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Abstract

Transformers achieve strong performance across diverse domains but implicitly as-
sume Euclidean geometry in their attention mechanisms, limiting their effectiveness
on data with non-Euclidean structure. While recent extensions to hyperbolic and
spherical spaces show promise for hierarchical and cyclical patterns, respectively,
they require committing to a single geometry a priori, reducing flexibility when
data exhibits mixed geometric properties. We introduce the Curvature-Adaptive
Transformer (CAT), a novel architecture that dynamically learns per-token routing
across three geometric attention branches through a lightweight, differentiable
gating mechanism. Unlike fixed-geometry approaches, CAT enables adaptive ge-
ometric specialization, routing tokens to the appropriate curvature based on their
local relational structure. The routing network provides interpretable curvature
preferences while each branch employs geometry-specific operations optimized
for its respective manifold. On knowledge graph completion benchmarks (FB15k-
237, WN18RR), CAT achieves approximately 10% improvements in MRR and
Hits@10 over fixed-geometry baselines with minimal overhead (5% parameter
increase, comparable inference time). These results demonstrate that learned geo-
metric adaptation outperforms any single fixed geometry for complex relational
reasoning, establishing CAT as a scalable and interpretable foundation for mixture-
of-geometry architectures across language, vision, and multimodal domains.

1 Introduction

Transformers have revolutionized machine learning across domains, including language [1} 2],
vision [3], and scientific computing [4]]. Their success stems from self-attention’s ability to model
flexible relationships through learned query-key interactions. However, transformers implicitly
assume Euclidean geometry, treating tokens as points in flat space, an assumption that may be
fundamentally limiting for data with inherent non-Euclidean structure.

Real-world data often exhibits geometric properties better captured in curved spaces. Hierarchical
relationships in knowledge graphs and taxonomies naturally align with hyperbolic geometry’s expo-
nential volume growth [5], while cyclical patterns in temporal sequences and periodic phenomena are
well-suited to spherical geometries [[6]. Recent geometric deep learning advances demonstrate that
matching model geometry to data structure yields substantial performance gains [7} 8]].

However, existing geometric transformers require committing to a single geometry a priori, failing to
capture the heterogeneous geometric properties that characterize real datasets. Consider knowledge
graphs, which simultaneously contain hierarchical taxonomic relations (hyperbolic-suited), symmetric
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equivalence relations (Euclidean-suited), and cyclical temporal patterns (spherical-suited). Fixed-
geometry approaches cannot effectively model this complexity.

To address this fundamental limitation, we introduce the Curvature-Adaptive Transformer (CAT),
which addresses this through dynamic, token-level geometry selection. CAT extends transformers
with a differentiable routing mechanism that learns to assign each token to the most appropriate
geometric attention branch, Euclidean, hyperbolic, or spherical, within a single forward pass. This
eliminates a priori geometric assumptions while maintaining computational efficiency. Our key
insight is that geometric specialization should be learned, not prescribed. By treating geometry
selection as a routing problem inspired by mixture-of-experts [9], CAT discovers and exploits
heterogeneous geometric structure in complex datasets. Each branch employs principled manifold
operations (Mdbius transformations for hyperbolic, geodesic computations for spherical) ensuring
mathematically consistent reasoning.

Our proposed model architecture carries four critical advantages: (1) Token-level adaptivity enabling
fine-grained specialization, (2) General applicability to any sequential data, (3) Inherent interpretabil-
ity through geometric routing weights, and (4) End-to-end optimization discovering complementary
representations. To empirically validate these advantages, we evaluate CAT on knowledge graph
completion (FB15k-237, WN18RR), achieving ~10% improvements in MRR and Hits@ 10 over
best fixed-geometry baselines with minimal overhead (5% parameter increase, comparable infer-
ence time). We argue that our novel approach represents a paradigm shift from "choosing the right
geometry" to "learning to choose geometries dynamically," establishing foundations for geometric
mixture-of-experts architectures across domains.

2 Background & Related Works

Transformers and Attention Mechanisms The transformer architecture, introduced by Vaswani
et al. [[10]], revolutionized sequence modeling through its self-attention mechanism, eliminating the
need for recurrent or convolutional operations. Built on the principle of "attention is all you need,"
transformers compute attention weights between all pairs of positions in a sequence, enabling parallel
computation and effective modeling of long-range dependencies. The core innovation lies in the
scaled dot-product attention mechanism,

. QKT
Attention(Q, K, V) = softmax | —— | V,
Vg

where queries (), keys K, and values V' are learned linear projections of the input embeddings. The
flexibility to model dependencies has enabled transformer models to underpin SOTA advances in
diverse domains. Yet, the computations underlying transformers implicitly subscribe to Euclidean
geometry, which may not be optimal for some data [[11]], motivating the exploration of geometric
extensions to the transformer architecture.

Geometric Deep Learning and Non-Euclidean Transformers While traditional neural networks
operate in Euclidean space, implicitly assuming flat geometry with zero curvature, real-world data
often exhibits intrinsic geometric structure that can be better captured in non-Euclidean spaces [11].
Recent advances in geometric deep learning have empirically demonstrated that the choice of
geometric space can fundamentally impact model expressiveness and performance [[12H14].

Characterized by negative curvature, hyperbolic geometry naturally represents hierarchal structures
due to its exponential volume growth. Early work introduced hyperbolic embeddings for hierarchical
data by embedding data into an n-dimensional Poincaré ball [5], followed by the introduction of
hyperbolic neural networks [[15]. More recently, Hypformer extended transformers to hyperbolic
space [7l], demonstrating improved performance on hierarchical tasks. However, a critical limitation
of these early methods in that they assume a priori that data exhibits hierarchical structure and
commit to hyperbolic geometry throughout the entire model in hopes of exploiting such structure.

Spherical geometry, with positive curvature, excels at representing cyclical patterns and angular
relationships. Spherical CNN [6] and subsequent transformer extensions [[16} 8] have shown success
in domains with natural spherical structure, such as 360°images[/17]] and climate modeling [18]. Like
hyperbolic approaches, these methods assume uniform geometric structure across the data, and in
turn, committing to exploiting that geometric structure beforehand.



