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Abstract

Quantum computing utilises the fundamental
properties of quantum mechanics to carry out
computations. The quantum circuit complexity of
a computation has embedded information about
important questions in many-body physics. In this
paper, we train a reinforcement learning agent to
synthesise quantum circuits that retrieve the time
evolution operator of the transverse field Ising
Hamiltonian from a simple starting state. We
formalise the problem as three Markov Decision
Processes and show that the tensor network imple-
mentation outperforms other implementations and
accurately encodes information about the phase
transition boundary of the Hamiltonian by show-
ing a stark decrease in circuit complexity at the
transition point.

1. Introduction

Quantum computing exploits the properties and peculiari-
ties of quantum mechanics to undertake some computational
tasks faster and more efficiently than classical computers
(Shor, 1997). Similar to classical computing, quantum com-
puting algorithms rely on circuits' to carry out computation.
Handcrafted heuristic methods of circuit discovery are often
inefficient and not scalable, paving way for research in au-
tomated circuit discovery using machine learning methods
(Zen et al., 2025). Wang et al. (2025) have shown that a ten-
sor network representation of quantum computation proves
to be more accurate than other representations when training
a reinforcement learning model on circuit generation.

The complexity of a quantum circuit is just the number of
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"Paradigms which stray from the circuit model of quantum
computation exist, like Measurement Based Quantum Computa-
tion (MBQC), where computation is implemented as a series of
measurements on a cluster of prepared qubits.

gates implemented in the circuit. Although a simple count-
ing problem, quantum circuit complexity provides insight on
important problems in physics. Susskind (2016) proposes
that the circuit complexity of a boundary quantum state is
dual to the volume of the interior of the corresponding black-
hole?. In many-body physics, some phase transitions are
invisible to local order parameters (Hastings & Wen, 2005)
and require information about global properties: informa-
tion encoded in quantum circuits.

In this work, we train a reinforcement learning agent on
quantum circuit discovery for estimating the time-evolution
operator for the transverse field Ising Hamiltonian with
a known phase transition. Theoretically, quantum circuit
complexity remains low before and after the phase transi-
tion, with a spike during the phase transition. We approach
this problem in a similar fashion to Wang et al. (2025), by
training on three different discovery modes, namely direct,
reverse, and tensor network. We observe that while direct
and inverse methods fail to capture information about the
phase transition, the tensor network representation shows a
peak at exactly the phase transitions, empirically showing
that the unsupervised framework has learnt circuit complex-
ity as a perfect order parameter carrying information about
the phase transition.

2. Problem Formulation
2.1. Task : Time Evolution Operator Synthesis

Given n qubits |qo, g1, 92, ---4(n—1)) = [0,0,0,...0) and a
universal gate set G = {H, T, CNOT, R, ()}, find a quan-
tum circuit which implements the time evolution operator:

U(J,t) = e H)

where H (J) is the transverse field Ising Hamiltonian:
H(J)=-JY ZiZis1—» X

Therefore, circuit complexity is a metric encoding geometric
properties in bulk space-time.

3Circuit complexity is proportional to correlations and sym-
metry. Before the phase transition, the system has very small
correlations and no symmetry, and becomes highly symmetric and
correlated after.
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where Z; and X, are the Pauli matrices. For n = 2 qubits,
U(J) is a unitary matrix, computed by expanding H(J) =
—J(Zy® Z1) — (Xo® Ih) — (Ip ® X1), giving us:

-J -1 -1 0

-1 J 0 -1
-1 0 J -1
0o -1 -1 —J

H(J) =

The time evolution operator can be obtained by diagonalis-
ing H(J):

H(J) =V -diag(Xo, A1, Az, A3)VT

U(J,t) = Vdiag(e™ 0t et o=ttt o=idatyy/T

Where \; is the ith eigenvalue of H(J). Since H (.J) is her-
mitian, it admits a unitary eigendecomposition. For n = 3,
we arrive at the expression for the Hamiltonian:

HJ)=-J(Z0Z0l+1RZ Z)
—(XQIQI+IX0I+I®1®X)

Which can be be diagonalised and used to find U(J) in a
similar fashion.

2.2. Circuit Synthesis Models

We model the problem as three variants of a Markov Deci-
sion Process (MDP), closely following Wang et al. (2025).

2.2.1. FORWARD DISCOVERY

We define an action space A = {H,T,CNOT, R.(6)},
where H = {H;} = {Ho,Hi,Hs....H,_1} is the
Hadamard gate applied to the ith qubit, T = {T;} =
{Ty, T1,T5..., Tr,—1 } is the phase shift gate on the ith qubit,
CNOT = {CNOT;;} is the controlled-NOT gate applied
to the jth qubit with the ith qubit as control, and R, (0) =
(R0} = {RV(0), R (9), R (6)..., RV ()} is
the rotation gate applied to the ith gate with angle 6. To-
gether, this corresponds to a universal gate set.

