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ABSTRACT

This study aims to analyze the global structure of the functional subgraph of DNNs
using tools from topological data analysis (TDA), namely persistent homology (PH)
and the Betti curve similarity. Using these methods we present an empirical study
on the application of TDA to DNNSs in order to gain a better understanding of their
architecture and to provide a framework for a similarity measure between DNNss.
The study is conducted by training several convolutional neural networks (CNNs)
on disjoint subsets of the ImageNet dataset and then by analyzing the structure
of their functional graphs across datasets using the Betti curve similarity. Results
show that the Betti curve similarity is able to distinguish between different DNN
models across datasets and can be a tool for detecting a departure from previous
internal representations of those datasets, providing a new method for the analysis
of DNNSs and a potential path forward for their theoretical development.

1 INTRODUCTION

With the seemingly ubiquitous implementation of deep neural network (DNN) algorithms in modern
applications, it has become increasingly important for scientists and practitioners of deep learning,
to develop methods for the analysis and scrutability of these algorithms. There have already been
various attempts, and small triumphs, with tools such as SHAP values, LIME and XNN (Agarwal
and Das, |2020), to name a few, but a complete framework for the scrutability of DNNs has yet to
emerge. The sheer size of these DNNS is one of the major reasons why they remain inscrutable, and
recent trends seem to indicate that DNNs will only become larger, thus exacerbating this problem.

For these particular reasons we show that a candidate tool for analyzing the global structure of DNNs
is persistent homology (PH) and its corresponding summary statistic, the Betti curve. Both of these
originate from topological data analysis (TDA), a branch of abstract topology composed of tools for
computing the global structure of data. To demonstrate their uses in deep learning, we modify and
add upon work by [Corneanu et al.|(2019) by analyzing the functional graphs of convolutional neural
networks (CNNs) and comparing those graphs across time, i.e. epochs, and datasets. This is done by
first training several distinct CNNs on disjoint datasets, extracting their activations on the respective
testing data, reducing the activation data via a k-means++ algorithm, processing this reduced data
using persistent homology, and finally comparing our results using their respective Betti curves, as
seen in Figure|T]

2 METHODS

The proposed analysis begins with training a series of CNNs on disjoint subsets of the ILSVRC2017
dataset (Russakovsky et al.l|2015)), commonly known as ImageNet. The global structure of the CNNs’
functional graphs across datasets and epochs are then analyzed using PH and the Betti curve similarity.
For reproducibility, the details of the data, the CNN models, and the TDA tools that are used in the
study along with the random seed are provided. The code used for the study is largely a modification
of the previous work by [Corneanu et al.| (2019), which provides the scaffolding for the models, data
loaders, training, and activation extraction. Our modifications are available here at GitHub and the
data is available for download at ImageNet. All of the packages used in the study are listed in the
REQUIREMENTS.TXT file in the GitHub repository.
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Figure 1: Flowchart of the study where we (1) train several distinct CNNs on disjoint datasets, (2)
extract their activations on the respective testing data, (3) reduce the activation data via a k-means++

algorithm, (4) process this reduced data using persistent homology, and (5) comparing our results
using their respective Betti curves.

Throughout the study the PyTorch library is used for the implementation of models, datasets, data
transformation, and data loaders. The study is conducted on a supercomputing cluster utilizing a
single node with two 64-core AMD EPYC 7763 (2.45 GHz) processors with 512 GB of RAM each,
and two NVIDIA A100 GPUs with 80 GB of memory each. A full experiment on a given dataset,
excluding training, utilizing seven epochs for computation, averages 66 minutes across models.

2.1 DATA

The machine learning task studied here is image classification over ten categories. In order to compare
CNN models across subsets of data and epochs, a dataset is required that is large enough to be divided
into several subsets (in our case 30 in order to provide a statistically significant sample size without
incurring excessive computational overhead) of training and test instances. For its size, availability
and ease of use, ImageNet is a natural choice.

