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Abstract001

Large Language Reasoning Models have002
demonstrated remarkable success on static003
tasks, yet their application to multi-round agen-004
tic planning in interactive environments faces005
two fundamental challenges. First, the in-006
tractable credit assignment problem renders007
conventional reinforcement learning ineffective008
in sparse-reward settings. Second, the compu-009
tational overhead of verbose, step-by-step rea-010
soning histories is prohibitive. To address these011
challenges, we propose BPO, a three-stage012
framework (bootstrapping, extrapolation, and013
refinement) that establishes a self-improving014
data flywheel to develop robust reasoning mod-015
els for long-horizon, sparse-reward environ-016
ments. Our framework first bootstraps efficient017
reasoning using the proposed planning quater-018
nions with long-short chain-of-thought fusion.019
It then extrapolates to out-of-distribution tasks020
through complexity-stratified curriculum learn-021
ing. Finally, the model iteratively refines itself022
by learning exclusively on experiences selected023
via reward-gated rejection sampling. Experi-024
ments on ALFWorld, ScienceWorld, and Web-025
Shop demonstrate that our approach achieves026
state-of-the-art with significant token efficiency,027
providing a new recipe for reasoning models in028
agentic planning.029

1 Introduction030

Recent advances in Large Language Models031

(LLMs), particularly the emergence of models ca-032

pable of “System 2” reasoning (Jaech et al., 2024;033

Guo et al., 2025), have marked a paradigm shift (Ke034

et al., 2025). By generating explicit chains of035

thought, these models achieve expert-level perfor-036

mance in static, self-contained domains such as037

mathematics and programming (Wei et al., 2025;038

Chen et al., 2025). They are inherently better suited039

for agentic planning, bringing a global perceptual040

scope that enables multi-step foresight and plan-041

ning with subgoals. This raises a critical ques-042

tion: can this powerful reasoning paradigm be043

extended to dynamic, interactive environments to 044

build autonomous agents capable of long-horizon 045

planning? (Shinn et al., 2023). However, integrat- 046

ing explicit reasoning into agentic tasks presents 047

two major challenges. 048

The first challenge is the intractable credit assign- 049

ment problem endemic to long-horizon tasks with 050

sparse rewards (Shridhar et al., 2020; Wang et al., 051

2022). In many interactive settings, rewards, typi- 052

cally binary success indicators, are delivered only 053

after a long and complex sequence of actions. This 054

significant temporal delay renders the feedback sig- 055

nal too weak for reinforcement learning algorithms 056

to effectively propagate credit back through the tra- 057

jectory. As our experiments show, even advanced 058

preference optimization algorithms, such as Group 059

Relative Policy Optimization (GRPO) (Shao et al., 060

2024), yield only marginal improvements, high- 061

lighting the fundamental limitations of optimizing 062

reasoning LLMs in this regime. The second chal- 063

lenge is the computational and cognitive overhead 064

of verbose reasoning. While detailed reasoning 065

is crucial for complex problem-solving, its naive 066

inclusion at every step of an interactive trajectory 067

inflates context length, incurs substantial computa- 068

tional costs, and risks displacing critical informa- 069

tion from earlier in the trajectory out of the model’s 070

limited attention window (Bai et al., 2023). 071

To address the challenges of adapting reason- 072

ing LLMs to long-horizon, sparse-reward planning 073

settings, this work introduces BPO, a novel three- 074

stage framework of bootstrapping, extrapolation, 075

and refinement that establishes a self-improving 076

data flywheel. First, our framework bootstraps 077

efficient reasoning through Planning Quaternion 078

Synthesis, a specialized data generation process 079

that disentangles verbose deliberation from con- 080

cise planning intent. This stage is paired with a 081

long-short chain-of-thread fusion strategy that not 082

only ensures contextual efficiency but also mirrors 083

a plausible cognitive model of long-term planning, 084
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where detailed immediate reasoning is compressed085

