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Abstract

Recent works have studied the design of algo-
rithms for selecting representative sortition pan-
els. However, the most central question remains
unaddressed: Do these panels reflect the entire
population’s opinion? We present a positive an-
swer by adopting the concept of metric distortion
from computational social choice, which aims to
quantify how much a panel’s decision aligns with
the ideal decision of the population when prefer-
ences and agents lie on a metric space. We show
that uniform selection needs only logarithmically
many agents in terms of the number of alterna-
tives to achieve almost optimal distortion. We
also show that Fair Greedy Capture, a selection al-
gorithm introduced recently by Ebadian & Micha
(2024), matches uniform selection’s guarantees of
almost optimal distortion and also achieves con-
stant ex-post distortion, ensuring a “best of both
worlds” performance.

1. Introduction

In recent years, sortition or the randomized selection of
so-called citizens’ assemblies has gained traction around the
globe. In such citizens’ assemblies, a randomly selected
subset of the population discusses and deliberates on so-
cietal issues, such as challenges from climate change and
Al threats. Notable examples include the citizens’ assem-
blies on climate change held in Belgium, France, or the
United Kingdom or the Irish citizens’ assembly on abortion
which lead to a referendum on the topic and finally the le-
galization of abortion. This surge in the usage of citizens’
assemblies has been supported by work in the Al and ML
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community, which have focused on the design of the un-
derlying sampling methods (Flanigan et al., 2021a) and the
formulation of normative properties of sortition and related
analysis (Ebadian et al., 2022; Meir et al., 2021; Ebadian
& Micha, 2024). As a prominent example, the sampling
method of Flanigan et al. (2021a) was recently deployed for
the selection of the German citizens’ assembly on nutrition.!

As outlined by the sociologist Engelstad (1989), two of
the main supposed advantages of sortition are the repre-
sentation of the underlying population and fairness. The
interpretation of fairness by the aforementioned works is
quite straightforward: a selection procedure is fair if ev-
ery member of the population is selected for the panel with
equal probability. Fairness can be achieved under uniform
selection where a panel of given size is sampled uniformly at
random. Representation on the other hand is not that easily
defined. Both Ebadian et al. (2022) and Ebadian & Micha
(2024) assumed that there is an underlying representation
metric, measuring the closeness between different members
of the population, for instance by measuring the similarities
of certain attributes. Using this metric, Ebadian et al. (2022)
measured the distance of each agent to their g-th closest
member on the panel, and showed that if ¢ is more than
half the panel size, uniform selection of the panel achieves
a constant factor approximation to summing these distances
and thus being in some sense representative of the under-
lying population. Ebadian & Micha (2024) on the other
hand, interpreted representation as proportional representa-
tion and imported the notion of the core from social choice
(Gillies, 1953), which intuitively requires that each suffi-
ciently large group has sufficiently many representatives in
the panel. They show that uniform selection satisfies the
core in expectation, and introduce a fair selection algorithm
that always returns a panel in the core.

However, while previous work has focused on the formation
of panels that are representative of the population, it is still
quite unexplored whether such panels reach decisions that
reflect the aggregate preference of the underlying population.
So, our goal in the current paper is

(a) to explore whether panels chosen using sorti-
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tion are able to represent the interest of the whole
population for different issues, and (b) to provide
bounds on the panel size that is sufficient and
necessary for achieving this.

Our approach and results. To measure the extent to
which a panel’s decision is close to the decision the whole
population would collectively take, we utilize the concept
of distortion from the area of computational social choice
(Procaccia & Rosenschein, 2006; Boutilier et al., 2015).
Specifically, first, we extend the definition of the representa-
tion metric of Ebadian et al. (2022) and Ebadian & Micha
(2024) by assuming that both agents and alternatives are
embedded in the same metric space. Then, we compare the
(expected) social cost of the best alternative (defined as its
total distance from all agents) for the panel to the social
cost of the best alternative for the overall population. If the
ratio between the two is low, then the will of the panel is
close to the will of the electorate and the preferences of the
underlying population are well represented.

In Section 4, we start by presenting the benefits of fair
selection for achieving low distortion. In scenarios with
arbitrarily many alternatives, deterministic selection can-
not have a distortion considerably better than 5 with small
panels, while, in contrast, fair selection algorithms always
achieve a distortion of 3. Uniform selection, i.e., selecting
each panel of a given size uniformly at random, is the most
natural fair selection algorithm. For uniform selection, we
specifically ask the question: for parameters m and €, how
small the panel should be so that the selected alternative has
an expected social cost that is at most a factor of 1 + ¢ far
from the optimal social cost for all instances with m alter-
natives? In other words, we seek for low ex-ante distortion.
In Section 5, we prove an upper bound of O (72 1In ) on
the panel size. This can be thought of as a “dimensionality
reduction” result. No matter how large the population is, the
panel size depends only on the number of alternatives and
the accuracy parameter. Our proof uses a concentration in-
equality due to Serfling (1974) for sums of random variables
with limited correlation. We also prove a matching lower
bound for every selection algorithm. Our main tool here is
a new anti-concentration inequality for the hypergeometric
probability distribution.

One of the criticisms of sortition outlined by Engelstad
(1989) is that, in extreme cases, the results will be socially
disastrous. Indeed, uniform selection selects the worst pos-
sible panel with positive probability. In our terminology, the
ex-post distortion can be as bad as 2(n), where n is the pop-
ulation size. In Section 6, we revisit the Fair Greedy Capture
algorithm, introduced recently by Ebadian & Micha (2024).
Even though it was originally designed with a different ob-
jective in mind (i.e., forming panels that are representative
of a population under the definition of the core), we show

that it achieves a “best of both worlds” performance guar-
antee. First, panels of size O (5*3 In %) yield an ex-ante
distortion of 1 + ¢ for all instances with m alternatives. Sec-
ond, we show that the ex-post distortion is only constant.
The proof of our bound on the panel size exploits structural
properties of Fair Greedy Capture that allow for the use of
Hoeffding’s inequality.

Lastly, in Section 7, we empirically compare uniform se-
lection and Fair Greedy Capture over real data. Among
other interesting observations, we notice that Fair Greedy
Capture consistently achieves better distortion than uniform
selection, which converges quickly to 1.

2. Related Work

We highlight three streams of research closely related to us.

Sortition. The first one consists of computer science work
on formalizing and analyzing sortition. Here, starting with
the work of Benade et al. (2019), there has been a focus
on devising sampling methods for sortition (Flanigan et al.,
2021a;b; 2020). Besides the aforementioned papers by Eba-
dian et al. (2022) and Ebadian & Micha (2024), the work
closest to ours is by Meir et al. (2021). They also analyze
the distortion of sortition. However, they focus on a series
of binary issues (i.e., two issues with utility either O or 1
for the agents) deriving almost tight bounds for this special
case, showing that for such simple options the distortion
of uniformly selecting a panel of size k is 1 + O (k~1/2).
Our work can be seen as a generalization of theirs, in the
sense that we allow many alternatives and general metric
utilities, showing that sortition maintains a very low distor-
tion even in a more general setting. Finally, Anagnostides
et al. (2022) studied (among other things) the metric dis-
tortion of first forming a panel of agents and then running
a voting rule. They were able to show that selecting a
panel of size O(¢~? Inm) uniformly at random and then
running Copeland’s rule is enough to achieve distortion
5 + € with high probability, while uniform selection with
size O(Z3) yields distortion 3 + ¢, using the distortion-3
rule of Gkatzelis et al. (2020). Our work additionally im-
proves upon theirs and shows that to achieve distortion 3+ ¢
(or even better if we use the recent randomized voting rule
of Charikar et al. (2024)), a panel size of O (5*2 In %) is
also sufficient.

