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Abstract

Binary statistical decision making involves choosing between two states based on
statistical evidence. The optimal decision strategy is typically formulated through
a constrained optimization problem, where both the objective and constraints
are expressed as integrals involving two Lebesgue measurable functions, one
of which represents the strategy being optimized. In this work, we present a
comprehensive formulation of the binary decision making problem and provide
a detailed characterization of the optimal solution. Our framework encompasses
a wide range of well-known and recently proposed decision making problems as
specific cases. We demonstrate how our generic approach can be used to derive the
optimal decision strategies for these diverse instances. Our results offer a robust
mathematical tool that simplifies the process of solving both existing and novel
formulations of binary decision making problems which are in the core of many
Machine Learning algorithms.

1 Introduction

Binary statistical decision making (BDM) involves selecting between two possible states using
statistical evidence. This approach is applied across various fields, from classical statistics to machine
learning. A notable example is the Neyman-Pearson problem [[18]], which establishes the optimal
strategy for testing two hypotheses and serves as the foundation for optimal detectors. Beyond
classical statistics, BDM problems are used in many machine learning applications, such as detecting
out-of-distribution (OOD) samples [[L1} 14, 6 15, [15} 10, 2 21} 20} 22} 23], designing selective
classifiers [[13 [12} |4} [8, 9], and developing selective classification in the presence of OOD data
(SCOD) [24}116}[7] to name a few.

Instances of BDM determine the best decision-making strategy by solving a constrained optimization
problem involving Lebesgue measurable functions in both the objective and constraints. Understand-
ing the structure of this optimal strategy is crucial before deploying efficient methods to find it. The
Neyman-Pearson lemma, a well-known example found in many statistics textbooks, states that an
optimal detection strategy relies on comparing the likelihood ratio of the underlying distributions
with a threshold. Therefore, learning a detector from examples involves effectively approximating
the likelihood ratio and then tuning the decision threshold.

However, defining the optimal strategy for various BDM problems is generally challenging, often
taking several years to discover. For instance, the Bounded-Improvement and Bounded-Abstention
models, serving as formal definitions of optimal selective classifiers, were first introduced in [19].
The optimal strategies for these two BDM problems were initially described in [8], marking a 14-year
period of development. Another recent example is the work of [24], who developed a method for
learning a selective classifier handling inputs contaminated by out-of-distribution data, so called
SCOD problem. Although they formulated an optimal SCOD selection strategy to accept input
samples as a solution to a novel BDM problem, they did not analyze the optimal strategy directly.
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Instead, they proposed a selector strategy named SIRC, combining two detectors using heuristically
chosen non-linear functions. In a recently published paper [16], the authors derived an optimal
solution for the SCOD problem, demonstrating that the optimal selective strategy involves a simple
linear combination of the two detectors. Empirical evidence confirmed that the optimal linear strategy
consistently outperforms the heuristic SIRC, despite its minor change. This example underscores the
advantages of understanding the structure of the optimal solution to underlying BDM problems.

In this paper, we present a comprehensive formulation of the BDM problem and thoroughly charac-
terize the optimal strategy. Our framework encompasses various BDM problems as special cases,
enabling us to derive optimal decision strategies for these instances. This provides a robust mathe-
matical tool for solving both existing and new BDM problems. The related theorem is highly general,
applying to both discrete and continuous instance spaces without requiring the differentiability of
decision and loss functions, unlike common proof techniques based on Lagrange duality.

To illustrate the impact of our work, in Section 2] we formulate several practical modifications of
existing BDM problems. In Section {4, we demonstrate the derivation of their optimal strategies
using our main result, which characterizes the optimal strategies of a generic BDM as presented in
Section[3l

2 Examples of existing binary decision making problems

In this section, we present various examples of BDM problems, with a focus on the significant
application of designing a selective classifier in the presence of out-of-distribution (SCOD) sam-
ples [24}116]. We note that while selective classification itself is not the contribution of this paper,
it serves to illustrate the practical importance and diversity of BDM formulations in addressing a
recently emerging problem in the machine learning community.

Consider a given classifier h: X — ), where X is the instance space and ) a finite set of labels.
We assume the classifier h was designed to minimize the prediction loss £: ) x ) — R. Our task
is to equip the classifier h with a binary stochastic decision strategy ¢: X — [0, 1]. The strategy ¢
acts as a selector for input samples. The input sample z € X is accepted for prediction by h with
probability ¢(z) and is rejected otherwise. Thus, the pair (h,c¢): X — Y U {reject} forms a reject
option classifier [3]]:

_ h(x) with probability c¢(z),
(h, c)(z) = { reject with probability 1 — ¢(x).
We assume the following statistical model of the data. Input samples are generated from a mixture
of two distributions: the in-distribution (ID) p;: X — R, and the out-of-distribution (OOD)
po: X = Ry. Thus, the input sample x € & is generated from

p(z) =pi(z) (1 —7) +po(x) 7, ¢))
where 7 € [0, 1] represents the portion of OOD samples in the mixture. Furthermore, if the sample
x € ) is generated from the in-distribution, a latent label y € ) is generated according to the
distribution p(y | ).

