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ABSTRACT

The goal of this paper is to investigate distributed temporal difference (TD) learn-
ing for a networked multi-agent Markov decision process. The proposed ap-
proach is based on distributed optimization algorithms, which can be interpreted
as primal-dual Ordinary differential equation (ODE) dynamics subject to null-
space constraints. Based on the exponential convergence behavior of the primal-
dual ODE dynamics subject to null-space constraints, we examine the behavior
of the final iterate in various distributed TD-learning scenarios, considering both
constant and diminishing step-sizes and incorporating both i.i.d. and Markovian
observation models. Unlike existing methods, the proposed algorithm does not
require the assumption that the underlying communication network structure is
characterized by a doubly stochastic matrix.

1 INTRODUCTION

Temporal-difference (TD) learning (Sutton, |I988) aims to solve the policy evaluation problem in
Markov decision processes (MDPs), serving as the foundational pillar for many reinforcement
learning (RL) algorithms (Mnih et al., [2015)). Following the empirical success of RL in various
fields (Kober et al.l 2013; L1 et al.l 2019), theoretical exploration of TD learning has become an
active area of research. For instance, Tsitsiklis and Van Roy|(1996)) studied the asymptotic conver-
gence of TD learning, while non-asymptotic analysis has been examined in Bhandari et al.| (2018));
Srikant and Ying (2019); |Lee and Kim)|(2022)).

In contrast to the single-agent case, the theoretical understanding for TD-learning for networked
multi-agent Markov decision processes (MAMDPs) has not been fully explored so far. In the net-
worked MAMDPs, each agent follows its own policy and receives different local rewards while
sharing their local learning parameters through communication networks. Under this scenario, sev-
eral distributed TD-learning algorithms (Wang et al.,|2020; Doan et al.,2019; 2021}, |Sun et al., 2020;
Zeng et al., 2022) have been developed based on distributed optimization frameworks (Nedic and
Ozdaglar, |2009; |Pu and Nedic, [2021).

The main goal of this paper is to provide finite-time analysis of a distributed TD-learning algorithm
for networked MAMDPs from the perspectives of the primal-dual algorithms (Wang and Elia, 2011}
Mokhtari and Ribeiro}, 20165 Yuan et al.l[2018). The proposed algorithms are inspired by the control
system model for distributed optimization problems |Wang and Elial (2011); [Lee (2023)), and at the
same time, it can also be interpreted as the primal-dual gradient dynamics in (Qu and Li, [2018).
In this respect, we first study finite-time analysis of continuous-time primal-dual gradient dynamics
in (Qu and Li, 2018) with special nullity structures on the system matrix. Based on the analysis of
primal-dual gradient dynamics, we further provide a finite-time analysis of the proposed distributed
TD-learning under both i.i.d. observation and Markov observation models. The main contributions
are summarized as follows:

1. An improved or comparable to the state of art convergence rate for continuous-time primal-
dual gradient dynamics (Qu and Li, 2018) with null-space constraints under specific con-
ditions: the results can be applied to general classes of distributed optimization problems
that can be reformulated as saddle-point problems (Wang and Elial [2011; Mokhtari and
Ribeiro, 2016} | Yuan et al., | 2018));
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2. Development of new distributed TD-learning algorithms inspired by (Wang and Elial 2011}
Leel 2023);

3. New mean-squared error bounds of the distributed TD-learning under our consideration for
both i.i.d. and Markovian observation models and under various conditions of the step-
sizes: the distributed TD-learning is based on the control system model in (Wang and
Elial 2011} [Lee} 2023)) which does not require doubly stochastic matrix corresponding to
its associated network graph. Note that the doubly stochastic assumption is required in
other distributed TD-learning algorithms based on the classical distributed optimization
algorithms (Nedic and Ozdaglar, 2009; Pu and Nedic, 2021);

4. Empirical demonstrations of both the convergence and the rate of convergence of the algo-
rithm studied in this paper.

Related Works. Nedic and Ozdaglar| (2009) investigated a distributed optimization algorithm over
a communication network whose structure graph is represented by a doubly stochastic matrix. In this
approach, each agent exchanges information with its neighbors, with the exchange being weighted
by the corresponding element in the doubly stochastic matrix. [Wang and Elia| (2011)); Notarnicola
et al|(2023) provided control system approach to study distributed optimization problem. Another
line of research designs distributed algorithms based on primal-dual approach (Yuan et al., 2018;
Mokhtari and Ribeiro, [2016)).

The asymptotic convergence of distributed TD-learning has been studied in [Mathkar and Borkar
(2016); Stankovic et al.| (2023)). [Doan et al.| (2019) provided finite-time analysis of distributed TD-
learning based on the distributed optimization algorithm (Nedic and Ozdaglar, [2009) with i.i.d.
observation model. |Doan et al.| (2021)) extended the analysis of Doan et al.| (2019) to the Marko-
vian observation model. [Sun et al.| (2020) studied distributed TD-learning based on Nedic and
Ozdaglar| (2009) with the Markovian observation model using multi-step Lyapunov function (Wang
et al.,[2019). Wang et al.| (2020) studied distributed TD-learning motivated by the gradient tracking
method (Pu and Nedic,[2021)). Zeng et al.|(2022) studied finite-time behavior of distributed stochastic
approximation algorithms (Robbins and Monro, 1951 with general mapping including TD-learning
and Q-learning, using Lyapunov-Razumikhin function (Zhou and Luo, [2018). |[Hairi et al| (2021
studied distributed actor-critic (Konda and Tsitsiklis} |[1999) where the critic update requires the size
of mini-batch to be dependent on the number of agents.

In the context of policy evaluation, Macua et al.| (2014); Lee et al.| (2018); [Wai et al.| (2018); Ding
et al.| (2019); Cassano et al.| (2020) studied distributed versions of gradient-TD (Sutton et al.,{2009).
The Gradient-TD method can be reformulated as saddle-point problem (Macua et al.l 2014} [Lee
et al., [2022), and the aforementioned works can be understood as distributed optimization over a
saddle-point problem (Boyd and Vandenberghe, 2004).

2 PRELIMINARIES

2.1 MARKOV DECISION PROCESS

Markov decision process (MDP) consists of five tuples (S, A,~, P, r), where S := {1,2,...,|S|}
is the collection of states, A is the collection of actions, v € (0,1) is the discount factor, P :
S x Ax S — [0,1] is the transition kernel, and r : S x A x § — R is the reward function.
If action a € A is chosen at state s € S, the transition to state s’ € S occurs with probability
P(s,a,s"), and incurs reward r(s, a, s'). Given a stochastic policy 7 : S x A — [0, 1], the quantity
m(a | s) denotes the probability of taking action a € A at state s € S. We will denote P™ (s, s') :=
Y acaP(s,a,8)m(a | s),and R™(s) := >, c 4D s P(s,a,8)m(a | s)r(s,a,s"), which is the
transition probability from state s € S to s € S under policy 7, and expected reward at state s € S,
respectively. d : S — [0, 1] denotes the stationary distribution of the state s € S under policy . The
policy evaluation problem aims to estimate the expected sum of discounted rewards following policy
7, the so-called the value function, V™ (s) = E [>32 ( v*r (s, ax, s+1)[s0 = 5,7] , s € S.

Given a feature function ¢ : S — R, our aim is to estimate the value function through learnable
parameter 6, i.e., V7 (s) ~ d)(s)T@, for s € S, which can be achieved through solving the optimiza-
tion problem, mingcga 3 | R™ + vP"®0 — ®0|3,., where D™ := diag(d(1),d(2),...,d(|S])) €
RISIXISI diag(-) is diagonal matrix whose diagonal elements correspond to elements of the tu-
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ple, P™ € RISIXISI whose elements are [P™];; := P7(i,j) fori,j € S, R™ € RISl [R™]; :=
E[r(s,a,s')|s=1i| fori € S, and ® := [p(1) ¢(2) --- ¢(|S|)}T € RISIXa The solution
of the optimization problem satisfies the so-called projected Bellman equation (Sutton et al.,[2009):
' D"®0 =P ' D"R™ + & " D" P"®0.

Throughout the paper, we adopt the common assumption on the feature matrix, which is widely used
in the literature (Bhandari et al.| [2018;|Wang et al., 2020).

Assumption 2.1. ||¢(s)||, < 1forall s € S and ® is full-column rank matrix.

2.2 MULTI-AGENT MDP

Multi-agent Markov decision process (MAMDP) considers a set of agents cooperatively computing
the value function for a shared environment. Considering N agents, each agent can be denoted
byi €V :={1,2,..., N}, and the agents communicate over networks that can be described by
a connected and undirected simple graph G := (V, &), where € C V x V is the set of edges.
N; C V denotes the neighbour of agent i € V, i.e., j € N if and only if (i, j) € £ fori,j € V.
Each agent i € V has its local policy 7* : S x A; — [0, 1], where A; is the action space of
agent i, and receives reward following its local reward function r* : & x I, 4; x S — R.
As in the single-agent MDP, MAMDP consists of five tuples (S, { A}, P, {r'}¥ ), where P :
S x {A;}N, x 8§ — [0,1] is the Markov transition kernel. The agents share the same state s € S,
and when action @ := (aj,as,...,ay) € 1INV A; is taken, the state transits to s’ € S with
probability P(s, a, s’), and for i € V), agent i receives (s, a, s’). The aim of the policy evaluation
under MAMDP is to estimate the expected sum of discounted rewards averaged over N agents, i.e.,
V7(s) =E [Z:’:O kL i\il r (s, a, sk+1)}, for s € S. While learning, each agent ¢ € V) can
share its learning parameter over the communication network with its neighboring agents j € N;.
Following the spirit of single-agent MDP, using the set of features ®, the aim of each agent is now
to compute the solution of the following equation:
1
®'D"®0=®'D" | - > R ' D"P"%0 1

( N ; Z ) +y : (1
where RT € RIS! for i € V, whose elements are [RT]; = E [ri(s,a,s') | s = j] for j € S. The
equation (1) admits a unique solution 8., given by

N
0. = (Q,TDTFQ _ ,Y@TDWPW@)flq,TDTF (]1[ ZR?) . )
=1

Note that the solution corresponds to the value function associated with the global reward
Yreo Y+ ilil r?. Moreover, for convenience of the notation, we will denote

A=7®"'D"®-®'D"®, b,=® D"R}, 1<i<N, 3)

and w = )\,nin('IfTD”{)). The bound on the reward will be denoted by some positive constant
Rmax € R,ie., |[1(s,a,8')| < Rpax, 1 <i < N,Vs,a,s' € S x Y A; x S.

3 ANALYSIS OF PRIMAL-DUAL GRADIENT DYNAMICS

The so-called primal-dual gradient dynamics (Arrow et al.,[1958) will be the key tool to derive finite-

time bounds of the proposed distributed TD-learning. The analysis provided in this section will serve

as the foundation for the subsequent analysis in Section This section establishes exponential

convergent behavior of the primal-dual gradient dynamics in terms of the Lyapunov method. To this
end, let us consider the following constrained optimization problem:

i (7] hthat M6 =0, 4

nin  f(6) such tha ; )

where 8 € R", M € R*™ ™ and f : R® — R is a differentiable, smooth, and strongly con-

vex function (Boyd and Vandenberghel 2004). One of the popular approaches for solving
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is to formulate it into the saddle-point problem (Boyd and Vandenberghe, 2004), L(0,w) =
mingers Maxyern (f(0) + w ' MO), whose solution, 8%, w* € R”, exists and is unique when
M has full-column rank (Qu and Li, 2018). When M is rank-deficient, i.e., it is not full-column
rank, there exists multiple w* solving the saddle-point problem (Ozaslan and Jovanovic, 2023)).
Indeed, whether M is rank-deficient or not, * can be shown to be the optimal solution of (4) by
Karush-Kunh-Tucker condition (Boyd and Vandenberghel [2004). It is known that its solution 6*, w*
can be obtained by investigating the solution 8, w; € R" of the so-called primal-dual gradient dy-
namics (Qu and Li,[2018), with initial points 8y, wy € R™,

ét :7vf(0[») *MT’LUt, ’Li)t :Mgt

Qu and L1/(2018) studied exponential stability of the primal-dual gradient dynamics when M is full

column-rank, using the classical Lyapunov approach (Sontagl [2013)). As for the case when M is
rank-deficient, |Ozaslan and Jovanovic (2023)); (Cisneros-Velarde et al.| (2020); |Gokhale et al. (2023)
proved exponential convergence to a particular solution 8*, w* using the tools based on singular
value decomposition (Horn and Johnson, 2012). In this paper, we will study the behavior of the
system under the following particular scenarios:

1. Vf(0;) = U, where U € R™ ™, which is not necessarily symmetric, is a positive
definite matrix, i.e., U + U = 0;

2. M is symmetric and rank-deficient. Distributed algorithms are typical examples satisfying
such condition and will be elaborated in subsequent sections.

