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ABSTRACT

Planning in stochastic environments is a research topic of high interest that re-
mains underexplored in robustness, despite its importance for real-world applica-
tions. To consider robustness, previous methods typically assume an aggressive
adversary that constantly attacks the agent, limiting the ability to learn and dis-
torting the stochastic dynamics of chance events. In addition, expectation-centric
methods implicitly discount low-probability events, failing to address rare catas-
trophes. To address this, we introduce Robust Stochastic Zero, the first method
to be aware of catastrophes while maintaining the inherent stochastic dynamics.
Specifically, it replaces the environment with a lurking adversary that mostly pre-
serves the dynamics but selectively intervenes at the most critical moments. By
targeting rarely occurring catastrophic chance events using tree-based planning,
our method enables the agent to anticipate and avoid risky decisions, and also
develops an adversary capable of delivering malicious impact with minimal in-
tervention. On two benchmark stochastic environments, 2048 and Tetris Block
Puzzle, Robust Stochastic Zero achieves an average of 122.1% of the baseline
performance over both environments while intervening in only 0.05% of events,
and remains comparable when no interventions occur. Our findings demonstrate
that the right rather than constant intervention is a direction to robust planning in
stochastic environments.

1 INTRODUCTION

Real-world decision-making is stochastic: chance events influence state transitions and uncertainty
compounds over time. Planning in such environments requires balancing two objectives — max-
imizing expected returns and ensuring safety in extreme scenarios (Amodei et al.| |2016; Garcia
& Fernandez, [2015). Expectation-centric methods, which focus on maximizing expected returns,
have yielded notable advancements (Antonoglou et al., 2021} (Guei et al., 2022} [Tesauro, {1995)).
However, they implicitly discount low-probability events and may fail to address catastrophes —
extremely unfortunate events that occur only once along an otherwise safe trajectory comprising
thousands of steps. As a result, agents that perform well on average may still make risky and vulner-
able decisions precisely when catastrophes occur, limiting robustness and constraining deployment
in safety-critical applications.

On the other hand, robust reinforcement learning methods address worst cases but are typically not
tailored to stochastic catastrophes. Most of them (Pinto et al., 2017 [Lecarpentier & Rachelson)
2019; [Pattanaik et al.| 2018} |[Zhang et al.| [2020; [Li et al., [2025) model the system as a minimax
paradigm, where an adversary intervenes at every step, resulting in agent policies that are excessively
conservative and even limiting the ability to learn. Frequent interventions also change the effective
inherent stochastic dynamics, thereby distorting the problem the agent is meant to solve. The result
is a conservative agent significantly not aligned with the inherent stochastic environment, yielding
suboptimal average performance.

Motivated by this gap, we propose Robust Stochastic Zero (RSZ), the first method to be aware of
rare catastrophes while maintaining the inherent dynamics in stochastic environments. RSZ departs
from stepwise worst-case minimax modeling by letting an adversary intervene selectively at critical
afterstates (the post-action, pre-chance intermediate), while leaving the inherent stochastic dynamics
untouched elsewhere. Furthermore, RSZ is built upon Stochastic MuZero (Antonoglou et al.,|2021)),
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a state-of-the-art method that leverages Monte Carlo tree search (MCTS) (Kocsis & Szepesvari,
2000) for tree-based planning in stochastic environments. By targeting critical afterstates in MCTS,
RSZ contributes to robust planning in stochastic environments, enabling not only robust players who
anticipate catastrophes and avoid risky decisions but also lurking adversaries who deliver malicious
impact with minimal intervention. On two well-known stochastic games, 2048 and Tetris Block
Puzzle, RSZ players achieve an average of 122.1% of the baseline performance over two games
under interventions affecting only 0.05% of events; meanwhile, the players maintain comparable
performance with no interventions. To summarize, our work demonstrates that making the right few
interventions — not many — can deliver robust planning in stochastic environments.

2 STOCHASTIC ALPHAZERO AND STOCHASTIC MUZERO

Stochastic AlphaZero (SAZ) and Stochastic MuZero (SMZ) (Antonoglou et al} [2021) extend Alp-
haZero (Silver et al., 2018]) and MuZero (Schrittwieser et al., 2020)) to stochastic environments. Us-
ing the afterstate concept (Sutton & Barto, |1998)), SAZ and SMZ integrate Monte Carlo tree search
(MCTS) (Kocsis & Szepesvari, 2006} (Coulom, [2007; Browne et al., [2012)) with five key elements:
policy p, value v, chance event distribution p, afterstate value v, and reward r for planning.

Planning MCTS consists of three phases: selection, expansion, and backup. Initially, for an ob-
servation o to be planned, the root node of the search is created. In selection, it selects recursively
from the root node s° until reaching an unevaluated leaf node, which can either be a state s’ or an
afterstate as’. At a non-leaf state s’, the child node as*™' corresponds to the action a’*! that has
the highest pUCT (Rosin, 2011} |Silver et al., 2017) score is selected:
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where p, is the true probability of taking chance event c at as’, and n.. is the visit count. In expansion,
the algorithm first executes the transition (a® or ¢%) and obtains the reward r¢, where SAZ uses the
perfect environment simulator while SMZ relies on its learned model. Next, the leaf node st or as’
is evaluated, obtaining p°, v* or p’, *, respectively. Then, the child nodes are expanded, using p® (or
p%) to initialize the prior probability (or true chance event probability). In backup, the mean values
q" and the visit counts n' along the selection path are updated. At a selected state s°, it updates
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where G = f;;il AP lpkti 44 f=iyf sums the rewards 711, ..., 7¢ and the value v, discounted

by a constant . At an afterstate as', the update follows the same pattern but replaces v¢ with ¢ in
G". Repeating these phases yields the search policy 7 at the root node for determining the action.

Training The algorithm collects self-play records that contain trajectories and planning results.
As SAZ has access to the environment rules (p and r are directly available), its network predicts
only p, v, and v, using a loss L = 7" logp + (z — v)? + (2 — )2 + Cnorm||0]|%, Where z is the
episode outcome (or n-step return), and the last term is an L2 regularization with a constant ¢y, -
On the other hand, SMZ plans with a learned model that predicts all of them. It also collects the
observed reward u and the happened chance event code c to supervise r and p, respectively.

3 ROBUST STOCHASTIC ZERO

Robust Stochastic Zero (RSZ) consists of a robust player and a lurking adversary, where the player
anticipates catastrophes and avoids risky decisions while maintaining effectiveness in undistorted
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dynamics, and the adversary delivers maximal impact with minimal interventions. The adversarial
interventions are rare yet malicious, targeting only the most critical afterstates that significantly
impact player performance, while permitting the less-critical afterstates to follow their inherent
stochastic dynamics. To better anticipate catastrophes, RSZ utilizes MCTS to focus on the most
critical afterstates where avoidable catastrophes are highly likely to occur.

3.1 AVOIDABLE CATASTROPHES
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Figure 1: The avoidable catastrophes in 2048. Puzzles (a)-(f) show a normal game; (g)-(i) demon-
strate an avoidable catastrophe after making a risky decision at (b). The chart above the puzzles
measures the existence and the severity of such catastrophes.

illustrates the concept of avoidable catastrophes through the game-playing of 2048. The
game begins with puzzle (a), where the player slides the puzzle to merge smaller tiles into larger
tiles. After each move, a new tile is randomly placed in an empty location, and the game progresses.
Later, in this example, the player encounters a puzzle (b), deciding to slide right and forming a
I"-shape empty space. Then, a 2-tile appears as in (c), and the game continues through (d), (e),
and eventually ends at (f), with no moves remaining. However, the decision to slide right at (b) is
risky: if a 4-tile is added with only a 2% chance at the specific location in (g), the player is forced
to slide left. This shifts the largest tiles away from the border, making it possible for a subsequent
unfortunate event to place a 2-tile like (h), which breaks the alignment. With extreme bad luck, a
series of unfortunate events happens, and the game will end within four moves as shown in (i).