Mixed-Curvature and Adaptive Geometry Approaches Recognizing the limitations of committing
to a single geometry beforehand, recent work has begun exploring mixed-curvature spaces to handle
data with heterogeneous geometric properties. Product manifolds [[19,20] combine multiple geometric
spaces, but require manual specification of the manifold structure and are limited to embedding and
simple generative tasks.

Other works propose learning and adaptively selecting the appropriate geometry for a given setting,
specifically in the context of augmenting graph convolutional networks (GCNs) or graph transform-
ers [21,22]. Cho et al. [22]], for example, introduces a graph-only transformer architecture that learns
a fixed curvature per layer on graph inputs, scaling attention geometrically. To summarize, these
existing approaches are limited to graph-based data modalities and lack the flexibility for per-token
or region-specific curvature adaptation.

Mixture-of-Experts (MoE) and Routing Mechanisms A powerful paradigm for scaling capabilities
of neural network while maintaining computational efficiency, mixture-of-experts (MoE) architec-
tures, originally emerging in the 1990s, hinge on the simple idea of routing inputs to specialized
expert networks based on learned gating functions, enabling conditional computation and expert spe-
cialization [9, [23]]. Previous work has explored leveraging a MoE-type architectures to place graphs
in mixture curvature spaces and shows promise as a direction for future work in graph foundation
models [24]].

In the traditional MoE architecture, the gating function learns to route to discrete experts. However,
recent work has built upon this to develop routing that allows gradient flow through multiple expert
branches simultaneously [25]. We take this approach to mixing experts to allow the model to learn
smooth interpolations between different geometric spaces while simultaneously avoiding the discrete
optimization challenges associated with hard routing [26]].

A limitation of classical MoE architectures, much like many other deep learning approachs, is in
understanding the learned gating function and experts [27, [28]]. By designing experts each specialized
to a specific geometry, we reap inherent interpretability, as the routing weights directly indicate the
geometric properties the model has learned for each token.

Our Contributions Recognizing these limitations of existing learning approaches that seek to
leverage non-Euclidean geometry, we introduce the Curvature-Adaptive Transformer (CAT), which
addresses these highlighted limitations in the following ways:

* Token-Level Dynamic Geometry Selection Unlike fixed-geometry approaches, CAT learns
to route each token through the most appropriate geometric space based on learned structural
preferences, eliminating the need for a priori geometric assumptions, or even educated
guesses. The per-token approach allows for richer granularity in geometry switching.

* General-Purpose Architecture We provide the first general-purpose transformer architec-
ture that integrates Euclidean, hyperbolic, and spherical geometries within standard attention
mechanisms, applicable to any sequential data, such as language, vision, time series, or
graph-like data.

* Interpretable Routing Our routing mechanism is grounded in geometric principles, with
each block corresponding to a specific geometry rather than arbitrary parameter special-
ization, providing clear interpretable insights into the geometric structure of sequential
data.

* End-to-End Optimization All geometric branches and routing weights are jointly opti-
mized, allowing the model to learn complementary geometric representations in a unified
training loop rather than simply ensembling independent models.

Our work represents a fundamental shift from "choosing the right geometry" to "learning to choose
(potentially mixed) geometries dynamically," opening new research directions in adaptive neural
architectures and interpretable geometric representation learning.



3 Curvature-Adaptive Transformer (CAT) Architecture
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Figure 1: CATBlock architecture: Input flows through routing MLP to three parallel geometry-
specific branches, combined via learned per-token weights.

We introduce the Curvature-Adaptive Transformer (CAT), a modular attention mechanism that
dynamically routes token representations through one of three geometry-specific attention branches:
Euclidean, hyperbolic, or spherical. Loosely inspired by the manifold-based operations outlined in
[L1], CAT enables continuous adaptation to the local relational structure of input tokens by learning
per-token curvature preferences.

Given an input sequence X € REXNxd where B is the batch size, N is the number of tokens, and d

is the embedding dimension, computes geometry-specific attention outputs Y9) for g € {E, H, S}
(Euclidean, Hyperbolic, Spherical), and combines them via a learned routing distribution:

o = softmax(MLP (X)) € RBXN*3,
Yb,n,: = Z Qb,n,g Yl(Ji)z,:’
gE{E,H,S}

where oy 5,4 denotes the routing weight for geometry g at token 7 in batch b. Each geometry-specific
branch contains an attention mechanism and feedforward network, described below.

3.1 Euclidean Attention

The Euclidean branch uses standard Transformer components:
ZF) = MultiHeadAttn(X),
H® = LayerNorm(X + Z®)),
Y ®) = LayerNorm(H®) + FF(H®))).

3.2 Hyperbolic Attention (Poincaré Ball)

We use the Poincaré ball model B, = {x € R? : ||x|| < 1/+/c}, with constant negative curvature —c.
Input tokens are mapped to the manifold via the exponential map at the origin:

an = projp, (expo(WyX)),
v = projg_(expy(W,X)),

where exp, maps Euclidean vectors from the tangent space at the origin to the manifold, and projg_
ensures numerical stability. Pairwise attention weights are computed via hyperbolic distances:

A — exp(—dp, (dm,i,9mH,5))
ij

-~ Yeexp(—dp.(qmi, qmk))’
followed by Mobius-weighted aggregation and logarithmic projection back to Euclidean space:

Y = FF { logg | projs, | YAy ©viry | | |
J

where ® denotes Mobius scalar multiplication, and log,, is the logarithmic map at the origin.



3.3 Spherical Attention

For positive curvature, we embed tokens on the unit hypersphere S? = {x € R%*+! : ||x|| = 1}. Each
token is lifted to R?*! and mapped onto the manifold via the exponential map at ;1 = [0, 1] € ST+

X = expﬂ([X; 0]).
Attention weights are computed via spherical similarity (cosine similarity on the manifold):

4 exp((Xi, X))

IS exp(Re Xi))

and outputs are projected back via the logarithmic map and a weighted aggregation:

Y(S) =FF 10g# Z Aij . ij
J

3.4 Geometry Mixing

The outputs Y F), Y ) 'Y (5) are combined through a token-wise convex mixture using the learned
routing weights:
Y=ap0Y® tagoYH tas0Y®),

where oy = . g € REXN*1 and broadcasting is applied over the feature dimension.