into high-level conclusions for future reference.086

Second, the agent’s robustness is cultivated via087

Curriculum Synthesis, which proactively gener-088

ates challenging out-of-distribution tasks and orga-089

nizes them into a complexity-stratified curriculum090

to systematically expand its capabilities. Finally,091

the agent achieves self-refinement through reward-092

based trajectory improvement. In this stage, the093

sparse environmental reward acts as a deterministic094

criterion for success-contingent rejection sampling,095

creating a virtuous cycle of iterative fine-tuning on096

exclusively successful trajectories.097

In summary, our contributions are threefold:098

• We introduce BPO, a three-stage framework099

of bootstrapping, extrapolation, and refine-100

ment for reasoning LLMs in sparse-reward,101

long-horizon agentic tasks.102

• We propose a suite of techniques, including103

planning quaternion data structure, long-short104

chain-of-thought fusion, and curriculum syn-105

thesis, collectively enable robust, efficient,106

and generalizable reasoning.107

• Extensive experiments on ALFWorld, Sci-108

enceWorld, and WebShop show our approach109

achieves state-of-the-art performance, surpass-110

ing fine-tuning and larger proprietary models111

with significant fewer tokens.112

2 Task Formulation113

We formalize the problem of a reasoning LLM114

agent interacting with an environment as a partially115

observable Markov decision process (POMDP),116

augmented to explicitly account for the agent’s117

internal reasoning process. The environment is118

defined by the tuple119

M = (U, S,A,O,E, T,R),120

where U represents the space of natural language121

task instructions, S denotes the latent space of envi-122

ronment states, A is the discrete set of permissible123

actions, O describes the space of observations pro-124

vided by the environment, and E refers to the space125

of explicit reasoning traces (i.e., thoughts). The de-126

terministic state transition function is127

T : S ×A → S,128

and the sparse reward function is129

R : S ×A → {0, 1}.130

At each time step t, an agent parameterized by 131

θ receives an observation ot. Conditioned on the 132

instruction u and the interaction history, its policy 133

πθ generates a reasoning trace et and then selects 134

an action at. The resulting generative process is: 135

[et, at] ∼ πθ(u, (o1, e1, a1), . . . ,

(ot−1, et−1, at−1), ot).
136

The execution of at transitions the environment 137

to a new state st+1 = T (st, at), yielding a new 138

observation ot+1. This interaction repeats until a 139

terminal state or a maximum number of steps is 140

reached. The agent’s objective is to learn a policy 141

πθ that maximizes the expected cumulative reward. 142

For supervised fine-tuning, the learning objec- 143

tive is to maximize the likelihood of generating the 144

correct reasoning and action from expert trajectory. 145

A trajectory T consists of a sequence of histori- 146

cal states leading to a target reasoning–action pair. 147

Given the instruction and the history of observa- 148

tion–thought–action tuples, the model is trained to 149

predict the subsequent thought eN and action aN : 150

T = [u, (o1, e1, a1), . . . , (oN−1, eN−1, aN−1),

oN → (eN , aN )].
(1) 151

This formulation unifies the instruction, histori- 152

cal context, and reasoning into a single sequence, 153

enabling the training of reasoning LLM agents. 154

3 Method 155

Our proposed framework is designed to train LLM 156

agents capable of effective long-horizon planning 157

under sparse rewards. The methodology deliber- 158

ately circumvents the intractable credit assignment 159

problem that plagues conventional reinforcement 160

learning by re-purposing the sparse environmen- 161

tal rewards, from a noisy learning signal, into an 162

unambiguous filter for data curation. As shown in 163

Figure 1, we propose a three-stage pipeline: (1) 164

bootstrapping a foundation of efficient reasoning, 165

(2) extrapolating via a synthetic curriculum, and (3) 166

achieving perfection through iterative refinement 167

guided by sparse rewards. 168

3.1 Stage 1: Bootstrapping Reasoning via 169

Planning Quaternion Synthesis 170

The initial stage addresses the dual challenges of ac- 171

quiring high-quality, multi-faceted reasoning data 172

and managing the computational overhead associ- 173

ated with verbose thought processes. 174
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Refinement

Figure 1: Overview of our three-stage framework for training reasoning LLMs in long-horizon, sparse-reward envi-
ronments. Stage 1: Bootstrapping Reasoning via Planning Quaternion. An initial agent is trained via supervised
fine-tuning on planning quaternion data from seed trajectories using a teacher model. Stage 2: Extrapolation via
Curriculum Synthesis. The agent’s capabilities are expanded by training on a curriculum of synthetically generated,
out-of-distribution tasks of increasing complexity. Stage 3: Self-Refinement via Reward-Gated Refinement. The
agent enters an iterative self-improvement loop, generating new trajectories and enriching the dataset for subsequent
fine-tuning through rejection sampling while interacting with the environment.

3.1.1 The Planning Quaternion Data Flywheel175

High-quality data that jointly models detailed delib-176

eration and concise, actionable planning is scarce.177

To overcome this limitation, we introduce the Plan-178

ning Quaternion Data Flywheel to systematically179

generate rich training data. The process unfolds in180

four steps:181

Seed Trajectory Curation: We begin by col-182

lecting a set of successful trajectories from a power-183

ful, off-the-shelf reasoning model (e.g., DeepSeek-184

R1) in the target environment. These trajectories185

provide initial examples of observation-reasoning-186

action sequences.187

Synthetic Expansion: Using these seed trajec-188

tories as few-shot exemplars, we prompt a highly189

capable teacher model (e.g., GPT-4o) to synthe-190

size a larger, more diverse dataset of full reasoning191

traces et corresponding to various observations ot.192

Distillation to Planning Thoughts: To mitigate193

the context length problem, each verbose reasoning194

trace et is distilled by the teacher model into a195

concise short planning thought pt. This summary196

captures the essential intent and next step without197

extensive token overhead.198

Quaternion Assembly: The final data structure199

is the planning quaternion, Qt = (ot, et, pt, at),200

which encapsulates the observation, the full reason-201

ing trace, the distilled planning thought, and the202

resulting action. This structure provides a princi-203

pled representation that disentangles deep, immedi-204

ate deliberation from the high-level planning intent205

required for long-horizon consistency. 206

3.1.2 Long-Short Chain-of-Thought Fusion 207

for Efficient Deliberation 208

To efficiently operationalize the planning quater- 209

nions during inference, we employ a long-short 210

chain-of-thought fusion strategy. At each decision 211

step t, the agent first generates a full reasoning 212

trace et (the “long chain”) to deliberate on the 213

immediate problem. Subsequently, it generates a 214

compressed planning thought pt (the “short chain”). 215

For all subsequent steps, only the sequence of short 216

thoughts {p1, . . . , pt−1} is retained in the context 217

history. This method allows the model to bene- 218

fit from detailed reasoning in the immediate step 219

while preventing context overload and preserving 220

the continuity of the high-level plan. 221

3.1.3 Multi-Round Interactive Supervised 222

Fine-tuning 223

Our agent is trained on the generated quaternions 224

using a step-level, multi-round interactive super- 225

vised fine-tuning objective. The introduction of 226

the planning quaternion refines our task formula- 227

tion. The agent’s policy πθ now generates a triplet 228

comprising the full reasoning trace et, the concise 229

planning thought pt, and the action at. Critically, 230

to maintain contextual efficiency, the policy is con- 231

ditioned not on the full reasoning history, but on 232

the sequence of concise planning thoughts. The 233
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generative process is thus redefined as:234

[et, pt, at] ∼ πθ(u, (o1, p1, a1), . . . ,

(ot−1, pt−1, at−1), ot).
235

Consequently, the supervised fine-tuning objective236

is to maximize the likelihood of generating the tar-237

get triplet (eN , pN , aN ) from an expert trajectory238

T , now structured as:239

T = [u, (o1, p1, a1), . . . ,

(oN−1, pN−1, aN−1),

oN → (eN , pN , aN )].

