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Abstract

Understanding the computational mechanisms by which neural networks perform
probabilistic inference is a central problem in mechanistic interpretability and
sequence modeling. Here, we use token sequences generated from Hidden Markov
Models (HMMs) with known latent dynamics and analytically specified Bayes-
optimal forward filters to provide a mechanistic understanding of probabilistic
inference in recurrent neural networks. HMMs provide both a ground-truth genera-
tive process and an exact optimal solution, enabling precise comparison between
model representations and optimal latent state inference. Surprisingly, purely lin-
ear recurrent networks with a softmax readout layer, either hand-engineered to
approximate the optimal Bayesian filter or trained from data, achieve near-optimal
prediction performance. Moreover, trained linear RNNs recover low-dimensional
representations of latent state probabilities despite never being given direct access
to those states. These findings suggest that linear recurrent architectures can serve
as both effective and interpretable models for structured probabilistic sequence
prediction.

1 Introduction

Understanding not only what types of problems neural networks are capable of solving, but also
how networks are solving these problems, is a fundamental problem in computational neuroscience
and mechanistic Al research [2, 13, [12]]. Here, we focus on understanding sequential prediction tasks,
which are fundamental to state-of-the-art generative language models. While modern architectures
such as transformer-based models [[1} 6} [14]] and, more recently, recurrent state-space models [} 18} [11]]
have achieved remarkable success across a variety of natural language tasks, interpreting these models
is still incredibly difficult. Moreover, standard language tasks, such as next-word prediction, are
themselves inherently difficult to interpret. There is rarely a single “optimal” solution and no
universally accepted baseline for comparison [13]].

In this work, we use Hidden-Markov models (HMMs) to define a ground-truth generative process
for next-token prediction tasks. While simple, HMMs can, in principle, approximate any stationary
process to high precision [4, [7, 9]. Furthermore, HMMs come equipped with a computationally
efficient Bayes-optimal inference procedure (the forward filter [10]), enabling direct evaluation of a
model’s learned representations and their correspondence to optimal probabilistic inference.
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Using sequences generated from HMMs, we reveal the surprising expressive capacity of purely linear
recurrent networks with a softmax readout layer. We show that both hand-engineered linear networks
designed to approximate optimal Bayesian filters and trained linear recurrent neural networks (RNNs)
can achieve near-optimal performance on nontrivial sequence prediction tasks. Furthermore, we
provide evidence that trained linear RNNs learn low-dimensional internal representations of the
probabilistic latent states, even without directly observing these states during training. Our results
highlight both the interpretability and effectiveness of linear RNNs in structured sequence prediction.

2 Preliminaries

2.1 Hidden-Markov Models

A discrete Hidden-Markov model (HMM)) is a generative model in which observable emissions,
ye € {1,...,M}, depend on unobserved latent states, x; € {1,...,N}. The distribution over
emissions is determined by an emission matrix, E € RV*M where E; ; = p(y, = j | v, = i).
Latent states evolve as a first-order Markov chain specified by a transition matrix, T' € RVXN where
T;.; = p(xy = j | x4—1 = 1). With sufficiently many states and emissions, HMMs can approximate
any stationary stochastic process [4}, 7} 9].

Given a sequence observations, y1.¢, the Bayes-optimal forward filter iteratively updates a posterior
distribution over latent states, 7r; by:

Tti = P(ft =1 | yl:t) X P(yt | Tt = l) Zp(xt =1 | Ti—1 = j)p(l'tfl =J \ yl:t—1)~ (1)
J

Oftentimes, it is convenient to work with the latent state log-odds which are unbounded and do
not require normalization at each step. For a fixed reference state, NV, define the log-odds vector,
N—1 phy

o €R by:

Tt 4 .

ay; = log ﬁ, i=1,....N—1.

¢, N
yielding a minimal representation, o, from which the full posterior can be recovered via a softmax
operation. «; evolves according to a recursive update that separates the influence of observation

likelihoods and dynamics induced by latent-state transitions.

