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Abstract

We make a comment on the recent work [Boustany| (2024), by showing that the Murat
& Trombetti (2003) Theorem provides a simple and efficient mathematical framework for
nonsmooth automatic differentiation of mazpooling functions. In particular it gives a the
chain rule formula which correctly defines the composition of Lipschitz-continuous functions
which are piecewise C'. The formalism is applied to four basic examples, with some tests in
PyTorch. A self contained proof of an important Stampacchia formula is in the appendix.

1 Introduction

In this work we make a comment on the recent work by |Boustany| (2024). We will show that the Murat &
Trombetti (2003) Theorem gives a natural framework for nonsmooth automatic differentiation (nonsmooth
autodiff). More generally we believe that the methods developed hereafter offer a comprehensive mathemat-
ical functional framework for the description of nonsmooth autodiff. Recent contributions on mathematical
issues for nonsmooth autodiff are developed in [Bolte & Pauwels| (2021)); Bertoin et al.| (2021;|2023)); Boustany
(2024) and references therein, based on the Clarke derivative (Clarke| (1990). The historical remark in [Bolte
& Pauwels| (2021)) provides insights on related topics.

Notations and developments in this self contained article are kept to the minimum.

The first part introduces the notation and provides two examples which illustrate the apparent paradox
discussed in this work. The second part focuses on a theoretical justification of chain rule manipulations for
non smooth functions. Similar problems have been identified in the past in the partial differential community.
Seminal references are 1966 [Stampacchial (1963)), 1990 Kinderlehrer & Stampacchial (2000 and |Ambrosio &
Dal Maso| (1990)). In the context of this work, the most important reference is the Murat & Trombetti (2003)
Theorem which can be very conveniently adapted to describe the mathematics of nonsmooth autodiff. A
preliminary work [Berner et al.| (2019)) has already highlighted the potential interest of the Murat-Trombetti
Theorem for nonsmooth autodiff. However the discussion was restricted to activation functions only, so to
the best of our understanding, the scope in [Berner et al. (2019)) was limited to fully-connected feed-forward
neural network function where the main difficulty can be ruled out by means of a trivial simplification using
R'(0) = 0 where R is the ReLU activation function. Quite surprisingly the main illustrative example in the
Murat-Trombettti contribution has exactly the structure of a modern basic convolutional neural network
function (CNN) [Bengio et al. (2017)) with a maapooling function. That is why we provide a detailed and
self contained proof of the Murat-Trombetti Theorem. We hope that the discussion below will contribute
to popularize this approach among the Machine Learning scientific community and to show its potential for
the description of many problems that intervene in nonsmooth automatic differentiation. The third part is
devoted to some structural properties of the set of Lipschitz continuous functions which are piecewise C*.
It is evidently an additive algebra and, more important, it is an associative algebra for composition and
nonsmooth automatic differentiation. In the fourth part, we will describe the solution of basic problems in
the context of the Murat-Trombetti Theorem. A general conclusion will be that the gradient constructed
through nonsmooth autodiff in PyTorch is systematically equal to an associated gradient in the sense of
Murat-Trombetti.
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2 Notation and examples

A fully-connected feed-forward neural network function f : R™ — R”™ can be written as

f=1feoSeofi_108i_10---0froS10f (1)

where the parameter ¢ is identified with the number of hidden layers. The functions f; for ¢ = 1,...,¢
are affine functions with varying input and output dimensions (ag,ar,...,arr1) € N2 with a; > 0, for
it =1,...,0. More precisely, f;(z;) = W;x; + b; € R%+! for all x; € R*. The intermediate functions S; for
it =1,...,¢ are the nonlinear activation functions [Sharma et al.| (2017). We adopt the normalization that
0 < Si(z) <1 for almost all z € R. The ReLU function S; = R with

R(z) = max(0, )

is an extremely popular activation function used in production codes Bengio et al.| (2017). The mathematical
issues discussed in this work come from the fact that the ReLU function is not differentiable at = = 0.
The point-wise non differentiability is shared with other basic functions in Neural Networks. For example
mazxpooling used in convolutional neural networks Bengio et al.[(2017)) is based on the maximum function

(a,b) — max(a,b)

which is also not uniquely differentiable for a = b. In practice mazpooling is activated on blocks or windows
of numbers on tensors of arbitrary dimensions. With adapted natural notations [Pintore & Després| (2024),
the representation holds for CNN as well by taking f, to be the identity and S, to be a softmax function
Bengio et al.| (2017).