In the outlined statistical model, prediction uncertainty arises from two main sources: i) inherent data
uncertainty (aleatoric uncertainty), stemming from the stochastic relationship between the input = and
the latent label y, and ii) distribution uncertainty, which arises from input samples potentially coming
from either in-distribution or out-of-distribution sources. We will explore six different BDM instances
to develop a selector ¢ that admits an input sample z for classification with /& only when the prediction
uncertainty is below an acceptable threshold. Each instance defines an optimal selector in a unique
way. In Section 2.1} we described the Neyman-Pearson formulation of the OOD optimal detector [18]],
which addresses only distribution uncertainty. Sections [2.2]and [2.3|cover the Bounded-Improvement
and Bounded-Abstention models [[19], addressing only data uncertainty. In Section we describe
the SCOD problem [24]], which defines the optimal selector addressing both distribution and data
uncertainty. Additionally, Sections [2.5]and [2.6] give examples of two novel practical variants of the
SCOD problem.

The primary contribution of this paper is a framework for solving a broad range of BDM problems.
In Section[3] we detail the main theorem that characterizes the optimal solution for a generic BDM
problem. In Section[d] we demonstrate how to apply this theorem to find solutions easily for all the
BDM instances described here.



2.1 Neyman-Pearson (NP) detector

Assume our goal is to design a selector strategy ¢c: X — [0, 1] that accepts only in-distribution
(ID) samples and rejects out-of-distribution (OOD) samples. In other words, c functions as a binary
classifier to distinguish ID and OOD samples. We will characterize the strategy c using two metrics.
First, using the True Positive Rate (TPR) representing the probability that ID sample x is correctly
accepted by the strategy:

W@ZLM@WM% @

Second, using the False Positive Rate (FPR) representing the probability that OOD sample zx is
incorrectly accepted by c:

fpr(c) = /Xpo(ac) clx)dx . 3)

Given maximal acceptable FPR, fpr > 0, the NP task is to find a strategy c* that solves the

following BDM problem [[18]:

max
t Lo f < f . 4
,, pax tor(e) st fpr(c) < fpra @
A well-known solution to the NP task []is the strategy:

1 if g(x) <6,
c*(x) = { T il g(z) =0, 5)

0 if g(z)>40,

_ po(=)

where g(z) = 795 is the likelihood ratio, § € R is a decision threshold, and 7 € [0,1] is a
probability of acceptance when g(z) = 6.

Knowing the structure of the optimal strategy simplifies its construction significantly. The key to
an optimal decision is accurately modeling the likelihood ratio g(z). Once the likelihood ratio is
known, finding the optimal strategy involves setting the threshold 6 and the randomization parameter
7, typically done by tuning these parameters on a validation sample. Moreover, if p;(x) and po ()
are continuous, the randomization parameter 7 can be arbitrary since the event g(x) = 6 has zero
probability of occurring.

2.2 Selective Classification: Bounded-abstention model

Let us consider the ideal scenario where the input instances * € X are solely generated by the
in-distribution py(z), meaning the out-of-distribution portion in the model (1)) is 7 = 0. Our aim
is devise a selection strategy c: X — [0, 1] that accepts only those input samples 2 € X where the
prediction loss £(y, h(x)) is likely to be small. We will characterize the strategy ¢ using two metrics.
First, we employ the notion of coverage:

00 = [ prle)ela)da ©
X
which reflects the probability of accepting an input sample. Secondly, we introduce the concept of

"selective risk":
I3 pr(z,y) Ly, h(z)) e(x) do

RS(h,c) = Y4 . %)

¢(c)

representing the expected prediction loss £: ) x ) — R on the accepted samples.

Given a minimal acceptable coverage w > 0, the bounded-abstention model defines the optimal
selector strategy as the solution to the following BDM problem [19]:

: s
heyXITilen[o,l]XR (h,e) st ¢c) > w. (8)

The solution to the bounded-abstention model (8] consists of the Bayes predictor

h*(z) = argmin, > pr(y | z)0(y,y")
Yy



and the strategy [8 [9]:

1 if r(z) <9,
c*(x) = { T if r(x)=20, 9)
0 if r(z)>4,
where
r(z) =Y _pi(y|z) Ly, h(z)) (10)
yey

is the conditional risk of the classifier & for the input x, § € R is a decision threshold, and 7 € [0, 1]
is a probability of acceptance when r(x) = 0.

Note that the BDM problem (8) was formulated in [19], but the optimal solution (9) was not derived
until 14 years later in [8].

The values of § and 7 depend on p;(z, y) and w, and in practice, they are tuned on validation data
once a good model of the conditional risk 7(z) is established. While this process can be challenging
and needs be addressed for each problem separately, it is still significantly easier than tuning an
unknown function. For example, discretizing the possible values of # and 7 and conducting an
exhaustive search, although not always optimal, has proven effective in practice.

The additivity of the risk R® allows h to be optimized independently of ¢, resulting in the Bayes
predictor for all problems discussed in the following sections. Therefore, from this point on, we will
focus solely on optimal strategies for c.

2.3 Selective Classification: Bounded-improvement rejection model

A symmetric definition of the optimal selector strategy is provided by the bounded-improvement
model. Given a maximum acceptable selective risk A > 0, the optimal selector is the solution to the
following BDM problem:

max ¢(c) st. RS(h,c) <\, (11)

,C

The solution to the bounded-improvement model (TT)) is similar to the strategy (9), differing only in
the specific values of the decision threshold # and the randomization parameter 7 [9].