The original ImageNet training dataset consists of 1.2 million images, each of which is labeled
with one of 1000 categories. The original test dataset consists of 50, 000 images, each of which is
also labeled with one of its respective categories and where each category contains 50 images. The
training dataset is balanced so that each category is represented by the same number of instances, in
this case 732 (this being the number of samples in the category with the fewest number of images).

Thirty disjoint subsets of ten categories each are randomly selected using seed 1234; these subsets
are then held constant throughout the entire experiment in order to compare the CNN models across
the different subsets. Because the data set contains images of varying heights and widths, every
image is resized to be 64 x 64 pixels. All images are then standardized by subtracting the mean and
dividing by the standard deviation of the respective training subset. This ensures that the results are
consistent with standard practice and that no data leakage occurs between the training and test sets.
At training time, the subsets are augmented by randomly flipping the images horizontally and adding
random color jitter in order to help prevent overfitting and improve the generalization of the models.

2.2 TRAINING

Four different CNN models are trained across all of the subsets: an extended LeNet model, an
AlexNet model, a VGG-16 model, and a ResNet-18 model. This allows us to compare the global
structure of the CNNs’ functional graphs across the different models, subsets, and epochs. Each of
the model’s architectures are essentially the same as their original counterparts with the exception
of the extended LeNet model, which has an additional two linear layers. This is done to increase
the accuracy of the extended LeNet model and enable better comparability between it and the other
models. As expected, the extended LeNet model performs the worst out of the four models, with the
ResNet-18 model performing the best, in terms of accuracy. shows the average accuracy
of each of the models across the different subsets. Note that the models are trained using the same
hyperparameters and optimizer settings, which are detailed below.

During training subsets are randomly sampled using a batch size of 100. Each of the models is trained
using the Adam optimizer with a learning rate of 0.001 and a weight decay of 0.0005. Cross-entropy
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Figure 2: Average accuracies of our models over all subsets.

loss is used to calculate the loss between the predicted and actual labels, and training lasts for 60
epochs, with model weights saved for epochs 0, 10, 20, 30, 40, 50, and 60.

2.3 NON-LINEAR DIMENSIONALITY REDUCTION

In order to make the analysis more computationally feasible, the number of neuron activations from
each of the layers of the CNNs is reduced using a PyTorch GPU accelerated k-Means++ algorithm
2020). This reduction allows the construction and PH computation of the functional graphs in
a reasonable amount of time. k-Means++ was chosen as the reduction technique due to its non-linear
nature and its previous success in reducing the dimensionality of point clouds for PH analysis

fand Wilsey), 2019)

In order to construct the functional graphs of the CNNs for a given subset, neuron activations are
extracted from each of the layers of the network for each of the images in the test set by passing
the images (transformed by the corresponding training set transform) through the CNNs and then
extracting the neuron activations from each of the layers. The activations are then stored in an array
of size M x N, where M is the number of images in the test set and NN is the aggregated number
of neuron activations from each layer. Any neuron activations whose variance is zero are discarded,
since these activations do not contribute to the global structure of the functional graph due to the fact
that the correlation between them and other neuron activations is always zero. The neuron activations
are then prepared for the k-Means++ algorithm through standardization.

To reduce the number of the neuron activations for each model, the k-Means++ algorithm was used to
cluster the neuron activations into 1000 clustersﬂ Dimensionality reduction is effected by replacing
each neuron activation in a cluster with the neuron activation which is closest to the cluster’s centroid.
These neuron activations are then used as the reduced set for the PH analysis, which allows us to
construct the functional graphs of the CNNs. Analysis of the silhouette scores for the clusters for
each of the models show that the clusters were poorly separated, which in turn shows that the means
of the neuron activations are not well-separated.

