens.

Sparse Matching Dense. Across multiple benchmarks and scales, MoBA matches or even sur-
passes dense attention: for example, at the 340M scale, MoBA-128 + kconv3 achieves 15.3%
accuracy on LongBench versus dense’s 12.9% (Table [3); on RULER, dense attention fails com-
pletely at long contexts (0% at 32K tokens), while MoBA-128 + kconv5 achieves 100% at 64K
(Table E[); and at 1B scale, MoBA achieves 52.7% LM accuracy compared to dense’s 50.9% (Ta-
ble[2), 69.6% vs 61.3% on RULER (Table[d), and 15.1% vs 14.7% on LongBench (Table[6). These
results demonstrate the benefit of reducing attention dilution: dense softmax spreads probability
mass thinly across all tokens as sequence length grows, making it harder to focus on relevant infor-
mation, while MoBA’s sparse routing concentrates attention on a small number of targeted blocks,
mitigating dilution and allowing the model to more effectively select and aggregate information.
This mechanism explains how MoBA is able to consistently match or outperform dense attention
across diverse settings.

5.3 EFFICIENCY RESULTS

While theory favors small blocks for quality, they were previously impractical due to poor GPU
utilization. FlashMoBA makes these configurations efficient.
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End-to-End Performance. Figure[3|compares latency and memory consumption across sequence
lengths from 8K to 512K tokens. FlashMoBA reduces both latency and memory significantly. At
N=64K with B=128, FlashMoBA is 7.4 faster than original MoBA and uses 6.1 x less memory.
Original MoBA hits OOM at 128K, while FlashMoBA scales to 512K. The advantage grows with
longer sequences and smaller blocks because FlashMoBA eliminates global reindexing overhead,
achieving up to 14.7 x speedup over FlashAttention-2 at long sequences.

400 375 . .
. Attention Merging
Breakdown Analysis. To wunderstand where Local Attention
FlashMoBA’s speedup comes from, Figure [ shows 300 Sparse Attention
the forward-pass timing breakdown at N=64K. Attention
Original MoBA (Lu et al.,[2025) uses five stages: (1) Data Restructuring
compute centroids and top-k, (2) global reindexing, 200 Gating & TopK

(3) attention on routed indices, (4) local causal
attention, (5) merge results. Stages (1), (2), and
(5) dominate runtime, accounting for over 70% of 100
execution time due to materialization and reindexing
overhead. FlashMoBA uses two fused kernels: (i)
centroid/gating/top-k without materialization; (ii)
gather-and-densify for attention with high occu-
pancy. This reduces forward-pass runtime to 49 ms
at N=64K compared to FlashAttention-2’s 99 ms.

Time (ms)

99
49

MoBA FA2 FlashMoBA
Figure 4: Forward-pass timing breakdown
(N=64K, B=128, k=8). MoBA (original)
is bottlenecked by routing overheads, while
FlashMoBA’s fused kernels cut total time to
6 RELATED WORK 49 ms, outperforming FlashAttention-2.

Efficient Attention Mechanisms The quadratic complexity of attention has driven research into
efficient alternatives. Fixed-pattern methods include Sparse Transformer (Child et al.| [2019), Long-
former (Beltagy et al.,[2020), and BigBird (Zaheer et al., 2020). Reformer (Kitaev et al.,|2020) uses
LSH, while Linformer (Wang et al., 2020) uses projection. Learnable approaches include Routing
Transformer (Roy et al.,|2021)) and Performer (Choromanski et al.|[2021)). FlashAttention (Dao et al.}
2022;Daol [2023)) improves implementation via IO-aware algorithms but doesn’t reduce complexity.

Block Sparse Attention Block-based methods reduce complexity from O(N?) to O(N - B - k).
Blockwise Transformer (Qiu et al., 2020) pioneered this approach. Recent methods like Block
Sparse Attention (Guo et al.l [2024) and XAttention (Xu et al., [2025) refine block selection. Native
sparse methods like MoBA (Lu et al., [2025) and Native Sparse Attention (Yuan et al.l [2025)) train
from scratch with sparsity. Post-training methods (Zhang et al., [2023}; Xiao et al., 2023} [Tang et al.,
2024; Jiang et al.l |2024; [Lai, [2025) prune existing models. Our work provides theoretical analysis
of why MoBA works via a signal-to-noise ratio that guides design.

Implementation Sparse patterns are challenging to implement efficiently due to irregular memory
access. While Triton (Tillet et al.l 2019) simplifies kernel development, peak performance requires
careful optimization (Hong et al.| 2023} [Kwon et al., 2023} [Liu et al., 2023} |Ye et al.| 2025)). Flash-
MoBA enables practical deployment of small-block configurations.