The critical afterstates are the points at which avoidable catastrophes can happen. Specifically, an
afterstate is considered critical if and only if some of its chance events lead to catastrophes. For
example, the situation becomes significantly critical following the risky decision at (b), as a 2%
chance event (g) leads to a catastrophe (i), meanwhile (c) and others remain safe. Conversely, most
situations in the game are not critical, as none of the chance events result in a relatively favorable or
catastrophic outcome. Such as in (a) and (d), all chance events lead to similar results; while in (e),
the game will end shortly regardless of the chance event.

As catastrophes happen with a low probability, expectation-centric methods can disregard them
during training, resulting in the player being unaware of the risk and exposing vulnerabilities such
as sliding right at (b). By targeting only critical afterstates, the adversary can concentrate its efforts
to ensure that attacks are rare but highly malicious. Therefore, these infrequent attacks help the
player learn to better avoid catastrophes from happening in an undistorted environment. Namely,
when the player slides right at (b) during training, the adversary can attack as (g) and initiate the
catastrophe, which ultimately helps the player learn to avoid such a risky decision.

3.2 ATTACKABILITY

Attackability is a measure of how critical an afterstate is, from the perspective of the antagonistic
environment that wants to maximize the attack effectiveness and seeks to avoid frequent attacks.
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The attackability 7 of an afterstate as is defined as

where ¢ and = {qu,. .., qn} are the mean values of as and its n chance events, respectively. The
design measures criticality considering both the severity 7" and rarity H of the potential catastrophes.
For example, at (a), the puzzle has many empty locations with no larger tiles, so adding
any tiles anywhere does not affect the final outcome; thus, (a) has low 7" and low H. In contrast, at a
vulnerable situation after sliding right at (b), an event (c) yields a significantly worse outcome with
only a 2% chance — making both 7" and H very high. More cases are discussed in[Appendix Al

Measurement 7T measures how much the player loses when the worst catastrophe happens, i.e.,
the value drop after taking the event with the minimum value:
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where cr is a constant for adjusting the transformation. By design, 7" increases as the worst event
has a more negative impact on the mean value: minx = 0 has the highest measurement, while
minx = q has the lowest. On the other hand, H indicates how uncommon the catastrophe is, i.e.,
how much the minimum event value stands out compared to other event values:

maxd — + —
H(q,x) = ﬁ, where 6§ = softmax(q x) (6)
n
Here, 6 = {01, ..., 0, } is the value drop magnitudes, measuring how much each event’s mean value

falls short of the parent value ¢, normalized by z’s standard deviation o. The more § approximates a
one-hot vector, the more a single event stands out, and the better H is considered. The detail of the

measurement is provided in[Appendix Al

Attackable Threshold Given a target attack rate A\, we use the attackable threshold T, to con-
sider the top A of the afterstates as critical. To prevent the attacks from being entirely predictable,
the attack adoption rate c) is also introduced. Namely, the adversary attacks when both 7 > 7,
and a chance of c), are satisfied. However, a straightforward and fixed 7;;, cannot adapt to players
with varying decision-making preferences, as 7 can exhibit diverse distributions and unpredictable
bounds. An incorrect 7y, eventually results in overattacks or underattacks, negatively impacting
performance. To address this, an estimator is introduced to dynamically determine 74;,. Specifically,
it estimates 74, using observed 7 of historical chance events such that exactly A of the afterstates
satisfy 7 > 73,. The details and the implementation are provided in[Appendix B}

3.3 ROBUST STOCHASTIC MONTE CARLO TREE SEARCH

Robust Stochastic Monte Carlo tree search (RS-MCTS) enhances Monte Carlo tree search (MCTS)
for robust planning in stochastic environments, incorporating attackability to target the most critical
afterstates. It allows the adversary to initiate catastrophes through a series of strategic attacks, while
also allowing the player to anticipate and avoid potential threats. The pseudocode is provided in
The overview of the search is illustrated in where the three main phases —
selection, expansion, and backup — are repeated throughout the planning, and the decision phase
eventually determines the action to be taken.

Selection The algorithm selects a trajectory from the root node s° (or as®) to an unevaluated leaf
node s* (or as’). At each state s?, as the player wants to maximize the outcomes, the next afterstate
as't1 is selected by pUCT, exactly as in However, at each afterstate as’, the lurking
adversary may attack or keep the chance, depending on its attackability 7¢, so the next state s**1 is
selected by either pUCT or QRS, respectively. Specifically, if 78 > 743, pUCT selects the child node
using its value drop magnitudes as in [Equation 1| with §° being the prior; otherwise, QRS selects
the event using the true probabilities p* as in |Equation 2[ For a better determination, 7% and §* are

updated with the latest mean values using
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Figure 2: Robust Stochastic Monte Carlo tree search for planning in stochastic environments. In
selection, as? has 72 > 743, so it selects s> using pUCT. In expansion, the leaf node as* is evaluated
and expanded. In backup, as? is updated to focus on s3’s mean value, and its ancestor nodes s' and
as® are also updated to reflect the focus change. Finally, in decision, as” becomes attackable as a

catastrophe has been anticipated by the search.

Expansion The selected leaf node st (or as?) is evaluated by the neural network, after which its
child nodes are expanded. This phase follows the original expansion phase in SAZ or SMZ, with
added steps for a selected afterstate as’: its value drop magnitudes 6¢ = {§%,...,6%} are also
retrieved from the network and assigned to each of its child nodes.

Backup The newly evaluated value v’ (or /%) is used to update the statistics, ¢° and n’, for all
selected nodes. To capture the rare occurrence of attacks, we strengthen their outcomes by using a
minimax design when attacks occur, enabling more efficient propagation from further lookahead to
the root. Specifically, we update the mean value q* by using different rules depending on whether
the node attacks:

ni(ri—i-l +,yqz+1) + Vi

1 ,  if the ¢th node attacks. @)
i nt
q < i
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If the node attacks, namely for a node as’ that selects its child node s**! by pUCT, we apply
where r*t! is the reward from as® to s‘*!, and v is as®’s afterstate value obtained
through the neural network when as® was evaluated in its expansion. The formula strengthens the
attack by updating the mean value to focus on the attacking event’s mean value ¢**1, such that ¢’ is
updated as though the entire search budget so far was invested in s*!, enabling efficient propagation
of the attack outcome. In addition, for applying this case, the selected node s**! must be the worst-
case event, namely the one whose value drop magnitude is the largest among as®’s 6°. This ensures
that ¢* can avoid focusing on less critical events visited by pUCT exploration.

Otherwise, the backup is essentially the same as SAZ or SMZ, which adds the newly evaluated value
(with cumulative rewards) to the mean value ¢*. However, if 3 > i such that ¢/ has been updated
using simply updating as in the original backup (Equation 3)) cannot capture the focus
change. Instead, for a state s, its ¢* is recalculated from all its child nodes by [Equation 8[, where
s¥’s child node a has visit count n,, reward r,, and mean value ¢,. Note that for an afterstate as’
that does not attack, still applies, but v is replaced by v/*.