Distortion. Secondly, the field of distortion in computa-
tional social choice is apparently relevant. In particular,
in recent years, the study of metric distortion, in which
the preferences of the agents come from a metric space,
has gained traction, with several voting rules being shown
to have good distortion. For instance, random dictator-
ship (Anshelevich & Postl, 2016), Copeland (Anshelevich
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et al., 2015), a variant of the vote-by-veto rule (Kizilkaya &
Kempe, 2022), or maximal lotteries (Charikar et al., 2024)
achieve (close to) optimal metric distortion. We refer to
Anshelevich et al. (2021) for a survey and to Amanatidis
et al. (2022), Gonczarowski et al. (2023), Ebadian et al.
(2023), and Caragiannis & Fehrs (2023) for some recent
works on (non-metric) distortion. The work on distortion
most related to ours is most likely the one by Jaworski &
Skowron (2022). In their model, just like in the work of
Meir et al. (2021), they measure distortion with regard to a
series of binary decisions. However, their model differs in
two aspects: (i) the voter set and the set of candidates for
the committee are different, and (ii) the voters just provide
a ranking over the candidates for the committee. In this
setting, Jaworski & Skowron (2022) show that no (determin-
istic) committee selection method can achieve a bounded
distortion, even when restricted to alternatives which are
top-choices of some committee.

Clustering. Finally, through our usage of the Fair Greedy
Capture algorithm, we are inherently related to the propor-
tional clustering literature and the Greedy Capture mecha-
nism introduced by Chen et al. (2019). Since Fair Greedy
Capture achieves constant factor approximations to both
proportional fairness as studied by Chen et al. (2019) or
Li et al. (2021) and individual fairness as studied by Jung
et al. (2020) (see Kellerhals & Peters (2023) for a proof of
this and how these notions are related), this also shows that
representation in the sense of selecting a panel with good
distortion is also compatible with representation in the sense
of proportionally or individually fair clustering as devised
in the aforementioned works.

3. Model and Motivation

For t € N, define [t] = {1,...,t}. Throughout the paper,
we assume that we are given a set of agents N = [n] and
a set of alternatives C' = {cy, ..., ¢ }. Together N U C
lie in an underlying (pseudo-) metric space, with a distance
function d: (N U C) x (NUC) — Rso. We denote
with d(4, j) the distance between each i,j € N U C. We
assume that the following properties are satisfied by d: (a)
d(i,j) = d(j,4) (symmetry) and (b) for i,5,£ € N UC,
d(i,j) < d(i,£) + d(¥, j) (triangle inequality).

The cost an agent ¢ € N has for an alternative ¢ € C
is equal to d(i,c), with a lower cost being “better” for
the agent. The social cost of an alternative c is equal to
SC(c) = > ,cnd(i,c), ie., the sum of the costs over
all agents. A panel P is a subset of the agents, i.e.,
P C N. For such a panel P and alternative ¢ € C,
we let SC(P,c) == » ;. pd(i,c) denote that social cost
of that alternative for the panel. Using this, we define
¢(P) := argmin ¢ SC(P, ¢) to be the alternative with the
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Figure 1. Metric spaces for Example 1. Edges without labels have
length 1. The graph indicates the probability of the different
alternatives being the top choice of a uniformly selected panel, for
different panel sizes.

lowest social cost for this panel, with ties among possible
alternatives being broken arbitrarily.

While the locations of alternatives in the metric space may
be unknown, the position of the agents is typically known.
For example, each agent is characterized by a set of features
crucial for a specific application, and its position in the
metric space is a function of these features. Therefore, a
selection algorithm A, takes as input only the locations
of the agents and outputs a distribution over panels of size
k. A panel is in the support of A if it is returned with
non-zero probability. We call a selection algorithm fair, if
the probability of any agent being on the panel is equal to
%. We pay special attention to uniform selection, Uy,, which
selects each panel of size k£ with equal probability. Uniform
selection is fair by definition.

We consider the decision of panels selected by an algorithm
to be “good” if its social cost is not much larger than the
social cost of the optimum ¢(V). More formally, we define
the distortion of a selection algorithm A, as the worst-case
ratio of the expected social cost of the alternatives selected
by panels in the support of A, and the minimum possible
social cost over any instance, i.e.,

Ep~a, [SC(c(P))]
SCe(N))

We will call this as ex-ante distortion, as well.

dist(Ax) = sup
d

Example 1. As an example consider the graph depicted in
the upper part of Figure 1 together with its shortest distance
metric, e.g, the distance from agent 1 to alternative co is
10+1=11.

Now for the social costs, one can calculate that the total
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distance to alternative cq is 101 to alternative cs is 39 and
to alternative cg is 49. If a mechanism would select {1, 2}
as the panel, their best alternative would be cq leading
to a distortion of 1% ~ 2.59, while for instance {5,8}
would have co as their best alternative with a distortion of
1. In the lower part of Figure 1 we plot the probability for
each alternative of being c(P) for a uniformly at random
selected panel P of size k, with tie-breaking in favor of c;.
For instance, for k = 2, the probability for alternative ¢y
is }l—g,for Ccy is % , and for cg it is %. Thus the distortion of
uniform selection for k = 2 in this instance is
11101+ 239+ 249 64.64

= ~ 1.66.
39 39 06

4. The Benefit of Fair Selection

Before we turn to randomized mechanisms, we start the
investigation of distortion with a general lower bound on
the distortion of any deterministic mechanism. We show
that for any panel size k there is an instance in which no
deterministic mechanism can reach a distortion of better
than 5.

Theorem 1. Let k,n be positive integers with k < n and
Ay a deterministic algorithm that selects a panel of size k
among n agents. For any € > 0, there exists an instance with
n agents and two alternatives in which Ay, has distortion of

12k
at least 5 — niok — €

Proof. Consider an instance with two alternatives a and b
and a set N of agents at distance 2 from each other. Al-
ternative a has distance 3 — ¢ from each agent in .4;, and
distance 5 — ¢ from each agent in set N \ Ay. Alterna-
tive b has distance 3 from each agent in set A and dis-
tance 1 from each agent in set NV \ Aj. Finally, we can
set d(a,b) = 4 — e. It can be easily seen that the dis-
tances among agents and alternatives form a metric. Clearly,
the panel Ay, will select alternative a, who has social cost
SC(a) =(5—¢)(n—Fk)+(3—¢e)k = (5—¢)n—2k. The
social cost of alternative b is SC(b) = n—k+ 3k = n+2k.

(5—e)n—2k _ 12k _
ok 29 niok & O

Thus, the distortion is

So, deterministic algorithms that select panels of size much
smaller than the agent population cannot have a distortion
considerably better than 5. In contrast, we can show that
any fair selection algorithm achieve a strictly better ex-ante
distortion.