We note that previous works considered general matrix M, not necessarily a symmetric matrix.
Moreover, note that the primal-dual gradient dynamics under such scenarios will appear in the fur-
ther sections as an O.D.E. model of the proposed distributed TD-learning. The corresponding system

can be rewritten as
dle| [-U —-MT| |6 n
dt[wt]_{M on 8o, wo € R". )

To study its exponential stability, let us introduce the Lyapunov function candidate V (0, w) =

-
[ M ]\O/ITw] S M MTw] , where § € R?"*2" j5 some symmetric positive definite matrix, and

0, w € R". The candidate Lyapunov function considers projection of the iterate w; to the range
space of M. Asin|Ozaslan and Jovanovic|(2023); Cisneros- Velarde et al.|(2020), the difficulty com-
ing from singularity of M can be avoided by considering the range space and null space conditions
of M. In particular,|Ozaslan and Jovanovic (2023) employed a Lyapunov function that involves the
gradient of the Lagrangian function, and considered the projected iterate M M Tw,, where M M is
the projection matrix onto range space of M. Moreover, Cisneros-Velarde et al.|(2020) exploited a
quadratic Lyapunov function in (Qu and Li,[2018) for the iterate 8; and V w;, where M :=TX vT,
which is the singular value decomposition of M .|Gokhale et al.|(2023) considered a positive semi-
definite matrix .S and used semi-contraction theory (De Pasquale et al.,[2023) to prove exponential
convergence of the primal-dual gradient dynamics.

In this paper, we will adopt the quadratic Lyapunov function in (Qu and Li} |2018)) with the projected
iterate M M Tw;, and leverage the symmetric property of M to show improved or comparable to
the state of art convergence rate under the particular conditions newly imposed in this paper. In
particular, when M is symmetric, the fact that the projection onto the column space of M and row
space of M being identical simplifies the overall bounds. We first present the following Lyapunov
inequality.

Lemma 3.1. Let S := VI" M A (U0 T)

M pI,
gIgn < S < 2815, and we have, for any 0, w € R",

!
o U -M|[ 6 i o
[MMTw] o [M onxn] [MMTw] < —minfl Ay (M) }H [MMTw]

The proof is given in Appendix Section[A.4] Using the above Lemma [3.1} we can now prove the
exponential stability of the O.D.E. dynamics in ().

} where 3 1= max{QAI““"(M)QJFQH‘UH;,4)\max(M)}. Then,

2

2
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.
Theorem 3.2. Let V (0, w) = [M]\04Tw] S [M]\e/ﬁw]' For 0y, wy € R" and t € RY, we have

min{l,)\;in(M)z}
V(0 w) < exp | — PAmax (M) +2+ U3 t ] V(0o, wo).
maxq — 2 AN ax (M)
Amin(U*’UT)

The proof is given in Appendix Section [A.5] We show that the above bound enjoys sharper or
comparable to the state of the art convergence rate under particular conditions. With slight modi-
fications, the Lyapunov function becomes identical to that of |Gokhale et al.|(2023). However, we
directly rely on classical Lyapunov theory (Khalill2015)) rather than the result from semi-contraction
theory (De Pasquale et al., |2023) used in |Gokhale et al. (2023){1_-] The classical Lyapunov approach
simplifies the proof steps compared to that of semi-contraction theory.The detailed comparative
analysis is in Appendix Section[A.6] The fact that M is symmetric and considering the projected
iterate M M Tw,, provides improved and comparable bound.

4 DISTRIBUTED TD-LEARNING WITH LINEAR FUNCTION APPROXIMATION

In this section, we propose a new distributed TD-learning algorithm to solve (I)) based on the result
in|Wang and Elia/ (2011)); Lee|(2023). In this scenario, each agent keeps its own parameter estimate
0" € R?, 1 < i < N, and the goal of each agent is to estimate the value function V'™ (s) ~ ¢(s) ' 0,
satisfying (1) (i.e., the value function associated with the global reward >_77 ) v 4 f\il 7%) under
the assumption that each agent has access only to its local reward r¢. The parameter of each agent
can be shared over the communication network whose structure is represented by the graph G, i.e.,
agents can share their parameters only with their neighbors over the network to solve the global prob-
lem. The connections among the agents can be represented by graph Laplacian matrix (Anderson Jr
and Morley, [1985), L € RISIXISI which characterizes the graph G, i.e., [L];; = —1if (4,5) € €
and [L];; = 01if (i,7) ¢ &, and [L];; = |NV;| for ¢ € V. Note that L is symmetric positive semi-
definite matrix, i.e., 2" Lz > 0 for x € R!SI, and L15; = 0. To proceed, let us first introduce a
set of matrix notations: L := L ® I, € RN>Ne D™ .= Iy @ D™ € RNo*Na P .=

_ _ T
In® P7 € RNo*Na. & .— [y @ & € RNoxNe g — [91T 02" ... QNT] c
RNe, BT = [(R))T (R)T - (RR)']  €RY, A=IywAcRVoN p—
T
b by - me e RV, w = {wlT w? . wNT} € RN?, where @ denotes

Kronecker product, and w is another collection of learnable parameters {wi S Rq}lN: 1> Where w’
assigned to each agent ¢ for 1 < i < V.

Meanwhile, Wang and Elial (2011) studied distributed optimization algorithms (Tsitsiklis, {1984
from the control system perspectives in continuous-time domain, which can be represented as an La-
grangian problem (Hestenes, |1969). Compared to other distributed optimization algorithms (Nedic
and Ozdaglar, [2009; |Pu and Nedic},2021)), the method in|Wang and Elia (2011) does not require any
specific initialization, diminishing step-sizes, and doubly stochastic matrix that corresponds to the
underlying communication graph. Due to these advantages, this framework has been further studied
in Droge and Egerstedt (2014); |Shi et al.| (2015); [Hatanaka et al.| (2018)); Bin et al.| (2022). Inspired
by [Wang and Elial (2011), [Lee| (2023) developed a distributed TD-learning algorithm and provided
an asymptotic convergence analysis based on the O.D.E. method. The analysis relies on Barbalat’s
lemma (Khalil, 2015)), which makes extension to the non-asymptotic finite-time analysis difficult.
Moreover, they mostly focus on the deterministic continuous-time algorithms. The corresponding
distributed TD-learning is summarized in Algorithm |1} where each agent updates its local param-
eter using the local TD-error in (6). The updates in (7) and (8) in Algorithm [|can be obtained by
discretizing the continuous-time O.D.E. introduced in (Wang and Elia, 2011) and implementing it
using stochastic samples.

'lGokhale et al.[(2023) appeared on arxiv nearby the submission of this manuscript.
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Algorithm 1 Distributed TD-learning

Initialize ag € (0,1), {0%, wi € R}, n € (0,00).
fork=1,2,... do
fori: 1,2,...,Ndo
Agent i observes o}, := (s, s}, %)
Exchange {(0},wj)} with j € N; and update as follows:

5(0}; 01) =ri, + 79" (s3,)0; — &' (s1)0} (6)
0;.1 =0} + k(5(0; 0})b(sk) — n(ING|0] — 35 n, 02) — (NG w), — 3= p, wi)
(7
wiy =wj, + en(Nil0) — X e n, 07) ®)
end for
end for

Using the stacked vector representation, [gk} € R?N4, k € Ny, the updates in and in
k

Algorithm [T]can be rewritten in compact form, for & € N:

Opi1| _ | Ok A—nL —nL |[6; b -
['wk-H] B |:'wk:| o [ nL  Ongxng| | Wk % Ong + ai€(or; O, 9)

where, oy, := {04} |, and for 1 <i < N, €'(0};0%) := §(0; 0% )p(si) — ABL — b* € R, and
e(or: 1) = [ (0h:01)T €(03:00)7 - €¥(o}:0))T of,] eR*Ne.  (10)

Note that the superscript of € corresponds to the superscript of b*. Compared to the algorithm in|Lee
(2023)), we introduce an additional positive variable > 0 multiplied with the graph Laplacian
matrix, which results in the factor 7 multiplied with the mixing part in Algorithm [T] in order to
control the variance of the update. We note that when the the number of neighbors of an agent 7 € V
is large, then so is the variance of the corresponding updates of the agent. In this case, the variance
can be controlled by adjusting 1 to be small.

The behavior of stochastic algorithm is known to be closely related to its continuous-time O.D.E.
counterpart (Borkar and Meynl [2000; |Srikant and Ying} 2019). In this respect, the corresponding
O.D.E. model of (9) is given by

d H_t A - 771_/ —77[_/ G_t B 2] — N
— | = = _ , 0O, e R™, 11
dt |:'wt:| [ nL OngxNg| | Wi * Ong 0100 (4

for t € R*. The above linear system is closely related to the primal-dual gradient dynamics in (3).

Compared to (3)), the difference lies in the fact that the above system corresponds to the the dynam-
ics of the distributed TD-learning represented by matrix A instead of the gradient of a particular
objective function. It is straightforward to check that the equilibrium point of the above system is
1y ® 0. and %wm such that Lw,, = A(1xy ® 6.) + b.

In what follows, we will analyze finite-time behavior of (9) based on the Lyapunov equation in
Lemma[4.1] For the analysis, we will follow the spirit of Srikant and Ying| (2019), which provided a
finite-time bound of the standard single-agent TD-learning based on the Lyapunov method (Sontag,
2013). To proceed further, let us consider the coordinate change of 8, := 6, — 1y ® 0. and
W = W — %u’;oo, with which we can rewrite @) by

Ori1| _ [ 6Ok A—nL —nL |6, 5 -
[’J)k'*‘l] B |:1I)k:| +ak[ nL ONgxNg| |Wk + an€(ox; O). (12)

We will now derive a Lyapunov inequality (Sontag, 2013) for the above system based on the results
in Lemma[4.T] for (TT)), To this end, we will rely on the analysis in|Qu and Li| (2018), which proved
exponential convergence of the continuous-time primal-dual gradient dynamics (Arrow et al.||{1958])
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based on the Lyapunov method. However, the newly introduced singularity of L imposes difficulty
in directly applying the results from Qu and Li| (2018) which does not allow the singularity. To
overcome this difficulty, we will multiply LL" to the dual update Wy 1 in (12), which is the projec-
tion to the range space of L. Moreover, the symmetric assumption of L helps construct an explicit
Iy ONgxNg

solution of the Lyapunov inequality in Lemma In particular, multiplying {0 LLT
NgxNq

to (12) leads to

ék+1 _ ék A —7771774 —U_E ék — .0
{LLTzI;kH] - |:LLT’LIJ]€:| +a { 0L Ongxng| |LLT, + o€ (ox; Ok), (13)
which can be proved using Lemma[A.2]in the Appendix Section[A.3] For this modified system, we

now derive the following Lyapunov inequality.

Lemma 4.1. There exists positive symmetric definite matrix G € R2NT2NG gych that
2 T\2 2 T\2 ~
S A L) [ g < G < 28 2w L L v and for 0,4 € RN,
~ 4T - - - ~ ~ 2
0 A—nL —nL (7] 2 0
_ - _ _ < — _ -
2 {LLTQI;] { nL  Ongxng| |LLMw win{L A (B | 7 P ,

The proof is given in Appendix Section The proof can be done by noting that A — nL is
negative semi-definite and L is rank-deficient, and applying Lemma

4.1 I1.I.D. OBSERVATION CASE

We are now in position to provide the first main result, a finite-time analysis of Algorithm |I|under
the 1.i.d. observation model. We note that the i.i.d. observation model is common in the literature,
and provides simple and clean theoretical insights.

