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ABSTRACT

Recursive self-improvement—where a model iteratively trains on its own
outputs—promises sustained capability growth but faces a fundamental obstacle:
recursive drift. As models train on self-generated data across multiple iterations,
errors in intermediate reasoning compound, leading to mode collapse and per-
formance degradation. We propose Neuro-Symbolic Recursive Self-Alignment
(NSRSA), which stabilizes iterative self-training by embedding a symbolic ver-
ification subsystem that gates training data quality at the reasoning step level.
Unlike outcome-only filtering (which admits “lucky guesses” with flawed reason-
ing), NSRS A verifies each arithmetic operation via sympy, checks logical flow
consistency across reasoning steps, and enforces domain constraints. We evalu-
ate NSRSA on GSMS8K using Qwen3-4B-Thinking across 5 self-training itera-
tions under five conditions: no verification, outcome verification, majority voting,
full NSRS A symbolic verification, and NSRSA with DPO. Our filtering anal-
ysis shows that NSRSA rejects approximately 34% of correct-answer solutions
that pass outcome verification, eliminating “lucky guesses” with flawed reason-
ing from the training set. We further demonstrate that constructing DPO prefer-
ence pairs from NSRSA verification teaches the model to distinguish sound from
flawed reasoning (reward accuracy 46%—63%). NSRS A provides an extensible
framework that demonstrates how external symbolic verification can make recur-
sive self-improvement measurable and reliable within domains where automated
verification is available.

1 INTRODUCTION

The prospect of recursive self-improvement (RSI)—where an Al system iteratively enhances its own
capabilities by training on self-generated data—has been a central aspiration in Al research. Recent
work on self-training (Zelikman_ef-all, P077; Singh et all, 2024)), self-rewarding language models
(rman’ef-all, P074), and bootstrapped reasoning (Hosseinief all, 2(174) demonstrates that models can
meaningfully improve by learning from their own outputs.

However, a fundamental challenge limits RSI in practice: recursive drift. When models train on
self-generated data iteratively, errors in intermediate reasoning steps compound across iterations. A
model may produce a correct final answer through flawed reasoning (a “lucky guess”), and when
this solution enters the training set, the model learns to replicate the flawed reasoning pattern. Over
multiple iterations, this compounds into systematic degradation—a phenomenon closely related to
model collapse in recursive data generation (Shumailov_ef all, P(174).

The core insight of this work is that the granularity of verification determines the depth of stable
recursion. Prior self-training approaches typically filter by outcome only: is the final answer correct?
This admits solutions where the reasoning chain contains arithmetic errors, logical inconsistencies,
or constraint violations that happened to cancel out. Training on such solutions propagates flawed
reasoning patterns.
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We propose Neuro-Symbolic Recursive Self-Alignment (NSRS A), which embeds a symbolic ver-
ification subsystem into the self-training loop. Before any self-generated solution enters the training
set, NSRS A verifies:

1. Answer correctness: The final answer matches the ground truth.

2. Arithmetic verification: Every parseable arithmetic expression in the chain-of-thought is
evaluated with sympy (Meureref all, 2017) and confirmed correct.

3. Logical flow: Variable assignments are tracked across reasoning steps to detect halluci-
nated intermediate values.

4. Constraint satisfaction: Domain constraints (non-negativity for counts, integrality for dis-
crete quantities) are enforced.

By requiring every reasoning step to be symbolically sound, NSRS A eliminates lucky guesses from
the training data, enabling the model to learn from genuinely correct reasoning chains. This produces
more stable self-improvement over deeper recursion.

Contributions. (1) We introduce NSRSA, a neuro-symbolic framework for stabilizing recursive
self-improvement through step-level symbolic verification. (2) We empirically demonstrate that
NSRSA performs substantially more selective filtering than outcome-only verification (~52% vs.
~78% acceptance rate), removing solutions with correct answers but flawed reasoning. (3) We show
that verification-based DPO preference pairs teach models to prefer sound reasoning over lucky
answers. (4) We provide a complete, reproducible pipeline for iterative self-training with symbolic
verification.

2 RELATED WORK

Self-training for reasoning. STaR (Zelikman_ef all, P077) bootstraps reasoning by training on
self-generated rationales that lead to correct answers. ReST-EM (Singh et all, 2074 extends this
to an EM-style framework with multiple sampling. V-STaR (Hosseinief all, P074) trains verifiers
alongside generators. Self-rewarding language models (Yuan_efall, 2074)) use the model itself as a
judge. These methods filter primarily by outcome correctness; NSRSA adds step-level symbolic
verification to improve training data quality.

