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Abstract

In this article, we explore the concept of Sobolev loss and its advantages over conven-
tional loss functions in neural network training, particularly in the context of approximating
smooth functions and their derivatives. Conventional loss functions like Mean Squared Error
(MSE) and Mean Absolute Error (MAE) focus solely on minimizing the difference between
predicted and true function values. However, they often fail to capture the smoothness and
derivative information critical for accurate function approximation in various scientific and
engineering applications.

Sobolev loss addresses this limitation by incorporating terms that measure the difference
between the derivatives of the predicted and true functions. This not only ensures better
function value approximations but also promotes smoother and more accurate represen-
tations of the underlying function. The article delves into the theoretical foundations of
Sobolev spaces, which provide the mathematical framework for Sobolev loss, and discusses
the benefits of using Sobolev loss in terms of improved generalization, stability, and perfor-
mance.

We illustrate these concepts through a practical example of approximating f(z) = sin(zx)
and f(z) = e~* using a neural network. The example demonstrates how Sobolev loss enables
the network to learn both the function values and their derivatives, resulting in a more
accurate and smooth approximation compared to traditional loss functions. Additionally,
we highlight key references for further reading, including foundational texts on Sobolev
spaces and research papers that explore the application of Sobolev loss in neural networks.

By integrating derivative information into the training process, Sobolev loss provides a pow-
erful tool for enhancing the quality of neural network approximations, making it particularly
valuable for applications requiring smooth and accurate function representations.

1 Introduction

This manuscript introduces new applications of Sobolev loss in the context of advanced optimization tech-
niques for neural network training, specifically by leveraging derivative information for improved convergence
and performance on function approximation tasks. While previous work has applied Sobolev loss in neural
network training, we extend this by integrating it into specific optimization algorithms, providing empirical
results showing enhanced stability and generalization in cases where earlier methods have not been explored,
and formalizing novel convergence results.

Deep Learning with Conventional Loss Method is a subset of machine learning, involves the use of neural
networks with many layers (hence the term "deep") to model complex patterns and relationships in data.
Neural networks, inspired by the human brain, consist of interconnected neurons (nodes) organized into
layers. These networks have shown remarkable success in various domains, such as computer vision, natural
language processing, and speech recognition (Goodfellow et al., |2016; LeCun et al., |2015)). Sobolev spaces
are a class of function spaces that include both the functions and their derivatives. Sobolev spaces provide
a natural setting for formulating and solving variational problems. They ensure that functions have certain
smoothness properties, which is crucial in many applications involving differential equations and functional
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analysis (Adams & Fournier} [2003} |[Evans, [1998)). Sobolev loss incorporates both the function values and their
derivatives into the loss function, promoting the learning of smoother and more accurate approximations
(Czarnecki et al.l 2017, |Jaderberg et al.,|2017)). In the course of developing this paper, Google and ChatGPT
were used to locate and retrieve relevant literature for the review. These tools contributed to the efficiency
and breadth of the research process, although the critical analysis and final composition of the paper were
conducted by the author.

2 Preliminaries

Definition 1 (Sobolev space) A Sobolev space W*P () is a vector space of functions with their deriva-
tives (up to order k in LP(Q)). For instance, WH2(Q) consists of functions whose first derivatives are
square-integrable (Adams & Fournier|, |2005).

Definition 2 (Sobolev norm) The Sobolev norm combines the LP norms of the function and its derivatives
(Evans, |1998):

1/p

||“||W’W(Q) = Z HDa“HZE,p(Q)
la| <k

Definition 3 (Sobolev norm-based loss function) Suppose ug is a neural network parameterized by 6.
The Sobolev norm-based loss function L can be defined as:

L(Q) = ||u9 - u”ip(g) + Z ”DQUG - Da“”ip(g)
la|<k

where u is the target function, and D® represents the weak derivative of order a (Czarnecki et all |2017).

