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Abstract

In distributed training of machine learning models, gradient descent with local iterative steps,
commonly known as Local (Stochastic) Gradient Descent (Local-(S)GD) or Federated averaging
(FedAvg), is a very popular method to mitigate communication burden. In this method, gradient
steps based on local datasets are taken independently in distributed compute nodes to update
the local models, which are then aggregated intermittently. In the interpolation regime, Local-GD
can converge to zero training loss. However, with many potential solutions corresponding to
zero training loss, it is not known which solution Local-GD converges to. In this work we answer
this question by analyzing implicit bias of Local-GD for classification tasks with linearly separable
data. For the interpolation regime, our analysis shows that the aggregated global model obtained
from Local-GD, with arbitrary number of local steps, converges exactly to the model that would
be obtained if all data were in one place (centralized model) “in direction”. We also obtain the
same implicit bias for exactly solved local problems with a modified aggregation. Our analysis
provides a new view to understand why Local-GD can still perform well with a very large number
of local steps even for heterogeneous data. Lastly, we also discuss the extension of our results
to Local-SGD and non-separable data.

1 Introduction

In this era of large machine learning models, distributed training is an essential part of machine learning pipelines.
It can happen in a data center with thousands of connected compute nodes (Sergeev & Del Balso, 2018; [Huang
et all |2019), or across several data centers and millions of mobile devices in federated learning (Konecny et al.,
2016; Kairouz et al.l 2019). In such a network, the communication cost is usually the bottleneck in the whole
system. To alleviate the communication burden, and also to preserve privacy to some extent, one common strategy
is to perform multiple local updates before sending the information to other nodes, which is called Local Gradient
Descent (Local-GD) (McMahan et al. 2017, |Stichl [2019; [Lin et al. 2019). In a network with M compute nodes,
the goal is to train a global model to fit the distributed datasets:

1 M
min f(w)  with f(w)= 2> fiw), (1)
=1

wER4

where w € R? is the single model to be trained and f;(w) is the local loss function for " compute node. The
local loss f;(w) is the average of the loss function evaluated at model w for the high-dimensional samples and
their corresponding labels, {xs,ys}ses,, where S; is the local dataset, and N; =1S;| is the number of local samples.
The samples of the local dataset are obtained iid from the local distribution D;.

In each round of Local-GD, a central node sends its current model, referred to as the global model, to all compute
nodes. Each compute node runs L local gradient descent steps on the global model using its loss f; on this model
to obtain a local model. Each compute node sends its local model back to the central node, where these local
models are aggregated, by averaging, to obtain the global model for the next round. The detailed algorithm of
Local-GD is described in Algorithm



Under review as submission to TMLR

In modern machine learning, most deep neural networks, where Local-GD has impressive performance, operate
in the overparameterized regime, where the dimension d of the model is more than the total number of samples
MN. In this case, there are multiple solutions corresponding to zero training loss. The main question here is:

Q: Which solution would the aggregated model trained by Local-GD converge to?

Contributions. In this work, we answer this question by analyzing implicit bias of Local-GD on classification
tasks for linearly separable data. From the implicit bias of Local-GD, we can characterize the dynamics of the
global model across rounds. We compare the global model with the centralized model obtained from running
gradient descent (GD) on a dataset consisting of all distributed datasets as if all these datasets were located on
the central node. The centralized model is obtained from existing results for the implicit bias of linearly separable
data (Soudry et al. [2018). Note that these results cannot be directly applied to Local-GD. For globally linearly
separable dataset, we show that the global model converges to the centralized model with any arbitrary number
of local steps on heterogeneous data under O(1/L) learning rate. This learning rate is common in existing analyses
of distributed learning (Karimireddy et al., |2020; [Koloskova et al., [2020; |Crawshaw et al., 2025b). The meaning of
this work lies in: 1). providing a theoretical explanation to the phenomenon that Local-GD can work well with a
very large number of local steps in practice; 2). showing which solution with zero training loss the Local-GD would
converge to. When Local-SGD is considered to be an algorithm that samples a mini-batch of local dataset without
replacement at each local step (see Assumption E[), we can obtain the same implicit bias result as Local-GD (see
Theorem |5)) since each local batch is still a subset of global dataset.

We also consider a special case where each local problem with a weakly regularized term is exactly solved. This
setting simulates the behavior of Local-GD with a very large number of local steps. With a Modified Aggregation,
(see Section we can guarantee that the global model can converge to the centralized model. This result provides
the implicit bias of massive local updates without the restrictive learning rate of O(1/L).

Practical Implications. In practical implementation of distributed training on large models, the performance
of Local-GD is surprisingly good even with heterogeneous data distribution (McMahan et al. 2017, |Charles et al.,
. Also, the number of local steps can be very large in Local-GD type algorithms and real-world systems,
for example, up to 500 local steps in distributed training of large language models (LLM) (Douillard et all 2023}
Jaghouar et al., [2024). Since our results show the Local-GD can converge to centralized model with arbitrary
number of local steps, it helps explain why Local-GD can still work well with a large number of local steps in
practice. In this work we consider linear models as an appropriate starting point to investigate the implicit bias
of Local-GD. A popular example of linear models used in practical machine learning pipelines is fine-tuning last
layer on pretrained large models or adding linear layers in transfer learning (Donahue et al. 2014; [Kornblith et al.,
and deployment of LLM (Devlin| [2018} \Jiang et al. [2020). Thus we also add an experiment of fine-tuning
last layer of neural network to show broader impact of our analysis.

1.1 Related Works

Convergence of Local-GD. When the data distribution is homogeneous, several works analyze convergence of
Local (Stochastic) GD (Stichl 2019; [Yu et al., 2019; [Khaled et al., 2020). With an “appropriately small” number of
local steps, the dominating convergence rate is not affected. Various assumptions have been made to handle data
heterogeneity and develop convergence analysis (Li et al., 2020b} [Karimireddy et al., 2020; Khaled et al.| |2020; Reddi|
et al.l [2021; [Wang et al., 2020; Crawshaw et al.}2023)). For strongly convex and smooth loss functions, the number of
local steps should not be larger than O(+v/T) for i.i.d data 1StichL M and non-i.i.d. data (Li et al.l, . However,
in practice Local-GD (FedAvg) works well in many applications (McMahan et al.,|2017; |Charles et al. [2021), even in
training large language models (Douillard et al., [2023; Jaghouar et al.,[2024). In[Wang et al.| (2024), the authors argue
that existing theoretical assumption does not align with practice and proposed a client consensus hypothesis to explain
the effectiveness of FedAvg in heterogeneous data. But they do not consider the impact of overparameterization
on distributed training. There are some works incorporating the property of zero training loss of overparameterized
neural networks into the conventional convergence analysis of FedAvg (Huang et al.l 2021} Deng et al., |2022a} |Song
let al.l|2023;|Qin et al,[2022). However, they do not guarantee which model Fed Avg can converge to, which is especially
important for overparameterized set ups since there are multiple solutions with zero training loss. Our work is different
from these works as: 1. We analyze which point the Local-GD can converge to, which is a more elementary problem
before obtaining the convergence rate; 2. We use implicit bias as a technical tool to analyze the overparameterized
FL. Woodworth et al.| (2020b)) provides a lower bound of Local-GD for convex and smooth functions, however,
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the lower bounds requires an upper bound on the /5 norm of the optimum. For logistic regression, the optimum
is achieved at |Jw*||2 — oo, hence the bounds do not apply to logistic regression. Further, in the overparameterized
setting, all the data points can share an optimum, so the terms of noise at optimum is zero in [Woodworth et al.|
. This further makes their bounds invalid for the problem of overparameterized logistic regression.

Implicit Bias. [Soudry et al| (2018) is the first work to show the gradient descent converges to a max-margin
direction on linearly separable data with a linear model and exponentially-tailed loss function.
has provided an alternative analysis and extended this to non-separable data. The theory of implicit bias
has been further developed, for example, for wide two-layer neural networks (Chizat & Bachl 2020, deep linear
models (Ji & Telgarskyl, 2019b), linear convolutional networks (Gunasekar et al. 2018b), two-layer ReLU networks
(Kou et al.,2024) etc. Beyond gradient descent, more algorithms have been considered, including gradient descent
with momentum (Gunasekar et al., 2018a), SGD (Nacson et al., [2019), Adam (Cattaneo et al.,|2023), AdamW
. Recently, implicit bias has also been used to characterize the dynamics of continual learning,
on linear regression (Evron et all 2022} |Goldfarb & Hand, [2023; [Lin et al., [2023), and linear classification
let all [2023} [Jung et al 2025). In[Evron et al| (2023), gradient descent on continually learned tasks is related
to Projections onto Convex Sets (POCS) and shown to converge to a sequential max-margin scheme. In our
work we consider the implicit bias of gradient descent in distributed setting, which is related to a different parallel
projection scheme by projecting onto constraint sets simultaneously.

Parallel Projection. Parallel projection methods are a family of algorithms to find a common point across multiple
constraint sets by projecting onto these sets in parallel. These methods are widely used in feasibility problems in
signal processing and image reconstruction (Bauschke & Combettes, [2011). The straightforward average of multiple
projections is known as the simultaneous iterative reconstruction technique (SIRT) in|Gilbert| (1972). Then de Pierro|
studied the convergence of PPM for a relaxed version, and further generalized
the result to inconsistent feasibility problems. In |Combettes| (1997), an extrapolated parallel projection method
was proposed to accelerate the convergence. We note that [Jhunjhunwala et al.| (2023)) used this extrapolation to
accelerate FedAvg. However, it was just inspired by the similarity between parallel projection method and FedAvg,
while in this work we rigorously prove the relation between PPM and Fed Avg using implicit bias of gradient descent.

Algorithm 1 LocAL-GD.

1: Input: learning rate 7.
2: Initialize w])

3: for k=0to K—1 do

4: The aggregator sends global model w§ to all compute nodes.

5 for i=1toi=M do

6: compute node ¢ updates local model starting from w’g : wf ’Ozw’g.
7: for [=0to L—1 do

8 wpt =wt -V ().

9 end for

10: compute node ¢ sends back the updated local model wf“ :wf’L.
11: end for

12: The aggregator aggregates all the local models: wgﬂ = %Ef\ilwéﬁﬂ.
13: end for

14: Output: wi.

2 Motivating Observation in Linear Regression

In this section we first give some observations in linear regression as a motivating example. The behavior of linear
regression is very well-understood in high-dimensional statistics.

Setting: At each compute node i, the dataset S; consists of N tuples of samples and their corresponding
labels, (z,y) € R xR. Denote X; = [zi1,T0,...,zin]T € RVX? as the data matrix at i-th compute node, and
Yi = [Yi1,Yi2,--,yin] ERY as the label vector. Let X.=[X{,...X1|T e RMN*d he the data matrix consisting of
all the local data, and y.=[yf ,...,yL,|T € RMN*1 be the label vector consisting of the local labels.
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We consider a special case of Local-GD in Algorithm [I] where the number of local steps is very large. At each round,
the aggregator sends the global model wy to all the compute nodes. Each compute node minimizes the squared loss
filw;)= ﬁ”yi—XiwiHQ by a large number of gradient descent steps until convergence. Then each compute node
sends back the local model and the aggregator aggregates all the local models to get the updated global model.

Underparameterized Regime: When the number of local samples is larger than the dimension d, it is known
that local model would converge to the ordinary least square solution wf“ = (X7 X;)71 X'y, regardless of initial
point w¥. In the meanwhile, the centralized model with all the training samples is w, = (X7 X,) "' XTy.. However,
the average of local models wy :Zij\il(XiT X;)71XTy; is not identical to the centralized model unless the data
is homogeneously distributed and all X! X; are proportional. So a large number of local steps can hurt the

convergence to centralized model with heterogeneous data distribution.

Overparameterized Regime: When the dimension is larger than the number of samples at each compute node
(d> N), there are multiple solutions corresponding to zero squared loss. However, it is known that gradient descent
would converge to the minimum norm solution in the feasible set, which corresponds to a minimum FEuclidean
distance to the initial point (Gunasekar et al.; 2018a; [Evron et al.l|2022), i.e., the solution of the optimization problem

~—

H&}iin w;—wf|* st Xaw=y;. (2
We can obtain the closed form solution as w**' = (I — B)wk + X]y;, where P, 2 XT(X;XT)"1X; and X| £
XT(X;XT)~. We observe that P; is the projection operator to the row space of X;, and XZ-T is the pseudo inverse
of X;. Meanwhile the centralized model converges to the minimum norm solution w, :XCT (XX CT )~ 1y.. Denote
P= ﬁzzﬂilﬂ In the training process the difference between global model and centralized model is iteratively
projected onto the null space of span of row spaces of X;s. It implies that the difference on the span of data matrix
gradually decreases until zero. Note that Based on the evolution of the difference, we can prove the following theorem:

Theorem 1. For the linear regression problem, suppose the initial point wy is 0 and d>MN, and there exists
minimum non-zero eigenvalue of P denoted by Ouin. Then the output of Local-GD, wi, converges to the centralized
solution w,. as the number of communication rounds K — oo as ||wl —we| < (1—0umin) ¥ |Jwe|-

The proof is deferred to Appendix [Bl The key step is to show the initial difference is already in the data space, and
no residual in the null space of row spaces of X;s. The convergence to the centralized model is at exponential rate.
Due to the linearity of the regression problem, we can theoretically show the global model can exactly converge
to the centralized model with implicit bias on overparameterized regime. It implies that, even if we use a large
number of local steps to exactly solve the local problems on very heterogeneous data, the performance of Local-GD
is equivalent to train a model with all the data in one place.

3 Implicit Bias of Local-GD for Classification

For classification task, we also would like to know whether the global model can converge to the centralized model
with any number of local steps. Now we investigate a binary classification task with linear models.

3.1 Setting

Suppose, for each compute node i, the dataset .S; consists of IV; tuples of samples and their corresponding labels,
(z,y) €RYx {+1,—1}. We denote X; € RN:*9 a5 the data matrix at i-th compute node, and y; € {+1,—1}"V¢ as
the label vector. The global dataset is the set of M local datasets S=UM,S;.

We consider a linear model w€R? for the binary classification task. The local loss at i-th compute node is
filw) =3 glysaTw), 3)
s€ES;

where g(u) is a loss function decreasing to zero when u— 0o, such as logistic loss g(u) =In(14+e~%).

We study LocalGD with an arbitrary number of gradient descent steps. To describe our main results, we have
the following notations and assumptions. We denote the whole data matrix as X € RVX¢ where N = Zij\ilNi.
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We write omax = 1/Omax(XTX) as the maximum singular value of data matrix X, where 6 represents eigenvalues
of a square matrix. We need an assumption of global separability on whole dataset.

Assumption 1. For all the data samples (z,ys) €S, there exists w€R? such that y,2Tw>0.

Note that linear separability is a common assumption in the analysis of learning in overparameterized regime (Nacson
et all [2019; [Soudry et al.| |2018; [Evron et al., |2023)). For our distributed case, this implies that all clients share at
least 1 minimizer, which imposes an extremely mild condition on the data heterogeneity among clients. In the over-
parametrized setting, d >mn, hence, there are likely several such solutions separating the whole dataset. Since there
are multiple solutions separating the whole dataset, we define a particular max-margin solution on global dataset:

w:argurjrélﬁginwﬂ st. ysxlw>1, VseS. (4)

It has been proven that gradient descent would implicitly lead the linear model to this max-margin solution in
direction, i.e., convergence of model direction to @/||@|| (Soudry et all 2018). We define the maximum margin as

= max minyzlw (5)
wERd |lw||=1 s

which is strictly positive since the global dataset is linearly separable. The data points reaching this margin are

support vectors of the global dataset.