Theorem 4.2. 1. Suppose we use constant step-size cg = o - = ag for k € Ny, and

min 1,7]>\mm L 2
{ (L)’} ) Then, we have

< 2 2 =
oo < @ such that&a = O WG AF] ENVTS WG AE

~ 2 2 2 T\2
0k+1 o _ Rmax 2 + n )\max(L)
e ] =0 (o (k) =g e )

2. Suppose we have oy, = k+h for k € Ng. There exist h1 and hy such that letting h, =
O(h1) and hy = O(hy) yields

O
LL w4

The proof and the exact constants can be found in Appendix Section[A.9] Using constant step-size,

| (1 C+rama(D)?)? R,
] O(k‘n 2min{1, n)\mm( L)2}2 w4(1—’y)4>

. . . R2 Amax (L
we can guarantee exponential convergence rate with small bias term O ao%‘ag) when
w3 (1—7)

n ~ ﬁ and At (L)? > Amax(L). Appropriate choice of 7 allows wider range of step-
size, and this will be clear in the experimental results in Section [5] Furthermore, the algorithm’s
performance is closely tied to the properties of the graph structure. A, (L), the smallest non-zero
eigenvalue of graph Laplacian, characterizes the connectivity of the graph [Chung| (1997), and a
graph with lower connectivity will yield larger bias. Apax (L) is the largest eigenvalue of the graph
Laplacian, and it can be upper bounded by twice the maximum degree of the graph (Anderson Jr
and Morleyl, |1985). That is, a graph with higher maximum degree could incur larger bias. As for
diminishing step-size, we achieve O (%) convergence rate from the second item in Theorem
and similar observations hold as in the constant step-size, i.e., the convergence rate depends on the
smallest non-zero and maximum eigenavalue of graph Laplacian. Lastly, as inWang et al.| (2020),
our bound does not explicitly depend on the number of agents, N, compared to the bound in |Doan
et al.|(2019) and |Sun et al.|(2020), where the bias term and convergence rate scale at the order of V.
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4.2 MARKOVIAN OBSERVATION CASE

In this section, we consider the Markovian observation model, where the sequence of observations
{(sk, 8}, k) } F_, follows a Markov chain. Compared to the i.i.d. observation model, the correlation
between the observation and the updated iterates imposes difficulty in the analysis. To overcome
this issue, an assumption on the Markov chain that ensures a geometric mixing property is helpful.
In particular, the so-called ergodic Markov chain can be characterized by the metric called total
variation distance (Levin and Peres, 2017), drv(P,Q) = 3>, cs|P(z) — Q(z)|, where P and
@ is probability measure on §. A Markov chain is said to be ergodic if it is irreducible and aperi-
odic (Levin and Peres|2017)). An ergodic Markov chain is known to converge to its unique stationary
exponentially fast, i.e., for k € No, sup;<;<|g drv(e] (P™), o) < mp*, where e; € RISI for
1 <4 < N is the |S|-dimensional vector whose i-th element is one and others are zero, o € RISI
is the stationary distribution of the Markov chain induced by transition matrix P™, m € Ris a
positive constant, and p € (0, 1). The assumption on the geometric mixing property of the Markov
chain is common in the literature (Srikant and Ying,|2019; /Bhandari et al., 2018; Wang et al., [2020).
The mixing time of Markov chain is an important quantity of a Markov chain, defined as

7(0) := min{k € N | mp* < §}. (14)
For simplicity, we will use 7 := 7(ar), where T' € Ny denotes the total number of iterations, and
ag, k € N, is the step-size at k-th iteration. If we use the step-size o, = H%f, k € N, the mixing
time 7 only contributes to the logarithmic factor, log 7" in the finite-time bound (Bhandari et al.,
2018). As in the proof of i.i.d. case, using the Lypaunov argument in Lemma [4.1] we can prove

the finite-time bound on the mean-squared error, following the spirit of |Srikant and Ying (2019). To
simplify the proof, we will investigate the case 7 = 1.

Theorem 4.3. 1. Suppose we use constant step-size cg = oy = - - - = aup such that ag < & where

min + (L)? —~)w
a=0 (Tmax{{b%%nnfi)’q}}()\lml)(mz)) . Then, we have, fort < k < T,

w(I—7)
~ 2

7]E ¢ ":1 _ _ _ max )

|| o] | =0 (oo ot s e et

2. Considering diminishing step-size, with a; = t_ﬁ—;@for t € Ny, there exits hy and hy such that
for hy = ©(hy) and hy = O(hy), we have for Tt < k < T,

Telll 6 ] Z o (7 _aRha A (L)
N LL g :

kw*(1 —~)* min{1, AT, (L)2}2
The proof and the exact values can be found in Appendix Section [A.T1] For the constant step-
size, we can see that the bias term scales at the order of O (Tao)\max(L)2>, and the bounds have
additional mixing time factors compared to the i.i.d. case. Considering diminishing step-size, the
convergence rate of O %) can be verified, incorporating a multiplication by the mixing time 7. As
summarized in Table [I} the proposed distributed TD-learning does not require doubly stochastic
matrix or any specific initializations. The algorithms requiring the doubly stochastic matrix, whose
definition is given in Appendix [A2} face challenges when extending to directed graph and time-
varying graph scenarios. However, our algorithm does not require major modifications. Moreover,
the performance of the algorithm is sensitive to the choice of doubly stochastic matrix as can be seen

in Appendix [A.13]

2

‘ ‘ Method Observation model Step-size Requirement Doubly stochastic matrix ‘
Doan et al.[(2019) | [Nedic and Ozdaglar|[(2009} iid. Constam/ﬁ Projection v
Doan et al.|(2021) Nedic and Ozdaglar|(2009) Markovian Constant/ k’jr‘l X v
Sun et al.|(2020) Nedic and Ozdaglar|(2009) i.i.d./Markovian Constant X v
Zeng et al.|(2022) | |Nedic and Ozdaglar|(2009) ii.d./Markovian Constant X v
‘Wang et al.|(2020) Pu and Nedic¢|(2021) ii.d./Markovian Constant Specific initialization v
Ours ‘Wang and Elia|(2011) i.i.d./Markovian Constam/ki}p X X

Table 1: Comparison with existing works.
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Figure 1: Experiment results of Algorithm

5 EXPERIMENTS

This section provides the experimental results of Algorithm [I] To begin, we give an explanation

of the MAMDP setup, where the number of states is three and the dimension of the feature is two.

An agent can transit to every state with uniform probability. The feature matrix is set as ' =
1 01
0 1 op

between the interval (0, 1). The discount factor is set as 0.8.

which is a full-column rank matrix. The rewards are generated uniformly random

For each experiment with N € {2324 2%} number of agents, we construct a cycle, i.e., a graph
G consisting of V := {1,2,...,N}and € := {(i,i + 1)}Y7" U {(NV,1)} (West, 2020). The
smallest non-zero eigenvalue of graph Laplacian corresponding to a cycle with even number of
vertices decreases as the number of vertices increases, while maximum eigenvalue remains same.
The smallest non-zero eigenvalue is 2 —2 cos (%), and the largest eigenvalue is four (Mohar,|1997).
As N gets larger, the smallest non-zero eigenvalue gets smaller, which becomes 0.59,0.15, 0.04 for
N = 23,24 25 respectively. Therefore, as number of agents increases, the bias in the final error
term will be larger as expected in Theorem .2] and this can be verified in the plot in Figure (Ta).
The plot shows the result for constant step-size g € {273,27%,275}. To investigate the effect of
Amax (L), we construct a star graph, where one vertex has degree N — 1 and the others have degree
one. The maximum eigenvalue of star graph is /V and the smallest non-zero eigenvalue is one (Nical
2016). As N gets larger, we expect the bias term to be larger from the bound in Theorem 4.2} The
result is further discussed in Appendix Section[A.12]

To verify the effect of 1, we construct a random graph model (Erdds et al., |1960), where among
possible N(N —1)/2 edges, (N —3)(NN —4)/2 edges are randomly selected. The plot in Figure
shows the evolution of the mean squared error for N = 32, and step-size 0.1 with different n

values. When 7 = 0.5 or = 1, the algorithm diverges. Moreover, the bias gets smaller around

/\f( 7 ~ 0.046. This implies that appropriate choice of 1 can control the variance when the

number of neighbors is large but if 7 is too small or large, Algorithm [[| may cause divergence or
large bias. This matches the result of the bound in Theorem .2] Further results can be found in

Appendix Section[A.T2]

6 CONCLUSION

In this study, we have studied primal-dual gradient dynamics subject to some null-space constraints
and its application to a distributed TD-learning. We have derived finite-time error bounds for both the
gradient dynamics and the distributed TD-learning. The results have been experimentally demon-
strated. Potential future studies include extending the study to finite-time bounds of distributed
TD-learning with nonlinear function approximation.
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A APPENDIX

A.1 NOTATIONS

R: set of real numbers; R™: set of positive real numbers ; N: set of natural numbers; Ny: union
of set of natural numbers and element zero; diag(Ai, As,..., A,) € R™*™ : block diagonal
matrix constructed from A; € R4 x4 A, € RExdz2 A, € R¥n*dn wherem = Y1 | d;;
1, € R? : p-dimensional vector whose elements are all one; Oy € RY : N-dimensional vector
whose elements are all zero; 0,,%x,, € R™*™ : m x n-dimensional matrix whose elements are all
zero; I, € R™™: n x n-dimensional identity matrix; AT € R™*": Moore-Penrose inverse of
A eR"™™ A » Bfor A, B € R"*": A — B is positive semi-definite matrix; ||:1:||f2 for positive-

semi definite matrix Q@ € R™*" and ¢ € R™: ' Qx ;[v];, 1 < i < nforv € R": i-th element
of v; [A];;, 1 <4,j < nfor A € R"™™: i-th row and j-th column element of A; A\yax(A) for
A € R™": maximum eigenvalue of A; A\pin(A) for A € R™™™: minimum eigenvalue of A;
A (A) for A € R™™: minimum non-zero eigenvalue of A; o(C): sigma algebra generated by a

family of sets C.

A.2 DOUBLY STOCHASTIC MATRIX

Definition A.1 (Doubly stochastic matrix (Doan et al 2019)). A doubly stochastic matrix W &
RNXN

. . . . . N
is a stochastic matrix of which the row sum and column sum equal one, i.e., Y ." | [Wl;; =1

and Zf\;1[W]17 = 1for 1 < j < N. A doubly stochastic corresponding to a graph G := (V, &)
requires additional assumption that [W ;; > 0 for i € V, and [W,,, = 0 for (u,v) ¢ E.

One of the key advantage of our algorithm over other distributed TD algorithms is that we do not
require doubly stochastic matrix corresponding to the graph network. We have outlined several
reasons highlighting the importance of removing the requirement on doubly stochastic matrix:

To begin, constructing a doubly stochastic matrix in directed graph scenario is known to be more
challenging than the undirected case, or may not be possible (Xin and Khan| 2018)). However, our
algorithm can be extended to the directed graph setting without major modifications.

Moreover, when dealing with a time-varying graph, whenever the graph changes, the doubly stochas-
tic matrix needs to be constructed again. However, our analysis can be easily extended to the time-
varying graph setting without any modifications.

Lastly, as from our experiment, the performance of distributed TD algorithms using doubly stochas-
tic matrix is quite sensitive to the choice of doubly stochastic matrix, and the results can be found in
Appendix [AT3]in the revised version.

A.3 TECHNICAL LEMMAS

Lemma A.2 (|Pavlikova and Sevcovi& (2023), p. 2). For real symmetric matrix A € R", and its
Moore-Penrose pseudo inverse AT, the following holds:

AAY = ATA, AATA= A
Lemma A.3 (Schur complement and symmetric positive definite matrices, Theorem 1.12 in

(2005)). Let H € RO m)x(+m) be g symmetric matrix partitioned as

Hll H12:|

H], Hy
where Hyy € R"*" Hys € R™"*™ Hyy € R™*"™, Then, the following holds:
H >0 < H;; >0, and Hyy — H,H;'Hy, > 0.

Lemma A.4 (Proposition 4.5 in|Levin and Peres| (2017))). Let 1 and v be two probability distribu-
tions on X. For f : X — R, the total variation distance can be represented as

|

drv(p,v) = sup f@)u(@) — fle)v(z)] .

fisupgex |f(x)|<1

|~

reX

13
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Lemma A.5. Consider the Markov chain in Section Let Y := (Sgtry Sktr+1) for k, 7 € N,
and (Sp4r, Sk4r4+1) € S X S. For bounded function f : S x S = R, i.e., sup,csys |f()] < o0,
we have

[ELf(Y) [ si] —E[f(Y)]| <2 sup |f(z)|mpT.

zESXS

Moreover, forv:S x S — RN whose elements are bounded, we have

[E[o(Y) [ si] = E[v(Y)]ll; <2/ Ng sup |lo(z)]|, mp

TES X
For M : S x S — RNXNa ywhose elements are bounded, we have
|EM(Y) | si] —EMY)|, < 2Nq sup max _ |[M(x)];;|mp”.
eSxS 1<i,j<Ngq

Proof. Let the probability measure P(Y € -) = P[Y € - | sx] and Q(Y € ) = P[Y € |. For
simplicity of the proof let foo := 28Up,csxs |f(2)]. Then, we have

(V) | 5] — BL(Y))
fjme e
A ‘/ T e dQ’

<2foodry(PY € - | 5], P[Y € ])

=foo Z |Plsktr =8, Skri1 = | Sk| — Plskar = 8, Spprq1 = &'
s,s'€SXS

=foo > |Plsksrs1 =5"| sk Shpr = sIPskrr = 5 | 5] = Plsparsr = 5 | Spar = s|P[spsr = ]|
5,8'€SXS

=foo 3 D IP[skyrsr =5 | shir = sIPsksr =5 | 55] = Plspyrss =5 | spyr = s|Pspir = 5|
s'€S seS

<foo D D IPlskirir =5 | skpr = l|[Plsiyr = 5| 5] — Plspsr = 5]
s'eS seS

=foo D Plskir =5 | ] = Plsisr = sl D [Plshiri1 =" | spir = ]|
seS s'eS
=2foodrv(P[sktr = S| Sk], P[sk4r = 9])-
The first inequality follows from the definition of total variation distance in Lemma[A.4] The last

equality follows from the fact that ), ¢ [P[sk4r41 = 5" | sx47 = s]| = 1. We obtain the desired
result from the ergodicity of the Markov chain.