Gradient Calculation

Although the calculation of the gradient in Sobolev loss is not new, our contribution lies in how this gradient
is applied within the context of advanced optimization techniques. We demonstrate that by leveraging
this gradient in conjunction with novel regularization strategies and customized network architectures, we
can achieve improved stability and convergence in neural networks, particularly for tasks involving smooth
function approximations.

The gradient of the Sobolev loss function with respect to the network parameters 6 involves the derivatives
of both the function values and their higher-order derivatives. We denote the function value component as
Ly and the derivative component as L:

Lo = |lug — U”ip(g)

La = Z ||DaU0 — DO‘uHiP(Q)
lal<k

Theorem 1 If Ly = |jug — u||1£p(9) where ug is a parameterized function dependent on 0, and u is a target
function, then

VoLo = p [o(ug(z) — u(x))|ug(x) — u(x)[P~2Vgug(z) dx.
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Proof 1 To find VoLo where Ly = |jug — u||1£p(ﬂ), let’s proceed step by step. Here, ug is a parameterized
function dependent on 6, and u is a target function.

Lo = llus — ull, g

</ o () — u |pd:1:>
Volo = Vo (/ﬂ o () — u(z)|? dx)

= / Volug(x) — u(x)|? dz
Q

_ /Qp(m(x) — u(@)PY) Volug(z) — u(z)| da

_ /Q p (Jug(z) — u(@) P~ sign(ug(z) — u(z)) Vo (up(z) — u(z)) d
_ /Q p (|uo (@) — u(@)P~1) sign(ug(z) — u(x))Voup(z) dz

—p /Q (o () — u(z)) (|uo(z) — u(@)|P~2) Voup(z) dz

The gradient VoLg is given by:
VoLo = p Jo(us(@) — u(z))|ug(z) — u(z)[P~*Voug(z) dz

Theorem 2 If L, = Z\a|§k | D%ug — D“u||’£p(9) where ug is a parameterized function dependent on 0, and

u is a target function, then
VoLo = ngkpfgz(Daug(m) — Du(x))|D%ug(x) — Du(x)[P~2V oD up(z) d.

Proof 2 Here, we have

= Z ||D°‘u9 —Do‘u||]£p(9)
la| <k

1D%ug — Dl ) = / |D%ug () — D*u(z)|? do

-y [ D" s @) = D*u(w)l? da

|| <k
VoLy = Vo ( Z / ‘Daue (gp)‘p dx)
la|<k
/ Vo (|[D%ug(x) — D%u(z)|P) dx
|| <k
-y / D% ug () — D*u(z)P~ V| D*ug(x) — Du(x)| da
|| <k
Z / p|D%ug(z “u(z) [P sign(D%ug(z) — Du(z)) Vo Dug(x) da
|| <k
=p Z /(Do‘ue( ) — D%u(x))|D%ug(x) — Du(z) P2V D ug(x) dz:
la]<k /¢

The gradient VgL, is given by:
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VoL, = ngkpfﬂ(Daua(x) — Du(x))|D%ug(x) — Du(x)[P~2V o Dup(z) d.
Backpropagation for Function Values

The gradient of Ly with respect to 8 is straightforward and can be computed using standard backpropagation
(Goodfellow et al., [2016)):

Backpropagation for Derivatives

For the derivative part L., we need to compute the gradients of the network outputs with respect to 6
considering the higher-order derivatives (Baydin et al., 2018):

B Lo O(D%uy)
WL‘*}%@(D%@) 90

This involves computing the gradients of the derivatives, which can be achieved using automatic differenti-
ation tools provided by modern deep learning frameworks like PyTorch (Paszke et al., [2019).

3 Method and its Convergence

The convergence results presented in this manuscript build upon earlier concepts of convergence, incorporat-
ing the Sobolev norm within the loss function. By applying advanced regularization techniques and focusing
on smooth underlying functions, we demonstrate faster convergence.

Definition 4 (Unweighted Sobolev Loss) For a neural network ug(xz) approrimating a function f(x),
the Sobolev loss is defined as: Lgopolen(8) = ||ug(x) — f(x)H%Q(Q) + ||up () — f’(a:)||2Lz(Q), where ug(x) is the
neural network output, f(x) is the true function, uy(x) is the derivative of the neural network output, f'(z)
is the derivative of the true function.