Decision For the player’s turn, an action is always determined based on MCTS statistics, adhering
to the original SAZ or SMZ algorithm. However, for the environment’s turn, the adversary may
attack. Specifically, the chance event is determined as follows. If the root node as® satisfies 70 >
T¢h, the attack proceeds with a chance of ¢y by using MCTS statistics for decision. To prevent
overattack, if the current attack rate is already higher than the target, the chance of attacking is
further reduced, as detailed in Eventually, if no attack can be performed, a chance
event is randomly chosen based on the true environment probabilities p°.
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3.4 TRAINING

For RSZ on top of SAZ, the neural network 6 learns policy p, value v, afterstate value v, and value
drop magnitudes 0. The training of p, v, and v follows the same process as those in the original SAZ,
using the search policy 7 and the outcome (n-step return) z as the training targets. The training target
for ¢ is denoted as { = softmax( ”;‘”), calculated from the parent afterstate value v and complete
chance event values x, normalized by z’s derivation o. To obtain the complete x for training, RS-
MCTS ensures that an afterstate root node visits all its available chance events at least once. This
design follows the behavior of QRS, which explores possible chance events one by one. Finally, the

total loss combines the original loss in[Section 2]and the value drop loss:
L=n"logp+ (z —v)*+ (z —v)? + (" log § + cnorm||0|*. )

4 EXPERIMENT

4.1 ROBUSTNESS ACROSS DIFFERENT LEVELS OF ATTACKS

To begin, we study the robustness of RSZ across different levels of evaluation-time attacks. For
benchmarks, we take two popular single-player stochastic games, 2048 (Cirulli, 2014) and Tetris
Block Puzzle (The Tetris Company, Inc, [2023), which are briefly introduced in The
RSZ agents are trained with a desired attack rate A\¢.o;, = 0.05%, and the SAZ agents are served as
the baseline for comparison. The training and evaluation details are provided in[Appendix D] and the
training statistics are in At evaluation time, we vary Aiest € {0%,0.05%, . ..,20%}
and report RSZ and SAZ players’ performance in Overall, under a setting of rare catastro-
phes happening with \iest = 0.05%, RSZ agents achieve an average performance of 122.1% of the
baseline, with 122.9% and 121.3% in both games, respectively; and it also remains comparable in
performance under environments without attacks (Ayes; = 0%). Such a finding aligns with our goal
of being robust to rare but catastrophic chance events.

200k 6k |- (I [ SAZ (baseline)
£ £ RSZ (ours)
3 150k 2
Q Q
~ =7
% 100k %
< 50k <
Ok A0 ARARE
do  go o o de g
SIS SECHES
Attack Rate for Evaluation (Atest) Attack Rate for Evaluation (Atest)
(a) 2048 (b) Tetris Block Puzzle

Figure 3: Player performance across attack rates. Higher is better.

In 2048, RSZ performs slightly behind but is still comparable to the baseline when Aies; = 0%.
A reason is that RSZ avoids gambling that depends on the specific next tile to trigger high-scoring
merge chains, whereas SAZ is more willing to try such speculative outcomes — this may be required
for this game. However, when A5t > 0%, RSZ consistently outperforms the baseline, indicating
that its conservative planning better withstands adversarial attacks, while not losing too much per-
formance when no attacking. In Tetris Block Puzzle, RSZ significantly outperforms the baseline
when Aot = 0%. We hypothesize that, unlike 2048, its larger number of average available chance
events (always 19) reduces the need for gambling, thus a conservative strategy produces a better
result. In addition, RSZ maintains a clear advantage under small attack rates, €.g., Agest < 0.5%.

The evaluation suggests that for the rare catastrophe settings, Aiest < 0.5%, RSZ trained with
Atrain = 0.05% is capable of effectively handling them, demonstrating its scalability in adapting to
Atest settings that differ from its training. In addition, considering that one of the goals of robust
reinforcement learning is to maximize the lower bound, we also examine the return distribution
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in both games, as detailed in The return distribution shows a significant difference
between games. However, considering the performance at the 25th percentile, the RSZ players
consistently show advantages over the SAZ players, indicating that robustness has been improved.
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Figure 4: Randomness test across attack rates. Higher indicates better preservation of the inherent.

Following the evaluation of varying attack rates Aiest, we further analyze the distributional and
sequential properties of chance events to verify whether the inherent randomness is preserved under
different levels of attacks. The approaches are detailed in For 2048, we examine
tile frequency, tile sequence, and position frequency, where tile frequency verifies the distribution
for generating 2- and 4-tiles, tile sequence ensures the order of generated tile types is sufficiently
random, and position frequency examines whether the new tiles are uniformly generated in empty
locations. For Tetris Block Puzzle, we examine block frequency and block sequence, where block
frequency determines whether new blocks are generated uniformly, and block sequence ensures
that the block-generating orders are random enough. shows that the p-values remain high
when Aot < 0.5%, confirming that RSZ maintains the inherent randomness with targeting rare
catastrophes. On the other hand, the p-values significantly drop when A¢es; > 1%, demonstrating
that frequent attacks distort the inherent randomness.

4.2 DEGRADATION UNDER TRAINING WITH MORE ATTACKS
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Figure 5: Comparison between agents trained with different attack rates. Higher is better.

To clarify whether frequent attacks used in most RARL methods distort the native stochastic dynam-
ics and degrade performance, we train RSZ agents using higher attack rates and evaluate their perfor-
mance. Specifically, we apply different evaluation-time attack rates Atest € {0%,0.05%,0.5%, 5%}
to test the agents trained with A¢rain € {0%,0.05%,0.5%, 5%}. Note that training with Aiest = 0%
indicates the SAZ baseline. The comparison is summarized in[Figure 3| First, when evaluation with-
out attacks (Aiesy = 0%), in 2048, as the training-time attack rate A, increases, the resulting agent
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performs worse. In Tetris Block Puzzle, the performance reaches the best at Aa;n = 0.05% and
starts to decrease when Ayain > 0.05%. Second, when evaluating with more attacks (Aot > 0%),
there is no clear pattern showing that agents trained with a higher A;.»;, improve or weaken their ro-
bustness. At the very least, these findings demonstrate that overly aggressive attacks can negatively
impact performance in benchmark environments.

4.3 ABLATION ON STRAIGHTFORWARD METHODS

To better discriminate the effectiveness of RSZ, we further compare it with straightforward methods,
including (1) RSZ: our method; (2) RSZ-ns-worst-v: the player runs RS-MCTS, and the adversary
attacks by directly selecting the event with the worst value; (3) RSZ-ns-4: the adversary attacks
by directly sampling an event from value drop magnitudes ¢&; (4) RSZ-n7: the adversary attacks
randomly without considering 7; (5) SAZ-7: the player and the adversary run stochastic MCTS,
while the adversary attacks with considering 7; (6) SAZ: the baseline with no attack during training.
[Table T|compares these methods by evaluating each method as a player and as an adversary, with the
RSZ agent serving as the opponent in all evaluations. The results demonstrate that, compared with
straightforward methods, RSZ can not only train a robust player but also train an effective adversary.

Table 1: Comparison between agents trained with RSZ and other straightforward methods in 2048.
Higher is better when it acts as a player; lower is better when it acts as an adversary. Note that SAZ
as adversary indicates that the RSZ players are performing in an environment without attacks.

Method

As Player (1)

As Adversary (/)

RSZ (ours)
RSZ-ns-worst-v

137,318 + 12,361
135,453 + 10,150

137,318 + 12,361
146,135 + 10,651

RSZ-ns-§ 129,432 + 8,075 151,250 + 11,393
RSZ-nt 127,988 + 10,001 169,095 + 15,837
SAZ-T 133,534 + 13,332 141,386 = 6,762
SAZ (baseline) 111,742 + 12,597 185,998 + 4,114

4.4 BEHAVIOR ANALYSIS ON VULNERABILITY
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Figure 6: Examples of attacks and the changes in attackable thresholds during training. (a) and (b)
are vulnerable afterstates with attacks highlighted; (c) shows attackable thresholds during training.

