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ABSTRACT

The dynamical stability of optimization methods at the vicinity of minima of the
loss has recently attracted significant attention. For gradient descent (GD), stable
convergence is possible only to minima that are sufficiently flat w.r.t. the step
size, and those have been linked with favorable properties of the trained model.
However, while the stability threshold of GD is well-known, to date, no explicit
expression has been derived for the exact threshold of stochastic GD (SGD). In this
paper, we derive such a closed-form expression. Specifically, we provide an explicit
condition on the step size that is both necessary and sufficient for the stability of
SGD in the mean square sense. Our analysis sheds light on the precise role of the
batch size B. Particularly, we show that the stability threshold is a monotonically
non-decreasing function of the batch size, which means that reducing the batch size
can only decrease stability. Furthermore, we show that SGD’s stability threshold is
equivalent to that of a process which takes in each iteration a full batch gradient step
w.p. 1 — p, and a single sample gradient step w.p. p, where p =~ 1/B. This indicates
that even with moderate batch sizes, SGD’s stability threshold is very close to
that of GD’s. Finally, we prove simple necessary conditions for stability, which
depend on the batch size, and are easier to compute than the precise threshold. We
demonstrate our theoretical findings through experiments on the MNIST dataset.

1 INTRODUCTION

The dynamical stability of optimization methods has been shown to play a key role in shaping the
properties of trained models. For instance, gradient descent (GD) can stably converge only to minima
that are sufficiently flat with respect to the step size (Cohen et al., 2021), and in the context of
neural networks, such minima were shown to correspond to models with favorable properties. These
include smoothness of the predictor function (Ma & Ying, 2021; Nacson et al., 2023; Mulayoff et al.,
2021), balancedness of the layers (Mulayoff & Michaeli, 2020), and arguably better generalization
Hochreiter & Schmidhuber (1997); Keskar et al. (2016); Jastrzebski et al. (2017); Wu et al. (2017);
Ma & Ying (2021). While the stability threshold of GD is well-known, that of stochastic GD
(SGD) has yet to be fully understood. Several theoretical works studied SGD’s dynamics using
various notions of stability, including mean square (Wu et al., 2018; Granziol et al., 2022; Velikanov
et al., 2023), higher moments (Ma & Ying, 2021), and in probability (Ziyin et al., 2023). However,
these works either do not provide explicit stability conditions (e.g., presenting the condition as an
optimization problem (Wu et al., 2018; Ma & Ying, 2021) or in terms of a moment generating
function (Velikanov et al., 2023)), or rely on strong assumptions (e.g., the nature of the Hessian
batching noise and infinite network widths (Granziol et al., 2022), momentum parameter close to 1
and “spectrally expressible” dynamics (Velikanov et al., 2023)). Moreover, several empirical works
studied SGD’s stability (Cohen et al., 2021; Gilmer et al., 2022; Jastrzgbski et al., 2020; 2019), yet
its exact stability threshold is still unknown.

In this paper, we analyze the stability of SGD in the mean square sense. We start by considering
interpolating minima, which are common in training of overparametrized models. In this case, we
provide an explicit threshold on the step size 7 that is both necessary and sufficient for stability. Our
analysis sheds light on the precise role of the batch size B. Particularly, we show that the maximal
step size allowing stable convergence is monotonically non-decreasing in the batch size. Namely,
decreasing the batch size can only decrease the stability threshold of SGD. Moreover, we show that
this threshold is equivalent to that of a process that takes in each iteration a full batch gradient step
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w.p. 1 — p, and a single sample gradient step w.p. p, where p ~ 1/B. This suggests that even with
moderate batch sizes, SGD’s stability threshold is very close to that of GD’s. Although our result
gives an explicit condition on the step size for stability, its computation may still be challenging in
practical applications. Thus, we also prove simple necessary criteria for stability, which depend on
the batch size and are easier to compute.

Next, we turn to study a broader class of minima which we call regular. Specifically, in interpolating
minima, the loss of each individual sample has zero gradient and a positive semi-definite (PSD)
Hessian. In regular minima, the individual Hessians are still required to be PSD, but the gradients can
be arbitrary. Only the mean of the gradients over all samples has to vanish (as in any minimum). In this
setting, the dynamics can wander within the null-space of the Hessian, if the gradients have nonzero
components in that subspace. However, the interesting question is whether the process is stable within
the orthogonal complement of the null space. Here we again provide an explicit condition on the step
size that is both necessary and sufficient for stability. We further derive the theoretical limit of the
covariance matrix of the dynamics, as well as the limit values of the expected squared distance to
the minimum, the expected loss, and the expected squared norm of the gradient, and show how they
all decrease when reducing the learning rate. This provides a theoretical explanation to the behavior
encountered in common learning rate scheduling strategies.

Finally, we demonstrate our theoretical findings through experiments on the MNIST dataset (LeCun,
1998). These confirm that our theory correctly predicts the stability threshold of SGD, and its
dependence on the batch size.

2 BACKGROUND: LINEARIZED DYNAMICS
Let /; : RY — R be differentiable almost everywhere for all i € [n]. We consider the minimization

of a loss function 1
= — E 4;(0 1
n L (0) (n
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Here, 7 is the step size and L; is a stochastic approximation of £ obtained as
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using the SGD iterations

where B, is a batch of size B sampled at iteration ¢. We assume that the batches {B,} are drawn
uniformly from the dataset, independently across iterations.

Analyzing the full dynamics of this process is intractable in most cases. Yet, near minima, accurate
characterization of the stability of the iterates can be obtained via linearization (Wu et al., 2018; Ma
& Ying, 2021; Mulayoff et al., 2021), as is common in stability analysis of nonlinear systems.

Definition 1 (Linearized dynamics). Let 8" be a twice differentiable minimum of L, and denote
Then the linearized dynamics of SGD near 0™ is given by

61 =0, — % > Hi(6:—6) -2 > g, )
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Note that since 8” is a minimum point of £ we have that
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Furthermore, the Hessian of the loss, which we denote by H, is given by
H A2 VL0%) = Z H;. @)
Thus, the linearized dynamics are in fact SGD iterates on the second-order Taylor expansion of £

at 9", 1
L£(0) = L(6%) + 5(49 —0TH(6 - 06%). 8)
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3 STABILITY OF FIRST AND SECOND MOMENTS

Our focus is on the stability of SGD’s dynamics. We specifically examine the dynamics within two
subspaces, the null space of the Hessian H at the minimum, and its orthogonal complement. We
denote the projection of any vector v € R? onto the null space of H by v', and its projection onto
the orthogonal complement of the null space by v+.

Multiple works studied the stability of SGD’s dynamics. Commonly, this was done by analyzing the
evolution of the moments of the linearized dynamics (see Sec. 2) over time, with a specific emphasis
on the second moment, which is the approach we take here. However, before discussing the evolution
of the second moment, let us summarize the behavior of the first moment. Specifically, it is easy to
demonstrate that the first moment of SGD’s linearized trajectory {E[6;]} is the same as GD’s. Now,
since GD is stable if and only if ) < 2/A\pax(H ), we have the following (see proof in App. B).

Theorem 1 (Stability of the mean). Assume that 0" is a twice differentiable minimum. Consider the
linear dynamics of {0} from Def. I and let
« A 2
= —. 9
nmean )\max(H> ( )
Then

1. E[6}] =E[6}] forall t > 0;

2. limsup||E[6;] — 6*|| is finite if and only if n < N}yean;
t—o00

3. lim [|E[6;] — 0" = 04 1 < njjcan-

We next proceed to analyze the dynamics of the second moment, which determine stability in the mean
square sense. Note that boundedness of the first moment is a necessary condition for boundedness of
the second moment. Therefore, the condition < 1k ... is a prerequisite for stability in the mean
square sense. However, how much smaller than 7}, ..., is SGD’s mean square stability threshold, is
not currently known in closed form. Here, we determine the precise threshold for the mean square
stability of SGD’s linearized dynamics. To achieve this, we leverage the approach taken by Ma &
Ying (2021), who investigated the stability of SGD in the context of interpolating minima.

3.1 INTERPOLATING MINIMA

We begin by studying interpolating minima, which are prevalent in the training of overparametrized
models. In this case, the model fits the training set perfectly', which means that these global minima
are also minima for each sample individually. This is expressed mathematically as follows.

Definition 2 (Interpolating minima). A twice differentiable minimum 0™ is said to be interpolating if
for each sample i € [n) the gradient g, = 0 and the Hessian H ; is PSD.

In this setting, Ma & Ying (2021) showed that the evolution of any moment of SGD over time is fully
tractable. Specifically, for the second moment, they proved the following.

Theorem 2 (Ma & Ying (2021), Thm. 1 + Cor. 3). Assume that 0™ is a twice differentiable interpo-
lating minimum. Consider the linear dynamics of {0} from Def. 1, and let

n—B ﬁ
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where @ denotes the Kronecker product. Then limsupE|||0, — 0 ||?] is finite if and only if
t—o0

Zes; (RO =g

where Sy (R denotes the set of all PSD matrices over R, Furthermore, if the spectral
radius p(Q(n, B)) < 1 then limsupE |||0, — 0" |?] is finite.
t—o0

'The important minima from a practical standpoint are the ones that benign overfit.
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Below, we omit the dependence of @ on 7 and B whenever these are not essential for the discussion.
In this theorem, 3 represents the second-moment matrix of 8; — 6. Specifically, the matrix
3 = E[(8; — 6)(0; — 6°)"] evolves over time as vec(X;11) = Q vec(X;). Therefore, the
stability condition of (11) simply states that if the dynamics of the dominant initial state of the system
(which is restricted to PSD matrices) is bounded, then X; is bounded and vice versa. However, this
characterization leaves us with a complex optimization problem over a high dimension (d?), which
is hard to solve numerically. Therefore, this approach does not reduce the problem into a condition
from which we can gain any meaningful theoretical insight into the behavior of SGD.

Our first key result is that the optimization problem (11) can be reduced to an eigenvalue problem.
Specifically, we establish (see Sec. 3.3) that when the eigenvectors of the d? x d? matrix Q are
reshaped into d x d matrices, they always correspond to either symmetric or skew-symmetric
matrices”. Moreover, the dominant eigenvalue of @ is positive and always corresponds to a PSD
matrix. Consequently, the maximizer of (11) is the top eigenvector of @, which we use, along with
some algebraic manipulation, to derive the following result (see proof in App. B).

Theorem 3 (Exact threshold for interpolating minima). Assume that 6% is a twice differentiable
interpolating minimum. Consider the linear dynamics of {0} from Def. 1, and let

1 1 n
CL_HeH, D2(1-pHeoH+p-> H;®H, (12)
2 s
where @ denotes the Kronecker sum and p = 137(1;7—31) € [0,1] . Define

2
Amax (CTD) ’
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where CT denotes the Moore-Penrose inverse of C. Then
1. 07‘5' = OSforallt >0y
2. limsup E[||0; — 0"*||?] is finite if and only if n < 1%,
t—o0
. 4 _ * 112 — . *
3. im B[]0y — 0[] = 0if n <l

This result provides an explicit characterization of the mean square stability of SGD. First, we observe
that the set of step sizes that are stable in the mean square sense, is an interval. This is in contrast to
stability in probability, where the stable learning rates can comprise of several disjoint intervals (Ziyin
et al., 2023). Moreover, SGD’s threshold, 7., has the same form as the threshold for GD, 2/ ax,
but with a different matrix. In App. I we show how Thm. 3 recovers GD’s condition in full batch.