A function f : R* — R’ is Lipschitz continuous if there exists L > 0 such that || f(z) — f(z)|| < L|jz —
Z'|| for all x, 2’ € R*. Therefore all these the activation functions S;, and by extension mazpooling functions
and all similar functions, are Lipschitz continuous by assumption.

Since linear functions f; are clearly Lipschitz continuous and the activation functions described above are
also Lipschitz continuous, then the feed-forward function is Lipschitz continuous by composition, that is
f € Lip(R% : R“+1). Any intermediate step is also Lipschitz continuous, that is

froSy 00 f108;0fo€Lip(R® : R*+) for0<r<(

as well as S, 0---0 f; 0510 fy € Lip(R* : R%) for 0 < r < ¢. The Rademacher| (1919) Theorem,
see also [Morrey Jr| (2009), states that the functions f, f,. and S, for 0 < r < ¢ are differentiable almost

everywhere (that is up to sets of zero measure). So the gradient of f, written as a matrice, is bounded
Ve L*(R": Mg, a(R)). Similarly one has

A, =V froS,0---0810 fo € L(R™ : Mg, ., q0(R))

and
B, =VS,0---08510 fy € LR : Mg, q,(R)).

Then a natural mathematical question is to give a meaning to the chain rule formula
Vf(x) = Ag(x)Be(x)Ap—1(x)Bo—1(x) ... A1 (x)B1(x)Ag(x). (2)

For feed-forward functions, our notations imply that A, (x) = W, is constant with respect to z, so there is no
difficulty. The main difficulty is here concentrated in the matrices B, (z). Nonsmooth autodiff with respect
to the weights and biases leads to similar difficulties. To illustrate the issue and the apparent paradox, we
consider two examples.

2.1 First example

The first example is degenerate in a sense. We take fo(2) = woz where the weight is wg € R and Sp(z) =
R(z). Then f(x) = R(wox) and (2) becomes

() = R (wox)wy, (3)
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where R'(y) = 0 for y < 0, R'(y) = 1 for y > 0, but R’(0) is not defined. A problem shows up if wy = 0
because the function z — R’ (woz) is not defined in this case. Of course, one can argue that the multiplication
by wy = 0 is enough to obtain the correct solution f’ = 0. However this operation is not correct on solid
mathematical grounds because the function z — R'(woz) is not mathematically defined for wg = 0.

2.2 Second example

The second example is more problematic. It comes from Murat & Trombetti (2003)) but is rewritten here
with Neural Networks notation. Consider two functions f, and Sy. The function fp : R — R? is linear

fo(z) = (z,2) = Woz with Wy = (1,1)
while the second function Sy is a mazxpooling function over two values

So(y) = max(y1,y2), where y = (y1,y2) € R2. (4)

Then f = Spo fy is the identity f(x) = z for all x € R, so that f’ =1 is of course bounded. The gradient of
fo is V fo = Wy. The gradient of Sy is defined almost everywhere. There are three cases: the two first cases
are

if y1 > y2 then VSy(y) = ( é ) , if y1 < y2 then VSy(y) = ( (1) ) .

The third case is for y; = ys, then V.Sy(y) is not defined.
Since f(z) = z, the chain rule formula (2)) writes

1= VSo(fo(z))Wo. (5)

Since fo(z) = (z,x) then VSy(fo(x)) is nowhere defined. Since Wy # 0, one can not argue as in the first
example that the product with Wy is enough to recover the correct solution. One obtains a paradox since
the left hand side equal to 1 is perfectly known while the right hand side is not even a correctly defined
function.

2.3 General case

The general case is that the chain rule formula has no clear interpretation. In our opinion, it is related
to some seemingly erratic behavior of nonsmooth autodiff related to the example [Boustany| (2024)) detailed

in Section 5.3

3 The Murat-Trombetti Theorem

The Murat & Trombetti (2003)) Theorem offers a natural solution to the apparent paradox explained in the
previous examples. It is written in the sequel for the context of Neural Networks. We slightly adapt the
notations from [Murat & Trombetti (2003)) and use two different notations for the gradient V f and for an
associated gradient v f- The examples will show that associated gradients correspond to gradients calculated
with autodiff.