Theorem 2. Let k, n be positive integers with k < n and Ay,
a fair algorithm that selects an assembly of size k among n
agents. Then, the ex-ante distortion of Ay, is at most 3 — 2&

"

We note that for the case of k¥ = 1 this is the bound for
the famous random dictatorship mechanism (Anshelevich

& Postl, 2016). Comparing the exact bound derived in
Theorem 1, this shows that to even theoretically being able
to match the ex-ante distortion of fair mechanisms for k£ = 1,
a deterministic mechanism would need to have at least a

panel size of k = 7.

We can further show that the bound in Theorem 2 is tight.

Theorem 3. For every € > 0 and positive integers k,n
with k < n, there exists an instance in which any selection
algorithm Ay, has an ex ante distortion of at least 3 — 271—’“ —&.

Note that the instance constructed in the proof of Theorem 3
requires an exponential number of alternatives in terms of
the number of agents. However, in the next sections, we see
that when the number of alternatives does not depend on the
number of agents, we can achieve almost optimal distortion,
by sampling only logarithmically many number of agents in
terms on the number of alternatives m.

5. Uniform Selection

We now consider uniform selection and show that panels of
size O(e?In ™) yield ex-ante distortion of 1 + ¢ for every
instance with m alternatives.? To prove the next theorem,
we need to bound the contribution to the expected social cost
of the alternative that can be returned by the panel, distin-
guishing between three classes of alternatives. Alternatives
that can incur (ex-post) distortion at most 1 + £/2 are easy
to handle. To take care of alternatives of distortion between
1+ /2 and 73, we use Serfling’s inequality for the concen-
tration of sampling without replacement (Serfling, 1974).
However, applying this to alternatives incurring distortion
higher than 73 would introduce a (logarithmic) dependency
on the number of agents, since the distortion of such al-
ternatives can be Q(n). So, to bound the contribution of
these alternatives, we construct an explicit hypergeometric
random variable underlying the selection process and use it
instead to bound the selection probability appropriately.

Theorem 4. For every e € (0, 1] and integer m > 0, the ex-
ists integer k € O (5_2 In %) so that a uniformly random
k-sized panel of agents, has ex ante distortion at most 1 + ¢,
for every set of m alternatives.

Proof. Let e € (0,1] and % be the smallest integer multi-
ple of 3 that is at least max { 2% In 144 3 4 3]og 2™},
Clearly, k € O (e72In ). 3 We will abbreviate (V) as
c’. We denote by W the set of alternatives of social cost at
most (1 + 5) - SC(¢/). We also denote by P the random
panel selected. Unless otherwise specified, expectations and

>Throughout this paper we assume that ¢ — 0 for the O-
notation.

3Here In is the logarithm with base e and log is the logarithm
with base 2.
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probabilities are defined over the selection of set P among
all k-sized subsets of agents uniformly at random. Then,

E[SC(c(P))]
< (1 + %) -Pr[e(P) € W] - SC(c)

+ ) Prle(P) =a]-SC(a)

acC\W
§(1+§)~ 1— 3 Prle(P) = a | SC(¢)
acC\W

+ Z Pr[c(P) = a] - SC(a)

acC\W
<(1+ %) -SC(c)
+ ) Prle(P)=ad] (SC(a) — SC(c)). (1)

acC\W

We will show that, for every alternative a € C'\ W, it holds
that

B e-SC(d)
Prie(P) = a < 5560 - sc@))

This, using (2), equation (1) will yield

(@)

E[SC(e(P)] < (1+5) -5C() + w .SC(d)
< (142)-SC(c),
as desired.

In the following, we prove inequality (2) for every alterna-
tive a € C'\ W. We distinguish between alternatives in
C' \ W of low and high social cost.

Case 1: SC(a) — SC(¢’) < 72-SC(¢’). In this case we use
a concentration inequality by Serfling (1974).

Theorem 5 (Serfling (1974)). Let cq, ca, ..., cy be n real
numbers from the interval [« 5] and consider the process
of selecting k of them uniformly at random without replace-
ment. Let X be the random variable denoting the sum of
the k numbers selected. Then, E[X] = £S5~  ¢; and for
every t > 0, its holds that

Pr[X — E[X] > 1] < exp (-W) .

Recall that for any panel P C N of agents,
SC(P,¢) = SC(P,a) =Y _ (d(i,c) - d(i,a)).
i€P

Furthermore, using D = d(a, ¢’), by the triangle inequality,
we have

—D <d(i,c') —d(i,a) < D,

for every agent © € N. Thus, when selecting panel P
uniformly at random among all k-sized sets of agents, the
random variable SC(P,¢’) — SC(P,a) follows the distri-
bution of random variable X in Theorem 5 with ¢; =
d(i,c") — d(i,a) fori € N, = —D, and 8 = D. Then,
Theorem 5 yields

E[SC(P,c¢") — SC(P,a)] =

2 (s0(a) - ()

and, using t = £ . (SC(a) — SC(¢)),

Pr[SC(P,c") > SC(P,a)]
< oxp ( 2k(SC(a) — SC(C/))2> '

n2D?2

3
Notice that,

SC(a) — SC(¢) > S(SC(a) + SC(c))

: Z (d(i,a) +d(i,c))
iEN

enD

5

(S I RORG E N}

Y

“)

The first inequality follows by our assumption that a €
C \ W and since ¢ € (0,1] and the second one by the
triangle inequality.

Now, notice that an alternative a is selected by the panel
P only if SC(P,¢') > SC(P,a). Using this observation,
together with equations (4) and (3), and the facts that k£ >
25 In 1™ and SC(a) — SC(c¢') < 72 - SC(¢'), we obtain

Pr[e(P) = a] < Pr[SC(P,¢’) > SC(P,a)]
< exp (—2ke?/25) < ——

144m
e-SC()
= 2m - (SC(a) — SC(c))’

completing the proof of inequality (2) in Case 1.

Case 2: SC(a) — SC(¢) > 72 -SC(¢'). Define L =
{ie N:d(i,d) > 2} and let £ = |L|. We will prove two
useful lemmas.

4n-SC(c")
Lemma 6. Ir holds that ¢ § m.
Proof. By the definition of set L, we have SC(¢/) >
Y iepdli,c) > DL Thus, we have

SC(a) - SC(') = > (d(i,a) — d(i,c))
iEN
4n - SC()

<nD <
Snl s 7
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Lemma 7. For every k-sized set P of agents, it that holds
c¢(P)=uaonlyif LN P|>k/3.

Proof. Assume otherwise that |[L N P| < k/3. Using the
triangle inequality and the definition of set L, it holds that
d(i,a) —d(i,d) > D —2d(i,c’) > D/2 fori & L. Also,

again by the triangle inequality, d(¢, a) — d(i,¢’) > —D for
1 € L. Thus,
SC(P,a) = SC(P,d) = Y (d(i,a) - d(i,c))
iePNL
+ Z (d(la a) - d(i7cl))
i€P\L

>|P\L|-D/2—|PNL|-D

= kD/2—|PNL|-3D/2> 0,
contradicting the assumption that ¢(P) = a. O

Lemma 7 implies that Pr[c(P) = a] = 0if £ < k/3. In the
following, we bound the probability Pr[c(P) = a] assuming
that £ > k/3.