To establish convergence, we require additional regularity assumptions on the loss function.

Assumption 2. The loss function g(u) is a positive, differentiable, S-smooth function, monotonically decreasing
to zero, and limsup,,_, ¢’ <O0.

Assumption 3. The negative loss derivative —g’(u) has a tight exponential tail. That is, there exists positive
constants g4, p— and w such that Vu>wu:

(1—exp(—p—u))e " < —g'(u) < (1+exp(—pyu))e . (6)

Note that these assumptions are also used in centralized learning of overparameterized models (Soudry et al.|
2018; [Nacson et al.|, 2019; |[Evron et al. 2023), and the logistic loss satisfies all the assumptions. With our setting
completely defined, we state our main results.

3.2 Loss Convergence and Implicit Bias of Local-GD

Our main result is on the asymptotic convergence of the model parameter wg and loss f(w) for Local-GD.

Theorem 2. Under assumptions @, E, if the learning rate satisfies 77<min<2 ToZ 519003 B(v v )), then
for the process of Local-GD, we have,
e FEvery data point is classified correctly finally: limy_, 2wk =00 Vs€S.
o The global model obtained from Local-GD will behave as
k ook
wy =log(Lk)W+p®, an H H <) (7
’ ]l Nl log(nLk)
and ||p*|| < oo for all k. This implies, the normalized global model converges to the global maz-margin

solution.

o The loss function f(wf) decreases to zero asymptotically as f(wh )zO(n%k) when k is sufficiently large.

The proof is deferred to Appendix [C} The technical challenges lie in that we need to control the residual term
pF with the local steps and aggregations, which are handled by a refined analysis in distributed context. This
theorem implies the global model can eventually correctly classify all the training samples after many rounds
of communication. Given that centralized model also converges to the global max-margin solution from prior
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results, the global model from Local-GD actually converges to the exact centralized model in direction. Further,
this holds for a step size 1o %, and does not require any additional modifications to the objective, for instance,
any regularization on the difference between local and global models during local steps.

Impact of local steps. In this analysis, the number of local steps can be arbitrary. Although the magnitude
of model vector would diverge to infinity, the direction of aggregated model still converges to the direction of
global max-margin solution. Thus, the number of local steps does not influence the asymptotic convergence to the
centralized model, which is very different from underparameterized regime. Our loss convergence rate is O(1/nLk),
which matches the rate in |Crawshaw et al| (2025al).

Learning rate. Theorems [2| needs the learning rate to be small as O(1/L), which has also been used by existing
works (Karimireddy et al.l 2020; |Koloskova et al.| 2020; |Crawshaw et al., 2025b) on Local-GD and Local-SGD. This
means the model does not move so far after one round of local iterations. In the next section we try to explore whether
the global model still converges to max-margin solution with a learning rate independent of L in a special case.

Remark 3. The proof of Theorem [2] is inspired by the analysis of implicit bias of SGD (Nacson et al., 2019).
Intuitively, we can regard one local dataset as a “batch” in SGD for sampling without replacement. But we
perform multiple gradient steps in the same “batch”, not just one step of gradient descent. The challenge is to
handle local steps in the same local dataset and the aggregation after one round of local training.

Remark 4. In this paper we mainly focus on the linearly separable data, which is a standard assumption in
implicit bias analysis and also widely used in recent works (Zhang et all [2024; |Crawshaw et al., 2025b; [Jung
et al.l [2025)). For non-separable case, |[Ji & Telgarsky| (2019a) has shown gradient descent converges to a ray along
the direction of max-margin solution of largest linearly separable subset. However, there is still an assumption
on the data: in fact, one needs a positive margin on the separable part of data to show both convergence in risk
or parameters. Nevertheless, |Ji & Telgarsky| (2019a) clearly shows strict linear separability is not the main reason
for the convergence of gradient descent to a max-margin solution. Since even without this assumption, GD still
converges to a variant form of max-margin solution. It is possible to use the same idea in Local-GD. Intuitively,
in the case where local datasets are linearly separable but global dataset is non-separable, although local training
would guide local models to local max-margin solutions, the aggregations would force the global model to converge
to the max-margin solution of largest linearly separable subset of global dataset, which is the centralized solution.

3.3 Extension to Local-SGD

It is straightforward to extend our analysis of Local-GD to Local-SGD that chooses samples without replacement.
At each local step of i-th compute node, the update is wf’lﬂ :wf . 7772861% lVQ(ysIwa ’l), where B;; is the
mini-batch of samples at I-th local step. We consider the following setting of sampling:

Assumption 4 (Sampling without replacement.). At every communication round, each compute node run stochastic
gradient descent with F epochs, where F is an positive integer. Within each epoch, the mini-batches with batch size B
are {5 0,5 1,---,91 }, which partition the local dataset S;, where I'=N/B is the number of local steps for one epoch.

Under this setting, each sample is exactly chosen once inside one epoch of local updates. At each round, the
local datasets are passed E times, which is a practically common way. Under this assumption, the number of
local steps is L=FE-L’. We give a formal description of Local-SGD as Algorithm

As remarked, the proof of Local-GD (Theorem [2)) is inspired by the implicit bias analysis of SGD. Thus we can
extend it to Local-SGD without significant changes. In Local-GD we regard one local dataset as a large “batch” in
SGD for sampling without replacement. Instead of performing multiple steps on the same “batch” at one compute
node, Local-SGD performs multiple steps on mini-batches of this larger “batch”. At each step, the stochastic
gradient contains less samples than a full gradient, but those samples are still a subset of the local “batch”. After
slight modification we can obtain the same asymptotic results as Theorem [2| for Local-SGD.

Theorem 5. Under assumptions @, @, if the learning rate satisfies 77§min(2 Lg% 311007 g(i o ))7 then
for the process of Local-SGD, we have,

T

e Every data point is classified correctly finally: limy,_, vl w =o00,Vs€S.
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Algorithm 2 LOCAL-SGD.

1: Input: learning rate 7.
2: Initialize w

3: for k=0to K—1 do
4: The aggregator sends global model w§ to all compute nodes.

5 for i=1to =M do
6: compute node i updates local model starting from w§: wf’o =wh.
7: for [=0to L—1 do
8 Choose a mini-batch of samples B; and calculate the gradient: G(wiC =% seBY (:Ewa’l)xs
kIHL_ Kl el
9: w, T =w,” —nG(w;").
10: end for
11: compute node i sends back the updated local model w/™* :wf .
12: end for
13: The aggregator aggregates all the local models: wk'H le 1wk+1
14: end for
15: Output: wf.
e The global model obtained from Local-GD will behave as
k P
wf =log(LE)i+ob,  an H H (1o ) (%)
’ EE log(nLk)

and ||p*|| < oo for all k. This implies, the normalized global model converges to the global maz-margin
solution.

e The loss function f(wk) decreases to zero asymptotically as f (w’o“):O(n%k) when k is sufficiently large.

The proof is deferred to Appendix [D} The main difference from proofs of Theorem [2] is on the proof of Claim
1. We can see the Local-SGD does not change the asymptotic property of local steps with increasing number
of rounds. This result aligns with [Nacson et al| (2019), which obtains the same implicit bias and convergence
rate of SGD compared to GD. Choosing a mini-batch for one step of update does not change the implicit bias
compared to choosing a full batch at every update.

4 Implicit Bias of Exactly-Solved Local Problems

4.1 Setting

In this section, we consider a special case, where we aim to solve a local optimization problem with exponential
loss and a weakly regularized term for each compute node. The local problem is solved exactly (to reach the
local optima) with a large number of local steps. This setting is an analogy of Local-GD with massive local steps
and the learning rate is independent of L.

Algorithm. At each round, the aggregator sends the global model wy to all the compute nodes. Each compute
node minimizes an exponential loss with a weakly reqularized term by many gradient descent steps until convergence.
That is, each compute node solves the following problem:

min f;(w) where f;(w Zexp —yszlw) f||w wi || 9)
wek? s€S;

where A is a regularization parameter close to 0.

Then each compute node sends back the local model and the aggregator aggregates all the local models to get
the updated global model (i.e., they follow Algorithm [If with f;(w;) as specified here).

Regularization methods are very common in distributed learning to force the local models move not too far from
global model (Li et al.l [2020a; [2021; T Dinh et al.;|2020). Here we consider the weakly regularized term, A— 0, to give
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theoretical insights of Local-GD on classification tasks. Experimentally the X is set to be extremely small that does
not affect the minimization of exponential loss. For the local loss functions, we have one assumption on smoothness:

Assumption 5. For each compute node, the local loss function f;(w) is B-smooth for any round of local steps k.

Learning Rate. In the following analysis of implicit bias, we actually exploit the property of local minimizers.
Since local problem @D is a strongly convex problem for A>0, we can run local gradient descent to find the unique
minimizer with a learning rate n< < for a large number of local steps L. That’s the only requirement of learning
rate, which is not dependent of number of local steps L. In other words, the learning rate is only needed to be
sufficiently small to ensure local convergence at each round.

4.2 Implicit Bias of Exactly-Solved Local Problems and Relation to Parallel Projection Method

We consider the whole algorithmic process on classification and use another auxiliary sequence of global models, de-
noted as ﬁ)’g,k 0,1,2,.... Starting from an initial point ), the central node sends global model ﬂ)’g to all the compute

nodes at k-th iteration round Each compute node solves the following Local Maz-Margin problem to obtain wk+1
@it =argmin |lw—wk| st yaalw>1, VseS; (10)
weRY

Then the compute node sends the local model back. The central node averages the local models to get
’kH = Zl 1ﬂ)k+l. We can show the solution w{S converges in direction to the global model from Local

Max—Margln problems w{¥ .

Lemma 1. For almost all datasets sampled from a continuous distribution satisfying Assumption with

initialization wy = w3 =0, we have w§ —In(3)wk, and the residual |wf—In(+)wf||=O(kInlnt), as A—0. It
implies that at any round kzo(lrlfllr(l%l/;‘;\)) wk converges in direction to wk :
wp__
Py (11)
A=ollwgll flwg]]

The proof is deferred in Appendix [E| The proof sketch is similar to the continual learning work [Evron et al.| (2023),
but we have to handle the parallel local updates for each dataset from the same initial model and the aggregation,
which is different from the sequential updates where for each dataset the model is trained from the previous model
and there is no need to do aggregation.

Based on this equivalence between Exactly-solved Local Problems for linear classification and Local Max-Margin
scheme, we can further analyze the performance of distributed training with a large number of local steps. Instead
of a closed-form solution for the Local Max-Margin problem ( . we treat it as a pl“OJeCthIl of the aggregated
global model onto a convex set C;: wlc+1 = P;(wk), which is formed by the constraints in and exactly the local
feasible set defined in Assumption[I} Here we slightly overload the notation P;, which was used as the projection
matrix in linear regression since the readers can get a sense of the same effect of them. The aggregation is actually
to average the local projected points: wkH MZz Pi(wf).

The sequence of Local Max-Margin schemes is therefore projections to local (convex) feasible sets followed by
aggregation, which is the Parallel Projection Method (PPM) in literature (Gilbert), 1972; |[Combettes| [1994).
Using Lemma, [1} we establish the relation between Exactly-solved Local Problems and PPM: the model from
Exactly-solved Local Problems converges to the model from PPM in direction.

4.3 Convergence to Global Feasible Set

Now we use the properties of PPM to characterize the performance of Exactly-solved Local Problems in
classification. In Combettes| (1994), the convergence of PPM has been provided for a relaxed version. The direct
average considered in this work can be seen as a special case of the relaxed version, and the following lemma, holds.

Lemma 2 (Theorem 1 and Proposition 8, (Combettes, [1994)). Suppose all the local feasible sets Ci,i=1,2,...
are closed and conver, and the intersection C' is not empty. Then for any initial point Y, the global model wo
generated by PPM converges to a point in the global feasible set C'.
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This lemma guarantees that w* will converge to the intersection of the convex sets after many rounds of iteration,
however we are not sure which exact point it would converge to.

Combining Lemma [T} Lemma [ and the fact that centralized model would converge to the minimum norm solution
in global feasible set, we immediately have:

Theorem 6. For linear classification problem with exponential loss, suppose initial point is wy=0. The aggregated
global model wlt obtained by Local-GD with a large number of local steps converges in direction to one point in the
global feasible set C, while the centralized model converges in direction to the minimum norm point in the same set.

Here we cannot guarantee the global model obtained by Exactly-solved Local Problems to converge exactly to the
centralized model in classification, but show that it converges to the same global feasible set as the centralized solution.
To theoretically support that the aggregated model converges to the centralized model, we propose a slightly Modified
Aggregation by just changing the aggregation method, and showing that it converges to the centralized model exactly.

4.4 Modified Aggregation: Convergence to Centralized Model

In (Combettes| (1996) it was shown that if the aggregation method is modified to incorporate the influence of the
initial point @ in PPM, then the sequence generated by PPM will converge to a specific point in global feasible
set C' with minimum distance to this initial point. Denote P.(-) as the projection operator onto the global feasible
set C. Formally we have the following lemma.

Lemma 3 (Theorem 5.3, (Combettes, 1996)). Suppose C' is not empty. For any initial point w3, when the local
models are aggregated as

M
1
wp = (=M hag (M > B(wé)), (12)
i=1

where {a®} satisfy (i)limg o0 o = L, (@) 3 01— a¥) = oo, (i) > k>0 laf L — aF| < oo, then the global model
generated by PPM will converge to the point P.(w)).

The sequence generated by PPM would converge to the point in global feasible set, C, with minimum distance to
w]. The modified aggregation method is a linear combination of initial point and current average of local projected
1

points. One example of the sequence {a*} satisfying the conditions is o =1— =

If we start from @) =0, then the point P.(@]) is exactly the minimum norm point in the global feasible set. It
shows the PPM can exactly converge to the minimum norm point as the centralized model. Based on this result,
we propose a Modified Aggregation, with the replacement of Line 9 in Algorithm [I] with

M
1
wit = (1—-a*)w)+a” <M2w5> (13)

=1

We still need to prove a lemma analogous to Lemma [If to establish the equivalence between Modified Aggregation
and Modified PPM, which is omitted here due to space limit (Please refer to Appendix [Ef and the proof is very
similar to proof in Lemma [l)). From the equivalence, Lemma |3} and implicit bias of the centralized model, we
can have the following theorem:

Theorem 7. For linear classification problem with local loss (@, suppose the initial point is wl=0. Then the
global model wk obtained by Modified Local-GD converges in direction to the centralized model obtained from .

Unlike the vanilla Local-GD, which is only guaranteed to converge to the global feasible set, the Modified
Aggregation is guaranteed to converge to the centralized model in direction. Note that if we start from w3 =0,

the aggregation in Modified Aggregation becomes wf™ = %

aggregation with a parameter less than 1. Thus we can see experimentally they usually converge to the same
point and Modified Aggregation converges slightly slower. With Modified Aggregation, we can theoretically show
the global model still converges to centralized model in direction with a learning rate independent of L.