2.4 Selective Classification in the presence of OOD data (SCOD)

The SCOD problem integrates the objectives of the Neyman-Pearson task and bounded-abstention
models. The aim is to design a selector strategy ¢ € X — [0, 1] that accepts an input sample z if it
is likely to be correctly predicted by A and unlikely to be generated from the OOD. Formally, the
objective is defined using three metrics: True Positive Rate tpr(c), equation , False Positive Rate
fpr(c), equation (3) and selective risk R3(h, c), equation (7). Given the relative cost o > 0 and the
minimum acceptable TPR, tpr > 0, the goal is to find a strategy c* that solves the following
BDM problem [24]:

min

i 1—a)R5(h, f Lot > tpr,.. . 12
ey R [(1—a)RP(h,c) +afpr(c)] st tpr(c) > tpryy, (12)

The solution to the SCOD problem (I2) is the strategy [16} [7]:

1 if s(z) >0, ator. .
c*(z) = { T if s(x)=6, where s(z)=r(z)+ @g(x) (13)
0 if s(z)<6 l1-a

for a € [0,1) and s(x) = g(x) for o = 1. Here, r(x) is the conditional risk , g(z) = ’;‘I’—((z)) is
the likelihood ratio, 8 € R is a decision threshold, and 7 € [0, 1] the acceptance probability for the

case s(x) = r(z).

The BDM problem (12) was formulated in [24]. The optimal solution for continuous distributions
was recently derived in [[L6], and the solution for the general case was provided in [7]].



2.5 SCOD: bounded TPR-FPR

To demonstrate the versatility of our framework, we will present two novel variants of the SCOD
problem in in this section and the next. While the optimal solutions to these new formulations are
unknown, they can be easily derived using the framework proposed in this paper, as we will later
show.

The original formulation of the SCOD problem (T2) relies on the user-defined relative cost c.
However, this assumes that the prediction loss £: ) x ) — R and the cost for incorrectly accepting
the OOD sample share the same units, which is not always practical. In such cases, it can be useful to
remove the FPR from the objective and impose a hard constraint on it instead. Specifically, we can
alternatively formulate the SCOD problem as follows. Given tpr,;, > 0 and fpr > 0, the goal is
to find a strategy c* that solves the following BDM problem:

min max

i RS(h, Lt > tpr,; d f <f . 14
pey il (hc) s pr(c) = tpry,, and  fpr(c) < fprp,,, (14)
In Section[d] we will prove that the optimal solution to the problem (T4} is the strategy:
1 if s(x) <@,
c(x)y=< 7 if s(z)=0, where s(z)=r(z)+ Bg(x), (15)
0 if s(z)>4,

with 6 € R as the decision threshold, 7 € [0, 1] as the acceptance probability when s(x) = 6, and
B € R as a constant depending on the problem setup.

2.6 SCOD: bounded Precision-Recall

Assume the portion of OOD samples 7 is known or can be estimated. In some applications, it is
useful to replace FPR with precision, which is the proportion of true ID samples among all accepted
inputs. Precision prec(c) is defined as:

_ (1 —m) tpr(c)
prec(c) = fpr(c) ™ + tpr(c) (1 —7)
If we want to avoid defining the relative cost, as in @, we can formulate the SCOD problem as
follows. Given tpr,;, > 0 and prec,;, > 0, the goal is to find a strategy c* which solves the
following BDM problem:

min R5(h,c) s.t. tpr(c) > tpr,,;, and prec(c) > prec

16
heYX ce[0,1]¥ (16)

min

In Sectiond] we will prove that the optimal solution to the problem is a strategy similar to (I5),
differing only in the specific values of the decision threshold 7, the randomization parameter 7 and
the multiplier (3.

2.7 Summary

In the previous sections, we described six BDM problems, each with a unique optimal selector
strategy. The first four are established formulations, while the last two are novel SCOD modifications
potentially useful for specific applications. As ML applications grow, new formulations are likely to
emerge to address specific setups.

Deriving the optimal strategy for a given BDM problem proved to be the essential first step. Although
the statistical model is often unknown in practice, understanding the structure of the optimal strategy
is crucial for designing efficient algorithms to learn the selector from examples. This knowledge can
narrow the search space or simplify the problem using divide-and-conquer approaches.

For instance, consider constructing a selector strategy for the SCOD problem. Whether using the
original cost-based formulation or the two novel variants and (T6), takes the form (13), the
optimal strategy c¢* relies on an uncertainty score s(z) = r(x) + Sg(x). The strategy accepts input =
if s(x) is below a threshold 6, and with probability 7 if s(x) = 6. This analysis shows that the core
problem reduces to approximating the two components: the conditional risk

r(z) =Y ply | 2)l(y, h(x))

yey



and the OOD/ID likelihood ratio g(z) = po(z)/pr(z). Extensive literature on OOD detection
provides methods to approximate g (e.g. [LL1, [14} 16, 5, [15) 110} 2 211 20, 122} 23]]), and there are
methods to construct good proxies for r (e.g. [13} 12} 4} (8} Ol]).

Once 7 and g are known, constructing the selector strategy involves determining the scalars 6, 7, and
(. These parameters can be tuned using held-out data, which is much easier than solving the original
problem. Moreover, for continuous distributions, the event s(x) = 6 has zero probability, making 7
arbitrary. In the cost-based formulation, the multiplier 5 has an analytical solution, leaving only 6 to
be determined.

This example shows that deriving an optimal strategy for BDM problems allows us to use existing
methods from OOD detection and selective classification to approximate various SCOD problem
formulations. Conversely, skipping the optimal strategy derivation and using heuristic rules, such as
the SIRC strategy from the original SCOD paper [24], can lead to sub-optimal performance [16].