7 CONCLUSION

We presented a statistical framework for understanding Mixture of Block Attention. Our analysis

reveals the mechanism behind its success: a signal-to-noise ratio SNR = Aiegry / % that governs

block selection accuracy. This insight yields key design principles validated through controlled
experiments: optimizing the d/B ratio (which we validate by varying B while controlling for model
capacity) and using key convolution to enhance signal clustering. Optimized MoBA matches or
exceeds dense attention on real-world tasks while using 12.5% of the computation.

To make small blocks practical, we developed FlashMoBA, achieving up to 14.7x speedup over
FlashAttention-2. This enables deployment of theoretically optimal configurations that were previ-
ously impractical. For applications requiring million-token contexts, our work shows that theoretical
analysis combined with efficient implementation can scale beyond dense attention’s limits.
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REPRODUCIBILITY STATEMENT.

To ensure reproducibility of our work, we provide comprehensive details throughout the paper and
appendices. Our theoretical contributions include complete proofs: the SNR formula derivation is
presented in Section [3| with full mathematical details in Appendix [B] All model architectures and
hyperparameters are specified in Section [5} including the hybrid SWA-MoBA design, hidden di-
mensions, and head configurations. Training details are fully described: we use publicly available
FineWeb-Edu dataset (Penedo et al. |2024) with all experiments using 100B tokens. Our evalu-
ation uses standard benchmarks with exact task specifications: RULER (Hsieh et al., [2024) and
LongBench (Bai et al.| 2023). The FlashMoBA kernel implementation is detailed in Sectionwith
algorithmic pseudocode, and complete implementation details appear in Appendix B. We will re-
lease our code including model implementations, FlashMoBA CUDA kernels, and evaluation scripts
upon publication. All experiments were conducted on 8x H100 80GB GPUs with PyTorch and
FlashAttention-2 (Dao, [2023)), enabling exact reproduction of our results.

REFERENCES

Joshua Ainslie, James Lee-Thorp, Michiel de Jong, Yury Zemlyanskiy, Federico Lebrén, and Sumit
Sanghai. Gqa: Training generalized multi-query transformer models from multi-head check-
points, 2023. URLhttps://arxiv.org/abs/2305.13245|

Yushi Bai, Xin Lv, Jiajie Zhang, Hongchang Lyu, Jiankai Tang, Zhidian Huang, Zhengxiao Du, Xiao
Liu, Aohan Zeng, Lei Hou, Yuxiao Dong, Jie Tang, and Juanzi Li. Longbench: A bilingual, mul-
titask benchmark for long context understanding, 2023. URL https://arxiv.org/abs/
2308.14508.

Iz Beltagy, Matthew E. Peters, and Arman Cohan. Longformer: The long-document transformer.
arXiv preprint arXiv:2004.05150, 2020.

Yonatan Bisk, Rowan Zellers, Ronan Le Bras, Jianfeng Gao, and Yejin Choi. PIQA: reasoning about
physical commonsense in natural language. In Proceedings of the Thirty-Fourth AAAI Conference
on Artificial Intelligence, 2020.

Rewon Child, Scott Gray, Alec Radford, and Ilya Sutskever. Generating long sequences with sparse
transformers. arXiv preprint arXiv:1904.10509, 2019.

Krzysztof Choromanski, Valerii Likhosherstov, David Dohan, Xingyou Song, Andreea Gane, Tamas
Sarlos, Peter Hawkins, Jared Davis, Afroz Mohiuddin, Lukasz Kaiser, et al. Rethinking attention
with performers. In International Conference on Learning Representations, 2021.

Peter Clark, Isaac Cowhey, Oren Etzioni, Tushar Khot, Ashish Sabharwal, Carissa Schoenick, and
Oyvind Tafjord. Think you have solved question answering? try arc, the ai2 reasoning challenge.
arXiv preprint arXiv:1803.05457, 2018.

Tri Dao. FlashAttention-2: Faster attention with better parallelism and work partitioning, 2023.

Tri Dao, Daniel Y. Fu, Stefano Ermon, Atri Rudra, and Christopher Ré. FlashAttention: Fast and
memory-efficient exact attention with IO-awareness, 2022. arXiv:2205.14135.

Abhimanyu Dubey, Abhinav Jauhri, Abhinav Pandey, Abhishek Kadian, Ahmad Al-Dahle, Aiesha
Letman, Akhil Mathur, Alan Schelten, Amy Yang, Angela Fan, Anirudh Goyal, Anthony
Hartshorn, Aobo Yang, Archi Mitra, Archie Sravankumar, Artem Korenev, Arthur Hinsvark,
Arun Rao, Aston Zhang, Aurelien Rodriguez, Austen Gregerson, Ava Spataru, Baptiste Roziere,
Bethany Biron, Binh Tang, Bobbie Chern, Charlotte Caucheteux, Chaya Nayak, Chloe Bi, Chris
Marra, Chris McConnell, Christian Keller, Christophe Touret, Chunyang Wu, Corinne Wong,
Cristian Canton Ferrer, Cyrus Nikolaidis, Damien Allonsius, Daniel Song, Danielle Pintz, Danny
Livshits, David Esiobu, Dhruv Choudhary, Dhruv Mahajan, Diego Garcia-Olano, Diego Perino,
Dieuwke Hupkes, Egor Lakomkin, Ehab AlBadawy, Elina Lobanova, Emily Dinan, Eric Michael
Smith, Filip Radenovic, Frank Zhang, Gabriel Synnaeve, Gabrielle Lee, Georgia Lewis Ander-
son, Graeme Nail, Gregoire Mialon, Guan Pang, Guillem Cucurell, Hailey Nguyen, Hannah
Korevaar, Hu Xu, Hugo Touvron, Iliyan Zarov, Imanol Arrieta Ibarra, Isabel Kloumann, Ishan