We will need the notion of Lipschitz and piecewise C' functions R* — R® which is defined as follows.
Consider a finite decomposition of R* in Borel sets or Borel pieces P

R* = J P, P*NP’ =0 for a+p

for finite number of values of «, that is 1 < a < apax < 0.

For simple functions, the pieces P® are usually piecewise affine with Lipschitz regularity. It means that they
correspond to polygons, polyhedrons, lines, half lines, points and all finite unions and intersections of such
objects in any dimension. This intuitive condition is evident in our examples so we do not detail it.
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Definition 1. We say that a Lipschitz continuous function f : R* — RY is piecewise C' if there exists Borel
pieces P and functions f& € Lip(R* : R?) N CY(R® : R?) for 1 < a < amax with the representation

Z 1pa(z)f*(z) Va € R® (6)

Here the notation 1, denotes the indicatriz function of a set w, that is 1,(x) =1 for x € w and 1,(z) =0
for x ¢ w. By definition f*(z) = f(x) for allz € P* and Vf* € L®(R* : My o(R)) N CO(R® : M, 4(R)).

The main idea in |Murat & Trombetti (2003) is the following.
Definition 2. We say that the gradient defined everywhere associated to the representation @ is

Z 1pa Vfa ) S Mb,a(R) Vz € R (7)

In brief we refer to it as an associated gradient.

The associated gradient is a real b X a matriz defined for all x € R®. It is not unique since it depends on
the representation @ which is not unique. Corollary 1| will show that it is equal to the gradient almost
everywhere.

Theorem 1 (Murat-Trombetti). Consider two functions. The first one u € Lip(R® : R®) is Lipschitz
continuous. The second one v € Lip(R? : R®) is Lipschitz continuous and piecewise C with a representation
(6) and with an associated gradient (7). Then the chain rule identity holds in L°°(R® : M, (R))

V(vou)=Vvou Vu
where Vv o u denotes the function such that Vv o u(z) = Vo(u(z)) for all z € R

Hint of the proof. The key part of the proof is the third step in (Murat & Trombetti, [2003, page 590) that
we reproduce mutatis mutandi within the convenient functional setting. The two first steps in Murat &
Trombetti| (2003]) are evident for w and v Lipschitz. The fourth and fifth steps concern additional properties.

e Since v is piecewise C!, it admits a piecewise smooth approximations denote as v® € C1(R®) for all a.
Since Vu® ou € C°(R® : R°) is a continuous function, the chain rule is applied without difficulty

V(w*ou) =Vuv*ou Vu. (8)
This identity holds almost everywhere (a.e.) with respect to € R®. Let U be the set

¢ ={x eR* u(x) € P} (9)
Since U is the pre-image of the Borel set P by the continuous function u, that is U* = u=(P%), then U

is also a Borel set so it is a measurable set.

e One notes that
v(u(z)) = v(u(z)) a.e. xeU™ (10)

To use this identity one notes w = vou—v®owu. Then one uses an intuitive but non trivial important property
from [Stampacchial (1963)); [Kinderlehrer & Stampacchial (2000) (a self contained proof is in the appendix). It
writes

Vw(z) =0 a.e. z€{xeR: w(x)=0} (11)
Since U* C {z € R* : w(x) = 0}, it yields using
V(vou)(x) =Vv®ou(x) Vu(z) ae zeU™ (12)

One also has
lye(x) = 1pa(u(z)) a.e. x € R (13)
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e Consider the difference of the two terms in the claim A(z) = V(v o u)(z) — Vv ou Vu. It writes also

Alx) = V(vou)— (3, 1pa(u(@))Vo*(u(x))) Vu(z)
= Qa1pe(u(@))) V(vou)(z) — (Z Lpa (u(2)) Voo (u(z)) Vu(z))
= 2o lpa(u(@)) (V(vou)(z) = Vo (u(z))Vu(z))
= 2o lua(z) (V(vou)(r) - Vo ( () Vu(z)) (use (13))
= S () (0) (use (T2))
where all manipulations holds a.e. with respect to x. Therefore A(z) = 0 a.e. which is the claim. O

Corollary 1. The associated gradient of Definition [ is equal to the gradient Vf almost everywhere with
respect to x. That is Vf = V f in the space L®(R® : M, 4(R)).