(2)240

This procedure trains the agent to perform both241

the reasoning and summarization required for effi-242

cient and effective long-horizon planning.243

3.2 Stage 2: Extrapolation via Curriculum244

Synthesis245

To consolidate and generalize beyond the initial246

reasoning patterns under the seed data distribution,247

the second stage enhances the agent’s performance248

on novel tasks and scenarios. We formulate this249

as curriculum synthesis, generating progressively250

harder tasks to systematically probe and expand the251

agent’s capabilities.252

3.2.1 Generative Task Augmentation for253

Out-of-Distribution Exposure254

We synthetically generate new planning challenges255

to expose the agent to a wider variety of problems.256

This is achieved by prompting the teacher model257

to create novel task skeletons, defined as plausi-258

ble sequences of observations, planning thoughts,259

and actions (ot, pt, at)Nt=1. These skeletons are de-260

signed to differ from the seed data in structure,261

length, and goal complexity, constituting a targeted262

expansion of the training distribution. Our Plan-263

ning Quaternion Data Flywheel is then used to264

populate these skeletons by generating correspond-265

ing full reasoning traces et, resulting in a complete266

synthetic out-of-distribution dataset.267

3.2.2 Complexity-Stratified Curriculum268

Learning269

Training directly on a heterogeneous mix of simple270

and complex tasks can lead to instability. We there-271

fore employ a curriculum learning strategy, where272

data is organized by difficulty, primarily defined273

by trajectory length—a reliable proxy for planning274

complexity. The agent is first trained on shorter275

tasks to build foundational skills. As training pro-276

gresses, longer and more complex trajectories from277

the synthetic out-of-distribution dataset are grad- 278

ually introduced. This staged approach stabilizes 279

training, mitigates catastrophic forgetting, and sys- 280

tematically builds the agent’s capacity for complex, 281

long-horizon planning. 282

3.3 Stage 3: Self-Refinement through 283

Reward-Gated Trajectory Refinement 284

The final stage leverages the sparse reward signal 285

as an unambiguous filter for data curation and self- 286

improvement. This process enables a virtuous cycle 287

of self-refinement. 288

3.3.1 Success-Contingent Rejection Sampling 289

The core mechanism of this stage addresses the fun- 290

damental weakness of RL in sparse-reward settings. 291

While a binary success reward is an insufficient sig- 292

nal for gradient-based credit assignment across a 293

long trajectory, it is a effective, noise-free signal for 294

classification. It cleanly separates the space of gen- 295

erated trajectories into successful and unsuccessful 296

sets. We exploit this by using the trained agent to 297

generate numerous new trajectories. The sparse bi- 298

nary reward then serves as a deterministic criterion 299

for rejection sampling: only trajectories resulting 300

in successful task completion are retained. This 301

creates a high-quality dataset Tsuccess composed ex- 302

clusively of effective strategies, circumventing the 303

credit assignment problem. 304

3.3.2 Iterative Policy Refinement from 305

Successful Trajectories 306

Our framework enables continuous improvement 307

through an iterative fine-tuning loop. At each itera- 308

tion k, the current policy πθk generates a new set 309

of trajectories. The successful trajectories are iden- 310

tified via rejection sampling and used to augment 311

the training dataset, creating an enriched dataset: 312

Dk+1 = Dk ∪ T (k)
success. 313

Our model is then fine-tuned on this superior 314

dataset to produce the next-generation policy πθk+1
. 315

This process can be interpreted as a form of policy 316

distillation, enabling the agent to internalize suc- 317

cessful strategies discovered through exploration. 318

Through this iterative loop, the agent progressively 319

masters novel and effective strategies, ultimately 320

becoming a robust and highly capable planner. 321

4 Experiments 322

We conduct a comprehensive set of experiments 323

to empirically validate our proposed framework. 324
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Table 1: Comparative analysis of Success Rate (%) on the ALFWorld, ScienceWorld, and WebShop benchmarks.
The proposed framework, applied to an 8B parameter model, establishes a new state-of-the-art, outperforming both
fine-tuned baselines and larger proprietary reasoning models.

Method Approach ALFWorld ScienceWorld WebShop Average
Seen Unseen Seen Unseen

Zero-shot Methods

Base Models
Llama-3.1-8B-Instruct (Dubey et al., 2024) System-1 32.90 40.30 42.27 46.92 60.00 44.88
Qwen-2.5-7B-Instruct (Yang et al., 2024) System-1 72.10 76.10 28.35 33.18 91.50 60.65

Reasoning LLMs
o3-mini (OpenAI, 2025) System-2 58.90 62.70 56.28 55.45 76.50 61.57
Deepseek-R1 (DeepSeek-AI, 2025) System-2 61.40 53.70 56.70 59.62 58.50 58.86
Qwen-3-8B-Thinking (Yang et al., 2025) System-2 49.30 67.20 57.45 50.27 71.50 59.14

Fine-Tuned Methods

Llama-3.1-8B-Instruct-Based
SFT (Song et al., 2024) System-2 80.00 71.60 68.04 72.04 88.00 75.94
ETO (Song et al., 2024) System-2 78.60 71.60 76.29 77.25 90.00 78.75
MPO (Xiong et al., 2025a) System-2 82.90 78.40 80.91 77.46 87.50 81.83
Ours System-2 87.90 89.60 83.16 85.15 97.00 88.16

Table 2: Ablation study illustrating the incremental contributions of each stage of our BPO framework. The results
validate our three-stage design, with each component proving essential for achieving state-of-the-art performance.