The dependence of 7, on the batch size B may not be immediate to see from the theorem. However,
we can prove the following (see proof in App. D).

Proposition 1. Assume that 8 is a twice differentiable interpolating minimum. Then 0}, is a
non-decreasing function of B.

This result implies that decreasing the batch size can only decrease the stability threshold, which
settles with the empirical observations, e.g., in Wu et al. (2018). Additionally, since 7}, is non-
decreasing with B, and for B = n it equals 7;,.,,, We have that the gap between /\max(CTD)
and Amax(H) is non-negative for all B € [1,n]| and non-increasing in B. For stable minima,
Amax(C TD) is bounded from above by 2 /7. This suggests that training with smaller batches leads
to lower A\pax (H ) which results in smoother predictor functions (Mulayoff ez al., 2021).

At what rate does 7, increase with B towards 0} ..,? To understand this, note that D is a convex
combination of two matrices, where p represents the combination weight. The first matrix is H ® H,
which is associated with full batch SGD (B = n), while the second matrix is % 2?21 H;, ® H;,
which is related to single sample SGD (B = 1). We can use this fact to explain the effect of the batch
size on dynamical stability by presenting an equivalent stochastic process that has the same stability
threshold as SGD (see proof in App. E).

’Eigenbases corresponding to eigenvalues of multiplicity greater than one, always have a basis consisting of
symmetric and skew-symmetric matrices.
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Proposition 2. Let ALG(p) be a stochastic optimization algorithm in which

0, — Vi, (6,) wp. p,
0 = ¢ 14
t+l {Ot —nVL(O:) wp. 1—p, 14

where {i;} are i.i.d. random indices distributed uniformly over the training set. Assume that 0™ is a

twice differentiable interpolating minimum. Then when p = 137(17;131)’ ALG(p) has the same stability

threshold in the vicinity of 0" as SGD with batch size B.

In simpler terms, in each iteration the process ALG(p) takes a gradient step with a batch of one sample
(B = 1) with probability p and with a full batch (B = n) with probability 1 — p. This result shows
that the stability conditions of SGD and of ALG(p) are the same for p = B’(L;i). When n > B, we
have that p ~ 1/B. Therefore, Prop. 2 implies that, in the context of stability, even moderate values
of B make mini-batch SGD behave like GD. We note that while propositions 1 and 2 were presented

in the context of interpolating minima, they also apply to regular minima (see Sec. 3.2).

It is worthwhile mentioning that if the stability condition is not met, then the linearized dynamics
diverge. However, in practice, the full (non-linearized) dynamics can just move to a different point
on the loss landscape, where the generalized sharpness /\max(CTD) is lower. It was shown that
GD possesses such a stabilizing mechanism (Damian et al., 2023). An interesting open question is
whether a similar mechanism exists in SGD.

Theorem 3 gives an explicit condition on the step size. However, its computation may still be
challenging in practical applications, as it requires inverting, multiplying, and computing the spectral
norm of large (d? x d?) matrices. Yet, we can obtain necessary criteria for stability that are simple
and easier to verify, and which also depend on the batch size. To do so, we note that the eigenvalues
of C'D coincide with those of (CT)z2D(C')z. We therefore upper bound 7%, by evaluating

u'((C HaD(Ch2 )u for interesting directions u other than the top eigenvector. Specifically, the
next result corresponds to u = C%vec(I)/HC%vec(I) |l and w = C? (Vimax ® 'umax)/HC% (Vmax ®

Umax)||, Where v .« is the top eigenvector of H (see proof in App. F).
Proposition 3 (Necessary conditions). The step size 1}, satisfies
2Amax (H)
o< 5 , 15

Tt S N (H) + 25 (08 H O — Amax (H))? 4>

as well as
. 2Tr(H
Mvar < H) (16)

2 2"
(L =p) [ HIlp + & 320, [ Hillp

From (15), we can deduce a lower bound on the gap between the stability thresholds of GD and SGD.
Specifically, when the variance of H; over the direction of the top eigenvector of H is large, 71;,, is
far from 7 .,,, for moderate p. In general, this condition is expected to be quite tight when there is
a clear dominant direction in H caused by some H ;. In contrast, condition (16) is expected to be
tight if all { H;} have roughly the same spectrum but with different bases, i.e., when no sample is
dominant and the samples are incoherent.

3.2 NON-INTERPOLATING MINIMA

While for interpolating minima, we saw that ;" can converge to 8", this is generally not the case
for non-interpolating minima. In this section, we explore the dynamics of SGD in the vicinity of a
broader class of minima. Particularly, we consider the following definition.

Definition 3 (Regular minima). A twice differentiable minimum 0™ is said to be regular if for each
sample i € [n| the Hessian H ; is PSD.

This definition encompasses a broader class of minima than Def. 2, as it allows for arbitrary (nonzero)
gradients g;. Only the mean of the gradients has to vanish (as in any minimum). Intuitively speaking,
although a regular minimum does not necessarily fit all the training points, it does not involve a major
disagreement among them. This can be understood through the second-order Taylor expansion for
each sample, which may be unbounded from below, yet it can only go to minus infinity linearly with
the parameters, and not quadratically.
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Clearly, having gradients with nonzero components in the null space of the Hessian pushes the
dynamics to diverge. Interestingly, for regular minima, the dynamics of SGD in the null space and in
its orthogonal complement are separable. Thus, despite having a random walk in the null space, we
can give a condition for stability within its orthogonal complement (see proof in App. B).
Theorem 4 (Exact threshold for regular minima). Assume that 0" is a twice differentiable regular
minimum. Consider the linear dynamics of {0;} from Def. 1. Then

1. lim E[[|6! — 0""||?] = oo ifand onlyif Y., [|lg![|* > 0;
—00
2. Ifn < N}y, then limsup E[||0; — 6+ ||?] is finite;
t—o0
3. Iflimsup E[||0; — 0" ||?] is finite then n < nj,,.
t—o0

We see that 1], is the stability threshold also for regular minima. Recall that when 1 < nJ,., we also
have stability of the first moment, and thus E[@}] = E[6]] for any ¢ > 0. Namely, SGD’s dynamics
in the null space is a random walk without drift. Note that moving in the null space does not increase
the loss, however it might change the trained model. Furthermore, in the proof, we show that under a
mild assumption limsupE[||@; — 8"+ ||?] is finite if and only if 0 < 7 < n,,.

t—o0

Next, we turn to compute the limit of the second moment of the dynamics (see proof in App. G).
Theorem 5 (Covariance limit). Assume that 0" is a twice differentiable regular minimum. Consider
the linear dynamics of {0} from Def. 1. If 0 < n < 0, then
tlim vee (B1) = np (2C — nD)' vec (=), (17)
— 00

where 35 = FD DI (gf)T'

Using this result we can obtain the mean squared distance to the minimum, the mean of the second-
order Taylor expansion of the loss, and the mean of the squared norm of the expansion’s gradient
squared at large times (see proof in App. H).

Corollary 1 (Limit values). Assume that 0" is a twice differentiable regular minimum. Consider the
linear dynamics of {0} from Def. 1 and the second-order Taylor expansion of the loss, L of (8). If
1N < Nyar then

1. tlg&E[HBf — 0" ?] = np(vec (I))*(2C — nD)Tvec (25):

2. lim E[£(6,)] — L(6%) = dnp(vee (H)T (2C — nD)'vec (22);

3. tgrgloE[\\Vﬁ(Ot)Hz] = np (vec (HQ))T (2C - nD)Tvec (=)

We see that these values depend linearly on the covariance matrix of the gradients. Specifically, if
34 = 0 then we recover the results of interpolating minima. Moreover, note that for n < n},,,
we have that 2C' — nD =~ 2C'. Therefore, the main dependence on 7 comes from the factor of n
preceding these expressions. We thus get that when decreasing the learning rate, the loss level drops,
and the parameters 6, get closer to the minimum. This explains the empirical behavior observed
when decreasing the learning rate in neural network training, which causes the loss level to drop.

3.3 PROOF OUTLINE FOR THEOREM 3

Here we give an outline of the proof of Theorem 3. Ma & Ying (2021) showed that the second
moment matrix 3, = E [(8; — 0")(6; — 6")T] evolves over time as

vee (Biq1) = Q vec (2y), (18)
where @ is given in (10). Since X; is PSD by definition, we only care about the effect of QQ on
vectorizations of PSD matrices. Hence, {X;} are bounded if and only if (proof in Ma & Ying (2021))

B 3
zes, (Rixd) [pifFe

To obtain the result of Thm. 3 we first rearrange the terms in @ as
n

Qn,B)=(1-p)x(I-nH)® (I -nH)+px %Z(I—nHi)@@(I—nHi)- (20)

Then, to relax the optimization problem we use the following theorem (see proof in App. C).
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Theorem 6. Assume {A;} are symmetric matrices over R4*?. Define

M
Q=> Ai®A, 1)

i=1

and let z .« be a top eigenvector of Q. Then

1. there always exists a set of eigenvectors {z;} for Q such that each Z; = vec™'(z;) is
either a symmetric or a skew-symmetric matrix;

2. the spectral radius p(Q) = Amax(Q), i.e., the dominant eigenvalue is positive;

3. vec T (zmax) € S (RY*?), i.e., the top eigenvector corresponds to a PSD matrix.

Applying this theorem we get that the maximizer for the constrained optimization problem in (19) is,
in fact, the top eigenvalue of Q. Hence, the linear system is stable if and only if Aj,.x(Q) < 1. Since

Q is symmetric, A\yax (Q) < 1is equivalent to uTQu < 1 for all u € S~ 1tis easy to show that
Q =1 - 2nC + n?D. In App. B we show that

u'Qu=1-2nu"Cu+n*u"Du<1 (22)
holds for all w € S¥°~1 if and only if

n <

e = (23)
Amax (C1D)
The full proof is provided in App. B.

4 EXPERIMENTS

In this section, we experimentally validate our theoretical results. We trained single hidden-layer
ReLU networks with varying step sizes and batch sizes on a subset of the MNIST dataset (see App. J
for details). Since training with cross-entropy and softmax in overparametrized networks results
in infima rather than minima, here we opted to use the quadratic loss. Specifically, each class was
labeled with a one-hot vector, and the network was trained to predict the label without softmax. Our
primary goal in this experiment is to test the stability threshold of SGD; hence, we initialized the
training with large weights to ensure that the minimum closest to the starting point is unstable (large
weights imply large Hessians, and are thus more likely to violate the stability criterion). We used
the same initial point for all the training runs to eliminate initialization effects. To avoid divergence,
we started with a very small learning rate and gradually increased it until it reached its designated
value (i.e., LR warm-up). Together, large initialization and warm-up force SGD out of the unstable
region until it finds a stable minimum and converges as closely as possible at the stability threshold.
Convergence was determined when the loss remained below 10~ for 200 consecutive epochs.

Figure 1(a) visualizes the sharpness of the converged minima versus the learning rate for several
values of B. It can be observed that for small batch sizes, Apax (H) is far from 2/17. Yet, for moderate
batch sizes and above (e.g., B > 32), these curves virtually coincide, indicating that, in the context of
stability, SGD behaves like GD. Figure 1(b) shows the sharpness versus the batch size for three step
sizes. Here the stability threshold of SGD rapidly converges to that of GD as the batch size increases.