10


https://arxiv.org/abs/2305.13245
https://arxiv.org/abs/2308.14508
https://arxiv.org/abs/2308.14508

Under review as a conference paper at ICLR 2026

Misra, Ivan Evtimov, Jade Copet, Jaewon Lee, Jan Geffert, Jana Vranes, Jason Park, Jay Ma-
hadeokar, Jeet Shah, Jelmer van der Linde, Jennifer Billock, Jenny Hong, Jenya Lee, Jeremy
Fu, Jianfeng Chi, Jianyu Huang, Jiawen Liu, Jie Wang, Jiecao Yu, Joanna Bitton, Joe Spisak,
Jongsoo Park, Joseph Rocca, Joshua Johnstun, Joshua Saxe, Junteng Jia, Kalyan Vasuden Al-
wala, Kartikeya Upasani, Kate Plawiak, Ke Li, Kenneth Heafield, Kevin Stone, Khalid El-Arini,
Krithika Iyer, Kshitiz Malik, Kuenley Chiu, Kunal Bhalla, Lauren Rantala-Yeary, Laurens van der
Maaten, Lawrence Chen, Liang Tan, Liz Jenkins, Louis Martin, Lovish Madaan, Lubo Malo,
Lukas Blecher, Lukas Landzaat, Luke de Oliveira, Madeline Muzzi, Mahesh Pasupuleti, Man-
nat Singh, Manohar Paluri, Marcin Kardas, Mathew Oldham, Mathieu Rita, Maya Pavlova,
Melanie Kambadur, Mike Lewis, Min Si, Mitesh Kumar Singh, Mona Hassan, Naman Goyal,
Narjes Torabi, Nikolay Bashlykov, Nikolay Bogoychev, Niladri Chatterji, Olivier Duchenne, Onur
Celebi, Patrick Alrassy, Pengchuan Zhang, Pengwei Li, Petar Vasic, Peter Weng, Prajjwal Bhar-
gava, Pratik Dubal, Praveen Krishnan, Punit Singh Koura, Puxin Xu, Qing He, Qingxiao Dong,
Ragavan Srinivasan, Raj Ganapathy, Ramon Calderer, Ricardo Silveira Cabral, Robert Stojnic,
Roberta Raileanu, Rohit Girdhar, Rohit Patel, Romain Sauvestre, Ronnie Polidoro, Roshan Sum-
baly, Ross Taylor, Ruan Silva, Rui Hou, Rui Wang, Saghar Hosseini, Sahana Chennabasappa,
Sanjay Singh, Sean Bell, Seohyun Sonia Kim, Sergey Edunov, Shaoliang Nie, Sharan Narang,
Sharath Raparthy, Sheng Shen, Shengye Wan, Shruti Bhosale, Shun Zhang, Simon Vandenhende,
Soumya Batra, Spencer Whitman, Sten Sootla, Stephane Collot, Suchin Gururangan, Sydney
Borodinsky, Tamar Herman, Tara Fowler, Tarek Sheasha, Thomas Georgiou, Thomas Scialom,
Tobias Speckbacher, Todor Mihaylov, Tong Xiao, Ujjwal Karn, Vedanuj Goswami, Vibhor Gupta,
Vignesh Ramanathan, Viktor Kerkez, Vincent Gonguet, Virginie Do, Vish Vogeti, Vladan Petro-
vic, Weiwei Chu, Wenhan Xiong, Wenyin Fu, Whitney Meers, Xavier Martinet, Xiaodong Wang,
Xiaoqing Ellen Tan, Xinfeng Xie, Xuchao Jia, Xuewei Wang, Yaelle Goldschlag, Yashesh Gaur,
Yasmine Babaei, Yi Wen, Yiwen Song, Yuchen Zhang, Yue Li, Yuning Mao, Zacharie Delpierre
Coudert, Zheng Yan, Zhengxing Chen, Zoe Papakipos, and many others. The llama 3 herd of
models, 2024. URL https://arxiv.org/abs/2407.21783.

Junxian Guo, Haotian Tang, Shang Yang, Zhekai Zhang, Zhijian Liu, and Song Han. Block Sparse
Attention. https://github.com/mit-han-lab/Block—-Sparse—-Attention,
2024.