(ﬁzlﬂilwf), which is just a scaling of vanilla
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5 Discussions and Comparisons

In this section we further discuss the insights of our theoretical results and its comparison to relevant works.
Firstly, we would like to emphasize that the core question of this work is which solution the aggregated model
trained by Local-GD would converge to in overparameterized regime. There are several models achieving zero
training loss, but only one of which is the centralized model. To motivate the discussion below, we give a concrete
example where the average of local max-margin solutions is not the global max-margin solution.

A counter-example in overpameterized linear classification. Consider the case where dimension is d>4.
Suppose e; and ey are unit vectors with only 1 non-zero entry. For compute node 1, the data samples are
(x=e1,y=1) and (x = —ey,y = —1). For compute node 2, the data samples are (z =0.5(e; +e2),y=1) and
x=(—0.5(e1+e2),y=—1). Thus the max-margin unit-norm classifier of compute node 1 is e, and that of compute
node 2 is (e;+e3)/v/2. Their average is not equal to the max-margin classifier of the centralized solution, which is
(e1-+e2)/\/2, as the centralized solution’s support vectors are only from compute node 2 and not from compute node 1.

Tt implies the implicit bias analysis of Local-GD is still non-trivial with small learning rate. The O(1/L) learning rate
makes every round to be seen as a “large GD step”, thus the local model is away from the local max-margin solution
at each round. After sufficient aggregations, the final aggregated model converges to the centralized max-margin
solution. With a constant larger learning rate, the local model can approach closer to the local max-margin solution
with massive local steps, but the average of local max-margin solutions is normally not the global max-margin solution.
Below we further discuss the intuitions and consequences of using O(1/L) learning rate and larger learning rate.

O(1/L) learning rate. In many previous analysis of Local-GD, the O(1/L) learning rate is needed to ensure
global function to decrease every round. Then the loss converges to optimal value in the underparameterized setting.
In overparameterized setting, we still require O(1/L) learning rate to make global function decrease after every
round as a round-level descent lemma (see in Appendix C.1), and then derive the implicit bias results similar
to centralized GD. But the price is convergence rate of global loss is sub-optimal as O(1/k) with small learning
rate. Some works have shown increasing local steps L does not improve worst-case amount of communication
for smooth, convex optimization (Woodworth et al.| [2020a, Theorem 5),(Koloskova et al., 2020, Theorem 6).

Larger learning rate. For the specific problem of distributed logistic regression, |Crawshaw et al| (2025b
Corollary 3) shows that a two-stage Local-GD algorithm can improve this worst-case bound and |Crawshaw et al.
(20254) improves their results with vanilla Local-GD and constant step sizes. However, the first stage of |Crawshaw|
et al| (2025D) still requires n=0O(7 ). On the other hand, both Crawshaw et al|(2025b) and [Crawshaw et al| (2025a])
are attempts to extend the analysis of GD on logistic regression with large step sizes. Then the global function is not
guaranteed to decrease every round and the loss oscillates at the edge of stability phase. The price is several warm-up
rounds to handle the initial instability, where the number of warm-up rounds is proportional to the learning rate.
However, they can only show that the loss converges, but not the solution the model converges to in overparameterized
setting since there are many solutions with zero loss. In this work we considered a special case where each local
problem with exponential loss is exactly solved. It is not vanilla Local-GD algorithm but it includes the case of infinite
local steps with larger step size independent of L. We conclude with exactly solved local problem, the vanilla average
aggregation is not guaranteed to converge to centralized model. Only with the proposed Modified Aggregation
we can ensure the same implicit bias result as centralized GD. This is non-trivial especially considering the gradient
descent can diverge catastrophically under the exponential loss in the edge of stability regime where the learning
rates are large (Theorem 4.2 in ) Finally, it is a promising future direction to explore whether we can
incorporate the implicit bias of large learning rate with logistic loss into Local-GD and obtain faster convergence rate.

Comparison to other relevant works. Another line of work (Gu et all 2023 2024) approximates Local-
Stochastic Gradient Descent (Local-SGD) by an SDE to obtain an appropriate scaling between L and 7. Note
that our analysis is exact for both Local-GD and Local-SGD, for finite 7. We also extend our results to Local-SGD.
Further, (Gu et al.| (2023;|2024) do not characterize the exact implicit bias, which we do for linearly separable data.
For overparameterized non-linear models, several works (Deng et al. 2022b; [Song et all [2023; [Maralappanavar|
analyze convergence in loss value of Local-GD, but do not provide any guarantees on it’s implicit
bias. Additionally, several works compare the performance of Local-GD and GD on the whole dataset
let al., 2024; [Woodworth et al., 2020a) with differences in certain regimes. For overparametrized linear models,
we establish that there is no difference between the final model learned by either of these methods.

10
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6 Experiments

We conducted various experiments on linear classification and neural network fine-tuning. We compared the
global model, i.e., the output of Local-GD (Algorithm , with the centralized model, i.e., the model obtained
from running GD on a dataset consisting of all distributed datasets at one place, in different scenarios.

6.1 Experiments on Linear Regression

We simulated 10 compute nodes, each with 50 training samples. The label vector y; at i-th compute node is exactly
generated as , where ground truth model w} is Gaussian vector with each element following N'(0,4). Each
ground truth model at different compute nodes is independently generated, thus the datasets can be very different
from each other. The data matrix X; also follows Gaussian distribution, with each element being A(0,1), and z;
is a Gaussian vector with A/(0,0.04). In Local-GD, the number of local steps is L =200, number of rounds is also
K =200, and the learning rate n=0.0001. Actually it just take a few local steps to converge locally at each round,
but we set a large number of local steps to show it can be large at (’)(\/T ), where T'=LxK is the number of total
iterations. We tested the global model (G) from Local-GD on squared loss, centralized model (C) trained from
global dataset on squared loss, closed form of global model (G-Closed) in , closed form of centralized model
(C-Closed) as solution of problem . The centralized model is trained 10000 steps with learning rate 0.0001.

Fig. a) displays the difference between global model and centralized model, global model and its closed form,
and centralized model and its closed form, with respect to model dimension. The difference between two models
is ||wy —wsl|/d. Since it is always locally overparameterized, the difference between global model and the closed
form is always zero. The difference between global model and centralized model has an obvious peak around
500, which is the number of total samples. The phenomenon that global model converges exactly to centralized
model only happens when the model is sufficiently overparameterized. Fig. b) shows the generalization error of
global model and centralized model in linear regression. Since the data matrix is Gaussian, the generalization error
of model w can be computed as ﬁElAilHUJ—U&* 2. We plot the generalization error divided by d. It is shown the
global model and centralized model can get the same performance when model is sufficiently overparameterized.

70 —»— Diff-G-C —»— Error-G
—¥— Diff-G-Closed —¥— Error-C
60 —< Diff-C-Closed 25

w b
o o

15

Difference
Generalization Error

10

250 500 750 1000 1250 1500 1750 2000 250 500 750 1000 1250 1500 1750 2000
Dimension Dimension

(a) (b)

Figure 1: (a) Difference between global and centralized models plotted against increasing dimension. (b)
Generalization error with respect to dimension.

6.2 Linear Classification

For linear classification, we have 10 compute nodes with 50 training samples at each. The dataset is generated as y;; =
sign(a:z-; wy), where ground truth model is w} =w*+z;, and w* is a Gaussian vector randomly chosen, z; is a Gaussian
noise. The data matrix X; is a Gaussian matrix. This setting makes sure the datasets across compute nodes are differ-
ent from each other, meanwhile they are not totally different such that there may be a non-empty global feasible set.

We tested four models for linear classification. The global model (G) is trained exactly with Local-GD and
logistic loss. The centralized model (C) is trained with gradient descent on the global dataset. The global model
from Modified Aggregation (G-Mod) is trained with exponential loss and regularization term as A=0.0001. The

11
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Figure 2: (a) Difference between global model and centralized model with L. (b) Difference between global model
and centralized model with K. (c) Difference between global model and centralized model with d. (d) Difference
from SVM model with d. (e) Difference between global linear layer and centralized linear layer for CIFAR10. (f)
Test accuracy of neural network fine-tuning for CIFAR10. (g) Difference between global linear layer and centralized
linear layer for FEMNIST. (f) Test accuracy of neural network fine-tuning for FEMNIST.

centralized SVM model (S) (max-margin solution) is obtained by solving problem (ED via standard scikit-learn
package. Note that centralized model and SVM model are the final trained model in the plots. The learning
rate of (local) gradient descent is n=0.01. Since our theory claimed the convergence is established in direction,
the difference here for two models wy w9 is defined after normalization ||wy /||wy||—ws/||wz||||-

In Fig. we show the difference between global model from Local-GD and centralized model with different
number of local steps. The model dimension is chosen as d=1500, ensuring it is globally overparameterized. The
centralized model is trained with 20000 gradient descent steps. It is seen the difference can approach zero for
all the L, and larger L can result in faster convergence to the centralized model.

In Figs. the number of local steps is fixed as L =150 for Local-GD and Modified Aggregation,
and the number of communication rounds is fixed as K =120 for all the dimensions. Fig. shows the difference
between these models with respect to the number of rounds K when dimension is d =1500. We can see both
global model and modified global model converges to the centralized model in direction, and the centralized model
is close to the SVM model but there is small gap. Fig. displays the difference with respect to dimension d. It

12
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is seen the difference between global model and centralized model gradually decreases with larger dimensions. The
modified global model is almost the same as the centralized model but the gap is slightly larger since it converges
slower than vanilla global model with same number of rounds. Fig. shows the difference from SVM model
with dimension. The gap between the models to SVM model also decreases with larger d.

6.3 Fine-Tuning of Pretrained Neural Network

We further fine-tuned the ResNet50 model pretrained with ImageNet dataset on CIFAR10 and FEMNIST datasets
|Caldas et al.| (2018). Only the final linear layer is trained during the process, while the rest of model is fixed.
For CIFARI10 dataset, the 50000 samples are distributed on 10 compute nodes. For i-th compute node, the half
of local dataset belongs to the same class, and the other half consists of rest of 9 classes evenly, which forms a
heterogeneous data distribution. The centralized model is trained with the whole CIFAR10 dataset. The models
are trained with cross entropy loss and Local SGD. The learning rate is 0.01 and the batch size is 128. The
number of local steps is L=60 and number of communication rounds is K =60. The centralized model is trained
with the same learning rate for 3600 steps. For FMNIST dataset from Leaf benchmark, there are 805263 samples
across 3597 nodes. The data distribution with 62 classes is unbalanced and very heterogeneous. We randomly
choose M nodes from the dataset. The K are L are 100. We plot the difference between the linear layer and test
accuracy with number of rounds in Fig. and for CIFAR10 dataset and Fig. and for FEMNIST
dataset. Again the difference is defined in direction. We can see the difference gradually decreases to a small
error floor and the accuracy of global models and centralized model is very similar at last.

We put additional experimental results on linear classification with a heterogeneous Dirichlet distribution, and
on impact of M for FEMNIST dataset in Appendix [A]

7 Conclusions

In this work we analyzed the implicit bias of GD in distributed setting, and characterized the dynamics of the global
model trained from Local-GD and Local-SGD. We showed that Local-GD can converge to a centrally trained model
for linearly separable data with a constant learning rate O(1/L), and a Modified Aggregation can have the same
convergence for a exactly-solved local problems. Our analysis provided a new perspective why Local-GD works
well in practice even with a large number of local steps on heterogeneous data. Nevertheless, there are a couple of
directions remaining open. Firstly, our analysis applies to linear models. How to extend the implicit bias of Local-GD
to advanced neural network architectures is a worthwhile direction for future work. Secondly, we adopted linear
separability in the analysis. We showed in Section 3.2 that it is possible to extend the analysis to non-separable case.

References

Heinz H Bauschke and Patrick L Combettes. Conver Analysis and Monotone Operator Theory in Hilbert Spaces.
Springer, 2011.

Sebastian Caldas, Sai Meher Karthik Duddu, Peter Wu, Tian Li, Jakub Konecny, H Brendan McMahan, Virginia
Smith, and Ameet Talwalkar. Leaf: A benchmark for federated settings. arXiv preprint arXiv:1812.01097, 2018.

Matias D Cattaneo, Jason M Klusowski, and Boris Shigida. On the implicit bias of adam. arXiv preprint
arXiw:2509.00079, 2023.

Zachary Charles, Zachary Garrett, Zhouyuan Huo, Sergei Shmulyian, and Virginia Smith. On large-cohort training
for federated learning. Advances in neural information processing systems, 34:20461-20475, 2021.

Hong-You Chen and Wei-Lun Chao. Fedbe: Making bayesian model ensemble applicable to federated learning.
In International Conference on Learning Representations, 2021.

Lenaic Chizat and Francis Bach. Implicit bias of gradient descent for wide two-layer neural networks trained
with the logistic loss. In Conference on learning theory, pp. 1305-1338. PMLR, 2020.

Patrick L. Combettes. Inconsistent signal feasibility problems: Least-squares solutions in a product space. IEEFE
Transactions on Signal Processing, 42(11):2955-2966, 1994.

13



Under review as submission to TMLR

Patrick L. Combettes. The convex feasibility problem in image recovery. In Advances in imaging and electron
physics, volume 95, pp. 155-270. Elsevier, 1996.

Patrick L Combettes. Convex set theoretic image recovery by extrapolated iterations of parallel subgradient
projections. IEEE Transactions on Image Processing, 6(4):493-506, 1997.

Michael Crawshaw, Yajie Bao, and Mingrui Liu. Federated learning with client subsampling, data heterogeneity,
and unbounded smoothness: A new algorithm and lower bounds. Advances in Neural Information Processing
Systems, 36, 2023.

Michael Crawshaw, Blake Woodworth, and Mingrui Liu. Constant stepsize local gd for logistic regression:
Acceleration by instability. In International Conference on Machine Learning, pp. 11465-11492. PMLR, 2025a.

Michael Crawshaw, Blake Woodworth, and Mingrui Liu. Local steps speed up local GD for heterogeneous
distributed logistic regression. In The Thirteenth International Conference on Learning Representations, 2025b.

Alvaro Rodolfo de Pierro and Alfredo Noel Tusem. A parallel projection method of finding a common point of
a family of convex sets. Inst. de matematica pura e aplicada, Conselho nacional de desenvolvimento ..., 1984.

Yuyang Deng, Mohammad Mahdi Kamani, and Mehrdad Mahdavi. Local sgd optimizes overparameterized neural
networks in polynomial time. In International Conference on Artificial Intelligence and Statistics, pp. 6840-6861.
PMLR, 2022a.

Yuyang Deng, Mohammad Mahdi Kamani, and Mehrdad Mahdavi. Local sgd optimizes overparameterized
neural networks in polynomial time. In Gustau Camps-Valls, Francisco J. R. Ruiz, and Isabel Valera (eds.),
International Conference on Artificial Intelligence and Statistics, volume 151, pp. 6840-6861. PMLR, Mar 2022b.

Jacob Devlin. Bert: Pre-training of deep bidirectional transformers for language understanding. arXiv preprint
arXiv:1810.04805, 2018.