Definition 5 (Weighted Sobolev Loss) For a neural network ug(x) approzimating a function f(x), the
Sobolev loss is defined as: Lgopoien(0) = ||ug(z) — f(z)H%z(Q) + AMuy(x) — f’(x)||2L2(Q) where ug(z), f(z),
up(zx), f'(x) as in Deﬁm’tion and \ is the regularization parameter.

Definition 6 (Lipschitz Continuity) The gradients of the loss function with respect to the parameters
need to be Lipschitz continuous. This implies there exists a constant L > 0 such that for all 01,05 (Bottou
et al.l,|2018):

HVLSobolev(al) - vLS()b()le\z(02)|| < L||91 - 92”

Lipschitz continuity can often be ensured through proper regularization and network architecture choices
(Goodfellow et al., [2016]).

Definition 7 (Gradient Descent Method) The gradient descent method is an iterative optimization al-
gorithm used to minimize a differentiable objective function L(0), where 0 represents the parameters. Starting
from an initial guess 6y, the parameters are updated iteratively in the direction of the negative gradient of
the function. The update rule is given by:

Or1 =0k —nVL(6y)

where Oy, represents the parameters at iteration k, n > 0 is the learning rate (a scalar step size), and V L(0})
is the gradient of the objective function L(0) evaluated at 0. The process is repeated until the algorithm
converges to a local minimum, or a predefined stopping criterion is met, such as a small gradient magnitude
or a maximum number of iterations.
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Theorem 3 (Descent Lemma for Lipschitz Continuous Gradients) Let L(f) be a differentiable
function whose gradient VoL(0) is Lipschitz continuous with constant L > 0 as in Definition @ That
is, for all 61,05 € R™, we have:

IVoL(61) — VoL(62) ] < LI|61 — 6.

Then for any 0y and ;1 in R™, the following inequality holds:
L
L(0k+1) < L(0k) + VoL(Ok)" (041 — Ok) + 5 10k+1 — Ok |1>.

Proof 3 Assume that the gradient of L(0) is Lipschitz continuous with constant L > 0:
[VoL(61) — VoL(02)| < L||61 — 62

for all 61,05.

Consider the Taylor series expansion of L(0) around 6j:
1
L(Bk11) = L(Or) + VoL(01)" (k1 — Or) + 5(9k+1 — 0x)" H (01 — Ok)

where H is the Hessian matriz of second-order partial derivatives of L(0).

Since VoL(0) is Lipschitz continuous with constant L, the Hessian H is bounded such that |H| < L.
Therefore:
1
2

Combining the Taylor series expansion and the bound on the Hessian term, we get:

L
(Oks1 — 0k) " H(Op g1 — 0p) < §||9k+1 — Ok?

L
L(Or41) < L(0k) + VoL(0)" (Ors1 — k) + 5H9k+1 —Okl?

Theorem 4 (Convergence of Gradient Descent with General L? Norm) Let ug(x) be a parameter-
ized function dependent on 0, and u(x) be a target function. Consider the objective function:

L(0) = |Jug(x) — U(»’C)HQP(Q)

where || - || r(q) denotes the LP norm over the domain €.

Assume that the gradient of L(9) is Lipschitz continuous with constant L > 0. If the learning rate n is chosen
such that

2
O —
<n< g

then the gradient descent method given in Definition[] will converge to a critical point of the objective function
L(6).

Proof 4 To prove the convergence of gradient descent in a general LP norm, we need to establish that the
gradient descent algorithm decreases the objective function iteratively and converges to a local minimum
under certain conditions. Here, we’ll outline a proof for the convergence of gradient descent in the general
LP norm setting. Consider an objective function

L(8) = [luo — ull} 0.

where ug is a parameterized function dependent on 0, and u is a target function. The goal is to find the
parameters 0 that minimize L(0) using gradient descent method. The gradient descent update rule is given
by:

Or+1 = Ok —nVoL(0k)
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where 1) > 0 is the learning rate. From Theorem [1:
VoL(0) = p/ (ug(z) — u(x))|ug(z) — w(x)|[P~*Voue(x) dx
Q

Assume that the gradient of L(0) is Lipschitz continuous with constant L > 0:
[VoL(01) = VoL(02)|| < L||61 — 62|

By Theorem[3, the following statement holds true.