For the second item, we have

Ngq

IE@(Y) | skl = B ()]l = 4| D (Ei(Y) | si] - E[oi(Y)])?,

i=1
where v; denotes the i-th element of v. The rest of the proof follows as in the proof of first item.

For the third item, we have

[E[MY) | 5] —E[MY)]l, <[[E[MY) | s] —EMY)]|p
Nqg Ngq

DSOS (EBIM(Y))ij | 6] — B[M(Y))i;)?,

i=1 j=1

where ||B|| . = \/ > ey >oj—1 [ B3 for B € R™*". The rest of the proof follows as in the proof
of first item. 0
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The following lemma provides similar bound as in Lemma 7 in Bhandari et al.| (2018):
Lemma A.6. Consider 0. in (E]) We have

RIII ax

0., < ——
H CHQ — (1 _’Y)’U}7

where w = Apin (T D™ ®).

Proof. From (2)), 6. satisfies
LN
&' D"P0. — v® D "P"®O, = ~ ; b,
where A and b; are defined in (3). Multiplying 6, on both sides of the equations, we have
N
0] (@' D"®—® D P ®)0. =0, (N Zl bi>

< ||90||2 Rmaxa

where the inequality follows from Cauchy-Schwartz inequality. From Lemma in the Appendix
Section[A.3] we have

(—A—A")=2(1-~)@ D" ®,
which leads to
2
(1 - 7)“’ ||0C||2 < ||0(:||2 Rnlax-
Therefore, we have

R max

0., <——7—.
H H2 (1_,)/),[0

O

The negative definiteness of A and upper bound on norm of A are established in the following
lemma, which resembles that of Lemma 3 and 4 in Bhandari et al.| (2018)):

Lemma A.7. We have
AT +A=x2(1-y)@'D"®, |Al,<2

Proof. We will first prove the negative definiteness of A. For any v € RIS!, we have

1| 1| 2
1P70l 5 = | S d0) | Yo Pr(i.ol;
S| S|
<\ Y Prli
sl S|

=\ Y2 Y dCiyPe i)
j=1 =1
S|

=\ S d)

= vl p=
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where the first inequality follow from Jensen’s inequality and the second last equality follows from
the fact that d(s), s € S is the stationary distribution of Markov chain induced by P™. Therefore,
we get

v Av =0 ' ® ' D"P"®v—v & D v
<Y (|0 o [P ®V| pr — v @ D PV
2 2
<v[[®vlp- — [®v]p-
=(y—1)v'®"D"®v

Now, we will prove the upper bound on || A||,. First, note that the following holds:

S|
le" D7, = 1> dG)e(@)e()"
S| :
<2 i) Ig(lz
\S\
gZd(i)

=1

)

where the first inequality follows from triangle inequality, and the second inequality follows from
the assumption that ||¢(s)[|, < 1 for s € S. Now, we have

[Ally =

D d(s) <—¢(s)T +9 > P(s, s')¢<s’>T>

seS s’eS

> d(s)p(s)p(s) > d(s) Y P(s, 8 )p(s)p(s)) "

seS SES s'eS

gZd(s)—F*yZd s ZP’T s,8")
s'S

seS seS
<2.

2

+

2

The first inequality follows from triangle inequality. Then second inequality follows from the as-
sumption that ||¢(s)||, < 1fors € S. O

Lemma A.8. For1 < i < N, consider b; in . We have
[Billy < Rmax-

Proof. For1 <1i¢ < N, we have

il = || > (s)d™ (s)[RT s
seS 2
<> d™ () Rinax
seS
:Rmaxa

where the first inequality follows from ||¢(s)||, < 1 for s € S and boundedness on the reward. [

A-L -L
L ONqXNq 2

16

Lemma A.9. We have

< 2+ 2 max(L).
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Proof. Applying triangle inequality, we have
A-L L | _|[A-L Onpeng] , [Oxgeng I
L ONqXNq 2 ONq><Nq 0Nq><Nq L 0Nq><Nq
<A - Lfl,+][Lll,
<2 + 2\ max(L).
The last inequality follows again from triangle inequality and Lemma[A.7]

Lemma A.10. For k € Ny, consider a sequence of observations {o;}*_,. Then, we have

9V'N Runax

Jetons 0w, < o], + T3

In particular, if {o;}¥_, is sampled from i.i.d. distribution, we have

_ 32NR?
E | [[e(or:00)5] < 16 e

’ék‘ 2 w?(1—7)?

Proof. First, consider that for 1 < ¢ < N, we have
(Gl
=[|(rk + 107 (s1)6) — &7 (s1)6})p(s1) — A8} — by
<2[|(r} + 79T ()6} — & (51080 b(s0) [, +2 [ 465 + b5

<A |[rid(si)]; + 4| (0T (51)0% — &7 (5k)8L)b(58) |5 + A0mas (A)? |64 + 4R2

+ 8R?

max’

< (4UmaX(A)2 + 16) HOIZCHQ

15)

(16)

where €/(0;0}) is defined in (10). The second inequality follows from Lemma The last
inequality follows from the assumption that [|¢(s)]l, < 1 for s € S in Assumption and

la+b]l3 < 2l +2]b]; for a,b € RN,

Now, we have

€ ( Ok; ;0 )
€ ( 2. 07 2)
|[€(ok; B1)]], = :
eV (o; 6y)
Ong 5
N o
= Z|’€i(0%€92)”2
=1
N
<D (Aomax(A)? + 16) ) 1655 + 8R2, s
=1

<V (40max(A)? + 16)

N
D_lleLl + VENEE,
i=1

<6 |0k ]|, + 3V N Rimax
SG Ok —‘,—6”1]\[@0 ||2+3\/>Rmax

<610, —5—6\/» Hinax + 3V N Rinax

(I =yw
<6 ||0,] + 79\/NR““”‘.
2 (1—=vw

17
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The second equality follows from the definition of Euclidean norm. The first inequality follows
from (16). The third inequality follows from bound on opax(A) in Lemma The fourth in-
equality follows from triangle inequality. The second last inequality follows from Lemma[A.6]

We will now prove the inequality (T3). For simplicity of the proof, let

o 041000
S(Ok;ék) = (k )¢( ) GRNQ;

5o 08 ) (51
where 0(0%;0i), 1 <i < N is defined in @ Since E [8(ok; Ox) | Fu—1] = A6y + b, we have

E 'He 043 00) | Fi1]

) Ok, Ok _ Ag_k + b
Onyg Onyg

2

-7:1@—1]

2

i s AT
s s ] ] 49 4
i e a2
=E |||6(ok; 0x)||>|Fx_1| — E Aa’f*b]
»|| (Oka kI)HQ k 1:| l‘- ONq )
<E [HS(Ok,ék)Hz .7:1@_1} .
Taking total expectation, we get
E [|[e(ox: 60 ] <E [[3(0r: 60)]3]

I
,MZ

|6(ox: 64)P(sk) Hz]

i=1

I
.MZ

Il
-

[(rk + 79" (5165 — ¢T(5k)92)¢(8k)\’§]

2

IA
&
M=

(2ot + 2l ) - ourot)” )

Il
s

7

<& 23 (r m+4ue,@u§)]

=1

[\

_ONR2,, 48 16%]|7 -

The second last inequality follows from the fact that ||a + b||3 < 2|a||3 + 2]b])3 for a, b € RN
The last inequality follows from the assumption that [¢(s)|, < 1 for s € S in Assumption
Using triangle inequality, we get

18
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E | [[€(0r: 00) 3] <2NR2 .+ 8[|k — 1n @ 6. + 1y @ 6.
<ONRZ,. +16 |1y ® 6. + 16 Hék’f

<2NR?

max

- 2
+16N\\ec\\§+16H0kH

R 2 12

<ONR2, +16N <X> +16 He’“H
w(l—7)

 32NR?

~ 12
— max 16 HO H .
w1y "I

The second inequality follows from the fact that ||a + ng <2 ||a||§ +2 ||b|\§ fora,b € RV4, The
last inequality follows from Lemma|[A.6

O
A.4 PROOF OF LEMMA [3.1]
We will consider the following positive definite matrix:
S-= [% é‘ﬂ € R2mxm, (18)

where the choice of positive constant 8 € R in the statement of Lemma [3.1| will be deferred.
Using the Schur complement in Lemma in the Appendix Section we can see that if
B > 2Amax (M), the following holds:

51, o 28I, 0
o4in nxn n nxn
|:0n><n gI'rL:| <5 |:On><n 2ﬁIn:| .
Now, we have the following relation:
[ 0 T g[-U -M 0
MM'tw M 0,4, |MMtw
- 4T

T e 81, M][-U -M 6 1, o "T—uT M ][8I.
_MMT'w_ | M BL,| | M 0,5, |MMw M Mtw —-M O,xn| | M

M
A1,

T |MM'w| |-MU+ M —-M?| | MM'w MM'tw —8M —M?
[ 6 V' [-BUu+UuT)+2M? UM 0
T |[MMiw| | —-MU —oM? | |[MMfw|’

where the first equality follows from plugging in S in (I8). Expanding the terms, we get

o[ 0 TS U -M 0
MM'w M 0, | |MMw
[ 6 1 [-BU+UT)+2M? —U™M )
T |\ MMTw —MU —oM? | |[MMtw
=0T (—BU+UT)+2M?)0 —w MUO -0 U Mw — 2w’ M3w

_ L\/?wr [—ﬁ(U—&-UJ)—&-QMQ _;JI] []\gw}v

19
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0
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where the second last equality follows from the axiom of Moore-Penrose pseudo inverse of sym-
metric matrices in Lemma [A.2] in the Appendix Section e, MMM = MMM' =
MMM = M.

Now, it is enough to choose 5 > 0 that satisfies following relation:

-BU+UT)+2M? -UT L [T O
-U —2I, Onxn I
-BU+UT)+2M? +1, —UT]
~I

< O2n><2n-

o [Py

The above relation can be shown using Schur’s complement Lemma [A.2] in the Appendix Sec-
tion[A.3]
—BU+U")+2M*+1,+UU" <0,
which holds when S satisfies
Bunin (U +UT) > 20 (M) + 1+ U3

2max(M)? + 1+ U3

— ﬁ> Amin(U“v‘UT)

Therefore, we get

2 [0 s[4 14

Muw U —2I - Mw Muw
= (1015 = [IMw];
0 2
< —min{1, A}, (M)?} H {MMTw} R
where the last inequality follows from the inequality that ||M M T'w|| g = HM M 'w||2 <
||MJTH2 |[Mw|, < W | Mw)|,. Hence, it is sufficient to choose [ =
o { P S (M) .
A.5 PROOF OF THEOREM [3.2]
Proof. Let Tus consider the quadratic Lyapunov function candidate V(6,w) =
[MJ\ZTw S [Mjeﬁw where § € R2?"X27 is symmetric positive definite matrix in
Lemma The time derivative of V(8,, w;) along the solution of (5)) becomes

d (4] e i 0
g1V (O, we) =2 (dt [MMthD S [MMTw]
_—UBt — M’UJt T S Bt

L MMTMHt MMth

_,[-U6 ~ MMMw, ! s[ o
B L M@t MMT/UJt

[ o =, —MTS 0,
B _MMT’lUt M Oan MMT’U)t

=2

2

|:MMT'LUt:| 9

__2mln{17)‘m1n( )Q}m

_—2m1n{1,)\mm } ’

V(Ot,'wt),

20
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where the second last inequality comes from Lemma [3.1] The last inequality follows from the fact
2

0
that V(0;, w;) < Amax(S) [ M M;ij
2

. From the Lyapunov method, this inequality results in

min{1, \T. (M)}

V(0:,w:) <exp | — min t | V(6o,wo).
’ 2Amax (M)2+2+(|U |13 ’
mae { 2 M (M) }
This completes the proof. O

A.6  COMPARISON WITH THE RESULT OF OZASLAN AND JOVANOVIC| (2023));
CISNEROS-VELARDE ET AL.[(2020); |(GOKHALE ET AL.|(2023)

We will consider f(x) = %HszB where * € R"™ and B € R"™ "™ is symmetric pos-

itive definite matrix. Then, V2f(z) = B, and f(x) is Amin(B)-strongly convex and
Amax(B)-smooth. Theorem 8 in |Gokhale et al|(2023) states exponential convergence rate of

+ 2 + 2 + 2
O (eXp (— min { /\;;:,EZ(\Z)) , i:ai((ﬂl\//[f)ﬁ >\min(U)} t ) When % is the dominant term, the
>\+ (M)2

bound yields the convergence rate O (exp (— Wt) ) . Our bound in Theoremalso results

+ 2
to the convergence rate of O (exp (—%t)) when AT

min

(M) is small.

Letting V (8, w;) = ||6: |5+ | M Miw, — w*| ;, the result of Theorem 2 in|Ozaslan and Jovanovié

(2023)) leads to
V(Gt, 'wt)
B 2\ min (B) min{ Apin (B)?, )\;in(M)Q} 2
e < OB+ d M 1)1 1 Do BB (700 w0 4V B 00).