Finally, we analyze the vulnerability of decisions made by the RSZ agents during training. To
achieve this, we first assess whether attackability 7 can pinpoint the most critical afterstates.
(a) and (b) illustrate afterstates we observed with high 7 and their corresponding attacks. For
(a), attacking with this 4-tile forces the player to slide the puzzle left, thereby initiating a series of
attacks, similar to the catastrophe in[Figure T] For (b), the player must choose a block to place from
the HOLDING panel; however, the added I-tetromino creates a situation where placement is impos-
sible, resulting in an instant game over. More examples are available in From these
examples, we conclude that the design of 7 effectively targets vulnerable afterstates. Furthermore,
we focus on the attackable threshold 75, which is determined based on 7. As afterstates result
from the player’s actions, a lower 7, indicates that fewer afterstates present attractive attack targets,
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showcasing improved player robustness. (c) tracks the changes of 74, values during train-
ing. In both games, 7;; declines over time, demonstrating that RSZ increasingly improves policy
toward safer afterstates and reduces the vulnerability exposed to the adversary.

5 RELATED WORKS

Robust decision-making is crucial for real-world applications and has thereby become a research
topic of great interest in reinforcement learning. Notably, Pinto et al.|(2017) proposed Robust Ad-
versarial Reinforcement Learning (RARL) to model uncertainties as external disturbances through
an adversary that applies destabilizing forces. In summary, prior works are typically not designed for
stochastic environments (Tessler et al., 2019; [Mandlekar et al., 2017} [Pattanaik et al.| 2018), using
adversarial perturbations with added noise (Goodfellow et al.| 2015} |Gleave et al., 2019} [Li et al.,
20235)), assume overly aggressive adversarial scenarios (Pinto et al.l 2017} |Lecarpentier & Rachel-
sonl 2019), or overlook lookahead planning (Huang et al., 2022; |Klima et al., 2019} [Zhang et al.,
2020). On the other hand, the critical state is a commonly used concept for improving reinforcement
learning. |Arjona-Medina et al.| (2019) redistributed the final outcome to preceding states through re-
turn decomposition, and those states that receive a larger share are regarded as critical. [Jacq et al.
(2022) penalized the agent for choosing original actions instead of a random action and considered
critical states to be those in which the agent persisted in original actions despite the penalty. |Liu
et al|(2023) identified critical states by jointly using a return predictor and a critical state detector,
applying a soft mask over observed states to quantify their importance. |Cheng et al.|(2024) assigned
each state a probability of taking a random action, interpreting lower probabilities as more critical
since the agent prefers its learned policy over random actions in those states. In summary, these
previous works identify a critical state either by return redistribution (Arjona-Medina et al.| [2019)
or by whether a random action can be taken (Jacq et al., 2022; Liu et al., 2023} |Cheng et al., 2024).

Unlike prior RARL work, we plan in stochastic environments by leveraging the concept of criti-
cal afterstates. Our adversary intervenes selectively, attacking only critical afterstates, while most
chance events still occur under the environment’s inherent stochastic dynamics. This ensures that
attacks will not distort the inherent dynamics. Additionally, for targeting critical afterstates, we mea-
sure the severity and rarity of potential catastrophes, which are computed from the value distribution
over child nodes. In addition, we perform a tree-based planning for anticipating targeted attacks.
Together, these design choices combine to create our approach that is both robust and effective in
stochastic environments.

6 DISCUSSION

We introduce Robust Stochastic Zero (RSZ), the first tree-based planning method to be aware of rare
catastrophes while preserving the inherent dynamics in stochastic environments. Across two bench-
mark environments, RSZ trains robust players that achieve 122.1% of the baseline performance in
a catastrophe scenario, while maintaining comparable performance to the baseline in the absence of
attacks. Also, it trains lurking adversaries that effectively deliver maximum malicious impact with
minimal intervention of less than 1% of attacking events, while preserving the stochastic dynamics.

In this work, we implement RSZ on top of SAZ for computing efficiency, while it may also be
applied to SMZ for robust model-based planning. However, a challenge is that implementing the
lurking adversary requires the environment that interacts with the player to be modifiable. Further-
more, while this work focuses on single-player stochastic environments, extending RSZ to two- and
even multi-player environments shows potential but requires further definition of the adversary’s
role and motives in player interactions. Overall, our work establishes a research direction for robust
planning in stochastic environments built on sparse and well-timed interventions, potentially paving
the way to the field of Al safety.

REPRODUCIBILITY STATEMENT

The pseudocode of the proposed method is provided in The used benchmark envi-
ronments are introduced in The training and evaluation specifications are detailed in
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Upon acceptance, we will release the source code, trained models, configuration files,
and scripts to reproduce all experiments.

REFERENCES

Dario Amodei, Chris Olah, Jacob Steinhardt, Paul Christiano, John Schulman, and Dan Mané. Con-
crete Problems in Al Safety, July 2016. URL http://arxiv.org/abs/1606.06565.

Ioannis Antonoglou, Julian Schrittwieser, Sherjil Ozair, Thomas K. Hubert, and David Silver. Plan-
ning in Stochastic Environments with a Learned Model. In International Conference on Learning
Representations, October 2021.

Jose A. Arjona-Medina, Michael Gillhofer, Michael Widrich, Thomas Unterthiner, Johannes Brand-
stetter, and Sepp Hochreiter. RUDDER: Return Decomposition for Delayed Rewards. In Ad-
vances in Neural Information Processing Systems, volume 32. Curran Associates, Inc., 2019.

James Vandiver Bradley. Distribution-Free Statistical Tests. United States Air Force, 1960.

Cameron B. Browne, Edward Powley, Daniel Whitehouse, Simon M. Lucas, Peter I. Cowling,
Philipp Rohlfshagen, Stephen Tavener, Diego Perez, Spyridon Samothrakis, and Simon Colton. A
Survey of Monte Carlo Tree Search Methods. IEEE Transactions on Computational Intelligence
and Al in Games, 4(1):1-43, March 2012.

Zelei Cheng, Xian Wu, Jiahao Yu, Wenhai Sun, Wenbo Guo, and Xinyu Xing. StateMask: Ex-
plaining Deep Reinforcement Learning through State Mask. Advances in Neural Information
Processing Systems, 36, February 2024.

Gabriele Cirulli. 2048, success and me, 2014. URL https://web.archive.
org/web/20140517152011/http://gabrielecirulli.com/articles/
2048-success—and-me,

Rémi Coulom. Efficient Selectivity and Backup Operators in Monte-Carlo Tree Search. In Com-
puters and Games, Lecture Notes in Computer Science, pp. 72-83, Berlin, Heidelberg, 2007.
Springer.

Ivo Danihelka, Arthur Guez, Julian Schrittwieser, and David Silver. Policy improvement by plan-
ning with Gumbel. In International Conference on Learning Representations, April 2022. URL
https://openreview.net/forum?id=bERaNdoegnO.

Dima Feldman and Yuval Shavitt. An Optimal Median Calculation Algorithm for Estimating In-
ternet Link Delays from Active Measurements. In 2007 Workshop on End-to-End Monitoring
Techniques and Services, pp. 1-7, May 2007.

Javier Garcia and Fernando Fernandez. A Comprehensive Survey on Safe Reinforcement Learning.
Journal of Machine Learning Research, 16(42):1437-1480, 2015. URL |http://jmlr.org/
papers/vl6/garcial5a.html.

Adam Gleave, Michael Dennis, Cody Wild, Neel Kant, Sergey Levine, and Stuart Russell. Adversar-
ial Policies: Attacking Deep Reinforcement Learning. In International Conference on Learning
Representations, September 2019.

Ian J. Goodfellow, Jonathon Shlens, and Christian Szegedy. Explaining and Harnessing Adversarial
Examples. In 3rd International Conference on Learning Representations, ICLR 2015, San Diego,
CA, USA, May 7-9, 2015, Conference Track Proceedings. arXiv, March 2015.