Apart for the sharpness A, (H ), we also want to compare the generalized sharpness )\max(CTD)
to 2/7. Since computing the generalized sharpness is impractical in this task, we underestimate it via
a lower bound, which results in a tighter necessary condition than (15). The bound corresponds to
restricting the optimization problem in (11) to rank one PSD matrices, and is given by (see App. F.1)

2 I3 (wTHv — v Hv)? }

*
Tvar

(24)

villv)=1 vITHv

= Amax (C’TD) > max {vTHv +p

We solve this optimization problem numerically, by using GD on the unit sphere with predetermined
scheduled geodesic step size. In the following, we present graphs of the sharpness Ap.x(H ) at the
minima to which we converged, as well as the bounds (24) and (15) on the generalized sharpness
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(a) Sharpness vs. step size (b) Sharpness vs. batch size

Figure 1: Sharpness vs. step size and batch size. We trained single hidden-layer ReLU networks
using varying step sizes and batch sizes on a subset of MNIST. Panel (a) visualizes the sharpness
of the converged minima versus learning rate for different batch sizes. For small batch sizes,
Amax (H) deviates significantly from 2/17. Yet, as the batch size increases to a moderate value, these
curves coincide, indicating that in terms of stability, SGD behaves similarly to GD. Panel (b) plots the
sharpness against the batch size for three different learning rates 17; = 0.043, 72 = 0.012, 53 = 0.002.
Here we see a similar trend where SGD with behaves like GD for B > 32.

)\maX(CTD). Using the color coding of Fig. 2, these correspond to

onlen) (-2)

Ly (0" Hyw — o7 Ho)? }

> max {'UTH'U +p

T ufjv]|=1 vTHo
L an (Ug;qui'Umax - Amax(I_I))Z
2 /\nmx(H) + p " =1 - A (H)

> (25)

b
where v, denotes the top eigenvector of H.

Figure 2 depicts the expressions in (25) versus the step size for three batch sizes. We see that
for B = 1and B = 2, the gap between 2/ (red) and the optimized bound (24) (purple) upon
convergence is small. Particularly, they coincide over a wide range of step sizes 7. Since the
generalized sharpness )\max(CTD) must reside between those two curves, we can deduce two
things: (a) Our theory correctly predicts the stability threshold, while SGD converged at the edge
of stability (as designed in our experiment); (b) For small batches, the second order moment matrix
that maximizes (11) is rank one. As the batch size increases, the two curves draw apart, indicating
that the rank of the dominant second-order moment matrix becomes larger. Furthermore, the gap
between our simple necessary condition (15) (blue) and the trivial bound of 2/ A, (H) (yellow) is
large for high learning rates and small for small step sizes. This gap represents the variance of the
widths of the minima of the per-sample losses (corresponding to the widths of the quadratic functions
{(0 — 0")TH (6 — 6")}) in the direction of v, the top eigenvector of H. Thus we find that for
small learning rates, this variance is small and the model is aligned in this direction, and for large
learning rates, this variance is high. For more details and experimental results, please see App. J.

5 RELATED WORK

The stability of SGD in the vicinity of minima has been previously studied in multiple works. On the
theoretical side, Wu et al. (2018) examined stability in the mean square sense and gave an implicit
sufficient condition. Granziol et al. (2022) used random matrix theory to find the maximal stable
learning rate as a function of the batch size. Their work assumes some conditions on the Hessian’s
noise caused by batching, and the result holds in the limit of an infinite number of samples and
batch size. Velikanov et al. (2023) examined SGD with momentum and derived a bound on the
maximal learning rate. Their derivation uses “spectrally expressible” approximations and the result is
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Figure 2: (Generalized) Sharpness vs. step size. We trained single hidden-layer ReLLU networks
using varying step sizes and batch sizes on MNIST dataset. For each pair of hyper-parameters (7, B),
we measured the sharpness of the minimum (yellow), our necessary condition for stability (blue), and
the optimized bound (purple), which their relations are given in (25). We see that for small batch sizes
B =1 and B = 2, the optimized bound (24) coincides with 2/, confirming that SGD converged at
the edge of stability (n = n,,). For additional insights and detail, see discussion in Sec. 4.

given implicitly through a moment-generating function. Ma & Ying (2021) studied the dynamics of
higher moments of SGD and gave an implicit necessary and sufficient condition for stability (see
Thm. 2 and the discussion following it). Wu et al. (2022) gave a necessary condition for stability
via alignment property. However, the result assumes and uses a lower bound on a property they
coin “alignment” but an analytic bound for this alignment property is lacking for the general case.
Ziyin et al. (2023) studied the stability of SGD in probability, rather than in mean square. Since
convergence in probability is a weaker requirement, theoretically, SGD can converge with high
probability to minima which are unstable in the mean square sense. Indeed, their theory predicts that
SGD can converge far beyond GD’s threshold. Yet, this did not happen in extensive experiments done
in (Cohen et al., 2021, App. G) and (Gilmer et al., 2022). Finally, Mulayoff ez al. (2021) analyzed the
stability in non-differentiable minima, and gave a necessary condition for a minimum to be “strongly
stable”, i.e., such that SGD does not escape a ball with a given radius from the minimum.

Liu et al. (2021) studied the covariance matrix of the stationary distribution of the iterates in the
vicinity of minima. Ziyin et al. (2022) improved their results while deriving an implicit equation that
relates this covariance to the covariance of the gradient noise. However, these papers do not discuss
the conditions under which the dynamics converge to the stationary state. Lee & Jang (2023) studied
the stability of SGD along its trajectory and gave an explicit exact condition. Yet, their result does
not apply to minima, since the denominator in their condition vanishes at minima.

On the empirical side, Cohen et al. (2021) examined the behavior of GD, and showed that it typically
converges at the edge of stability. Additionally, for SGD (see their App. G) they found that with
large batches, the sharpness behaves similarly to full-batch gradient descent. Moreover, they found
that the smaller the batch size, the lower the sharpness at the converged minimum. Gilmer ef al.
(2022) studied how the curvature of the loss affects the training dynamics in multiple settings. They
observed that SGD with momentum is stable only when the optimization trajectory primarily resides
in a region of parameter space where ) < 2/ Anax (H ). Further experimental results in Jastrzebski
et al. (2020; 2019) show that the sharpness along the trajectory of SGD is implicitly regularized.

6 CONCLUSION

We presented an explicit threshold on SGD’s step size, which is both necessary and sufficient for
guaranteeing mean-square stability. We showed that this threshold is a monotonically non-decreasing
function of the batch size, which implies that decreasing the batch size can only make the process
less stable. Additionally, we interpreted the role of the batch size B through an equivalent process
that takes in each iteration either a full batch gradient step or a single sample gradient step. Our
interpretation highlights that even with moderate batch sizes, SGD’s stability threshold is very close
to that of GD. We also proved simpler necessary conditions for stability, which depend on the batch
size, and are easier to compute. Finally, we verified our theory through experiments on MNIST.
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A NOTATIONS AND THE KRONECKER PRODUCT

Throughout our derivations, we use the following notations.

a Lower case non-bold letters for scalars
a Lower case bold letters for vectors

A Upper case bold for matrices

Af Moore—Penrose inverse of A
Py Projection matrix onto the subspace V

N(A) Null space of A
N*+(A)  Orthogonal complement of the null space of A
R(A) Range of A

R+(A)  Orthogonal complement of the range of A

® Kronecker product
&) Kronecker sum
Ok k’th Hadamard power
E Expectation
P Probability
lal| Euclidean norm of a
Al Top singular value of A
| Allg Frobenius norm of A

p(A) Spectral radius of A
vec(A)  Vectorization of A (column stack)

vec!(a) Reshaping a back to d x d matrix

Loss function

Parameters vector of the loss

Minimum point of the loss

Dimension of 6

Number of training samples

Step size

Batch size

Defined to be (n — B)/(B(n — 1))

Second moment matrix

Hessian of the full loss at 8*

Hessian of the loss of the sample 4 at 8™

Gradient of the loss of the sample 4 at 0™

Projection of @ onto the null space of H

Projection of a onto the orthogonal complement of the null space of H

S, (R?*9)  The set of all positive semi-definite (PSD) matrices over R?*¢
Sd-1 Unit sphere in R?

TMs s 3 a%on

.

2o I

s}
[

Table 1: Table of notations

Further notations that we use are given below.

p, 2E[B, - 07, ztéE[(et—e*)(at—a*)T},
pi 2E[0) -6, St 2E[(67 -6 (6 —0")"].
pl 2 E[6) - 6], st [(0f -0) (0! —07)"]. (26)

12
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Additionally, we make extensive use of the following properties of the Kronecker product. For any
matrices Ml, Mg, M37 M4,

vec (M1 MyM3) = (M§®M1)V€C(M2), (P1)

(M, ® MQ) = (M{ ® M3), (P2)

(M, ® Mj)(M3® M,) = (MMs3) @ (M;M,), (P3)

[vee (M)]" (My ® Ms)vec (M) = Tr (MTM3M4M2T) . (P4)

Finally, we give here the definition of Kronecker sum. If M is d; X dy, M2 is ds X dy and I4
denotes the d x d identity matrix then

M, &M, =M, ®I4+1, @ Ms,. 27)

B STABILITY OF THE FIRST AND SECOND MOMENTS

Using our notation (see App. A), for all v € R? we have v+ = Pyimvand v' = Ppygyv .
Since H is symmetric,

PN(H)HZHPN(H) = 0, and PNJ_(H)H: HPNJ_(H) =H. (28)

If H; € S, (R¥*?) for all i € [n], then the null space of H is contained in the null space of each
H ;, and therefore we also have that

PN(H)Hi:HiPN(H):(), and PNJ—(H)H1:H1PNJ—(H):H2 (29)

B.1 LINEARIZED DYNAMICS

The linearized dynamics near 8™ is

Ori1=0,— % > Hi(0,-6) -~ > g, (30)
1€B, 1€B,
Therefore,
01 =6 =0,—0"— L > H(0, -0~ L > g,
1€B, i€B,
(I—ZH) (6:—6)— 2> g, (31)
1€B, 1€B,

Here we assume that the batches are chosen uniformly at random, independently across iterations.