Notice that the quantity | P N L| follows a hypergeometric
distribution with a population size of n, ¢ success states,
and k draws. The mode of the distribution of |P N L] is at
most (k?& which, due to Lemma 6 and the assump-
tion SC(a) — SC(c¢’) > 72 - SC(¢’) in Case 2, is at most
(k1) (n/18+1) k/3. Thus, Pr[|PNL| = j] is decreasing

n+2
in j for j > k/3 and
k
Pr[|PNL| > k/3|= > Pr[PNL|=j
j=k/3

(2;" + 1) Pr[|PNL| = k/3]

:(2"“+1)W

3 ()
o% K\ 20— k/344)
- (3“) (k:/3> 1;[1 n—k/3+i
2k/3 .
(n—10—2k/3+1)
H n—k+1

1=

<5+ () ()

The second inequality follows since &/
third one by verifying that ( % +1) ( ];
k > 3 which is a multiple of 3.

IN

¢ < n and the
9*/3 for every

k/3
(%) - o
3 <
) <
Now, we use Lemma 7, inequality (5), the fact that k > 3 +

3log 2™ Lemma 6, and the assumption SC(a) —SC(c’) >
72 SC( ') in Case 2 to get

Pr[e(P) =a] < Pr[|[PNL| > k/3

72m
e

1+log
<(%)
n
_ [ 36-SC(c) 1-+log T
=\ 5C(a) - sC(@)

36 - SC(¢) 1)5 7
= SC(a) - SC(@) (2)
e-SC(d)
m - (SC(a) — SC(¢')’

This completes the proof of inequality (2) in Case 2 and,
subsequently, of Theorem 4. O

We now show that Theorem 4 is nearly tight.

Theorem 8. Let ¢ € (0,1/30], and n,m,k be positive
integers such that n is even, m > 1 + 6 and k <

In (m—1) .
min { 5,m— 1, Yoo } Then, there exists a set of n

agents such that every probability distribution over panels
of agents of size k has distortion more than 1 + € for some
instance with m alternatives.

6. Distortion Guarantees for Fair Greedy
Capture

One downside of uniform selection is that it does not ensure
that the decision of every realized panel is good for the
whole population, as we see in the following example.

Example 2. Consider an instance with two alternatives, a
and b, such that k agents have distance equal to 0 from a and
distance equal to 1 from b, while the remaining n — k agents
have distance equal to 0 from b and distance equal to 1 from
a. With non-zero probability, under uniform selection we
can see a panel P that consists from the first k agents, and
then ¢(P) = a. Then, SC(¢(P))/SC(e(N)) > (n— k) /k.

As k decreases this ratio goes to n.

Under this observation, in this section, we define the ex-post
distortion of a selection algorithm 4; as the worst-case
ratio of the largest social cost of the alternatives selected
by panels in the support of A, and the minimum possible
social cost, i.e.,

sip  sup o)
d Pe&supp(Ag) SC(C(N))

The above example indicates that uniform selection achieves
bad ex-post distortion. This problem arises because uniform
selection does not guarantee that any realized panel is a
good representative of the whole population. The key ques-
tion here is whether we can guarantee that each selected
panel achieves good ex-post distortion, without affecting
the expected distortion.
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Algorithm 1 Fair Greedy Capture (Ebadian & Micha, 2024)

Input: (N,d), k
Output: Panel P
R+ N, +0,P« 0
while [R| > [7] do
Smoothly increase d;
while there exists i € R such that |B(i,0)| > [#] do
S < [n/k] agents from B(i,d) by breaking ties
arbitrarily among agents at the boundaries of the
ball;
Choose j from S uniformly at random;
P+ PU{}
R+ R\ S;
end while
end while
if | P| < k then
Sample at most one agent from R by picking each
agent in R with probability equal to 1/[n/k];
Sample the last k£ — | P| members from N \ P uniformly
at random;
end if

We provide an affirmative answer to this question by re-
visiting Fair Greedy Capture (Algorithm 1) introduced by
Ebadian & Micha (2024). This algorithm works as follows:
It starts with an empty panel P and continuously grows
a ball around every agent with rate J, until there is a ball
that contains at least [ 7| agents.. Then, one agent within
this ball (if there are more than [n/k] agents, we arbitrarily
exclude agents at the boundaries of the ball) is selected uni-
formly at random and added to the panel and the rest of the
[ %] agents are temporarily deleted. This process continues
this way, until less than [ 7] agents are left. Then, at most
one agent is selected among the agents that have not be
disregarded yet by picking each with probability [n/k], and
the last positions in the panel are filled by picking each agent
that has not been selected so far with the same probability.’

Here, we show that any panel in the support of this algorithm
achieves constant distortion when k& > 3.

Theorem 9. For any k > 3, Fair Greedy Capture guaran-
tees ex-post distortion of at most 127.

“This can be equivalently described by calculating the distance
of each agent from her [n/k] closest agent, and pick the ball that
is centered at the agent with the smallest such distance and has a
radius equal to this distance.

>This description is slightly different than the one in the original
paper. We can see that under this version again each agent is
selected with probability equal to k/n, since before the last step
of the algorithm each agent is selected with probability exactly
equal to 1/[n/k], and at the last step the remaining probability is
distributed equally among the agents that have not been selected
yet.

Further, we show that for k& < 2 there exists an instance, in
which Fair Greedy Capture can have linear ex-post distortion
in terms of the size of the population.

Proposition 10. For k < 2 there exists an instance in which
Fair Greedy Capture has Q(n) ex-post distortion.

Proof. When k = 1, Fair Greedy Capture operates as uni-
form selection, and therefore the statement follows by Ex-
ample 2.

For k = 2, consider n agents on the line, with one agent
located at position 1 and n — 1 agents located at position 0.
Fair Greedy Capture could select a panel consisting of one
agent on 0 and the agent on 1. Now consider an instance
with two alternatives, one at location —4 (for 6 € (0,1))
and one at 1. The panel would choose the alternative at 1.
However, the ex-post distortion of this alternative is
which approaches n — 1 as § approaches 0.

n—1
14+n-6°

Now we exploit the fact that the outcomes from Fair Greedy
Capture are at most a constant factor away from the social
cost of the optimum alternative, together with some struc-
tural properties to show that k = O (¢7%In ) is sufficient
to reach a distortion of 1 + €.

Theorem 11. For every ¢ > 0 and integer m > 0, the exists
integer k € O (573 In %), so that selecting a k-sized panel
of agents with Fair Greedy Capture, has ex-ante distortion
at most 1 + €, for every set of m alternatives.

Given that both uniform selection and Fair Greedy Capture
are fair selection algorithms and that there is a general con-
stant upper bound for fair selection algorithms, one might
wonder whether poly(¢ 1) - In  samples are sufficient for
any fair selection algorithm. We give a simple example that
this is not the case.

Theorem 12. There exists a fair selection algorithm that
has distortion arbitrarily close to 2 on instances with an
even number of agents and two alternatives.