3.5 Routing Mechanism: Motivation and Benefits

The CAT introduces a mechanism for dynamic geometric specialization at the token level by learning
curvature-aware routing weights. Instead of committing to a single global geometry, CAT enables
each token to softly select among three attention branches, Euclidean, hyperbolic, and spherical,
allowing the model to adapt its inductive bias based on the local relational structure of the input.

This design is motivated by the observation in prior works that different relational structures are
suited for distinct data topologies [5}[19]]: Euclidean space effectively models flat or grid-like layouts;
hyperbolic space naturally captures tree-like or hierarchical structures due to its exponential volume
growth; and spherical space is ideal for cyclic or angular relationships, as seen in periodic sequences
or directional data. In real-world tasks with heterogeneous or multi-scale dependencies, a fixed
geometric inductive bias can be limiting. CAT addresses this by learning to interpolate geometries in
a data-driven manner.

In CAT, all geometry-specific operations are performed intrinsically within their respective manifolds.
Each branch then maps its outputs back to Euclidean space through the logarithmic map, before
entering any mixing stages. This ensures that intra-branch computations remain geometrically sound,
while the cross-branch combination is well-defined and stable in a shared space. Although this
approach relaxes strict manifold consistency at the point of mixture, it offers a principled and efficient
mechanism for adaptive geometry selection.

Moreover, all operations involved, including exponential and logarithmic maps on the manifolds,
curvature-dependent distance calculations, and attention mechanisms, are differentiable. This makes
CAT fully compatible with gradient-based training and backpropagation. Additionally, because all
three geometric attentions are computed in parallel within the same forward pass, CAT achieves
curvature adaptivity without significant runtime penalties.

Importantly, this multi-geometry design incurs only a modest parameter overhead. The only additional
learnable component is the selector MLP, which is lightweight relative to the rest of the model. This
efficiency allows CAT to scale to large architectures without prohibitive cost.

Empirically, the learned routing mechanism enables the model to identify and exploit the most appro-
priate geometric representation for each token, improving generalization in tasks that feature complex
or mixed relational patterns. Furthermore, the per-token routing weights provide interpretability: they
offer insight into the geometric assumptions the model leverages across different inputs, effectively
revealing how curvature preferences vary by context.



4 Experiments

We evaluate CAT in a controlled, low-parameter setting to assess its geometric adaptability under
tight capacity constraints. Our primary goal is not to achieve state-of-the-art performance, but rather
to demonstrate that CAT provides meaningful improvements over fixed-geometry alternatives. In
other words, we value relative performance gains in our experiments as opposed to absolute numbers.
Nonetheless, we do find that CAT delivers competitive results.

Specifically, we target the link prediction task on knowledge graph datasets as a proxy for more
complex relational reasoning problems. This setup enables clear comparisons across models with
equivalent architecture and parameter budgets.

Our models contain approximately 1M parameters for FB15k-237 and 2.7M parameters for WN18RR,
which aligns with other lightweight Transformer-style models reported in the literature, such as
TransE, DistMult, and RotatE [29H31]]. Even in this compact setting, CAT delivers competitive
performance relative to its parameter count. For instance, on FB15k-237, it achieves comparable
Hits@10 to KG-BERT [32]], a model with roughly 100M parameters, while surpassing it in MRR,
demonstrating that our evaluation reflects meaningful results rather than a mere toy example (KG-
BERT has a Hits@10 of 0.524 and MRR of 0.216, whereas CAT achieves 0.473 and 0.290 in the
same metrics, respectively).

By focusing on compact, single-block architectures, we isolate the effect of curvature adaptivity from
confounding factors such as depth, parameter scaling, or clever training tricks. This small-scale setting
allows us to ask: Does a token-level curvature-adaptive attention mechanism provide tangible benefits
over fixed-geometry models at this scale? Positive results here would support the idea that adaptive
geometry is a meaningful inductive bias, even in low-capacity models, making it a strong candidate
for scaling to more complex architectures and downstream tasks such as classification/processing,
retrieval, and multi-hop reasoning. We evaluate performance on two standard knowledge graph
completion benchmarks, FB15k-237 [29] and WN18RR [33]], comparing CAT to matched, fixed-
geometry baselines that operate solely in Euclidean, hyperbolic, or spherical attention spaces.

4.1 Link Prediction Setup

In the link prediction task, the model is given a partial triple (h, 7, ?) and must score all possible tail
entities. We adopt a standard scoring architecture used across all baselines:

» Embeddings: Each entity and relation is represented by a learnable vector in R, composed
as x = Drop(h + ).

* Transformer block: The composed vector is passed through a geometry-specific Trans-
former block (CAT or fixed-geometry variant).

* Scoring: The output is scored against all entity embeddings via dot product, producing
logits for ranking.

All models share the same embedding dimensionality, dropout configuration, and optimization
hyperparameters. The only architectural difference lies in the use of adaptive versus fixed-curvature
attention mechanisms.

4.2 Baselines
We compare the full CAT model against three geometry-locked variants:

* CAT (ours): Learns per-token routing weights over three geometry-specific attention
branches (Euclidean, hyperbolic, and spherical).

* Fixed-Euclidean: Replaces CAT with standard Transformer attention operating solely in
Euclidean space.

* Fixed-Hyperbolic: Uses only hyperbolic attention with Poincaré ball geometry.
* Fixed-Spherical: Employs spherical attention via cosine similarity on the unit hypersphere.

All fixed-geometry baselines are implemented using the same architecture and composition functions
as CAT, differing only in their geometry-specific attention logic.



4.3 Training Details

All models are trained using standard cross-entropy loss over the entity vocabulary. Given a training
triple (h,r,t), where h,t € £ (entities) and r € R (relations), the model produces a score vector

s € RI€l over all candidate tail entities. The predicted distribution is compared to the true tail entity ¢
via a smoothed cross-entropy objective:

ifi =t
otherwise

|€]
1—¢
Lee = — Z yi logp;, where p = softmax(s) and y; = { R
i=1 [€]-1

with € = 0.1 representing the label smoothing coefficient.

