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Abstract

In this paper, we propose an accelerated stochastic step search algorithm which combines an accel-
erated method with a fully adaptive step size parameter for convex problems in [18] with stochastic
step search analysis in [15]. Under appropriate conditions on the accuracy of the estimates of gra-
dient and function value our algorithm achieves expected iteration complexity of O(1/+/€) to reach
an e-accurate solution which satisfies f(z) — f. < e. This complexity matches with the iteration
complexity of deterministic Nesterov’s accelerated and FISTA algorithms [1, 12, 13]. This paper
continues the line of work on stochastic adaptive algorithms studied in [2, 3, 15] and is the first one
to develop an accelerated gradient descent type algorithm in this domain.

1. Introduction

We consider the stochastic optimization problem min,cg» f(x), where exact values of the function
and its gradient may not be computed exactly. Instead we assume that an optimization algorithm has
access to some stochastic oracles which return estimations of the gradient values and the function
values. We will specify these oracles and their properties later in the paper.

We make the following standard assumption.

Assumption 1 We assume that f is convex and L-smooth.

Stochastic Gradient Descent (SGD) [17] and its variants [7, 9] is one of the most popular ap-
proach for stochastic optimization. Most of the variants of SGD take a (usually diminishing) se-
quence of steps with precomputed step sizes along the direction of negative stochastic gradients.
No function values are computed to check the progress of the algorithm. In deterministic setting
a fixed step size whose value is usually proportional to the inverse of L guarantees algorithmic
progress. In practical deterministic optimization, however, it is very common to try out step size
parameter values and select them based on the achieved progress rather than a guess of a global
constant L, which can be too conservative. Three of such adaptive algorithmic frameworks are line-
search, trust-region and adaptive cubic regularization methods [6, 14]. Recently, all these methods
have been analyzed in stochastic setting and shown to maintain favorable convergence properties
under various conditions on stochastic function oracles [2, 3, 15].

Accelerated gradient methods, on the other hand, do not easily lend themselves to fully adap-
tive modes. The step size parameter can usually be decreased on any given iteration, but it cannot
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be increased between iterations as is done by the line-search, trust-region and adaptive cubic regu-
larization methods. In addition the complexity analysis of accelerated first order methods is quite
different from those of line-search, trust-region and adaptive cubic regularization methods. For the
latter, complexity analysis relies on the fact that the objective function decreases by at least some
fixed amount on each step. This, however, does not necessarily hold for accelerated methods.

Since the success of accelerated gradient methods, researchers have worked towards adapting
this technique to stochastic settings [8, 10, 19-21]. Without assuming vanishing variance, SGD has
a worse iteration complexity than Gradient Descent, which is O(1/€?) compared to O(1/¢) [11].
Naturally, applying the stochastic gradients straightforwardly to the accelerated momentum does
not necessary lead to better complexity.

Contributions. In this paper we analyze an accelerated method, introduced in [18], which allows
for increase and decrease of the step size parameter based on progress. We apply this algorithm
in stochastic setting and extend the framework of [2, 15] to derive expected complexity bounds of
O(1/+/¢) for this method. Our analysis does not require gradient estimates to be unbiased, but it
does require that the variance diminishes sufficiently fast. The gradient error is of a similar order as
in [20], where an accelerated method is analyzed under deterministicly inexact setting and without
line search. In contrast with that paper our assumption on the gradient error is only in expectation.
We are able to adapt the martingale arguments used in the analysis of prior adaptive stochastic
methods [2, 3, 15] to the new setting of accelerated methods, were function decrease is no longer
guaranteed on each iteration.

2. Function oracles

Let us define the oracles which our algorithm will call to estimate the values of our function and its
gradient.

(i) Stochastic first-order oracle (SFO(xg, 61)). Given a point x, the oracle computes g(x, &),
a (random) estimate of the gradient V f (), such that

Pe [llg(x,€) = V (@)l < kg Vf(2)[] =1 -1 4))

In summary, the input to the oracle is z , the output is g(z,{’), and the values (k4, d1) are intrinsic
to the oracle. (we omit the dependence on &’ for brevity)

(ii) Stochastic zeroth-order oracle (SZO(x ¢, o, ||g|, d2)). Given a point z and a constant
o > 0, the oracle computes f(x, £), a (random) estimate of the function value f(x). ¢ is a random
variable (whose distribution may depend on ), that satisfies

Pe ||f(2,€) — f(z)] < wpa®|g)?| > 1~ 6o )

(we omit the dependence on & for brevity).

3. Algorithm Framework

In this section, we describe the accelerated stochastic step search algorithm, which is based on the
variant of FISTA algorithm [1] introduced in [18] for deterministic exact optimization.
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Algorithm 1 Stochastic FISTA Step Search Algorithm
1: Initialization: Choose an initial point zo € R%. Sett; = 1,¢y = 0, let 25" = .
Set 0 < v < 1, 6y =y with a; > 0. Choose n € [1/2, 1].