Ke Hong, Guohao Dai, Jiaming Xu, Qiuli Mao, Xiuhong Li, Jun Liu, Kangdi Zheng, Yuhan Chen,
Yaoxin Lin, and Yu Wang. Flashdecoding++: Faster large language model inference on gpus,
2023.

Cheng-Ping Hsieh, Simeng Sun, Samuel Kriman, Shantanu Acharya, Dima Rekesh, Fei Jia, Yang
Zhang, and Boris Ginsburg. Ruler: What’s the real context size of your long-context language
models? arXiv preprint arXiv:2404.06654, 2024.

Huiqiang Jiang, Yucheng Zhang, Qianhui Li, Xufang Zhao, Haojie Zeng, Jiahao Wang, Wenhao
Zhou, Zihao Zhang, Wenlong Chen, Jingzhi Liu, Yufeng Yang, Yuanming Li, Jing Zhang, Yao
Liu, Zhijie Cui, and Yuanshun Fang. Minference 1.0: Accelerating pre-filling for long-context
IIms via dynamic sparse attention, 2024.

Nikita Kitaev, Lukasz Kaiser, and Anselm Levskaya. Reformer: The efficient transformer. In
International Conference on Learning Representations, 2020.

Weijie Kong, Qi Tian, Zijian Zhang, Rox Min, Zuozhuo Dai, Jin Zhou, Jiangfeng Xiong, Xin Li,
Bo Wu, Jianwei Zhang, et al. Hunyuanvideo: A systematic framework for large video generative
models. arXiv preprint arXiv:2412.03603, 2024.

Woosuk Kwon, Zhuohan Li, Siyuan Zhuang, Ying Sheng, Lianmin Zheng, Cody Hao Yu, Joseph
Gonzalez, Hao Zhang, and Ion Stoica. Efficient memory management for large language model
serving with pagedattention. In Proceedings of the 29th Symposium on Operating Systems Prin-
ciples, pp. 611-626, 2023.

Wei Lai. Flexprefill: Dynamic sparse attention for efficient prefix caching, 2025.
Bin Lin, Yang Ye, Bin Zhu, Jiaxi Cui, Munan Ning, Peng Jin, and Li Yuan. Video-LLaVA: Learning

united visual representation by alignment before projection, 2023.

11


https://arxiv.org/abs/2407.21783
https://github.com/mit-han-lab/Block-Sparse-Attention

Under review as a conference paper at ICLR 2026

Stephanie Lin, Jacob Hilton, and Owain Evans. Truthfulqa: Measuring how models mimic human
falsehoods, 2021. URL https://arxiv.org/abs/2109.07958.

Hao Liu, Matei Zaharia, and Pieter Abbeel. Ring attention with blockwise transformers for near-
infinite context, 2023.

Enzhe Lu, Zhejun Jiang, Jingyuan Liu, Yulun Du, Tao Jiang, Chao Hong, Shaowei Liu, Weiran He,
Enming Yuan, Yuzhi Wang, Zhiqi Huang, Huan Yuan, Suting Xu, Xinran Xu, Guokun Lai, Yanru
Chen, Huabin Zheng, Junjie Yan, Jianlin Su, Yuxin Wu, Neo Y. Zhang, Zhilin Yang, Xinyu Zhou,
Mingxing Zhang, and Jiezhong Qiu. Moba: Mixture of block attention for long-context 1lms,
2025. URLhttps://arxiv.org/abs/2502.13189.

Stephen Merity, Caiming Xiong, James Bradbury, and Richard Socher. Pointer sentinel mixture
models. In 5th International Conference on Learning Representations, ICLR 2017, Toulon,
France, April 24-26, 2017, Conference Track Proceedings. OpenReview.net, 2017. URL
https://openreview.net/forum?id=Byj72udxel

Todor Mihaylov, Peter Clark, Tushar Khot, and Ashish Sabharwal. Can a suit of armor conduct elec-
tricity? a new dataset for open book question answering. In Proceedings of the 2018 Conference
on Empirical Methods in Natural Language Processing, 2018.

OpenAl. Gpt-4 technical report, 2023.

Denis Paperno, German Kruszewski, Angeliki Lazaridou, Ngoc Quan Pham, Raffaella Bernardi,
Sandro Pezzelle, Marco Baroni, Gemma Boleda, and Raquel Ferndndez. The LAMBADA dataset:
Word prediction requiring a broad discourse context. In Proceedings of the 54th Annual Meeting
of the Association for Computational Linguistics (Volume 1: Long Papers), 2016.

Guilherme Penedo, Hynek Kydli¢ek, Anton Lozhkov, Margaret Mitchell, Colin Raffel, Leandro Von
Werra, Thomas Wolf, et al. The fineweb datasets: Decanting the web for the finest text data at
scale, 2024.