Jeff Donahue, Yangqing Jia, Oriol Vinyals, Judy Hoffman, Ning Zhang, Eric Tzeng, and Trevor Darrell. Decaf:
A deep convolutional activation feature for generic visual recognition. In International conference on machine
learning, pp. 647-655. PMLR, 2014.

Arthur Douillard, Qixuan Feng, Andrei A Rusu, Rachita Chhaparia, Yani Donchev, Adhiguna Kuncoro,
Marc’Aurelio Ranzato, Arthur Szlam, and Jiajun Shen. Diloco: Distributed low-communication training of
language models. arXiv preprint arXiv:2311.08105, 2023.

Itay Evron, Edward Moroshko, Rachel Ward, Nathan Srebro, and Daniel Soudry. How catastrophic can
catastrophic forgetting be in linear regression? In Conference on Learning Theory, pp. 4028-4079. PMLR, 2022.

Itay Evron, Edward Moroshko, Gon Buzaglo, Maroun Khriesh, Badea Marjieh, Nathan Srebro, and Daniel Soudry.
Continual learning in linear classification on separable data. arXiv preprint arXiv:2306.03534, 2023.

Peter Gilbert. Iterative methods for the three-dimensional reconstruction of an object from projections. Journal
of theoretical biology, 36(1):105-117, 1972.

Daniel Goldfarb and Paul Hand. Analysis of catastrophic forgetting for random orthogonal transformation
tasks in the overparameterized regime. In International Conference on Artificial Intelligence and Statistics,
pp- 2975-2993. PMLR, 2023.

Xinran Gu, Kaifeng Lyu, Longbo Huang, and Sanjeev Arora. Why (and when) does local SGD generalize better
than SGD? In The Fleventh International Conference on Learning Representations, 2023.

Xinran Gu, Kaifeng Lyu, Sanjeev Arora, Jingzhao Zhang, and Longbo Huang. A quadratic synchronization rule
for distributed deep learning. In The Twelfth International Conference on Learning Representations, 2024.

Suriya Gunasekar, Jason Lee, Daniel Soudry, and Nathan Srebro. Characterizing implicit bias in terms of
optimization geometry. In International Conference on Machine Learning, pp. 1832-1841. PMLR, 2018a.

14



Under review as submission to TMLR

Suriya Gunasekar, Jason D Lee, Daniel Soudry, and Nati Srebro. Implicit bias of gradient descent on linear
convolutional networks. Advances in neural information processing systems, 31, 2018b.

Tzu-Ming Harry Hsu, Hang Qi, and Matthew Brown. Measuring the effects of non-identical data distribution
for federated visual classification. arXiv preprint arXiv:1909.06335, 2019.

Baihe Huang, Xiaoxiao Li, Zhao Song, and Xin Yang. Fl-ntk: A neural tangent kernel-based framework for
federated learning analysis. In International Conference on Machine Learning, pp. 4423-4434. PMLR, 2021.

Yanping Huang, Youlong Cheng, Ankur Bapna, Orhan Firat, Dehao Chen, Mia Chen, HyoukJoong Lee, Jiquan
Ngiam, Quoc V Le, Yonghui Wu, et al. Gpipe: Efficient training of giant neural networks using pipeline
parallelism. Advances in neural information processing systems, 32, 2019.

Sami Jaghouar, Jack Min Ong, and Johannes Hagemann. Opendiloco: An open-source framework for globally
distributed low-communication training. arXi preprint arXiv:2407.07852, 2024.

Divyansh Jhunjhunwala, Shigiang Wang, and Gauri Joshi. Fedexp: Speeding up federated averaging via
extrapolation. In The Eleventh International Conference on Learning Representations, 2023.

Ziwei Ji and Matus Telgarsky. The implicit bias of gradient descent on nonseparable data. In Conference on
Learning Theory, pp. 1772-1798. PMLR, 2019a.

Ziwei Ji and Matus Telgarsky. Gradient descent aligns the layers of deep linear networks. In International
Conference on Learning Representations, 2019b.

Haoming Jiang, Pengcheng He, Weizhu Chen, Xiaodong Liu, Jianfeng Gao, and Tuo Zhao. Smart: Robust and
efficient fine-tuning for pre-trained natural language models through principled regularized optimization. In
Proceedings of the 58th Annual Meeting of the Association for Computational Linguistics, pp. 2177-2190, 2020.

Hyunji Jung, Hanseul Cho, and Chulhee Yun. Convergence and implicit bias of gradient descent on continual
linear classification. In The Thirteenth International Conference on Learning Representations, 2025.

Peter Kairouz, H Brendan McMahan, Brendan Avent, Aurélien Bellet, Mehdi Bennis, Arjun Nitin Bhagoji, Kallista
Bonawitz, Zachary Charles, Graham Cormode, Rachel Cummings, et al. Advances and open problems in
federated learning. arXiv preprint arXiv:1912.04977, 2019.

Sai Praneeth Karimireddy, Satyen Kale, Mehryar Mohri, Sashank Reddi, Sebastian Stich, and Ananda Theertha
Suresh. Scaffold: Stochastic controlled averaging for federated learning. In International Conference on Machine
Learning, pp. 5132-5143. PMLR, 2020.

Ahmed Khaled, Konstantin Mishchenko, and Peter Richtérik. Tighter theory for local sgd on identical and hetero-
geneous data. In International Conference on Artificial Intelligence and Statistics, pp. 4519-4529. PMLR, 2020.

Anastasia Koloskova, Nicolas Loizou, Sadra Boreiri, Martin Jaggi, and Sebastian Stich. A unified theory of
decentralized SGD with changing topology and local updates. In International Conference on Machine Learning,
volume 119, pp. 5381-5393. PMLR, Jul 2020.

Jakub Kone¢ny, H Brendan McMahan, Felix X Yu, Peter Richtérik, Ananda Theertha Suresh, and Dave Bacon.
Federated learning: Strategies for improving communication efficiency. arXiv preprint arXiv:1610.05492, 2016.

Simon Kornblith, Jonathon Shlens, and Quoc V Le. Do better imagenet models transfer better? In Proceedings
of the IEEE/CVF conference on computer vision and pattern recognition, pp. 2661-2671, 2019.

Yiwen Kou, Zixiang Chen, and Quanquan Gu. Implicit bias of gradient descent for two-layer relu and leaky relu
networks on nearly-orthogonal data. Advances in Neural Information Processing Systems, 36, 2024.

Tian Li, Anit Kumar Sahu, Manzil Zaheer, Maziar Sanjabi, Ameet Talwalkar, and Virginia Smith. Federated
optimization in heterogeneous networks. Proceedings of Machine learning and systems, 2:429-450, 2020a.

Tian Li, Shengyuan Hu, Ahmad Beirami, and Virginia Smith. Ditto: Fair and robust federated learning through
personalization. In International Conference on Machine Learning, pp. 6357-6368. PMLR, 2021.

15



Under review as submission to TMLR

Xiang Li, Kaixuan Huang, Wenhao Yang, Shusen Wang, and Zhihua Zhang. On the convergence of FedAvg on
non-IID data. In International Conference on Learning Representations, 2020b.

Sen Lin, Peizhong Ju, Yingbin Liang, and Ness Shroff. Theory on forgetting and generalization of continual
learning. In International Conference on Machine Learning, pp. 21078-21100. PMLR, 2023.

Tao Lin, Sebastian U Stich, Kumar Kshitij Patel, and Martin Jaggi. Don’t use large mini-batches, use local SGD.
In International Conference on Learning Representations, 2019.

Shruti P Maralappanavar, Prashant Khanduri, and Bharath B N. Linear convergence of decentralized fedavg for
PL objectives: The interpolation regime. Transactions on Machine Learning Research, 2025. ISSN 2835-8856.

Brendan McMahan, Eider Moore, Daniel Ramage, Seth Hampson, and Blaise Aguera y Arcas. Communication-
efficient learning of deep networks from decentralized data. In Artificial intelligence and statistics, pp. 1273-1282.
PMLR, 2017.

Mor Shpigel Nacson, Nathan Srebro, and Daniel Soudry. Stochastic gradient descent on separable data: Exact
convergence with a fixed learning rate. In The 22nd International Conference on Artificial Intelligence and
Statistics, pp. 3051-3059. PMLR, 2019.

Kumar Kshitij Patel, Margalit Glasgow, Ali Zindari, Lingxiao Wang, Sebastian U Stich, Ziheng Cheng, Nirmit
Joshi, and Nathan Srebro. The limits and potentials of local sgd for distributed heterogeneous learning with
intermittent communication. In Conference on Learning Theory, volume 247, pp. 4115-4157. PMLR, 2024.

Tiancheng Qin, S Rasoul Etesami, and César A Uribe. Faster convergence of local sgd for over-parameterized
models. arXiv preprint arXiv:2201.12719, 2022.

Sashank J Reddi, Zachary Charles, Manzil Zaheer, Zachary Garrett, Keith Rush, Jakub Kone¢ny, Sanjiv Kumar,
and Hugh Brendan McMahan. Adaptive federated optimization. In International Conference on Learning
Representations, 2021.

Hamza Reguieg, Mohammed El Hanjri, Mohamed El Kamili, and Abdellatif Kobbane. A comparative evaluation
of fedavg and per-fedavg algorithms for dirichlet distributed heterogeneous data. In 2023 10th International
Conference on Wireless Networks and Mobile Communications (WINCOM), pp. 1-6. IEEE, 2023.

Alexander Sergeev and Mike Del Balso. Horovod: fast and easy distributed deep learning in tensorflow. arXiv
preprint arXiv:1802.05799, 2018.

Bingqing Song, Prashant Khanduri, Xinwei Zhang, Jinfeng Yi, and Mingyi Hong. Fedavg converges to zero
training loss linearly for overparameterized multi-layer neural networks. In International Conference on Machine
Learning, pp. 32304-32330. PMLR, 2023.

Daniel Soudry, Elad Hoffer, Mor Shpigel Nacson, Suriya Gunasekar, and Nathan Srebro. The implicit bias of
gradient descent on separable data. The Journal of Machine Learning Research, 19(1):2822-2878, 2018.

Sebastian U Stich. Local SGD converges fast and communicates little. In International Conference on Learning
Representations, 2019.

Canh T Dinh, Nguyen Tran, and Josh Nguyen. Personalized federated learning with moreau envelopes. Advances
in Neural Information Processing Systems, 33:21394-21405, 2020.

Jianyu Wang, Qinghua Liu, Hao Liang, Gauri Joshi, and H Vincent Poor. Tackling the objective inconsistency
problem in heterogeneous federated optimization. Advances in neural information processing systems, 33:
7611-7623, 2020.

Jianyu Wang, Rudrajit Das, Gauri Joshi, Satyen Kale, Zheng Xu, and Tong Zhang. On the unreasonable
effectiveness of federated averaging with heterogeneous data. Transactions on Machine Learning Research, 2024.

Blake Woodworth, Kumar Kshitij Patel, Sebastian Stich, Zhen Dai, Brian Bullins, Brendan Mcmahan, Ohad
Shamir, and Nathan Srebro. Is local SGD better than minibatch SGD? In International Conference on Machine
Learning, volume 119, pp. 10334-10343. PMLR, Jul 2020a.

16



Under review as submission to TMLR

Blake E Woodworth, Kumar Kshitij Patel, and Nati Srebro. Minibatch vs local sgd for heterogeneous distributed
learning. Advances in Neural Information Processing Systems, 33:6281-6292, 2020b.

Jingfeng Wu, Vladimir Braverman, and Jason D Lee. Implicit bias of gradient descent for logistic regression at
the edge of stability. Advances in Neural Information Processing Systems, 36:74229-74256, 2023.

Shuo Xie and Zhiyuan Li. Implicit bias of adamw: {,.-norm constrained optimization. In International Conference
on Machine Learning, pp. 54488-54510. PMLR, 2024.

Hao Yu, Sen Yang, and Shenghuo Zhu. Parallel restarted sgd with faster convergence and less communication:
Demystifying why model averaging works for deep learning. In Proceedings of the AAAI conference on artificial
intelligence, pp. 5693-5700, 2019.

Chenyang Zhang, Difan Zou, and Yuan Cao. The implicit bias of adam on separable data. Advances in Neural
Information Processing Systems, 37:23988-24021, 2024.

17



Under review as submission to TMLR

Contents

2 Motivating Observation in Linear Regression|

{3 Implicit Bias of Local-GD for Classification|

3 3 S
8.2 Loss Convergence and Implicit Bias of Local-GD| . . .. ... ... ... ... ... .......
B3 Extension to Local-SGDI . . . . . . . oo

g g

4.2 Implicit Bias of Exactly-Solved Local Problems and Relation to Parallel Projection Method| . . . .

4.3 Convergence to Global Feasible Set| . . . . . . . ... .. .. .. . o

4.4 Modified Aggregation: Convergence to Centralized Model|. . . . . . ... ... ... ... ... ..

B

Discussions and Comparisons|

Experiments|

6.1  Experiments on Linear Regressionl. . . . . . . ... ... ... ... .. ...

[7__Conclusions|

|A Additional Experiments|

10

11
11
11
13

13

20
20
20

21
21
21
22
23
23
24

26



Under review as submission to TMLR

[C11 Proofof Temmalfl . . . . . . .. .. . 28

IC2 Proofof Claim 2| . . . . . . . . . . 30
[C21 Proofof Lemmall . . . . . . . . .. 33

[C22 Proofof Lemmaldl . . . .. .. ... 34

IC3 Proofot Claim 3l . . . . . . . . o e 38

[D Proofs of Implicit Bias of LocalS(GzD for Linear Classification in Section (3| 40
DI Proofof Claim Tl . . . . . . . . . e 40
ID.I.1 Proofof LemmallOf . . . . .. ... 43

[ Proofs of Implicit Bias with Learning Rate Independent of L in Section |4 45
[E.1 Proofsof Lemmalll . . . . . . . . o oo 45
IE.2  Proofs of Auxiliary Lemmas| . . . . . . . . . .. 47
.3 Lemma and Proofs in Section .4 . . . . . . . ... 50

19



Under review as submission to TMLR

A Additional Experiments

A.1 Linear Classification with Dirichlet Distribution

In federated learning, the Dirichlet distribution is usually used to generate heterogeneous datasets across the
compute nodes (Hsu et al., |2019; Chen & Chaol [2021; Reguieg et al., [2023). For binary classification problem,
the Dirichlet distribution Dir(«) is used to unbalance the positive and negative samples. In the experiments we
have 10 compute nodes. We generate 500 samples as y; =sign(z! w*) for i € [500] and use Dir(«) to distribute the
500 samples across 10 compute nodes. Note that the number of samples at each compute node is not necessarily
identical. Fig. 3| shows performance of Local-GD for linear classification with different parameter « in Dirichlet
distribution. The A is set to be 0.0001 and model dimension is fixed as d=1500. The number of local steps L
is 150 and number of communication rounds R is 150. The learning rate is 0.01. The centralized model is trained
with the same learning rate for 22500 steps. We can see the global model and modified global model still converge
to the centralized model in direction and get similar test accuracy.
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(a) Difference with aa=0.5. (b) Test Accuracy with a=0.5.
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(c) Difference with a=0.3. (d) Test Accuracy with a=0.3.

Figure 3: Local-GD on linear classification with Dirichlet distribution.