3 Main result

In this section, we formulate a generic BDM problem, characterize its optimal solutions, and provide
a straightforward instance of the optimal strategy.

For a measurable set X" in a measure space, Lebesgue measurable functions R, p,q : X — [0, 00)
with finite integrals on X, and fixed non-negative real values ¢ and o, we define the following
optimization problem:

min /){R(x)c(x)dx s.t. /Xp(cc)c(x)dzz(s and /Xq(x)c(x)dxga. (17)

c: X—[0,1]
Note that we do not pose any additional requirements on the functions, like continuity or differentia-
bility, neither do we differentiate between discrete and continuous sets X’; they can be arbitrary.

Theorem 1. For every optimal solution ¢* : X — [0, 1] to Problem (U]), there exist real numbers
A, u such that

/p(z)c*(a:) dx = /p(:z:) dz , (18)
/p(:v)c*(x) dr =0, (19)
x>
where
e ipm o on R@) L @)
X { eX|p()>0Ap(x)+up(x)<>\}, (20)
>_ ) x R(z) @
X _{ eX|p()>OAp(x)+up($)>/\}. 21

Informally, equation (18)) states that any optimal c* attains the value 1 on X<, except on a subset

of measure zero. Similarly, by equation (19), c* attains the value 0 on X'~ again up to a subset of

measure zero. The sets X< and X'~ contain the points z for which R((w)) + qgm; is below and above

the threshold ), respectively, excluding any insignificant elements where p(z) = 0.

Based on these observations, the next lemma suggests a way to construct a single score function that
determines an optimal decision strategy

| to Problem can be found among the forms

—[0,1]
0 if s(x
{ 7(x) ifs(z
1 if s(x

Lemma 1. An optimal solution c*

where

s(:v):{ I;(f))—’_'u% if p(z) >0,
00 otherwise,



is a score function, \, p are suitable real numbers, and T : X — [0, 1] is a function implicitly defined
by the problem parameters.

Proof. Let ¢ : X — [0,1] be an optimal solution to Problem (I7). Consider real numbers A, ;
yielded by Theorem I]and define

1 if s(x) < A.

To show that ¢* is optimal, decompose X’ into the pairwise disjoint sets X< (see 20)), X'~ (see 1)),
X ={x e X|plx) =0}and X~ = {z € X | s(x) = A}. Equalities (I8) and (T9) ensure that ¢
and ¢* are nearly identical on sets X< and X', respectively, up to subsets of measure zero. By the
definition of c*, they are identical on X'=. Consequently, the criterion and constraints attain the same
values for both ¢ and ¢* on X< U X~ U X~=. Finally, the first constraint of is independent of X",
and c*(z) < ¢(z) for all z € X’ ensures

R@e' @) < [ R, [ a@)e@ < [ e,

X’ X’
In conclusion, c* is an optimal solution. O

Tool to solve the BDM problems Lemmal[l]is a key tool for simplifying the BDM problem (17). It
shows that the main challenge is approximating the ratios 1:((;) and %. Once these ratios are known,
determining the score s involves finding the multiplier ;. With the score s, the optimal strategy c*
depends on finding the decision threshold A and the function 7(z). However, in the cases where X is
a continuous space, the boundary set {x € X’ | s(x) = A} typically has measure zero, except in some
pathological instances. Consequently, 7(x) can be chosen arbitrarily and does not play a significant
role. Thus, in continuous spaces, one only needs to find the scalars y and A\, which can be tuned using
held-out data, making the process much simpler than solving the original problem from scratch.

The problem feasibility In the special case where only one constraint is given, i.e., when either
p(z) = 0 or ¢(z) = 0, checking feasibility is straightforward. In the general case, to determine the
feasibility of Problem (T7)), we can formulate the task as:

min / q(x)e(x)dx st /p(x)c(a:)dx >0. (22)
X x

c: X—[0,1]
We obtain a similar problem but with only one constraint. Problem (I7) is feasible if and only if
Problem (22) attains a value less than or equal to o.

Proof technique Problem represents an instance of infinite linear programming, grounded in
established theory [17]. Especially, when &’ is a finite set, it reduces to a standard linear program,
allowing the use of Lagrange duality to derive optimality conditions, as characterized in Theorem T}
However, when X is arbitrary and the functions R, p, q are essentially unrestricted, this approach
becomes substantially more complex. In such cases, a more general duality theorem would be
required, and even then, deducing the desired results would involve handling significantly more
intricate optimality conditions. Given these challenges and drawing inspiration from techniques in
related works (e.g. [9, 116} 18] and other studies on the Neyman-Pearson problem), we instead pursue
a direct proof, provided in Appendix [A] By introducing forbidden point configurations, this proof
shows that each optimal solution is determined by a line separating the images of the sets X< and

X~ in the plane, mapped by the function »(x) = (I;((;)) , %).

Extensions It remains an open problem whether our results can be generalized to the extended
formulation

min / R(x)c(x),dr st / p(z)e(x),dr > 6 and / qi(z)c(x),de <oy, i€l
c: X—}[O,l] X X X (23)

where [ is a finite index set, the functions ¢; are Lebesgue measurable with finite integrals on X,
and o; are non-negative bounds. A key question is whether there is a scoring function with 1 + |I|
parameters (instead of 2) for this case. It is important to note that generalizing the current proof
would involve addressing a significantly greater combinatorial complexity in the point configurations.