!Given the limitations on our computational resources and the complexity of the PH analysis, 10002
activations is the largest number of points that we currently can feasibly analyze using PH.
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This reduction in the number of the neuron activations introduces some approximation error into the
analysis. However, we argue that the k-Means++ algorithm is able to capture the global structure of
the neuron activations in a non-linear way. It has also been argued that the local structure of the neuron
activations is not as important as the global structure, since the local structure is more representative
of overfit in the model (Corneanu et al.l 2019). Therefore, we believe that the k-Means++ reduction
is a suitable method for the analysis of the global structure of the functional graphs of the CNNs,
which is the main focus of our study.

2.4 FINITE METRIC SPACES AND FUNCTIONAL GRAPHS

A finite metric space is a finite set of points X equipped with a function dx : X x X — R that
satisfies the properties of a metric, i.e., non-negativity, symmetry, and the triangle inequality. Since
the set of points is finite, we can also completely describe the metric by a distance matrix Dx where
(Dx)i,; = dx(x;,x;) for all z;, z; € X. In this way, we can represent the finite metric space as a
weighted graph, where the vertices are the points of the metric space and the edge weights are the
distances between the points.

We formalize the functional graph of a DNN as a finite metric space, where the points are given by
the neuron activations of the DNN and the distance between two activations is given by

dp(ai,a;) = /1 —|p(ai, a;)| 1)

where p(a;, a;) is the correlation between the neuron activations a; and a;. We note that the distance
function d,, satisfies all properties of a metric except for positivity, since d, equaling 0 does not imply
that the inputs are the same (Lopez De Prado} 2016). Further, d,, is satisfied by several different
correlation functions, such as the Pearson and the Spearman correlation. For our study, we use
the Spearman correlation as our correlation function p, since it is able to capture both linear and
non-linear relationships and does not require that the neuron activations be normally distributed
(Kutner, [2005).

In order to construct the weighted graph representing the functional graph of a given network net,
we first took its reduced set of neuron activations from [2.3]and constructed its distance matrix D,
using equation[I] With the distance matrix D,.. we then calculated the persistent homology of the
functional graph of net .

2.5 TOPOLOGICAL DATA ANALYSIS

Topological data analysis is a framework for analyzing the underlying topological space of a given
dataset. It comprises a suite of tools from abstract topology used to construct and count the combi-
natorial objects which model the structure of topological spaces. In our case, we use the Giotto-tda
library (Tauzin et al., | 2020) to calculate the PH of the functional graphs of the CNNs and extract the
Betti curves from their persistence diagrams. The Betti curves are then used to calculate the Betti
curve similarity between the CNN models across the different subsets and epochs. We provide a
quick overview of terminology and concepts from TDA from which we derive the necessary tools
(Edelsbrunner and Harer, 2010).

Let d be a positive integer and let {zg, 21, ...,7,} C R be a finite set of points. An n-simplex is
the convex hull of n+1 affinely independent points, often denoted by o = [zg, 21, . .., z,] where
the dimension of ¢ is n. A face of ¢ is any of the simplices of equal or lesser dimension that are
contained in o and is often denoted by 7 < o. The boundary of ¢ is the union of all proper faces of
o where a proper face is simply a face of strictly lesser dimension, denoted 7 < o. A simplicial
complex K then, is a finite collection of simplices such thatif o € K and 7 < o, then 7 € K, and if
01,09 € K, then g1 N o4 is a face of both or is empty.

Let K be a simplicial complex and let C,, (K) be the free abelian group generated by the n-simplices
of K. The objects of C,,(K) are called n-chains and are formal sums ¢ = > ", a,0; where a; € Zs
and o; is an n-simplex of K. For any two elements c1, co € C,,(K), addition is defined similarly to
that of polynomials, i.e., ¢1 + c2 = >, (a; + b;)o;. Thus, the n-chains of C,,(K) form a vector
space over Zs and are known as chain groups.