We also define state space S with the initial state Uy = I,
where [ is the identity matrix. For an action a € A, the
state S changes as S’ = AS, therefore, the state space is a
tree. The connecting lines from one node to another in S is
an action chosen from A.

For example, in a setup with n = 2 qubits, if the target
matrix is the Bell state | &) = %(\00) +[11)), the optimal
trajectory to reach target matrix S € S is {H,CNOTp, },
representing the final state (C NOTp1 (H ® I)) |00).

“These actions are enough to reach any target state.

Figure 1. State tree for the Markov Decision Process defined from
initial state to Bell State for n = 2 qubits.

Sy = (Ho ® I)S,

1 0 1 0
1 o1 0 1
1o -1 o0
01 0 -1
Si1.3) = CNOTp, Sy
1.0 00 10 1 0
1 lotoollor 0o 1
v210 0 0 1 1 0 -1 0
00 10 01 0 -1
Where S(15 = [®F). In the action set Ac =

{Hy, Hy, Ty, Ty, CNOTy1, R (), R1V (0)}, Hy corre-
sponds to first action in the set, and C' N OT corresponds to
the fifth. Therefore, (1,5) are the required actions, as shown
in Figure 1.

The reward function for the task of finding the Bell state
from identity at state Sp is

R(s, a) 100 if s = S7 and a = CNOT;
s,a) = .
0 otherwise

2.2.2. REVERSE DISCOVERY

The previous formalisation has the disadvantage of requiring
retraining for different target states. This problem can be
solved training on the inverse problem: given target state U,
which inverse gates need to be applied to reach I?

We  define an  action space  A! =
{H=Y, T~1,CNOT, R.(—0)}, where H~! = {H; '} =
{Hy', H{ Y Hy ..., H '} is the inverse of the
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Table 1. Comparison of the three discovery modes on simple tasks

TARGET DIRECT REVERSE TENSOR NETWORK ACTION SET

BELL STATE |®1)  86% 85% 100% {Ho, H1,To,T1,CNOTo1,CNOT10}
BELL STATE |®7) 41% 25% 94% {Ho, H1,To, X0, X1,CNOTo1 }

BELL STATE |\IJ+> 55% 53% 95% {Ho,Hl,TmXo,Xl,CNOTol}

BELL STATE |\I/7> 5% 4% 15% {Ho,Hl,To,Xo,Xl,Zo,Zl,CNOT()l}

Hadamard gate applied to the ith qubit, 7= = {7, '} =
{T0_17T1_1,T2_1...,Tn,1—1} is the inverse phase shift
gate on the ith qubit, CNOT = {CNOT;;} is the
controlled-NOT® gate applied to the jth qubit with the
ith qubit as control, and R.(—0) = {R"(-6)}

(R (=0), RV (=6), R (=0)..., "V (=0)} is the

inverse rotation gate applied to the ith gate with angle —6.

Together, this corresponds to a universal gate set®.

Figure 2. State tree for the Markov Decision Process defined from
Bell state to initial matrix for n = 2 qubits.

We also define state space S~ with the initial state Uy = I,
where I is the identity matrix. For an action a e AL,
the state S~! changes as S’~! = A~1S~1, therefore, the
state space is a tree. The connecting lines from one node to
another in S is an action chosen from A.

For example, in a setup with n = 2 qubits, if the initial
matrix is the Bell state |®1) = %(\00) +|11)), the optimal
trajectory to reach identity matrix I is {CNOTy,', H'},
representing the final state ((H~! @ I)CNOTy,") |®T).
This avoids retraining for different target matrices, since the
task is to reach the identity matrix.

5The inverse of CNOT is CNOT itself.

These actions are enough to reach the initial matrix from any
target state.

The reward function for the task of finding the identity
from the Bell state when the current state is S; ' =
CNOTyY) @) is

R(s,a) 100 ifs=S;"anda=Hy'
s,a) = ]
0 otherwise

2.2.3. TENSOR NETWORK

Figure 3. Tensor network representation for a circuit that generates
Bell states [©F) = —(|00) + [11)) from [00).

Figure 4. State tree for the tensor network circuit discovery model.
There are n elements in the action space, with s being the correct
action.