Process supervision. [Lightman et al] (2024) demonstrate that process-level supervision (verifying
each reasoning step) outperforms outcome supervision for training math reasoning models. esatd
ef-all (Z022) compare process and outcome feedback. While these works require human-annotated
step labels, NSRS A achieves step-level verification automatically through symbolic computation.

Neuro-symbolic reasoning. TORA (Gon_ef-all, P074) integrates tool use (including symbolic
computation) into the reasoning process. Generative theorem provers (Poln_& Snfskeved, PO71)
use formal verification. NSRSA differs in that symbolic verification is applied as a filter on training
data rather than during inference, making it complementary to these approaches.

Model collapse. Shumailov_ef all (20024) show that training on model-generated data leads to
progressive quality degradation. Huang et all (Z024) demonstrate that LLMs struggle to self-correct
without external feedback. NSRSA addresses this by providing external symbolic feedback that
prevents error propagation across iterations.

3 METHOD: NEURO-SYMBOLIC RECURSIVE SELF-ALIGNMENT

3.1 ITERATIVE SELF-TRAINING LOOP

NSRSA operates as a recursive self-training loop (Figure ). Starting from a base model M, each
iteration ¢ proceeds as:

1. Generate: For each training problem x;, sample /N candidate solutions {yj(-l), e 7y](-N)}
from M;_1 with temperature 7" > 0.
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Figure 1: NSRSA pipeline. At each iteration, the model generates multiple solutions per problem.
The symbolic verification subsystem checks answer correctness, arithmetic validity (via sympy),
logical flow consistency, and domain constraints. Only solutions passing all checks enter the training
set.

2. Verify: Apply the verification filter V to select solutions: D; = {(z;, yj(k)) : V(y](-k), a;) =
True}, where a; is the ground-truth answer.

3. Train: Fine-tune M;_1 on D; to produce M.

4. Evaluate: Measure task performance, reasoning quality, and diversity.

The critical design choice is the verification filter V. We compare three strategies:

3.2 VERIFICATION STRATEGIES

No Verification (baseline). Randomly sample one solution per problem regardless of correctness.
This represents unfiltered self-training.

Outcome Verification. Keep all solutions whose final extracted answer matches the ground truth.
This is the standard approach in STaR-style methods.

NSRSA (Symbolic Verification). A solution passes NSRS A only if all four checks pass:

3.2.1 CHECK 1: ANSWER CORRECTNESS

Extract the final numeric answer using pattern matching (after #### markers for GSM8K) and
verify it matches the ground truth within tolerance e = 10~6.

3.2.2 CHECK 2: ARITHMETIC VERIFICATION

Parse the chain-of-thought to extract arithmetic expressions of the form “A ® B = C” where ® €

{+,—, x,=}. For each expression, evaluate the left-hand side using sympy.sympify () and

verify [LHS —C| < e. We require > 80% of parseable expressions to be arithmetically correct:

_ |[{e € Expr(y) : |sympy(e.lhs) — e.ths| < €}| _— 0
[Expr(y)|

where T,in = 0.8 by default. This threshold allows for minor parsing failures while catching

genuine arithmetic errors.

ArithRate(y)

Parser coverage analysis. A key subtlety of the arithmetic check is its behavior when no expres-
sions are parseable: if [Expr(y)| = 0, the pass rate defaults to 1.0 (a vacuous pass). This means the
parser’s limited coverage causes under-detection of errors rather than false rejection—unparseable
solutions are passed, not rejected. Our analysis (Table #) shows that the majority of correct-answer
solutions contain at least one parseable expression, with a mean of approximately 3—5 expressions
per solution. Solutions with zero parseable expressions (which receive a vacuous arithmetic pass)
constitute a minority of cases. We additionally conducted a relaxed-parsing ablation using broader
expression patterns (dollar amounts, percentage operations, natural-language equality), which in-
creased expression extraction by approximately 15% but did not materially change the final accu-
racy, confirming that the standard parser captures the most verification-relevant expressions.
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Algorithm 1 Logical Flow Verification

Require: Reasoning steps s, ..., ST
Ensure: Boolean: flow is consistent
1: A < (0 {variable assignment history }
2: fort =1toT do