Lemma 2.1 (Recursive Update for Log-Odds). The log-odds ratio satisfies
oy =€+ flag1)

where:

p(ye | me=1)

1. Et’i = log p(ye | z¢=N)

is the observation log-likelihood ratio, and
2. fi(lag—1) : RN=Y — R, is the log-ratio prior update function for state i:

N—-1
Tni+ 22— Thaexpoy_y;

N-1 :
TN+ Ej:l T, Nexpag_1,j

filoi—1) =log

Proof. Using the recursive filter defined in Eq. 1} writing 7 ; = 7, n exp(cay ;), and simplifying the
ratio oy ; = log(m;(3) /7, (IN)) yields the desired result. O

This posterior directly yields the predictive distribution for the next observation by:

P(Wit1 | Y1) = ETT my. 2)

2.2 Methods and Training Framework

To study the expressive capacity of linear RNNs, we hand-crafted HMM “teacher models” to generate
long token sequences, yi.7, and trained linear RNNs to minimize the categorical cross-entropy
between these tokens and RNN predictions, denoted y;.7. Concretely, for each timestep ¢, let h;



denote the hidden-state activation of a linear RNN and w; its inputs. The hidden-states are updated
according to: hy = Wius + Wiechy_1. Output logits for the next observation, ¥, are computed by
a linear readout with softmax-activation: §; = o(Woyyh: + b). We provide full experimental details
in Appendix A.

3 Results

3.1 Linear RNNs perform near-optimally

We begin with a case study based on the classic Occasionally Dishonest Casino HMM (Fig. [TA, B).

Results on additional HMM variants are summarized in Appendix B, and a theoretical discussion is
provided in Section [3.4]

For this task, an agent observes the outcomes of die rolls in a casino that secretly switches between a
fair die (x; = 1) and a loaded die (x; = 2) and must predict the next outcome. The HMM is defined
by the following emission matrix, F, and transition matrix, 7":
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= |1/10 1/10 1/10 1/10 1/10 1/2|° * T |01 09|

We trained a linear RNN with softmax output to predict the next-token distribution of the Occasionally
Dishonest Casino. The model’s outputs closely matched the Bayes-optimal next-token distribution
on held-out test data (Fig. [T|C). Unless otherwise noted, reported KL divergences are computed
as Dx1,(PBayes || Pmodel), averaged over time steps and sequences. Model performance, measured
by per-sequence perplexity (lower values indicate better performance), was nearly identical across
models: the optimal filter achieved a score of 5.699 £ 0.133, the linear RNN 5.701 + 0.132, and an
LSTM baseline 5.699 + 0.134.
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Figure 1: Linear RNNs perform near-optimally on the Occasionally Dishonest Casino. A.
Schematic of the Occasionally Dishonest Casino. B. Example emissions sampled from A. C.
Estimated probability of observing 6 of Bayesian forward filter (black) and linear RNN (red) on data
from B.

3.2 Forward filter approximated by a linear dynamical system

We next examined how the linear RNN implements this computation. The exact recursive log-odds
formulation from Lemma [2.1) includes a nonlinear prior update f, which a linear network cannot
directly represent. We demonstrate empirically and analytically (Section [3.4) that this function,
however, can be well-approximated by a linear dynamical system. Expanding f around a reference
point o yields

a, =40+ fla”)+ Je(a™) (-1 — ), 3)
where f and £, are defined in Lemma2.1)and J¢(a*) is the Jacobian of f evaluated at oc*.