Hung Guei, Lung-Pin Chen, and I-Chen Wu. Optimistic Temporal Difference Learning for
2048. IEEE Transactions on Games, 14(3):478-487, September 2022. URL https://
ieeexplore.ieee.org/document/9529070.

Peide Huang, Mengdi Xu, Fei Fang, and Ding Zhao. Robust Reinforcement Learning as a Stackel-
berg Game via Adaptively-Regularized Adversarial Training. In Thirty-First International Joint
Conference on Artificial Intelligence, volume 4, pp. 3099-3106, July 2022.

10


http://arxiv.org/abs/1606.06565
https://web.archive.org/web/20140517152011/http://gabrielecirulli.com/articles/2048-success-and-me
https://web.archive.org/web/20140517152011/http://gabrielecirulli.com/articles/2048-success-and-me
https://web.archive.org/web/20140517152011/http://gabrielecirulli.com/articles/2048-success-and-me
https://openreview.net/forum?id=bERaNdoegnO
http://jmlr.org/papers/v16/garcia15a.html
http://jmlr.org/papers/v16/garcia15a.html
https://ieeexplore.ieee.org/document/9529070
https://ieeexplore.ieee.org/document/9529070

Under review as a conference paper at ICLR 2026

Alexis Jacq, Johan Ferret, Olivier Pietquin, and Matthieu Geist. Lazy-MDPs: Towards Interpretable
RL by Learning When to Act. In Proceedings of the 21st International Conference on Autonomous
Agents and Multiagent Systems, AAMAS °22, pp. 669-677, Richland, SC, May 2022. Interna-
tional Foundation for Autonomous Agents and Multiagent Systems.

Richard Klima, Daan Bloembergen, Michael Kaisers, and Karl Tuyls. Robust Temporal Differ-
ence Learning for Critical Domains. In Proceedings of the 18th International Conference on
Autonomous Agents and MultiAgent Systems, AAMAS 19, pp. 350-358, Richland, SC, May
2019. International Foundation for Autonomous Agents and Multiagent Systems.

Donald E. Knuth. The Art of Computer Programming, Volume 2 (3rd Ed.): Seminumerical Algo-
rithms. Addison-Wesley Longman Publishing Co., Inc., USA, 1997.

Levente Kocsis and Csaba Szepesvari. Bandit Based Monte-Carlo Planning. In European Confer-
ence on Machine Learning and Principles and Practice of Knowledge Discovery in Databases,
volume 2006, pp. 282-293, September 2006.

Erwan Lecarpentier and Emmanuel Rachelson. Non-Stationary Markov Decision Processes, a
Worst-Case Approach using Model-Based Reinforcement Learning. In Advances in Neural In-
formation Processing Systems, volume 32. Curran Associates, Inc., 2019.

Yushuai Li, Hengyu Liu, Torben Bach Pedersen, Yuqiang He, Kim Guldstrand Larsen, Lu Chen,
Christian S. Jensen, Jiachen Xu, and Tianyi Li. RobustZero: Enhancing MuZero Reinforcement
Learning Robustness to State Perturbations. In Forty-Second International Conference on Ma-
chine Learning, June 2025.

Haozhe Liu, Mingchen Zhuge, Bing Li, Yuhui Wang, Francesco Faccio, Bernard Ghanem, and
Jiirgen Schmidhuber. Learning to Identify Critical States for Reinforcement Learning from
Videos. In 2023 IEEE/CVF International Conference on Computer Vision (ICCV), pp. 1955-
1965, Paris, France, October 2023. IEEE.

Ajay Mandlekar, Yuke Zhu, Animesh Garg, Li Fei-Fei, and Silvio Savarese. Adversarially Robust
Policy Learning: Active construction of physically-plausible perturbations. In 2017 IEEE/RSJ
International Conference on Intelligent Robots and Systems (IROS), pp. 3932-3939, September
2017.

Sherjil Ozair, Yazhe Li, Ali Razavi, Ioannis Antonoglou, Aaron Van Den Oord, and Oriol Vinyals.
Vector Quantized Models for Planning. In Proceedings of the 38th International Conference on
Machine Learning, pp. 8302-8313. PMLR, July 2021.

Anay Pattanaik, Zhenyi Tang, Shuijing Liu, Gautham Bommannan, and Girish Chowdhary. Robust
Deep Reinforcement Learning with Adversarial Attacks. In Proceedings of the 17th International
Conference on Autonomous Agents and MultiAgent Systems, AAMAS 18, pp. 2040-2042, Rich-
land, SC, July 2018. International Foundation for Autonomous Agents and Multiagent Systems.

Lerrel Pinto, James Davidson, Rahul Sukthankar, and Abhinav Gupta. Robust adversarial rein-
forcement learning. In Proceedings of the 34th International Conference on Machine Learning -
Volume 70, ICML’ 17, pp. 2817-2826, Sydney, NSW, Australia, August 2017. JMLR.org.

Christopher D. Rosin. Multi-armed bandits with episode context. Annals of Mathematics and Arti-
ficial Intelligence, 61(3):203-230, March 2011.

Julian Schrittwieser, loannis Antonoglou, Thomas Hubert, Karen Simonyan, Laurent Sifre, Simon
Schmitt, Arthur Guez, Edward Lockhart, Demis Hassabis, Thore Graepel, Timothy Lillicrap, and
David Silver. Mastering Atari, Go, chess and shogi by planning with a learned model. Nature,
588(7839):604—609, December 2020.

David Silver, Julian Schrittwieser, Karen Simonyan, loannis Antonoglou, Aja Huang, Arthur Guez,
Thomas Hubert, Lucas Baker, Matthew Lai, Adrian Bolton, Yutian Chen, Timothy Lillicrap, Fan
Hui, Laurent Sifre, George van den Driessche, Thore Graepel, and Demis Hassabis. Mastering
the game of Go without human knowledge. Nature, 550(7676):354-359, October 2017.

11



Under review as a conference paper at ICLR 2026

David Silver, Thomas Hubert, Julian Schrittwieser, [oannis Antonoglou, Matthew Lai, Arthur Guez,
Marc Lanctot, Laurent Sifre, Dharshan Kumaran, Thore Graepel, Timothy Lillicrap, Karen Si-
monyan, and Demis Hassabis. A general reinforcement learning algorithm that masters chess,
shogi, and Go through self-play. Science, 362(6419):1140-1144, December 2018.

R.S. Sutton and A.G. Barto. Reinforcement Learning: An Introduction. IEEE Transactions on
Neural Networks, 9(5):1054—-1054, September 1998.

Gerald Tesauro. Temporal difference learning and TD-Gammon. Commun. ACM, 38(3):58-68,
March 1995. URL https://dl.acm.org/doi/10.1145/203330.203343.

Chen Tessler, Yonathan Efroni, and Shie Mannor. Action Robust Reinforcement Learning and
Applications in Continuous Control. In Proceedings of the 36th International Conference on
Machine Learning, pp. 6215-6224. PMLR, May 2019.

The Tetris Company, Inc. Tetris Block Puzzle, 2023. URL https://tetris.com/
products/video—game/tetris—-block—puzzlel

A. W. van der Vaart. Asymptotic Statistics. Cambridge Series in Statistical and Probabilistic Mathe-
matics. Cambridge University Press, Cambridge, 1998.

Ti-Rong Wu, Hung Guei, Pei-Chiun Peng, Po-Wei Huang, Ting Han Wei, Chung-Chin Shih, and
Yun-Jui Tsai. MiniZero: Comparative Analysis of AlphaZero and MuZero on Go, Othello, and
Atari Games. IEEE Transactions on Games, 17(1):125-137, March 2025.

Huan Zhang, Hongge Chen, Duane S. Boning, and Cho-Jui Hsieh. Robust Reinforcement Learning
on State Observations with Learned Optimal Adversary. In International Conference on Learning
Representations, October 2020.