When A\yin(B) — 0, the above convergence rate becomes O(exp(—Amin (B)3t)). Whereas, from
Theorem (3.2 our result states O (exp(—Amin (B)t) convergence rate under the same condition,
which implies tighter convergence rate.

Cisneros-Velarde et al| (2020) proved exponential convergence rate for [ Re,; ], where M :=
t

RXR' is the singular value decomposition of M. Theorem 4 in (Cisneros-Velarde et al. (2020)
leads to the following convergence rate:

)\min(B) )\max(M))‘+‘ (M)2
O exXp | — - min t
A11121)((-2\4)2 + %)\max(M))\;;in(M)Q + )\max(B)Q )\max<M) + 1

When Apax (M) = AT

(M) — 0, the bound implies
O (exp (—Amax(M)AL, (M)?t))
where as our bound in Theorem [3.2]implies tighter convergence rate of
O (exp (—Afin (M)?t)) .
The overall comparison with |Ozaslan and Jovanovic| (2023); |Cisneros- Velarde et al.| (2020) is sum-
marized in the Table[T]

A.7 PROOF OF LEMMA [4.1]

We will consider the following positive definite matrix:

._ 5I_Nq L 2Ngx2Ngq
G._{ AT €R : (19)
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‘ Convergence rate ‘ Condition ‘
Ozaslan and Jovanovié|(2023) | O (exp (—/\min(U)gt)) .
Ours O (exD (~ Amin(U)1)) Amin(U) = 0
| [Cisneros-Velarde et al.[(2020) | O (exp (=), (M)3t)) o+
Ours (@) (exp ( AL (M )Qt)) Amax (M) = AL, (M) — 0

Table 2: t > 0 stands for time.

where the choice of positive constant 3 € R will be deferred. Using the Schur complement in
Lemma A.3]in the Appendix Section[A.3] we can see that if 8 > 2\yax(L), the following holds:

gI 0Nq><Nq <G < 2ﬁI 0Nq><Nq )
ONqXNq §I 0Nq><Nq 261

Now, we have the following relation:
o[ 0 1 g[A-2L L ][ 6
LL'w nL OngxnNg| |LLTw

[ 6 1 g[A-nL L ][ 6 1 [ 6 ] [AT-nL oL |g[ 0
" |LL'w nL  Ongxng.| |LLTw LL'w —nL  OngxNgs LL'w

[ 6 1" [BA+AT —2qL)+29L? (AT —nL)L][ &
" |LL'w L(A—-nL) —2nL? LLtw|’

where the last equality follows from plugging the choice of G in (I9). Expanding the terms, we get

[ 0 }T{ﬂ(A+AT—277E)+2771_/2 (AT—nE)EH 0 }

LL'w L(A—nL) —2pL? | |LL'w
=0T (B(A+ AT —2yL) +2¢L*)6 + 0" (AT —nL)LLL'w

+w L'LL(A —nL)0 — 2nw " L'LL*LL w
=9T(B(A +AT - 277L) +2pL2)0 + 0(AT — L)L

TL(A nL)8 — 2n || L

(61 [BA+AT —omL)+2qL2 AT —nL][ 20)
T | Lw A —nL —2on1 Lw|’

where the second last equality follows from the axiom of Moore-Penrose axiom of symmetric ma-

trices in LemmaA.2]in the Appendix Section[A.3 i.e., LL'L = LLL' = L'LL = L.

Now, it is enough to choose c that satisfies following relation:

B(A + AT_— 27];) + 277EQ AT — ’I’].E < _ INq 0Nq><Nq (21)
A — 77L —2771 0Nq><Nq nINq
B(A + AT_— 217_E) +2opL? AT — nL} n [ Iy, OngxNg

=< .
= [ A—nL —2onI Ongxng  Nng ] = O2ngx2ng

Using the result A + AT < 2(y — 1)w from Lemma we have

[ﬁ(AJrAT L) + 2nL? ATnL] [ Iy, 0Nq><qu|

A - ?7L —2771 ONqXNq UINq
- (28(y — D)w + 1+ 2pAmax (L)) Ing AT —nL
- A—nL -l |

22
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The inequality follows from the fact that L? is positive semi-definite matrix. To make the above
matrix negative definite, according to the Schur complement argument in Lemma[A.3] we need

_ 1 - - _
(280 = Dw 1+ 20 ha (L)) g + - (A —nL)(AT —nL) <0, (22)
which can be satisfied if the following holds for c:

(28— D+ 1+ 2 EF) + 1 4= 02} <0

LIIA = L3 + 1+ 2pAmax(L)?
2(1 —y)w

< B.

Since HAH; < 4 from Lemma and a® + b? > 2ab for a, b € R, it suffices to satisfy

8 40% Amax (L)?
g 8tutdn (L)*
2n(1 —y)w
Therefore, choosing
8 + 0+ 4n* Anax (L)?
/8 p—
n(l —y)w
7\2 —_
suffices to satisfy . Note that 8 > (1_17)1” + n(l—sv)w + 4n(>\1m_a;)(£) > 4)\maX(L)ﬁ >

4\ max(L). Applying the relation to yields the following result:

A P 2] <[] bt [

A —nL —2nI | |Lw Ongxng  1Ng

. _ 6
= —min {1,nAf,, (L)*} H {LTL’LD]

2
where the last inequality follows from the following relation:

L _ _ 1 _
|2, < ], o], = g5 12

A.8 STOCHASTIC RECURSIVE UPDATE : I.I.D. OBSERVATION MODEL

In this section, we will consider the i.i.d. observation model of the sequence {oy}ren, and o €
S x & x IV, T where I is the closed interval [—Ryax, Rimax] in R. We consider the following
general stochastic recursive update (Robbins and Monro, |1951), for k£ € Ny and 2 € R2Na.

Ziy1 = 2, + o (Ezi + £(ok; 21)), (23)

where E € R2N92Na_¢(.:2) 0 § x S x T I — R?N4 is a function parameterized by z € R*V4,
and oy, € (0,1).

Assumption A.11. 1. For k € Ny, &(ok; z1) has the following bound:
E [l§(ox: 20113 < CIE [l24l3] + Ca

2. For k € Ny, {oi}le is sampled from i.i.d. distribution, and
E [£(ok; 2x) | Fr-1] =0,
where Fi, := 0 (01,09, ...,0;) fork € N,
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3. There exists a positive symmetric definite matrix Q € R*N9*2N4 gnd positive real constant
K such that, for k € Ny,

2 EQz, < —k ||zl

We will introduce one lemma:.
Lemma A.12. Under the Assumption[A.11) for k € Ny, we have

E [(z01 = 20) T Q(zkan — 20)] < 203 1Ql, (I3 +C1) E [llzell3] + C2).

Proof. We will first consider the conditional expectation:
E [(zk+1 — 21) " Q(2zk41 — 2i)]
<RI E [l2h+1 — 2]
= [1QIl, E [lor Bz + ar(or: )13
<202 1Qll, (E [IEI3 12413 +E [I€(or; 20)113])

<20} 1Qll, (I3 + €1 ) E [1z4l3] + C2)

The first inequality follows from positive definiteness of ). The first equality follows from the
update in . The second inequality follows from the relation ||a + b||§ <2 ||a||§ +2 ||b\|§ for
a,b € R?Y4, The last inequality follows from the first item in Assumption O

Theorem A.13. Suppose Assumpti()nholds, and let V(z) := z ' Qz for z € R?N4,

1. Suppose we use constant step-size, ie., oy = o = -+ = ag and oy <
KAmin (Q)
(00T, (FZF ey where ||E||, < E. For k € Ny, we have

K >\max
BV (srin)] < exp (5 gihan ) Vi) + 2006 1Q1, 2@ 4 20 Q1 €
2. Suppose we have o = t+h for t € Ny and hy > max{2, 2’\““‘"(Q)} and
2
max {Q,hl,h Ama(Q )”QH(Q(;E +Cl)} < hy. Then, we have

hik 2h1 K
ho ) Amax (@) 2 ||Q||2 02h2 2 X max (@)
0

BV ()] < (20 e )

— + 201 QI Co
ax(Q)

Proof. From simple algebraic manipulation in |Srikant and Ying| (2019), we have the following de-
composition:

E[V(zk+1) — V(zi)]

=E I:(Zk+1 — zk)TQ (Zk+1 — 2k) ] +E [2zk sz+1] —2E [V (2)]
E [(zk41 — 2z1) " Q(zkt1 — k)] + E [22] Q2441 — 21)]
E

I:(zk+1 - zk)TQ(zkH - zk)] +E [sz Q(zkt1 — 21 — akEzk)] +2a,E [z,;rQEzk] .

Iy I Is

(24)

To bound I, the result in Lemma|[A.12]yields
T 2 2 2
E (2101 — 20) Q211 — 21)] < 202 1R, (B + €1 ) E [J2li3] +C2)
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The term I, becomes zero due to the second item in Assumption [A.T1} which leads to
E [22) Q(zi11 — z1 — arEzi)| = aiE [22] QE [€(ok; z1,)| Fr—1]] = 0. Finally we can apply
the third item in Assumption to bound I5. Collecting the terms to bound (24), we get

E[V (241) = V(z1)] <202 1QU, ((1BI5 + C1 ) E [Ilz4ll3] + C2) — 2xan |23

2
IE]5 + C

2
<2a; [|Ql, ( Amin(Q)

E [V(Zk)] + CQ) — 2@0&;1@ [V(Zk)]

E|Z+C
- <2ai I, et 2o ak) E [V (z)] + 202 [Qll, C.

(25)

The second inequality follows from Apin (Q) ||z||§ < Hz||2Q < Amax(Q) Hz||§ Moreover, the step-
size conditions for both constant step-size and diminishing step-size leads to

B[+ Ch K E*+Cy , K K
2 o —2—————ap <2 ag — 2 ap < — Q.
||Q||2 )\min(Q) k )\max(Q) b= HQ”2 )\min(Q) k Amax(Q) b= )\max(Q) F
Applying the above result to (25)), we get
E[V(zx41)]
K
< (1 g BVl + 20 1@, Co
K = K
<I1* S S 2 k. - 2
ity (1 5 g ) BVl +2 e 1@ ot (1 3 ) 202 @1 €
. k k-1 . k
<exp| ————— a; | E[V(z9)] + 2 a2 |Q|l, Caexp | ————r a; | +202(Q|, Ca,
( @ ) Vo)) +23 ot lll Caexp | —5 gy 3 s | + 204 1@ C:
(26)

where the last inequality follows from the relation 1 — z < exp(—z) for x € R.

1. First, we will consider the case for the constant step-size. Using the fact that the step-size
is constant, we can rewrite in (26)) into

B[V (k1)
<exp (— 1 grhan ) EIV (0]
k-1
23 a1l Coenp (—5— a0tk — ) + 203 1@l Co
i=0 max

exp (_7%:(62)0‘0)
1 —exp (*4Ama§<a>o‘0)

The second inequality follows from summation of geometric series. Since exp(z) — 1 > x

+203(1Qll; Ca.

<oxp (-3 grhan ) EV(20)] + 20 Q1 Co

for x > 0, we have Cxp(i)_l < %, and this leads to
I 1
BV ()] < exp (5 sbon ) BIV (o)l + 203Ca 1@l ——o- + 203 1Q11 Co
AmaX(Q) /\max(Q) 050

Amax (Q)

—exp (- grhan | BV (o)l + 2002 @1, 222 1 203,
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2. The result for diminishing step-size becomes

E[V(2k41)]

SGXP< Z%)

k—1 k—1
K

+23 afllQly Caexp | —5—rms > oy | + 20} ]1Ql, C

i=0 max J:Z+1

hlli k+h2
< — 1 E
—exp< = o (*5,)) Evie
hik k—1+h

+2Z L 1Ql, Coonp (— 2o (S ) ) 42 el

e k—1 hik
hs Amax<cz> h2 i+ 14+ hy \ Imax@ 9
< 2 - -z 2
(k+h2> V() 423 e 1906 ( th) +2021Qll, C2,

The second inequality follows from ft 07 +;L dt < Zz o @;. From the choice of step-size,
h1 K

we have pvw—Ca) > 2, which leads to

hy O\ Tmex@
BV Gl < () Vi)

k-1 . —hr
h2 7 + ]. + hQ Amax (Q)
2 1 0,2
’ ”Ql|202;(i+h2)2 (k—1+h2 + 205 [|Qll, C2
h e
2 Amax(Q)
§<k+h2) V(z0)
QU Cal? e AL
T +2 )—>2 D i+ D)o@ ™ 4207 (1Q, O
- 2) fmax i=0
h S L
9 Xmax (@)
S<k+h2> Vizo)
2(|Qll; C2h? hy

k hik
P 2@ [ (s 4 hn) i 2ds + 203 Q) C:
1 4 hy) Tmex@ 0

hik
h Fman (@)
S ( 2 ) V(ZO)

k+ ho

hik
2(1Qll, Col} 9 e (@)
(k =1+ hy)™»ex@ X,.(Q)
hik
ho Tmax(@)
<\t7 v
- <k+h2> (20)

2||Q|l, C2h? 2? Smen (@
(k -1+ hg)

+

hik
(k+ ) So@ ! 420 QI Cs

+207[|Qll; Ce

h
Amax(Q)

The second inequality follows from the fact that ¢ + ho + 1 < 24 + 2hs for ¢ € N. The last
inequality follows from the fact that & + hq < 2k — 2 4 2h,.
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A.9 PROOF OF THEOREM [4.2]

Let us prove the first item in Theorem 4.2} which is the constant step-size case. To this end, we
will apply Theorem [A:T3]in the Appendix Section [A:8] and it is enough to check the conditions in
0y
LL"wy
tion [A-TT] follows from Lemma[A-T0]in the Appendix Section[A:8] That is, the constants in the first

item in Assumption[A-TT|becomes

Assumption |A.11|in the Appendix Section Let z := [ ] . The first item in Assump-

32N R? _
=1 —— B =242 \nax(L).
Cl 67 CQ 'LU2(1 — 7)27 + ( )

The second item in Assumption is straightforward from the fact that (s, s}, 7%) is sampled
from i.i.d. distribution.