4 General tasks

In this section, we introduce several special cases of problem (I7), whose forms of solutions directly
follow from Theorem|[I} as we will show. These cases encompass all the examples in Section[2] Thus,
all the mentioned BDM problems can be solved in their general form using the single framework
proposed in this paper.

To simplify notation, we represent the Lebesgue measurable functions in as p;: X — [0,00),
i € {0, 1, 2}. Furthermore, for Lebesgue measurable c: X — [0, 1], we define the functionals:

Fi(c) = /Xpl(a:) clx)de, 1€{0,1,2}.

The generic BDM problem then requires solving for given non-negative scalars § and p:

min  Fy(c) s.t. Fi(c) >4 and Fs(c)<o. (24)
c: X—[0,1]

Note that Fp here does not depend on the classier i, which is consistent with the assumption that A is
the Bayes predictor.
Problem 1: Given § > 0, the task is to solve:

i F t. F > 8. 2
o fpin (B0l st Fi(e) 20 25)

A special case is the Neyman-Pearson task ().

We derive this formulation from by setting po(z) = 0 for all z € X. Lemma [l]implies that if
the problem is feasible, it has an optimal solution ¢* such that

0 if Po() > /\’

7
c(x) =< 7(2) ifﬁ?{; =,
1 if ﬁo(xg <A

1T

Note that here, Lemma|I]does not fully replicate the Neyman-Pearson strategy, in which 7 is constant.

Problem 2: Given ¢ > 0, the task is to solve:

min FO (C)
c: X—[0,1] F1 (C)

st. Fi(e)>4. (26)

Special cases are the Bounded-Abstention model (8] and the original SCOD problem (12)).

This formulation can equivalently be transformed to (23 by showing that there is an optimal solution
¢* such that F (¢*) = ¢. Indeed, if some optimal ¢ : X — [0, co) fulfills Fy(c) > J, then we can
define ¢* = =%—¢, and it holds that F (¢*) = ¢ and

Fi(c)
Fo(c®)  mFol)  Fye)
Fi(c¥) 5 Fi(e)’
Hence, such a c* is preserved in the set of optimal solutions of the problem
Fy(c)

— .t Fi(c)>9.
N

Problem 3: Given § > 0, the task is to solve:

max Fi(c) s.t. <94. 27

c: X—[0,1] Fl(C)

A special case is the Bounded-Improvement model (TT)).



Let ¢* be an optimal solution to (27). Define a problem:

min FO(C)
c: X—[0,1] Fl(C)

F1 (C) Z F1 (C*) .
Clearly, ¢* is feasible for the new problem, which is of the form (26). Moreover, any optimal solution

¢ to this problem is also optimal to (27) because it attains the maximum F} (c¢*) and satisfies the

constraint:
Fo(c) < Fo(c*)
Fi(e) = Fi(c*) —

Problem 4: Given § > 0, o > 0, the task is to solve:

min Fo(e)
c: X—[0,1] Fl(C)

A special case is the SCOD problem formulation with constraints on FPR and TPR (T4).

s.t. Fi(c) >0 and Fy(c)<o. (28)

In this case, we can transform the problem to (24) in the same way as we did it for the formulation (26).

Problem 5: Given § > 0,0 > 0, the task is to solve:
F
L R (0)
c: X—[0,1] Fl(C> Fl(C)

A special case is the SCOD problem formulation with the constraints on TPR and Precision (L6)
because the second constraint in (T6) can be rewritten as

fpr(c) -1 -1
th‘(C) < (7T - 1)(precmin - 1) )

5

s.t. Fi(¢c) >4 and

<o. 29)

which matches the form
F: 2 (C

Fl(C

~

<o0c.

~

Again, the problem transforms to (24)) using the same approach as in the case of the formulation (26).

5 Conclusion

In this paper, we presented a comprehensive framework for solving binary decision-making (BDM)
problems, which define optimal decision strategies through constrained optimization involving
Lebesgue measurable functions. We characterize all optimal strategies for a generic BDM problem
and derive a specific class of optimal strategies based on comparing a single score with a decision
threshold. Our framework covers a variety of BDM problems, from well-known instances like the
Neyman-Pearson problem to recent developments such as the SCOD problem. We demonstrated the
versatility and robustness of our framework by deriving optimal solutions for all the BDM problems
discussed in our paper. This work provides a foundational approach that can be adapted to future
needs in machine learning and statistical decision making, ensuring more effective and theoretically
grounded solutions.
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A Appendix (proof of the main theorem)

For a metric vector space V' and its subset A C V, we write conv(A), int(A) and span(A) to denote
the convex hull, interior, and span of A, respectively.

Lemma 2. Let A be a subset of R? with dim span(A) = 2. Given a point x located in the interior of
the convex hull of A, there exists a convex polygon P such that x lies in the interior of P. Moreover,
all vertices of the polygon P are elements of the set A.

Proof. Given that © € int(conv(A)), there is a triangle 7' C conv(A) such that x € int(7T).
According to Carathéodory’s theorem [1]], each vertex of 7" lies in some simplex whose vertices are
in the set A. Let these simplices be denoted as S1, Sz, and S3. Defining P = conv(S; U Sz U S3)
forms a convex polygon P with vertices in A, and z is in the interior of P. O

Proof of Theorem[l} Let X = {z € X | p(xz) > 0}. Forall z € X, we define g(z) = ggf; and

r(z) = ﬁé;; . We will associate elements of X’ with points in a plane by introducing the mapping
»: X — R such that »(z) = (g(x), r(z)).