In the two-state Occasionally Dishonest Casino, this linearized filter reduces to a scalar recursion with
arecurrent weight f/(«*). We selected o* to minimize the categorical cross-entropy on next-token
predictions. The resulting hand-engineered linearized filter closely matches the exact forward filter
(Fig ; MSE between «; and a&; = 0.0901), and produces similar next-token predictions (Fig ;
mean KL divergence = 3.823 x 10~4, perplexity = 5.701 + 0.129). Specifically, we found that the
linearized filter performs a leaky integration of evidence (f'(a*) = 0.802 < 1).
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Figure 2: Linearized filter well-approximates exact forward filter. A. Log-odds from exact forward
filter (black) and linearized forward filter (red). B. Estimated probability of observing 6 of Bayesian
forward filter (black) and linearized filter (red).

3.3 Linearized forward filter explains RNN dynamics

Finally, we found that the hidden units of the linear RNN also implement a one-dimensional leaky-
integrator, consistent with the linearized forward filter. The RNN’s hidden-state activity was effec-
tively one-dimensional, with the first principal component (PC) capturing over 98.8% of the variance
(Fig. BJA). Surprisingly, the activity along the first PC was highly correlated with the log-odds from
the linearized filter (Pearson p = 0.996, p < 0.001; Fig. BB), despite never having access to the
latent HMM states.

The recurrent weight matrix exhibited a single dominant real eigenvalue (0.768), indicating slow
decay characteristic of leaky integration with a timescale of 7 = —1/10g(0.768) ~ 3.9 trials (Fig.
BIO). This eigenvalue’s corresponding eigenvector was nearly aligned with the first PC (9 = 0.0316
radians). Input and output weights were similarly organized along this latent axis: the input vector for
observing a 6 was roughly parallel to the first PC (§ = 0.0856 rad), while others were anti-parallel
(average 0 = 2.90 rad). Similarly, the readout vector for predicting a 6 was parallel (¢ = 0.0917 rad)
while all other readout vectors were roughly anti-parallel (average § = 2.85 rad).

Together, these results show that despite only ever observing emissions from an HMM, the linear RNN
learns a compact internal representation of the HMM’s latent states, and can organize its input-output
mappings around this representations to support an interpretable and near-optimal solution to the
next-token prediction task.
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Figure 3: Linear RNNs integrate evidence along low-dimensional subspaces. A. PCA cumulative
explained variance on hidden-unit activity B. Correlation between linear filter log-odds ratio and
RNN activity along first PC. C. Eigenvalues of recurrent weight matrix.

3.4 Recursive Error Bound for Linearized Filters

Here, we derive mathematical results that apply to more general HMMs. Consider an HMM with [V
latent states.



Theorem 3.1 (Recursive Error Bound for Linearized Filters). Let €; := ||a; — & ||§ be the squared
error between the Bayesian and linearized filter at time t. Then:

e < 2| Jp(a)|l e—1 + Cllow—y — |

for some constant C which depends on the second derivatives of f.
Proof. See Appendix C. O

This result provides conditions on the transition matrix, 7" to guarantee that the linear filter can closely
approximate the true Bayesian log-odds. Specifically, if the latent-state Markov chain is irreducible
and aperiodic (for example, if T; ; > 0 for all ¢, j), then it admits a unique stationary distribution
which corresponds to a fixed point in log-odds space. Choosing a* near this fixed point ensures that
small deviations decay over time and the error recursion remains stable. Take together, these results
provide a theoretical perspective that explains both how linear filters can be hand-engineered to
approximate Bayesian filters and why linear RNNs are able to attain near-optimal filtering dynamics
1n practice.

4 Discussion

We have demonstrated that linear recurrent neural networks with a linear + softmax readout are
capable of learning and representing nontrivial latent generative structures directly from sequential
data.

4.1 Limitations

Importantly, our theoretical analysis (Theorem shows that our linear approximation can, in
principle, approximate Bayesian filters across a general classes of HMMs. However, our empir-
ical validation is currently limited to small-scale, synthetic HMMs. Further work is required to
demonstrate performance learning from higher-dimensional HMMs.