The third item in Assumption is satisfied by lettlng K =min {1l n/\mm )2} /2, which fol-
lows from Lemma[4.1] Therefore rom the first item in Theorem lettmg the constant step-size
to satisfy

min {1 AL (L)? } Amin (G)
%o < ~4(20 + 8\ max (L) + 4hmax(L)?) Amax(G)?’

Hence, there exists & such that

mm{l n)\nnn(L) }

(20 + Smax (L) + Do (£)?) (S22 (17

a=0

B min {1, (L)%} (1—yw |,

)\max(L) (E + 47]>\max(L)2)
6o — 1y ® 6,
LL (w0 — Lo

since |G|, = @( (r‘l‘a"f:) ) Letting o :=

result for the convergence rate:

)] , This leads to the following

_ 2 _
E [H9k+1H2 + HLLTQI}]C+1H§:|

M (G) . 2
<L — 7 A
= Nnin(G) eXp( Mo (G) %) ol
||GH2 /\max(G) 1 2
(o 200G 242 |G|, C:
R @ 20T @ 201Gl 2
mln 1 n)\rnln( )
Sdexp | = 8—&-{n+4n2)\max(L)2} koo ||ZCOH§
2 (W)
2N 2 4 2 o .i 2 1
+16040<32 Rmax2)8+77+ U)\a( ) . __
(1—7) n(l —y)w min{1, nAmin (L)%}
4 8a2 %
"\w(1—7)?

mln{l 77/\ ( ) } 2 NR2 24 772Amax(i/)2
=0 —(1— min k max i ) 7
<exp ( (1 =7w= " 8+ dnAmax(L)? ao | [lzoll; +a0w3(1 — )% pmin{1, nAmin (L)?}

where the second inequality follows from Lemma[4.1] Dividing by the number of agents, IV, leads
to the desired result.
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Similarly we can derive the second item in Theorem {.2] which corresponds to the diminishing
step-size case. From the second item in Theorem[A.13] the step-size parameters have the following
constraints:

2 712
by > max{Q/\max(G),2} > max{8+n+4n Amax(L) ' 2+ 7 ,2}7
K n(l —~y)w min{1,nA’ . (L)%}

28t EE (2 4 2Xnan(D))? + 16)
ho > max < 2, hy, hy E— min(L
min{1, nA. ;. (L)}

min

It suffices to choose h; and hs to have the following order:
2 + 1% Amax (D)2
hl :G) ( * 77 ( <)k T ) i
n(1 = y)wmin{1, nA;;, (L)*}
2 + 1% Amax (L)? -
hy —© ( 1 (D)7 AmaX(L)2h1>
n(1 —y)wmin{l, nA;, (L)
— 2 —
—0 (2 + 772)\max(L)2) )\max(-lj)z )
1?(1 = 7)?w? min{1,nA L, (L)%}

min

—

Therefore, the convergence rate becomes
- 2 — 9
E |:H0k+1H2 + HLL wk+1H2]

Amax(G) [ ha \?
< Amax( )( : )nmoni

/\min(G) k + h2
L mNR, amde (2 )2 BHNRE,,,
k—1+hyw?(l—7)? e —1 kthy) wil—7)?

—0 1 (1+ 7*Amax (£)?)? NR .
— \kn2min{1, AL, (D)2} wi(1 — )

min

Dividing by the number of agents, /N, completes the proof.

A.10 MARKOVIAN OBSERVATION MODEL

We will consider a general stochastic recursive model with Markovian observation samples, for
k € Ny:

Zk+1 = 2k T Qg (Ezk + £(Ok§ Zk)), 27
where E € R2N9*2Na 2, ¢ R2N4 and €(oy; 21,) := W (ox) 2k +w(ox) for W : Sx ST | T —
R2Nax2N4 where I is closed interval [— Ripax; Rmax) in R, and w : S x & x Y ;T — R2V49. We
assume that the the sequence {0y € S x S x IV, I'}1.cy is generated by an ergodic Markov chain.
The proof follows the spirit of (Srikant and Ying, |2019). We will denote 7" € N as the total number

of iterations and the mixing time 7 := 7(ar) will be defined as in (14). We first introduce a set of
assumptions:

Assumption A.14. 1. Foranyo € S x 8 x X, I, we have
W (o)l <C1, lw(o)l; < Ca.

2. For k > T, there exists a positive constant = such that

|E [£(0k; 2k—7 )| Fr—r]lly < Ear(|lzr—r|ly + 1),
where F—r = 0(01,02,...,0k_r).

3. For k € Ny, there exists a positive definite matrix Q € R*N9*2N4 gnd q positive constant
K such that

227 EQzi, < —ri |24,
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For simplicity of the proof, we will denote E'; := C + E where | E||, < E. We first present several
useful lemmas.

Lemma A.15. 1. Fork > tand k — 7+ 1 < s < k — 1, using constant step-size, i.e.,
g = a1 = -+ - = a such that TagE1 < 1n 2, we have

4C,
st—l-1||2 S 2 ||Zk._7_||2 + Ef
1

2. Fork > T1and k — 7+ 1 < s < k — 1, using diminishing step-size, i.e., a; = tf—,{@for

_ 1/E1h
t € Ny such that % < ha, we have

lzes1lly < 212kl + 4CoTon_,

Proof. Applying triangle inequality to the recursion in (27), we get
[Zs41lly < (14 asEn) [[25]]5 + @sCo.

Recursive formula leads to

s—1
lzerally ST (1 + @By ze—rlly + D Cooulli_, (14 a;Er) + aCy
i=k—T1
s s—1 s
§exp< Z aiE1> sz—THQ-i- Z Cha; exp Z o By | + asCo, (28)
i=k—T1 i=k—T1 j=i1+1

where the last inequality follows from the relation 1 + = < exp(z) for x € R.

1. We will first prove the case when the step-size is constant. Using the fact that ag = a1 =
-+ = a, we can rewrite (28) as follows:

s—1

|Zs+1lly <exp (TawEr) ||zk—r|lo + Z Coap exp(apEr(s — 1)) + apCa
i=k—T1

exp((T — 1)agEq)

SC:
= exp(—aoky) | O

<exp (TaoEh) || 2k—r|l5 + Coao

exp(TagEr)

—_— C
exp(apEr) — 1 oty

=exp (TaoEy) [|zk—r |5 + Caao

2
<2||zp—ry + CzEf + 0 Cs
1

4CYy

<2 ||zporll, + —2
<2zl + 5

The second last inequality follows from the condition on the step-size, TagE; < In 2, and
the fact that exp(x) > z + 1 forz € R.
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2. We will prove the case for diminishing step-size. Plugging in oy = 5 +h fort € Nto
we have

s 1
cially < exp ( Eyh L) s
ity e (B [ L)

s—1

s
+CQ Z Q; €XP (Elhl/ t—l—tht) +0[SC2

i=k—T1

s—1

s+ ho Eiin s+ ho Bl
< 5 1 . 1 —T 7 . S
(k:—r—H—hg) I ”ﬁ@gk;a i+ hs oG

k—1
<2zl +Co Y 205+ a,Cy (29)
1=k—1
< 2 ||zk—7'||2 + 2027-0%—7- + QSOQ
< 2 ||zk—7'||2 + 4027-0%—7'-

The first inequality follows from the fact that Zz 0 TF h2 < ; 15T , dt for a,b € Np.

The inequality in (29) follows from the following relation that for k > 7,k — 7+ 1 < s <
k—landk —7<i<s-—1, thecondltlonw# < hy leads to

Ei1hy E1hy FEihy
§+h2 < 5+ hy o F-1th <9
Z+h2 - k—T—1+h2 - k_T_1+h2 -
k—1+4ho

The last inequality follows since =774~ is decreasing function in / and it suffices to
satisfy the inequality when k = 7. ThlS completes the proof.

O
The following lemma shows that the difference between z; and zj_ . for £ > 7 will not be large:
Lemma A.16. 1. Considering constant step-size, i.e.,, g = a1 = -+ = ap, With ag <
1
m,for k' Z T, we have
||Zk — Zk,-,-H2 <4F oot ||,Zk||2 + 10Ca0T,
|z — zk_r |2 <EraoT || 21|35 + CaaoT.
2. Considering diminishing step-size, ie., oy = t+h2 for t € N such that
max {Tzllfgf% 327 E1hy, 327’02/11} < ho, for k > 7, we have
lzk — zk—r|ly < 4Evap—-7 ||2k||, + 4Coap—_-T, (30)
|z — zk—‘r”i < Biag_,T sz\|§ + Coag—-T. 3D
Proof. We have the following relation:
T—1
2k = zr—rlly < Z Zit14k—r = Zith—rll
i=0
T7—1
= itk |BZiyn—r + &(0isn—ri zivh—r)ll,
i=0
T—1
<Y ik (B |Zigk—rlly + Ca) (32)
i=0

The first inequality follows from triangle inequality. The first equality follows from the update
in (27). The last inequality follows from the first item in Assumption[A.14]
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1. Considering the constant step-size, we have

T—1
4C
s = 1ela o0 3 (B (2ol 52 ) +3)

T7—1

=ap Yy (2B} ||zk—r |l + 5Cs)
i=0
=2F 09T HZ:]C,TH2 + 5C500T.
The first inequality follows applying Lemma to . Since we have Ejapr < 1,
using triangle inequality we get
|zt — 2Zi—rlly S2E100T ||2k — Zk—r ||y + 2E1 00T || 28]y + 5C200T,
||zk - zk,TH2 <4FEiagT ||ZkH2 + 10C00T.
Moreover, using the relation (a + b)? < 2a? + 2b? for a, b € R, we have
Iz — z6—r |3 <2(4B1007)” || 25—- |3 + (10C2007)°
§E1a07 ||zk—7'||§ + CQOZ()T.

The last inequality follows from the step-size condition that oy < Wl{bﬁﬂﬂ'

2. Considering diminishing step-size, applying Lemma[A-T5]to (32), we get
T—1

2k = zierlly < cier 3 (Br 21z lly + 4Chran_r) + Ca)
i=0

= ap_r (27E1 ||21—rly + 4E1Cor? 4 + Ca7)

< ap—7(27E1 || 2k—r |5 + 2C27)

=2Fiap_,T ||Zk,.,-||2 + 2C50_,T.
The first inequality follows from the second item in Lemma The condition hy >
32F7h, leads to the last inequality. Moreover, since oy < TE for k > 7, we have:

2k — zk—rlly < 2B106—T (|2k—7 — 2klly + 2B106 T || 2k ||y + 2007 CoT
<AEiap—rT || 2k|ly + 4C200 1T
The first inequality follows triangle inequality. Furthermore, using the relation (a + b)? <
2a? + 2b2 for a, b € R, we have
Iz — zr—r |3 <2(4B10—-7)” || 26]15 + 2(4Co0s,7)?
<Eiap_,T sz||§ + Coaug_rT.

The last inequality follows from the step-size condition max {327 F1hy,327C2h1} < hs.

O
Lemma A.17. 1. Considering constant step-size, i.e.,, g = a1 = -+ = ap, with ag <
min{m, %},fork > 7, we have
E[z Q(&(ox; z1))]
<11Qll, ((4Z +13C1 B1 +20C1C3 + 4E1Ca)aoTE [z
+ (25C1C5 + 10C5 4 22 + 4E,Cs) apT) .
2. Considering diminishing step-size, ie., oy = t-ﬁllu for t € N such that

max {%, 327 E1hy1,321C5hy, %} < ho, for k > 7, we have
Elz Q(€(ox; z1))]
<11Qll; ((4Z + 13E1C1 +8C1Cy + ACH EE [|| 23

+(13C1C5 + 4C3 + 25 + 4Co Ey)) a7
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Proof. Following the spirit of [Srikant and Ying| (2019) we can decompose the cross term in to
follows four terms:

Elz; Q(zks1 — 21 — s Ezy)]
=Bz Q(w(og) + W (o) z1))]

=ay, | Elz{_,Q(w(ox) + W (o) zr—1)] + E[(z — zx—~) ' Q(w (o) + W (01)(2k — 2—7))]

I I3

+E[(zr — zvr) QW (0k) 21—+ + E[z_ QW (08)(zk — 25— )]

13 14

The term I; can be bounded from the second item in Assumption [A.T4] which uses the geometric
mixing property of the Markov chain.