Krishna C. Puvvada, Faisal Ladhak, Santiago Akle Serrano, Cheng-Ping Hsieh, Shantanu Acharya,
Somshubra Majumdar, Fei Jia, Samuel Kriman, Simeng Sun, Dima Rekesh, and Boris Ginsburg.
Swan-gpt: An efficient and scalable approach for long-context language modeling, 2025. URL
https://arxiv.org/abs/2504.087109.

Jiezhong Qiu, Hao Ma, Omer Levy, Wen-tau Yih, Sinong Wang, and Jie Tang. Blockwise self-
attention for long document understanding. In Findings of EMNLP, 2020.

Aurko Roy, Mohammad Saffar, Ashish Vaswani, and David Grangier. Efficient content-based sparse
attention with routing transformers. Transactions of the Association for Computational Linguis-
tics, 9:53-68, 2021.

Keisuke Sakaguchi, Ronan Le Bras, Chandra Bhagavatula, and Yejin Choi. Winogrande: An adver-
sarial winograd schema challenge at scale. In Proceedings of the Thirty-Fourth AAAI Conference
on Artificial Intelligence, pp. 8732-8740. AAAI Press, 2020. URL https://aaai.org/
ojs/index.php/AAAI/article/view/6399.

Noam Shazeer. Fast transformer decoding: One write-head is all you need, 2019. URL https:
//arxiv.org/abs/1911.02150.

Jiaming Tang, Yilong Zhao, Kan Zhu, Guangxuan Xiao, Baris Kasikci, and Song Han. Quest:
Query-aware sparsity for efficient long-context llm inference, 2024.

Team Cohere. Command a: An enterprise-ready large language model, 2025. URL https://
arxiv.org/abs/2504.00698\

Philippe Tillet, H. T. Kung, and David Cox. Triton: An intermediate representation and compiler

for tiled neural network computations. In Proceedings of the 3rd ACM SIGPLAN International
Workshop on Machine Learning and Programming Languages, pp. 10-19, 2019.

12


https://arxiv.org/abs/2109.07958
https://arxiv.org/abs/2502.13189
https://openreview.net/forum?id=Byj72udxe
https://arxiv.org/abs/2504.08719
https://aaai.org/ojs/index.php/AAAI/article/view/6399
https://aaai.org/ojs/index.php/AAAI/article/view/6399
https://arxiv.org/abs/1911.02150
https://arxiv.org/abs/1911.02150
https://arxiv.org/abs/2504.00698
https://arxiv.org/abs/2504.00698

Under review as a conference paper at ICLR 2026

Ashish Vaswani, Noam Shazeer, Niki Parmar, Jakob Uszkoreit, Llion Jones, Aidan N. Gomez,
Lukasz Kaiser, and Illia Polosukhin. Attention is all you need. Advances in Neural Informa-
tion Processing Systems, 30, 2017.

Peng Wang, Shuai Bai, Sinan Tan, Shijie Wang, Zhihao Fan, Jinze Bai, Keqin Chen, Xuejing Liu,
Jialin Wang, Wenbin Ge, Yang Fan, Kai Dang, Mengfei Du, Xuancheng Ren, Rui Men, Dayi-
heng Liu, Chang Zhou, Jingren Zhou, and Junyang Lin. Qwen2-VL: Enhancing vision-language
model’s perception of the world at any resolution. arXiv preprint arXiv:2409.12191, 2024.

Sinong Wang, Belinda Z. Li, Madian Khabsa, Han Fang, and Hao Ma. Linformer: Self-attention
with linear complexity. arXiv preprint arXiv:2006.04768, 2020.

Guangxuan Xiao, Yuandong Tian, Beidi Chen, Song Han, and Mike Lewis. Efficient streaming
language models with attention sinks, 2023.

Ruyi Xu, Guangxuan Xiao, Haofeng Huang, Junxian Guo, and Song Han. Xattention: Block sparse
attention with antidiagonal scoring. In Proceedings of the 42nd International Conference on
Machine Learning (ICML), 2025.

Songlin Yang, Bailin Wang, Yu Zhang, Yikang Shen, and Yoon Kim. Parallelizing linear transform-
ers with the delta rule over sequence length, 2024. URL https://arxiv.org/abs/2406.
06484.

Zihao Ye, Lequn Chen, Ruihang Lai, Wuwei Lin, Yineng Zhang, Stephanie Wang, Tianqgi Chen,
Baris Kasikci, Vinod Grover, Arvind Krishnamurthy, and Luis Ceze. Flashinfer: Efficient and
customizable attention engine for Ilm inference serving, 2025. URL https://arxiv.org/
abs/2501.01005/

Jingyang Yuan, Huazuo Gao, Damai Dai, Junyu Luo, Liang Zhao, Zhengyan Zhang, Zhenda Xie,
Y. X. Wei, Lean Wang, Zhiping Xiao, Yuqing Wang, Chong Ruan, Ming Zhang, Wenfeng Liang,
and Wangding Zeng. Native sparse attention: Hardware-aligned and natively trainable sparse
attention, 2025. URL https://arxiv.org/abs/2502.110809.