Proof. Write Theorem [1| with v = f and u(z) = z, so that Vu = I is the identity matrix. O

Corollary 2. Consider a Neural Network function f defined by the composition formula where all
functions f, and S, are Lipschitz for 1 < r < £. Assume moreover that all f, and S, are piecewise C' so
that they admit associated gradients @

A, =Vf08.0---08 0fy € L°(R™: My, 4 (R))
and
B, =VS,0---0510 fy € LR™ : M,, 4,(R)).

Then
Vf = Ay(x)By(x)A¢_1(2)By_1(z) ... Ay (2) By (z) Ag(z) a.e. z€R® (14)
where the right hand side is defined for all v € R®.

Proof. The proof is based on iterations of Theorem
e The first step is based on f = fyo(Sgo fi—10...fy). It yields

Vf:§fg05gofe,1o ...... foVSgOfg,lo---ofo.

The gradient V f is expressed as the product of one associated gradient and one gradient.
e The second step is based on Spo fr_10...fo =Spo (fe—10...fp). One obtains

VSio fe10---0fo=VSofr10...... S1ofoVfe_10...810f

One substitutes this expression in the expression for Vf which is now expressed as the product of two
associated gradients and one gradient.

e Then iterations yields the result. The right hand side of the claim is defined for all x by definition of the
associated gradients. O

If the functions f, are linear one can simplify using - A,(z) = W, which is a constant matrix. One obtains the
representation Vf = Wy By(2)Wi_1By_1(z) ... W1 By (z)Wy a.e. & € R where the right hand side is defined
for all x € R*.

4 The algebra of Lipschitz continuous and piecewise C' functions

We show that the set of functions which are Lipschitz continuous and piecewise C'! functions is an algebra for
the operation of composition, provided of course that the dimensions of the functions match. This property
is the consequence of the next Lemma.
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Lemma 1. Consider two functions u € Lip(R® : R®) and v € Lip(R® : R®). Assume u is piecewise C' with
a representation u(z) = > 1pa(z)u®(x) for all x € R*. Assume v is piecewise C* with a representation
v(z) = 5 1ge (x)v¥(x) for allz € RP. Then f =uowv € Lip(R® : R®) is piecewise C' with a representation

f(z) = Z 1go.s (x)f*P (x) for all € R?, (15)
a,B

where R*P = {x € P, u(z) € Q°} and f*F =vP ou® for all a and .
Moreover the gradient ef associated to the representation (@) satisfies

Vf(z) = Voou(z)Vu(z) for all x € R®. (16)

Proof. One has R*# = P*Nu~(Q?). Since u is continuous, then R** is the intersection of two Borel sets,
so it is also a a Borel set.

A proof that R*# N R*#" = () for (a, B) # (o, 8') is by contrapositive. Assume R*# N R*#" £ (). Then
there exists z € R® such that € R*” and x € R* %", Therefore x € P*N P so a = a'. Denote y = u(x).
One has y € Q° N QP so B=pA". So R*PNRYF #£() = (a,B) = (o, ') which is the contrapositive.

Therefore the sets R*? are a piecewise decomposition of R%.

Consider the function g(z) = f(z) — >_, 5 1 e (2)v”? 0 u®(z) and let us show it vanishes. Take x € R,
then g(z) = f(z) — v® o u®(x). Since z € P, then u®(x) = u(x). Moreover y = u®(z) = u(z) € Q®, so
v (y) = v(y). Tt yields that g(x) = f(z) —vou(z). Since it holds for all a and S, then g is the null function
which is the first part of the claim.

The final part is shown as follows. Consider the difference B(z) = V f(z) — Vo () Vu(z) where the associated
gradients are defined from their corresponding representation. One has

B(x) =Y Lpes (@) VP (@) = Y 1o (u(@)) Vo (ul(x)) Y 1pe(2)Vu® ().
a,B B «

For x € R*P then

B(z) V[P (@) = Voo (u((z)) Vu (@)
V(P o u®)(z) — Vo (u((x)) Vu®(z)

= Vvl ou(z)Vu®(z) — Vo o u((x)Vu®(x).

But R*? C P so u®(x) = u(x). Therefore B(z) = 0 for x € R*”. Since it is true for all a and 3, one
obtains the second part of the claim. O

The next Lemma shows that the previous algebra is associative. We need some notations to state the result.

We consider three functions u € Lip(R?® : R®), v € Lip(R® : R®) and v € Lip(R¢ : RY), all of them being
piecewise C'!

w(x) =, 1pe(x)u*(z) xeR?,

v(z) =) 51gs (x)vP(x) z €RY,
w(z) =3 1ps(z)wY(z) = €RS,

with their corresponding associated gradient. For these functions and for the other ones below, we only write
the representation of the functions since the representation of their gradient is immediate.