Linearized dynamics in the orthogonal complement. Under the assumption that H; € S, (R%*)
for all ¢ € [n], the linearized dynamics in the orthogonal complement is given by

071 — 0" = Pyia) (0141 — 07)

n * Ui

1€B, 1€B,
(PNJ_(H) - = Z PNL(H > (Ht 9* - = Z gl
zE%t Ze%t
(PNJ-(H) - = > H, PN'J-(H)> (6, —07) — % > gt
’LG‘Bt €8
= (I % Z H; > P/\/¢ H)(Bt 0* Z gz
1€EBy 76%1
— (I % ) (65, — 0*%) —% 3 gt (32)
1€By 1€EBy

13
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Linearized dynamics in the null space. Under the assumption that H; € S, (R%*4) forall i € [n],
the linearized dynamics in the null space is given by

GEH -0 = PN(H) (9t+1 - 9*)

n * n
= Pym) (I B > Hi) (6: —07) — & > Pyimng;

i€B, i€B,
(PNH) ZPN(H >(9t BZQ
26%1 i€B
= (Pxin —0) (6: = 6" — = > g!
€D
= PN(H)(Bt Z g
zE‘Bt
| w1 I
=0 -0 —Elzgi. (33)
1€By
Namely,
0l =0/ -1 > gl (34)
ie‘Bt
Note that if g! = 0 for all i € [n] then
0., =86} (35)

B.2 MEAN DYNAMICS (PROOF OF THEOREM 1)

First, we compute the mean of the linearized dynamics.

n
<,_ B H) —ew]
i€By

= —nH)E[(6, — 0]
= (I = nH) p, (36)
where in the second line we used the law of total expectation, as well as (6). This system is stable if

and only if the spectral radius p(I — nH') < 1. This condition is equivalent to Apax(H) < 2/7 (see
proof in, e.g., Cohen et al. (2021); Mulayoff et al. (2021)), thus proving point 2 of Theorem 1.

Popr =E[01 —67] =

5>l

1€EB

Mean dynamics in the orthogonal complement. In a similar manner, taking the expectation of
both sides of (32) and using (6), we get

piv1 = I —nH) pi, (37)
Note that for all ¢ > 0,
pi = Pyonpis = Pyegn (I —nH) pi = (Pys gy — nH) pit. (38)
Namely, pi- = (PNHH) — nH)t py , and thus
t ¢
| = | (Pas ey = )" | < [Py = nH | | (39)
It is easy to show that
P —nH| = max {|1—n\; . (40)
1P —nH| = max {11 -n)i(H)I}

Therefore, if 0 < 7 < 2/Amax, we have that | Pyro gy — nH|| < 1 and thus
. . t
Jim (|| < lim ([ Parsgry — nH| g ]| = 0. (41)

This demonstrates point 3 of Theorem 1.

14
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Mean dynamics in the null space. Taking the expectation of both sides of (33) and using (6), we
obtain

uls = b @
This demonstrates that for all ¢ > 0,
E[0] — 0] = pj = ps =E[05— 0], (43)
so that
E[6f] = E [65] . (44)

This proves Point 1 of Theorem 1.

B.3 COVARIANCE DYNAMICS FOR THE ORTHOGONAL COMPLEMENT

Before providing a complete proof for Theorem 3 (see App. B.7), we next examine the evolution over
time of the covariance of the parameter vector. We start by focusing on the orthogonal complement
space. Define

_ n _ _n
A=T-4 Z H; and v = Z g, 45)
1€B i€B¢
so that (32) can be compactly written as

1 — 0 =A, (0 —0") — v (46)
Recall that this holds under the assumption that H; € S (R%*?) for all i € [n]. Note that { A;} are
i.i.d. and that 8;" is constructed from Ag, ..., A;_1, so that ;" is independent of A;. We therefore
have

St =E[ (05, - 07) (65, -0")"]

—E (A (0F —07) —v}) (A (07 —0"*) = v1)]

= E[4, (67 —0") (6 —6")" AT| —E[A, (6] — ") (v})"]
~E[vf (61 - ") AT +E [vF (v})7]
~E[AE[6 —0") (6 —0")"| AT ~E[AE[0; — 6] (v)"]

~E[vEl6r - 0" AT] + 55

= E[43¢ AT] - E[Awpt (v1)"] —E |vp ()" AT | + 33, (47)

where in the second equality we used the fact that A; is independent of @; . Using vectorization, the
above equation can be written as

vec (B34,) =E [vec (AtEt*AtTﬂ —E [vec (A (vi)")] —E [VGC (vﬁ(uf)TA;Fﬂ + vec (X))
=E[A; ® Ai]vec (E7) —Efvy @ A pi — E[A @ vi] puy + vee (23)
= Quee (B7) — (E[vf @ A + E[A; @ vp]) pit + vee (55) (48)

where we denoted
QEE[A;®A]. (49)

Overall, the joint dynamics of 3;" and u;- is given by

<Vecu(§gti+1)) N (E [vi ® ii QIIE [A; ® vi] g) (veclzt;j)> + (vec ?2$)> - B0

In some cases, it is easier to look at a projected version of the transition matrix. In (38) we showed
that

iy = (Pasqery — nH) pi. (51)

15
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Moreover, from (48),
vee (Bi4) = vee (P (e Zi P )
= (Pws(a) ® Pa o)) vee (8i5)
= (PNJ-(H) ® PNJ_(H)) (Qvec (Z;7) — (B [vy @ A¢] + E[A; @ v;7]) py + vec (By))
= (Pnx () @ Pys(ar)) Qvee (BF)
 (Paiiny ® Pas ) (Elof © A +E[A @ o) i +vee(S2). (32)

Therefore, the linear system in (50) can be written as

Kit1 —
vec (B3,))

( Py —nH 0 > ( By )
—(PNJ_(H)®P_/\[J_(H)) (E[U#@At}-FE[At@U#‘]) (PNJ_(H)@)PNJ_(H))Q VeC(EJ‘)
0
+ (Vec (2:)) . (53)

B.4 THE TRANSITION MATRIX OF THE COVARIANCE DYNAMICS

We now proceed to develop an explicit expression for the covariance transition matrix @ of (49). We

have
_ n , n .
E[A; ® Ay = <I—B_ZH1>®<I—B‘ZH,>]
1€EB, i€B,
_ n
=K I—E_Z(IQ@H +H;®I) +— Y H;2H;
i€EB 1,jEDB¢
) 1
=I-nIH+HI)+7nE 5 Z H,2H;|. (54)
1,jEB¢
Note that

E % Z Hi®H;| =E % Z Hi®Hj+%ZHi®Hi

i,jEB: i£jEB i€B,
1
= 5z X B(B=1E[H; ® H,li # j € %] + E|Y H;@H,;
i€B,
—EE[H@H-HA € By] + ! iH-@H- (55)
- B 7 ]Z J t nB gt 4 7
Specifically using symmetry and (7),
= 1
E[H; @ H;|i #j € B = —H, 9 H;
[ b2 ]‘17&]6 t] Z TL(TL—].) ® J
iFj=1
n 1 «
= —— H;,® H,
— 1) n2 Z v J
(n—1)n? =
n
= H Hf— H,® H, 56
(n_1)< RS ) 56
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Hence,
B—1 o, n(B —1) 1 &
E[H; ® H; =— | HQH-— H,® H;
F EH @ Hi#jeB]=po—5|He 2; ® )
n(B —1) B-1 <&
= H®H - H; ® H,
Bin—1) % Bn(n—l); ©
n B-1 &
—HoH - HoH H; ® H;
R TP D Bn(n—l); ©
(57)
Overall,
1 n— B B-1 <
E|— HoH|=HoH-——— HoH-——— Y H,® H;
BQijez% © © B(n—1) @ Bn(n—l); ©
1 n
— ) H:®H;
+nB; ®
—H®H—uH®H+ ZH@H
B B(n—1)
—HeoH+ =8 (! ZH@H _HoH (58)
B B(n—1)

Therefore, we have that (Q can be written as

-B [1
B =I-nIoH+H)+7PHH +1"— | ~SN H;oH, - H®H
Q(B,n) n(IeH+Hel)+iH e+ go—s (n; ®H - H® )

1 n
=I-nI®H+H®I)+n? (1—p)H®H+prZHi®Hi

i=1

=T —nH)e (I —-nH)+n’p x (;i(Hi—H)@@(Hi—H))
i=1

1
=(l-p)xT-nH)® I —nH)+p x EZ(I—nHi)@@(I—nHi), (59)
=1
where B
"—
P=Ba-1) (€0

B.5 COVARIANCE MATRIX OF THE GRADIENT NOISE

We now develop an explicit expression for the covariance matrix of the gradient noise v of (45). We
have

2
o =E ['Ut'v;f] = (%) E Z gig;r
i.5EB:

= (%)ZE Z gig]T+ Z 9:9;

| iFIEDB: 1€B

= (%)2 (B(B DE [g,9] |i # j € B] Zg 9 ) : (61)
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Observe that
. ) n 1
E [gigﬂl #j€ By = Z mgig;r
ik j=1
S S I o BT o SR
OEEY ;1 9:9; ;gzgz

i=1

1 - T
_ S g9 2
n(n —1) izlglgl ’ (©2)

where in the last step we used (6). Thus,

B B
By = (E) (n )Zglgl
2 B(n-
=~ (5) e Z_l > oa!
=’ Bn Zg 97
= n2p29, (63)
. igig?. (64)
n =1

B.6 THE NULL SPACES OF C;, D AND E

where we denoted

Let us now analyze the relation between the null spaces of C', D and E. First, it is easy to see that
under the assumption that H; € S, (R4*?) for all i € [n],

H) = (\N(H)), (65)

where N (+) denotes null space of a matrix. Here we show the following.
Lemma 1. Assume that H; € S (R%*?) for all i € [n] and let

Cz%H@H,

1 n
D=(1-pH®H+p-> H,® H,,
(1-pH® “’n; ®

1
E = E;(Hi—H)mHi—H). (66)

Then N(C) C N (D) and N(C) C N(E).
Proof. Letu € N(C) and denote U = vec™!(u), then
0=2Cu=H®Hu=HI+I1I® H)u. 67)

In matrix form we get
UH + HU =0. (68)
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Let us take the Frobenius norm, then
|UH + HU|; = |[UH|; + |HU|; + 2T (UH)"HU) =0, (69)
where
Tr (UH)"HU) = Tr (HUTHU) —Tr (H%UTHUH%) >0 (70)
because H*UTHUH? = (H*UH?)"(H>UH?) is PSD. This implies that
IUH|} = |HU|; = 0. (71)

Thus, u € N(C) if and only if U H = 0 and HU = 0. Since the null space of H is the intersection
of {H;} we have that U also satisfies H;U = UH; = 0 for all i € [n]. Now,

1 n
Du=(1-pHeHu+p->» H;® H;u, (72)
n =1
and in matrix form,
. 1 n
vec !(Du) = (1-p) HUH +p— Y H;UH;=0. (73)
n
=1

Namely, v € V(D). Similarly,

1

FEu=— H,-H H,; — H)u, 74
w= 5 D (Hi— H)© (H: — Hyu (74)

and in matrix form,

1 n

Y Eu) == (H—H)U(H,; - H)=0. 75
vee™ (Bu) = 23 ( Ju( ) 75)
Namely, v € N'(E). ]

B.7 PROOF OF THEOREM 3

We are now ready to prove Theorem 3.

First statement. In (35) we showed that for interpolating minima @}, ; = 6}, which completes the
proof for the first statement of the theorem.