Method ALFWorld ScienceWorld WebShop Average
Seen Unseen Seen Unseen

Llama-3.1-8B-Instruct (Base) 32.90 40.30 42.27 46.92 60.00 44.88

+ Bootstrapped Reasoning (Stage 1) 77.90 82.10 76.29 77.73 87.00 80.60
+ Curriculum Synthesis (Stage 2) 87.10 83.60 79.38 79.62 95.50 85.24
+ Reward-Gated Refinement (Stage 3) 87.90 89.60 83.16 85.15 97.00 88.16

Our evaluations are designed to address four key325

research questions that correspond to the central326

claims of our work:327

1. Overall Efficacy: Does our three-stage frame-328

work demonstrate effectiveness for reasoning329

LLMs in long-horizon, sparse-reward agentic330

tasks compared to existing fine-tuning meth-331

ods and powerful proprietary models?332

2. Component Contribution: What’s the incre-333

mental value of each stage in our framework?334

Specifically, how do Planning Quaternion Syn-335

thesis (Stage 1), Curriculum Synthesis (Stage336

2), and Reward-Gated Trajectory Refinement337

(Stage 3) contribute to the final performance?338

3. Framework Robustness and Generalizabil-339

ity: Is our data-centric paradigm model-340

agnostic, and how does its performance com-341

pare to conventional reinforcement learn- 342

ing approaches that directly optimize on the 343

sparse reward signal? 344

4. Reasoning Efficiency: Does our Long-Short 345

Chain-of-Thought Fusion strategy effectively 346

mitigate the computational overhead of ver- 347

bose reasoning, achieving a superior trade-off 348

between performance and token efficiency? 349

4.1 Experimental Settings 350

4.1.1 Benchmarks 351

We evaluate our method on three widely used 352

benchmarks for interactive multi-round agentic 353

planning: 354

ALFWorld (Shridhar et al., 2020): A text-based 355

simulator for household tasks requiring multi-step 356

reasoning to follow high-level instructions, provid- 357

ing a sparse, binary success reward. 358
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ScienceWorld (Wang et al., 2022): An envi-359

ronment focused on complex elementary science360

experiments that demand long-horizon planning361

and provides a final score upon completion.362

WebShop (Yao et al., 2022): A simulated e-363

commerce environment where agents must navi-364

gate a website to purchase items based on user365

instructions, also yielding a final score as a reward.366

Following established protocols, we use the367

“seen” splits for in-distribution evaluation and the368

“unseen” splits to assess OOD generalization for369

ALFWorld and ScienceWorld. For WebShop, we370

report results on the standard test set.371

4.1.2 Training Details372

Our three-stage training process employs AdamW373

optimizer with stage-specific learning rates of374

2 × 10−5, 5 × 10−6, and 1 × 10−6, respectively.375

Stage 3 runs for K iterations, where K = 2 for376

ScienceWorld and K = 1 for ALFWorld and Web-377

Shop. All stages are trained for 3 epochs.378

4.1.3 Baselines379

We benchmark our framework against a compre-380

hensive set of methods:381

Zero-Shot Models: This includes leading382

open-source instruction-tuned models (Llama-3.1-383

8B-Instruct, Qwen-2.5-7B-Instruct) and models384

with specialized reasoning capabilities (o3-mini,385

Deepseek-R1, Qwen-3-Thinking).386

Fine-Tuned Methods: We re-implement several387

state-of-the-art fine-tuning methods using Llama-388

3.1-8B-Instruct as the backbone. These include su-389

pervised fine-tuning SFT, ETO (Song et al., 2024),390

and methods incorporating explicit planning guid-391

ance MPO (Xiong et al., 2025b).392

4.1.4 Evaluation Protocol393

All agents are evaluated using a ReAct-style inter-394

action loop. For System-2 models, the inference395

temperature is set to 1.0 to encourage exploration,396

while it is fixed at 0.0 for all other models to en-397

sure deterministic outputs. The primary evaluation398

metric is Success Rate (SR), with average reward399

reported in the Appendix.400

4.2 Main Results401

To address our first research question, we compare402

the end-to-end performance of our method against403

all baselines. As shown in Table 1, our approach404

outperforms both fine-tuned methods and power-405

ful proprietary models across in-distribution and406

OOD splits. On the ScienceWorld unseen split,407

our model achieves a success rate of 85.15%, sur- 408

passing the strongest fine-tuned baseline (MPO) 409

by 7.69 percentage points. The performance gap 410

is even more pronounced on the challenging ALF- 411

World unseen split, where our method attains an 412

89.60% success rate, an 11.2 percentage points im- 413

provement over MPO. These results validate our 414

core hypothesis: reframing the problem from di- 415

rect policy optimization to iterative, reward-guided 416

data curation is an effective paradigm for train- 417

ing robust, generalizable reasoning LLMs for long- 418

horizon tasks. Notably, our 8B parameter model 419

substantially outperforms much larger, dedicated 420

reasoning models such as DeepSeek-R1, further 421

underscoring the efficacy of our approach. 422

4.3 Ablation Studies 423

To assess the contribution of each component 424

(RQ2), we perform cumulative ablations by pro- 425

gressively adding stages of our framework. As 426

shown in Table 2, each stage yields a clear per- 427

formance gain. Bootstrapped Reasoning provides 428

a strong baseline using Planning Quaternion data. 429

Curriculum-based model extrapolation further im- 430

proves generalization, notably boosting the Web- 431

Shop success rate on unseen tasks from 87.00% to 432

95.50%. Finally, reward-gated trajectory refine- 433

ment achieves the reported SOTA performance, 434

confirming the necessity of all components. 435

4.4 Analysis and Discussion 436

4.4.1 Generalization Across Foundational 437

Models 438

To assess the model-agnostic nature of our frame- 439

work (RQ3), we apply it to a different base model, 440

Qwen-2.5-7B-Instruct. As shown in Table 3, our 441

method provides a substantial performance gain 442

regardless of the underlying LLM. For example, on 443

the ALFWorld unseen split, it elevates the Qwen 444

base model’s success rate from 76.10% to 91.00%, 445

surpassing even the state-of-the-art MPO method. 446

These results demonstrate that our data-centric 447

paradigm is an effective and generalizable strategy 448

for enhancing reasoning and agentic capabilities 449

across different LLMs. 450

4.4.2 Comparison with Reinforcement 451

Learning Methods 452

A core motivation of our work is the hypothe- 453

sized inadequacy of conventional RL for reasoning 454

LLMs in this problem domain (RQ3). To evalu- 455

ate this, we compare our method against SFT and 456
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Table 3: Performance of our framework across Llama-3.1-8B and Qwen-2.5-7B backbones. Results highlight its
model-agnosticism and generalizability, with substantial gains over standard fine-tuning.