L
L(Ox+1) < L{Ok) + Vo L(0k)" (Oks1 = k) + S [10k11 = Ok ]”
Substituting the gradient descent update rule Oy+1 = 0 —nVoL(0k):
2, Ln? 2
LO+1) < L) = VoL (Ok)II” + —-IVeL(04)]

Simplifying:
L 2
L) < £00) = (n- 5 ) VL6

For convergence, we need:

Ln?
———>0
T
Solving for n, we get:
2
O<n< =
TSI

With this choice of n, we ensure that L(0xy1) < L(0)). Since L(0k1+1) < L(0x) and L(0) is lower-bounded
(assuming L(0) > 0), the sequence {L(0x)} converges. As k — oo, the gradient VoL(0)) approaches zero.
Hence, 0}, converges to a critical point of L(0). By assuming Lipschitz continuity of the gradient and choosing
an appropriate learning rate, we can prove that gradient descent in the LP norm setting converges to a critical
point of the objective function L(6).

4 Convexity and Convergence in Sobolev Loss

The convergence of gradient descent when applied to the Sobolev loss in the following Theorem [5] can be
guaranteed by leveraging the result from Theorem Specifically, Theorem [4] establishes that gradient
descent converges for a general LP-norm loss function under the assumptions of Lipschitz continuity of the
gradient and an appropriately chosen learning rate (Bottou et al., 2018; [Bubeck, [2015; |Czarnecki et al.|
2017). By applying this framework to the Sobolev loss, which is composed of both function and derivative
approximations in L?-norms, the conditions of convexity, Lipschitz continuity, and proper learning rate choice
ensure convergence to a global minimum in the specific case of Theorem 5

Theorem 5 (Convergence of Gradient Descent with Sobolev Loss) Let f(z) be a convex and Lips-
chitz continuous function. Consider the gradient descent method applied to the Sobolev loss function:

Lsopoten(8) = [[ua(x) — f(I)H%%Q) + Alug(z) — f/(x)H%?(Q)
as in Definition 3

If the learning rate n is chosen such that 0 < n < % where L is the Lipschitz constant of the gradient of
the loss function, then the gradient descent method will converge to the global minimum of the Sobolev loss
function.
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Proof 5 For linear models or in some simplified cases, the Sobolev loss function can be convex. However,
for general neural networks, the loss function is typically non-convex. Convezity proofs generally rely on the
problem structure, which might not always hold for deep neural networks. However, empirical convergence
is often observed.

For convergence, the learning rate n must satisfy: 0 < n < % Where L is the Lipschitz constant of the
gradient.

Given the Sobolev loss function:
Lsovotes(8) = [[up(x) — f(2)|[72(q) + Mug(@) = f'(2)122(q)

We want to show that gradient descent converges under certain conditions.

The gradient descent update rule is given by:

Ort1 = Ok — Vo Lsobotev(Or)
From the given Sobolev loss function, we have from Theorem[1] and Theorem [3 with p = 2:

VQLSobolev(o) = 2/

(ug(x) — f(x))Voug(x) dr + 2A/ (up(x) — () Voup(x) dz
Q

Q

Assume that the gradient of Lgopoien(0) is Lipschitz continuous with constant L > 0:

||v0LSobolev(91) - VOLSOI)olev(QQ)” S L”Hl - 92”
By Theorem|[3, the following statement holds true.
L
LSobolev(9k+1) S LSobolev(ek) + VGLSobolev(ek)T(9k+1 - ekr) + §||9k+1 - ekHz

Substituting the gradient descent update rule 0x+1 = 0 — NV Lsobolen(0k):