Second statement. Ma & Ying (2021) showed that the second moment 3; = [(6; —0")(0;—60")"]
for interpolating minima evolves over time as

vee (Xiy1) = Q vee (Xy), (76)

where @ is given in (10). Since X; is PSD by definition, we only care about the effect of @ on
vectorizations of PSD matrices. Therefore, we have that {3, } are bounded if and only if (see proof
in (Ma & Ying, 2021))
B b))
Zesy (R 1Zllg

To obtain the second result of Thm. 3 we first rearrange the terms in Q as

n

QU B) = (1-p)x (I~ gH) ® (I —H) +px - > (T~ qH) @ (I -gH).  (9)
=1

By applying Theorem 6, we have that the spectral radius of @ equals its top eigenvalue, and the
corresponding eigenvector is a vectorization of a PSD matrix (see proof of Thm. 6 in App. C). Thus,
we have that the maximizer for the constrained optimization problem in (77) is, in fact, the top
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eigenvalue of Q. Hence, the linear system is stable if and only if A.x(Q) < 1. Regathering the
terms of @ gives

1 n
Q=I-n(H&®H)+1? (1—p)H®H+pXEZHi®Hi
=1

=1-2C +n*D. (79)

Because @ is symmetric, the condition A, (Q) < 1is equivalent to the requirement that uT Qu<l1

for all u € ST ~1. Recall from App. B.6 that N'(C)) C N(D). Therefore, if u € N(C) then also
u € N(D) and we get

1>u'Qu=1-2nuTCu+n’*u"Du=1. (80)

Namely, directions in the null space of C' do not impose any constraint on the learning rate, and thus
can be ignored. Additionally, if uw € N (D) but u ¢ N(C), then

1>u'Qu=1-2nuTCu+n’*u"Du=1-2nu"Cu, (81)
which is true for all 7 > 0, because C' is PSD. Now,
u'Qu=1-2nu"Cu+n*u"Du <1 (82)
happens for all w ¢ A(D) (which also results in u ¢ N(C)), if and only if
0<n<2 inf {1‘;&‘} (83)
wes?®-1ygN(D) | u Du
Therefore, the stability threshold 73, is given by

" 9 f uTCu
= in -
var ueS¥?—1:u¢ N (D) uTDu

uT Du -
=2 sup —— . (34)
ueS¥®—1L:ugN (D) utCu

Note that «’s norm has no effect, and therefore we can relax the constraint u € S -1, Additionally,
we can also reduce the constraint u ¢ N (D) to u ¢ N (C), because the supremum in (84) is over a
non-negative function, and will not be affected by adding to the domain points at which the function
vanishes. Since N'(C) C N(D) we have that N+ (D) C N+ (C) and therefore

PyioyD = DPyi(o) =D, (85)

where P 1 (¢ is the projection matrix onto the orthogonal complement of the null space of C.
Additionally, C'is PSD, and therefore C' 3 exists and is also PSD, so that

Pyio) = (c%)Tc% —C? (c%)T. (86)

Therefore,

{ uT Du } 'U/TPNJ_(C)DPNJ_(C)’U,
—=— (¢ = Sup T
ugN(C) ulCu

u'C? (C%)TD (C%)Tcéu

= sup

ugN(C) uTC2C>u

1 \T 7 _1\T Nt/ 1
L (e e e )
ug¢N(C) <C5u) (Cﬁu>
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where in the first step we used (85), and in the second step we used (86). By a simple change of
variables y = C2u € N*(C) we get
T
v'(c?) p(c
max T = max T
yeN+(C) vy yER? vy

= Amax ((C%)T D (C%)T> : (88)

where in the first step we used the fact that adding to ¢y a component in A'(C) will increase the
denominator by || P c)yl|* but will not affect the numerator. Namely, the optimum cannot be

attained by y ¢ N+ (C). Now, let ()\;, y,) be an eigenpair of (C%)TD(C%)T, then we have

ol
~—
<
<
H
—
A
~—
-
-]
—
Q
~—
-
<

\iy; = (C%)TD (C%)Ty,» (89)

Since we only care about nonzero eigenvalues, we can assume that \; # 0, i.e, y, ¢ N(C).
Multiplying by (C'2)* from the left we get

Lo = (@) () p(e!) v
—Cc'D (C%)Tyi. (90)

Namely, (C %)Tyi # 0 is an eigenvector of C'D with eigenvalue \;, which means that
(c z Y'D(C z )T and CT D have the same eigenvalues®, and in particular have the same top eigenvalue.

Therefore,
f f
huwe (€)' (€2)') = A0 (¢'D) . ©1)
Overall, we showed that the condition in (11) is equivalent to
2
Amax (C1D)

This completes the proof for the second statement of the theorem.

n< 92)

Third statement. For the third statement of the theorem, note that for all t > 0
vee (B7,) = vee (Pyr (i1 Pyvs ()

= (Py(m) © Py o)) vee (3i,)

= (PNJ.(H)@PNJ_(H))QVGC(E;_). 93)
Namely, vec (2;") = [(Py~(ar) ® P,\/HH))Q]tvec (27 ), and thus
Ivee (S)|| = [[[(Pars (e ® Pars () Q) vee (B3)|| < |(Par ey @ P (en) Q| ||VeC(2§)|| :
Here o
(Pna(e) @ Para))Q = (Pyray @ Paoan)

n

(1 =)~ nH) ® (I~ nH) +px = (I —gH:) © (- nH)

i=1

=1 =p)(Pynrey —nH) @ (Pyvgy —nH)

n

1
+p x ﬁZ(PNJ_(H)—nHi)(X)(PNL(H)_T]Hi)' 95)

i=1

3Since from Lemma | A'(C) C V(D) and thus dim(N'((C'2)T D(C2)1)) = dim(N(C'D)).
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We see that (Pare(gy @ Paro(g))Q is a sum of Kronecker products, where each product is a
symmetric matrix multiplied by itself. This means that Theorem 6 applies to (P s+ (g @ P ars (7)) Q,
and thus we have that ||(P+ (g @ Py+ () Q|| = Amax(Par~ () @ Py () Q). Moreover,
itis easy to show that P xr1 (1) @ Pnrs gy = Pars(p), and Py (p)C = CP 1 (p). Combining
this with (79), we have

(PNJ-(H)®PNJ-(H))Q:PNJ-(D)72770PNJ-(D)+772D- (96)
Thus, for all w € N (D) we have
(PNJ_(H) ® P_/\/‘J_(H))Qu = PN_J_(D)U - 2770PNJ_(D)U + 172Du =0. (CH))

Since the eigenvectors of symmetric matrices are orthogonal, and /(D) is an eigenspace, we get that
the top eigenvector of (P s (i) ® P 1 (1)) Q should be in N (D). Now, foru € N+ (D)NST !
’U,T(PNJ_(H) ® PNJ_(H))QU = 'U,TPNJ_(D)’U, - QUUTCPNJ_(D)’U, + nQuTDu

=1-2nu"Cu+ n*u"Du, (98)

where in the second step we used the fact that w € N+ (D), and therefore P NL(D)U = U.
Additionally, note that

uTCu uTCu
inf = inf . 99
uesﬁ—llr}ugN(D) { uTDu } uesd? —llrrlei(D) { uDu } o

Namely, having a component of w in A(D) can only be non-optimal, since the denominator is
invariant to vectors in N (D), while the numerator can only increase (C' is PSD). Now, assuming
1 > 0 we have from the derivation of 0}, in the second statement (see (84))

7 < Nyar

& n<2 inf { u Cu }
m
K ueS?®—1:ug N'(D) utDu

. uTCu
S <2 inf T
wes-1nnvL (D) (u Du

uTCu
uTDu
< 2uTC’u
K uTDu
nwTDu < 2uTCu  Yue st ! NN+ (D)

n*uDu < 2nuTCu Vu e SE ANt (D) (n>0)

—2nuTCu + n*uTDu <0 Yu € ST 1 NN*(D)

1 —2nuTCu+n*uDu <1 Yu € ST 1 NN*(D)

UT (PNJ.(H)@PNJ_(H)) Qu<1 VUESd271ﬂNL(D)

& Amax (Py2n ® Pyray) Q) <1 (100)

where in the penultimate step we used (98). Overall we have that 0 < n < 77, if and only if
Amax (Par+ (e @ Pare())@) < 1 (we will use this fact later on). Therefore, Amax ((Parx (zr) @

Pyom)Q) = ||(Prr ey ® Pyr(an))@Q|| < 1. Hence, from (94) we get
. t
i [lvee (B2 < [[(Pars e ® Pove )@ e (521 =0, (1o1)

which proves the statement.

vu e SYT N NH(D)

¥

n<2

Vu € SY1 N NH(D)

(R R

B.8 PROOF OF THEOREM 4

First statement. Let us start by proving the first statement. In (34) we showed that if the minimum
is regular then

1€B,
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Let us compute the expected squared norm. We have

_g* _ n Z g!

’LE%f

2 {Heltlﬂ - B*HHQ} =E

e jor -] +2 |

D:J\3

]

e ( )

K [Heltl _ B*IIHQ} +E |2 Z g'| | —2E[6) - 6*” Z g ]
L B 1€By i ze‘Bt
- =
~E||lof -0 "] +E || 5 D!l |- (103)
1€By

where in the second line we used the fact that 8} is independent of 9B, and in the last line we used the

fact that
E[LS gl =2 gl =Pyt Y g =0. (104)
BiE‘B ' ni—l ' n"l '

t = 1=

Using (63) we have that (see definition in (45))

2
%Zgy

1€EB

= E||[Pxinv’]

=Tr (PnenE [viv] | Prroan)
n—B 1<
= ﬁmﬁ ZZ;Tr (Pn()9:9) Pra)

1 n
= 772]75 Z HPN(H)giH2

i=1
2 L 102
=’ 2l (105)
i=1
Unrolling (103) we have that
) ) 1 — 2
E[llot - 0] =& [log - 07! I] + oy 3 (106)
Thus, lim E[||0} — 0*"]|?] = coif and only if >, [lg!||? > 0.

Second and third statements. Next, we turn to prove the second and third statements of the
theorem. In App. B.9 we show the following.

Lemma 2. Assume that 0" is a twice differentiable regular minimum. Consider the linear dynamics
of {0:} from Def. 1.

L If Amax (Pare ey @ Py () Q) < 1 then limsupE[[|6; — 67 ||?] is finite.
t—o0
2. IflimsupE([||0; — 6 ||?] is finite then Amax (P prx (1) @ Pprr(an)@Q) < 1.
t—o00

3. Let zmax denote the top eigenvector of (P_/\/'J_(H) ® P_/\/'J_(H)>Q, and assume that
Zhavee(Bg) # 0. If litrisolipIE[||9tL — 0°*|]?] is finite then Amax((Pas(m) ®

PNJ_(H))Q) < 1.
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Moreover, in (100) we showed that Amax ((Pa+ (1) @ Pare(er))Q) < 1ifand only if 0 < 5 <
n%r, which proves the second and third statements. Note that under the mild assumption that
Zhavee(3y ) # 0 we get that limsupE([||@; — 6™ ||?] is finite if and only if 0 < 1 < 7},,.

t—o0

max

B.9 PROOF OF LEMMA 2

First statement. Here we assume )\max((P N (H) @ Ppra H))Q) < 1, and show this implies
that limsupE[||@;- — 6™+ ||?] is finite. The (projected) transition matrix that governs the dynamics
t—00

of Ef and pi in (53) is given by

= _ PNJ_(H) — T]H 0
— (PNJ_(H) & PNJ_(H)) (]E [’U#‘ ® At] +E [At ®’U§‘]) (PNJ_(H) & PNJ_(H)) Q)
(107)
Since this matrix is a block lower triangular matrix, its eigenvalues are

N EY = {0 (P —nH) N (Pyvea) © Py Q) 3 (108)

Note that if p((Pa+ (e @ Parn)Q) < 1 then p(Ppo gy — nH) < 1 (see App. B.9.1).
Therefore, all the eigenvalues of E are less than 1 in absolute value. Therefore, ||[vec(X; )|l =
1= ||F is bounded. Since ;" is PSD we have

— L T(mt) = —=E[|0F — 0" 2. (109)

=l = -

S

Therefore, E[||0;" — 6"~ ||?] is bounded.