2. fork=1,2,--- ,do

3:  Compute (), yx) = FISTAStep(z—_1, 2 ], tr—1,0k-1)

4:  Compute the gradient estimate g, = g(yx, &) using the stochastic first-order oracle and the
reference point p,, (Yx) = Yk — Ak G-

5:  Compute the function estimates f¥ = f(y, &) and fo= f (Pay (Yk), &) using the stochastic
zeroth-order oracle.

6:  Check sufficient decrease condition ¥ < f — ayn || gx|”.
7: If unsuccessful:
8: Set (zy, 21) = (z—1, 24 ) and tj, = t_1, then set a1 = Yoy and 6, = 0’“7—‘1.
9: If successful:

prev _ _ 0 _ _
10: i Set (xk, Ty, ) = (Pay, (Yk), Tp—1) and t, = ¢}, then set o1 = %, and 0, = aﬁl.
11: end for

Step (t0,1, yr+1) = FISTAStep(zy, 2}, ty, 0),) is defined as follows.

1 tr—1
th1 = 3 <1 +4/1+ 491&%) ; and ypp = o + :0 (zf — ). (3)

k+1

This update is slightly different from the one in [18]. The use of parameter 8}, allows for flex-
ible step size selection. At each iteration, Algorithm 1 evaluates the computed gradient for the
Armijo-type descent condition based on inexact function estimates. If the step is accepted, we call
such iteration successful iterations. Filtration. Algorithm 1 generates a random process given
by the sequence {Gy, A, F) ,i’ , F ,‘f }. The random gradient estimate is denoted by G}, and its re-
alization by g = Gy(w), {F{,F}'} denotes estimates of f(V}) and f(pa, (Y%)), similarly, we
have a;, = A, (w) (step sizes). To formalize the conditioning on the past, let F£" denote the o-
algebra generated by the random variables Gy, ..., Gy—1 and F§, F}, ..., F{ |, F} . Therefore
{F, kG_}f }i>1 is a filtration. Epsilon accurate solution and the hitting time N, to reach ¢ accuracy.
Let =* be a global minimizer of f and f, > —oo is the minimum value of f over its domain. We
say that z is an e-accurate solution of problem mingcgn f(z) if it satisfies f(x) — f« < e. For a
level of accuracy €, we aim to derive a bound on the expected number of iterations the algorithm
needs to reach the given accuracy level. Thus let us define N, as the hitting time for the event
{f(Xk) — f« < €}, where k is the iteration of the algorithm.

Definition 1 (True iteration) We say iteration k is true if ||gr, — Vf(yr)|| < kgl|Vf(yr)|| and

If2— fyr)] < /ifOé% llgx 2 fi = F(pay, (ye))| < Hfai llgr|l*, respectively. We use an indicator
variable 1 ,’C’”e to indicate that iteration k is true.

The condition on the accuracy of the gradient in a true iteration is known as the norm condition
and appears in various prior works [2, 4, 16] and similarly for function estimator [15]. Meanwhile,
[22] assumes similar gradient noise condition in expectation, and as a result, their analysis bound
the number of iterations until the expected function gap is small. Our assumption is more flexible
than that in [2, 15] as we do not require ~ ¢ to be smaller than a threshold. With these definitions,
we present our key Assumption 2.
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Assumption 2
(i) For every iteration k, the following bound holds:

1
2| G-F
E [H(Vf(yk) - Qk)” ’]:k—1] < W 4
1 1
Y G-F . p\| TG-F

E[(f — flye))|F7] < W, E[(f(zr) = fi)|Fe21] < W )

for some 3 > 0 and ' > 0.
1-— 1
(ii) Let n € [1/2,1] and kg < QJ < 3 There exists a probability p € (0.5, 1] such that:
-1
P(If|FEA) > pforall k > 0 ©)

Assumption 2(i) implies that variance of gradient noise has to decrease as a particular rate.
While this rate may appear complicated due dependence on «ay, and g, a is bounded from above
and we will show later in the paper that ¢, ~ k. This means that the imposed rate of the decrease of
the error is the same as that for the deterministic gradient error [20]. It follows from that work that
accelerated convergence rate is lost if the error in the gradient does not decrease at this rate. Here we
relax the bound on deterministic error and impose it only in expectation. Assumption 2(ii) is used
in prior work [2, 5, 15] and is needed to ensure that successful iterations happen sufficiently often
when oy is small enough (this is proven in Lemma 2 below). Satisfying these conditions depends
on the nature of gradient and function estimates and is discussed, for example in [5, 15].

4. Analysis
4.1. Bound on the Expected Hitting Time
Now we are ready to present our analysis, starting with a property for the step sizes { Ay }x>1.

1-— 1
Lemma 2 Suppose that iteration k is true. Let kg < QJ < 3 Then we have that if the step size

1—n—(2-
a, <a= (O.5L7—71— Z/Ef)(lnszzg) then the k-th step is successful.