Manzil Zaheer, Guru Guruganesh, Avinava Dubey, Joshua Ainslie, Chris Alberti, Santiago Ontafién,
Philip Pham, Anirudh Ravula, Qifan Wang, Li Yang, and Amr Ahmed. Big bird: Transformers for
longer sequences. Advances in Neural Information Processing Systems, 33:17283—-17297, 2020.

Rowan Zellers, Ari Holtzman, Yonatan Bisk, Ali Farhadi, and Yejin Choi. HellaSwag: Can a ma-
chine really finish your sentence? In Proceedings of the 57th Annual Meeting of the Association
for Computational Linguistics, 2019.

Zhenyu Zhang, Ying Sheng, Tianyi Zhou, Tianlong Chen, Lianmin Zheng, Ruisi Cai, Zhao Song,
Yuandong Tian, Christopher Ré, Clark Barrett, Zhangyang Wang, and Beidi Chen. H20: Heavy-
hitter oracle for efficient generative inference of large language models, 2023.

13


https://arxiv.org/abs/2406.06484
https://arxiv.org/abs/2406.06484
https://arxiv.org/abs/2501.01005
https://arxiv.org/abs/2501.01005
https://arxiv.org/abs/2502.11089

Under review as a conference paper at ICLR 2026

A LLM USAGE STATEMENT

We acknowledge the use of Large Language Models (specifically Claude and GPT-5) in the prepa-
ration of this manuscript. The LLMs were used exclusively as writing assistants to:

¢ Polish and refine the language for clarity and conciseness
* Improve grammar and sentence structure

» Suggest alternative phrasings for technical descriptions

* Help organize and structure sections for better flow

B DETAILED DERIVATION OF SIGNAL-TO-NOISE RATIO

We provide the complete mathematical derivation of the SNR formula for MoBA’s block selection
mechanism.

B.1 PROBLEM SETUP

Consider a query q; seeking information from a specific key k* (the signal) among N keys. Let
J* denote the block containing k*. MoBA computes similarity scores s; = qiTkj where k; =
T 2kek, K is the centroid of block j.

For the signal block j*:

1
sip== la’k+ Y ak

B
keK;»\{k}
We define successful retrieval as rank(s;-) < k.
B.2 STATISTICAL MODELING
We model the expected dot products as:
E[qjk*] = Msignal (4)
Ela; K] = ftnoise  for k # k* (5)

Define the similarity gap Ay = psignal — fnoise > 0.

To account for semantic clustering, let m denote the number of keys in the signal block with elevated
similarity ficiuster Where finoise < flcluster < Hsignal- The expected scores become:

1
E[Sj*] = E[leignal + (m - l)ﬂc]uster + (B - m),unoise] (6)
E[s;] = ptnoise for j # j* (7

The expected advantage of the signal block is:

A,Uf + (m - 1)(Ncluster - ﬂnoise) _ A,Lteff
B B

Elsj«] — E[s;] =
where Apierr = Ap+ (M — 1) (fctuster — fnoise) 18 the effective similarity gap.

B.3 VARIANCE ANALYSIS

Assuming independent dot products with variance o2 ~ 1/d for normalized vectors in high dimen-
sions, the score difference D = s;- — s; between signal and noise blocks satisfies:

Alep
E[D] =
D] = 24 ®
2 2 9,2
Var(D) = Var(s;-) + Var(s;) = % +Z = % 9
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B.4 RETRIEVAL PROBABILITY

Under the Central Limit Theorem for large B, D ~ N'(Apesr/ B, 20%/B). The probability that a
noise block outranks the signal block is:

0 — Apesr/B
p=P(D<0)=0d <T’;/ffé ) (10)
:q>(_f“;;) an

[ d
=¢ <Aﬂeff 23) (12)
[ d
SNR = Apiefr 9B

For reliable top-k retrieval with n blocks, we need p < k/n, which requires SNR > ®~1(1 — k/n).

This yields the signal-to-noise ratio:

C KEY CONVOLUTION DESIGN

To encourage within-block clustering of semantically related tokens, we apply a short convolution
operator to the key representations. This section details the specific design choices.

C.1 ARCHITECTURE

We use a depthwise causal 1-D convolution applied to token-level keys before they are used for
routing and attention computation. The key design choices are:

Depthwise convolution. The convolution is depthwise-separable with groups=hidden_size,
meaning each channel (dimension) of the key vector is filtered independently. This reduces param-
eters while maintaining expressiveness across all dimensions.

Causal structure. The convolution is causal (left-padded), ensuring that the representation at po-
sition ¢ only depends on positions {t — W + 1,..., ¢} where W is the kernel width. This preserves
the autoregressive property required for language modeling.