Under review as a conference paper at ICLR 2025

The boundary operator 0,,: C,,(K) — C,,_1(K) is a linear map between chain groups. It takes as
input an n-chain ¢ = ", a;0; and maps it to the (n—1)-chain d,¢ = Y .- | a;9,,0;. The boundary

operator operates on the n-simplex o = [z, 1, . .., Zn] by
n .
0o = (=1)'[z0,. ., &4y ., 2] )
i=0

where ; denotes the removal of the i-th vertex of the simplex; essentially taking an n-chain and
sending it to its boundary.

Given a simplicial complex K and a dimension p, the p-th boundary operator 9, is used to define
what are known as cycles and boundaries of the chain group C,(K), written Z,(K) and B, (K),
respectively.

A p-chain ¢ € Cp,(K) is a cycle if ,c = 0 and is a boundary if there exists a (p+ 1)-chain
b € Cpi1(K) such that Op11b = c. This means then that Z,(K) = ker 9, and B, (K) = im Op41,
making them both subspaces of C),(K). Further, due to properties of the boundary operator, it turns
out that B,(K) C Z,(K); therefore, the quotient space

Hy(K) = Zp(K)/By(K) ©)

is defined, and is known as the p-th homology group of K. It is essentially the span of the p-cycles
which are also not boundaries, and it is used to describe the topological structure of the complex.

In order to construct the PH of a given dataset, we construct its corresponding complex iteratively by
adding in simplices a few at a time. This is known as a filtration of the complex and must satisfy

0)=KyCK C--CK,=K, @

where the indices are dependent on a filtration parameter which is often treated as a time scale.

Given a simplicial complex K and a filtration ) = Ky C K; C --- C K,, = K, the persistent
homology of K is a measure of the scale of the topological features throughout the filtration, and
homology groups of the complex are tracked as the filtration progresses. For a given dimension p and
indices ¢ < j, the p-th persistent homology group of K is defined as

H;ZJ(K) = Zp(K:)/(Bp(K;) N Zy(K3)), @)

with the p-th persistent Betti number of a simplicial complex K defined as 8}/ = rank H}7 (K).
The Betti numbers of a simplicial complex are used to count the number of p-dimensional generators
of space and therefore give a unique summary (up to isomorphism) of its topological structure. It is
with these that we construct our Betti curves which allow us to compare networks.

The Vietoris-Rips complex V, is a simplicial complex that is used to approximate the topology of
a finite metric space by constructing simplices from its points. Given a finite metric space (X, d),
the simplices of V(X)) are the subsets of X whose diameter is less than or equal to the filtration
parameter €, and where the diameter is defined to be the maximum distance between any two points
in the subset. The complex is then constructed from these simplices.

This is done by starting with the points of X as our 0-simplices and connecting them with edges if the
pairwise distance between them is less than or equal to ¢/2. We get higher and higher dimensional
simplices by continuing to increase € and adding more pairwise intersections between the points.
Creating new simplices however comes at a cost, as the youngest simplices are the first to be removed
while the eldest live on. This is known as the Elder Rule and we say that a simplex is born at the
filtration parameter ¢; and dies at ¢; if it is added to the complex at ¢; and removed at ;.

For our study we use the multi-threaded Vietoris-Rips complex implementation from Giotto-tda to
compute the PH of the finite metric space of each of our functional graphs D, ... This particular
implementation has been shown to be efficient and scalable for large datasets (Tauzin et al.| |2020),
even outperforming certain C++ and GPU accelerated implementations.
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Figure 3: Persistence diagram of the reduced functional graph of ResNet-18 at epochs 0, 30, and 60
for homology dimensions 0-3 and their corresponding Betti curves.