Without loss of generality, we assume that ar; > @. Lemma 2 states that good model estimates
and sufficiently small step size leads to successful step. By Assumption 2(ii), we have that whenever
the stepsize is below a threshold &, the iteration has a probability p to be successful. The first part
of our analysis relies on this property to bound the expectation of the hitting time E(/N) using the
number of true successful iterations that are above a threshold a.

Theorem 3 (Bounding E(N,) based on E(Npg)) We assume Assumption 2(ii). We consider Npg
the number of true successful iterations with oy, > & :
Nrpg = 2\7;;1 1{ A > a} - 1{Iteration k is true and successful}. We have

2p a
— | 2E(V 1 — . 7
(2]9—1)2 < ( TS)+ 08 (Oé1>> (7N
The main proof of Theorem 3 is heavily based on a prior framework for line search methods

[5], where the same principle is further applied in [2, 15]. The remaining problem of analyzing
Algorithm 1 focuses on the expectation of Npg, which we present in the next section.

E(N,) <
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4.2. Bound on the Number of Large True Successful Iterations

In order to bound E(Nrg), we consider the stochastic process Ny = 2a5%““t3vy, + |ug||*, where
vg = f(zg) — frand ug = (t — 1)zt + &* — txa),. While vy, denotes the usual optimality gap, uy,
resembles the usual term in deterministic FISTA algorithm analysis [1, 18]. We also denote the step
size ap"“ = oy, where k' = max{k” successful , k" < k}, the step size at the previous successful

iteration prior to k. The next Lemma states that A, do not change during unsuccessful iterations.

Lemma 4 (Equation for an unsuccessful step) Let {x}}>1 be the iterates of Algorithm 1 and
the stochastic process N, be defined above. If iteration k is unsuccessful, then we have Nj, = Nj_1.

Lemma 5 shows how the quantity N}, changes in the successful steps of Algorithm 1, under the
assumptions of convexity and L-Lipschitz smoothness of the objective function.

Lemma 5 (Bounds for a successful step) Let {x,}1>1 be the iterates of Algorithm 1. We assume
1

Assumptions 1 and let n > 3 If k is a successful iteration then we have Ny, — Nj,_1 < By, where

By = 2t (V f (yk) — gr) "uk—1 + 2auti (fL — flyk) + f(xx) — D).

In Lemma 5 Bj, dictates how the noise of the model at iteration k affects the bound. Using
Lemma 5 and the Assumption 2(i) we prove the following Theorem:

Theorem 6 (Upper bound of the number of large true successful steps) Let {x}},>1 be the it-
erates of Algorithm 1. We assume Assumption 1 and Assumption 2(i). Then we have

V2D,

E[Nrs] < —. ®)
Qe
3(8+2)°  2(8+2)  6(8'+1)
where D1 = 3a 75(2)00—1'2”%”2+ 32 + B+1 G

Our final result is a straightforward corollary of Theorem 3 and 6.

Theorem 7 Let {x}},>1 be the iterates of Algorithm 1. We assume Assumption 1 and Assumption
2. The number of iterations N, to reach an € accuracy solution satisfies the following bound.:

BV < 15, 2 (2? + logy <§1>> | ®

where & is defined in Lemma 2 and D is defined in Theorem 6.

The (expected) iteration complexity of Algorithm 1 is (’)(6_1/ 2), which matches with the itera-
tion complexity of the deterministic accelerated momentum. Our result is especially helpful in the
settings where k is large, convergence is still guaranteed.

Remark 1 (Discussion and Future Work) The recursive bound in Lemma 5 demonstrate that sim-
ilar arguments can be used to analyze different stochastic algorithms where the deterministic analy-
sis uses the telescoping sum. For example, ones can apply this framework to the stochastic gradient
descent method and obtain the complexity of O(1/€) for convex setting. We can also derived similar
bounds to prior reference [15] for non-convex and strongly convex setting. One possible question
to explore is determining the circumstances under which our framework and Algorithm I can be
applied to the proximal problem with an additional non-smooth term. With the lack of sufficient
decrease in small proximal steps, such analysis is not straightforward. Thus this presents an inter-
esting problem for future work.
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Appendix A. Detail Proofs for Theorem 3

By the update rule of oy, in Algorithm 1, the stochastic process { Ay, }r>1 follows:

Ar=a1, Agp1 = { ,ZIkAk g gjzz z (1) (10)
Let us now define
I}Carge = 1{A; > a}, an
and
I}'°¢ = 1{Iteration k is successful}. (12)

Lemma 8 (Lemma 2.1 from [5]) We assume Assumption 2(ii). Let N, be a hitting time for { Ay }.
Let Wy, be a nonnegative stochastic process such that o(Wy) C Fy_1, for any k > 1. Then

Ne—1 Ne—1
E < > ka,’;"e> > pE < > Wk> . (13)
k=1 k=1
Similarly,

Ne—1 Ne—1
E (Z Wi(1 — I,Q’”"’)) <(1-pE (Z Wk> : (14)
k=1 k=1
Proof The proof is a consequence of properties of expectation:
E(L"| W) = E(E([™| Fr—1)| Wi) > E(p| W) = p, (15)

where we use the assumption that o (W}) C Fj_1.
Hence by the law of total expectation, we have