Second statement. Here we assume that limsupE[||@; — 6**|?] is finite, then we show
t—o0

)\max((PNL(H) & PN_L(H)) Q) < 1. The matrix (PNJ_(H) & PNJ_(H))Q can be written
as

(Prnria)y @ Proan)@Q = (1 NL(H) — 771?1) ® (I:NJ-(H) - 77H)
1 n
2 P PR PR—
+1%p (n ;:1 (H, — H)® (H, H)) . (110)

This expression is a sum of Kronecker products, where each product is a symmetric matrix
with itself. Therefore, according to Theorem 6, we get Amax (Pn () ® Pyi(m) Q) =

P(Pyrmy © Pyrery) Q) and Zmax = vec ™ (Zmax) is a PSD matrix, where Zmax is a nor-
malized top eigenvector of (Ppyro gy ® Ppr(ar)) Q. Now, set* 35 = Zax and py = 0, then
in this case p~ = (Ppro gy — nH) g = 0 for all ¢ > 0. Therefore, from (53)

vee (Biq1) = (Pna(ay) @ Puo(an)Qvec (X)) + vec (X5). (111)
Thus,
Zaaxvec (EE:Ll) = zElax(PNJ-(H) & PNJ-(H))QVGC (EtL) + ZEaXVGC (Et)
= Amax (Py2 () © Pus(m)@Q)zmaxvec (B7) + Tr(ZmaxZy)
ZAmax((PNi(H) ® P/\/.J‘(H))Q)zglaxvec(zj)a (112)

1 1
where we used the fact that Z fnaXEj Z 2ax 1s a PSD matrix, and thus

Tt (Zmax L) = T (zéaxzizéax) > 0. (113)

*Zmax ENE(D), iie, P 1y Zmax P a1 ;) = Zmax, and therefore this initialization is possible (see
discussion below (97)).
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Therefore,
ZmaxVeC (B1) = Moy (P a1y ® Pars (51)) Q) Zax vec (2o)
= Anax (Pn (1) © Pars () Q) (114)
where in the last step we used X9 = Zax and || Zmax||r = 1. Additionally, for all ¢ > 0
ZimaxVee (B1) < [ zmax|ly [Ivec (B7) |,

= 1= Ml

H@L —0"|. (115)
Overall, combining (114) and (115) results with

Max (P (1) ® P (1)) Q) < E[J|6F — 67| (116)
Since E[[|0; — 6" [|?] is bounded then Amax (Par+ 71y @ Py (m))@Q) < 1.

Third statement. Furthermore, if 21 _vec (X) # 0 we get from (113)
zE vec(Zg) > 0. (117)

max

Assume by contradiction that Ay, ((P N (H) © Py H))Q) =1, then (112) gives

Zhavee (Bi) = zmavee (B5) + 20 vee (25) . (118)

Unrolling this equation gives 2L vec (2;) = tzL_ vec (X, ). Then, by (115) we get
E[]0: — 07[%] = Zmaxvec (3)) = tzpagvec (By) - (119)
Since 2z vec(Xg5) > 0, then E[||@; — 0°||?)] — oo and we have a contradiction. Therefore

)\max((PNJ-(H) ®PNJ-(H))Q) <L

B.9.1 p(Q) < 1IMPLIES p(I —nH) <1

The matrix (Pr1 gy @ Paro(gy)@Q can be written as
(Pn2(en) @ Prno(en)Q = (Pyna(ay —1H) @ (Pprrpry —nH)

P (izn:(Hi ~H)® (H; H)). (120)

i=1
Note that Py gy — nH is a smimetric matrix, and thus its principal eigenvector 'TJT € St
satisfies p(PNJ;(H) —nH) = [0" (P sy — nH)o|. Additionally, [0 ® || = ||oo HF =1,
ie, v ®@v € S* 1. Now, assume that the spectral radius p((P gy ® Pprr(pr))@Q) < 1 then
1> p((Pyxm) ® Pyi(a)Q)
>[5 @8] (Pyre ey ® PNL(H))Q[@ ® ||

— (8" (Prre(my — nH) ®)" + n’p— Z (H, — H)®)’

(PNJ-(H)_UH)—FTIP Z (H; — H)f;)

1=1

> p*(Pyrs(m) — nH). (121)
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C PROOF OF THEOREM 6

First statement. Let z € RY be an eigenvector of @, then we can look at its matrix form
Z = vec !(z), where Z € R4, First, we show that @ always has a set of eigenvectors that
correspond to either symmetric or skew-symmetric matrices {Z; } (see proof in App. C.1).

Proposition 4. Let { A;} be symmetric matrices over R4*?, and define

M
Q=) Ai®A. (122)
i=1
Then there exists a set of eigenvectors {z;} such that each Z ; = vec™(z;) is either a symmetric or
a skew-symmetric matrix.

Second and third statement. Our next step is to bring the matrices {Z; } to a normal (canonical)
form. Here we assume without loss of generality that the eigenvectors are normalized, i.e., || Z||, = 1.

For symmetric matrix Z, we have the spectral decomposition theorem, and thus Z = V.SVT, where
V is an orthogonal matrix and S is diagonal. We can also bring a skew-symmetric matrix to a similar
form, but with S’ a block diagonal matrix, with |d/2] blocks of size 2 x 2. Specifically, these blocks
are in the form of (Zumino, 1962)

{ 0 %] . (123)

—8;

If the dimension d is odd, then S has a row and column at the end filed with zeros. For numerical
purposes, this normal (canonical) form can be computed by using the real Schur decomposition.
Now, for symmetric matrices, we define the vector sy, € R< to be the diagonal of S, and for
skew-symmetric matrices we define Sgew € RL4/2] to be [s1,892, -, SLd/gJ]T. In App. C.2 we show
that for symmetric matrix Z, the corresponding vector form z satisfies

M
2TQz = sg;mZM?stym, (124)

i=1
where M; = VT A,V the superscript ©* denotes the Hadamard power and ISskew|| = 1. For

skew-symmetric matrices, we define for 1 < ¢,p < |d/2]
Titpp) = Mippe—1,20-11M (2020 — M 20—1,2p) M i [20-1,2p) (125)

Namely, T'; € RL4/2]x1d/2] s the determinant of each 2 x 2 block of M + without overlap. We show
in App. C.2 that for skew-symmetric matrix Z, the corresponding vector form z satisfies

M
zTQz = 2.95(eW Z T; Sskew, (126)

i=1

where ||Sgew|| = 1/v/2. Let us define the projection matrix P € RL%/21%d a5

110 0 0O --- 0 O

11001 1 0 --- 00
P ﬁ : (127)

o 00 o0 0 -+ 11

This matrix is semi-orthogonal, i.e., it satisfies PPT = I. Note that

1
{PM?QPT} on 2 (M?[2€—1,2p—1] + M50 195 + M7 90105 + M?[zz,g;;]) . (128)
Therefore, for all ¢, p and ¢ we have
o] < [PMEPT] o (129)
P
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Now, given orthogonal matrix V, for all sgqe, € RL%/2) such that | Sskew|| = 1/ V2, we set u =
V284w and then

M
T 2 :
2s skew Ti Sskew
i=1

M
ul E T,u
i=1

d d M
< ZZZ || |Ti [&p}| |y
¢

1 p=1i=1

d M

d
<X 33 tud [PMEPT] b
e ,

=1p=1i=1

M
< Amax (Z PM§92PT>

=1

M
= Amax <P <Z M?2> PT>
i=1
M
< Amax (Z M?2> : (130)
1=1

where in the last step we used the Cauchy interlacing theorem (a.k.a. Poincaré separation theorem).
Thus, for every Sgew € R%/2) such that || Sskew|| = 1/4/2, which corresponds to a skew-symmetric

matrix Zgew, we can always find sgyy, € S4=1 (the top eigenvector of Zi\il M ?2) which corresponds
to a symmetric matrix 2y, with the same basis V' such that

T T
’zskerzskew’ < ZsmeZsym~ (131)
Therefore, the principal eigenvector of @ corresponds to a symmetric matrix rather than a skew-

symmetric one. Denoted the principal eigenvector of @ by z and let Z=VS VT be its spectral
decomposition. Set

M
v=Y"M" st M=V AV. (132)
i=1

Since @ is symmetric, then by the spectral theorem we have that all its eigenvectors and eigenvalues
are real, and they are given by the quadratic form using the corresponding eigenvectors. Thus,

p(Q) = |27 Q%]
M - o2

= ésymZMi és}’m
=1

_ 5T ps
SR e

d d
E ,E :gsymyi‘l’[l’,jlgwm,j

i=1 j=1

d d
<D Baymal i gy [3gym il
i=1 j=1

= |'§sym|T v |'§sym‘

=3:7Qz, (133)

. o T
where z = vec(V|S|V ). Namely, the vector 2 that corresponds to the matrix built by the element-

wise absolute value of the spectrum of Z yields a greater or equal result than the spectral radius of
Q, while still having a unit Euclidean norm. Thus, if 84ym 7 |Ssym| then both Z and 2 are principal
eigenvectors (or else we get a contradiction). Note that vec ™! (2) is in fact a PSD matrix. Therefore,
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there is always a principal eigenvector for @@ which corresponds to a PSD matrix. Additionally, since
max; [\ (Q)| = p(Q) = 27 Q%, then % is also a top eigenvector which corresponds to Amax (Q),
i.e., P(Q) = Amax(Q)

C.1 PROOF OF PROPOSITION 4
Let (), z) be an eigenpair of Q, i.e., Qz = \z. Set Z = vec™!(z), then Z satisfies
AZ = vec t(\z)
= vec H(Q2)

M
= ZAiZAi. (134)
i=1
Now, by taking a transpose on both ends of this equation we have

M
AZT =) ATZTAT
i=1
M
= Z A ZTA, (135)
i=1
where in the last step we used the fact that { A;} are symmetric. Thus, we have that vec(Z7) is
also an eigenvector of Q. If A has multiplicity one, then it must be that Z* = +Z, i.e., symmetric

or skew-symmetric matrix. If the multiplicity is greater than one and Z T # +Z, then any linear
combination between Z and Z™ will also be an eigenvector corresponding to \. Particularly,

21:%(Z+ZT) 22:%(Z—ZT). (136)

Now, Z; and Z, are symmetric and skew-symmetric eigenvectors, which correspond to A. This
procedure can be repeated while projecting the next eigenvectors of A onto the orthogonal complement
of the already found vectors, until we find all the eigenvectors of A. In this way, we can always find a
set of eigenvectors that is comprised solely of symmetric and skew-symmetric vectors.