Proof. Let ¢ € (0,1) and k = n/2. Consider an instance
on the line with n/2 agents at location 0, n/2 agents at
location 1, an alternative at location —1-+9 and an alternative
at location 1. Let Ay be the selection algorithm, which
returns a panel consisting, equiprobably, of all agents at
location 0 or all agents at location 1. The algorithm is
clearly fair as each agent is selected with probability k/n =
1/2. Notice that the panel of agents located at position 0
will select the alternative at location —1 4 § of social cost
(3/2 — 0)n, and the panel of agents located at position 1
will select the alternative at location 1 of social cost n/2.
The expected social cost of the alternative selected by Ay, is
thus (1 — §/2)n, which yields an ex-ante distortion 2 — J,
approaching 2 as § approaches 0. O
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Figure 2. Average distortion for k from 1 to 40. The figures include the 95% confidence interval.
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Figure 3. Distribution of ex-post distortion values for k from 1 to 49.

7. Experiments

We close off our paper with an experimental section studying
the distortion achieved by both uniform selection and Fair
Greedy Capture on real world data.

7.1. Experimental Setup

We use the same datasets used by Ebadian & Micha (2024)
and Ebadian et al. (2022) in their papers: Firstly, the Adult
dataset is probably one of the most popular datasets in re-
search on algorithmic fairness (Fabris et al., 2022). It con-
tains 32, 561 data points from a 1994 US population survey.
Following Ebadian & Micha (2024) we use the attributes
sex, race, workclass, marital.status, and education.num from
this dataset. Secondly, the European Social Survey (ESS)
collection of datasets consists of population survey datasets

from multiple European countries. We also use the data
from ESS Round 9 from 2018, more specifically, the data
from Austria (n = 2498).

Representation Metric Construction. We follow the
method of Ebadian et al. (2022), and use the features of
the datasets as a proxy for generating representation metrics.
Similarly, with the aforementioned work, we make the natu-
ral assumption that the more characteristics two individuals
share the “closer” they feel to each other. In more detail, for
each dataset, we have a set of features F' = {f1,..., f¢}. If
a feature is categorical, e.g., sex, the distance of two indi-
viduals with respect to this feature is equal to 1 if the values
are different and 0 otherwise. For continuous features, the
distance of two individuals with respect to this feature is
equal to absolute difference of the two values, normalized
by the maximum distance. We then uniformly at random
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select a weight between 0 and 1 for each feature and set the
weighted sum of all feature distances as the actual distances
between the agents.

The original datasets contains only features of individuals,
which are perceived as the agents. To construct the alterna-
tives, we use the original agents as a proxy. That is, given
a sampled panel P, we compare the agent (i.e. alterna-
tive) minimizing the distance to the panel P to the agent
minimizing the distance to the whole population.

For each dataset, we average over 10 different generated
metrics by randomly assigned weights to each feature and
over 50 sample panels from each metric. Average results
are plotted with 95% confidence intervals.

7.2. Our Results

In Figure 2, we see the average distortion of uniform se-
lection and Fair Greedy Capture for ESS Austria (left) and
Adult (right) datasets. In the ESS Austria dataset, we ob-
serve that the distortion of both algorithms converges to 1
more rapidly than in the Adult dataset. This difference is
attributed to the larger number of alternatives (m = 32561)
in the Adult dataset compared to the ESS Austria dataset
(m = 2498). As discussed in Section 5 and Section 6, the
size of panel required to achieve nearly optimal distortion
depends on m.

Another interesting phenomenon is that while both uniform
selection and Fair Greedy Capture behave very similarly for
k =1 and k = 2, Fair Greedy Capture seems to converge
to a distortion of 1 more quickly than uniform selection and
consistently achieves better distortion overall. The former
similarity arises because when & = 1, uniform selection
and Fair Greedy Capture perform identically. Moreover, as
detailed in Section 6, when k = 2, Fair Greedy Capture
can return panels that exhibit significant distortion. The
latter observation is particularly surprising, indicating that
despite theoretical bounds suggesting both methods require
the same number of samples for convergence to almost
optimal distortion, Fair Greedy Capture consistently outper-
forms uniform selection.

Ex-Post Distortion. In Figure 3, we can also observe the
ex-post distortion of the two algorithms over any instance ©
under the same datasets. As expected, for small values of
k, both algorithms exhibit outliers, representing realized
panels with high distortion. With increasing values of k,
Fair Greedy Capture consistently achieves low distortion, in
contrast to uniform selection, where the presence of outliers
remains significant. Notably, in the Adult dataset, uniform
selection shows more extreme outliers than in the ESS-

*Due to the large number of instances (500 in total), we rounded
the values to the second digit to enhance visual clarity

Austria dataset. This difference is due to the fact that in
the Adult dataset, a significant percentage of the population
(~ 8.3%) is concentrated at the same point, and in some
cases, uniform selection fails to choose enough represen-
tatives from this group. On the other hand, Fair Greedy
Capture always ensures proportional representation of any
sufficiently cohesive group.

8. Discussion

This work addresses a critical gap in understanding the
ability of representative sortition panels to reflect the pref-
erences of an entire population. There are several open
questions. First, we show that Fair Greedy Capture achieves
ex-post distortion equal to at most 127, and from Theorem 1,
we know that no deterministic algorithm can ensure distor-
tion better than 5. Closing this gap is an immediate open
question. Another interesting direction is to show that in-
deed Fair Greedy Capture always achieves better ex-ante
distortion than uniform selection, something that is observed
in the experiments.

More broadly, in this work, we assume that the optimal
alternative for a population is the one that minimizes the
social cost. Various alternatives, such as the one minimizing
the maximum cost or the one preferred by the majority in
one-to-one comparisons, could be considered. Additionally,
in real-life applications, a sortition panel may converge to
multiple suggestions and not to just one. The question then
arises: Do these suggestions proportionally reflect the opin-
ions of different groups within the underlying population?
These intriguing questions are left for future work.
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Impact Statement

This paper explores two critical questions: (a) whether rep-
resentative panels selected from a broader population can
reach good decisions for the entire population, and (b) the
optimal size these panels should be to achieve this goal.
While this work is purely theoretical, the findings can have
societal implications, particularly if the studied algorithms
are implemented in real-world scenarios. Throughout the pa-
per, we discuss the immediate disadvantages of the different
approaches that should be taken into account before these
algorithms are implemented, despite the positive results we
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provide in their favor.
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A. Missing proofs of Section 4

Theorem 2. Let k,n be positive integers with k < n and Ay, a fair algorithm that selects an assembly of size k among n

agents. Then, the ex-ante distortion of Ay, is at most 3 — 275

Proof. Consider an alternative ¢’; we will show that E[SC(c(Ag))] < (3 — 2k/n) - SC(c’). For any k-sized set P of agents,
we clearly have

SC(c(P)) = SC(P,c(P)) + SC(N \ P,c(P)). (6)
By the definition of alternative ¢(P), we have
SC(P, e(P)) < SC(P.<). ™)

Also, using the triangle inequality,

SCIN\ Pe(P)) = Y d(i,c(P))

IEN\P

< S (i )+ d(ee(P)
iEN\P
=SC(N\ P,d)+ (n—k)-d(c,c(P)). 8)

The triangle inequality implies that d(c’, ¢(P)) < d(i, ) + d(i, ¢(P)) for every alternative ¢ € P. Thus,

d(c,c(P)) <

| =

> (d(i,¢) + d(i, e(P)))
ieP
1 , 1 2 ,
=% SC(P,c) + Z SC(P,c¢(P)) < z SC(P,c), ©)]
where the last inequality follows by equation (7). Using equation (9), equation (8) yields
—k
SC(N\ P,¢(P)) < SC(N\ P,¢) +2”T SC(P, ). (10)
Now, using equations (7) and (10), equation (6) yields