The tensor network representation of quantum circuits is a
powerful paradigm, where single qubit gates are tensors of
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Figure 5. Circuit depth C'(J) vs. coupling strength J for matrix representation (Direct), reverse matrix representation (Inverse), and

Tensor Network Representation.

order 2, and double qubit gates are tensors of order 4, and a
tensor network is a network of interconnected tensors.

For demonstration, we consider a two qubit circuit with two
gates, with gates G = {H,T'}. The action space is defined
as A = {I’I()7 Hl, TQ, Tl, (f[o7 Ho), (Ho, H1)7 (H(), T()),
(Ho,T1), (Hy, Ho), (H1, Hy), (Hy, To), (Hy, Th),

(To, Ho), (To, H1), (To, To), (T, Ho), (Th, H1), (T1, To),
(T1,T1)}. The state updates as S” = AS. For the Bell state
task, the TN representation and search tree can be found in
Figure 3 and Figure 4 respectively.

The reward function for the task of finding the Bell state
from identity is

R( ) 100 if s = SO and a = (Ho, CNOTOl)
s,a) = ]
0 otherwise

2.3. Reinforcement Learning Models

We use the Q-learning algorithm by Watkins & Dayan
(1992) which updates a Q-table according to the expres-
sion:

Qnew(St,at) (1 —a) - Q(S, ar)
+ (Rt-H +v- mbeQ(StH, a))

Where « is the learning rate, ~ is the discount factor
and Q(St, a;) is the Q-table value. We run the experi-
ment over similar conditions as (Wang et al., 2025) over
a = 0.5;7 = 0.9. We train over 500 iterations for 100
rounds, and measure success ratio over 100 rounds. We
run the experiment over J = {0,0.1,0.2,0.3...1.9, 2}. We
report the accuracies of these three discovery modes as for
the simpler task of finding four Bell States in Table 1.

3. Results

We run the reinforcement learning circuit discovery model
over 1,050,000 episodes for n = 2 qubits for all three for-
mulations (direct, inverse, and tensor network). We measure
the mean circuit depth C'(.J), which is the number of gates

required to retrieve the time evolution operator U (., t) from
|00), where ¢t = 1. Theoretically, the phase transition occurs
at J = 1, where the number of gates required to retrieve J
increases, and then decreases for both J > 1and J < 1.
This relation arises from gapless systems exhibiting a phase
change from a “’disordered” state to an “ordered” state. Dis-
ordered states require few gates because of low correlation
length, and ordered states require few gates due to global
symmetry. During the phase transitions, correlation length
increases, while global symmetry is still low, requiring more
gates.

The reinforcement learning model learns a perfect order
parameter (circuit depth) which carries information about
the phase transition occurring at J = 1, without any super-
vision.

Future Work

In this experiment, only 2-qubit systems are analysed. A
natural extension is to increase fidelity and implement this
formulation to account for higher amounts of qubits. Also
of note is the search space blow-up for this problem, and im-
plementing methods like Monte-Carlo Tree Search (MCTS)
might prove fruitful. It is theorised that peak-to-trough ratio
in C'(J) should increase as a power law of n (Roca-Jerat
et al., 2023), motivating the search of experimental evidence
of the same through TN based RL for circuit synthesis.
Topological phases like the quantum Hall states, topological
insulators, etc. have phase transitions invisible to local or-
der parameters, requiring global information accumulation,
making similar frameworks well suited to study them.
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A. Appendix
A.1. Quantum Circuits and Gates

You can find exposition about how we use the matrix representations of quantum circuits and gates in this section.

A quantum state |¥) € {]0),|1)} can be represented as a matrix.

= @)=

W) = |q0) ® |q1) @ |g2) ... = ® lgi) = |q0, a1, g2---)

For multi-qubit systems,

where the computational formula for the tensor product ® is defined as:

(Ao Ao _ (AooBrmxn AoiBmxn
A2X2®Bmxn_<A10 An 9B = A10Bimxn  A11Bmxn

Therefore, a state |¥) = |001) is:

|0>®|0>®|1><(1)>®((1))®<(1))(0 100000 0

A gate G operates on a state |¥) by G |¥), where both G and |¥) are in matrix form. The matrix form of the gates used in
this paper are given below.

Hadamard Gate (H) : % G _11)

/8 Gate (T) : (é 6i2/4>

Controlled-NOT Gate’ (CNOT) :

oS o o
OO = O
_ o O O
o= o o

Rotation Gate (R, (0)) : ((1) e?@)

. . 0 1 1 0
And the Pauli matrices X = (1 0) and Z = <0 _1>.

"This is a two qubit gate, and only operates on input states of the form |¥) = |¢b1) ® [1)2) = [th12)2)
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