The function w o v o u admits two formally different representations, the first one assembled in the order
wo (vou), the second one assembled in the order (wowv)ow. It might yield two different associated gradients.
Actually this not the case and both representations and their associated gradients are the same as shown in
Lemma [2] for which we need some preliminary notations.

Let us firstly detail the representation of f =vou. We write it

f@) = 1gas(x)f*(z) for all z € R*
a,f
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where S“¢ = {x € P* u(r) € Q°} and f*# = v% o u®. Invoking one more time Lemma [1} the function
g=wo (vou)=wo f is Lipschitz continuous and piecewise C'! with a representation deduced from the one
of w and the one of f. We write it

g(@) = Y Lswon(@)u’ o f*(2) (17)

a, By

where S8 = {1 € §4F8, foP(x) € RY).

The second possibility is to start from p = w o v which admits the representation with an associated
gradient . We write it

p(z) = Z 176~ (2)p?7 () for all 2 € RY
By

where T77 = {z € Q% ,v(z) € R"} and p®¥ = w¥ ovP. Finally ¢ = (wov)ou = powu has the representation

g(2) = Y Lpaioo (@)p™7 0 u(x) (18)
a,B,y

where T%(#7) = {2 € P* u(x) € T*P}.

Lemma 2. The representation of g and the representation of q (@ are identical. More precisely :
the Borel sets are equal S5 = T%BN) for all o, B,7;

the composed functions are equal w” o f*B = pP7 ou® for all a, B,7;

and the functions are equal g(z) = q(z) for all x € R*.

The associated gradients of g and q are identical as well.

Proof. Expansion of all terms shows that S(®8)7 = 787 = {2 € P* u(z) € Q%,vou(r) € RV} and that
wY o f4P = pPY ou® = w¥ ovP ou?, so the representations are the same. The associated gradients are equal
as a consequence of ([L6)). O

Corollary 3. Make the assumptions of Corollary @ Then the left hand side of can be written
Vf = Ay(x)By(x)Ap_1(x)By_1(z) ... A (2) By (z) Ag(z) a.e. z€R® (19)

where a representation formula for the associated gradient v f can be determined from the multiplication in
any order of the associated gradients in the right hand side.

Proof. Use Lemma [I] and Lemma O

Note that the addition of two Lipschitz continuous and piecewise C! functions is also a Lipschitz continuous
and piecewise C'! function. This evident property will be used in the numerical Section.

Lemma 3. Consider two functions u,v € Lip(R® : R®) where u is piecewise C' with a representation
u(z) = 3, 1pa(z)u®(x) for all x € R* and v is piecewise C* with a representation v(x) = 3 5 1ga (x)v® (2)
for all x € R®. Then f = u+v € Lip(R* : R®) is piecewise C' with a representation

f(z) = Z 1gos (x)f*P (x) for all € R?, (20)
a,B

where Ba’ﬁ = PN QP and P = u® + v® for all a and B, and the associated gradients are additive
Vf=Vu+ Vo.

Proof. R is the intersection of two Borel sets, so it is also a a Borel set. The rest of the proof is evident. [
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5 Examples

We illustrate the interest of the Murat-Trombetti Theorem on simple examples where the number of layers
is limited for the sake of simplicity.

5.1 Back to the first example

The issue is the value of the derivative of the ReLU function at the origin.

One can simply use three Borel pieces P! = (—00,0), P? = (0,00) and P3 = {0} to construct the associated
derivative R'. The three smooth functions are f1, f2 and f3. By definition f!(z) = R(x) = 0 for z € P?,
then (f!)'(z) = 0 for € P!. Similarly f%(z) = R(z) = z for z € P2, then (f?)'(x) = 1 for # € P2. The
only constraint on f3 is f3(0) = 0, so (f3)’(0) can be any real number. Let us note (f3)'(0) = z € R.

So the associated derivative is
R(z)=0forz <0, R'(z)=1forz>0, R'(x)=zforz=0.
Clearly the associated derivative depends on the choice of z.

Most of the studies about the influence of the derivative of the ReLU at the origin are restricted to z = 0
that is to R’(0) = 0, see Boustany| (2024)); Berner et al.| (2019)); [Bertoin et al.| (2021)). The previous detailed
analysis shows that z # 0 is also possible.