SC(c(P))

—k
< SC(P,¢) +SC(N \ P,¢) + 2”T SC(P,¢)

—k
= SC(d) + 2~

SC(P,d). (11)
Thus, using equation (11), we have

E[SC(c(Ar))] = > Pr[Ag = P]-SC(c(P))

PEeNy

< > Pr[A,=P]-SC(¢)
PeNy,
n—=k
k

+2 > Pr[A, = P]-SC(P,(). (12)

PeNy

The first sum in the RHS of equation (12) becomes

> PrlA, = P]-SC()

PeNy

12
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=SC()- Y PrlA] =SC(¢), (13)

PeNy,

while, since algorithm .4y, is fair, the second one becomes

> Pr[Ay = PISC(P, )

PeN
= Z Pr[A; = Zd i,c)
PEN;, icP
=Y dii,d)- Y PrlA, =P
iEN PEN:ieP
— Z d(i,c') - Prfi € Ag]
iEN
k . AN k /
zg.Zd(z’c)_ﬁ-SC(C). (14)
iEN

Hence, using equations (13) and (14), equation (12) yields

E[SC(c(Ap))] < (3 - 2:) -SC(),

as desired. O

Theorem 3. For every € > 0 and positive integers k,n with k < n, there exists an instance in which any selection algorithm
Ay, has an ex ante distortion of at least 3 — =% — ¢.

Proof. Consider the instance with a set IV of n agents and ( )+1 alternatives defined as follows. There is an alternative
c at distance 3 + € from every agent in N. For every distinct set K of k agents from N, there exists an alternative cx at
distance 3 from the agents in K and distance 9 from the agents in N \ K. Notice that every panel K returned by algorithm
Ay, with positive probability will select alternative cx, who has social welfare SC(cx) = 3k + 9(n — k) = 9n — 6k.

Alternative ¢ has minimum social welfare of SC(c) = (3 + ¢)n. The ex ante distortion of algorithm Ay, is then (91’3;8 ()”:1 =
2k _ £(3n—2k) 2k

T n (315)71 23_7_6' O
B. Proof of Theorem 8

Theorem 8. Let ¢ € (0,1/30], and n,m,k be positive integers such that n is even, m > 1 + 6°, and k <

mm{ -1, HQ(;Z;I) Then, there exists a set of n agents such that every probability distribution over panels

of agents of size k has distortion more than 1 + ¢ for some instance with m alternatives.

Proof. We will define a family of instances with the same set of n agents and different sets of m alternatives and a probability
distribution 7 to select a random instance among them. All instances have an alternative of social cost (2 — 4¢)n, and all
other alternatives of social cost 2n. Then, we will show that any k-sized panel P satisfies EZ[SC(c(P))] > (2 — 2¢e)n.
Notice that EZ[SC(c(P))] is the expectation of the social cost of alternative ¢(P), taken over the instances produced by Z.
Thus, for every selection algorithm Ay, the expectation, taken over the random selection of the instance according to Z, of
the expected social cost of alternative ¢(.Ay) is at least (2 — 2¢)n. Then, using the probabilistic method, we have that there
exists a single instance for which E[SC(c¢(A))] > (2 — 2¢)n. The ex-ante distortion of Ay, when applied to this instance,

will then be g:igz

> 1 + ¢; this will complete the proof.

Our construction of the family of instances is as follows. First, there is a set N of n agents, who have distance 2 to each
other. Let S be the collection of all subsets of n/2 agents from N. For every different (m — 1)-tuple (S1, S2, ..., Sm—1) of
subsets from S™~!, we define the instance with alternatives c1, ca, . . ., Cm—1 so that alternative c; is at distance 1 from the
agents in S; and at distance 3 from the agents in N \ .S;. All instances have an additional alternative c( at distance 2 — 4¢
from every agent. We can easily verify that the distances between agents and alternatives form a metric. Clearly, in all
instances defined in this way, alternative c( has social cost (2 — 4¢)n, while all other alternatives have social cost 2n.

13
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Now, the probability distribution Z returns the instance identified by the (m — 1)-tuple (S7, Sa, ..., S;m—1) by selecting,
fori =1,2,...,m — 1, set S; uniformly at random among all elements of S, so that the selection is independent for the
different is.

We will prove the desired property of the probability distribution Z using the following lemma.
Lemma 13. Consider a panel P of k agents. Then, Prz[c(P) = ¢o] < 1.
The crucial property our construction and the probability distribution Z have is that, for ¢ € [m — 1], the quantity |P N S;] is

a random variable following the hypergeometric distribution with n as population size, n/2 success states, and k draws.
Furthermore, the random variables |P N S;| and |P N S| are independent for ¢ # j.

Let us warm up by proving the lemma assuming that £ < 9. Using the inequality (¢/s)°® < (z) < (et/s)*® for positive
integers s and ¢ with ¢ > s, we have that, for i € [m — 1], the probability that all agents in P belong to set S; is at least
n/2 n\F
(o). @ 1 1
() ()" @76
Notice that we would have SC(P, ¢;) = k < SC(P, ¢p) in this case. Thus, omitting Z from notation and writing just Pr
instead of Prz, we can bound the probability that panel P selects alternative ¢y as follows:

Prle(P) = co] < (1 - 619>m_1 <1/e<1/2.

The second inequality follows since m > 1 + 67 and using the inequality (1 — 1/¢)! < 1/e fort > 1.

In the following, we assume that & > 10. Observe that alternative ¢y is selected by the panel only if SC(P, ¢;) > SC(P, ¢o)
for every ¢ € [m — 1]. Furthermore, observe that SC(P,¢;) = |P N S;| + 3(k — |[P N S;|) = 3k — 2|P N S;| and recall
that SC(P, cp) = (2 — 2¢)k. Thus, the condition SC(P, ¢;) > SC(P, co) is equivalent to | P N S;| < £ + 2¢k. Using these
observations, we have

- H Pr [PﬁSi| < §+25k}
=1

m—1

k
= (1—Pr [|Pﬂ$’i| > 2—1—251@}). (15)
i=1
Now, let £* be the smallest integer that is strictly higher than g + 2¢k. Then, inequality (15) implies that
m—1
Prle(P) = co] < [[ @ =Pr[|P N S| = 7). (16)

i=1
To continue, we will need an anti-concentration bound for the random variable | P N S;|. The proof appears in Appendix C.

Lemma 14. Let k be an integer such that 10 < k < n/2. For every integer { with k/2 < ¢ < 2k/3, it holds that

1 k 20—k
Pr||P |l =0>— -(--1
dipnsi=0z 2 (5 -1)

Notice that £* < 1 + k/2 + 2¢k and, using the assumptions k£ > 10 and € < 1/30, we get £* < k(3/5 + 2¢) < 2k/3. By
applying Lemma 14 for ¢ = ¢* and substituting the value of Pr[|P N S;| = ¢*] in (16), we get

v 20—\ ™1
Pr[c(P) = co] < (1 — ﬁ (5* — 1) > 17

14
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We will complete the proof of Lemma 13 by distinguishing between two cases for £*.