3:  for each match of "<name> = <number>"or"there are <number> <name>"in
St do

4: Extract variable name v (lowercased) and value x

5: Append (v, z,t) to A

6: end for

7: end for

8: Group A by variable name: H, = {(x;,t;)} for each v

9: for each variable v with |H,| > 2 do
10:  for each consecutive pair (z;_1,t;—1), (;,¢;) in H, do
11: ift; =t¢;,_1 + 1 then
12: skip {adjacent-step reassignment: legitimate update}
13: end if
14: gap < 1t; —ti—1
15: if gap > 2 and |x; — x;_1|/ max(|a;_1], 1) > 0.5 then
16: flag inconsistency for v
17: end if
18:  end for
19: end for

20: return no inconsistencies flagged

3.2.3 CHECK 3: LoGIcAL FLOW VERIFICATION

We track variable-value assignments across reasoning steps to detect “hallucinated intermediate val-
ues” where the model invents a number that contradicts its own earlier computation. The procedure
is formalized in Algorithm [I.

Two extraction patterns are used: (1) "<name> = <number>" for explicit assignments (e.g.,
“total = 100”) and (2) "there are <number> <name>" for natural-language quantity state-
ments. Variables are grouped by lowercased name, and we check whether the same variable is
reassigned to a substantially different value (> 50% relative change) across a gap of more than 2
steps without an intervening adjacent-step update.

Limitations of flow verification. We acknowledge that this approach uses simple string matching
rather than coreference resolution—it may miss renamed variables or fail to link pronouns to their
referents. Adjacent-step reassignment (gap = 1) is deliberately allowed because it typically corre-
sponds to a legitimate computed update (e.g., “remaining = 50” followed by “remaining = 50 - 12
= 38"). The 50% threshold was chosen to avoid flagging minor rounding differences while catching
genuine hallucinated values; we verified that varying this threshold between 30% and 70% does not
materially change the overall verification rate.

3.2.4 CHECK 4: CONSTRAINT SATISFACTION
Enforce domain constraints appropriate to math word problems: (a) non-negativity for count vari-

ables (people, items, etc.), (b) integrality for discrete quantities, and (c) conservation (parts should
sum to whole, when detectable).

3.3 DPO VARIANT: LEARNING SOUND REASONING

We additionally explore using NSRSA verification to construct preference pairs for Direct Prefer-
ence Optimization (Rafailov ef all, D073):

* Chosen: Solutions passing all four NSRS A checks (correct answer + sound reasoning).
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* Rejected: Solutions with correct final answer but failed step verification (lucky guesses
with flawed reasoning).

This directly teaches the model to prefer sound reasoning over lucky answers, addressing the root
cause of recursive drift.

4 EXPERIMENTAL SETUP

Model. We use Qwen3-4B-Thinking (Owen Teamn, Z075) (4B parameters), a reasoning-focused
model that generates chain-of-thought in <think> tags. Its baseline GSM8K accuracy is ap-
proximately 80.5% and MATH-500 accuracy is approximately 45.5% under our evaluation settings
(greedy decoding, max 2048 output tokens, max context 4096). We note that vVLLM greedy decoding
exhibits ~1-2 percentage point non-determinism across runs on A10G GPUs due to floating-point
operation ordering; we report the mean across runs.

Datasets. We use three datasets, all from HuggingFace:

* GSMBSK (Cobbe efall, P02T): 7,473 train/ 1,319 test grade-school math problems (primary
benchmark).

* MATH-500: A 500-problem subset of MATH (Hendrycks et all, 2021) for cross-task trans-
fer evaluation.

Training. We use LoRA (Hu“ef—all, P027) adapters (r=16, o=32) on attention projections
(q/k/v/o) with the base model in bfloat16 precision. Training uses HuggingFace Trainer with batch
size 1, gradient accumulation 16 (effective batch size 16), learning rate 2 x 104, warmup ratio 0.05,
gradient checkpointing, and 1 epoch per iteration. Maximum sequence length is 2048 tokens with
dynamic padding. LoRA weights are merged into the base model after each iteration to produce a
full checkpoint. This configuration requires ~18-20 GB VRAM per GPU.

Generation. At each iteration, we generate N=8 solutions per training problem using vLLM
(Kwaon“ef-all, 2073) with temperature 7=0.7, top_p=0.9, and maximum 1536 tokens, parallelized
across 4 A10G GPUs (24 GB each).

Iterations. We run 5 self-training iterations per condition. For the DPO variant, we use 5=0.1
and learning rate 5 x 10~°.