Kernel size. We experiment with kernel widths W € {3,5}, denoted as kconv3 and kconv5
respectively in our experiments. These short receptive fields allow local signal diffusion without
excessive computational overhead.

Activation and residual. Following recent work on efficient linear transformers (Yang et al.,
2024])), we apply:

* SiLU activation: o(z) = z - sigmoid(z) applied element-wise after convolution

* Residual connection: The original key is added back to the convolved output
Formally, for a key vector k; € R? at position ¢, the transformed key is:

wW—-1
k, =k, + SiLU (Z W, 0 kt_g>
£=0

where W, € R? are the learnable kernel weights for each lag ¢, and ® denotes element-wise
multiplication (due to depthwise structure).
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C.2 EFFECT ON ROUTING

The key convolution is applied before block centroid computation. For block j, the centroid used
for routing becomes:
3 LK

KK/,
where K; contains the convolved keys in block j.

During training, this design encourages gradient flow between neighboring tokens within a block.
When the router learns to select a block containing relevant information, the gradients backpropagate
through the convolution, implicitly encouraging nearby tokens to align with the query direction. This
increases the number of related tokens m within selected blocks and raises their average affinity
Heluster, thereby amplifying A p.gr according to our statistical model (Section E])

D KERNEL IMPLEMENTATION DETAILS

D.1 FLASHMOBA TopP-K SELECTION AND INDEX REFORMATTING

Our algorithm for top-k selection and index reformatting, which we name Flash TopK, is divided
into three logical stages, each implemented as a fused kernel to minimize HBM data transfers.

1. Computation of Block Centroids. We first compute key-block centroids using a fused Triton

kernel (Algorithm ' This step produces a centroid matrix K that is B times smaller than the
original key matrix K, significantly reducing subsequent HBM accesses.

Algorithm 2 Fused Key-Block Centroid Computation

Require: Key matrix K € RV >4, block size B.
1: Partition K into blocks {K; }jTial, where Ty, = [N/B].

2: Initialize centroid matrix K € RTx*4,

3: for j € [0, T}, — 1] do in parallel
4: K[j,:] « |K R ZVEK v > Compute mean of each block
5: end for

2. Fused Top-K Selection. With the block centroids pre-computed, a second fused kernel iden-
tifies the top-k blocks for each query, adopting the tiling strategy from FlashAttention-2. For each
block of queries loaded into SRAM, the kernel iterates through the centroid matrix K in chunks.
It computes gating scores and maintains a running list of the top-k indices and their corresponding
scores for each query on-chip. This update is performed with a bubble sort algorithm which is highly
efficient for k£ < N, as detailed in Algorithm 3| This process avoids materializing the full score
matrix to HBM.

3. Reformatting Indices to Varlen Format. To facilitate efficient densification in the main at-
tention pass, the query-centric top-k indices must be reformatted into a key-block-centric, variable-
length (varlen) layout. This layout stores, for each key-block, a compact list of the queries that
attend to it. This transformation is implemented as a two-stage epilogue, detailed in Algorithm [4]
The first kernel calculates the memory offsets for each key-block via a prefix sum over the histogram
computed in the top-k selection stage. The second kernel then reads the query-centric indices and
scatters the corresponding query IDs into their correct positions in the final varlen array.

D.2 FLASHMOBA FORWARD PASS KERNEL
The core of our forward pass kernel is the ”gather-and-densify” strategy, which allows us to use the

efficient dense computation patterns of FlashAttention-2 in a sparse context. To manage this, we
distinguish between two types of processing blocks:
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Algorithm 3 Fused Top-K Selection

Require: Matrices Q € RV*4 and K € R/ %1% in HBM, MoBA key-block size B, MoBA top-k
k, block sizes B, B, _
1: Divide Q into T}, = (Bﬁ] blocks Q; of dimensions B, x d each, and divide K into T, = (%1

blocks Kj of dimensions B, x d each.

2: Initialize the top-k indices matrix I € Z~** in HBM.

3: for 0 < i < T, do in parallel

4: Load Q; from HBM to SRAM.

5: On chip, initialize I; = (—1)p, x and T; = (—00) , xx in SRAM for the actual attention

scores.

6 for0 < j<T.do

7: Load K 4 from HBM to on-chip SRAM.

8: On-chip, compute scores S = QiK;r and apply the causal mask.

9: for 0 < r < B, do in parallel ‘
10: for 0 < c< B.do
11: Update the top-k indices and scores if necessary using bubble sort.
12: end for
13: end for
14: end for
15: Write the final I, to HBM as the i-th block of 1.
16: end for

Algorithm 4 Reformatting Indices to Varlen Key-Block-Major

Require: Query-centric indices I € ZV**, key-block counts C € ZT*.

1: Initialize offset array Offset € Z™* and varlen array A € Z(N<k),

2: Offset[j] Zi:o Cli],forj =0,...,Tp — 1 > Stage 1: Compute offsets
3: Reset temporary counts C to zero.