A.2 Impact of number of compute nodes on FEMNIST dataset

Here we present the experimental results with different number of compute nodes M on FEMNIST dataset. Recall
that there are 805263 samples across 3597 nodes. The data distribution with 62 classes is unbalanced and very
heterogeneous. We randomly choose M nodes from the dataset. Here we choose M =5,10,20 nodes from the
whole datasets to form heterogeneous datasets. We can observe the performance are similar with different M,
and less compute nodes converge slightly slower.
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Figure 4: Local-GD on FEMNIST dataset with different M.

B Local-GD for Linear Regression in Overparameterized Regime

In this section we give a extended description of Section [2] about linear regression in overparameterized regime.

B.1 Setting

The behavior of linear regression is very well-understood in high-dimensional statistics; and we can clearly convey
our key message based on this fundamental setting.

At each compute node 4, the dataset S; consists of N tuples of samples and their corresponding labels, (z,y) € R? xR.
We assume the label y;; is generated by

Yij :xg;wf—l—zij (14)

where w] € R? is the ground truth model at i-th compute node, and z;; is the added noise. Denote
X;=[zi1,2i2,zin]T €ERVX? as the data matrix at i-th compute node, and y; = [yi1,¥i2,--,¥in] ERY as the label
vector, z; ERY as the noise vector. In heterogeneous setting, the w} can be very different to each other. Note
that the convergence to centralized model does not rely on the generative model. We just make this assumption
on generative model for deriving a more clear form of the aggregated global model.

Algorithm. At each round, the aggregator sends the global model wq to all the compute nodes. Each compute
node minimizes the squared loss f;(w;) = ﬁ”% — X;w;|* by a large number of gradient descent steps until
convergence. Then each compute node sends back the local model and the aggregator aggregates all the local
models to get the updated global model. The detailed algorithm is Local-GD in Algorithm [1{ with f;(w;) replaced
in the update. Since minimizing squared loss is a quadratic problem, it is expected to reach convergence locally
with a small number of gradient descent steps.

B.2 Implicit Bias of Local GD in Linear Regression

For each local problem, when the dimension of the model is larger than the number of samples at each compute
node (d > N), i.e., locally overparameterized, there are multiple solutions corresponding to zero squared loss.
However, gradient descent will lead the model converge to a specific solution, which corresponds to a minimum
Euclidean distance to the initial point (Gunasekar et al., 2018a; [Evron et al., 2022). Formally, the solution wf""l
obtained at k-th round and i-th node will converge to the solution of the optimization problem

nlluin wi—wh||> st Xow;=v;. (15)
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We can obtained the closed form solution of this optimization problem as (see Proof of Lemma [4|in Appendix [B.4.1])
wit =(I1-Xx7 (X Xx]) 7' X)) wi+ X7 (XX ™
=(I-x1(X:x]) ' X)w
+ X (GXD) T X wr + X (G X)) T e (16)
Denote P2 XT(X;XT)~1X; and X] 2 XT(X,XT)~!. The local model can be rewritten as w**' = (I—P,)wh+
Pwi+X ;r z;. We observe that P; is the projection operator to the row space of X;, and XZ-T is the pseudo inverse of
X;. After one round of iterations, the local model is actually an interpolation between the initial global model wf

at this round and the ground-truth model w}, plus a noise term. We then obtain the closed form of global model
by aggregation. After many rounds of communication, we can obtain the final trained global model from Local-GD.

Lemma 4. When the local overparameterized linear regression problems are exactly solved by gradient descent,
then after K rounds of communication, the global model wk obtained from Local-GD is

wi =(I-P)K Z +27), (17)

where P= ﬁzglf’i@: ﬁzglﬂ-w:‘j: ﬁZZAiIXJzZ

Note that P,Q,Z are constant after the data is generated. Since we only know the {X;,y;}M, in the training
process, we can also write it as

wl =(1-P)¥ +ZIP (18)

where Y = ﬁZiALX ZT y;. Then we can directly get the final model from the training set.

Singularity of P. If P is invertible, we can further simplify the form of global model. However, since P; e R**9 is
the projection operator onto row space of X;, its rank is at most N. The P is the average of P;s, thus its rank is at
most MN. Note that we consider the overparameterized regime both locally and globally, i.e., d>>MN. Then P
is singular, and the sum Ef:_ol (I —P)k approaches K I when d becomes very large. We cannot get more properties
of the final global model from , but we can compare it to the centralized model trained with all of the data.

B.3 Convergence to Centralized Model

Let X, =[XT,...XL]T eRMN*d he the data matrix consisting of all the local data, and y. = [y{,...,yT |7 e RMNx1
be the label vector consisting of the local labels. If we train the centralized model from initial point 0 with squared
loss, then the gradient descent will lead the model to the solution of the optimization problem

min  |Jw|® st Xaw=v. (19)

We can write the closed form of centralized model as w.= X7 (X.X1)™*

Due to the constraint in problem , for each compute node i, we have X;w.=1vy;. We replace y; in the local
model , then we have

Wit —w. = (I P;)(wf —w.). (20)

The RHS is projecting the difference between global model and centralized model onto null space of X;. After
averaging all the local models at the aggregator, we have

wp ™! —we=(I—P)(wp —w.). (21)

In the training process the difference between global model and centralized model is iteratively projected onto
the null space of span of row spaces of X;s. It implies that the difference on the span of data matrix gradually
decreases until zero. Based on the evolution of the difference, we can prove the Theorem [I| and we restate it here:
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Theorem 8. For the linear regression problem, suppose the initial point wy is 0 and d>MN, and there exists
minimum non-zero eigenvalue of P denoted by Omin. Then the output of Local-GD, wk, converges to the centralized
solution w,. as the number of communication rounds K — oo as ||wi —we| < (1—0umin) ¥ |Jwe|-

The proof is in Appendix The key step is to show the initial difference is already in the data space, and
no residual in the null space of row spaces of X;s. The convergence to the centralized model is at exponential rate.

Due to the linearity of the regression problem, we can theoretically show the global model can exactly converge
to the centralized model with implicit bias on overparameterized regime. Note that the proof does not rely on
the generative model and assumption on data heterogeneity. It implies that, even if we use a large number of local
steps to exactly solve the local problems on very heterogeneous data, the performance of Local-GD is equivalent
to train a model with all the data in one place.

B.4 Proofs in Linear Regression
B.4.1 Proof of Lemma [4

At each compute node, the local model converges to the solution of problem
IIJ}iin w;—wf|* st Xawi=y;. (22)
Using Lagrange multipliers, we can write the Lagrangian as
£ o= 4 67 (Xwi —) (23)

Setting the derivative to 0, we know the optimal @; satisfies

w; —wi+ X7 =0, (24)
and then
w;=wh—XTB. (25)
Also by the constraint y; = X;w;, we can get
yi = Xowg — (X X[)B. (26)

Since the model is overparameterized (d>N), X; X1 € R¥* is invertible. Then we have
B=—(X:X]) " (g — Xswg). (27)
Plugging the 3 back, we can get the closed form solution as
W =wi+ X (XX ) (yi— Xawp).- (28)
We update the local model wf“ =w;.
We can also write the closed form solution as
witt =wg+ X7 (XX ) 7 (ys — Xowp)
=(I-X(X: X)X wl+ X (XGXT ) y (29)
If we plug in the generative model y; = X;w; +z;, then the solution is

wi =(I-XT (XX X wh+ X (X XD T Xw! + X7 (GX)
=(I—P)wk+Puw;+X] z. (30)
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where P;=XT(X;XT)~1 X, is the projection operator to the row space of X;, and X = X7 (X; XT)~ is the pseudo
inverse of X;. It is an interpolation between the initial global model w§ and the local true model wj, plus a noise term.

After aggregating all the local models, the global model is

1 m
wlg“:gz (I—-P)uwk+ ZPw +—= X:X]Lzz
=1
=(I-Pwi+Q+2, (31)

where P= %Ezlﬂ,szglﬂw;‘,Zz %221){;%

After K rounds of communication, the global model is
wk =(I-P)¥ +Z (I-P)( (32)

If we start from wJ=0, then the solution will converge to 2{:701 (I-P)(Q+2).

B.4.2 Proof of Theorem [I

We know the difference between global model and centralized model is iteratively projected onto the null space
of span of row spaces of X;s:

wett —w, = (I—P)(wh —w,). (33)

We can formally describe it as follows. Since the problem is overparameterized globally, we can assume each X; has
full rank N. We apply singular value decomposition (SVD) to X; as X; =U;2; VT, where U; eRV*N 1, e RN,
Then P,=XT(X;X!)~1X;=V;VT which is the projection matrix to the row space of X;.

We apply eigenvalue decomposition on P to get P=QXQ", where QGRdX”/ and n’ is the rank of P. It satisfies
N<n/<MN. Since P is a linear combination of P;s, the space of column space of Q is the space spanned by
all the vectors v;;,i=1,...,.M,j=1,...,N.

We also construct a matrix Q' € Rdx(d_"/)7 which consists of orthonomal vectors perpendicular to Q. We can
project the difference onto column space of () and @’ respectively.

QT(“’]OHl _w6) = QT(I_QZQT) (wlg _w0) = (I_E)QT(U)IOc _w0)
Q" (wi™ —w.) =Q" (I-QXQ")(wi —w.) = Q' (wf —w.) (34)

After K rounds of communication, we can decomposite wi —w, into two parts:

—We= QQT (U)é{ 7wc) +Q/QIT (U)é{ 7wc)' (35)

Then we can obtain

wlf —w.=QQT (wlf —w.) +Q' QT (wl —w,)
=Q(I-2)%Q" (w) —w)+Q' Q" (w)—w.).

It shows the initial difference on the column space of ) continues to decrease until zero if K is sufficiently large.
And the initial difference on the null space of () remains constant.

To show the difference wi —w, goes to zero entirely, we just need to choose an initial point such that initial difference
is on the column space of Q. When we choose w] =0, the initial difference is w.. itself. Moreover, the centralized
solution w. = X7 (X.XT) "'y, exactly lies in the data space spanned by vectors {vij}f\i’f?szl since it is a linear

combination of columns of XZ'. So if we start from w =0, then w —w,. will go to zero when K is sufficiently large.
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When starting from 0, the difference between the global model and the centralized model becomes

g’ —wel* =/1QU —£)* QT we |
=(QU-D)"QTw.)" (QU-%)FQTw)
=(Q"w.) (I-2)2K (QTw,). (36)
Since I —% is a diagonal matrix, we can get
Hwé(_wcngg(1_9min)2KHQTU’CH2> (37)

where 6,1, is the minimum eigenvalue of matrix P. Also since @ is an orthogonal matrix, we have ||Q7w.||? = |lw.]|?.
Then we can get

" = wel| < (1= Ormin) ™ fJeve - (38)

It shows the difference between trained global model and centralized model converge to zero at an exponential rate.
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C Proofs of Implicit Bias for Linear Classification in Section 3]

We give the detailed proofs of Theorem [2] in this section. The proof framework is inspired by the analysis of
implicit bias of SGD (Nacson et al., [2019)). Intuitively, we can regard one local dataset as a “batch” in SGD for
sampling without replacement. But we perform multiple gradient steps in the same “batch”; not just one step
of gradient descent. The challenge is to handle local steps in the same local dataset and the aggregation after
one round of local training. Here we restate the Theorem [2]

max

Theorem 9. Under assumptz'ons @, H if the learning rate satisfies n< rnin(2 LU% 5103 g(: T )), then
for the process of Local-GD, we have,

T

S

s

and ||p¥|| < oo for all k. This implies, the normalized global model converges to the global maz-margin
solution.

o Claim 3: The loss function f(wf) decreases to zero as f(wh)=0(7)-

e Claim 1: Every data point is classified correctly finally: limy_, oozl wk =00 Vs€S.

e Claim 2: The global model obtained from Local-GD will behave as

wh W

A~

k A k
wy =log(Lk)w+p", and, —
a=logt k)7 H||w§|| Tl

For the three claims in Theorem [2| we will give separable (but sequential) proofs below.In the proofs of linear
classification, for ease of notation, we redefine the samples ysxs to x5 to subsume the labels.

C.1 Proof of Claim 1

In this proof, we rely on the key property of linearly separable data.
Lemma 5 (Lemma 2 and (17) in Nacson et al.| (2019)). Suppose that Assumptions and@ hold. For any weR?,

v
V)= 57 > g @Tw)2.
seS
Lemma 6. Suppose that Assumptions[]] and[g hold and k€N. Then we have
n?Lo3 . BMI

I —w+n (v Ai)| < J7 IV S wh)l (40)
L maxM
ol < s S IV AW (41)
Lod .. . BM
IV k)= )l < 22 v ) (12)

The proof can be seen in Section [C.1.1]
Note that f(w)= ﬁzlj\il filw) =33 cs9(zfw), and g(u) is a B-smooth function from Assumption [2 Then
2
f(w)isa %—smooth function. Then we can get
2

Timax
Pl ) = )~ T2 et o

<V f(wf),(wh ™ —wf))
=(V f(wg) g™ —w§ —nLV f(wg)+nLV f(wf))
<=LV f(wf) P+ IV f(wi) | [wh T —wk +nLV f(wf)], (43)
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where the second inequality is from Cauchy-Schwarz inequality.

For the second term, we have

Jlwy g +nLV £ (wp) |

1 M 1 M
k k k
g ot b L > Vb

M
1
<72 it —wi+nLV fi(wg)]

=1
272 3
0L 0max M k
_MZ o ML)
2L2 3

IHaX/B M
( 1 LTIIB UIIlaX )

where the first inequality is triangle inequality and second inequality is from Lemma [6]

IV f (wp) (44)

We also have

1 M
g™ —wg 1P =5 D_wi ™ —wgp?

1 M
k+1 k2
<qrllutt-ut]

2L2 2 M2 ]
i T VW) (45)

where the second inequality is from Lemma @ Plug above two inequalities into , we can get

k+1 k maxﬁM nLamaxﬁM
f(w0+)—f(w0)§—nL(1 Y1-LnBo2,.) 2v2(1—LnBo,.)?

If we choose <5 s —1 5 then W <2. Thus we can obtain

Tmax max

)||Vf<w§>||2 (46)

2 20m <
)= b <t (1L 0+ 25 ) |9 St P
=—77L(1—77L6’)||Vf(7~vo)||2 (47)
where B’ = 210 M (4 Oma) A;[ (r+Tmax)
If we also choose 1< ST ﬁ,, then
k+1 k nL ky||2
Flwg™) = flwg) < = IV f (o), (48)
which means the loss continues to decrease.
Combining the two condition on step size, we require
. 1 v
7n<min ( ) . (49)
2L 72na16 4L0’maxﬁM(’Y+O’max)
Summing up from k=0 to oo, we have
= 2(f(wg) = f(wg®)) _ 2f(w))
YV F(wB)|I? < 0 0 7 < 0 50
DIV S| < ORI < S < o0 (50)
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The boundedness means hmkﬁooHV f(wk)||?=0. From Lemma |5, we can also know limy_,o.¢' (z7wk)=0Vs€S.
From Assumption I ¢ (u) =0 only when u— 0o, thus 27wk — 0o0,Vs € S, which means all the training samples

can be correctly classﬂied This proves Claim 1 in Theorem [2]

We also bound the change of weights across iterations here, which is useful in the proof of Claim 2.