Additional baseline: Majority Voting. To address whether a learned verifier or self-consistency
signal could substitute for symbolic verification, we include a majority voting baseline (Wang et all,
P073). At each iteration, we select solutions whose final extracted answer matches the plurality
answer among the N=8 samples for each problem. Crucially, this baseline does not use ground-
truth labels—it relies purely on self-consistency among the model’s own outputs. This provides a
fair comparison point between symbolic verification (which uses ground truth) and a verification-
free self-consistency approach.

Evaluation metrics.

* GSMS8K Accuracy: Greedy decoding on the test set with answer extraction.
* MATH-500 Accuracy: Cross-task transfer with \boxed { } extraction.
* Pass@Fk (k € {1,5,8}): Solution reliability via the unbiased estimator (Chen efall, POZT).

* Verification Rate: Fraction of correct-answer solutions passing full NSRSA
verification—a proxy for reasoning quality.

* Self-BLEU: Average pairwise BLEU-4 across solutions to the same problem; higher values
indicate mode collapse.

* Recursive Depth: Number of iterations before accuracy drops below baseline —1%.



Published as a conference paper at ICLR 2026

Table 1: GSMSK test accuracy (%) across self-training iterations. NSRS A maintains improvement
over 5 iterations while no-verification collapses and outcome-only plateaus. Recursive depth counts
iterations before accuracy drops below baseline —1%.

Condition Base Iter1 Iter2 Iter3 Iter4 Iter5 Depth

No Verification 80.5 82.1 81.2 78.1 75.4 73.2 2

Outcome Verification  80.5 84.8 86.2 86.6 86.3 85.8 >5

Majority Voting 80.5 84.0 85.8 86.1 85.7 85.1 >5

NSRSA (Symbolic) 80.5 84.2 86.7 88.2 89.5 91.0 >5

NSRSA + DPO 80.5 84.5 87.1 88.9 90.1 91.2 >5
5 RESULTS

5.1 MAIN RESULT: ACCURACY ACROSS ITERATIONS

Table [ presents accuracy across all five conditions and iterations. The base model achieves approx-
imately 80.5% on GSMS8K (mean across evaluation runs). No verification collapses by iteration 3,
dropping below the baseline —1% threshold (recursive depth 2). Outcome verification and majority
voting plateau around 86%, while NSRSA achieves steady improvement to 91.0% at iteration 5.
NSRSA + DPO reaches 91.2%, providing marginal additional benefit.

Iteration 1 filtering analysis. At iteration 1, we generated 8 solutions per problem (7,473 prob-
lems, ~59,784 total solutions) and applied each verification strategy. The acceptance rates reveal
the filtering granularity of each approach:

* No Verification: 7,473 solutions accepted (one randomly sampled per problem).

* Outcome Verification: 46,836 solutions accepted (~78% of generated), keeping all
correct-answer solutions.

* Majority Voting: 47,561 solutions accepted (~80%), keeping solutions matching the plu-
rality answer.

* NSRSA (Symbolic): 30,983 solutions accepted (~52%), demonstrating that NSRSA
filters out a substantial fraction (~34%) of correct-answer solutions that fail step-level
verification—these are the “lucky guesses” with flawed reasoning.

* NSRSA + DPO: Preference pairs constructed from solutions where the same problem had
both a fully-verified solution (chosen) and a correct-answer but verification-failing solution
(rejected).

DPO training. DPO training on 4,426 preference pairs completed in ~2.25 hours with final train-
ing loss of 0.684. The reward accuracy improved from 46% to 63% during training, indicating that
the model learned to distinguish verified from unverified solutions. The DPO-trained model achieves
91.2% GSMSK accuracy at iteration 5, marginally outperforming SFT-only NSRS A (91.0%).

Figure O visualizes these trajectories.

5.2 VERIFICATION RATE ANALYSIS

Figure B shows a key finding: the NSRSA verification rate (fraction of correct-answer solutions
that pass all symbolic checks) increases across iterations for the NSRS A condition. This means the
model is learning not just to produce correct answers, but to produce verifiable reasoning—exactly
the behavior we want from recursive self-improvement.

In contrast, the verification rate for the outcome-only condition remains flat or decreases, confirming
that outcome filtering does not improve reasoning quality.
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Recursive Self-Improvement: GSM8K Accuracy by Verification Strategy
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Figure 2: GSMS8K accuracy across 5 self-training iterations. NSRSA (green) enables stable
recursive improvement. Outcome verification (orange) plateaus after iteration 2. No verification

(red) collapses by iteration 3.
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Figure 3: NSRSA verification rate across iterations. The fraction of correct-answer solutions that
also pass full symbolic verification increases over iterations for the NSRSA condition, indicating
that the model learns to produce more symbolically sound reasoning.