E(W,I™) = E(WLE(I™ W) > pE(W)). (16)
Similarly, we can derive
E(L{k < NIW,I™) > pE(1{k < N }W}), (17)
since 1{k < N} is also determined by Fj_;. Finally,

Ne—1 [e)
E ( Z W,gne) ) <Z 1{k < Ne}ka}gue) (18)
k=1

k=1
o) Ne—1
> pE (Z 1{k < Ne}Wk> = pE (Z Wk> . (19)
k=1 k=1

The second inequality is proved analogously.
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A.1. Bounding the number of steps for which o, < &

In this subsection we derive a bound on E ( kN Tta-1 ,lcarge)) The bound for E(3_% 6_11 large) is

in the next section.
Lemma 9 (Lemma 2.2 from [5]) Let { Ay }i>1 be the stochastic process defined in equation (10)
and oy > a. Foranyl € {1,...,T — 1}, we have

l

Z 1 _ large Isu(,(

k=1

(20)

[\D\N

Proof We count the number of successful iteration that has Ay, < @. In this case A1 = 7~ 1 Ap.
Since a1 > @, for each successful small iteration, when A;. gets increased by a factor of 7*1, there
has to be at least one iteration when Ay, is decreased by the same factor. It follows that amongst all
iterations, at most half can be successful and have A;, < a.

Lemma 10 (Lemma 2.3 from [5])
Let { Ay }i>1 be the stochastic process defined in equation (10) and oy > &. Also we assume
Assumption 2(ii). Then we have

2p

Ne—1 1
E (Z (1- I,i“’ge>> < —E(N,) Q1)
k=1

Ilarge

Proof By Lemma 8 appliedto W, =1 — we have

Ne—1 Ne—1
E (Z (1-— I,Large)f,gf‘Ie) > pE < d - I,‘jrge)> . (22)

k=1 k=1

From the fact that all true iterations are successful when oy, < @,

Ne—1 Ne—1
Z (1 . Illca.rge)Ilirue < Z (1 . Illcarge)fzucc. (23)
k=1 k=1
Finally, from Lemma 9
Ne—1
< N.—1 N
> (- L < o < o (24)
k=1

Taking expectations in (23) and (24) and combining with (22), we obtain the result of the
lemma.

A.2. Bounding the expected number of steps for which o > &

Now we consider the bound on E (fo;{ll llfrge) We introduce the additional notation I}, larget

1{ Ay > a} + 1{ A, = a}. In other words I,l:rgﬁ = 1 when either Ik 8¢ =1 or Ay = . We now
define:
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© Npg = SN M8 (1 — [e) [3¢ which is the number of false successful iterations with
A > a.

o Np = Z]kvgzl Illcarg“(l — I}™®), which is the number of false iterations with A, > a.

e Npg = Zi\[;;l] ,l:rgeJ'I ,f“elzucc, which is the number of true successful iterations with A; >
Q.

e Np = Zfﬁvjfll ,Largﬁl wu¢, which is the number of true iterations with Ay, > a.

o« Npy = SN L¥E Ie (1 — [39¢), which is the number of true unsuccessful iterations with
A > a.

« Ny = SN LY (1 — I3'), which is the number of unsuccessful iterations with Ay, > @.

Since E (0 1) = E (SN L0 - 1)) + B (S5 L) < E(Np) +
E(N7), our goal is to bound E(Ng) + E(Np).
Another key observation is that

N7 < Nrs + Nty < Nrs + Ny, (25)

where the first inequality follows from the fact that for all £ < 7" and for all realizations, (/. ,lf'rgﬁ —

1 . . . _
LYE)IMe(1 — I3') = 0, in other words there are no true unsuccessful iterations when Ay, = a.

Lemma 11 (Lemma 2.5 from [S]) Let { Ay };>1 be the stochastic process defined in equation (10)
and oy > a. Foranyl € {1,..., N. — 1} we have

l l _
Z I]iarge(l _ Ilscucc) < Z I]lcarge+Izucc + 1Og7 <O(Z> (26)
k=0 k=1

Proof A;, is increased on successful iterations and decreased on unsuccessful ones. Hence the total
number of steps when Aj > @ and Ay, is decreased, is bounded by the total number of steps when
Ay > ais increased plus the number of steps it is required to reduce A, from its initial value o to

Q.
From Lemma 11 applied tol = N, — 1, we can deduce that

Ny < Nps + Nrg + log, (a/a1). (27)
We also have the following lemma.
Lemma 12 (Lemma 2.6 from [5])

E(Np) < 1;pE(NT). (28)

large+
I k

Proof By applying both inequalities in Lemma 8 with W), = , we obtain

Ne—1 Ne—1
E ( D fiarg"*fg“"*) > pE ( > I;i“g°+> 29)

k=1 k=1

10
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and

Ne—1 Ne—1
E ( DL - I;?“)) <(1-pE ( > f;i“g“) (30)
k=1 k=1

which gives us

Ne—1 Ne—1
E ( (- I,;fue)) < 71&: ( > Il‘“ge*I‘f“e) . (31)
k=1

Lemma 13 (Lemma 2.7 from [5]) Under the condition that p > 1/2, we have

Ne—1
- 1 Q
large
E (kg_l I ) < oy 1 <2E(NT5) + log,, <a1>> . (32)