Base Model Method ALFWorld ScienceWorld WebShop Average
Seen Unseen Seen Unseen

Llama-3.1-8B-Instruct
(Dubey et al., 2024)

Base 32.90 40.30 42.27 46.92 60.00 44.88
SFT (Song et al., 2024) 80.00 71.60 68.04 72.04 88.00 75.94
ETO (Song et al., 2024) 78.60 71.60 76.29 77.25 90.00 78.75

MPO (Xiong et al., 2025b) 82.90 78.40 80.91 77.46 87.50 81.83
Ours 87.90 89.60 83.16 85.15 97.00 88.16

Qwen2.5-7B-Instruct
(Yang et al., 2024)

Base 72.10 76.10 28.35 33.18 91.50 60.65
SFT (Song et al., 2024) 84.30 80.60 55.67 63.25 94.50 75.26
ETO (Song et al., 2024) 82.10 76.10 59.28 65.88 94.00 75.47

MPO (Xiong et al., 2025b) 81.40 88.10 65.98 60.19 94.50 78.05
Ours 90.00 91.00 78.35 78.20 97.50 87.81

Table 4: Validation on ScienceWorld showing RL meth-
ods falter under sparse rewards, while ours achieves
substantial gains and resolves the credit assignment chal-
lenge.

Approach Seen Unseen

SFT 76.29 77.73
SFT + DPO (Rafailov et al., 2023) 73.71 73.46
SFT + GRPO (Shao et al., 2024) 69.93 64.43
Ours 83.16 85.15

popular preference optimization algorithms, DPO457

and GRPO. As shown in Table 4, DPO leads to458

performance degradation compared to SFT, while459

GRPO further degrades, especially on the unseen460

split. These results empirically suggest that sparse461

reward signals fail to provide a stable learning gra-462

dient for complex reasoning tasks. In contrast, our463

method repurposes rewards as a data filter, validat-464

ing its effectiveness in this challenging regime.465

4.4.3 Reasoning Efficiency466

To evaluate our Long–Short Chain-of-Thought Fu-467

sion strategy (RQ4), we compare its reasoning ef-468

ficiency with strong but verbose System-2 models.469

As shown in Table 5, our agent attains a markedly470

higher success rate (83.16%) while using an order471

of magnitude fewer reasoning tokens (112) than472

DeepSeek-R1 (620) and Qwen-3-Thinking (763).473

These results demonstrate that planning quaternion474

training effectively reconciles deep reasoning with475

computational efficiency, alleviating context-length476

and inference-cost issues in long-horizon tasks.477

Table 5: Reasoning efficiency on ScienceWorld. BPO’s
Long-Short CoT Fusion outperforms larger models with
significantly fewer tokens, mitigating context and com-
putational overhead.

Models Size # Tokens SR (%)

Deepseek-R1 671B 620 56.70
Qwen-3-Thinking 8B 763 57.45
Ours 8B 112 83.16

Figure 2: The performance advantage of the BPO frame-
work increases with task complexity on ScienceWorld.
Tasks are grouped into Easy, Medium, and Hard based
on ground-truth solution length.

4.4.4 Analysis of Performance by Task 478

Complexity 479

To assess robustness across task complexity, we 480

evaluate ScienceWorld tasks grouped by solution 481

length: Easy (≤10 steps), Medium (11–17 steps), 482

and Hard (>17 steps). As shown in Figure 2, 483

our performance advantage grows with difficulty. 484

While competitive on Easy tasks, our method 485
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achieves clear gains on Medium and Hard tasks,486