L 2
Lsoboter(Or+1) < Lsoboten(0k) — 0|V o Lsovoten(0k)]|* + TUHV@LSobolev(ek)HQ
Simplifying:
L772 2
Lsoboieo(Ok+1) < Lsobotev(0r) — (1 — 5 VoL soboten(0k)||

For convergence, we need:

Ln?
———>0
T
Solving for n, we get:
2
O<n< =
TSI

With this choice of n, we ensure that Lsopoier(0k+1) < Lsobotev(Ok)-

Since LSoboleU(9k+1) < LSobolev(ek) and LSObOlCU(e) is lower-bounded (assummg LSobolev(e) > 0)’ the sequence
{Lsobotev(0k)} converges. As k — oo, the gradient VgLsgoporeo(0r) approaches zero. Hence, 0y converges to a
critical point of Lgoboten(0)-

5 Algorithms

Gradient descent is used to minimize the Sobolev loss by updating the weights and biases of the network.
The gradient descent update for the parameters 6 at iteration k£ with 1 as the learning rate is given by:

Ok+1 = 0r — NV Lsobolev(Ok)
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Algorithm 1 Gradient Computation

Function Value Gradient:

OLyalue _ N Oug (w4

hgne — 2 57 | (ug(z:) — f(:)) 25572

Derivative Gradient: B )

OLderivative — N ¢ %
e = % > i (ug(xi) — f'(4) u?;or

Parameter Update:

Ok+1 = 0k — NV Lsobolev

Where:

0 represents the weights and biases

n is the learning rate

VoLsobolev is the gradient of the Sobolev loss with respect to the parameters

6 Computational Examples

In the following examples, we demonstrate the application of the Sobolev loss method for approximating two
well-known functions: sin(z) and e~*. The Sobolev loss incorporates both the function approximation and
its derivative, which ensures more accurate and smooth approximations.

For sin(z), the neural network is trained using the Sobolev loss to approximate the function sin(z) and its
derivative cos(z). The combination of function and derivative information allows the model to effectively
learn the underlying behavior of sin(z) over the specified domain.

Similarly, for e™*, the neural network is applied to approximate the function e~*. The Sobolev loss provides
an additional advantage in capturing the smooth decay of the exponential function, ensuring a precise fit.

In both cases, the inclusion of derivative information in the loss function, as enforced by the Sobolev norm,
leads to faster convergence and a more accurate overall approximation. The implementation showcases
the versatility of the Sobolev loss in learning smooth and convex functions with improved stability and
convergence characteristics.

Example 1: Approximating f(x) = sin(x) with Sobolev Loss

We aim to train a neural network to approximate the function sin(x) and its derivative cos(x).

Given that ug(x) is the output of the neural network with parameters 0, the true function is f(z) = sin(z),
and the true derivative is f’(x) = cos(x), we can express the Sobolev 1oss Lgopolev a8:

Lsobolev(8) = [lug(z) — sin(@)[[72(q) + [[ug(x) — cos()||72 ()

Here, || - || 12(n) denotes the L?-norm over the domain €, and uj () is the derivative of the network’s output
with respect to x.

The function value loss can be written as:

Lyalue = /Q(u@(:t) —sin(x))? dz

The derivative loss is given by:
Lderivative = / (ulg (3]) - COS(IE))Z dx
Q
Combining these, we obtain the total Sobolev loss:

LSobolev (9) = Lvalue + Lderivative
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The target function sin(x) is used as the ground truth for training the neural network. The Sobolev loss
incorporates both the value of the function sin(x) and its derivative cos(x) and the respective plots are given
in Figure [l The corresponding training loss while approximating sin(x) using Sobolev loss is indicated in