Proof Recall that E (ZNE 111arge) — E(Ng + Nr). Using (25) and (28) it follows that

E(Nrs) < E(Np) < 1;7”E(NT> < 1;]’MNTS 4+ Ny) = T{EWTS) +E(NVD). (33)

Taking into account (27) we have
E(Ny) < E(Npg) + E(Npg) + 1og7(64/oz1). 34)

Plugging this into (33) we obtain

1—
E(Npg) < Tp [E(Ngs) + 2E(Nrs) + log, (a/ai1)] (35)
and, hence,
2p—1 1-— 4
P E(Nps) < - [QE(NTS) + log,, (aﬂ : (36)
p p aq
This finally implies
E(Npg) < ——P | 9B (Npg) + log., (% 37)
FS S op—1 TS gy a )|

Now we can bound the expected total number of iterations when o > &, using (34) and (37) and
adding the terms to obtain the result of the lemma, namely,

1
E(NF + NT) < E(NF + Ny + NTS) < Z;E(NU + NTS) (38)

1 «
< 21 <2E(NTS) + log, (C”)) ) (39)

11
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A.3. Final bound on the expected stopping time

We finally prove the main theorem for the Step Search Framework which follows from Lemmas 10
and 13.
Proof Clearly

Ne—1 Ne—1
E(N,) =E ( > Il{jfge> +E ( d - Il{j‘f‘b’e)> (40)
k=1

k=1
and, hence, using Lemmas 10 and 13 we have

1 1 a
E(N,) < %E(Ne) t o1 <2E(NTs) +log, (m» : “D

The result of the theorem follows.

Appendix B. Detailed Proofs for FISTA update

Firstly, we present Lemma 14 showing how {«y, ti } behaves in the updates of Algorithm 1

B.1. Lemma 14 and Proof

Using similar arguments as [18], we can prove the following Lemma:

Lemma 14 Let {ay, ti} be the parameters in Algorithm 1 and let S be the set of successful itera-
tions. Then we have

. aiﬁcftifl > apti(ty — 1) for every successful iteration k,

. agt? > (X kesk<i Vr/2)? for any number of iterations K.
Proof

* From the update of the algorithm and the fact that & is successful:

L+ /1 +46,183
(42)

2 9

tk‘:tk:

we have 9k—1ti,1 =tr(ty — 1).
The statement of the lemma ai"_cfti_l > agtr(ty — 1) is equivalent to

succ

oty > apb_1. 43)

Let £’ be the previous successful iteration prior to k (k' < k), i.e. aj" = oyy. By the

definition of &’ we have a1 = %, and 6, = ~. Since the iterations from k&’ + 1to k — 1
are unsuccessful if &’ < k — 1):

g = agy - yFE (44)

O -1 = O T (45)

12
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thus
g, = apr - = g (46)
01 = ek/,yk:’-&-l—k: _ ,yk’+2—k: (47)
and it proves the statement:
b1 = ap - TR AR (48)

s agty > (Y4 sk<i Vk/ 2)2 for any number of iterations K. This follows from the proof
of Lemma 3.4 in [18]

B.2. Proof of Lemma 2: Accurate gradient and function estimates and small step size =
successful step

Proof Using the triangle inequality we get | gx|| > (1 — Kg) ||V f(yx)||. The L-smoothness of f
and the fact that || gr, — V f(yr)|| < Kg||V f(yr)| yield

L 2
FPar (W) < ) — (V£ (k) — 91) gk — oy lgll” + % lgxl?

Lao?
2 2
< Fw) + g0 sl 197l — o g + o i

< flyr) +

K La?
e llonll® = e lgell” + =5 lgll” (49)
kg

2
, We

Since the estimates satisfies | f} — f(yx)| < 2NFP — f (Do ()| < Kpad ||gn

obtain

f]f < ’ifai Hng2 + f(pock(yk‘))

La k
ay lgkll” — oy llgll” + lgill” + & pa [|gn)?

K/
< wpad |lgrll® + fyx) + T
g

< rpoi lgell® + (f () = f) + f7 +

LO[ 2
Okang — ay, [lgxll* + " llgl

Lo
< 2+ 26508 gl e loll” = o llgell* + 7’“ lgell” (50)

K
+ g
1 — kg

The result follows by noting 7 < f’ — a, ||gk|* (1 %9 o (L + 2/<;f)).