C.2 QUADRATIC FORM CALCULATION FOR SYMMETRIC AND SKEW-SYMMETRIC MATRICES
Let z = vec(Z), and assume that Z = V.SV'" where V is orthogonal matrix. Then
2TQz = [VGC (VSVT” ' Q vec (VSVT)
= (V& V)vec(S)]"Q(V & V)vec(S)
= [vec (S)]" (VT ® VT) ﬁl: A, A, (v ® V)vec (S)
y i=1

= [vec (S)]T Z (VTAiV) ® (VTAiV) vec (S)

i=1

M
= " [vec(S)]" M; ® M; vec(S). (137)

=1
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Now, for each i € [n] we have
d?  d?
[vee (8)]" M; @ M vee (8) = > Y [M; ® M), vec(S),, vec (S),,. (138)

m=1 k=1
Setm = d(mg — 1) +mq and k = d(ke — 1) + k1 where my, mo, k1, ko € [d], then
d d d d

[vec (S)]TMi ® M vec(S) = Z Z Z Z M, [m2’k2]Mi [ml,kl]S[mQ,ml]S[kz,kl]-

m2:1 m1:1 k‘,2=1 k1=1

(139)

C.2.1 SYMMETRIC EIGENVECTORS

Assume that Z is symmetric, then S is a diagonal matrix. Therefore, we only need to consider the
terms in the series above for which m; = mg =pand k1 = ky = /L.

d d d d
SN Mg M 0SppSia =D > M, 4SampSsymi = SamM P sqym.  (140)

p=1¢=1 p=1¢=1
Overall,
M
2'Qz = s}, Z M54y (141)
=1

C.2.2 SKEW-SYMMETRIC EIGENVECTORS

Assume that Z is skew-symmetric, then S is a block diagonal matrix, where each block is 2 X 2 in

the form of
[ 0 SOJ} (142)

—5,
If the dimension d is odd, then S has a row and column at the end filed with zeros.

In this scenario, we have four different cases to consider.

CaseI:m1:2p—1, m2:2p, k1:2£—17 k2:2£.

[d/2] [d/2] [d/2] Ld/2]
Z Z M; [2p,ze]Mi [2p—1725—1]S[2p72p—l]s[2€,2€—1] = Z Z M, [2p,2£]Mz‘ [2p—1,2¢—1] Sskew,pSskew, £+
p=1 (=1 p=1 (=1
(143)
Case II: mq :2p, meo :2])71, ]{31 :2671, k2:2€.
[d/2] [d/2] Ld/2] [d/2]
Z Z M 2p—1.20M ;i 2p,20-11S2p—1,2p)S[20,20-1) = — Z Z M 12p—1,20 M ; [2p,20— 1] Sskew,p Sskew, £ -
p=1 (=1 p=1 (=1
(144)
Case I1I: mi = 2p — 1, meo = 2p, kl = 26, k2 =2/ —1.
[d/2] |d/2] Ld/2] [d/2]
Z Z M; [2p,2271]Mi [2p71,2£]S[Zp,prl]S[Qefl,QZ] = - Z Z M; [2p,2£71]M72 [2p—1,2£] Sskew,p Sskew, £+
p=1 (=1 p=1 (=1
(145)
Case IV: my = 2p, mo = 2p— 1, kl = 2& k‘2 =20 —1.
Ld/2] |d/2] ld/2] |d/2]
Z Z M; [2p—1,2€—1]M'L [2p,2[]S[Qp—l,Qp]S[Ql—l,Ql] = Z Z M; [2p—1,2€—1]Mi [2p,2¢] Sskew,p Sskew £ -
p=1 (=1 p=1 (=1
(146)
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Summing over all these cases we get
M |d/2] |d/2]

ZTQZ = Z Z Z 2 (Mz [215—1,2p—1]M¢ [2¢,2p] — M; [24—1,2p}M¢ [22—1,2;;]) Sskew,p Sskew, ¢
i=1 p=1 (=1

M |d/2] |d/2]

= 22 Z Z Ti [p,(]sskew,psskew,ﬂ

i=1 p=1 ¢=1

M
=2 5GeTiSukew- (147)
i=1

D PROOF OF PROPOSITION 1

Here we focus on interpolating minima for simplicity. A similar proof can be derived for regular
minima. To begin with, note that (see (91))

e (€)= 2 ((€2) D () ). (148)
Additionally,

1 n
D=(-pH®H+p-S H,® H,
(1-p)H® ern;1 ®

1 n
= H®H+pE, (149)
where E 2 1S (H;—H)®(H,;—H). Lety € ¥~ be the top eigenvector of (C'2 ) D(C?)1,

l —
then since (g% )Tb(C H )T is symmetric we have
it (€)' 2 (4)]) =07 () (552) (4] v
o fos]

In App. D.1 we show that y has the form of y = CZu such that vec1(u) € S, (R?*9). Plugging
this into the equation above we get

(R e P ORI CORE
= ’LLTPNJ_(C)EPNJ_(C)U
=u'FEu, (151)

where in the first step we used the fact that C' is symmetric. Additionally, in the second step, we used

the fact that C'? (c H )T and (C 3 o 7 are projection matrices onto the column space of C. Since
the null space of E contains the null space of C, we have that these projections can be removed
(see App. B.6). Note that vec™!(u) is PSD, and let V' S VT be its spectral decomposition, then in
App. C.2 we show that in this case

y. (150)

w'Bu=s") Ms, (152)

i=1

where M; = V' (H; — H)V and s is a vector containing the eigenvalues of vec™'(u). Since
vec™!(u) is PSD, we have the right-hand side of (152) is a sum over non-negative terms. Namely,

%Amax ((cé>T D (C%)T> — uTEu=sT iMEﬂs > 0. (153)
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Therefore, Amax (CTD> is monotonically non-decreasing in p, which means that 7}, =

2/ Amax (C TD) is monotonically non-decreasing with B.

D.l TOP EIGENVECTOR OF (C?)TD(C?)f

Using the stability condition of Ma & Ying (2021), we have that {E[||@; — 8||?]} is bounded if and
only if (see proof in (Ma & Ying, 2021))

Tesy (R 1Zllg

Let us repeat the same steps from Sec. 3.3 but without relaxing the constraint of PSD matrices.
Applying Thm. 6 we get that the maximizer for (154) is the top eigenvalue of Q) which corresponds
to a PSD matrix. Then,

u'Qu=1-2nuTCu+n*u"Du<1 (155)
holds for any w € S*"~! such that vec ™! (u) € 84 (R?*%) and u ¢ N'(D), if and only if
2
SV Mvar> (156)
where .
D
A" = sup Y vec !(u) € S (R and u ¢ N(D). (157)

wesd? -1 uTCu

(Note that u € N'(D) do not contribute any conditions on the learning rate, and therefore can be
ignored - see App. B.7). With some algebra (see (87) and (88))

1 T 1 T 1
A= max y' (C”?) D (CE) y st y=(C2u)andvec '(u) € Sy (R*?). (158)
yeSdz—l

Since the alternative form of 7, . in (156) has to be equal to the definition in (13) (or else we will get

a contradiction), we get
f i
Amax ((Cé) D (C%) ) — ", (159)

Namely, the top eigenvector y of (C’% )TD(C% )T has the form of y = C'%u such that vec™! (u) €
8+ (Rdxd).

E PROOF OF PROPOSITION 2

Here we focus on interpolating minima for simplicity. A similar proof can be derived for regular
minima. Let {f;} and {k;} be i.i.d. random variables such that 3; ~ Bernoulli(p) and x; ~
U{1,...,n}), then

i if B =1,
B 160
%t {{17 ..,n} otherwise. (160)

Let us consider the following stochastic loss function

4 1
L£i(0) = — £;(0 161
t( ) |§Bt| Z J( )7 ( )
JEB
and define the following notation
Ui
A =1—- — H,. (162)
P
First, for interpolating minima we have
t 1€EBy
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Thus,
31 =E

:(9t+1 —0%) (0141 — 9*)T]
—E [At 0, —07) (8, — 6" At}

—E :AtIE [(et —0") (0, — 0*)T‘%t] At}

~E[AE |6, -0 (0. -0")"] /]
—E[ASA]. (164)
Using vectorization we get
vee (Biq1) = E[A: ® Ay vec (Z4). (165)
Let us compute this term.
E[A; ® Ay =P (B = 0)E[A; ® A¢|B: = 0] + P (B = 1) E[A; ® Ay|B; = 1]
=(1=p)Q(n,B=n)+pQ1nB=1)
=(1-p)x{T-nH)® (I —-nH)+px %Z(I —nH;)® (I —nH;). (166)
i=1
This is the same matrix that we had for mini-batch SGD with batch size B such that p = #i).
Therefore, the stability threshold is the same.

F PROOF OF PROPOSITION 3

The stability threshold given by Theorem 3 and Theorem 4 is

Mar = S (167)
A (CTD)
where
C*EHEBH D=(1-p)H®H + liH@H (168)
- 2 b - p pn Pt 1 1

This threshold corresponds to a necessary and sufficient condition for stability. Here we derive
simplified necessary conditions for stability. In App. B.7 we show that

P TC
. inf {“T“} (169)
Ama (C1D) " wes tuga(p) L u! Du

We shall upper bound the stability threshold by considering non-optimal yet interesting vectors .

Specifically, in the following we look at u = Vyax ® Umax, Where v is the top eigenvector of H,
and u = vec(I) to obtain the results of Proposition 3.

F.1 SETTING ¥ = Vmax ® Umax
Letu = v ®@v ¢ N (D) where ||v|| = 1, then

uw'Cu=_—u'"(HI+I® H)u

(0T @vT) (Hol)(vev) + (v @v") (I o H)(vowv)]

[('UTH'U) ® (vTv) + (vTv) ® (UTHU)]

| =N~ N~ DN

[(’UTH'U) RKI1I+1® (’UTH’U)]

S o
H
A
¢

(170)
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Similarly,

(171)

And again

=1

=15 (0 Hw). (172)

Thus,

= (1= p) (0" HY) 2 Y (0T Ho)’

—

(vTH;v — (v"Hv))”. (173)

Therefore, for general u = v ® v we get

uTCu 20T Ho

var < 2 = . 174
Thvar = 0T Dy (vTHv)?2+ 237" (vTH;v — vTHv)? (174)

Specifically, for 4 = Vmax ® Vmax We get

2)\Inax(H)
A2 (H) 4+ p2 S (0F Hivmax — Amax (H))?

(175)

Mar <

Finally, from (174) we get the following result which we used in Sec.4.

LS (wTH;v — vTHv)?
v Hv '

2
AInax (CTD) = > UTHU +p (176)

nvar

Since this inequality holds for every v ¢ N (H ), we can take the maximum to obtain (24).
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F.2 SETTING u = vec (I)

Let u = vec(I) ¢ N'(D), then
uTCu = %uT(H®I+I®H)u
% (vee ()] (B @ T vee (1) + [vee (1)]" (I & H) vec (1))
% (Te(HT) + Te(H))
=Tr(H), (a77)

where we used (P4). Moreover,
uT (H® H)u = [vec(I)]" (H ® H) vec(I) = Tr(HH?T) = ||H||12T
Similarly,

ub (H; © Hy)u = [vec (I)]" (H; © H;)vec(I) = Te(H;H}) = || H;||3.

1 n
w'Du=(1-pu" (HoH)u+p- Y u"H;® Hu
n
i=1

1 n
= (1=p) [ Hz+p- > [1Hilly (178)

i=1

Therefore,
Tc 2Tr(H
n:ar < 2UT y = 2 r( 1) n 2" (179)
urDu (1_p)HHHF + Dy Zi:1 ||Hz||F

G PROOF OF THEOREM 5

In this section, we use the following result on the Moore—Penrose inverse of a sum of two matrices.