Whatever the value of z, then becomes f’ = E’wo which is non ambiguous for wy = 0 since R is correctly
defined. Note that the derivative of f is written as an associated gradient (associated derivative in this case)
thanks to Lemma [l However, once again, the use of an associated gradient is not mandatory in this case
since there is no real difficulty for wg = 0.

5.2 Back to the second example

To construct an associated gradient for the mazpooling function Sy , one can distinguish three Borel
pieces which are P = {(y1,12) € R? : y1 < 92}, P? = {(y1,92) € R? : y; > y2} and P = {(y1,92) €
R? : y; = y»}. Then the smooth functions are f!, f2 and f3. Clearly f'(y1,72) = v1 in P!, so that
V£ (y1,y2) = (1,0) in P'. For similar reasons, V f2(y1,y2) = (0,1) in P2

The critical situation concerns P3. The construction principle @ yields that y; = yo = f3(y1,92) in P3.
It can be written y = f3(y,y) for all y € R. The function f3 being continuously differentiable, one has
necessarily 1 = 9y, f3(y,y) + 9y, f3(y, y) for all y, that is

1= 0y, f*(y1,y2) + 0y, f* (y1,2) on P2, (21)

Let us now examine what is the meaning of the modified chain rule formula which replaces the initial one
(5). This modified chain rule formula can be taken from Corollary

1 = VSo(fo(z))W, for all z € R. (22)

The key observations are that Wy = (1,1) and that VSo(fo(x)) = Vf3(fo(x)) since fo(z) € P3. Then
reduces to the identity which holds by definition. So the paradox does not show up again.
Remark 1. A simple geometrical interpretation emerges from the fact that @ reduces to . Actually

the gradient of f3 can take any value in the direction normal to the line P> while it takes the correct value
in the direction tangent to P3.

5.3 The Boustany example

This example is proposed in [Boustany| (2024]) to exemplify the issues at stake with nonsmooth autodiff with
maxpoooling functions. The example is directly implemented in PyTorch. One defines a first maximum
function max; for a vector x € R of arbitrary size a > 1. The scripts taken from Boustany| (2024)) are
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def max; (x):

res = x[0]

for i in range(1, a):

if x[i] > res: res = x[i]
return res

def maxq(x):
return torch.max(x)

Table 1: Script of the functions max; and maxs

in Table [1} together with a second maximum function maxs which is a PyTorch function. Then for given
x € R, one defines the function ¢t — f(t) = max; (tz) — maxa(tx).

By construction f is the null function.

However it is reported in (Boustanyl, [2024, Table 1) that the derivative calculated with autodiff in PyTorch
is not zero. More precisely take x = (1,2,3,4), then f’(¢) is (numerically) zero everywhere except at t = 0
where the derivative is &~ —1.5. Our own tests reported in Table [2] confirm this observation.

t -1 -05 -001 0 001 05 1
derivative of f || 0 0 0 -1.5 0 0 O

Table 2: Values of the derivative of f calculated with autodiff within PyTorch

The explanation in the context of the Murat-Trombetti representation formula is as follows. The function
max; calculated with autodiff is given in Table[I] It yields that the associated gradient of max; is calculated
accordingly to the decomposition of the space in Borel pieces