—Kg

B.3. Proof of Lemma 4: Equation for an unsuccessful step

Proof From the updates of Algorithm 1, we get the following dynamics of the triplet (z, 28", t),):

(2, 2" ty) = (21, 28], ti—1) for every unsuccessful iteration k (5D

13
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prev

From this property and from the definition of u; and vy, (involving ¢y, xy and ;. ), we get that

U = Up—1 and vy = VE_1 (52)
Finally, from the definition of o}, it follows that when £ is not successful then ;" = a7“7.
Combining these with the fact that tk, ug and vy are invariant, we obtain the desired equation N}, =
Nj_1 for every unsuccessful iteration k. |

B.4. Proof of Lemma 5: Bounds for a successful step

Proof Since k is a successful iteration, we have f/ < f¥ — apn|gkl®. Also (zg,a}") =

(Pay, (k) T—1)s tpe = tk Hence we have

Flar) < Flyr) — awn llgell® + () — 21+ [ — flun)l. (53)
Combining this with the convexity of f at x and y;, that
fl@) > flye) + V)" (@ = ), (54)

we have

F@) = for) = Vi) (@ —ye) + own lgill® = [(FF — flun) + (F(@e) — D). (55)

Apply this equation for x = z;_1 and x = =™ we have

F@r-1) = F(or) = V) @1 — k) + o llgell® = [(FF = fluw) + (F(r) — )],
F@*) = flae) = V) (@ =)+ arnllgell® = [(Ff = o)) + (F(ae) — )] (56)

Let vy, = f(xg) — f(x*) then

)
Oke1 — 0k = V) T (@ro1 — yk) + on lgell® = [(FY = Fuw)) + (f(zi) — D),
—ve > V() (@ = ye) + an lgell” = [ = Fu) + (f(zx) — £2)]. (57)

Multiplying the first equality by ¢, — 1 and adding to the second equality, we get

(te — Dvg—1 — tgor > Vi (y) T (8 — Dag—1 + 2% — tyyr) + teown ||gx )
— te[(f = flur)) + (f (z) — f)]- (58)

Multiplying the previous inequality by t; we have

tr(te — Dvg_1 — thog > 4V F () T ((te — Dag_y +2* — tryn) + trewn ||gxl
— (L = Fuw) + (f () — fD)]. (59)

Now using the fact that z; = pa, (V) = Yr — kg, we get that ai g, = yi — x%. Therefore

tre(ty — Dog_q — tivk

> th[V (k) — g + 98] T (s — 1Ty + 2% — tryn) + o% e (e — 22)])?

14
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— 21 = Fl)) + () — 1)

> gl (1 — Vi " —tin) + 1 low o — )|
S ) — )T (b — Vs + 2" — tegn) — B — Fe) + (Fln) — D)
> tm (= 20) (= Dot +0 = i) &~ ta s~ )|

0V F(00) = ] (= Direcs + 5 — i)~ BIY — F)) + () — £
> tkalk( ur— o) (b — Vg + 2 — tezg) + tkalk(yk — ) T — )
o oo = )P+ 66V ) = 9] (01 = D + 27 = )

210 — Flm)) + () — D)

> thm (o= o0) (e — Dowcs +0° = tin) = - el = )P

ol = )P+ 06V ) = 9] (01 = Do + 27 = i)

— 1) — fluw)) + (f(zi) — fD)]- (60)

Multiply the final statement by 2a, we get

20ty (t — 1)vp_1 — 2aptiuy

> 2y — 21) T (b — Dag—1 + 2" — tywg) — 2 |[tw(ze — v

+ 20 [tk (ye — 20)|1” + 200tk [V f () — 9] T (B — D1 + 2° — tye)

= 20083 [(F = f(ur)) + (f(zx) = D). 61)

Now we consider the following term:

A =2t (g — x1) ' (e — Dag—1 + 2% — ) — (e — wo)lI° - (62)

Leta = t(yx — x), b = (txp — V)xk_1 + ™ — tz We have

Since k is a successful iteration, we have that Ty

A =2t (y, — xx) (b — Dag_y + 2% — tgay) — [[tr(zs — ue)|?
= 2ab — a?
=b> —b? + 2ab — a® = V* — (a — b)?
= [I(tk — Dag—1 + 2% — tpael” — |(te — Dag—1 + 2% — tpap — trlye — 20)||
= |(tk — Dagoy + 2™ — trag|® = |t — Dag—r + 2 — tryil - (63)

PreY — 21._1. From the definition of wuy,

Up = (tk — 1) Prev o — LT, (64)

we have that

ug = (ty — Dxgp_q + 2 — tpxg. (65)

15
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Now from the FISTA step:

tg—1—1
Yk = Tk—1 + T(xk 1=z, (66)
we have
teyr = tek—1 + (te—1 — 1) (xp—1 — 2} 7). (67)

Combining these equations with (63) we get:

A= |(te = Dapoy + 2% — tgapl|” — ||tk — Dazp_r + 2™ — teyi]|”

2
= [lukl® = || (tr = Va1 + 2% — thag—1 — (o1 — D) (@r1 — 27|
= HukH — H—tk 1Tp_1 + 25+ (tk 1—1 .’L‘pTEUH
= [lukl® = [|—ur— |- (68)