In models using the CAT, we add an auxiliary entropy regularization term that encourages high-
entropy routing distributions ac € RE*N >3 promoting usage of multiple geometries. This regularizer

is given by:
1 e
EentrOPy = ﬁ Z Z Z “Qbng log Xb.ng
b=1n=1ge{E,H,S}

and the final loss becomes £ = L + Aent - Lentropys Where ey is a weight annealed over time.

The entropy regularization is motivated by the desire to prevent premature collapse of the routing
distribution to a single geometry, which could hinder the model’s ability to flexibly exploit the diverse
geometric inductive biases during early stages of training. By encouraging higher entropy, the model
is nudged to explore and utilize multiple geometric representations, fostering richer and more adaptive
feature learning. Over time, annealing A, allows the model to sharpen the routing as appropriate.

For evaluation, we follow the standard filtered ranking protocol: each test triple (h, r,t) is scored
against all candidate tails ¢’ € £, and known true triples (h, 7, t") € Tain U Tyaia U Tiest are masked
during ranking. We report Mean Reciprocal Rank (MRR) and Hits@ 10 as evaluation metrics. Full
hyperparameter settings, optimizer details, and other training settings are deferred to Appendix [A]

4.4 Results on Knowledge Graph Completion

Table 1: Average link prediction performance on FB15k-237 and WN18RR over 50 runs, £ 1
standard deviation. CAT consistently outperforms fixed-geometry baselines on both MRR and
Hits@ 10 metrics. All models are trained to convergence using identical optimizers, schedulers, and
loss functions, with the only modification being the addition of a routing entropy term for CAT.

FB15k-237 WNI18RR
Model
MRR Hits@10 MRR Hits@10
Fixed-Euclidean 0.2706 £ 0.0010 0.4486 +0.0011 0.2161 &= 0.0037 0.4553 + 0.0050
Fixed-Hyperbolic  0.2655 £ 0.0014 0.4276 4+ 0.0024 0.0918 + 0.0051 0.1667 £ 0.0089
Fixed-Spherical 0.2576 £ 0.0008 0.4124 4+ 0.0013 0.0800 + 0.0097 0.1424 £ 0.0187
CAT (ours) 0.2904 + 0.0007 0.4730 = 0.0010 0.2417 = 0.0028 0.5016 + 0.0056

We evaluate link prediction performance using standard metrics: Mean Reciprocal Rank (MRR) and
Hits@10. Table [l|reports average results over 50 runs on the FB15k-237 and WN18RR datasets.
Across all metrics, our CAT consistently achieves a ~ 10% relative improvement compared to the
best-performing fixed-geometry transformer for each metric/dataset while maintaining comparable
model capacity (see Table [2)), demonstrating the importance of the adaptive routing mechanism.
Examining the WN18RR dataset in particular, we observe that transformers with fixed hyperbolic or
spherical geometries perform substantially worse than their Euclidean counterpart. This disparity
aligns with the geometric characteristics of WN18RR, which contains a heterogeneous mixture of
hierarchical, symmetric, and compositional relations. Such diversity leads to a relational structure
better approximated by a "flatter” or more flexible geometry, which Euclidean space naturally provides.
Importantly, our CAT not only matches but exceeds the performance of the Euclidean baseline on
WNI18RR. We attribute this gain to CAT’s ability to dynamically combine multiple geometric spaces,
effectively leveraging Euclidean flexibility alongside the inductive biases of hyperbolic and spherical
spaces. This enriched representation capacity enables CAT to model the complex and varied relational
patterns present in WN18RR more effectively than any single fixed geometry.



4.5 Parameter Efficiency and Runtime

To assess the efficiency of CAT, we benchmark each model’s parameter count and per-batch inference
time on the FB15k-237 dataset using an NVIDIA A10 (24 GB) GPU. Parameter counts are reported for
the full architecture, while inference times are measured with random weights to isolate architectural
effects. For runtime evaluation, we use a batch size of 512 and report steady-state latencies averaged
over 100 forward passes after 50 warmup runs, excluding one-time initialization costs. Results are
shown in Table

By sharing large components such as the embedding and feed-forward sublayers, CAT incurs minor
overhead to fixed-geometry models despite evaluating three attention branches. Notably, CAT remains
faster than naively combining separate fixed-geometry models, which would require 3x the parameters
and significantly more computation.

Table 2: Parameter and runtime comparison across models for both datasets. CAT achieves curvature
adaptivity with only minor additional overhead.

Model FB15k-237 WNI18RR

# Parameters Inference Time (ms) # Parameters Inference Time (ms)
Fixed-Euclidean 979,264 0.781 2,654,528 1.012
Fixed-Hyperbolic 974,720 3.280 2,649,984 3.592
Fixed-Spherical 967,090 1.313 2,654,528 1.533
CAT (ours) 1,031,669 4.885 2,706,933 5.566

4.6 Routing Analysis

To understand how CAT adapts its geometry during training, we examine the behavior of the routing
mechanism by analyzing the average routing weights o assigned to each geometry during the last
training epoch on a FB15k-237 run.
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Figure 2: Ternary heatmap visualizing routing weights across geometries on FB15k-237. Tokens con-
centrate towards Euclidean, with noticeable Euclidean—Hyperbolic mixtures. Spherical contributions
remain negligible for this particular dataset.

Figure [2 shows that Euclidean space dominates overall, reflecting its strong alignment with local
relational patterns. Hyperbolic weights are selectively activated for hierarchical structures, while
spherical weights remain near zero with rare activations. To summarize this case, CAT leans towards
Euclidean as the default backbone and applies geometry-specific corrections as needed.



5 Discussion and Conclusions

Our results demonstrate that curvature is not a one-size-fits-all inductive bias. CAT consistently
outperforms similar capacity fixed-geometry baselines on FB15k-237 and WN18RR (Table([T)). Our
analysis of routing weights (Fig. [2) reveals that Euclidean attention serves as the default backbone for
most tokens, while hyperbolic attention selectively engages for hierarchical structures, and spherical
attention activates sparsely. As routing is differentiable and trained end-to-end, CAT discovers
complementary niches across branches and mixes them optimally per token. The result is improved
ranking quality with minimal overhead (Section4.5), supporting the key idea that curvature should
be meaningfully chosen by the model, not fixed a priori.