Theorem 7 (Fill & Fishkind (2000), Thm. 3). Let X,Y € RP*P with rank(X +Y') = rank(X) +
rank(Y"). Then

(X+Y) =1 -L)X"I-0)+LY'O, (180)
where ; :
L= (PR(YT)PRJ_(XT)) and O = (PRJ-(X)PR(Y)) . (181)
Moreover, we use the following relations.
R(D) = R(Pyx+ () @ Prnr(m),
R(C) =RU = Py () ® Pym)),
R(Pnp)C) = R(Pn(rr) @ Parr(my + Py ® Par(ary)- (182)

The dynamics of uj- and ;" are given by (see (53))

H’It‘rl _ = IJ’# 0
(vec (2;_0) = <vec (Ef)) * (vec(Ej) : (183)
where
= _ ( PNJ_(H) — 77H 0 )
— (PNJ_(H) ®PNJ_(H)) (E ['U#‘ & At] +]E[At ®’U§']) (PNJ_(H) ®PNJ_(H)) Q
a (B B

== =7). 184
(-52,1 :2,2> ( )

34



Under review as a conference paper at ICLR 2024

In App. B.8 we show that if 0 < n < n},, then the spectral radius of = is less then one. Therefore,
the dynamical system is stable, and the asymptotic values of ;- and ;- as ¢ — oo are given by

. ui _ _—1 0
tliglo <Vec (%Jj)) =(I-8) (vec(Ej)) : (185)

Using the inversion formula for block matrix and the fact that Z; » = 0 we have that

Therefore,

lim i (I =8y)! 0 I 0 0
t—oo \ VEC (2;_) B 0 (I — 5272)_1 5271 (I — 51’1)_1 I vec (2;‘)

(187)

Il
7N
—
~
|
(1
-
—
|
-
~
|
I
oo
©
N—

L
~——
TN

<
@
o
—
o
\g

'_

"

Namely,
: . -1
tllg)lo pi =0  and tllglo vee (B7) = (I — Pyr(p)Q)  vee (Zy). (188)
Now,

(I-Pyrp)Q) ' = (I - Prrp)Q)'
= (Px(p) + Pys(p) — Py ()@Q)'
= (Px(o) + Pyipy T - Q)" (189)

N(D)
Letus apply Thm. 7 on (Pp+P 1 (py(I-Q))". Here, X1 = Pyypyand Y1 = Py (py(I-Q).
Note that R(X 1) = R-(D) and R(Y1) = R(D) and therefore rank(X; +Y;) = rank(X ;) +
rank(Y'1). Additionally,

Pryry=Pyip), Prixry=Pyrp), Prix,)=Pnxip) Prr,) =Py
(190)
Hence,
1 .
Ly = (PranPrexn)) = (Paio)Pusoy)’ = Paio),
0. = (PRHXl)PR(Yl))T = (PNJ-(D)P/\/’J-(D))T = Py (p)- (191)
Therefore,
(I- P./\/'J-(D)Q) = (Pxpy + Pyrpy I — Q))
=(X1+Y))f
=(I-L)XI(I-0)+LYlO;
= (I - Pni(p))(Pn(p) (I = Pyni(py)
T
+ Prrp) (Pyrpy(I—Q)) Prrpy
= I — Pyxr(p))Pnp)(I — Pyr(py)
T
+ Py (py (PyrpyI — Q) Pyo(p)
i
= Pn(p)+ Py1(p) (Py1(p)(I — Q) Pryr(p), (192)
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where in the third step we used Thm. 7. Thus we get the following intermediate result
. -1
Jim. vec (EH) =T - Pyr(p)Q)  vec(Zy)
= (P,/\/(D) + PNJ_(D) (PNJ_(D)(I — Q))T PNJ.(D)) vec (Zt)
T
= Py1(p) (Pyr(py(I = Q) Pyr(pyvec(X3), (193)

where in the final step we used P r(pyvec(2;) = 0. Now, note that R(P nr(p)C) = R(P () @
P_N’J_(H) + PNJ_(H) ® P/\/’(H))’ whereas VeC(E;‘) S R(D) = R(PNJ_(H) &® P/\/’J_(H)) and
therefore (P r(p)C)tvec(E;) = 0. Hence,

lim vee (35¢) = Py (p) (Pars(py (I = Q) P (pyvee (5)
— ((QUPN(D)C)T + Prrip) (Promy(I - Q) PM(D)) vec (22). (194)

Let us apply again Thm. 7 but in the other direction. This time, X2 = 2nP,/(p)C and Y, =
PNJ_(D)(I—Q). Note that R(X 2) = R(P () QP 1 (g +PNJ.(H)®P/\[(H)) and R(Y o) =
R(Pnrr () ® Ppropy) and therefore rank(X o + Y'p) = rank(X ) + rank(Y ). Additionally,

Proyry =Py © Pyrm),

Priyvy) = Pyya) @ Py(my,

PR_L(X;F) = P/\/(H) ® PN(H) + PNJ_(H) ® PNJ_(H),

Pry(x,) = PnxE) @ Py + Py ©@ Py (195)

Hence,

Ly = (PR<YE>P7HX§>>T
= (Prs (e @ Pocs ey (Poven @ P + Py © Povqany))|
=Py @ Py
= Py (D)
0> = (Prr(x)Pr(vs)'
= (P ® Paen + Py @ P (an)) P ) © P any)|
= Pyian) ® Pacs sy = Pt (), (196)

Moreover, since R(X2) = R(Pa(a) ® Py + Pyray ® Pamy) and RH(Y2) =
R(P/\/(H) & PNJ-(H) + PNJ_(H) ® P/\/(H) + PNJ_(H) Y PNJ_(H)) we have that R(X2) C
R*+(Y2) = N(D). Therefore,

(I-Ly)X5(I-05) = (I - Pyr(py) X4 (I - Prri(py) = ProyXoPupy = X4 (197)
Therefore, applying Thm. 7 we get
(20Px0)C)" + Prrsp) (Pya(py(I = Q) Pavsp)

= X!+ LyYlo,
= (I = L) XH(I — 05) + LyY'10,
=(X2+Y))!
= (20Pnp)C + Pyipy (I - Q)

= (2nPnp)C + 20Pp1(p)C — 772PNJ-(D)D)T

— (2nc —*D)". (198)
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where in the second step we used (197), and in the third step we used Thm. 7. Overall, together with
(63) we get

lim vec (%;) = (2nC — nQD)Tvec(Zf,)

- - (717 (20 — nD)T) (n2p vee (S2))

=np (20 — 77D)]L vec (2;‘) . (199)

H PROOF OF COROLLARY 1
From Thm. 5 we have that if 0 < 1 < n{,, then

lim vec (}) = np (2C — nD)" vec (=5), (200)

t—o0

Using this result, we prove Corollary 1.

First statement. If 0 <7 < 7},, then by Prop. 5
: L pg*Ll)2] — T 18 L
Jim B0 07 |] = (vee (1)) lim vee (7)

= (vec (I))" (np (2C — nD)" vec (E;))

= np(vec (I))*(2C — nD)Tvec (=5)- (201)

Second statement. Similarly, let us compute the limit of the expected value of the loss function to
obtain point 2.

lim E [£(0,)] — £(6%) = J lim E[(6, — 0°)"H(8, — 0°)]

t—o00 2 t—oo

1. . "
=5 im E [(0: — 0" ) P (g1 HP o (51)(0¢ — 67)]

t—o0

= L i E[(6F — )" H(6: — 07

2 t—oo
1 , . .
ST (HtlggoE () —0*-) (61 — 0 L)TD

~ (H lim 2;)
2

t—o00

1 T ;. R
= (vec (H)) tlgxolo vec (27°)

2
= L (vee (D) (p (2C — nD)' vee (53))
= %WP(VGC (H))" (2C - nD)Tvec (E;) . (202)

Third statement. Finally, we prove point 3. The gradient of the second-order Taylor expansion of
the loss is given by

VL(O)=H (6 —-6%). (203)
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Therefore

i || w200

2
= lim E (0 — )T Pprs gy H>Ppr (51(0, — 6%)]
— tligloE [(02_ _ H*J'>TH2(0;' _ 0*4_)]
_ (H2 lim E[(6; — 6"+)(6 — a*L)T})
—Tr (H2 Jim 2;)
= (vec (HQ))T Jim. vec (=)
= (vec (H?))T (np (2C — nD)" vec (2;))
= np(vec (H2))T(20 - nD)Tvec (2;) ) (204)

I RECOVERING GD’S STABILITY CONDITION

In this section we show how our stability condition for SGD reduces to GD’s when B = n. In this
case p = 0 and thus

1
C=;HoH  D=HoH (205)

For simplicity, here we assume that H has full rank, where the case that H has null space requires
minor adjustments. Let H = VAVT be the eigenvalue decomposition of H, where vvT =
V'V =1, then

c-lmon
- (HeI+HaI)
((VAVT) ® (VVT) + (VVT) ® (VAVT))

((V@V) (A®I) (VT®VT) L (VeV)I®A) (VT®VT))

N RN~ DN~ N

—~

1 1
V®V)(2A®I+21®A)(V®V)T. (206)

Note that
VeI (VeV)= (VT ® VT) (Vev)= (VTV) ® (VTV) —Iel=1I (07

i.e., (V ® V) is an orthogonal matrix. Since 3(A ® I + I ® A) is diagonal, then the last result in

(206) is an eigenvalue decomposition of C'. Similarly,
D=H®H
= (vavT) e (vavT)
—(VaV)(A®A) (VT®VT)
—(VoV)(ARA) (VeoV)". (208)

We have that C and D have the same eigenvectors. Thus, set A\¢ = Ay ;) = A\¢(H ), and define

1
fa) = {5’ rre 209)
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Then .
Amax (C1D) = Af (= +20) ) b 210
(©2) = sy s (300) } o
Note that the objective vanishes whenever A\, = 0 or A\, = 0. Restricting to only positive eigenvalues
gives
Amax (CTD) — max {W} . @11)
Xexp>0 [ 5(Ar 4+ Ap)

Additionally \/A¢A, < 2(A¢ + Ap) holds for all Az, A, > 0, therefore

A s YA VA
SO+ ) % )\e + ; )
< VA
< Amax- 212)
Yet, for Ay = A\, = Anax We have that
: AeAp = Ao (213)
§(>‘€ + >‘p)
Hence we have Al
i — £Ap —
Amax (C'D) = ﬁ%o{; Dot Ap)} Ammax (H). (214)

J ADDITIONAL EXPERIMENTAL RESULTS AND DETAIL

In this section, we complete the technical detail of the experiment shown in Sec. 4. For the experiment,
we used a single-hidden layer ReLU network with fully connected layers (with bias vectors). The
number of neurons is 1024, and the total number of parameters is 807, 940. We used four classes
from MNIST, 256 samples from each class, with a total of 1024 samples. To get large initialization,
we used standard torch initialization and multiplied the initial weights by a factor of 15. The maximal
number of epochs was set to 4 x 10%. If SGD did not converge within this number of epochs, then
we removed this run from the plots.
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Figure 3: Sharpness vs. learning rate. Additional results for the experiment in Sec. 4. These five
figures complete the results of Fig. 1. Here we see that SGD with big batch sizes behaves like GD.
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