4.2 Broader Impact

This work introduces a principled framework for analyzing the probabilistic representations and
inductive biases of trained neural networks. Future work extending the framework to empirical HMMs
or to modern architectures such as state-space models and transformers could provide insight into
the representational structure of state-of-the-art sequence models. Such advances can contribute to
research in Al interpretability and safety alignment, with potential long-term benefits for developing
more transparent and trustworthy machine learning systems.

References

[1] Josh Achiam, Steven Adler, Sandhini Agarwal, Lama Ahmad, Ilge Akkaya, Florencia Leoni
Aleman, Diogo Almeida, Janko Altenschmidt, Sam Altman, Shyamal Anadkat, et al. Gpt-4
technical report. arXiv preprint arXiv:2303.08774, 2023.

[2] Usman Anwar, Abulhair Saparov, Javier Rando, Daniel Paleka, Miles Turpin, Peter Hase,
Ekdeep Singh Lubana, Erik Jenner, Stephen Casper, Oliver Sourbut, et al. Foundational
challenges in assuring alignment and safety of large language models. arXiv preprint
arXiv:2404.09932, 2024.

[3] Leonard Bereska and Efstratios Gavves. Mechanistic interpretability for ai safety—a review.
arXiv preprint arXiv:2404.14082, 2024.

[4] Jeff A Bilmes. What hmms can do. IEICE TRANSACTIONS on Information and Systems, 89
(3):869-891, 2006.

[5] Tri Dao and Albert Gu. Transformers are ssms: Generalized models and efficient algorithms
through structured state space duality. arXiv preprint arXiv:2405.21060, 2024.



[6] Jacob Devlin, Ming-Wei Chang, Kenton Lee, and Kristina Toutanova. Bert: Pre-training of deep
bidirectional transformers for language understanding. In Proceedings of the 2019 conference of
the North American chapter of the association for computational linguistics: human language
technologies, volume 1 (long and short papers), pages 4171-4186, 2019.

[7] Lorenzo Finesso, Angela Grassi, and Peter Spreij. Approximation of stationary processes by
hidden markov models. Mathematics of control, signals, and systems, 22(1):1-22, 2010.

[8] Albert Gu and Tri Dao. Mamba: Linear-time sequence modeling with selective state spaces.
arXiv preprint arXiv:2312.00752, 2023.

[9] Alex Heller. On stochastic processes derived from markov chains. The Annals of Mathematical
Statistics, 36(4):1286—-1291, 1965.

[10] Kevin P Murphy. Probabilistic machine learning: an introduction. MIT press, 2022.

[11] Antonio Orvieto, Samuel L Smith, Albert Gu, Anushan Fernando, Caglar Gulcehre, Razvan
Pascanu, and Soham De. Resurrecting recurrent neural networks for long sequences. In
International Conference on Machine Learning, pages 26670-26698. PMLR, 2023.

[12] Lee Sharkey, Bilal Chughtai, Joshua Batson, Jack Lindsey, Jeff Wu, Lucius Bushnaq, Nicholas
Goldowsky-Dill, Stefan Heimersheim, Alejandro Ortega, Joseph Bloom, et al. Open problems
in mechanistic interpretability. arXiv preprint arXiv:2501.16496, 2025.

[13] Noah A Smith. Linguistic structure prediction. Morgan & Claypool Publishers, 2011.

[14] Ashish Vaswani, Noam Shazeer, Niki Parmar, Jakob Uszkoreit, Llion Jones, Aidan N Gomez,
Lukasz Kaiser, and Illia Polosukhin. Attention is all you need. Advances in neural information
processing systems, 30, 2017.



	Introduction
	Preliminaries
	Hidden-Markov Models
	Methods and Training Framework

	Results
	Linear RNNs perform near-optimally
	Forward filter approximated by a linear dynamical system
	Linearized forward filter explains RNN dynamics
	Recursive Error Bound for Linearized Filters

	Discussion
	Limitations
	Broader Impact