surpassing the next-best baselines by 14 and 12487

percentage points, respectively. In contrast, most488

baselines degrade sharply as complexity increases,489

whereas our model maintains a high and stable490

success rate, demonstrating strong robustness in491

long-horizon planning.492

5 Related Work493

Our study builds upon two primary lines of re-494

search: (i) reasoning in large language models and495

(ii) planning and learning for LLM-based agents496

in interactive environments.497

5.1 Reasoning in Large Language Models498

Recent “System-2” models, such as OpenAI’s499

o1 (Jaech et al., 2024) and DeepSeek-R1 (Guo500

et al., 2025), achieve expert-level performance on501

complex static tasks like mathematics and program-502

ming (Wei et al., 2025; Chen et al., 2025). Prior503

surveys (Ke et al., 2025; Patil and Jadon, 2025)504

identify two dominant paradigms: inference-time505

reasoning and learning-to-reason.506

Inference-time Reasoning. Without updating507

model weights, inference-time methods allocate ex-508

tra computation during inference, including multi-509

step prompting (Sanh et al., 2022; Mishra et al.,510

2022), problem decomposition (Zhou et al., 2022;511

Khot et al., 2023), search-based reasoning with512

MCTS (Wang et al., 2025b), and voting schemes513

such as self-consistency (Wang et al., 2023). Com-514

posite frameworks adaptively combine these tech-515

niques (Liu et al., 2025), while RL-of-Thoughts516

trains a lightweight policy to orchestrate them (Hao517

et al., 2025). However, these approaches incur518

substantial compute and context-length overhead,519

which our long–short chain-of-thought fusion di-520

rectly alleviates.521

Learning to Reason. This paradigm embeds rea-522

soning into model parameters, typically via au-523

tomatically generated supervision due to limited524

human-annotated chains of thought. For instance,525

Li et al. (2025) show that 32B models fine-tuned on526

17k distilled examples nearly match o1 on difficult527

math tasks. Reinforcement learning methods such528

as GRPO (Shao et al., 2024) improve single-turn529

reasoning but struggle in multi-turn, long-horizon530

settings with sparse rewards (Feng et al., 2025).531

Our work instead adopts a data-centric strategy,532

curating high-quality trajectories via rejection sam-533

pling using terminal rewards only, thereby sidestep- 534

ping credit assignment issues. 535

5.2 Planning and Learning in LLM-Based 536

Agents 537

Using LLMs as autonomous agents raises chal- 538

lenges in planning fidelity and learning from sparse 539

feedback. 540

Implicit vs. Explicit Planning. ReAct-style 541

agents interleave reasoning and acting in a sin- 542

gle generation pass (Yao et al., 2023), but their 543

plans can be myopic or prone to hallucination (Zhu 544

et al., 2024). Explicit approaches therefore sepa- 545

rate planning from execution, either by consulting 546

external knowledge bases (Guan et al., 2024) or by 547

integrating formal planning abstractions (Xiong 548

et al., 2025b). Other methods synthesize high- 549

level outlines to guide subsequent actions (Jiang 550

et al., 2024); the recent Plan-and-Act framework 551

makes this separation explicit and revisable (Erdo- 552

gan et al., 2025). 553

Learning from Sparse Feedback. Environ- 554

ments such as ALFWorld (Shridhar et al., 2020) 555

and ScienceWorld (Wang et al., 2022) provide re- 556

wards only at task completion, limiting gradient- 557

based RL. Prior work redistributes sparse re- 558

wards via process-level supervision (Choudhury 559

et al., 2025; Wang et al., 2025a) or verbal feed- 560

back (Shinn et al., 2023). In contrast, we treat 561

terminal rewards as a strict data-selection signal, 562

iteratively training on successful trajectories and 563

eliminating the need for dense reward shaping in 564

long-horizon tasks. 565

6 Conclusion 566

In this work, we tackle two fundamental challenges 567

in long-horizon agentic reasoning with large lan- 568

guage models: effective credit assignment and ex- 569

cessive inference-time reasoning overhead. We 570

propose a three-stage training framework that pro- 571

gressively bootstraps efficient reasoning behaviors, 572

extrapolates them through synthetic curriculum 573

generation, and further enables self-refinement via 574

reward-gated trajectory selection. Extensive ex- 575

periments demonstrate that our approach achieves 576

state-of-the-art performance on ALFWorld, Sci- 577

enceWorld, and WebShop, consistently outperform- 578

ing prior methods as well as larger proprietary mod- 579

els, while requiring substantially fewer inference 580

tokens. Future work will be aimed at extending the 581

approach to multi-modal domains. 582
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7 Limitations583

Our current study is restricted to text-based long-584

horizon benchmarks with discrete action spaces.585

Although the proposed framework is general in586

principle, extending BPO to environments with587

richer sensory observations, continuous control, or588

substantially different interaction dynamics will589

likely require modifications to the curriculum de-590

sign and trajectory curation procedures. We leave a591

systematic investigation of these settings, including592

multimodal and continuous-control environments,593

as an important direction for future work.594
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Table 6: Main results evaluated by Average Reward. These results corroborate the primary findings, indicating that
our BPO framework not only achieves higher task completion but also generates more optimal action trajectories.

Method Approach ALFWorld ScienceWorld WebShop Average
Seen Unseen Seen Unseen

Zero-shot Models

Base Models
Llama-3.1-8B-Instruct (Dubey et al., 2024) System-1 32.90 40.30 26.64 28.18 33.93 32.79
Qwen-2.5-7B-Instruct (Yang et al., 2024) System-1 72.10 76.10 26.68 27.32 54.28 51.70

Reasoning LLMs
o3-mini (OpenAI, 2025) System-2 58.90 62.70 56.95 54.55 49.02 56.42
Deepseek-R1 (DeepSeek-AI, 2025) System-2 61.40 53.70 63.96 61.13 40.31 56.50
Qwen-3-Thinking (Yang et al., 2025) System-2 49.30 67.20 52.05 46.99 42.16 51.14

Fine-Tuned Methods

Llama-3.1-8B-Instruct-Based
SFT (Song et al., 2024) System-2 80.00 71.60 58.82 51.97 52.94 63.07
ETO (Song et al., 2024) System-2 78.60 71.60 65.69 58.16 52.08 65.63
MPO (Xiong et al., 2025b) System-2 82.90 78.40 71.61 53.24 55.20 68.27
Ours System-2 87.90 89.60 77.10 75.67 67.45 79.14

Table 7: Ablation study results evaluated by Average Reward. These results validate the critical contribution of each
stage of the BPO framework to overall agent performance and trajectory optimality.

Method ALFWorld ScienceWorld WebShop Average
Seen Unseen Seen Unseen

Bootstrapped Reasoning (Stage 1) 77.90 82.10 77.75 70.67 56.70 73.82
+ Adversarial Curriculum (Stage 2) 87.10 83.60 76.01 74.43 65.75 77.78
+ Reward-Gated Refinement (Stage 3) 87.90 89.60 77.10 75.67 67.45 79.14

demonstrating some level of deep reasoning, simi-786

larly ignored observation feedback and repeatedly787

performed invalid actions until reaching the maxi-788

mum step limit, also leading to task failure.789

11



Table 8: Model-agnosticism analysis evaluated by Average Reward. Complementing the Success Rate results, this
data confirms that the BPO framework delivers superior performance and more optimal trajectories regardless of the
underlying LLM architecture.

Base Model Method ALFWorld ScienceWorld WebShop Average
Seen Unseen Seen Unseen

Llama-3.1-8B-Instruct
(Dubey et al., 2024)

Base 32.90 40.30 26.64 28.18 33.93 32.79
SFT (Song et al., 2024) 80.00 71.60 58.82 51.97 52.94 63.07
ETO (Song et al., 2024) 78.60 71.60 65.69 58.16 52.08 65.63

MPO (Xiong et al., 2025b) 82.90 78.40 71.61 53.24 55.20 68.27
Ours 87.90 89.60 77.10 75.67 67.45 79.14

Qwen2.5-7B-Instruct
(Yang et al., 2024)

Base 72.10 76.10 26.68 27.32 54.28 51.70
SFT (Song et al., 2024) 84.30 80.60 67.99 63.03 60.67 71.32
ETO (Song et al., 2024) 82.10 76.10 70.29 61.35 59.62 69.89

MPO (Xiong et al., 2025b) 81.40 88.10 73.02 66.16 59.19 73.97
Ours 90.00 91.00 77.82 72.96 65.19 79.39
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Agent Inference Prompt for the Sciworld Benchmark