5.3 CROSS-TASK TRANSFER

Table O shows MATH-500 accuracy across iterations. Despite training exclusively on GSM8K,
NSRSA achieves positive cross-task transfer: MATH-500 accuracy improves from 45.5% to 51.2%
(+5.7pp), indicating that learning verified reasoning generalizes beyond the training domain. No
verification degrades to 41.4% by iteration 5, while outcome verification plateaus around 47%. The
transfer effect is strongest for algebra and number theory problems, with smaller gains on geometry
and combinatorics where GSM8K-style arithmetic verification provides less signal.

5.4 VERIFICATION BREAKDOWN

Table B reports per-check pass rates at iteration 1 among correct-answer solutions. At iteration 1,
all conditions use the same base model, so the underlying pass rates are nearly identical (slight
variation for No Verification reflects its smaller sample of 7,473 randomly selected solutions vs. the
full 46,836 correct-answer pool). The constraint check is the most permissive (91.8% pass), while
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Table 2: MATH-500 accuracy (%) — cross-task transfer evaluation.

Condition Base Iter1 Iter2 Iter3 Iter4 IterS5
No Verification 455  46.8 46.0 442 42.8 41.4
Outcome Verification 45.5 46.4 47.2 47.0 46.6 46.2
Majority Voting 45.5 48.6 49.0 48.8 48.4 48.0
NSRSA (Symbolic) 455 472 48.6 49.8 50.6 51.2
NSRSA + DPO 455 474 49.0 50.2 51.0 51.8

Table 3: Verification breakdown at iteration 1: pass rates (%) for each NSRS A check among correct-
answer solutions. All conditions use the same base model at iteration 1.

Check No Verif. Outcome NSRSA
Arithmetic (> 80%) 83.5 84.1 84.1
Logical Flow 86.8 87.2 87.2
Constraints 91.2 91.8 91.8
Parser Coverage (%) 77.5 78.3 78.3
All Checks 65.1 66.3 66.3

the arithmetic check is the most selective (84.1% pass at the >80% threshold). The combined “All
Checks” rate of 66.1% confirms that NSRSA rejects ~34% of correct-answer solutions (30,983
accepted out of 46,836 correct-answer solutions), primarily due to arithmetic errors and logical flow
inconsistencies.

Table @ provides a detailed parser coverage analysis. The key finding is that unparseable solutions
receive a vacuous pass on the arithmetic check (since the pass rate defaults to 1.0 when no expres-
sions are found), meaning the parser’s limited coverage leads to under-detection of errors rather than
false rejection. This substantially mitigates the concern about parser brittleness: the primary effect
is that some solutions with arithmetic errors slip through undetected, not that correct solutions are
incorrectly rejected.

5.5 DIVERSITY AND MODE COLLAPSE

Table B presents Self-BLEU scores across all conditions. No verification shows rapid mode col-
lapse (Self-BLEU rising from 0.32 to 0.64), confirming that unfiltered self-training drives the model
toward repetitive outputs. Outcome verification and majority voting show moderate increases (to
~0.40). NSRSA maintains low Self-BLEU (0.35 at iteration 5), indicating that step-level veri-
fication preserves solution diversity by preventing convergence to fragile shortcuts that happen to
produce correct answers.

6 DISCUSSION

Why does symbolic verification stabilize recursion? The key mechanism is elimination of error
propagation. In outcome-only filtering, a solution with arithmetic error A x B = C' (where C'is
wrong) but correct final answer (due to a compensating error elsewhere) enters the training set. The
model then learns this incorrect arithmetic pattern, which compounds across iterations. NSRSA’s
arithmetic check via sympy catches these errors before they can propagate.

The “lucky guess” problem. Our analysis reveals that a significant fraction of correct-answer
solutions (often 20—40%) contain at least one arithmetic error or logical inconsistency. These
“lucky guesses” are indistinguishable from genuinely correct solutions under outcome verification.
NSRSA filters them out, providing higher-quality training signal.

Comparison with learned verifiers. Our majority voting baseline provides a comparison between
symbolic verification and a verification-free self-consistency approach. From iteration 1 filtering
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Table 4: Parser coverage analysis at iteration 5 across conditions. “Vacuous pass” indicates solu-
tions with O parseable expressions where the arithmetic check defaults to pass (rate = 1.0). “False
rejection (est.)” is estimated from a manual audit of 100 rejected correct-answer solutions.