4: for each query ¢ and its selected block index b € I[i, :] do in parallel > Stage 2: Scatter indices
5: p < atomicAdd(&C[b], 1)

6:  A[Offset[b] + p| i

7: end for

* Logical Blocks: These are the large, contiguous blocks of queries (Q;) and keys (Kj) that
the kernel iterates over in its outer loops. Importantly, a logical key block is equivalent to a
MoBA key block.

* Physical Blocks: These are the smaller tiles (e.g., 64 x 64 or 128 x 128) that are loaded
into SRAM for the actual matrix multiplication. The optimal size of these blocks depends
on the specific GPU architecture and model head dimension.

As described in Algorithm ] our kernel assigns a logical query block Q; to each thread block. This
thread block then iterates through all logical key blocks Kj. For each (Q;, Kj) pair, it uses the
varlen indices to identify the relevant subset of queries within Q;. This sparse subset of queries is
then processed in dense physical blocks: one physical block of queries is gathered from HBM into
a dense SRAM buffer for computation.

This two-level blocking strategy is the key to our kernel’s performance. By caching a dense phys-
ical block of gathered queries in SRAM, it can be reused for matrix multiplication against all the
physical tiles that form a logical key block Kj;. This reuse effectively amortizes the cost of irregular
gather operations over several highly efficient, dense GEMMs. The dimensions of the logical blocks
present a tuning opportunity: increasing the logical key block size enhances the query reuse fac-
tor, while increasing the logical query block size results in a larger, more computationally efficient
subset of gathered queries, albeit at the cost of higher on-chip memory usage.
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D.3 FLASHMOBA BACKWARD PASS KERNEL

The backward pass adapts the memory-efficient design of FlashAttention-2 and is implemented as
a sequence of three fused kernels. First, a preprocessing kernel computes the per-query dot product
between the output gradients and the outputs (dO - O), which is required for the softmax gradient
calculation. The main kernel then parallelizes the computation across the key dimension, where
each thread block is responsible for a logical key block (Kj, Vj). For its assigned block, a thread
block uses the pre-computed varlen indices to gather the corresponding sparse subsets of queries
(Q), and output gradients (dO) from HBM. With this data densified on-chip, the kernel recomputes
the attention scores to avoid storing the large attention matrix, and then calculates the gradients
dKj;, dVj, and partial dQ. The gradients for the current block, dK; and d'Vj, are written directly
to HBM, while the partial query gradients are atomically added to a high-precision global buffer,
dQaccum- Finally, a post-processing kernel converts the accumulated dQaccum buffer into the
final data type and writes it to the output gradient tensor dQ. Algorithm [5|details this process.

Algorithm 5 FlashMoBA Backward Pass

Require: Matrices Q,K,V,0,dO € RV*4 in HBM, vector L € RY in HBM, MoBA arrays
C, A, Offset and block sizes B, B;..
1: Divide K, Vinto T, = [N/B,] blocks Kj and Vj, of size B. x d each.
Initialize dQ = (0)nyxq in HBM. Divide dK,dV € R¥*4 into T, blocks dK; and dVj, of
size B, x d each.
Compute D = rowsum(dO o O) € RY (pointwise multiply), write D to HBM.
for0 < j<T.do
Load Kj, V; from HBM to on-chip SRAM.
Initialize dK; = dV; = (0) 5, xq on SRAM.
Let Z; = {A, | Offset; < p < Offset; + C;} be the set of C; query indices that attend to
block j.

N

AN A

8: The processing of these queries is tiled into 7, = [C};/B,.| blocks.

9: for 0 <i<T,do
10: Gather sparse Qi(j), Oi(j), dOi(j) 7L§j), Dl(j) from HBM to SRAM in a dense format.
11: On chip, compute S;; = Qi(j)K;.T € RB-xBe,
12: On chip, compute Py; = exp(S;; — L)) € RB-*Be,
13: On chip, compute dV; « dVj + (Pij)TdO].Ej) € RBexd,
14: On chip, compute dP;; = dOi(j)VJ’-r € REB-xBe,
15: On chip, compute dS;; = Pj; 0 (dP;j; — ij)) € RBrxBe,
16: Atomically add dS;;K; to dQPcum, -
17: On chip, compute dKj; < dKj + dS?J; i(j) € RBexd,

18: end for

19: Write dKj;,dV; to HBM.
20: end for

21: return dQ,dK,dV.

Multi-query and grouped-query attention. Multi-query attention (MQA) [Shazeer| (2019)) and
grouped-query attention (GQA)|Ainslie et al. (2023) are attention variants that reduce KV cache size
during inference by sharing key and value heads across multiple query heads. Like FlashAttention-
2, we support these patterns efficiently by remapping attention heads and correctly aggregating over
them. Instead of duplicating key/value heads, we adjust indexing to achieve equivalent computation.
During backpropagation, gradients for keys and values (dK,dV) are summed across the shared
heads.
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