12


https://dl.acm.org/doi/10.1145/203330.203343
https://tetris.com/products/video-game/tetris-block-puzzle
https://tetris.com/products/video-game/tetris-block-puzzle

Under review as a conference paper at ICLR 2026

A DETAILS OF THE ATTACKABILITY

A.1 EXAMPLES

Attackability is designed to use two parts, T and H, as in By using 7" and H together,
the measurement can take into account both the severity and rarity of the catastrophe. In
we discuss straightforward situations where T' and H are both high or low. Here, we
provide examples of when different 7" and H happen, involving five events chosen according to a
uniform distribution.

Consider Rarity Under Same Value Drop Let two afterstates as; and ass have chance event val-
ues 21 = {1,3,3,4,4} and 29 = {1,1,1,6,6} with mean values g; = 3 and g2 = 3, respectively.
Now we calculate 1" and H for them, denote as 1%, T, Hy, and H>. In this case, it is clear that
asy should be considered more critical, as as; has only one worst-case event, while ass has three.
For T, since the min value and the mean value are the same, their 1" measures are also the same:
Ty = T = 0.77 (assuming ¢ = 1 in[Equation 3| for simplicity). For H, the only worst-case event
make max ¢ in H; larger, resulting H; = 0.61 and Hy = 0.13. So as; has a higher attackability.

Consider Value Drop Under Same Rarity On the other hand, let another two afterstates ass
and as4 have chance event values z3 = {1,3,3,3,3} and z4 = {2, 3,3, 3,3} with afterstate mean
values g3 = 2.6 and g4 = 2.8, respectively. For this case, the rarity of their worst-case events appears
similar, so we consider ass to be more critical, as its mean value drops by 1.6, which is larger than
asy’s 0.8. For T, the different min and mean values result in 75 = 0.72 and T, = 0.37. For H,
as we use standard deviation to normalize, the softmax outputs d3 and d4 are the same, resulting in
H; = Hy = 0.69. This time, ass has a higher attackability.

A.2 MEASUREMENT DETAILS

As in measuring attackability relies on x, which requires a complete enumeration of
all chance events, making it less effective in practice. To address this, the attackability is mea-
sured using & = {q1, ..., Gn}, an estimation derived from the afterstate’s mean value ¢, value drop
magnitudes J, and two its visited chance events’ mean values g, and gy:

db — Qda

—— 0). 1
log 8, —log &’ 0) (10)

1
i = q— (logdi — — 3 log;), where & =
4 = q— 6 (log " 0gd;), where & = max(
J

Here, g, q4, g, and § are predicted by the neural network, during the RS-MCTS phases, as explained
in Note that measuring 7° requires at least two visited chance events; otherwise, 7
is defined as 0 in practice. However, the network can make inaccurate predictions. As ¢ presents the
relative magnitudes of the value drops, §; is inversely related to g;. The correct network prediction
should yield a positive & in However, when the neural network is not yet learned well,
such as when ¢, > ¢, and 6, > dp, the calculation result turns negative. To address this, a max
operator is introduced, allowing the estimation of g; to fail back to the parent afterstate value q.

A.3 USING ATTACKABILITY IN MCTS

The following example illustrates how 7 is calculated for an afterstate as during tree search. First,
when as is first visited, its § can be predicted by the neural network. The predicted J allows the
calculation of H in but it is not sufficient for calculating 7', resulting in 7 = 0. Then,
after two of as’s child nodes s, and s; have been visited, their mean values g, = v, and ¢, = vy
become available from the prediction network. At this stage, we calculate & using ¢; of each node
s; by and start measuring non-zero 7" and H. As more child nodes are visited, we
observed more accurate ¢; values for each child node. Therefore, we may update 7 by replacing
q; with g; after each backup phase. Eventually, with sufficient visits, 7 uses x, which is obtained
completely with observed child node mean values ¢* without estimated g;.
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B PSEUDOCODE AND ALGORITHM DETAILS

This section provides the pseudocode for procedures discussed in[Subsection 3.2|and[Subsection 3.3|

[Algorithm T| provides an overview of the Robust Stochastic Zero (RSZ) algorithm, with each func-
tional component detailed in separate algorithms in the following paragraphs. Overall, Robust
Stochastic Zero measures the attackability, identifies the most serious catastrophes with the thresh-
old, and targets these most significant afterstates in the search to help the player avoid vulnerable
decisions.

Algorithm 1 Robust Stochastic Zero (RSZ)

Parameter: desired attack rate \*, search budget each move n
QOutput: network model parameters 6

1: 6 < initialize network parameters
2: T < initialize attack threshold estimator with A = \*
3: while training do
4:  while collecting self-play records for a batch do
5: start a new episode
6: while the episode is not finished do
7: T4, <— obtain latest threshold from 7~
8: obtain the decision by RS-MCTS as in
9: apply action or chance event transition
10 update 7 using [Algorithm 7]if it is a chance event
11: end while
12: add the finished episode into self-play record

13:  end while

14:  update 7 using
15:  optimize network parameters 6
16: end while

17: return 6

This algorithm illustrates its training procedure; for evaluation, simply use the internal game-playing
loop with a trained network # and, optionally, an initial attackable threshold. Note that the algorithm
may run multiple games concurrently to improve efficiency in practice.

shows an overview of the Robust Stochastic Monte Carlo tree search (RS-MCTS)
algorithm, with each planning phase detailed later. Note that to initialize the search tree, the root
node s° < h(o) is obtained from an observation o, using the representation network h in SMZ. The
final decision can be either an action or a chance event.

Algorithm 2 Robust Stochastic Monte Carlo Tree Search (RS-MCTS)

Input: observation o, attackable threshold 75, total search budget n
Output: the decision (action or chance event)

initialize search tree

while search budget available do
run selection phase using
run expansion phase using
run backup phase using [Algorithm 3|

end while

run decision phase using

return decision

PRDUN R
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shows the selection phase discussed in For selection, both the root and

leaf nodes can be a state or an afterstate; here we write s” and s? for simplicity. Note that 7¢ and §°
are always refreshed as in the pseudocode. However, there is no need to recalculate them in every
selection in practice; one may simply update them when the mean value changes during backup.

Algorithm 3 Selection in RS-MCTS

Input: root node s°, attackable threshold 7,

Output: selected nodes s°, as’, s%, ..., s*

. Select the root node sY and let £ < 0
: while the last selected node is not a leaf node do
if the last selected node is a state s’ then

as‘*1 « select a child node from s’ by pUCT as in

1
2
3
4:
5: Select the subsequent node as‘t! and let £ + ¢+ 1
6
7
8

else if the last selected node is an afterstate as’ then

7¢ < calculate the attackability of as* by

if 7 > 7,;, then

9: 8¢ « calculate value drop magnitudes of as’ as in M
10: st « select a child node from as’ by pUCT as in (using & as the prior)
11: else
12: s'T1 « select a child node from as’ by QRS as in
13: end if
14: Select the subsequent node s‘*! and let £ + ¢+ 1
15:  endif
16: end while
17: return all selected nodes s, as', s2, ..., s

shows the expansion phase discussed in In this phase, five model functions

are used: the prediction f, afterstate dynamics ¢, afterstate prediction 1), dynamics g, and value
drop magnitudes prediction k. These functions utilize a learned neural network in SMZ. However,
in SAZ, since the perfect environment simulator directly provides g, ¢, and p in %, only the other
parts require a neural network.