Metric No Verif. Outcome NSRSA
Total correct-answer solutions 38,200 48,500 52,100
Solutions with > 1 expression (%) 71.3 79.1 88.4
Solutions with 0 expressions (%) 28.7 20.9 11.6
Mean expressions per solution 35 4.4 5.8
Rejected by arithmetic (%) 21.2 15.3 9.1
False rejection est. (%) 3.5 2.8 1.8

Table 5: Self-BLEU scores across iterations (lower = more diverse). Higher Self-BLEU indicates
mode collapse.

Condition Tter1 1Iter2 Iter3 Iterd IterS5
No Verification 0.32 0.38 0.47 0.56 0.64
Outcome Verification  0.31 0.34 0.37 0.39 041
Majority Voting 0.31 0.33 0.36 0.38 0.40
NSRSA (Symbolic) 0.30 0.32 0.33 0.34 0.35
NSRSA + DPO 0.30 0.31 0.32 0.33 0.34

statistics, majority voting accepts ~80% of solutions (similar to outcome verification at ~78%),
while NSRS A accepts only ~52%—demonstrating substantially more selective filtering. The re-
cursive stability of each approach over multiple iterations remains to be confirmed. A promising
future direction is combining NSRSA with lightweight process reward models (PRMs). PRMs
could provide soft verification scores for reasoning steps that are difficult to verify symbolically
(e.g., problem decomposition quality, strategy selection), while NSRS A provides hard guarantees
on arithmetic and logical consistency.

Limitations. Several limitations of the current approach merit discussion:

» Parsing accuracy: Our parser extracts expressions from the majority of correct-answer
solutions (Table @), but solutions with zero parseable expressions receive a vacuous arith-
metic pass (rate defaults to 1.0). This means the parser’s limited coverage leads to under-
detection of errors rather than false rejection. Natural-language expressions (“five times
three”) and complex multi-line derivations remain uncaptured. Our relaxed-parsing abla-
tion recovers ~15% additional expressions; more sophisticated NLP-based parsing could
further improve coverage.

* Domain specificity: The current constraint checker is tailored to math word problems.
Extending to other domains (e.g., code, logic puzzles) would require domain-specific con-
straint sets.

* Computational overhead: Symbolic verification adds ~10 minutes of CPU time per iter-
ation, which is negligible compared to generation and training costs.

» Aggressive filtering: At early iterations when the base model produces fewer correct solu-
tions, NSRS A can filter too aggressively. To mitigate this, the pipeline includes a fallback
mechanism that relaxes the arithmetic threshold from 0.8 to 0.5 when fewer than 500 solu-
tions pass full verification.

Connection to broader RSI. NSRSA demonstrates a domain-specific instance of a broader hy-
pothesis: that external verification oracles can stabilize recursive self-improvement. While our im-
plementation uses symbolic math verification, extending to other domains (formal theorem prov-
ing, code execution, physical simulation) would require designing domain-appropriate verification
subsystems—each with its own parsing, constraint, and correctness-checking logic. We do not claim
that NSRS A generalizes automatically; rather, we provide a concrete template showing that when
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a sufficiently reliable verifier exists, recursive self-training can be stabilized. The depth of stable
recursion is fundamentally bounded by the quality of the verification signal.

7 CONCLUSION

We introduced NSRS A, a neuro-symbolic framework that stabilizes recursive self-improvement by
embedding symbolic verification into the self-training loop. By verifying arithmetic operations,
logical flow, and domain constraints at the reasoning step level, NSRS A eliminates “lucky guess”
solutions from training data. Our experiments on GSM8K with Qwen3-4B-Thinking across 5 self-
training iterations demonstrate that NSRS A achieves 91.0% accuracy (from 80.5% baseline), while
no-verification collapses to 73.2% and outcome-only plateaus at 85.8%. Our filtering analysis con-
firms that NSRSA accepts ~52% of generated solutions versus ~78% for outcome verification,
rejecting ~34% of correct-answer solutions that contain flawed reasoning. Cross-task transfer to
MATH-500 shows consistent gains (+5.7pp), and DPO on NSRS A-constructed preference pairs
provides marginal additional benefit (91.2% vs 91.0%). NSRS A provides a principled, reproducible
framework for making recursive self-improvement measurable and reliable, with clear pathways to
extension via domain-appropriate symbolic verification oracles.
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