The open e-ball of 7(z) in R? is denoted as B.(z).

For a measurable A C Ri, define

p(A) = / p(z)dz, (30)
x—1(A)

¢(A) = ﬁ Joem1(ay P(@)c(@)d ifp(A).> 0, 31)
0 otherwise.
Problem depends only on the subset
Xt ={ze€X|Ve>0:pB:(x)) >0} CAX.
To see this, let us define Y1 = {x € X | p(z) =0} and Yz = {z € X | Je > 0 : p(B:(z)) = 0}.

Then we have
/ p() de = / p(x)dz + / p(z)dz = 0, (32)
xX\x+ Yy Ya

since, for each open e-ball B, (z), there exists a circle Q(x) C B.(z) that contains x and has rational
radius and center coordinates. Thus, Y5 can be covered by countably many such circles on which the
integral of p is zero. As a result, implies that the elements of X' \ X do not affect the left-hand
side of the first constraint and do not negatively impact the objective function or the second constraint.
More precisely, for any feasible function ¢ : X — [0, 1], if

N oelx) ifzeXT
c(z) = { 0 otherwise, (33)

then it holds [, R(z)c'(z)dx < [, R(z)c(x)dx, [,p(x)d(x)dr = [, p(z)c(z)dz, and
[y al@)d (@)dz < [, q(x)c(z)d.

For the next considerations, we further distinguish three significant subsets of X'+ with respect to a
fixed optimal solution ¢* : X — [0, 1].

Xo={zeXxt|3e>0:c"(B(a)
Xy ={zeXxt|3I>0:c"(B(x)
Xo={zeXxt|Ve>0:0<c"(Bx)
Note that
s U UX, =XT,
* ¢*(B(x)) =0=V0<e <e:c*(Bos(x)) =0,and
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¢ *(B(x)) =1=V0<e <e:c*(Bos(z)) =1.

To confirm the existence of suitable A and i, stated by the theorem for c*, it is sufficient to demonstrate
that the sets

Ao = {x(z) [z € X} , (34)
={()|w€?ﬁ}’ (35)
= {x(z) |z € X} (36)

are "almost" linearly separable. This necessitates finding a line L C R? that includes A, and linearly
separates A \ L and A; \ L. The existence of such an L is ensured if

dim span ((conv(Ag) Nconv(A;)) U As) < 2. 37
The proof continues by listing some general configurations of points from Ag, A1, Ao that contra-

dict the optimality of c*. These forbidden configurations will be used to confirm the validity of
condition (37).

But we firstly establish estimates on f%,l(BE(y)) q(z)c*(z)dx and [, (B.(y)) B(@)c" (z)dz, for
eachy € X and e > 0.

For a given y € X, let x(y) = (a,b) = (%7 %3)))'

=

Since, for all z € s~ *(B.(y)), it holds

e _q(x) 3
a_§§@§a+§’ (38)
e _ R(x) €
b—igp(x)gb+§, (39)
we easily obtain
(a=35) PB)e (Bo)) < /% IRCLCTE (a+3) pBy)e" (Bow)) . 40)
and
(b - g) p(B.(y))e /% . R(z)e* (z)da < (b+ g) P(B:(y))c* (B:(y)) . (41)

. + g(=1) a(z2) R(21)
Claim 1.1. Let xqy,20 € X', p(z) > plas)’ and plz1) > p(m )
Ty € Xy

If c¢* is optimal, then x, € X} or

Proof of the claim. We proceed by contradiction. Assume that x1 € X3 U X5 and x4 € A U X5, This
implies the existence of an € > 0 such that ¢*(B.(z1)) > 0 and ¢*(B:(z2)) < 1. Without loss of
generality, choose ¢ sufficiently small so that

e < (42)

and

(01) ~ plaz) )

p
which further implies B, (x1) N Be(x2) = 0.

Fori € {1,2}, denote B; = B.(x;), a; = 2@i) and b; = Bz

Define a function ¢’ : X — [0, 1] as follows:

c*(x) —v ﬁ((BBll) c*(x) ifx € By,
/ _ " % .
d(2) =\ (@) + vypEigs (1 ¢*(2)) ifz € By,
c*(z) otherwise.



Here, the parameter v is defined as:

— min { ¢ p(BZ) —c*
V= { (Bl),p(Bl)(l (Bg))} >0,
(B1)

which ensures 0 < V’C’ N <laswellas 0 < 1/% < 1, hence ¢’ is defined correctly.

By comparing ¢* and ¢/, we will show that ¢* is not optimal.

Observe that
| ) ayin = [ plaje )i -
o B ) v HE ) - ¢ (5a)) =0,
Moreover,
/X o(2)d ()dz — /X o(2)c* (z)dz = —v g(gl)) /% o, 1 @
+u}w2i)’(_321(32) L1(32)q(x)(1 ~ ot (@))da
o2 (= 5) B0+ v P (004 ) ((82) - ¢ (82)

(42)
=vp(B1)(az —aj +¢) 0

Analogously, we can derive

/ R(z)d (z)dx — / R(z)c*(z)dz < vp(B1)(by — by +¢€) 0.
X X

The relationships above contradict the optimality of c*. |
Claim 1.2. Let x1, 9, x3 be distinct elements of X T, and let o1, aa, 3 be non-negative real numbers
such that a1 + a = 1, 8 #£ 0, and Brx(x3) = ay(x1) + ags(xs). If ¢* is optimal, it holds:

o If B < 1, then either T3 € Xy or {z1, 2} N X, # 0,

o if B > 1, then either v3 € Xy or {z1, 22} N Xy # 0.