Substituting back to previous equality (61) we get
20tk (ty — )vg—1 — Qakt%vk
> Nl = llur—1ll* = ltx(@e = wo)lI” + 20 It (yr — 20) 1> + 2008V f () — 98] " (—tte—1)
— 2043 [(fY — fur)) + (f (@r) — f7)]
> JJukl|* = k-1 ]* + (20 = 1) ltx(yr — 20l — 20080V £ (yk) — 98] w1
— 202 [(f — flyk)) + (flz) — £D)]. (69)
Note that > 3 we have (2 — 1) ||t (yx — z)||> > 0 and

2oty (te — Dvg—1 — 2agtivy, > lugl® — ur—1]]* — Bx (70)

where By, = 200ty (V f (yi) — gi) "wup—1 + 200682 (Y — flyg) + flzx) — f1).
From Lemma 14 we have azljcfti_l > ayt(ty — 1) for every successful iteration k. Also since
k is successful, we have oy, = a7“““. Thus we have the final bound of Lemma 5. |

B.5. Proof of Theorem 6: Upper bound of the number of large true successful steps

Proof We have
Nk —No = Z (N — Ni—1), (71)

k€S, k<K

for every index K. We apply Lemma 5 for successful iterations and have

Ni —No = Z (My = Ni—1) Z By, (72)
kES k<K kES k<K
By the definition of Aj:
(QasthuK + ||uK||2) - (2agmtgvo n ||u0\|2) < Y B (73)
keS k<K

16
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where by the definition of By,

By = 20yt (Vf(yx) — gr) "up_1 + 20wt (f) — flyr) + flax) — fF). (74)

‘We further have

K
Y B<| D B < ) Bl <) |Bi
k=1

kESk<K keS k<K keS k<K

K
< ot (Vi (k) = gr) " un—1 + 20kti (fY = Flu) + flax) — f1)]

k=1
K K
< 200tk [(V f (k) — gl - Nw—a |+ 201 (F = Fuw)) + (F (k) — fD)]
k=1 k=1
(75)
and plugging back to the previous inequality, we have the following for every iteration K:
K
205 thevre -+ lucl” < (205" “tu0 + luol*) + D7 200l (V. () = i) - a1
k=1
K
+ > 20kt |(f = flur) + (F(x) — £D) (76)
k=1
Ignoring the positive term 204%‘6%%{11 K, We have
K
lusc1” < (20580 + luol*) + D 20utill(VF () = gl - 1
k=1
K
+ 20kt |(fE — flur) + (F () — £D) (77)
k=1

Changing the index of the second term, we have

K-1
lurcl” < (205%t8v0 + lluol*) + Y- 201841 (VS Wri) = gl - ]
k=0
K-1
+ ) 20pti (£ — Fka)) + (F@ra) = 1240
k=0
< 20"“tgvo + |luol|® + 200t1 [ (V£ (1) — g0)l| - [[uo]
K-1
+ Z 204k+1tz+1’(f1§+1 = f(Yry1)) + (f(Trg1) — f;f+1)\
k=0
K

+ Z 20 1t 1 [[(Vf (Yra1) — gero) || - [Jual]
=1

17
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K

< Sk + Y i llull,
pa

where

Sk = 208" “tivo + |[uoll* + 20101 | (V f (1) — g1)|ll}uo |+
K-1

+ Z 2ak+1ti+1|(f/f+1 = f(k+1)) + (f(@rs1) — f/f+1)\
k=0

e = 20t [(V f (k) — )|

We have

Sk, = 205" “t3vo + |[uoll* + 2011 |(V f (1) — g1)|llluol| + Fi

where Fj, = 3070 204182 [(f20y — Fwir1)) + (F(min) — 7).

(S)2 = (/20804300 + [uo® + putluoll + Fi

< /205w t3u + luoll® + 123 + l[uoll? + By

< /20500 + 2 Juoll® + 1 + Fi

1/2
< (205 tvo + 2 |uol?) "+ + (F)* = Gy + p + ()12

1/2
where C = (Qagucct%vo +2 ||u0||2) is a constant.
Thus applying Lemma 1 in [20], we have for every k:

K k 2\ 1/2
1 1
HWKQXMm+‘%+@ZMm>
i=1 i=1
k k+1
<Y mir+ S+ O (B
=1 i=1

Dropping the term |lux||* in the inequality (76) and using the bound on ||uy|| we have:

QQ%‘CCt%(UK
K

< 205" “tgvo + |luoll* + > 200t | (V (k) — gie) | - k1|
k=1

K
+) 20083 (£ = f(ur) + (f(zn) = £7)]
k=1

K
< 2088200 + ||uo||? + Z,Uk Nug—all + Fx
k=1

18
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K r ok
< 205" “tgvo + [luoll* + Y - | D pi+ O+ (F)'? | + Fie
k=1 Li=1
K [k T K K
< 20§ “tgvo + luoll* + Y - | D mi| +Cv Y e+ (Fr)' Y+ Fie
k=1 =1 k=1 k=1
K k=1 7 K 1 K 2 1
succy?2 2 . 2 Z 2 -
< 203 “tfun + luoll®+ 3 e |3 S| + > uk+ 50T+ (wa) + g Hic T
k=1 Li=1 | k=1 k=1
K k- K 5
succy2 2 . 2 b
< 3ag"“t2v + 2 |Juo|| +3kzluk- [Zm +2;Nk+2FK (84)
= 1= =