P! = {x € R* 21 > max(w2,23,24)}, fix) =,
P ={z € R* 21 < 19 and x5 > max(z3,74)}, [2(x) =22 (23)
= {z € R*| max(z1,22) < x3 and x3 > 24}, f3(ac) = 13
P = {z € RY| max(z1,z2,73) < 74}, fHx) = 24
where = (21, x2,x3,24). Then the associated gradient is
Vmax; (z) = (1,0,0,0) in P*, (0,1,0,0) in P2, (0,0,1,0) in P3, (0,0,0,1) in P*. (24)
The representation that we propose for maxs is different. It is based on different Borel pieces
Q' = {z € RY z; > max(z;),2}, fi(x) = x, 1=1,2,3,4,
Q5 = {z € R 21 = 29 > max(w3,24)}, f°(x) = (71 + 12)/2,
Q% = {z € RY 21 = 23 > max(z2,24)}, fO(x) = (71 + 23)/2,
Q" = {r € R* 21 = 24 > max(w2,23)}, f(x) = (1 +14)/2,
Q¥ ={z e R w3 = 23 > max(xy,24)}, [f3(z) = (v2 4 23)/2,
Qg = {{E € R4| Ty = Ty > max(xhxl’))}v fg(x (1.2 + £E4)/2 (25)
QY = {z € RY 23 = x4 > max(z1,22)}, f1%x) = (w3 +14)/2,
QY ={z e R 21 = 29 = 73 > 24}, fH(x) = (v1 + 22 +23)/3,
QP2 ={z e RY 21 = 29 = 14 > 73}, f2(x) = (21 + 22+ 24) /3,
QB ={z e R zy =23 = 24 > 22}, fB3(x) = (x1 + 23+ 74) /3,
QU ={z e R 2y =23 =24 > 21}, 4 (x) = (xo + 23 +24)/3,
QY ={z e R 11 = 29 = 73 = 24}, f15(:c) (z1 4+ T2 + T3 + 74) /4.
It yields
~ 1
_ 26
Vmaxj (21, 22, T3, 24) N (21,29, 75,73) (Y1, 92,93, Ya) (26)
where

e N(x1,x9,x3,%4) is the number of x; (1 < i <4) equal to the maximum value,
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o y; = 1if x; = max(z1, z2,x3,24), and z; = 0 if a; < max(z1, T2, T3, 24).

Remark 2. The examination of shows that %maXQ is symmetrized. One has for example
~ 1
Vmaxs(0) = Z(l’ 1,1, 1), 0=(0,0,0,0). (27)

More precisely, the associated gradient %maxz 1s invariant under the action of permutations among the values
equal to the mazximum. This is confirmed by numerical evidence based on elementary tests in PyTorch.

Now let us calculate the associated derivative of f at ¢ = 0 with the rules of automatic differentiation
f1(0) = L max(t,2t,3t,4t) ;=0 — Smaxs(t,2t, 3t,4t) ;o that is £(0) = Vmax1(0) - (1,2,3,4) — Vmax»(0) -
(1, 2,3,4), where the notation of the associated derivative is justified using Lemmas I and l One obtains
F(0) = (1,0,0,0) - (1,2,3,4) — 1(1,1,1,1) - (1,2,3,4) = 1 — 10/4 = —1.5 which is the value reported in
Boustany| (2024) and in Table |2

5.4 A simplified Boustany example

Finally we prepare another simple example in the spirit of [Boustany (2024), but where the maximum is
calculated with the MaxzPoolld function of PyTorch. Maxpooling is an important and popular operation in
modern neural networks.

We assemble the function f(¢) = maxpoolld(t, 4¢) — maxpoolld(4¢, ¢). Some values implemented in PyTorch

are given in Table The explanation of the value of f (0) is as follows. Actually all numerical test show that
the PyTorch function maxpoolld = torch.nn.MaxPoolld(2, stride = 1) with a window of 2 elements has the

same associated gradient as the function max; presented in Table |l Therefore %maxpoolld(O, 0) = (1,0).
Then f/(0) = (1,0) - (1,4) — (4,1)(1,0) - (1,4) = —3 which is the value in Table |3| observed in the numerical
tests.

t [[-1 -05 -001 0 00l 05 1
f@wflo o o -3 0 0 0

Table 3: Values of the derivative calculated with autodiff within PyTorch

6 Conclusion

The Murat-Trombetti Theorem provides a simple functional framework which allows to manipulate composi-
tion of Lipschitz continuous and piecewise C' functions. It constructs an associated gradient which is defined
for all values of the input variable. An associated gradient is not unique nevertheless. We have observed
that the gradient obtained from nonsmooth autodiff in PyTorch is systematically equal to an associated
gradient in the sense of Murat-Trombetti. This approach also provides a non ambiguous chain rule formula,
that was actually the key in the original paper |Murat & Trombetti| (2003). More generally the framework of
Lipschitz continuous and piecewise C!' functions is an associative algebra for the composition of functions.
Connections with the method of breakpoints described in [Daubechies et al.| (2019) is a priori possible. We
mention some problems which could be the subject for future researches. Some of them are already evoked
in Berner et al.| (2019)).

Evaluation of the Lipschitz constant of a function modeled with Neural Network: The numerical
evaluation and use of the Lipschitz constant of a given Neural Network function where the weights W,. and
the biaises b, are given has the subject of recent researches|Combettes & Pesquet| (2020)); Virmaux & Scaman
(2018)); [Pintore & Després| (2024); Béthune, (2024). More solid foundations for these works can be obtained
with associated gradients.