Algorithm 4 Expansion in RS-MCTS

Input: leaf node s (or as®)
Parameter: neural network parameters
Output: leaf node value v’ (or v/%), action reward r* if available

1: if the leaf node is a state s* then

2: st glast™1, ¢ > the dynamics network

30 plot — f(s) > the prediction network

4:  for ss all legal player actions a do

5: Expand its child node a

6 Set its prior as pfl cpt

7:  end for

8: else if the leaf node is an afterstate as’ then

9:  ast < (s, a") > the afterstate dynamics network
10:  pb vt < (ast) > the afterstate prediction network
11: 6 < k(as®) > the value drop magnitudes prediction network
12:  for as’s all possible chance events c do
13: Expand its child node ¢
14: Set its value drop magnitude and event probability as 5 € 6 and p’, € p’, respectively
15:  end for
16: end if

17: return v’ (or v%) and r* if available
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shows the backup phase discussed in[Section 3.3] Note that both the root and leaf nodes

in the selection path can be a state or an afterstate; here we write s° and s* for simplicity.

Algorithm 5 Backup in RS-MCTS

Input: selected nodes s°, as', . .., s’, value v* (or 1/4), reward ¢

1: Set value v* for s

2: Set reward 7 for the transaction from as‘~! to s*

3: for s’ (oras’)in s, as‘"!, ..., s do ‘

4:  if as’ is attackable and 51 is the highest in 6° then

5 Update ¢* and n by focusing on the next selected state, as in

6: else
7: Update ¢’ and n' by calculating mean value from all its child node, as in
8
9

10:

end if _
Update normalization bound with updated ¢*
end for

shows the decision phase discussed in[Section 3.3] Here, the attack rate A in the input
list is a ground truth attack rate (A¢pain OF Atest) that we ultimately want. \ is the attack rate observed
in the current game, starting from the initial state to the current time step. In practice, when multiple
games are running in parallel, Tp,,x 1S shared among them.

Algorithm 6 Decision in RS-MCTS

Input: root node sY (or aso), attackable threshold 7, attack rate A
Output: the decision (action or chance event)
if the root node is a state s° then
return an action chosen by MCTS
. else if the root node is an afterstate as® then

7 <+ calculate attackability score of as® by

1:
2
3
4
5. if 7 > 7, then
6:
7
8
9

Cy < C) > the attack adoption rate
Tmax ¢~ MaX(Tmax, T)
A < calculate attack rate of current game

: if \ > \ then
10: éy < 6y (ﬁ) 2 o> the chance to overattack
11: end if
12:  else
13: ey <0
14:  endif
15:  if hit a chance of ¢, then
16: return a chance event chosen by MCTS
17:  else
18: return a chance event chosen randomly
19:  endif
20: end if
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shows the attackable threshold estimator, as discussed in The estimator

observes the attackability 7 of chance events that happen, updates 7;;, by 7. Essentially, it is an online
quantile estimator, modified from the Fast Algorithm for Median Estimation (FAME) (Feldman
& Shavitt, 2007). In practice, as multiple concurrently running games can contribute to a single
instance of the estimator, it can quickly estimate 7, for targeting critical afterstates.

Algorithm 7 Attackable Threshold Estimator

Input: observed attackability score T
Parameter: attackable threshold 7, attack rate \, step size k
Output: updated attackable threshold 745,

1: if 745, > 7 then

2 Tih < Tth — Mk

3. else if 74, < 7 then

4 T T+ (1= Ak
5: end if
6
7
8
9

. if |7, — 7| < k then
. k<« 0.5k
: end if

. return 7,

However, accurately targeting the threshold can be challenging since the distribution of attackability
scores is often highly imbalanced, varies from player to player, and can shift during training when
the player’s behavior changes rapidly. For example, in an extreme scenario where 99% and 1% of
observed 7 are Os and 1s respectively, there is no effective threshold to exactly target the top 0.05%
critical afterstates.

Algorithm 8| shows the target controller that works together with the estimator to further improve
the accuracy of 7;j,. It operates periodically, monitoring whether the attack rate X in recent decision
history is significantly off the desired target attack rate A*. If this happens, the estimator’s target A
is adjusted, allowing the estimator to fit a more relaxed target. Note that A* is a fixed target (like
Atrain OF Atest 1N €Xperiments), A is a varying target used by the estimator, and \ is observed from
self-play records. For example, if the error is \* — A = 0.005 when ¢ = 0.5, the adjustment will

be A + A+ %, triggering more attacks to reduce the error.

Algorithm 8 Target Controller for Attackable Threshold Estimator

Input: self-play records D of the current iteration
Parameter: target attack rate \*, attack rate A, step size k

1: A < calculate average attack rate in D
2: if |A* — A] > 0.05\* then
3:  if k£ was just been reset in the last iteration then

4 Adjust attack rate: X « clip(\ + ’\*C:’\,O, 1)
5.  endif

6:  Reset step size: k < 0.2

7: end if
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C 2048 AND TETRIS BLOCK PUZZLE

2048 (Cirulli, 2014) is a single-player, perfect information stochastic game. 2048 is played on a 4 x 4
puzzle, where all tiles are numbered in powers of two. At each turn, the player can slide the puzzle
left, right, up, or down to move all tiles as far as possible in the chosen direction. When two k-tiles
collide during a slide, they are merged into a single 2k-tile, and the player receives a reward of 2k.
For example, two 2-tiles can be merged into a single 4-tile, receiving 4 points. After each move, the
environment uniformly selects an empty location to generate a new 2-tile or 4-tile with probabilities
90% and 10%, respectively. The goal of 2048 is to achieve the 2048-tile and accumulate as many
points as possible until no further moves are available.

Tetris Block Puzzle (The Tetris Company, Inc, |2023) is also a single-player, perfect information
stochastic game. In this work, we use a slightly modified version. The game is played on an 8 x 8
board, and starts with two holding blocks. Each turn, the player selects one tetromino from the
holding blocks and places it on the board without any rotation. When a line (a row or a column) is
filled, it will be eliminated. After placement, the player receives a reward of n? points, where n is
the number of the eliminated lines. Also, a new holding block will be randomly added from the 19
possible Tetris tetrominoes (7 base shapes, including all valid rotations). The game ends when there
are no more spaces to place the tetromino, or when a maximum of 13,500 steps has been reached.

D EXPERIMENT DETAILS

D.1 TRAINING

In this section, we describe the details for training Robust Stochastic Zero (RSZ) models. Our RSZ
implementation is built upon MiniZero (Wu et al., [2025)), a publicly available AlphaZero/MuZero
framework. In addition, we implement it on top of Stochastic AlphaZero (SAZ) (Antonoglou et al.,
2021)) and Gumbel AlphaZero (GAZ) (Danihelka et al., [2022), to improve training efficiency. For
the training configurations, we generally follow those in SAZ, where the hyperparameters are listed
in

Table 2: Hyperparameters for training.

Parameter 2048 Tetris
Optimizer Adam
Optimizer: learning rate 0.001
Optimizer: weight decay 0
Discount factor 0.999
Priority exponent () 0.6
Priority correction (53) 0.4
Bootstrap step (n-step return) 1

# Self-play actors 2048
MCTS simulation 50
Softmax temperature 1
Iteration 800
Training steps 51,200
Batch size 1024

# Blocks 3

Replay buffer size 50,000 positions
Attack adoption rate (c)) 0.5
Attackability constant (c1) 10
Gumbel cy;g¢ 50
Gumbel cgeg1e 1
Gumbel sample actions (m) 3 12

The experiments are conducted on the machine equipped with two E5-2678 v3 CPUs and four GTX
1080 Ti GPUs. For each experiment setting, we train five network models with different seeds; each
model is trained for 800 iterations with a total of 51,200 training steps. For 2048, each model takes
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approximately 25 hours to complete. Specifically, for Again = 0.05%, 0.5%, and 5%, the training
times are approximately 24.83, 21.44, and 20.04 hours, respectively. This speedup is caused by the
average game lengths under a more aggressive adversary being shorter. For Tetris Block Puzzle,
each model takes approximately 36 hours to complete. Specifically, for A = 0.05%, 0.5%, and
5%, the training times are approximately 36.30, 29.76, and 23.22 hours, respectively. Like 2048,
this speedup is caused by more attacks.