Interpretability follows directly from the design: experts are tied to explicit geometries. High
hyperbolic mass is a useful signal of local tree-likeness; high spherical mass points to angular/cyclic
patterns; high Euclidean mass reflects locally flat interactions. On our benchmarks, the low spherical
usage should be read as a dataset property, not a general indictment of spherical attention; domains
with periodicity or directional signals (e.g., time-of-day effects, 360° imagery) are natural candidates
for higher spherical utilization.

Despite evaluating three branches per forward pass, CAT’s overhead remains modest (See Section4.5)
because the routing MLP is small and bulk parameters reside in shared embeddings and feed-forward
layers. Entropy regularization during early training prevents premature collapse to Euclidean routing,
encouraging exploration of non-Euclidean experts and leading to stronger final mixtures. Annealing
this regularizer later allows the model to sharpen specializations, mirroring standard MoE practice.
Our proposed CAT architecture dives deeper than layer-wise curvature selection to target structural
heterogeneity at the local level, complementing previous attempts to better cater to potentially
non-Euclidean geometries at a global level.

Our evaluation focuses on two knowledge-graph benchmarks with compact models; broader studies
across modalities (text, vision, time series) and scales are necessary to fully map where curvature
adaptivity pays off. We note that such domains may be better suited to benefit from the spherical
block, justifying training using all three blocks when deploying to new domains. Further, we have
not yet explored conditional execution for runtime reduction, nor fine-grained attributions from
routing to specific relation types. We view CAT as a foundation for granular mixture-of-geometry
architectures: future work includes (i) dynamic per-layer geometry, (ii) branch pruning or distillation
for fast inference, (iii) domain-specific case studies where spherical inductive biases are expected
to dominate, and (iv) expanding CAT’s flexible parallel-track architecture to incorporate even more
geometries beyond the current three implemented.

We introduced the Curvature-Adaptive Transformer (CAT), a geometry-aware attention mechanism
that learns per-token curvature selection. CAT achieves approximately 10% relative improvement
over fixed-geometry baselines with minimal overhead while providing interpretability through routing
weights. Our findings support the key idea that geometry should be learned by the model, not fixed a
priori. CAT establishes a foundation for scalable, interpretable mixture-of-geometry architectures,
opening avenues for future exploration across language, vision, and multimodal domains.



References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

Jacob Devlin, Ming-Wei Chang, Kenton Lee, and Kristina Toutanova. BERT: Pre-training of
deep bidirectional transformers for language understanding. In Jill Burstein, Christy Doran, and
Thamar Solorio, editors, Proceedings of the 2019 Conference of the North American Chapter
of the Association for Computational Linguistics: Human Language Technologies, Volume 1
(Long and Short Papers), pages 4171-4186, Minneapolis, Minnesota, June 2019. Association
for Computational Linguistics. doi: 10.18653/v1/N19-1423. URL https://aclanthology!
org/N19-1423/.

Tom Brown, Benjamin Mann, Nick Ryder, Melanie Subbiah, Jared D Kaplan, Prafulla Dhari-
wal, Arvind Neelakantan, Pranav Shyam, Girish Sastry, Amanda Askell, Sandhini Agar-
wal, Ariel Herbert-Voss, Gretchen Krueger, Tom Henighan, Rewon Child, Aditya Ramesh,
Daniel Ziegler, Jeffrey Wu, Clemens Winter, Chris Hesse, Mark Chen, Eric Sigler, Ma-
teusz Litwin, Scott Gray, Benjamin Chess, Jack Clark, Christopher Berner, Sam McCandlish,
Alec Radford, Ilya Sutskever, and Dario Amodei. Language models are few-shot learners.
In H. Larochelle, M. Ranzato, R. Hadsell, M.F. Balcan, and H. Lin, editors, Advances in
Neural Information Processing Systems, volume 33, pages 1877—1901. Curran Associates,
Inc., 2020. URL https://proceedings.neurips.cc/paper_files/paper/2020/file/
1457c0d6bfcb4967418bfb8ac142f64a-Paper. pdf,

Alexey Dosovitskiy, Lucas Beyer, Alexander Kolesnikov, Dirk Weissenborn, Xiaohua Zhai,
Thomas Unterthiner, Mostafa Dehghani, Matthias Minderer, Georg Heigold, Sylvain Gelly,
Jakob Uszkoreit, and Neil Houlsby. An image is worth 16x16 words: Transformers for image
recognition at scale. In International Conference on Learning Representations, 2021. URL
https://openreview.net/forum?id=YicbFdNTTyl

John Jumper, Richard Evans, Alexander Pritzel, Tim Green, Michael Figurnov, Olaf Ron-
neberger, Kathryn Tunyasuvunakool, Russ Bates, Augustin Zl’dek, Anna Potapenko, et al.
Highly accurate protein structure prediction with alphafold. Nature, 596(7873):583-589, 2021.

Maximillian Nickel and Douwe Kiela. Poincaré embeddings for learning hierarchical represen-
tations. In I. Guyon, U. Von Luxburg, S. Bengio, H. Wallach, R. Fergus, S. Vishwanathan, and
R. Garnett, editors, Advances in Neural Information Processing Systems, volume 30. Curran
Associates, Inc., 2017. URL https://proceedings.neurips.cc/paper_files/paper/
2017/file/59dfa2df42d9e3d41£5b02bfc32229dd-Paper . pdf.

Taco S. Cohen, Mario Geiger, Jonas Kohler, and Max Welling. Spherical CNNs. In International
Conference on Learning Representations, 2018. URL https://openreview.net/forum?
1d=Hkbd5xZRbl

Menglin Yang, Harshit Verma, Delvin Ce Zhang, Jiahong Liu, Irwin King, and Rex Ying.
Hypformer: Exploring efficient transformer fully in hyperbolic space. In Proceedings
of the 30th ACM SIGKDD Conference on Knowledge Discovery and Data Mining, KDD
24, page 3770-3781, New York, NY, USA, 2024. Association for Computing Machinery.
ISBN 9798400704901. doi: 10.1145/3637528.3672039. URL https://doi.org/10.1145/
3637528.3672039.