Vii(w)=>cs,9 '(xTw)x, we can have

M
Dl ) = an )
i=1
*7277“29 T klst

i=1 s€S;
< N0 max ( xTw )
MZ w2
< N0 max ( asTw )
MZ 2.9

N0 max ,
STZIIW(WQ”)II
i=1

since

(51)

where the first inequality is from the fact ||Y, gas2s|| <omaxy/D e ga? for VYa, €R, the second inequality is due

to S; C S, and the final inequality is from Lemma [5| Further we can obtain

IV £ ()| IV F ) |41V () = f ()|
nLo;

M
<V sh)l+ LM |

_ nLUmaxﬁM k
(4t st

where the second inequality is from Lemma [} Then we have

M M 2

1 kil kilgz_ L 7720121WM2( nLoy .. .bM ) By (12
— D T —w T < — 1+ V f (wp) |l
a2 70 e (T ) Iv1(wt)

77 O'deMQ nLU?ndXﬂM 2
1 V
o 72 ( - (1 L ﬂ max) H f(w())H

Summing up all the changes, we can finally have

oco L—1 M 2 9 2 2 oo
k,l 1 k,l n UtnaxLM m. xBM
DSl e < P (1 WS B ) Sy <o,
k 01=1i=1 7 npo max k=0

C.1.1 Proof of Lemma

Proof. We start from the update rule:
-1 )
o Sovset).
I'=0
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Define A ::w —wo +77(IV fi (wo)). Then by triangle inequality, we have
-1 ,
JAlI=l=n) ¥ fiwi ) +niV fiwd)|
=0
-1 /
=0l 3 (Vi) =V fiwt) )|
1'=0
-1 )
SnZIIVfi(wf’l )=V fi(w)l

<77@Z||wk v _wo (56)

where f; is the smoothness parameter of f;(w). Since each local dataset of a subset of global dataset,
Vie[1,M),8; < Bo?

max-*

In addition, since V f;(w)=3_ .q.g '(zTw)zs we can have

[C

=||w! —wf+nIV fi(wf) —nlV fi(wh)|

<[l —w§+nIV fi(w) |+l Y o (@ wh)as|
SES;

<Al +nlomax, [ (¢ @Twh))?
sES;

<A+ 1Lowmax |3 (g (@Twh))
seS

1 (wi) (57)

il

nLUmax
<JAl+—F—

where the second inequality is from the fact HZSE 50sTs|| < Omaxy/) e q0? for Vas €R, the third inequality is
due to S; C S, and the final inequality is from Lemma [5} Then we plug in ||A]| and get

-1

kL & k)l 77L0m
[ —wh | <NBops Y _lwi " —wf ||+ 2 f (wf))- (58)
=0

Now we use another lemma from [Nacson et al| (2019)):

Lemma 7 (Lemma 4 in [Nacson et al.| (2019)). Let € and 6 be positive constants. If Oy gH—%Zﬁ;é&“ then

<
5;671_ and 25 7= k;e

Directly applying this lemma to , we can obtain

NLOmax M
b b < O 9 S (59)
Then we further have
-1
Ml
Al < amqx wkl—w 7ﬁ VI (wh)]. 60
A <nB l/z%)ll oll < ~(—inBo? max)II fwg)|l (60)
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By smoothness, we also have

nLUmaxﬁM

— 5 wk .
e S IV wh)] (61)

IV £ (i) =V f(wf)l| < omaxBlle;™ —wit]| <

C.2 Proof of Claim 2
In this section, we prove our implicit bias result. Recall that @ is the global max-margin solution defined in
@). We denote the set of support vectors in S as V. Thus the max-margin solution is =) . gosrs, where
as>0VseVia,=0Vs¢ V. We further define a vector w, which satisfies

o =nexp(—zlw) VseV. (62)

From Lemma 12 in |Soudry et al| (2018), this solution exists for almost every dataset. We also denote the minimum
margin to a non-support vector as

6 =minz? > 1. (63)
s¢V
We will use the following Lemma:
Lemma 8. There exists m;(k,l) such that
—11 L
Lzaﬂzasxs Zasxs log R+ Cotmi(kd), VIE[LL] (64)
u= s€V seV
mi(k+1,0)2— Zml (k,L), Yie[l,M] (65)

where ||m;(k,0)||=o0(k™') and ||mi(k,l4+1)—m;(k,0)||=O(k™"). ¢ is Euler-Mascheroni constant, which is used
to calculate Zk L —logk+¢+O(k™).

Now we define rz ,pZ as
w! zlog(Lk)ﬁ)—&—pf’l

M
=1og(Lk)m+az+fmi(k,l)+r’?’l vie[1,L]. (66)

Also, define 7! = Mzlerk Loand pFtt=1 ZZ 1pL . Thus

M1
wh=— Zka—log(Lk)w—G-p —log(Lk)w+w+——Zm, (k) +rk (67)

=1

We also define
A0, ROk (68)
Then for [=0, we have

L0 =log(Lk)@+w-+m;(k+1,0)4rF 10, (69)

We aim to bound ||p*||, and we can see that it is enough to prove |r§|| is bounded to achieve this goal.

30



Under review as submission to TMLR

We first write for a constant k; >0 (defined later) and all K >k

g 12 =Nl |12 = ZII ro P =g |

u=kq

-y Z(H“L )

’U.kl
K L-1M
J41 R
o S
uk:ll()zl
K L-1M

M ZZZ2< ul+1 ul ul>+||ru JA+1 Tu,l||2 (70)

uk:ll 0 1=1

We will handle the inner product and squared norm items respectively. Here we need a lemma to characterize
the behavior of inner product (r;" b —r l,r“ l) which can be adapted from a lemma in [Nacson et al|(2019) and

its proof is omitted here:

Lemma 9 (Adapted from Lemma 6 in Nacson et al., (2019)). Under Assumptions @ @ 3k,C,Cy >0 such
that Vk >k,

02

(T ) < CuU(Lh) O+ —— kO Ve [0,L -1 )

, where p=min{p,u_,0.25}.

Let af’l =2 (m;(k1+1)—m;(kl)) and we know [m;(k,l4+1)—m; (k)| =O(k™!) from Lemma (8 Then we can
handle the squared norm item:

K L-1M
ul+1 ul2
r
O
u=k; 1=0 i=1
K L-1M
k,+1 k,l kil
*5 > > Nt
ukll 01=1
K L-1M M K L-1M

K L-1
MZZZkulH Wi ]\14 Z§Z2<wul el fk> MZZZ”aul

u=ky =0 =1 u=ky 1 u=ky =0 i=1

T L-1M M K L-1M

K L-1
33 g YD e e
z M w;
=01 =0 i=

=1 u=k1 1 u=Fky [=0 i=1

w,l12
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Since [|a” l|| =0O(4), we can find a k; such that Vk >k, VI € [0,L—1],Vi€ [1 M] we have [|a™!|| < 2L, Also, we
know MZkztl leolz i llw; B+l _ MHQ < oo from the proof of Claim 1 . Then we can obtam
K L—-1M
DD e
u=k1 =0 i=1
K L—1M K L-1M | K LM
D900 N TS HEN 9 9 B S TE LIRS D 3o wece
ukllOzl uk11021 u=Fk; =0 i=1
K L-1M
1 M2,
M2
u=ky 1=0 i=1
<00 (73)
With Lemma |§| and the fact that Ve> 1,22‘;1u*6 <00, we can finally get
K L-1M
k u,l+1 ul ul u,l+1 w,l
12—t < 2 S S5 (2t el ) i) <o, (74)
u kq11=0i=1

The |[|7&||> is bounded, then |p¥|| is also bounded. ~We can know wf converges to @ in direction:

wit =log(Lk)w+p".

Then we can analyze the dependence of ||p*|| on L. From and the condition on learning rate n=O(L™!)
we can know

K L-1M
*ZZZHU}“H w2 <O(L” levf wp)|>. (75)
u=k; [=0 =1
Then we can write (73] as
K L-1M
EO MW IR
u=ky [=0 =1
0 M2 K
O CIVFw)IP+2, |0 ZHVf wy) H2 ZU‘”* u™?
u=k, u=k1 u=k; u=k1
0 o) K K
DIV @H)IP+y| DIV @)D w2+ u? (76)
'u.:k1 u:kl u:k1 u:kl

From Lemma EI, since 6>1 we can know

Co M ~
(T —r ) SCL(LR) 04 kO = 0L (k0 ()
Then we can obtain
I 11> — [l |17
K L-1M
<7ZZZ( < w41 ul ul>+HTul+1 r?,l |2)
u= k‘ll 01i=1
K

<O(1) Y (u+u )+ O(L ZIIVf wg)|[*+ ZHW w I\QZU‘2+ZU

u:kl U= kl U= kl U= kl U= k1

<00 (78)
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and the dominating term on L is O(1).

Now we aim to derive the convergence rate of the direction. Since from the w depends on learning rate 7,
we further define @’ as the solution of

as=exp(—zlw') VseV. (79)

Recall that 27 =1 as 1 is the max-margin solution. We can get @=1'+log(n)@. The @’ is no longer dependent
on 7. Then we can write wi ™! =log(nLk)w+p'*, where p’* = p¥ —log(n)i. Next we can calculate the directional
convergence rate:

k-‘rl

||wo+1 |
B log(nLk)i+p'*
\/p’kT,o’k + T wlog? (nLk)+2p/*T wlog(Lk)
o'F /log(Lk)+@

o2

- ~ 2 kT g P
”“’”\/ L+ (i ogtnIR) T TalPlog? (nTh)
1 1k KT 3 [ kT 2 1k (2 1 1
zA(erﬁ;) -y (p w) Bl g +O( ; )
[@|| \ log(nLk) [|]|2log(nLk) [|]2 2|w[|* ) log®(nLk) log”(nLk)

'k 1KT A 1 1
ool "~ \ll@ll @l [@l? )/ log(nLk) "~ log?(nLk)

w ﬁ)ﬁ)T) AN 1
:f“r I— ~ ~ +O( )a (80)
@]l ( @]/ llw] log(nLk) ~ ~ log®(nLk)

where the third equality is from \/11+ﬁ =1—12+322+0(2®). Thus we can get

H ||w0|| [E] H <1g77Lk)> (81)

C.2.1 Proof of Lemma

Proof. We first write

k—l l
Z Zozszs %Zasws
71 sEV seV;
kfl
L
Z kzasxs
seV;
=L i(log(k) +C+ O Z
—M og C UsTs
SEV
L. LC o L
_Mlog(k)w—&-ﬂw—&-(')(k )MU}"‘Ezasxsv (82)

s€V;
where the first equality is definition of @, the second equality is from the fact

k

S logh+¢+O(k™) (83)
u=1
and logk—log(k—1)=0(k™). (84)
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Then we define

(k) sz—Zasxs kZasxs log )w—Mgw vie(1,L]

seV seV;

and

m;(k+1,0)= Zmsz LZ Zasxs log) %w Vie[1,M].

SGV

We can obviously see ||m;(k,l)||=O(k~!). For the difference, we can get

1 -1
[l (sl +1) =i (kD =1l 2 Y asa||=0k™), Vie[LL-1]

seV;

1 L _
i (e, 1) —mi (R 0) | =1 > asws— 77 (loa(k+1)—logh) | =O(k").
seV;

C.2.2 Proof of Lemma
Proof. By Assumption [3} there exist positive constants fiy,u—,u such that
(1—exp(—p—u))e ™ < —g'(u) < (1+exp(—pqu))e ™, Y > 1.

For every [ €[1,L] and every node i € [M],

M
wl =log(Lk)+w+ fmi(k,l)+rk !

where m;(k,l) is defined by

k—1
11
L;aﬂgasxs gezvasxs logkw—|— Cw—i—ml(k D).

We first show that, for every (€ [0,L—1],

kl+1 k,l
-1 == g x w Q.

sES; sEV

If 1€ [1,L—1], we get directly

SliS

(mi(k,l—i—l) 7 ( kl LkZasms
seV;

(85)

(91)

(92)

(93)

Both wk’H'1 and wkl have the same 10g—coefﬁcient log(Lk), so subtracting at [+1 and at [ and using the

local update w!” l wi =V f;(wit) yields (©02).

If =0, now wf ¥ —wk includes log(L(k—1)), and m;(k,0) is the averaged term of M compute nodes. Using

at (k—1,L) for every j,

j(k—1,L) sz—ZOszrk 1201 Ts— logk l)wf—Cw

seV. s€V;
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Averaging over j and using Zj]\ilz:se\/} asTs =) cyasts (because {V;} partitions V),

=1y
mi(k,O):LZ Zasxs log (k— 1)w——(w

GEV
Combining with at [=1 gives

m;(k,1)—m;(k,0)= Zaéxé logkk1

SGV

hence

seV;

k
(mi(k,1)—m;(k,0)) Lkzasxs log;— (94)

Now using at round k (with log(Lk)) and at [=0 (with log(L(k—1))),

k

PRl 0 — (wf’l —wf’o) —log—— 0 —— M (m;(k,1)—m;(k,0))

' ' k-1 L
k M k
k . .
b v
NV fi(wg)— ogr— W Lksev_asms ogr—®
M
:—772 g (z]wh)z LkE QsTs.
SES; seV;

So (92) holds for I=0 as well.

Then we calculate the inner product <rk ALyl l> Splitting S; =(5;\V;)UV;, gives

Z’Z

kl+l kl kl T kl TRl 1T
<7”¢ -n Z Ty *Z[W!] (:vsw

s€S\Vi seV;

k,l
i ) Lk

Qs } x:rf’l. (95)

::Tl

::Tg

We note that our analysis is asymptotic in terms of large enough &, so we define the following stages. Let

ks :=min{k'|Vk>K VI €[0,L],Vi€[M],Vs€S: x] w}' >u}, (96)
ko :=min{k'|Vk>K VI,¥i,Vs: 2] w' >0}, (97)
ke i=min{k' |Vk>K VI, ¥i,Vs: exp(— 2z ) m;(k1)) <2}, (98)
ks :=min{k' |Vk>K VI, Vi,Vs: exp(—2La ] m;(k,1)) > 21, (99)
kg :=min{ k' |Vk >k VI,Vi,Vs: exp(—p_a] w]') <1} (100)
Such k5 —kq exist because, by Theorem | 2] wh — 0o as k— oo for every s€ S and hrnk_mo:Eka =00 uniformly

in (i,l,s). Also limy_,c0||m;(k,l)||=0 by Lemma

Then we set k: =max{ks,ke,k7,ks,ko}.
We now aim to bound T3.

For s€ S;\V; we have s¢V, hence z] @>60>1. Drop the terms with z,

smaller, we can have
Z JT kAN Tkl
Tl S -n g (378 w; )xs Ty

SGSi\Vi
T k,l>0

s

Apply (89) in the stage k> ks and exp(—py .z, w )< 1 in the stage k> kg,

T, <2n Z exp(—x] kl)x;rrf’l.

s€Si\Vi
eTrkls0
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Substituting ,
nexp(—x:wf’l) :ne_cﬂzwe_mjwexp(—%x;—mi(k l)—x;rrf’l) (103)
o
= 6@3;% exp(—ax ) my(kl)—x)r 5 l). (104)

Here the second equality uses the deﬁnition of w. Hence, using exp(—(M/L)x]m;(k,l)) <2 in the stage k> kr,
—z Pl T, ki

and ze~* <1 for >0 on the factor e™*s ":" 2, 7;”", we can obtain
T <2 Z e~ s “’exp(—%xjmz(k: D)e —e it z (105)
s€S\V;
<4 Y aean, (106)
s€Si\V;
Finally 2] @>6 and e~ < ( ) < ﬁ SO
T <Cy(Lk)™%,  where C}:=4-27|S|-maxas. (107)

Then we aim to bound T5.