More variables and training: The associated gradient has been introduced and studied in this work on
examples with limited number of layers and with limited number of variables. In practice a Neural Network
function is defined with respect to space variables (typically = in (I})) and to parameters (typically W, and

10



Under review as submission to TMLR

b, in ) Then it raises the mathematical question of the definition of an associated gradient with respect
to all variables. There is major practical interest in designing an associated gradient with respect to the
parameters W, and b, only. It can be used to describe a functional setting for training sequences and to
compare with the numerical tests in [Boustany| (2024).
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A A self contained proof of the Stampacchia property

The Stampacchia property |Stampacchia (1963)); Kinderlehrer & Stampacchial (2000) states that a function
w € Lip(R?) is such that

Vw(z) =0 ae z€{zeR* : wlx)=0} (28)
A simple proof comes from a regularization technique. See also |[Evans| (2018)).
First regularization. Consider z — |z|. = V2% + ¢ for € > 0. The derivative is - |z|. = T
Thanks to the Rademacher Theorem, w admits a gradient Vw € L*(R*)*. Also |w| admits a gradient
Viw| € L*(R*)* as well because |w| is also Lipschitz. Take a vectorial smooth test function with compact
support » € C3(R?). The integration by part formula holds

/V|w|(m x)dr = — /|w| )WV - p(z)dr = — lim /|w| )V - p(x)dx
e—0t

There is no difficulty in passing to the limit because w is continuous. A reverse integration by parts shows
that

— [wl(2)V - p(z)dx = [ V]w|(z) - p()de = f%w(x) - p(x)da

= fw(x)>0 :(S;lﬁ Vw(z) - p(z)dr + fw(m)<0 /7;”(;;)2“ Vuw(z) - p(z)dz + fw(z):O 7:15;)2% Vw(z) - p(z)de.

In the right hand side, the last integral vanishes of course. In the first integral one has the boundedness
w(x) i

\/mvw(x) o()

defines a function in L'(R%). One also has pointwise convergence almost everywhere with respect to
w(z)

Vw(z)2+e

Theorem yields

< |Vw(x) - p(x)| where on the right hand side the function z — |Vw(x) - o(x)]

Vw(zx) - p(x) — sign(w(x))Vw(z) - p(z) a.e. x. Therefore the Lebesgue dominated convergence
lim / $Vw(x) cp(z)dx = / Vw(z) - o(z)d.
w(x)>0 w(xz)>0

e—=0Tt w(x)Q + e

Similarly im0+ [, <o \/%Vw(x) p(@)dr = — [,y .o Vw(z) - p(z)dz. Tt yields the formula

/V|w| (x)dx = /w(:b)>0 Vuw(z) - p(z)dx — /(m)<0 Vw(zx) - p(z)dz. (29)

Second regularization. Let us now redo the calculation but starting from a different regularization of the

absolute value. We take x — |z|® =1/ (z + Ve)? + ¢ for e > 0, with derivative L\gle = \/#%

One has [ V|w|(z) - p(z)dz = — [ |w|(2)V - p(z)dz = —lim._,o+ [ |w|*(z)V - ¢(z)dz and
— [l @)V - p(x dxffV|w\ (z) - p(x)de = [ (ﬁiﬂ;fg%vw(gg).@(;@)dz

— __w@ive vy __w@tve )
= Jowso T V@) - @)de + [0y co st V(@) - pla)de

__w@ive gy
+ fw(w):() (w(‘,];)_,'_\/g)g_,’_e ( ) QD(x)

_ w(z)++/€ d w(z)++/ . d
ey T u(a) - () + fyy T Vin(a) - (o)

—&-% Jootey=o Vw(2) - p(z)dz

The Lebesgue dominated convergence Theorem yields the same limit as before for the two first integrals.
However the third integral remains. One obtains

/Vw|(x)~g0(a:)dx/w(r)>0 Vw(x)wp(x)dx/w(x)d) Vw(z) - o(x )d$+\[ e OVw(z)'ga(x)dx. (30)

Final part of the proof. Comparison of and yields [ (2)=0 Vw(z)-p(x)dz = 0 for all p € C¢(R?).
This is equivalent to the Stampacchia property because the test function ¢ is arbitrary.
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