Case 1. /* > g + 3ek. Then, by the definition of £*, itis £* — 1 < % + 2ek which implies that ek < 1. Hence,
20 — k < 24 4ek < 6, i.e., 20* — k < 5 since both £* and k are integers. Recall that /* < 2k/3. Then, we have

(£ —1)* 7" > (1/2)2¢ % > 1/32. Now, inequality (17) yields

Prle(P) = ¢o] < (1 - 3;@)"11 < exp <—T;2_\/g>

< exp (—T) <1/e<1/2.

The second inequality follows since 1 — ¢ < e ™%, the third one follows by our assumption k& < m — 1, and the fourth one is
due to the assumption m > 1 + 6.

Case 2. /* < g + 3¢k. Thus, eﬁ* -1>1- klfgfk > 1 — 12¢ and inequality (17) yields

m—1

Pr(e(P) = co) < ( _la- 126)68k>

) m—1
. 671445 k)

-1 2
< exp (_ . 6—1445 k
Vi
< exp (—\/m —1- 67%111 (m71))

IA
=
\
3%‘”%

=1/e<1/2.
The second inequality follows since ¢ € (0,1/30] and using the property 1 — ¢t > e~2 for t € [0, 1/2]. The third inequality
follows since 1 — ¢t < e~* and the fourth one is due to our assumption k < ln;gg;”. O

We are now ready to complete the proof of Theorem 8. Notice that Lemma 13 implies that, for any panel P of k agents,
Ez[SC(c(P))] = (2 — 4e)n - Prz[e(P) = ¢y
+ 2n - Prz[e(P) # ¢
= 2n — 4en - Prz[c(P) = ¢
> (2 —2¢e)n.

The proof of the desired property of distribution Z is complete, and the theorem follows.

C. Proof of Lemma 14

Lemma 14. Let k be an integer such that 10 < k < n/2. For every integer { with k/2 < ¢ < 2k/3, it holds that

1 L 20—k
J=p>— .2 =
PIPNSI =42 — <€ 1)

Proof. The random variable | P N S;| follows the hypergeometric distribution with a population size of n, n/2 success states,
and k draws. Thus,

"D G5 (n/2) - k! - (n — k)!

PrliPnsif =4 = O a0 2= 0 (k—Ol-(n/2— k+ O

(18)
We will now use Stirling’s approximation which states that ¢! = «(t) - 8(t) - y(t) with a(t) = v2rt, 5(t) = (ﬁ)t, and
~(t) € [e T e%’n}. Then, equation (18) can be written as Pr[|[P N .S;| = ¢] = A- B - T', where

a(n/2)? - a(k) - a(n —k)
am)-all) -an/2—1£0) - -alk—£) -an/2—k+1£)’

A:

15
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B B(n/2)*- B(k) - B(n — k)

B(n)-BL) - B(n/2—1L)-B(k—1£)-B(n/2—k+1)
r— Y(1n/2)? - y(k) - y(n — k)

() -y() -y(n/2—0) - y(k—=£)-y(n/2 —k+£)

and

Using the definition of «/(t), we have

A—\/ kn(n —k) >\/ k3 < 2
N 2ml(n —20)(k — O)(n— 2k +20) ~ \ 4nl2(k — 0)2 = 7k’

The first inequality follows by observing that the assumption k& < n/2 implies that —"5; > k 7 and
second inequality follows since the expression ¢%(k — ¢)? is maximized for ¢ = k/2 at k*/16.

>k The

n— 2k+2€

Using the definition of 5(t), we have

()" ()" (29"
B=
(2)" - (4) (mg2e)/2 0 ()Rl (mezhaey /2R

e e 2e e 2e

kk . (n _ k)nfk
2k (0 (n — 20)/2C . (| — O)F—C . (n — 2k + 20)n/2=K+C

- (5((5—_z2)](€n+—2?)>k ' <(€]Z;f)2(;;22£;)z ‘ ((n —(T;e_)(ljz)(—n;c? %))W

() () = ()

The inequality follows since the assumption & /leqn /2 implies that

n—2k+2¢ 20 n—2¢ k—¢ :
mes 2 4 and o5 > S, while among all
pairs of positive numbers with a given sum their product is maximized when they are equal. Thus, % > 1.

Finally, using the definition of (t), we have

1
L2 S @ A= A=) 2=k + D)

1 1 1 1
> - = _ _
= oxp ( 12n 120 12(nj2—¢) 12(k—0) 12(n/2—k+ 5))

1 1 1 1 1 7 JT
> —— — )= —— > - vT.
= eXp( o4k 6k 4k 4k 6k) P < 8k> = exp(=7/80) > 53
In the third inequality, we have used the inequalities £ < n/2 and ¢ € [k/2, 2k /3], while the fourth one follows since
k > 10. We conclude that Pr[|P N S;| = ¢] > ﬁ (& - 1)212—k’ as desired. O

D. Missing Proofs of Section 6
Theorem 9. For any k > 3, Fair Greedy Capture guarantees ex-post distortion of at most 127.
Proof. Let P be any panel of size k that has positive probability to be chosen by Fair Greedy Capture. Let D =

d(¢(P),c(N)) and denote by L the set of agents that have distance less than D/12 from ¢(N), i.e., L := {i €
N:d(i,c(N) < D/12)}.

Note that

)= dli,e(P))

ieN

< Y (d(i,e(N))+ D)+ (d(i,c(N)) + D)

iEN\L ieL

16
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< Y 13-d(i,¢(N))+ Y d(i,¢(N)) + |L| - D

IEN\L i€l
<13 SC(c(N)) + |L| - D. (19)

The first inequality follows from the triangle inequality. The second one is due to the fact that for each i € N \ L, it holds
that d(, ¢(N)) > D/12. From the same fact, we also get that

SC(e(N)) > 3 d(i,e(N)) > (n— |L|)- D/12. (20)
i€EN\L
Therefore, from Equation (19) and Equation (20), we have

SC(c¢(P)) < (13 +12- |LL|> -SC(c(N)). 1)

Next, we show that | L| cannot be significantly large when ¢(P) # ¢(N).

Suppose that |L| satisfies £- [n/k] < ¢ < (£+1)-[n/k]) for some integer £ with 0 < ¢ < k. Note that since |L| > ¢-[n/k],
we can partition L into at least ¢ disjoint parts such that each of them contains at least [n/k] agents with distance less than
D /6 from each other (since each i € L has distance less than D /12 from ¢(V)). This means that during the execution of
Fair Greedy Capture, at least ¢ balls captured individuals from L and each such ball has diameter less than D /6. Therefore,
there are at least ¢ representatives in P that have distance less than D /4 from ¢(N) (since each such representative has
distance less than D /6 from an agent in L and each agent in L has distance less than D /12 from ¢(NV)). Thus, for the subset
P’ :={i € P:d(i,¢(N)) < D/4} it holds that |P’| > ¢ (and therefore |P \ P’| < k — ¢). In other words, each panel
contains at least ¢ representatives from L.