Sungmin Cho, Raehyuk Jung, and Junseok Kwon. Spherical transformer, 2022. URL https:
//arxiv.org/abs/2202.04942,

Robert A. Jacobs, Michael I. Jordan, Steven J. Nowlan, and Geoffrey E. Hinton. Adaptive
mixtures of local experts. Neural Computation, 3(1):79-87, 1991. doi: 10.1162/neco.1991.3.1.
79.

Ashish Vaswani, Noam Shazeer, Niki Parmar, Jakob Uszkoreit, Llion Jones, Aidan N
Gomez, Lukasz Kaiser, and Illia Polosukhin. Attention is all you need. In I. Guyon,
U. Von Luxburg, S. Bengio, H. Wallach, R. Fergus, S. Vishwanathan, and R. Garnett, ed-
itors, Advances in Neural Information Processing Systems, volume 30. Curran Associates,
Inc., 2017. URL https://proceedings.neurips.cc/paper_files/paper/2017/file/
3f5ee243547dee91fbd053c1c4a845aa-Paper. pdf.

10


https://aclanthology.org/N19-1423/
https://aclanthology.org/N19-1423/
https://proceedings.neurips.cc/paper_files/paper/2020/file/1457c0d6bfcb4967418bfb8ac142f64a-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2020/file/1457c0d6bfcb4967418bfb8ac142f64a-Paper.pdf
https://openreview.net/forum?id=YicbFdNTTy
https://proceedings.neurips.cc/paper_files/paper/2017/file/59dfa2df42d9e3d41f5b02bfc32229dd-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2017/file/59dfa2df42d9e3d41f5b02bfc32229dd-Paper.pdf
https://openreview.net/forum?id=Hkbd5xZRb
https://openreview.net/forum?id=Hkbd5xZRb
https://doi.org/10.1145/3637528.3672039
https://doi.org/10.1145/3637528.3672039
https://arxiv.org/abs/2202.04942
https://arxiv.org/abs/2202.04942
https://proceedings.neurips.cc/paper_files/paper/2017/file/3f5ee243547dee91fbd053c1c4a845aa-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2017/file/3f5ee243547dee91fbd053c1c4a845aa-Paper.pdf

[11] Neil He, Jiahong Liu, Buze Zhang, Ngoc Bui, Ali Maatouk, Menglin Yang, Irwin King, Melanie
Weber, and Rex Ying. Position: Beyond euclidean — foundation models should embrace
non-euclidean geometries, 2025. URL https://arxiv.org/abs/2504.08896,

[12] Cong Shen, Jiawei Luo, and Kelin Xia. Molecular geometric deep learning, 2023. URL
https://arxiv.org/abs/2306.15065.

[13] Jesds Pineda, Benjamin Midtvedt, Harshith Bachimanchi, Sergio Noé, Daniel Midtvedt,
Giovanni Volpe, and Carlo Manzo. Geometric deep learning reveals the spatiotemporal
features of microscopic motion. Nature Machine Intelligence, 5(1):71-82, January 2023.
ISSN 2522-5839. doi: 10.1038/s42256-022-00595-0. URL http://dx.doi.org/10.1038/
s42256-022-00595-0.

[14] Julian Garcia-Vinuesa, Jorge Rojas, Nicole Soto-Garcia, Nicolds Martinez, Diego Alvarez-
Saravia, Roberto Uribe-Paredes, Mehdi D. Davari, Carlos Conca, Juan A. Asenjo, and David
Medina-Ortiz. Geometric deep learning assists protein engineering. opportunities and challenges,
2025. URL https://arxiv.org/abs/2506.16091.

[15] Octavian Ganea, Gary Becigneul, and Thomas Hofmann. Hyperbolic entailment cones for
learning hierarchical embeddings. In Jennifer Dy and Andreas Krause, editors, Proceedings of
the 35th International Conference on Machine Learning, volume 80 of Proceedings of Machine
Learning Research, pages 1646—1655. PMLR, 10-15 Jul 2018. URL https://proceedings.
mlr.press/v80/ganeal8a.html.

[16] Xin Lai, Yukang Chen, Fanbin Lu, Jianhui Liu, and Jiaya Jia. Spherical transformer for lidar-
based 3d recognition. In CVPR, pages 1754517555, 2023. URL https://doi.org/10.
1109/CVPR52729.2023.01683.

[17] Marc Eder, Mykhailo Shvets, John Lim, and Jan-Michael Frahm. Tangent images for mitigating
spherical distortion. In 2020 IEEE/CVF Conference on Computer Vision and Pattern Recognition
(CVPR), pages 12423-12431, 2020. doi: 10.1109/CVPR42600.2020.01244.

[18] Boris Bonev, Thorsten Kurth, Christian Hundt, Jaideep Pathak, Maximilian Baust, Karthik
Kashinath, and Anima Anandkumar. Spherical Fourier neural operators: Learning stable
dynamics on the sphere. In Andreas Krause, Emma Brunskill, Kyunghyun Cho, Barbara
Engelhardt, Sivan Sabato, and Jonathan Scarlett, editors, Proceedings of the 40th International
Conference on Machine Learning, volume 202 of Proceedings of Machine Learning Research,
pages 2806-2823. PMLR, 23-29 Jul 2023. URL https://proceedings.mlr.press/v202/
bonev23a.html.

[19] Albert Gu, Frederic Sala, Beliz Gunel, and Christopher Ré. Learning mixed-curvature repre-
sentations in product spaces. In International Conference on Learning Representations, 2019.
URL https://openreview.net/forum?id=HJxeWnCcF7,

[20] Ondrej Skopek, Octavian-Eugen Ganea, and Gary Bécigneul. Mixed-curvature variational
autoencoders. In International Conference on Learning Representations, 2020. URL https:
//openreview.net/forum?id=S1g6xeSKDS,

[21] Gregor Bachmann, Gary Becigneul, and Octavian Ganea. Constant curvature graph convolu-
tional networks. In Hal Daumé III and Aarti Singh, editors, Proceedings of the 37th International
Conference on Machine Learning, volume 119 of Proceedings of Machine Learning Research,
pages 486—496. PMLR, 13-18 Jul 2020. URL https://proceedings.mlr.press/v119/
bachmann20a.html.