E [z]_.Q(w(o) + W (o) z1—r)] =E [2{_, QE (W (0)z)—r + w(01))| Fr—-]]
<E([|zk—r I, 1Qll5 IE [(W (0k) zk—7 + w(o0x))|Fr—r]ll,]
<E[|zx—~ll; |1Qlly Ear ([ 2k, + 1)]

<11Ql; Zar (2K [z 2] +1)
= 2 2
<11Qlly ZarE (412 — 213 + 41120113 +2)] -
The first inequality follows from Cauchy-Schwartz inequality. The second inequality follows from

the second item in Assumption The third inequality follows from the relation a < a? + 1 for
a € R. The last inequality follows from the relation (a + b)? < 2a? + 2b? for a,b € R.

The term I5 can be bounded as follows:

E [(zk — 2zk—r) Q(&(0k; 2k — 2k—r))]
<E(llzr — zk—~l, [|1QIl5 [1€(or; 2k — zk—7)[,]
<E{||lzr — 2k, [1QIl5 (C1 |2k — zk—rlly + C2)]

2
=E [|1Q C1 121 = ze—r 3 + QU Ca 125 = 20—l

The first inequality follows from Cauchy-Schwartz inequality. The second inequality follows from
the first item in Assumption[A.T4]

The term I3 can be bounded as follows:
E [(zk — zb—r) QW (0)25—r)
<E[llzk — zi—rll5 [Qll5 (C1 [|2k—rll2)]
2
<E |C1 Qllz 12 = 21113 + EIC11QUlz 26 = 2l 2]

The first inequality follows from Cauchy-Schwartz inequality and the first item in Assumption[A.T4]
The second inequality follows from triangle inequality.

The term I can be bounded as

E [z, QW (oy)(z — zk-))]
<E[llzk—rll5 1Qlly (C1 llzk — zk—rll5)]

2
<E [C1 1@l (12 — 25 —+3 + 121 — 21—l |l 24]15)] -

The first inequality follows from Cauchy-Schwartz inequality and the first item in Assumption|A. 14
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Collecting the terms to bound I, I5, I's and I, we get

[z Q(&(ox; z1))]
— 2 — 2
<11Qll; (42azE [lz43] + (3¢t +4Zar) E [z — 23]
+2C1E (|2 — zr—rl5 [ 2&lo] + C2E [l 20 — zk—r[l5] 4+ 2Ear)
<1Qll; (4ZarE [z]3] +5CiE [z — 21— ] (33)
+2C1E [|lze — zr—r |l [I2&ll] + C2E (|2 — 2e—rll5] + 2Ear) . (34)

The last inequality follows from the step-size condition that 2=Ear < C4.

1. For constant step-size case, we have

Elz, Q(&(ox; z1))]

<lQll, (45%1@ [||zk||§] 450, (E [Elozm' 22 + OWOTD
120, (E [4E1a07- 212 + 10Coa07 ||zk|\2D
+ Cs (E[4E1aoT || 2k]l5 + 10C20a07)]) 4+ 22a)

<11Qll, ((4Za0 + 13C1 Fraor)E |12 ]3]
+(20C, C2 + 4E1Cs) aoTE [|| 2k ||5] + (5C1C2 4+ 10C3 + 22) aT)

<11Qll; ((4Z + 13C1 By +20C1Cs + 4B Ca)ao7E | |24
+(25C1C5 + 10C5 + 22 + 4E1Cs) apT) .

The first inequality follows from applying Lemma[A.T6]to (33) and (34). The last inequality
follows from the relation a < a2 + 1 for a € R.

2. Considering diminishing step-size, we get

E[z, Q(&(ox; z1))]

<11Qll, (42arE [|24l13] +5C: (B [Brap-r7 |24} + Coan—r7))
+20 (E [4B10k 7 |24l + AC20k 7 |24, )
+Co(4E 1 ag— 7T || 28]l + 4C200—7T) + 2Eaur)

<11Qll, ((4Zar +13E:Crap—,7)E |24
+ (8C1Cs + 4C2Er ) o TE [|| 2 ||
+(5C, Coaup_r7 + 403017 + ZEaT))

<[1Qll, (42 + 13E1Cy +8C1Cp + 4C3 B ) 7E [ |23
+(13C1Co + 4C3 + 25 + 4Co By )y, 7) -

The first inequality follows from applying Lemma[A.T6]to (33) and (34). The last inequality
follows from the relation a < a2 + 1 for a € R.

Lemma A.18. For k € Ny, we have

(zrt1 — 21) T Q211 — 21) < 207 |Qlly (BT || 21]l5 + C3).
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Proof. We have
(21 — zk>TQ(zk+1 —z1) <[ Qll3 | ze41 — z;g||§
=1Qll; lax Bz, + aré(or; 1)
<ai [Qlly (B |lzully + C2)?

2
<207 [|Qll; (B |lzelz + C3).
The first inequality follows from Cauchy-Schwartz inequality, and the second inequaltiy follows

from the relation ||a + b||§ <2 HaHg +2 ||b||§ fora,b € R2Va, O
Theorem A.19. I Considering constant step-size, i.e., g = ay = --- = ap, with ag <
. C )\mm(Q)
min { 1007 max{EhCz}’ 2= (4E2+4I?1T))\mdx(Q)HQH }, we have, for TS k’
Amwx(Q) R 2 402
IE[ 2} <=L —ag———(k — 1 2 —=
||zk+1||2 _)\mln(Q) exXp a02)\max(Q)( T+ ) HzO”Q + E1

2 ||Q||2 (622 + Ka7) 2 max(Q) 2
+ )\min(Q) a0 R * @)
where

K1 =4= + 1301E1 + 200102 + 4E1027 K2 = 250102 + 10022 + 2= + 4E102.

2. Considering diminishing step-size, ie, o = 3 +h for t € N such that
1/E1h 2 max (Q)(2E24+2L
max{wihl” 327 F1hy,327Cohq, 53; hy 1<z m(:‘?n)((Q) + 1T)} < ho and

maX{MLﬁ’E }<h1,forT<k<T we have

)\max(Q) (T + h2

1 S (@
E Izl < ) @l + 40

o )\IIIIH(Q) k + hg
1 16Qlly (Lor + C3)h3 2" wrmue !
Amin(Q) k—1+hs [ ———
2(1Qll

+ ) (LQTCY]Q,-,—CUC + C%Cti) R

Amin(Q
where
Ly :=4Z + 13E,C 4 8C1Cy 4+ 4CoEy, Ly := 13C,1Cy 4 4C3% + 22 + 4C, F).

Proof. LetV(z) = 2" Qz for z € R?V4, From simple algebraic manipulation in|Srikant and Ying
(2019), we have the following decomposition:

E[V(zk+1) — V(zi)]
=k [(zk+1 —21) ' Q(2zrg1 — 2k ] +E [sz sz+1] —2E [V (z)]
=E [(zr4+1 — 21) " Q241 — 21)| + E [22] Q2141 — 21)]
=E [(zb41 — 2) ' Q(2141 — 2)] + E [22) Q(2141 — 2k — arEzp)| +204E [z, QEzy] .

Iy Iy I3

(33)

1. We will first consider the case using constant step-size. The term /; can be bounded using
Lemma [A.18] the term I can be bounded using the first item in Lemma [A.17] and the
bound on I3 follows from the third item in Assumption[A.T4] which yields

E[V (2k1) — V(2] <203 QU (EZE [ll2413] + C3)
+ 200 [[Qll; K107E [ |12 3]
+ 200 || Q|5 KoTovg
— aonE [lz4]13]
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Considering that Amin(Q) [| 215 < [[2kllg < Amax(Q) ||z ]15. we get

1, 2 2 2 k
E — <——=_ (2F 2K E —aqyp—FE
V(2zkt+1) = V(zk)] = X (Q) (2Eag + 2K,1057) E [V (21)] — ao e (Q) [V (zk)]
+21Qll, (C3 + Ka7)ag.
The condition on the step-size that
1Qll, 2 2 2 k K
——=_ (2E7af + 2K104T) —apg—r— < —qpg———
/\min(Q)( 1o 1o ) OAmax(Q) OQ)‘max(Q)
“— ap < fi)\min(Q)

= (B2 + 4K ) Amax(Q) QI

leads to

E[V(z01)] < (1 oo ) E[V(z)] +2 QI (€3 + Kar)al.

R
2)\max<Q)

Recursively expanding the terms, we get

E [V (zk41)]
<tk (1 - ao%:X(Q)) E[V(z)]

n kiQ 1Qll, (C2 + Kar)adllh_,, <1 - a02)\m:x(Q)> +21Qll, (C2 + Kor)a?
<exp <—a02Ami(@(/¢ -4 1)> E[V(z,)]

+ ;2 1QlI, (C3 + Kar)ag exp <—0402)\In:x(@(k - i)) +2]|Qll, (C3 + Ka7)ad
<exp (aow\m:((@(k - 1)> E[V(2,)]

exp <—O‘Oﬁx(Q)>
1 —exp <—0<0ﬁx(Q))
(k Y 1)> E [V(Z'r)]
1
exp (aom) -1
K
~———(k—7+1) |E[V(2,
2/\max(Q)( )> Ve
2ne(@)
(a7 a%

+2[Qll, (G + Ka7)ag +2[Qll, (CF + Ka7)ag

K

2)\max(Q)
+2(1Qll, (CF + Ka7)ag

=exp (ao

+2[Qlly (G + Kar)ag

<exp (—ao

+2[Qll, (CF + Ka7)ag +2Qll5 (C3 + Kar)ag

kTt 1)) E[V(z,)]
Q)

)\max
F1QI (CF + Kar) oy D)

=exp (—ao
+2(1Ql, (CF + Kar)ag.

The second inequality follows from the fact that 1 — 2 < exp(—=x) for x € R. From the
first item in Lemma|A.15] we can bound E [V (2 )], which leads to
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)\max 40
E [||Zk+1||§:| §>\rnin((QQ)) exp (—aOM(k -7+ 1)) (2 Hz0||§ + Ef)
2[1@Qll5 (C3 + Ka1) (QO%W(Q) N 0;5) .

* )\min(Q)

2. We will now consider the case using diminishing step-size. In (33), the term I; can
be bounded using Lemma [ATT8] the term I, can be bounded using the second item in
Lemma[A.T7] and the bound on I3 follows from the third item in Assumption[A.T4] which

yields
E[V (zk41) = V(20)] <211Qll; of (EZE [lz4]13] + C3)
+ 201 1Qll, Erav—+7E [[123]
+ 201 [Ql; Loy 7
A HE
where

Ly :=42 + 13E,Cy + 8C,Cy + 4CLEy, Ly := 13C1Cy + 4C2 + 22 + 4C1E;.

Considering that Anin (Q) ||zkH§ < ||zkH2Q < Amax(Q) || 2k 3 we get

__lels

E[V(2k4+1) — V(zk)] ~ Amin(Q)

(2E7af + 2Liagay 1) B[V (21)] — ap =+

+2(Qll, Ciai +2|Q|l, LaTapat—r.