2
where the last line follows from (Zszl Nk) =2 Z,If:l M [Zfz_ll m} + Zszl 47 and the

fact that 107 = af"““t3vy + || wo|?.
Recall that N, be the stopping time that N, = inf{k : vy < e}. Hence for every K < N, — 1,
we have that v > € and

2003,

Bagectvo + 2 |fuol® +3 4y - |85 ] + 25000, wE + 3Pk
VK
- Bagtuo + 2 Juoll* + 3 35y [Z?:_ll :Uli} +23 R+ 3FK

(85)

€

Let N%(S be the set of true successful iterations with a, > &, k < K and N{fs be the cardinality

2
of that set. Using the inequality a§¢ct2, > (Zkes,kgK \ /ak/2) for K < N, — 1 from Lemma
14 we have

2 2
2 1
aRet > | D Ver/2| = > V2| = (N%(S\/Eﬂ) = Z(NZI“(S)Qa'
keS k<K keNE k<K
(86)
Substituting this to the previous inequality we get the following for K < N, — 1
9 K k—1 K 3
K \2 succy2 2 . 2 e
(N7s)* < = [3% tvo + 2 |uol| +3;Mk' [2# +2kzluk+ SFx| 8D
= 1= =

Let IX be the event K’ < N, — 1. Taking total expectation we have:
E[(N7s)?]

3
[3048“0%(2]1)0 + 2|Juo|* + 3E +2E + 5E[FK]

k=1

K
> K
k=1

< —
ae

19
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K k-1 K
2
< — [3618““753110 + 2 luo)|* + 3E (Z > E [um]) +2F (ZE [ui})]
k=1 1=1 k=1
2

K
+&6EE<§ﬁM%mﬂﬁf@w+f@wﬁm) (88)
k=1

where the last line follows from the general Wald’s identity as it satisfies the following condi-
tions:

Lemma 15 (Wald’s identity) Assume that
* { X, }n>0 are finite-mean random variables.

* N is a stopping time for the sequence { Xy, } n>0

* The infinite series satisfies

D E[Xnll{nzny) < oo

n=1
Then we have
N N
E|Y X.|=E ZE[Xn]]
n=1 n=1

From Assumption 2(i) we have:

<

. , 1
E [p3 FeT] = E [0 21V f () — g 1P| 7]

< o5 (89)
which leads to
102 . 1
thus
1
G-F
E [#ku:k—l] < 717058 on
Taking the total expectation we have
9 1 1
E [1i] < 15 and B ] < 5555

92)

Now we consider the quantity E [Nk ui]f,f_'lf ] where ¢ < k. From the definition of F] ,?_If we have

that it contains the information of gx_1, f,‘g_l, f,f_l and yy_1, thus determines the quantities in step

6-10 of Algorithm 1 and includes p—1 = 20 _1tk—1[[(Vf(yr—-1) — gr—-1)||-
Hence for every ¢ < k we have p; € F, ,?j’ and

E [l FEoT] = E [l FEN T 93)
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Now we consider the following term for: < k < K:

E [peps] = E [E [l 7] ©4)
= E [E [pe| FEEN] o]

2] fr]

= WE [E [Mz|fzcilpﬂ
1 1
~ E1+0.53 j1+0.58

Using similar derivations in the previous bound (88) we have:

E[(N7's)’]
9 K k-1 K
<= [3ag““t3vo +2||ug||® + 3E (Z E [0 1 ) +2E (ZE M])]
k=1 1=1 k=1

K
+2 [315 (ZE (ntR Y = Fum) + S (ax) = fé’\))]
K

k—1 K
succ 1 1
3o “t3ug + 2 ||uo||* + 3E (Z 17058 Z 7170, 5,6‘) +2E (Z W)]

IN

)

e
-

+ —
Qe
Note that
1 1 © B+2
;k1+055<1+2k1+055<1+/1 x1+055d 3
K
1 © 1 B +1
; k1+ﬁ’ <1 +Z AR +/1 o e = 3
and

=

> 1 B+2
kZ::kQ-i—ﬁ <1+Zk2+6 <1+/1 x2+6d$:5+1

we have the final bound for E[(N£)?]:

2 3(+2)  2(6+2) , 6(8+1)
K \2 succy2 2
BN < 2 (30 + 2 uolf + 205254 2L SELD ] g
Finally, by the expectation inequality we have:
2 38+2)% 2(8+2)  6(8+1)
K suce 2
E[NTS}S\/% oo + 2 uol 4 2L 4 20D L ATED ] o)
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for every K < N, — 1. Thus

CCEENECRRINCCED |

2
E[Nrg] < \/de [30[8“0%(2)110 +2 ||u0H2 +

22
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