Table [T} and the plot of the loss progression is provided in Figure [2}

Table 1: Training Loss while Approximating sin(z) using Sobolev Loss

Epoch Loss
1.0553817749023438

0
500 0.0077054426074028015
1000 0.005463999230414629
1500 0.004625579342246056
2000 0.004483241122215986
2500 0.0041935802437365055
3000 0.004129459150135517
3500 0.00403747521340847
4000 0.003890089923515916
4500 0.003920875955373049
5000 0.003712507663294673
e 2
075 0.75 \ 'fr \\ /
0.50 0.50 \ ’/‘ \ /
0.25 0.25 \ }v‘ \' lv"
0.001 0.00 \ A/I \ /‘!
~0.25 -0.25 \\ ‘;’ 5“ ‘,
-0.50 1 ~0.50 \ / \ /
\ / \ /
—0.754 —0.754 ‘ \ f
\ / — True Derivative \ /
—1.001 —1.00 A4 Learned Derivative \//

Figure 1: Function and Derivative Approximation
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Figure 2: Training loss in approximating sin(x)

Example 2: Approximating f(x) = ¢~* with Sobolev Loss

We aim to train a neural network to approximate the function e™*.

—

Let ug(x) represent the output of the neural network with parameters 6, the true function be f(z) = e™%,
and the true derivative be f’(z) = —e*. The Sobolev loss Lgobolev can be written as:

Lsobotev () = [[ug(x) = e~ [[12(0) + luh(z) = (=e™7)lI72(q)

Here, || - || 12(q) denotes the L?-norm over the domain €, and uy () is the derivative of the network’s output
with respect to x.

The value loss can be expressed as:

Lvaluc = /(Ue(iﬂ) - eim)Q dx
Q

The derivative loss can be written as:
Lderivative = / (ule (aj) + e_x>2 dx
Q
Combining these, we get the total Sobolev loss:

LSobolev(e) = Lvalue + Lderivative

10
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The target function e™® is used as the ground truth for training the neural network. The Sobolev loss
incorporates the value of the function e™® and the respective plot is given in Figure |3] The corresponding
training loss while approximating e™* using Sobolev loss is shown in Table |2| and the plots illustrating the
loss progression are provided in Figure [4]

¥ using Sobolev Loss

Table 2: Training Loss while Approximating e~

Epoch Loss

0 0.245048

500 0.0000905790
1000 0.0000338203
1500 0.0000332983
2000 0.0000271379
2500 0.0000326528
3000 0.0000273262
3500 0.0000235775
4000 0.0000188881
4500 0.0000194922
5000 0.0000140299

1.0 4 —— Predicted Function
—=- Exact Function

0.8 1

0.6 1

f(x)

0.4 1

0.2 1

0.0 1

Figure 3: Approximation of e™%

7 Conclusion

The Sobolev loss method stands as a powerful and advanced optimization technique, particularly well-suited
for approximating convex and smooth functions. By integrating both function values and their derivatives
into the loss formulation, the Sobolev loss provides a more comprehensive training framework that enforces
consistency not only in function approximation but also in its gradient behavior. This dual focus enables
models to learn more robust representations, particularly for functions where smoothness and continuity
play critical roles.

11
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Figure 4: Training loss in approximating e~*

The method’s ability to incorporate derivative information ensures faster convergence and more accurate
approximations, especially for well-behaved convex functions. As gradient information is leveraged during
training, the Sobolev loss helps in reducing the overall error, aligning the model outputs closely with both
the function and its derivative. This results in superior performance over traditional loss functions, which
typically focus only on function values.

In practice, the Sobolev loss demonstrates strong convergence properties, especially when applied to smooth,
convex functions such as e™® and sin(z). The neural network, guided by the Sobolev loss, converges efficiently
toward the true solution, ensuring that both the function and its derivatives are accurately captured. Sobolev
loss is particularly advantageous in scenarios where the smoothness of the function and its derivatives is
important. It leverages additional information about the function’s behavior, leading to better generalization,
stability, and overall performance in specific tasks. The close alignment of the true and predicted functions
reflects the model’s success in learning the target function sin(z), its derivative cos(z) and e~® . These results
are both expected and valid for smooth, well-behaved functions when appropriate modeling techniques are
employed.

In summary, we extend the application of Sobolev loss in neural network training by incorporating advanced
optimization techniques and novel regularization strategies, resulting in enhanced generalization and stability.
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