[22] Sungjun Cho, Seunghyuk Cho, Sungwoo Park, Hankook Lee, Honglak Lee, and Moontae Lee.
Curve your attention: Mixed-curvature transformers for graph representation learning, 2023.
URL https://arxiv.org/abs/2309.04082.

[23] Siyuan Mu and Sen Lin. A comprehensive survey of mixture-of-experts: Algorithms, theory,
and applications, 2025. URL https://arxiv.org/abs/2503.07137.

11


https://arxiv.org/abs/2504.08896
https://arxiv.org/abs/2306.15065
http://dx.doi.org/10.1038/s42256-022-00595-0
http://dx.doi.org/10.1038/s42256-022-00595-0
https://arxiv.org/abs/2506.16091
https://proceedings.mlr.press/v80/ganea18a.html
https://proceedings.mlr.press/v80/ganea18a.html
https://doi.org/10.1109/CVPR52729.2023.01683
https://doi.org/10.1109/CVPR52729.2023.01683
https://proceedings.mlr.press/v202/bonev23a.html
https://proceedings.mlr.press/v202/bonev23a.html
https://openreview.net/forum?id=HJxeWnCcF7
https://openreview.net/forum?id=S1g6xeSKDS
https://openreview.net/forum?id=S1g6xeSKDS
https://proceedings.mlr.press/v119/bachmann20a.html
https://proceedings.mlr.press/v119/bachmann20a.html
https://arxiv.org/abs/2309.04082
https://arxiv.org/abs/2503.07137

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

Zihao Guo, Qingyun Sun, Haonan Yuan, Xingcheng Fu, Min Zhou, Yisen Gao, and
Jianxin Li. Graphmore: mitigating topological heterogeneity via mixture of riemannian ex-
perts. AAAT25/IAAT'25/EAAT25. AAAI Press, 2025. ISBN 978-1-57735-897-8. doi:
10.1609/aaai.v39i11.33279. URL https://doi.org/10.1609/aaai.v39111.33279,

Mohammed Mugeeth, Haokun Liu, and Colin Raffel. Soft merging of experts with adaptive
routing. Transactions on Machine Learning Research, 2024. ISSN 2835-8856. URL https
//openreview.net/forum?id=711991c54z, Featured Certification.

Yoshua Bengio, Nicholas Léonard, and Aaron Courville. Estimating or propagating gradients
through stochastic neurons for conditional computation, 2013. URL https://arxiv.org/
abs/1308.3432.

Zixiang Chen, Yihe Deng, Yue Wu, Quanquan Gu, and Yuanzhi Li. Towards understanding the
mixture-of-experts layer in deep learning. In Alice H. Oh, Alekh Agarwal, Danielle Belgrave,
and Kyunghyun Cho, editors, Advances in Neural Information Processing Systems, 2022. URL
https://openreview.net/forum?id=MaYzugDmQV.

Aya Abdelsalam Ismail, Sercan O Arik, Jinsung Yoon, Ankur Taly, Soheil Feizi, and Tomas
Pfister. Interpretable mixture of experts. Transactions on Machine Learning Research, 2023.
ISSN 2835-8856. URL https://openreview.net/forum?id=DdZoPUPmOa.

Antoine Bordes, Nicolas Usunier, Alberto Garcia-Duran, Jason Weston, and Oksana
Yakhnenko.  Translating embeddings for modeling multi-relational data. In C.J.
Burges, L. Bottou, M. Welling, Z. Ghahramani, and K.Q. Weinberger, editors, Ad-
vances in Neural Information Processing Systems, volume 26. Curran Associates, Inc.,
2013.  URL https://proceedings.neurips.cc/paper_files/paper/2013/file/
lcecc7a77928ca8133fa24680a88d2f9-Paper . pdfl

Bishan Yang, Wen tau Yih, Xiaodong He, Jianfeng Gao, and Li Deng. Embedding entities and
relations for learning and inference in knowledge bases, 2015. URL https://arxiv.org/
abs/1412.6575,

Zhiqing Sun, Zhi-Hong Deng, Jian-Yun Nie, and Jian Tang. Rotate: Knowledge graph em-
bedding by relational rotation in complex space. In International Conference on Learning
Representations, 2019. URL https://openreview.net/forum?id=HkgEQnRqYQ.

Liang Yao, Chengsheng Mao, and Yuan Luo. Kg-bert: Bert for knowledge graph completion,
2019. URL https://arxiv.org/abs/1909.03193.

Tim Dettmers, Minervini Pasquale, Stenetorp Pontus, and Sebastian Riedel. Convolutional 2d
knowledge graph embeddings. In Proceedings of the 32th AAAI Conference on Artificial Intelli-
gence, pages 1811-1818, February 2018. URL https://arxiv.org/abs/1707.01476.

Xavier Glorot and Yoshua Bengio. Understanding the difficulty of training deep feedfor-
ward neural networks. In Proceedings of the thirteenth international conference on artificial
intelligence and statistics, pages 249-256. IMLR Workshop and Conference Proceedings, 2010.

Ilya Loshchilov and Frank Hutter. Decoupled weight decay regularization. In International
Conference on Learning Representations, 2019. URL https://openreview.net/forum?
1d=Bkg6RiCqY7.

Andrew McCallum. Cora dataset, 2017. URL https://www.openicpsr.org/openicpsr/
project/100859/version/V1/view. Accessed: 2025-08-30.

Adam Paszke, Sam Gross, Francisco Massa, Adam Lerer, James Bradbury, Gregory Chanan,
Trevor Killeen, Zeming Lin, Natalia Gimelshein, Luca Antiga, Alban Desmaison, Andreas
Kopf, Edward Yang, Zach DeVito, Martin Raison, Alykhan Tejani, Sasank Chilamkurthy,
Benoit Steiner, Lu Fang, Junjie Bai, and Soumith Chintala. Pytorch: An imperative style,
high-performance deep learning library, 2019. URL https://arxiv.org/abs/1912.01703.