Since ¢(P) is the alternative selected by panel P, we have
0 > SC(P,c(P)) —SC(P,c(N))
=D (d(i,e(P)) — d(i,c(N)))

i€ P’
+ D> (d(i,e(P)) = d(i, e(N)))
i€ P\ P’
> > (D =2d(i,c(N) - > D
iep’ i€ P\ P’

>0-D/2—(k—1)-D=(30/2—k) - D.

The second inequality follows by the triangle inequality using d(i,c¢(P)) > D — d(i,c¢(N) fori € P’ and d(i,c(P)) >
d(i,c¢(N)) — D fori € P\ P’. The third inequality follows by the definition of set P’. We conclude that ¢ < 2k /3, which
can be expressed as £ < [%1 — 1 since k and / are integers.

By the definition of ¢, we have that |L| < (¢4 1) - [n/k], implying that

L] < Rﬂ 7] -1 (22)

Furthermore, panel has k — ¢ agents from set N \ L. Thus,

2
|L§n—k+€§n—k+[;—‘—1. (23)

We will use equations (22) and (23) to show that |L| < 19n/21; this is done in the next lemma.

Lemma 15.

)
n

min{[z‘o’k—l.[ﬂ ! 1—k_[i{1+1}§19/21.

17
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Proof. Notice thatifn <9k —9 [%] + 9, then the second term in the min-expression above is at most 8/9 and the claim
is clearly true.

. . . . .. 2kt
In the following, we assume that n > 9k — 9 [%W + 9. Notice that the first term in the min-expression is equal to %

forn=(t—1)k+1,(t —1)k+2,...,tk and integer ¢ > 1, and is thus decreasing for values of n in that range. We will

2k
show that the value “w of the first term for n = (¢t — 1)k + 1 is at most 19/21, for all possible integers ¢ > 1 and
k> 3.

Actually, the assumption n > 9k — 9 [%W +9 implies that we have to consider values of ¢ satisfying (t — 1)k + 1 >
9k — 9 [2E7 + 9, which yields t > 10 — 2 - [2E] + £. We distinguish between four cases:

. | 2k .5_

F[2] = 2 thent > 4+ & ie. t > 5. Thus, Lt < 51 < 5/6 < 1921,
IF[2] = 25 and k> 7, thent > 4+ 2, ie. ¢ > 5. Thus, Lot < 2551 56 < 19/21

3 3 = b = PEERGIEAS (—1)k+1 = T 4k+1 .

2% _ 2k+2 [3]t 251 5 3
If [28] = 2542 thenk > Hand t > 4+ £, i.e.,t > 5. Thus, (til)kﬂ < = = ot < 19/21

2k 141 8].6-1

If k =4 thent > 6 and ([j])kﬂ < [glﬂ =17/21 < 19/21. O

Using Lemma 15, Equation (21) now yields

SC(e(P)) < (13 +12. 1191/92/121> - SC(e(N))

=127 - SC(e(N)),
as desired. O

Theorem 11. For every € > 0 and integer m > 0, the exists integer k € O (5’3 In %) so that selecting a k-sized panel of
agents with Fair Greedy Capture, has ex-ante distortion at most 1 + ¢, for every set of m alternatives.

Proof. Let P be the panel selected by FGC, ¢/ = ¢(IV), and a € C' be any candidate. Following the exact same arguments
eSC(c")

as in the proof of Theorem 4, for getting distortion of at most (1 + ¢), we will show that Pr[c¢(P) = a] < T (5C(a) 80T

When Fair Greedy Capture breaks ties in a consistent way (with respect to the agents that are located at the boundaries of a
ball), it can be equivalently described as following. The voters are partitioned into &’ < k sets, St, . .. Sk, where each S j
with j < k' contains [n/k] voters and the last set contains at most [n/k] voters. Then, the sampling procedure is executed
into two stages. In Stage 1, from each S;, we sample one voter with probability 1/[n/k] and in Stage 2, the remaining
probability is allocated equally among the voters that were not selected in Stage 1. Note, that because |Sy/| < [n/k],
it is probable no agent to be selected from Sy, and thus we denote with K € [k’ — 1, k] the number of voters that are
selected in Stage 1. Then, if pi,...p; are the random variables that indicate the agents in the panel P, each p; with
j < K is sampled from .S; independently and the last kK — K agents are sampled from N \ {p1,...,px} uniformly at
random without replacement. Let X; = d(p;,a) — d(p;, ¢(IN)). A panel P returns the candidate a instead of ¢(/N'), when

X =% X, <0 Let X’ = 2% X;. Next, we will show that (a) Pr[X’ < keD/4] < —=soc@) —_ and (b)

4m(SC(a)—SC(c’))
eSC(c
PI'[X S 0 | X' > kCD/4] S W(—S)C(C’)) Then, we have that

Pr[X <0]=Pr[X <0| X' <keD/4]-Pr[X' <keD/4] +Pr[X <0| X' > keD/4] - Pr[X' > keD/4]
eSC(c)
~ 2m(SC(a) — SC(¢))

where the last inequality follows from (a) and (b), and the theorem follows.

We start by showing (a). Using identical arguments as in Case 1 in the proof of Theorem 4, we conclude that we can choose

18
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al>c> §suchthat SC(a) — SC(c(N)) = cnD. Thus, we have

o
= Prfiis selected] - (d(i,a) — d(i,c(N))) > Z Z n/k i,a) — d(i,c(N)))

j=1i€eS; j=14€S;
212 enb = chD
Since the random variables X; fori = 1,..., K are independent, we can apply Hoeffding’s inequality and obtain
Pr {X "< kCD}
<Pr || X - B 2 5P

2
< 2exp (—2 (’“ZD) /(K4D2)>
< 2exp (—kc?/32) .

where the last inequality follows since K < k. Thus, it is sufficient to choose

SC(a)—SC(c
(43942 2D i /e)64

k>
= 2

Now, since from Theorem 9, we know that %ﬁg(c/) is at least equal to £/2 and at most 127, we conclude that there is a

ke (’)(ln(’:#), for which (a) is true.
Next, we show (b). First, we note that we can assume that k — K > % since otherwise X cannot be negative anymore. We

have that

k— K
n—K

EX - X'] = -(enD — X).

Using this, we get that

Pr[X <0| X' > keD/4] =Pr[X — X' < —X' | X' > keD/4]

k—K
=Pr[ X -X-E[X -X']|<-X'— - (enD — X') | X' > keD /4]

-K
<Pr|X - X —E[X - X|>|-X'— kiK (enD = X)| | X' > keD/4]
"

k—K k—K
=Pr[|X - X' —-E[X - X' X'(1 -
il X = X > X0 - )+

<Pr|X - X' —E[X - X > % | X' > keD /4]

(enD)| | X' > keD /4]

where the last inequality follows from the fact that & < 2n.

Thus, we can also apply Serfling’s inequality (Theorem 5) here and obtain that

Pr[X < 0| X' > keD/4]
2(keD)?
Gk —K)D?)

2]4:202)
64 ke
kc?

= Qexp(—?).

< 2exp(—

< 2exp(—

19



Can a Few Decide for Many? The Metric Distortion of Sortition

W@é}c(c,)) of selecting a in this case, we choose k > & 1n(4%@?(cl)m/£).

As before since from Theorem 9, we know that %@f)}(c) is at least equal to £/2 and at most equal to a constant, this

gives us the desired asymptotic bound. O

Thus, to get a probability of at most

20