The persistence diagram P,,.. of our Vietoris-Rips complex V, (D, ) is a visual representation
of the Betti numbers of the complex as a function of the filtration parameter, and fully encodes the
information from the PH of the complex. As seen in the persistence diagram is a plot
of the birth and death times of the topological features of the complex. A feature is considered to
be persistent if its death time is reasonably larger than its birth time, and is considered to be noise

otherwise, i.e., if it is close to the diagonal. The persistence diagram is then used to calculate the
corresponding Betti curves according to

Zn)et(e) = {X € ,Pfet |.’E1 <e S x2} (6)

where PP, is the subset of the persistence diagram for the p-th persistent homology group of the
complex (Edelsbrunner and Harer, 2010), and where € € [0, 1]. An example can be seen in

After having calculated the Betti curves 32, for each of the CNN models across the different subsets
and epochs, we calculate the Betti curve similarity between the models. As far as we are aware this is

the first time that the Betti curve similarity has been used to compare the global structure of DNNs
across datasets and epochs.

The Betti curve similarity in dimension p is computed by simply taking the infinity norm of the
difference between the Betti curves of two models, i.e.,

neto (7)

BCS,(nety,nety) = H,Bffetl -3¢

3 RESULTS

Here the results of the study are presented for training four different CNN models across 30 disjoint
subsets of the ImageNet dataset and analyzing the global structure of their functional graphs using
PH and the Betti curve similarity. The Betti curve similarity is able to capture the differences in the
global structure of the CNNs’ functional graphs across the different models, subsets, and epochs. The
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Figure 4: Average Betti curve similarity across all subsets of the ResNet-18 model with itself for
homology dimension 1.

Figure 5: Average Betti curve similarity across all epochs of AlexNet compared to VGG-16 for
homology dimensions 0 and 1.

most interesting results of the study are highlighted here along with a discussion of their implications.
Additional results can be found in the supplemental material [A.1]

3.1 FUNCTIONAL SIMILARITY ACROSS TIME

Comparing the average unnormalized similarity over time reveals that temporal similarity is quite
low at the beginning of training and then typically increases as the models learn the features of the
dataset. For example, in[Figure 4] the similarity between the ResNet-18 model at epoch 0 and the
same model at epoch 60 is quite low, indicating that the global structure of the functional graphs of
the network changes over the course of training. A large shift in similarity from epoch 0 to epoch 10
is also evident, where the accuracy of the model is increasing most rapidly. Both of these are to be
expected as the network learns the features of the dataset, as seen in[Figure 2] Further, in[Figure 4]
the convergence of the network’s functional graph towards some global structure can be observed, as
the similarity between adjacent epochs is increasing. The same phenomenon appears over the other
persistent homology dimensions as well @ Also of interest is the fact that, on average, the
similarity between the models seems to be increasing when compared at the same epoch This is
especially true in the zeroth and first persistent homology dimensions, and can be seen in[Figure 3]in
which AlexNet and VGG-16 are compared, hinting that the global structures of the functional graphs
of the models are becoming more similar as the models are trained and that perhaps on average the
models are converging towards the same global structure 2024).
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Figure 6: Average similarities over all epochs of ResNet compared to VGG-16 for persistent homology
dimension 2.

Accuracy on subset 11 Accuracy on subset 11

(a) ResNet-18 (b) VGG-16

Figure 7: Train and test set accuracies on subset 11 for ResNet-18 and VGG-16.