For every s€ S, define

Kl 1—|—exp(—,u+xka’l) if ol 7 ’l>0,
| 1—exp(—p_ xkal) if o) 7 ’ZSO.

By (89),

—ng'(z, kl) Tkl <Ak lexp( clwfhz bt (vses). (108)

Using (T08) inside T%, which is over V; CV, where z] =1 and o, =nexp(—z, w),

Mag
T < Z [nAf,’fexp(—xwa’l)— LZ }x;—rf’l

seV;
_ Mo, 1 Ag) o T ki
=3 [Mél 1}:55 it (109)
seV;
where
1, le[1,L-1], k)l Mo Ty
0= E = — = i(k,l .
: {(k—l)/k:, 1=0, 5 eXp( T mikl)—x )

Since §;— 1, for clarity we treat §; =1, the [=0 case differs by a factor k/(k—1)€[1,2] that is absorbed in Cs.

By Lemma |8} |(M/L)z] m;(k,l)|=o0(k~"). Fix once and for all a threshold C7 >0 (to be chosen large enough

at the end). We analyze each term in (109) according to four cases on p: —:1cTr]~C L

Case 1. 0< p< Cr k051
ARI<2 (k> ko) and EFf <2:1=2 (k>kr, e <1), 50

ALEE
— 1< ——-1<3.
M

Hence

0.50 _ 3C70ésM

k1050, (110)

Mayg 1 AR ER!
=i -1)o <

S, S, as
Lk Lk

Case 2. —C7k~ 0% < p<0
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Now A]:f <1, and Eff <26 <2 O < for k> k large (pick k so C7k=*%" < log2). Thus

5

|ADIEN] /M —1]<4/M +1<5. The |p| <C7k~*% bound gives, exactly as in (TI0),

X3

k17058, (111)

Moy 1 AREER?
M

5C70st
s,i° 8,1 _1:| <
Lk P=""7

Case 3. p>C7k~ %% (large positive p)

k,l k1

ARk
We must show that —=57=*—1<0, then the whole term in (109) is non-positive.
Bound A’:f =1+exp(—piz] wh). Substituting (90),

exp(—pyx w) = exp(—pya ) w)exp(—py (al mi(kl)+p))-

With p > 0, the last factor is < 2, hence exp(—,quxwa ’l) < Cgk™#+ for some constant Cg > 0. Therefore
AL <1+ Cshhe.

For Efl apply exp(z) <1+x+a? (valid for |z| <1, true for large k on both summands), and |z] m;(k,l)|=o(k~1):

exp(f%:c;rmi(k,l)) <1- %x:mi(k,l)+ (%xzmi(k,l))Q = 14o0(k™H),
exp(—p) <1—p+p* <1-Crk™ 5P L C2k~F,
Multiplying,
By <1-Crk™ "% o(k™F),
ADER! < (14Csk™+) (1= Crk ™" o(k ™)) < 1—Crk ™" 4-o(k 7).
For M >1 this gives, for all k larger than some l~€+ >k,
AGEG | 1=Crk " o(k T
M - M
Since p>0, the contribution of this term to 75 is <O0.

—-1<0.

Case 4. p<—Crk~05% (large negative p)
Now we want #—1 >0, i.e. AljfEfZl > M, so that combined with p<0 the contribution is <0.
Case 4a: exp(—p) >4M, i.e. p<—log(4M). Using stage-9 (A’;f >3/4) and stage-8 (exp(—(M/L)z] m;(k,l)) >
3/4):
. AGEN > 3. 340 = 9M > M.

8,1 — 4
So AIES! /M —~1>5/4>0, and the contribution is <O0.
Case 4b: exp(—p) <4M, i.e. Crk™ " < —p<log(4M). Using exp(z)>1+z on each factor,
exp(—%x;rmi(k,l)) >14o(k™H),
exp(—p) > 14(=p) > 1+C7k™ %%,
For the lower bound on Aéf = 1 — exp( —u_a:jwf 1), the same computation as in Case 3 gives
exp(—u,m;rwf’l) <CyoMH=Ek~H- (since |p| <log(4M) in this sub-case), so A’jf >1-CoMH~ k~#-. Multiplying,
ALEYN > (1=CoM™= k=) (14 Crk™ %) (14-0(k~ 7))
> 14+ Crk™ "5 — Ok ).
Because i > fi> 0.5/, the term k~#- is asymptotically dominated by k~%-5%, so for all k greater than some k_>k,

AT > 14 G050,

X3
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o« If M=1: A’:fEfll/M—l > =057 >0, so the contribution is <0.

o If M > 2 A’:fEfll /M — 1 may still be negative; however the magnitude of the corresponding
contribution is uniformly bounded. Indeed, in this sub-case |p| <log(4M) and |A’:fE§ ll /M —1|<3 (since
OSAI:fEfZ <4M, hence OSA]:fEfZl /M <4). Therefore

Mo, [A’”E’” 1 ‘ < 3Ma,log(4M)
Lk - Lk ’

M
Choose C7 >log(4M)k*5. Then for all k>k, C7k™0% >log(4M)kO-57k~0-5% >1og(4M) when k <k, and

for k> k the bound becomes
3Moalog(4M) < 3MaCy

Lk - L
Since C7 is a constant (a function of M and l~€), this contribution is absorbed into the same
CoM/L-k~1705% hound as Cases 1-2.

L—1-0.57

So in both sub-cases the per-s contribution of Case 4 to is bounded by C O‘s k17052 for an absolute
constant C5.

Putting Cases 1-4 together, for each s€V; the per-term bound is

kil okl
Mas As 48,1 _1i| T’I"]-f l 02043 k—l 0.511
Lk M S 1 —_ L )
with C4 =max{3C7,5C7,3log(4M)}. Summing over s€V;CV,
Ty < CaM S kTUSE L Oy i=Ch |V maxa (112)
2= L z 2 sev o

Combining , (1107), and (112)), for every kzmax{l;,l;:+,l~£_}zzlz: and every [ €[0,L—1],
<Tf,l+1 ol /cl> T+ Ty

? 7 K2

k—l —0. 5u

< Ci(Lk)~"+ 02L

Condition of k is independent of L. The conditions (94), (95), (98) require xTw to be larger than constants since
m— oo from the proof of Claim 1. From we know m;(k,l) is basmally Ok~ £+ steV Qs T,

and (96), (97) require || 2£m;(k,0)|| to be close to zero. The L cancels and we only need k to be larger than a constant.

O

limkﬂocx—rw

C.3 Proof of Claim 3

In the proof of Claim 1, we already know f(w§) would continue to decrease to zero when k— 0o. Now we establish
the convergence rate of f(wk). Recall V is the set of support vectors and 6 is the minimum margin for non-support
vectors. From Assumptions ] and [3] we can get

1
) <2 3 (1 explpusaT ul)esp(—oTuf)
seS

=%Z(1+exp(—u+xf(@log(Lk)+p’“)))exp(—wf(®10g(Lk)+p’“))
seS

_ 1 —przlw T k T k —x. W
=2 (1R Pexp(—pagal o) exp(—a o) (LK)

ses

Mz[exp E)(Lk) ™5 o (L) s Pexp(— gl pFJexp(—al pF) (L)~ @ (113)
sES
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We can divide the dataset S into set V' with support vectors and the complementary set. For samples in the

set V, we have 27 =1 and we can write

> exp(—al pb) (L) T P (L) T Pexp(— ol pFJexp(—al pF)(Lk) 5
seV
1
ZieXP ph)+ (TR exp( (1+p4 )2l pb) (114)
SEV

For samples not in the set V, we have 21 > 6 since  is the minimum margin for non-support vectors. Then
we can write

> exp(—al pF) (L) 7 O (L) T+ Pexp(—pyal pFYexp(—aT pF) (L) T

s¢V

<3 exp(—a o)+ —exp(—(1+ps ) o) (115)
= gv Lk; (Lk)(+1+)0 s

Combining the two terms, we can have

1 _Th _ T _
f(w’S)SMZ[exp(—xsTpk)(Lk) 0 (Lk) s Cexp(—pug g p)exp(—ag o) (Lk) 5
ses

+O((Lk)~max(@1414)y (116)

1 T k
= mZeXp(—xSp )
seV

The leading term is the first term. Recall that

M
M1
P —w—l———Zml (k,L)+rk (117)

. From we know 7% is O(1) on L. From we know le imi(k,L)=0(k™) L+ 55> ovss. Thus
M LS mi(k,L) =O(k_1)ﬁ)+%zsevasxs, which is O(3) and O(1) on L. The remaining term is @. From
the definition we know oy =nexp(—zl®), Vs€V. Thus we can finally get

Flwp) < > expl=a (m(k+1,0)+7§)] | +O((Lk) 1), (118)

seV

M Lkn

Since m(k+1,0)+r§ is independent of L and bounded when k — 0o, the final rate of loss function f(w?) is O(1/Lkn).
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D Proofs of Implicit Bias of LocalSGD for Linear Classification in Section 3]
In this paper we formulate stochastic gradient descent as a sampling without replacement. We repeat the
assumption [] here:

Assumption [4| (Sampling without replacement.) At every communication round, each compute node run
stochastic gradient descent with E epochs, where F is an positive integer. Within each epoch, the mini-batches
{5:,0,5:.1,--,5i,1 } partition the local dataset S;, where L' =N/B is the number of local steps for one epoch.

Under this assumption, the number of local steps is L=FExL’.

Algorithm 3 LoCAL-SGD.

1: Input: learning rate 7.
2: Initialize w])
3: for k=0to K—1 do

4: The aggregator sends global model wg to all compute nodes.

5 for i=1toi=M do
6: compute node i updates local model starting from w: wf’o =wk.
7: for [=0to L—1 do
.. . A 10T ki
8 Choose a mini- batch of samples B; and calculate the gradient: G(w;")=>_ g g (v5w;")Ts
kd+1_ k 1
9: w; —nG(w}™).
10: end for
11: compute node 7 sends back the updated local model w’“‘1 w; kL
12: end for
13: The aggregator aggregates all the local models: wlC+1 MZZ W f“.
14: end for

15: Output: wi.

We repeat the Theorem [5 here.

Theorem 10. Under assumptwnsl, @, H I, A, if the learning rate satisfies n < mln(
then for the process of Local-SGD, we have,

1 'y2
STot oA )

e Claim 1: Every data point is classified correctly finally: limy_, oozl wh =00,Vs€S.

e Claim 2: The global model obtained from Local-GD will behave as

k A k
wy =log(Lk)Ww+p~, an H H ( ) 119
o =loglLk)b+o Tt~ Tl | =€ \logtZh) (119)

and ||p¥|| < oo for all k. This implies, the normalized global model converges to the global maz-margin
solution.

e Claim 3: The loss function f(wh) decreases to zero as f(wh)= O(ﬁ) when k is sufficiently large.

The main difference from proofs of Theorem [2] is on the proof of Claim 1. The following proofs of Local-SGD
are the exactly same as the Local-GD. Thus we only give proof of Claim 1 here.

D.1 Proof of Claim 1
We have the similar Lemma for Local-SGD as Lemma

Lemma 10. Suppose that Assumptions [1] and [ hold and k€N. Then we have

. Ml
k! (1% i) < L

— 5 U}k .
(1 lﬁﬂUmax)Hvﬂ O)” (120)
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k.l k nLamaxM k

ot <L . 121
||U) wO”—,Y(l_lnﬁa,lgnax)”vf(wO)H ( )
77‘[’O—maxﬂiu

—_— wk .

IV f(wi ) =V f(wh)| <

The proof can be seen in Section
Note that f(w)= MZZ ilw) =13 cq9(@Tw), and g(u) is a S-smooth function from Assumption 2l Then

f(w) is a A g““x -smooth function. Then we can get

|| o —wpll?

Flwf™) = fwh)—
<V f(wf),(w ’“*Lwé»

=(Vf(wh)wh™ —wk —nLV f(wf)+nLV f(w))
S—nLHVf(wo)||2+I\Vf(w’é)ll||w§+1—w§+nLVf(w§)H, (123)

where the second inequality is from Cauchy-Schwarz inequality.
For the second term, we have

wp ™ —wg +nLV f(wp)|

|
1 Y 1 U
k k k
—IIM;% H—wg +nLM;Vfi(wo)H

M
1
SMZHWfH—w’SJFﬁLVfi(WIS)H

2712 3
N L 0max M k
_M§j T Vb))
2L2 3

IHaX/B M
( 1 LTIIB Umax )

where the first inequality is triangle inequality and second inequality is from Lemma [T0}

IV £ (wp) (124)

We also have

1 M
k k
=P =l >l b

1 M
k+1 k12
<qplutt-ut]

2L2 2d M2
Tmox YV (wh)||? 125
A V)] (125)
where the second inequality is from Lemma Plug above two inequalities into (123)), we can get
3
k1 k NLOaxPM L0 GaxSM > k(12
w, —flwy)<—mL|( 1—- Vi(w 126
)= ) < i (1=~ PP e L | (126)
If we choose n< 57— IQMX 5> then ﬁ <2. Thus we can obtain
k+1 k 2 2Umax 2
Flwg™) = f(wg) <—nL(1-nLoy, 5M( ) NIV f )]
=—nL(1—nLp' )IIVf(wo)II2 (127)
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203 .. BM mas
where 3/ = 2Zmax’ ’ngﬂr ).

If we also choose n< 5 L 7 then

Flak ™)~ f(uh) <~ N9 S (128)

which means the loss continues to decrease.
Combining the two condition on step size, we require

1 72
<mi . 129
n_mln<2L glaxﬂ74L0§naxBM(’Y+UmaX)> ( )

Summing up from k=0 to oo, we have

Z”vf(wlg)‘P < 2(f(w8)an(w8°)) < 2];528) <0 (130)

|>=0. From Lemma |5 l we can also know limy_, oo g/ (z7wk)=0,¥s€S.