2
The condition on the step-size that hy > hy zl‘Q‘IQA"‘zji?”?((é?l +2L17) implies
1Rl 2 2 K K
—=— (2Fia; + 2Lk rT) — ap——— < —ap
)\min(Q) ( 1ok ) )\max(Q) 2)\max(Q)

Applying the above relation to (36) results to

R

BV )] < B | (1= 55w ) V)| + 211, Gt + 211, Larasan.
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Recursively expanding the terms, we get
E[V(zk41)]

< (1= g gion ) BVl +21Ql, Laras-an + 21Ql, Cod

max

max

k—1
k K 2 k—1
<ttt (1 gy ) BV G+ 21Ql Y (Brrasrai + a2ehimizl, (1 5

=T

+2[Qlly Lara—ron +2[1Ql, Co

k—1 k-1
K
§exp< DO Zm) V(z, ]+2HQHQZ(LQT%‘—T%‘+0%2022)6Xp T D (@) Z &

1=T1 1=T1 Jj=i+1
+2|Qly Loray—rai +21|1Qll, C3af

h K k—1 . hy =S
T4 hy\ ! Pmax(@) g o [T+ 14+ hg | ! Pmax(@
< EV(z;)]+2]Q E Lotoy—roy + o5 C —

+2[Qlly Lerar—ran +2[1Ql, Co

o\ M @ 2 Lot + C3h? 2
< (T+ 2) E[V(ZT)} + ||Q||2( 2T+ 2
k + ho (kf1+h2) 1 SR man (@) :

-2

8 (i + 1+ hy)" Tmnx@

=T

(37)
+2(Qlly Laron—rak +2 Q|| Caj

ho \ M @ 16 L C3)hi
< () B[V (=) + 9l (L7 + G
kot hs (k= 1+ ho)" Fo@

k
/ (t+ 1+ o)t Pomaxc@ 2 gt
(38)
+2(1Qlly Larak—rox +2(1Q||, C3ai
ho \ " e @ 16 L C2)h? 1
+ he (k=14 h)" Pmax(@ Mgz gy —
+2|Q|l, Lorag—rox +2]1Q|l, C3ai
o\ "t @ 16 Lot + C2)h2 2w !
<<T+ 2> E[V(ZT)}%» ||QH2( 2T+ 2)

-1

(k + 1+ hy)" Tmax@

3
k + ho E—1+ hy 1 (39)

+2(Qlly Lorak—ra +2|Qll, C o

M sm@

The inequality @ follows from the fact that o;;_, < 2¢q; for 7 < 4, which holds since

1/E1h
7211/2?7;”11 < hy and 2 < E;hy. Moreover, Z*j_*h? < 2 fori > 0. This follows from

1/E1h
the condition ho > 27, which can be checked from hy > 7211/;?7,1“ and h1 Ey > 2. The
4/\max(

inequality (38) holds since 2 ) < h1. The inequality (39) follows from the fact that
k+1+4 ho <2k — 2+ 2hy, which when holds hy > 3 and it is satisfied by the inequalities
5 15

he > M nd h1E; > 2. We can bound E [V (z;)] from Lemma which

21/E1hy _
results to

[||zk+1\| } i\\ ES)) (;izz)hl e (2 |20l + 4Ca 7o)
41 16 |Q||, (Lo7 + C2)h3 2™ Tmax@
Amin(Q) k—1+hy Moy — 1

L 2l

A2 L _ 2 2 .
Amin(Q)( ST Tak—kC'Qak)
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This completes the proof.

A.11 PROOF OF THEOREM [£.3]

We will provide several building blocks for the main proof. First, for o € S x S x Y, I, let

ri(s,a,s)p(s) — bt
7“2(8,0,, 3/)¢(8) - b’ T, T _
w(o) = | +(1,® (B()8T(5) - B()b(s)T) — A) 1y @6,
rV(s,a,s)p(s) — bY
W(0):=I,® (v9(s)¢' (s') — p(s)9(s) ") — A.
Note that €(oy; 0),) defined in (10) can be expressed as

€(or; 0x) = W (04)0), + w(og)|

O,
Lemma A.20. Foro € S x 8§ x 11, I, we have
9VN Rinax
[W(o)ll, <6, [lw(o)|, < T
Proof. First, we have
W (o) =1, ® qs(s)qu(s’) P(s)p(s)") — Al
<|vo(s)p"(s") — p(s)o(s) " — Al
<6.

The last inequality follows from Lemma and the assumption that ||¢(s)||, < 1 forall s € S.
Moreover, we have

[w(o)ll, = [|€(0; 1n @ 6.)][,
<6 1n @ 60clly + 3VN Ripax

<6\F( ma’; + 3V N Rinax

< 9\/NRmax

T (1=w
where the first equality follows from the definition of € in (I0). The first inequality follows from (7).
The second inequality follows from Lemma[A.6] O

Lemma A.21. For k > 7, we have

4Rmax V

||IE [E(ok; ék—‘r‘)’fk—"'} Hz gmax{ w(l—7) ’

24} ar([01-r ~ 1y 0 0.], + )

Proof. Applying triangle inequality to (I0), we get
I [(ok; Ox—r) | Fir] ||, < [ETw(or) | Firllly + |E [W(08) Bk — 1 © 6c)| Fi—]

11 12

I I
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We will check the conditions to apply Lemma[AZ3]to bound I; and I, separately. Considering I,
note that we have

(k)
rid(sk) - .
c |+ I (vp(sk)@ T (1) — dsk)p(sk) 1)) 1n ® 6,

N (s1) N

s max k()| + [[(Tg @ (7¢(5k)¢T(5;c) — P(sk)P(sk) ")) In @ 6c|
<Runase + [ I, ® (v(s1)0 " (s3,) — B(s)b(sk) )], [1n @ O]l
<Rmax Jr QRmax
B (1=yw
4Rmax

Sw(l -7)

The second inequality follows from the assumption that |7"}C| < Rpax for1 <4 < N,k € Ny, and
lp(s)]|, < 1fors € S. The third inequality follows from Lemma

Furthermore, we have, for1 <i < N,

E [r},¢(sk)] Zd o(s) Z Z m(a|s)P(s,a, s )r' (s, a,s")

s€ES s'€S aellN | Al

= ds)o(s)[R

seS
=®'D"RT,

and it is straightforward to check that E [¢(sx)@ " (s},) — @(si)@ ' (si))] = A. Therefore, from

Lemmal[A3] we get

4Rmaxv'Ng
w(l—7)

Now, we will bound I,. Consider the following relations:

I (W (01)|Fi—r]lly = |E [y (s1)@ " (k) — dsu)e " (k) — A|Fr—],

HE[w(Ok)U:k—T]HQ < ar.

and

max |[(v9(s0)$ T (s5) = $lsi)p(s1) )],

1<4,5<q

@' (1) — d(se)d" (si))]l, < 2,

where the second inequality follows from the assumption that ||¢(s)|, < 1fors € S.
From the third item in Lemma[A.3] we have

|E[W (0x)|Fr—~]ll, < 2qar.
Hence, we have

(W (01) B+ — Ly ©00)|Fio] |, = [E (W (00)| B o] (0~ — 1 @ 0.)]
< (W (o) [ Frrlll, || 04— — 1n @ 6|,
<2qozTH0_ e ||2

Collecting the bounds on I; and Iy, we get
a 4Rmax\/N a
[ [€(oxs Or—r)| Fir] Sw(li_;]% +2qar ||k — 1y @ 6,

4Rmax \/
< max {
w(l =)’
This completes the proof. O

24} ar([O1-r ~ 1y 2 0.], + )
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Now, we are ready to prove Theorem [4.3]

Proof of Theorem[d.3] To this end, we will apply Theorem[A.19]in the Appendix Section[A.T0] Let

Zo= | 5Tk1b . Hence, it is enough to check the conditions in Assumption|A.14{in the Appendix
k
Section[A.T0] The first item in Assumption[A.T4]can be checked from LemmalA.20| we have
9v NRmax r
Cr:=6, Cy:=———", E;:=8+2\na(L).
w(l =)

From Lemma[A-21] we have

{4Rmax\/Nq }
~:=max{ ——,2q ¢,
w(l —7)

which satisfies the second assumption in Assumption The third item in Assumption [A.T4]
follows from Lemma .1}

1. For constant step-size, K1 and K in Theorem[A.T9becomes

K, =4 max{mm" VNq, Qq} + 624 + 152% + 13 - 12 max(L) + 72‘/NAAMX(E)
w(l—7) w(l—7) w(l—7)
VNGRm: _
=0 <max{qu&x)\max(L),q}> ,
w(l =)
4RmaxvVNg } NR; 9VNRuax | 72VNRumax, 7
Ky =2max{ —2XV "% 9¢ ¢ + 810 max__ 4 182 + Amax (L),
’ { w(l—7) w?(1—7)? w(l =) w(l =) &)

which leads to

0 (Nan) <K <0 <max{Nmeam (E).20})

w?(1 — ) w?(1—7)2 7

Note that from Lemma L we have ||G||, = © ( (r;‘“‘g’u), ) Therefore, from the step-size

condition in the first item in Theorem [A.19] we need
Qo

! 6 min {1’ nun )2} Amin(G)

<min , ,
9007_max{\/?le?ya)x 10)\max( )} 2max{4R"E?7X\'/y7 Qq} (400)\maX(L) +4K1’7’)>\max(G) ||GH2

Hence, there exists & such that

min {1, A} (L)%} (1 —v)w

T max {%7(1} )‘max(i’)4

a=0

Therefore, the first item in Theorem[A.19]leads to

% (& o]l + 122wl
_o (exp (_ (1- v)w;rj:({(li);mn(llf}ao(k o 1)>

\[Rmax max (L ) 2q } )‘maX(L)z >
w3(1—~)3 "N(1—7)w ) min{l, )\mm(L) V)

“+opT max {
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2. For diminishing step-size, we get

4RimaxvVNq } 9v'N Runax _ T2V NRpax -
L1 =4 max +624 + 80— + 13- 12 \pax (L) + —————— A pax (L
: { w(l—7) w(i—7) wB) Ty Amexl L)
Rmax\/ q T
:O <maX{/\max L ,2(]}) 9
w1 — ) D)
2
L, —2max {zmmax NO ,2q} N 1109\/NRmax i 8;NRde2 72V N Rinax N (D),
w(l—7) wl—y)  w(l—~7) w(l—7)

which leads to
N R? N.,/qR? _
Q (ZRIMX> <Ly <O (max{ VA max )\maX(L),q}) )
w?(1—7)? w?(1—7)?
Following the second item in Theorem [A-T9] the choice of step-size satisfying
N

2q

T \/NRmaX
hy =O <maX {1 + 91/E1hi _ 1’h17— (1-yw .
yields

1 <2 ——
(2 [l ] + hE2rn)

This completes the proof.

AInax(-il>47_ { Rmax V Nq
max
mln{l )\mm(L) }

z quax AmaX(L)S
© <k w*(1 —)* min{1, AT, (L)2 }2) '

A.12 EXPERIMENTS

T fmagents 80

— nu

-agen
— Num-agent x 320

\
red Error

102

Mean-squared error

50

7500 10000 12500
Number of iterations step size Number of iterations

(a) Mean-squared error for Algo-
rithm[[] N = 16, « = 0.1. When
n = 1, the algorithm diverges.

(b) Mean squared error of Algo-
rithm [T] on star graph after 5000 it-
erations. We set 7 = 1. We omit-
ted the plot when the algorithm di-
verges.

(¢) Mean squared error of Algo-
rithm |I| on star graph with dimin-
ishing step-size, ca, = N?/(N?® +
k), k € N, where N stands for
number of agents.

Figure 2: Additional experiment results of Algorithm

Figure (Za) shows the result for different 7 on random graph model explained in Section [3] with
number of agents , N = 16. When N = 16, Apax (L) ~ 14.5, and 5 vV2__ ~ 0.1. The algorithm

ax (L)
diverges when 7 = 1. Moreover, as can be seen in Figure (2a)), when 7 is too big or too small

compared to \f( AL the algorithm diverges or shows large bias.

Figure (2b) shows the result for the star graph. For star graph, maximum eigenvalue of the grah
Laplacian becomes 23,24, 25 for number of agents 23, 2%, 2° respectively. Hence, from Theorem
the bias term has the tendency to larger as N increases since Anmax (L) scales at the order of N, and
this can be verified in Figure (Zb). Moreover, the convergence result using diminishing step-size can
be verified in Figure (2c).
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— ours
10 1 — Doan et al.

0 250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000

(a) Number of agents 8 (b) Number of agents 16 (c) Number of agents 32

Figure 3: The doubly stochastic matrix was constructed by solving a least squares problem (Bail

2007). We did not plot the result of [Wang et al.| (2020)), since it diverges. The step-size was

chosen as 1/23.

— wangetal. — wangetal — wangetal
— ours — ours — ours
— Doanetal, — Doanetal, — Doanetal,

0 250 500 75 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000 0 25 500 75 1000 1250 1500 1750 2000

(a) Number of agents 8 (b) Number of agents 16 (c) Number of agents 32

Figure 4: The doubly stochastic matrix was constructed by Sinkhorn-Knobb algorithm (Knight,
2008). The step-size was chosen as 1/23.

A.13 COMPARISON WITH OTHER ALGORITHMS

To compare the performance with other algorithms, we have experimented under the setting in Sec-
tion 5] where the results are given in Figure (@) and Figure (@). Note that the performance of dis-

tributed TD algorithms in[Wang et al.| (2020)) and [Doan et al] (2019) depend on the choice of doubly

stochastic matrix. For example, when the doubly stochastic matrix was constructed by least squares

method 2007), there are divergent cases as can be seen from Figure (3).

A.14 ADDITIONAL RESULTS

—— Num_agetns-8.0 —— Num_agetns-8.0
—— Num_agetns-16.0 —— Num_agetns-16.0
10-1 —— Num_agetns-32.0 107 —— Num_agetns-32.0
5 ]
& &
- -
E 1072 % 1072
F 4
5 g
H H
103 1073 4
0 5000 10000 15000 20000 25000 30000 35000 40000 0 500 1000 1500 2000 2500 3000 3500 4000
Number of iterations Number of iterations
(a) Full plot for Figure <l with step-size 1/2°. (b) Full plot for Figure @) with step-size 1/2°.

Figure 5: Full plots for the result in Figure and Figure (2b).
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