Proof of the claim. We will give a proof for 5 < 1 and note that the steps for 3 > 1 are analogous.
For i € {1, 2,3}, denote »(z;) = (a;, b;). Find an € > 0 such that

e<(1-p)as, (44)
< (1= p)bs, (45)

and B:(z1), B:(22), B:(23) are pairwise disjoint. By contradiction, assume that ¢*(B:(z1)) < 1,
¢*(Be(z2)) < 1,and ¢*(B:(23)) > 0.

To simplify the notation, for i € {1, 2,3}, let B; = B.(z;), ¢; = ¢*(B;), and p; = p(B;). Note that,
according to the definition of X', it holds p1, p2, p3 > 0.

Define a selective function ¢’ : X — [0, 1] as follows:

C*(x)—i_%(l_C*(fﬂ)) ifx € By,
d(z) = c*(x) + (1Vfc22p):;2 (1—c*(2)) ?fx € B,
C*(l') - iC*(x) ifr e B37
¢ () otherwise.
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Taking § = oo for any z > 0, the value of v is given by:

u:min{c;g7 P1 (1-c), b2 (1—02)}.
a1p3 Qps3

: Vo p3 va2ps3 v
It is easy to see that v > 0, and 0 < —ci)pr® (—ca)ps’ s <1

Now, observe that

/ * = YD (1 — ¢ (z))da
[ s [ = [ @) - @)

X

vagps * i) x)c* (x)dx
+/%1(BQ) (71;(3;)(1—6 (x))dm—/ p(x)c*(z)d

1 —c2)p2 %—1(B3) €3
= vagps + vagps — vp3 = vp3(on +ag — 1) = 0.

Next, derive

g(2)¢ (x)de — | q(a)c" (@)de = OB @)(1 - ¢ (@) da
A A /

w18y (L —c1)p1

Lo Totsa@ =@yt [ e @y

1-— Cg)pg %—1(33) C3

+

(40) 5 € 5
< vaips (a1 + *) + vagps (az + *) —vp3 (a3 — *)

2 2 2
€ €
= Up3 (alal + aga3 —ag + 5(041 + o) + 5)
(44)

=vps (Bas —az+e) < 0

Quite similarly,

({45)

/ R(x)d (z)dx — / R(x)c*(x)dx < vps (Bbs — bz +¢€) 0.
X x

|
Claim 1.3. Let 21,...,2, € X7 and x € X, and let P be a convex polygon with vertices
(Y1), ..., 2(yn), with 32(x) as its inner point. The function c* is not optimal if one of the following

cases holds:

1. All z;’s are from Xy and x € Xj.
2. All z;’s are from X1 and x € Xj.

Proof of the claim. For the first case, we identify an edge of the polygon P that is first intersected by
the half-line H starting from the origin (0,0) and passing through the point s(z) (see Figure [La).
This edge has vertices »(y1) and s(y2) for some y1,y2 € {21,...,2,}. The points s(x), »(y1),
and s(ys) are non-collinear and satisfy 8s¢(x) = a¢(21) + ag3¢(22) for some non-negative real
numbers a1, aq, and B, where a3 + a; = 1 and 8 < 1. According to Claim these points
contradict the optimality of c*.

Similarly, for the second case, we identify an edge of P that is the last one to be intersected by the half-
line H (see Figure|lb). Let s¢(y; ) and 2(y2) be vertices of this edge for some y1,y2 € {z1,..., 20}
The points »(x), »(y1), and s(y2) satisfy 8s(x) = a1¢(y1) + aa3¢(y2) for some non-negative real
numbers a1, g, and 3, where ai; + ao = 1 and S > 1. Again, Claimcontradicts the optimality
of c*. |

Claim 1.4. If x1, 25 € Xy and x3, x4 € Xy, and the line segments with endpoints »(x1), »(x2), and

»(x3), »(x4) intersect at a point lying in the interior of both segments, then the function c* is not
optimal.
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Y1 y

(a) Case 1 (b) Case 2

Figure 1: The infeasible configuration described by Claim For simplicity, points are denoted by
their pre-images from X' .

Y1

T ~

(a) Case 1 (b) Case 2
Figure 2: The infeasible configuration described by Claim

Proof of the claim.
We consider two possible situations depicted in Figure 2}

First, we examine the scenario where one of the points »(x1), s(z2) is located lower-left relative to
the other one, specifically, we assume g(z1) < g(x2) and r(z1) < r(z2), as illustrated in Figure[2a]
According to Claim [L.1] the points »(y;), s(y2) cannot be situated within the shaded rectangular
area. Since the line segments intersect, one of the points »(y; ), »(y2) must be positioned upper-left
from s¢(x2), while the other lies lower-right from s(z2) (these regions are labeled as A and B,
respectively, in Figure[Ta). However, such an arrangement contradicts Claim [I.2]

Secondly, we consider the configuration depicted in Figure[2b] One of the points 5¢(y1), 5¢(y2) must
lie within the half-plane bounded by the line passing through s¢(x1 ), s¢(z2), and containing the origin
(0,0). Let’s assume this point is y2. As per Claim|1.1} »(y2) cannot reside in the shaded area. Within
this considered half-plane, there are three remaining triangular regions denoted as A, B, and C.
Nevertheless, Claimprohibits »(y2) from lying within region B (by applying the claim to the
triple 1, 22, and y»), region C (consider the triple y1, y2, and x5), as well as region A (consider the
triple y1, y2, and x1). |

Claim 1.5. If z1, 20 € X5 and »(z1), 5(22) are distinct points, then the slope of the line L passing
through (z1) and »(z2) is not positive. Moreover, the open half-plane determined by L and the
origin (0, 0) does not contain any point from Ay U As, and similarly, the opposite open half-plane
does not contain any point from Ay U As.