Tk — 00,Vs € S, which means all the training samples

The boundedness means hmkﬁooHV fwh)
From Assumption l ¢'(u) — 0 only when u— oo, thus «;
can be correctly cla531ﬁed This proves Claim 1 in T heorem El

We also bound the change of weights across iterations here like the proofs of Local-GD. From the update of
Local-SGD, we can have

M
LS b= LS 5 Tt
i=1

i=1 SEBll

1 & Ty ) 2
<> o, | O (9Tl

=1 sEB; 1

T

_Mznam > (stetut’)’

0 max k,l
STZHVJ‘(%‘ )l (131)

i=1

where the first inequality is from the fact ||>°, . gasts|| < Omaxy/D_scga? for Vas € R, the second inequality is
because every mini-batch at each compute node is a subset of global dataset, and the final inequality is from
Lemma [l Further we can obtain

IV )| <IIVF (wi) |+ IV £ (i) = f(wh)) |
nLomaXBM
§||Vf(w§)||+m||vf(w§)”

B nLod.. . BM
—(1+(1 s m))HVf(wé)n (132)

where the second inequality is from Lemma [} Then we have

M M 2
1 kl+1 k2 1 7]202 M2 ’I]LO' BM IANTD
E Ry oy < § max 1 max v

Y(A=Inbof.x
M? Lo3, . BM \?
é““;a;‘ (1 i "Lm;;ﬂ >) IV 5| (133)
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Summing up all the changes, we can finally have

co L—1 M 2 9 2 2 oo
3 Ir] UmaXLM maXﬁM
Dl Tt (1 BT ) S <o
" k=0

k 01=11i=1 v max

D.1.1 Proof of Lemma

Proof. We start from the update rule:

)

Define A::wéC . —w’S—}—nZﬁ;l 02 se B, g (xTwk)zs. Then by triangle inequality, we have

TN T L T o

I'=0s€B; sEB
-1
k1l
=n|| > 3 (g @l ) —g (@l )
I'=0s€By/
kl
<n2 > (@) g @l uf))a,
=0 SEBZ/
-1 2
k.l
<nomed_ | S (9Tl ) g aTuf))
I'=0 SEBL/
-1 9
<oy | S (aT (! —uf))
I'=0 \| s€By
kl’ 2
<7750maxz > (o7 (wl —wf))
seS
N k0’ k
Snﬁafnaxani —uwf]|
I'=0

(134)

(135)

(136)

where the first inequality is triangle inequality, the second inequality is from the fact || . g@s2s|| < Omax/D e 52
for Vas € R, the third inequality is from the S-smoothness of g(-), the fourth inequality is because each batch

is a subset of global dataset and the last inequality is from the definition of oyax.
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Next we can have

[|w; ™ —wg
=l - wo+nzzg T S
OSEBLI I'= 06631'
<Hw“f%+nzzg i weHMIIZZg 70 |
=0s€By/ =0seB;/
-1 2
<A+ omax, [ Y (' @Twh))
I’'=0 SEBI/
2
<A +7lomax, | > (9 (@Twh))
sES
2
<A +0Lowmax, | > (g (xTwh))
seS
nLUmax
<A PEegmad Ly gy (137)

where the first inequality is triangle inequality, the second inequality is also from the fact || g aszsl| <

OmaxV/ Dse ga2 for Vas €R, the third inequality is because the mini-batch is a subset of global dataset, and the
final inequality is from Lemma [5| Then we plug in ||A|| and get

-1

s O nLUmax
;" = || <MBomae Y wf " —wf |+ =22 f (w§) || (138)
=0
Now we apply the lemma m to (138)), we can obtain
NLowmax M
! —wf | < anﬂwo)n (139)
Then we further have
2 — kl Kk 7]2 axBM1 k
||A||§Uﬁamax2||wi’ —wo”_WHVf(wo)H- (140)
By smoothness, we also have
, L0 a3
IV F (W) =V fw§)]| < opeBllwf —wh ]| < y IV f(w)]- (141)

(1 lnﬁa—max)
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E Proofs of Implicit Bias with Learning Rate Independent of L in Section 4]

In this section we also redefine the samples y;;x;; to x;; to subsume the labels. With abuse of notation, we use S; to de-
note the set of support vectors in i-th compute node and S is the set of support vectors in global dataset. The number
of samples NV is identical for all the compute nodes, and the local dataset is {x;;,y;; } é\le_ Since the loss function is fixed
as exponential loss in this section, the 5 in this section refers coefficient of support vectors, not smoothness parameter.

E.1 Proofs of Lemma/ll

We assume Hwo In(§)wf| = O(klnln§). In this case, since In} grows faster, when A — 0, we can have
limy_y0 7 Hw"l\ ” "H for any k at order 0(151&1/?))\)). We will prove it by induction. We define global and local

F=wh—In(3)wf and rf=wk—In(3)wk.

residuals as A

When k=0, since w)=1w) =0, 7¥ =0 and the assumption trivially holds.

When k>1, we have

M
[ wkfhm})ﬂﬁ _1 > wf—In(5)wf
0 A 0 M p [ A 1
1 1 1
SMZ w?—ln(x)@f :MZHTfH- (142)
=1 =1

where the inequality is triangle inequality. We then focus on the local residual rf. We choose an O(1) vector
¥ and a sign s¥ € {—1,+1} to show

=

K [(ln(i)—ksflnln(i))w +w; }4—3 lnln(}\)wf—kﬂjf

I

1 1
<ot~ | (mG-+stain(S) )t ot |+ et 1t (143)
Recall the wf is the solution of optimization problem
A
argrmnfl w;) Zexp —xr w;) §||w¢fw§_1||2, (144)

and the loss function f;(w;) is a A-strongly convex function. Thus we have
1
Juwf < IV A, for any w. (145)

Then back to we have

WW<’hﬁK(iﬂﬁmmbyﬁﬂﬁﬂﬂmmﬂmw+wﬂ (146)

llA:l

Next we need to show the first term A; is at O((k—1)Inln(5)), and also since ||wf|| and [|@F|| are O(1) vectors,
then [[r¥|| is at order O(klnIn(})). After averaging, ||r* || is also at order O(kInln(5)). This confirms the
assumption made for induction.

Now we focus on the term A;. The gradient of function f;(w) is

V fi(w;) Z xiexp( ch;-wi)—i—/\(wi—wg*l). (147)
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The term A; is

W
—k T~k Lok 1 k—1
i |exp(—ay; ;) + ln(/\)—i—sl- lnln(x) OF +F —wh

1 1 W 1 1
fXinj <)\1n8§()\)) exp(— x%wf) (ln()\)Jrsflnln()\))w +awf —wh L (148)
J
Then we define the set of support vectors as SF={x;|zL@f =1}. Recall that we assume r*~! =wf ™" —~In($)wf "
is at order O((k—1)Inln(})). We can obtain
1 1 =T ok
—s —gk e
A= DY ()\ln ) Z xijexp(— ” k) — X Z T ()\ln i ()\)) exp(— xz;wf)
@i €SP @i ¢Sk
Lyoh  h1y k1 ok Lok ok
+ln(X)(wi —wy )=+ hﬂn(x)wi +w;
1 1 7sk$Tﬂ)k
i i i
:—lnfsk Z xijexp(— U wy) Z T )\“’nwz - (ln()\)) exp(— xgwf)
xIJGS Lij %Sl
L ey S R L Lok ok
—l—ln(x)(w —wy o )=rT s lnln(x)wl- +@; . (149)
By the triangle inequality, we have
R - S
”AZH S hl()\)(w wO —In™" Z leeXp Zj 7,)
Tij ES
B
ko Tk
+ Z Ly A (ln( )) exp( x”wf)
B>
1
+ P () e [+ (150)
O((k—1)nln(%)) o) o)
We just need to show By and B; approach to 0 then ||4;]| can approach to O(klnln(3)).
We divide it into two cases.
1. When @} = P(wf~")#wf ™", meaning wh ' is not in the convex set C;. In this case we choose s¥ =—1 then
Lyik
B = ln(x)(w —wh Z z;jexp(—x )
Tij ES"’
1
:ln(x) (W —wh~ Z xijexp(— z; )| (151)
xi; ESF

We now want to choose @ to make B; as 0. Since w? is the solution of SVM problem , by the KKT condition
of SVM problem, it can be written as

’lj)f:’lj)g_l-i- Z Bijxij (152)

:ijS’f
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where f;; is the dual varible corresponding to z;; in the set of support vectors. Thus we want to choose ﬂ)f as

Y ew(—afal)e;= Y By (153)

z;; €Sk zi;ESP

~ k . .
We can prove such a @; almost surely exists in Lemma

For the term B,, since limA_m)\C*llnc(%) — 0 for any constant ¢> 1, and zgﬂ)f —1>0 for any x;; being not a
support vector, then we can see

T -k
1 T;;W;
By= Z x”)\’”u“’f ! (1n()\)> exp(— wa) 229, (154)
Here we choose ﬁ)f and sf to make B; =0 and By —0.
2. When w¥ fP(_g_l) wr ', meaning @ ! is already in the convex set C;. Then @f —wf ' =0. In this case
we choose w =0 and s; k=11 We can have
1,1 A—0
B;=In 1(X) D il =, (155)
J;ijESf
since In"'(%) 270,0 and Hzmeskmij is O(1).
And since xuw k_1>0 for any x;; being not a support vector, we have
1 —zT @k
. i i
Z xij/\zgwffl <ln()\)> ’\_>0) 0, (156)

Lij QSZC

Tk
where A7 =1 229 and (In(3)) % 220, Thus we choose @? and s¥ to make B; —0 and By—0.

Plugging [T50] back into [I46] we can obtain
||Tk||<||Ak||+hﬂn( )lw? ||+ |

<Bi +By+2nln(+ )Ilw’“||+2|\w’“H+llrk l
—

—0

<2Inln(+ )HwkHJrQIIw"IIJrHTk Il (157)

By the assumption ||r*~!||=0O((k—1)Inln(3)) and |[|@f||=O(1), ||@F||=O(1), we have ||rf||=O(kInln(})).
From we finally obtain

1 1
)1 < 2=l = Oktnln( ), (159)
which confirms our assumption. Then we have lim AHO% = Hgﬁu for any k at order 0(131[1‘&1/?))\)).
0 0

E.2 Proofs of Auxiliary Lemmas

Lemma 11. For the sequence {wf} generated by sequential SVM pmblems 10| and aggregations, and for almost
all datasets sampled from M continuous distributions, the unique dual solutzon BE RIS satisfying the KKT
conditions of SVM problem. 10| has non-zero elements. Then there exists WY satisfying X, wF=—Ingk.
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For almost all datasets, a hyperplane can be determined by d points. Thus there are at most d support vectors
and the set of support vectors is linearly independent.

Proof. By the KKT condition of SVM problem, we can write the solution as

wf=wh M+ > Bhw =0+ XE B (159)

Ti;€S;

where Xg, €RIS:1%? is the data matrix with all the support vectors, and BE RS> is the dual variable vector.
Thus we can obtain

BF = (X5, XE) ™ X, (@ ~af )= (Xs,XE) " 1, — (X5, XE)) Ko, (160)

where Xg, X is invertible since X, has full row rank |S;|, and the second equality is from X, 5, WF =1g, with
1g, €RIS:IX1 being all one vector. Plugging B back, we have

0f = |1- X (X5, XE) ™ X |0+ X (X5.XE) 1. (161)
After averaging, the global model is
1 & 1 & 1
k= [IMZXE (Xs,XE)™ XS] THNENE MZXQ (X5, X%) 1s,. (162)
=1 =1

It implies wf is a rational function in the components of X1,Xs,...,Xys, and also 8 is also a rational function

in the components of data matrices. So its entries can be expressed as ij = pfj (X1,X2,, X))/ qu (X1,X2,., X 1)
for some polynomials pi-“j ,qu. Note that fj:O only if pfj (X1,X2,...,X ) =0, and the components of X1,Xs,....X s
must constitute a root of polynomial pfj. However, the root of any polynomial has measure zero, unless the
polynomial is the zero polynomial, i.e., p]fj (X1,X2,...,X 1) =0 for any X1,X5,...,X .

Next we need to show pi—“j cannot be zero polynomials. To do this, we just need to construct a specific X7,X5s,....X s

where the pf; is not zero polynomial. Denote e; € R? as the i-th standard unit vector, and vy,vs,...,uar be the
number of support vectors at M compute nodes. We construct the datasets as

X;=7ile1,2,...e0,] ", for all 4. (163)

where r; are positive constants that will be chosen later. For these datasets, the set of support vector is dataset
itself, i.e., Xg, =X;. We can calculate

L, 0 1,.
X X' =021, X X;=r? { ],XT1 .:ri[ } 164
‘ 0 O(d v; ) X (d—v;) s Od—vi ( )
Thus we have
1, 0 1 1 [ 1,. ]
I;— wy A+ — “. 165
( ! {0 0(d—0v;)x(d— )D O 1y [Od, (165)
After averaging, the global model in becomes
o0 -
0
ay bl
wk = wy , : (166)
ay o VUmax
max min 1 Odffumax
b
L 1_

=4
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where a; € {27, ,...,247} is a constant in the range (0,1), b;= 4 > L is a positive constant and B; € [M] is
i€B;
a set consisting of some compute nodes. Note that A and b are fixed in the iterations and A is a diagonal matrix.

By recursively applying w§ :Aﬂ)g 14+, due to wJ=0, we can obtain

wi=(I+A+A*++A1)b. (167)
Since A is diagonal, the summation is
1 .
1
k—1 j
k—1 >i—0 ay
d A= (168)
=0 k=1 j
’ Zj:() @ —vmin
k
L k—

Recall that

B =(XX]) "1, - (xx]) X!

1 1 1 ke
:r—lemfﬁ(wlg 1)1,71:7(11,1,7(105 1)m). (169)

where (wh '), is the vector with first v; elements of @k~

We need every element of 8% to be positive, so that we require every element of (w(’f 1)W is less than 1.

Then it holds for any i-th compute node, thus we require every element of (ﬁ/’g*l)ﬂmx is less than 1. Since
7k = (Zk 3 Al >b7 the largest value of (ﬂ)’gfl)vmx satisfies

k—2 j M
M-1\’ 1 1
—k—1
(wo )largestgli <M> XMZE
k—1 M
M-1 1 1
; i

M-1
M

because the maximum value of a; is

Thus we require

M1
- SEnTEn = (171)
Rl
= 1= (MT)
Since (%)k_1 —0 when k— 0o, we only require the LHS is less than the lower bound of RHS:

Z <1 (172)

=1 Ti
Therefore we can choose ;=M +1 to make it happen.

Then we can obtain fj > 0 holds for any support vector z;; and any round k. And the @} simply satisfies
Xg, wF=—Ingk. O
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E.3 Lemma and Proofs in Section [4.4]

Here we provide a lemma of Modified Local-GD similar to Lemma [I] of vanilla Local-GD.

Lemma 12. For almost all datasets sampled from a continuous distribution satisfying Assumptz’onl we tmz’n
the global model wy from Modified Local-GD and wy from Modified PPM. The parameter is chosen as of =1— 3~

k+1‘
With initialization w)=w)=0, we have w§ —In(})wk, and the residual |w§ —In(3)wf||=O(kInny), as A—0.
It implies that at any round kzo(%) , wk converges in direction to wp:
k ok
fm —0_ — 0 (173)
a=owhll bl
Proof. With initialization w)=wj=0, the Modified Local-GD is just a scaling of vanilla Local-GD:
Wt = k1
174
o k+1 Mzw (174)

Also, the Modified PPM is a scaling of vanilla PPM: ), ’kH kil ﬁ ij\ilﬁ)fﬂ.

When k>1, we can know the residual between Modified Local-GD and Modified PPM is

M
1, k1 _
4= -t eb| = o g St -t
i=1
1 & 1 1 &
< LStk = Sl (175)

Then we can follow the same process in the proof of Lemma [I] to obtain

1
I < — ||7“kH— (kInln()), (176)
k —k
As a result we have limA_mHZ—?CH = IIg?“H
0 0
[
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