<|system|>: You are a helpful assistant to do some scientific experiment in an environment.
In the environment, there are several rooms: kitchen, foundry, workshop, bathroom, outside,
living room, bedroom, greenhouse, art studio, hallway.
You should explore the environment and find the items you need to complete the experiment.
You can teleport to any room in one step. All containers have already been opened; you can directly
get items from them.
For each of your turns, you will be given the observation of the last turn.
You should choose from two actions: "Thought" or "Action".
If you choose "Thought", first think about the current condition and plan for your future actions,
then output:
Thought: your thoughts.
Action: your next action.
If you choose "Action", directly output:
Action: your next action.
Remember: only one "Action:" per response is allowed. The available actions are:
open OBJ: open a container
close OBJ: close a container
activate OBJ: activate a device
deactivate OBJ: deactivate a device
connect OBJ to OBJ: connect electrical components
disconnect OBJ: disconnect electrical components
use OBJ: use a device/item
look around: describe the current room
examine OBJ: describe an object in detail
look at OBJ: describe a container’s contents
read OBJ: read a note or book
move OBJ to OBJ: move an object to a container
pick up OBJ: move an object to the inventory
pour OBJ into OBJ: pour a liquid into a container
mix OBJ: chemically mix a container
teleport to LOC: teleport to a specific room
focus on OBJ: signal intent on a task object
wait: take no action for 10 steps
wait1: take no action for 1 step:

Table 9: The complete inference-time prompt used for the ScienceWorld benchmark. This prompt defines the agent’s
action space and the required ReAct-style output format, grounding the agent for all experimental evaluations on
this environment.
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Agent Inference Prompt for the Alfworld Benchmark

<|system|>: Interact with a household to solve a task. Imagine you are an intelligent agent
in a household environment and your target is to perform actions to complete the task goal.
At the beginning of your interactions, you will be given the detailed description of the current
environment and your goal to accomplish.
For each of your turns, you will be given the observation of the last turn. You should first think about the
current condition and plan for your future actions, and then output your action in this turn.
Your output must strictly follow this format:
Thought: your thoughts.
Action: your next action.
The available actions are:
1. go to recep
2. take obj from recep
3. put obj in/on recep
4. open recep
5. close recep
6. toggle obj recep
7. clean obj with recep
8. heat obj with recep
9. cool obj with recep
where obj and recep correspond to objects and receptacles.
After each turn, the environment will give you immediate feedback based on which you plan your next
few steps.
If the environment outputs "Nothing happened", it means the previous action was invalid; you should try
more options.
Your response should use the following format:
Thought: your thoughts.
Action: your next action.

Table 10: The complete inference-time prompt used for the ALFWorld benchmark. This prompt defines the agent’s
action space and the required ReAct-style output format, grounding the agent for all experimental evaluations on
this environment.

Agent Inference Prompt for the WebShop Benchmark

<|system|>: You are web shopping.
I will give you instructions about what to do.
You have to follow the instructions.
Every round I will give you an observation and a list of available actions, you have to respond with an
action based on the state and instruction.
You can use search action if search is available.
You can click one...[source]

Table 11: The complete inference-time prompt used for the WebShop benchmark. This prompt defines the agent’s
action space and the required ReAct-style output format, grounding the agent for all experimental evaluations on
this environment.
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Prompt for Reasoning Distillation

<|system|>: You are a writing assistant specializing in enhancing reasoning passages.
Your task is to improve the reasoning section found between the markers <reasoning>
and </reasoning>. Transform this section into a more natural, flowing chain-of-thought while:
- Maintaining the same logical structure and reasoning steps
- Adding appropriate transition words and conversational elements, like “Okay”, “let me see”, “wait”,
“then”, “next”, etc.
- Preserving the core meaning and conclusion
- Keeping approximately half of the original reasoning token count; keep it concise
- Ensuring the content after </reasoning> (the final answer) remains unchanged
- Output in the same format as the input
<|user|>: {reasoning_content}

Table 12: The prompt for reasoning distillation, a key component of the Planning Quaternion Data Flywheel in
Stage 1. This prompt instructs the teacher model to distill a verbose reasoning trace into a concise planning thought,
creating the "short chain" of thought essential for our Long-Short Chain-of-Thought Fusion strategy.

Unified Prompt for Planning Quaternion Synthesis and OOD Data Augmentation

<|system|>: You are a writing assistant specializing in enhancing reasoning passages.
Given an original passage and a reasoning version as examples, enhance the new passage provided
with reasoning.
<|user|>: Based on the provided history of actions and observations ("Input Trajectory"), generate
the reasoning content that leads to the final action shown in the last message of the trajectory.
Instructions and Guidelines:

• Analyze Context: Understand the sequence of events and the final action.

• Generate Reasoning Only: Your output should only be the reasoning text itself. Do not include
any other text, greetings, or explanations.

• Natural and Logical: Make the reasoning sound natural and logical, using conversational transi-
tions like “Okay”, “Let me see”, “So”, “Therefore”, etc., as seen in the examples.

• Faithful: Ensure the reasoning aligns with the context and logically supports the final action.

• Concise: Keep the reasoning brief, similar in length to the examples.

These examples below show an input trajectory (where the final message contains only the action) and
the desired reasoning content that should logically precede that action. {examples_section}
Input Trajectory:
{target_messages}

Table 13: The unified prompt for Planning Quaternion synthesis. This versatile prompt is employed in Stage
1 to generate full reasoning traces for seed trajectories and in Stage 2 to populate the synthetically generated
out-of-distribution task skeletons, ensuring stylistic consistency across all training data.
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Prompt for Synthetic OOD Task Skeleton Generation

<|system|>: You are an expert trajectory generator for an embodied agent interacting with an
environment. Your role is to create a new interaction trajectory based on provided examples. Each
trajectory must follow this JSON structure: a list of dictionaries, where each dictionary has a “role”
(user or assistant) and “content”.
The structure within the list typically follows this pattern:
1. {"role": "user", "content": "System prompt same as examples"}
2. {"role": "assistant", "content": "OK"}
3. {"role": "user", "content": "Specific task description..."}
4. {"role": "assistant", "content": "Thought: [reasoning]\nAction: [chosen action]"}
5. {"role": "user", "content": "Observation: [environment response]"}
6. Repeat steps 4 and 5 until the task is successfully completed.