Matthias Fey, Jinu Sunil, Akihiro Nitta, Rishi Puri, Manan Shah, Blaz Stojanovic, Ramona
Bendias, Barghi Alexandria, Vid Kocijan, Zecheng Zhang, Xinwei He, Jan E. Lenssen, and Jure
Leskovec. Pyg 2.0: Scalable learning on real world graphs, 2025.

12


https://doi.org/10.1609/aaai.v39i11.33279
https://openreview.net/forum?id=7I199lc54z
https://openreview.net/forum?id=7I199lc54z
https://arxiv.org/abs/1308.3432
https://arxiv.org/abs/1308.3432
https://openreview.net/forum?id=MaYzugDmQV
https://openreview.net/forum?id=DdZoPUPm0a
https://proceedings.neurips.cc/paper_files/paper/2013/file/1cecc7a77928ca8133fa24680a88d2f9-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2013/file/1cecc7a77928ca8133fa24680a88d2f9-Paper.pdf
https://arxiv.org/abs/1412.6575
https://arxiv.org/abs/1412.6575
https://openreview.net/forum?id=HkgEQnRqYQ
https://arxiv.org/abs/1909.03193
https://arxiv.org/abs/1707.01476
https://openreview.net/forum?id=Bkg6RiCqY7
https://openreview.net/forum?id=Bkg6RiCqY7
https://www.openicpsr.org/openicpsr/project/100859/version/V1/view
https://www.openicpsr.org/openicpsr/project/100859/version/V1/view
https://arxiv.org/abs/1912.01703

[39] Max Kochurov, Rasul Karimov, and Serge Kozlukov. Geoopt: Riemannian optimization in
pytorch, 2020.

A Training Hyperparameters

This section provides a comprehensive overview of the training setup and hyperparameters used in all
experiments.

Model and Data Setup:

* Embedding dimension: d = 64.
* Datasets: Experiments were conducted on FB15k-237 and WN18RR.
* Batch size: 512 samples per training iteration.

* Entity and relation embeddings: Learned via standard embedding layers initialized using
Xavier uniform initialization [34].

Optimization:

* Optimizer: AdamW [35] with weight decay 1 x 1075,

* Initial learning rate: 0.001.

* Learning rate scheduler: ReduceLROnPlateau with factor 0.5 and patience 10 epochs.
* Number of epochs: 200.

Regularization and Dropout:
* Dropout rate: 0.2 applied independently on entity embeddings, relation embeddings, and
composite representations before passing to the Transformer block.

» Label smoothing: ¢ = 0.1 used in cross-entropy loss to prevent overconfidence.

Entropy Regularization on Routing Weights:

* Entropy regularization weight )\, Initialized at 0.01.

* Annealing schedule: )., is multiplied by 0.95 each epoch, with a minimum value capped
at 0.001.

* Purpose: Encourages high-entropy routing distributions early in training to promote the use
of multiple geometric attention pathways, avoiding premature collapse to a single geometry.
The annealing schedule allows the model to gradually focus routing as training progresses.

Evaluation Protocol:

* Filtered ranking evaluation is used: for each test triple (h,r,t), all candidate tail entities
t' € & are scored, with any (h,r,t") known to be true in training, validation, or test sets
masked by setting their scores to —oo.

* Metrics reported: Mean Reciprocal Rank (MRR) and Hits @ 10.

Implementation Details:
* Device: Training performed on P100 GPUs with model and data tensors moved to the
appropriate device.

* Parameter counts: All models have approximately 1-3 million trainable parameters, de-
pending on the dataset, ensuring fair comparison at similar model capacity. Parameter counts
and efficiency analysis is also included in Section .5 of the main text.

* Initialization: Entity and relation embeddings are reinitialized at the start of each experiment
using Xavier uniform initialization.
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Benchmark Hardware & Software Setup: All benchmarks were run on a Lambda Cloud instance
equipped with an NVIDIA A10 GPU (24 GB PCle), 30 vCPUs, 200 GiB RAM, and 1.4 TiB SSD
storage. We used the preinstalled Lambda Cloud PyTorch stack with CUDA and cuDNN support.

Code Availability: The full training and evaluation code, including dataset preprocessing and
model definitions, will be released upon publication.

B Node Classification on CORA

We further evaluate CAT performance by evaluating on node classification tasks on CORA [36]. The
dataset consists of 2,708 publications classified into seven categories. Table [3| shows our results
across 10 runs. As with graph completion tasks in Section[4.4] our method outperforms standard
fixed-geometry transformers.

Table 3: Comparison for node classification task on CORA.

Model Train Accuracy Test Accuracy

Fixed-Euclidean ~ 1.0000 4+ 0.0000  0.5760 =+ 0.0061
Fixed-Hyperbolic ~ 0.1429 =+ 0.0000 0.2804 £ 0.0779
Fixed-Spherical 0.1429 £ 0.0000 0.1759 £ 0.0727
CAT (ours) 1.0000 £ 0.0000 0.5811 4+ 0.0047

The results reveal several important limitations of both CAT and Fixed-Euclidean architecture.
Notably, both methods appear to suffer from overfitting on small, homogeneous datasets such
as CORA. We achieve near-perfect training accuracy, yet find only moderate test performance.
The limited dataset size relative to model complexity prevents either architecture from learning
generalizable representations. We also observe a substantial performance disparity between Fixed-
Euclidean and non-Euclidean alternatives—Fixed-Hyperbolic (0.2804) and Fixed-Spherical (0.1759)—
revealing that CORA naturally lends itself towards flat geometric structures. Despite this, CAT
still attains accuracy exceeding fixed-geometry baselines. Results demonstrate that our approach
effectively routes between geometric representations, even in homogeneous datasets.

C Licenses For Assets Used

The experiments in this work make use of several open-source libraries and datasets, all of which are
cited and whose licenses are respected. PyTorch [37] is released under the BSD-3-Clause license.
PyTorch Geometric [38] is distributed under the MIT license. geoopt [39] is provided under the
Apache-2.0 license.
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