Proof of the claim. If the slope of L is positive, as shown in Figure then the points 5(z1) and
3(z2) conform to Claim|[I.1] implying that ¢* is not optimal.

If the slope of L is not positive, referring to Figure [3b] we deduce that the open half-plane H does
not contain any point s(x) from Ay U Ay. By Claim such a point P cannot be in the shaded
area. It neither can be in areas A, B, or C because in each case, the points z, 2o, and 271, or z1, 22,
and z, or z1, z, and 23 would conform to Claim[I.2]
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Figure 3: The infeasible configuration described by Claim
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(a) Case 1 (b) Case 2

Figure 4: The infeasible configuration described by Claim

Similarly, it can be argued that a point from A; U A5 cannot lie in the opposite open half-plane.
|

Claim 1.6. Lef x1,29 € Xy, y1,y2 € Xo, 2 € Xo. If s(x1), »(x2), #(y1), and »(ys) are distinct
points lying on a line L in such a way that »(yy) is between (1) and »(x2), and »(x2) is between
»#(y1) and »(yz), then 5(z) lies on L unless the function c* is not optimal.

Proof of the claim.

Firstly, observe that the configuration in Figure [4alis not admissible for an optimal ¢*, because s(y; )
is located in the shaded area containing points to the left and down from s(z5) (Claim applies
here).

Hence, it suffices to inspect the case with the opposite slope of L depicted in Figure[4b] Note that,
without loss of generality, we assume that the highest point on L is s¢(y2). The case when the highest
point is either s¢(x1) or »(x2) is handled similarly. If ¢* is optimal, then s¢(z) cannot lie in the two
shaded areas (Claim[I.T). The remaining area is split into 6 different parts by L, denoted from A to
F. If 5(z) lies in any of these parts, then we can always select two elements from {z1, 22, y1, Y2}
that together with z conform to Claim[I.2] These selections are as follows:

Azzvy17x27 B:xlvxZ:Za C:Zayhxlv
D527$2792a E5yla?¥272’7 F:Zax27y1-

]
We are ready to confirm condition (37), by listing all the potential infeasible cases and showing that
they contradict the optimality of c*.
1. dim span(conv(Ap) N conv(A;)) = 2. We distinguish three subcases.

Assume that, for some x € Aj, s(x) is in the interior of conv(Ag) N conv(A;). By
Lemma there is a convex polygon P with vertices in »(X) such that the interior of P
contains z. Apply Claim[I.3]
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Next, assume that z belongs to X instead of Xy. Analogously, find a convex polygon P’
with vertices in (X)), containing x in its interior. Apply Claim

Finally, if int(conv(Ag)Nconv(A;))N(AgUA;) = 0, take an arbitrary = € int(conv(Ag)N
conv(Aj)). By Carathéodory’s theorem, there exists a simplex Sy (a line segment or triangle)
with vertices in Ag such that »(x) € int(Sp). Similarly, there exists a simplex S (a line
segment or triangle) with vertices in A such that »(z) € int(S). It is not difficult to see
that the boundary line segments of Sy and S; intersect, meaning there are two intersecting
line segments, one with endpoints in Ay, and the other with endpoints in A;. Hence,
Claim[T.4] contradicts the optimality of ¢*.

. dim span(As) = 2. There exist z1, 2, x3 € X such that s¢(x1), (z2), s¢(x3) are non-
collinear. Such a configuration is prohibited by Claim[I.3]

. dim span(conv(Ag) N conv(A;)) = 1, dim span(Az) < 1 and dim span((conv(Ag) N
conv(A;)) U As) = 2. There are x1, 25 € Xp, 3,24 € X1, x5 € X conforming to
Claim[L.6l

. dim span(conv(Ag) Nconv(A;)) = 0, dim span(As) = 1, and dim span((conv(4g) N
conv(Ay)) U As) = 2. There are z1,29 € X such that s(z;) and (z3) conform to
Claim |1.5] i.e., the line L passing through s¢(z;) and s(z2) determines two opposite
half-planes, Hy and H;. By Claim [I.5] Ag C H, and Ay C H;. This means that
conv(Ag) Nconv(A;) C L, which contradicts the assumption dim span((conv(Ag) N
conv(Ay))U Ay) = 2.

O
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The contribution is summarized in the abstract and explained in the introductory
section.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The paper explains that tuning the parameters of the score function that charac-
terizes optimal solutions must be approached individually for each problem. Additionally,
it notes that extending the main result to incorporate more constraints remains an open
problem.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: The full proof of the main theorem is in the appendix, the assumptions are
stated in the main paper.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: The paper does not include any experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: The paper does not include any experiments.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: The paper does not include any experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: The paper does not include any experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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10.

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: The paper does not include any experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: Our research conducted in the paper conforms with the NeurIPS Code of
Ethics which we have reviewed.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: We present a mathematical result which does not have any societal impact.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper does not utilize any data nor models.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper does not use any assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.
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15.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
* Including this information in the supplemental material is fine, but if the main contribu-

tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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