<|user|>: Now, generate a new interaction trajectory following these requirements:
1. Task Requirements:
- Create a task that is novel but related to the examples.
- Belongs to category {category} (Topic: {category_topic}).
- Use unseen objects distinct from those in examples.
- Set difficulty: {difficulty}
(Easy: 1–2 objects; Medium: 2–3 objects; Hard: >3 objects, complex reasoning).

2. Trajectory Constraints:
- Avoid repeating the same action consecutively.
- Stop efficiently once the task is completed.
- Target length: approximately {target_length} total messages.
- Begin with system prompt, assistant “OK”, and new user task description.
- Maintain the style of reasoning/actions consistent with examples.
- Final action should be focus on OBJ or wait.

3. Output Format:
- Output ONLY the JSON list for the new trajectory.
- Enclose within triple backticks (```json... ```).
- Do not add any explanatory text before or after the JSON block.

Example trajectories are provided below. Each follows the specified JSON structure.
{trajectory_examples}

Table 14: The prompt for synthetic out-of-distribution task skeleton generation. This prompt is the core mechanism
of Stage 2 (Extrapolation), used for Generative Task Augmentation to create novel and progressively more complex
tasks for the curriculum, thereby enhancing the agent’s robustness and generalization capabilities.

16



Case Study of WebShop
Ours MPO Deepseek-R1

Task Instruction：I want a 4-color 
smartwatch case, easy to install, under 
$40.
Reasoning 1: We're currently at the 
search stage, so we need to tailor our 
keyword strategy to maximize the 
relevance of the results. Since search 
engines filter attributes better than price, 
start with “smartwatch case four colors 
easy to install” to find suitable options.
Thought 1: I’ll start by searching the 
criteria.
Action 1: search[smartwatch case four 
colors easy to install]
Observation 1: A series of items and 
their descriptions 
Reasoning 2: The case ID B094DDH9K6 
stands out—it offers six pieces, fits the 
color requirement, works with Fitbit 
Versa 2, and costs $9.99. 
Thought 2: # Same meaning as 
reasoning2, omitted.
Action 2: click[b094ddh9k6]
Observation 2: Detailed description 
about [b094ddh9k6].
Reasoning 3: The observation shows 
multiple colors meeting the four-color 
requirement. Selecting a color first will 
help confirm ease of installation and 
color criteria.
Thought 3: To meet the requirement of 
four colors, I'll choose the first set.
Action 3: click[black, space gray, silver, 
rose gold]
Observation 3: Detailed description 
about [b094ddh9k6].
Reasoning 4: Next, we need to confirm 
the case is easy to install. While the 
observation doesn’t state this explicitly, 
the vendor’s features suggest it meets 
the requirement.
Thought 4: I am ready to buy it.
Action 4: click[buy now]
Observation 4: Thank you for shopping 
with us!

Task Instruction：I want a 4-color 
smartwatch case, easy to install, under 
$40.
Meta Plan: 1. Search using keywords: 
“smartwatch case four colors easy 
install under $40.” 2. Browse results and 
find products matching the description 
and price. 3. Click a promising product 
to view details. 4. Verify it meets all 
criteria: four colors, easy installation, 
under $40. 5. Select options like color 
or quantity if needed. 6. Add to cart and 
purchase if satisfied.
Thought 1: I’ll start by searching the 
criteria.
Action 1: search[smartwatch case four 
colors easy install under $40]
Observation 1: A series of items and 
their descriptions 
Thought 2: The first page shows 
‘B094DDH9K6,’ a 6-pack Mugust case 
for Fitbit Versa 2 at $9.99, within 
budget. It may offer more colors and 
easy installation. I’ll click for details.
Action 2: click[b094dhd9k6] # Clicked 
on a non-existent item.
Observation 2: repeat observation 1
Thought 3: I see the product includes a 
case and screen protector, with multiple 
colors. It fits my needs, so I’ll select 
black.
Action 3: click[black]
Observation 3: repeat observation 1
Thought 4: I selected black; it meets all 
criteria—under $40, multiple colors, 
good quality. I’ll proceed to purchase.
Action 4: click[buy now] # Because 
action2 clicked on a non-existent item, 
it didn’t actually enter the purchase 
page, making “buy now” an invalid 
action.
Observation 4: repeat observation 1
......
Repeat the unavailable action “buy now” 
until the maximum length limit is 
reached.

Task Instruction：I want a 4-color 
smartwatch case, easy to install, under 
$40.
Thought 1: The task is to find a 
smartwatch case with 4 colors, easy 
installation, and under $40. I’ll use 
precise keywords: “smartwatch case 4 
colors easy install under $40” to cover 
all requirements.
Action 1:  search[smartwatch case 4 
colors easy install under 40]
Observation 1: A series of items and 
their descriptions
Thought 2:The first product 
(B094FG9TW8) lists four colors, costs 
$8.99, and fits Fitbit models. “Easy to 
install” isn’t in the title, it's a common 
feature for such cases, and I can verify 
this detail on the product page.
Action 2: click[B094FG9TW8]
Observation 2: Detailed description 
about[B094FG9TW8]
Thought 3: To verify \"easy to install,\" I 
need to check product details.
Action 3: click[Features] 
Observation 3: A more detailed 
description of [B094FG9TW8]
Thought 4: The \"Features\" section 
confirms the installation ease.
Action 4: click[Buy Now] #The feature 
interface does not have the “Buy Now” 
action.
Observation 4: repeat observation 3
......
Repeat the unavailable action “buy now”  
until the maximum length limit is 
reached.

Figure 3: A qualitative case study on the Webshop task “find a smartwatch case with four color options, easy
installation, and under $40.”, comparing the behavior of our agent against the MPO and Deepseek-R1 baselines.
The figure contrasts our agent’s successful and efficient four-step plan with the failure of the baseline methods,
which ignore environmental feedback and repeatedly execute invalid actions. Red highlighting indicates our agent’s
effective reasoning, while green marks the incorrect decisions of the other method
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