3.2 FUNCTIONAL SIMILARITY ACROSS DATA

Comparing the average unnormalized similarities across the different subsets of testing data, reveals
that the models’ functional graphs are quite dissimilar, i.e., the models’ representation of the subsets
are not the same. For certain models and subsets, the similarity was quite low, indicating that the
representation for that particular subset was quite different from the others and that the models seem
to be representing the features of the dataset in different ways. For example, in[Figure it can be
seen that the similarity between the ResNet-18 model and the VGG-16 model for subset 11 is very
low. Further inspection of the subset itself reveals that the classes in the subset are very distinct
(see|subsubsection A.1.5) as compared to others (e.g., subset 25 with three classes of dog), and the
accuracy of the models on subset 11 shown in|Figure 7|reveals that ResNet-18 outperforms VGG-16
by approximately 5% on the testing set . It can be further observed that for subset 27, a subset with
similar classes in terms of morphism, the similarity between the models ResNet-18, VGG-16 and
AlexNet was quite high, while they all differ considerably from the extended LeNet model as seen in
Looking at the accuracy of the models on this subset however, would not readily reveal this
difference, as the models’ performance in terms of accuracy are all distinct, with the extended LeNet
model performing most poorly, with AlexNet coming in second worst, as seen in[Figure 9] Therefore,
it can be concluded that statistically the models are creating distinct internal representations of the
testing data across subsets. This is somewhat surprising since the models are not fundamentally
different, being simply CNNs of varying sizes, but this also evidences that a simple change to the
architecture topology, namely the residual connections in ResNet, can make a large difference for
certain datasets.

4 CONCLUSION AND FUTURE WORK

We have introduced some theoretical tools from TDA for analyzing the global functional structure
of deep neural networks and have shown that the Betti curve similarity can be a useful tool for the
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Figure 8: Average similarities over all epochs of LenetExt compared to all other models in homology
dimension 1.
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Figure 9: Training and test accuracies for each model on subset 27.

comparison and analysis of DNNs. As a companion to accuracy and other metrics, the Betti curve
similarity can provide a more nuanced understanding of the architecture and training dynamics of
DNN:gs, and could be utilized in ablation studies and hyperparameter tuning. Thus, these tools may
allow for more intentional creation of DNNs instead of the current ad hoc approach. We demonstrate
some of the potential uses of the Betti curve similarity in our study by analyzing the functional
graphs of CNNs. However, it is likely that this approach can be used in the analysis of other machine
learning models and other types of data. Further, there are likely many more applications to which it
may be applied, including model engineering, model compression, and transfer learning.
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Figure 20: Average similarities over all subsets of LenetExt compared to ResNet for each persistent
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Figure 21: Average similarities over all subsets of AlexNet compared to ResNet-18 for each persistent
homology dimension.
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Figure 22: Average similarities over all subsets of AlexNet compared to VGG-16 for each persistent
homology dimension.
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Figure 23: Average similarities over all subsets of VGG-16 compared to ResNet-18 for each persistent
homology dimension.
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A.1.4 SIMILARITY ACROSS MODELS AND DATA
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Figure 24: Average similarities over all epochs of LenetExt compared to AlexNet for each persistent
homology dimension.
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Figure 25: Average similarities over all epochs of LenetExt compared to VGG-16 for each persistent
homology dimension.
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Figure 26: Average similarities over all epochs of LenetExt compared to ResNet for each persistent
homology dimension.
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Figure 27: Average similarities over all epochs of AlexNet compared to ResNet-18 for each persistent
homology dimension.
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Figure 28: Average similarities over all epochs of AlexNet compared to VGG-16 for each persistent
homology dimension.
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Figure 29: Average similarities over all epochs of VGG-16 compared to ResNet-18 for each persistent
homology dimension.

A.1.5 IMAGENET CLASS LABEL MAPPING

The following is the mapping from the original labels of the ImageNet dataset to the labels used in
each of the 30 subsets. The mapping was done in order to ensure that the subsets were disjoint and
that the models were trained on different subsets of the dataset. The mapping is as follows:

Subset number: 0

Label mapping: n02489166 —--> 0 proboscis_monkey
Label mapping: n02097209 --> 1 standard_schnauzer
Label mapping: n09421951 --> 2 sandbar

Label mapping: n02051845 --> 3 pelican

Label mapping: n04004767 —--> 4 printer

Label mapping: n02165105 --> 5 tiger_beetle

Label mapping: n04532670 --> 6 viaduct

Label mapping: n02859443 —--> 7 boathouse

Label mapping: n03998194 --> 8 prayer_rug

Label mapping: n02815834 --> 9 beaker
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