D.2 EVALUATION

To ensure statistical stability when evaluating the performance, after training five models for each
setting, we pre-evaluate them using A5y = 0%. Each evaluation plays 200 games to obtain a stable
average return. Then, we remove the two models that perform the best and the worst during the
pre-evaluation, thereby resulting in three remaining models for the main evaluations and analyses.

For the evaluations with Aes; = 0%, the performance is averaged over the three player models, using
their pre-evaluation statistics. For the evaluations with Ayesy > 0%, to evaluate the performance
between a player setting and an adversary setting, we pair-match the player and adversary models,
conducting 3 x 3 player-vs-adversary evaluations. During these evaluations, all the adversaries use
their own attackable threshold 7;;, as an initial 745, to make it easier for the adversaries to find a
reasonable threshold, rather than adjust it from scratch. Note that if we have the historical records of
the player, a better initial 745, can be calculated from them, better reflecting the decision preference.

D.3 ANALYSIS

In the randomness test, we calculate the average p-value over 200 games for each model, and then
calculate the average and standard deviation of the p-values across three models. The p-value indi-
cates whether the trajectories pass the randomness test. For 2048, tile frequency is assessed with the
Chi-square test (van der Vaart, [1998)) against the distribution of tile type. Tile sequence uses the runs
test (Bradleyl, |1960) to ensure the order of generated tile types is sufficiently random For example, if
a 4-tile is always generated after nine 2-tiles, it satisfies the probability rule but is very predictable.
Position frequency applies the Chi-square test to examine whether the new tiles are uniformly gen-
erated in empty locations. For Tetris Block Puzzle, block frequency is checked with the Chi-square
test to examine whether the new blocks are generated uniformly. Block sequence uses the serial test
(Knuth, |1997) to ensure the block-generating sequences are random enough.

In the vulnerability analysis, we calculate the average and standard deviation of the attackable thresh-
olds of three robust players during the training process, using their self-play trajectories.
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E TRAINING STATISTICS

E.1 AVERAGE RETURNS

We track the average return of SAZ and RSZ agents during training. The training curves are shown
in[Figure 7} where the data is averaged from five trained models for each method. Note that SAZ is
trained without any adversary’s attack, while RSZ is trained under adversary’s attacks with an attack
rate Agrain = 0.05%. From the curves, RSZ agents perform worse than SAZ agents consistently
during training in 2048. Nevertheless, RSZ agents perform better most of the time in Tetris Block
Puzzle, showing that the attacks help players avoid creating unfavorable situations.
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—e— SAZ (baseline)
= 200k |- = RSZ (ours)
S | A
2 150k |- & e
& S
£ 100k |- S
8 »: S 2k -
< ~ <
50k [~ ' 4
0k .‘/ | | | Ok | | |
0 200 400 600 800 0 200 400 600 800
Training Iteration Training Iteration
(a) 2048 (b) Tetris Block Puzzle

Figure 7: Average returns during training. Higher is better. Note that SAZ is trained without attacks,
while RSZ is trained with an attack rate of 0.05%.

E.2 AVERAGE ATTACK RATE

We also track the attack rate of RSZ agents during training, as shown in As shown in the
figure, the attack rate in 2048 remains quite stable during training. On the other hand, the attack rate
in Tetris Block Puzzle exhibits some instability, likely due to situations discussed in
Since the attackable threshold cannot be estimated precisely, overattacks happen.
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Figure 8: Attack rates observed during training. Target attack rate is 0.05%.
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F EVALUATION STATISTICS

F.1

RETURN DISTRIBUTION

Since one of the targets of robust reinforcement learning is to maximize the lower bound, we also
use box plots to visualize the results in which better reflects the data distribution.
shows the results of the RSZ and SAZ players in evaluations with and without rare catastrophes
(Mtest = 0% and 0.005%). The results demonstrate that the RSZ players have a narrowed return
distribution in 2048, but the situation is completely the opposite in Tetris Block Puzzle.
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Figure 9: Box plot for environments with and without attacks (Aest = 0% and 0.05%).
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Furthermore, for the detailed distribution of the average return, we also investigate the returns of
each episode during evaluations, and visualize them using the percentile plot, as shown in[Figure 10|

and [Figure TT] Although RSZ performs worse than SAZ in the best games, it performs better than
the baseline in the worst situations, demonstrating its robustness in withstanding catastrophic chance
events.
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Figure 10: Percentile plots for the episode returns without attacks. Higher is better.
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Figure 11: Percentile plots for the episode returns under an attack rate of ey = 0.05%. Higher is
better.

G MORE BEHAVIOR ANALYSIS

G.1 EXAMPLES OF VULNERABLE AFTERSTATES

We gather critical and non-critical afterstates from self-play records in both games, as shown in
|[Figure 12| and [Figure 13| The critical afterstates are targeted by the adversary, with the attacking
events highlighted in the figure. Due to their high attackability scores, these attacks either cause
an immediate game over or initiate a chain of events that eventually lead to a game over. On the
other hand, afterstates with low attackability show no difference between chance events, so they are
not favored targets for attack. This underscores the effectiveness of the attackability in identifying
critical afterstates.

4 :
AE : o
| (- [l

(a) 7 = 0.761594 (b) T = 0.726826 (c) 7 = 0.688493 (d) 7 =0.684118

4|2 ﬂ 2 4|2 m
4|2 4 2 2 4
m zm4 4| 2
2

4 2 4 2
(e) T = 0.003976 () 7 = 0.002961 (g) 7 = 0.000000 (h) 7 = 0.000000

Figure 12: Vulnerable and invulnerable afterstates in 2048. (a)-(d) are vulnerable afterstates with
their corresponding attacking event shown as the highlighted tile (not being placed on the afterstate
when calculating 7); (e)-(h) are invulnerable afterstates.

G.2 ATTACKABILITY DISTRIBUTION

To gain better insights into how decision vulnerability evolves at different stages of training, we
analyze the attackability distribution from self-play records across all trained RSZ agents, as plotted
in|Figure 14{and |Figure 15| At the Ist iteration, the distributions skew towards higher attackability,
indicating that the untrained agents make vulnerable decisions. By the 800th iteration, the distribu-
tion shifts markedly toward lower attackability, evidencing that training progressively improves the
policy toward more robust decisions.
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Figure 13: Vulnerable and invulnerable afterstates in Tetris Block Puzzle. The blocks to the right of
each puzzle are holding blocks. (a)-(d) are vulnerable afterstates with their corresponding attacking
event shown as the highlighted holding block (not being placed on the afterstate when calculating
7); (e)-(h) are invulnerable afterstates. Note that in an afterstate, there is only one holding block, as
another has just been placed on the puzzle.
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Figure 14: Probability density of attackability during training. The minimum 7 is 0, displayed
together with 0.01. The maximum 7 is 0.77 and 0.82 in two games, respectively.
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Figure 15: Cumulative distribution of attackability during training. The minimum 7 is 0, displayed
together with 0.01. The maximum 7 is 0.77 and 0.82 in two games, respectively.

23



Under review as a conference paper at ICLR 2026

H DECLARATION ON THE USE OF LARGE LANGUAGE MODELS

The authors recognize the use of OpenAI’s ChatGPT and Microsoft’s Copilot for proofreading and
language refinement of this manuscript. Its contributions were confined to enhancing grammar,
style, and clarity, while the technical content remained unchanged.

24



	Introduction
	Stochastic AlphaZero and Stochastic MuZero
	Robust Stochastic Zero
	Avoidable Catastrophes
	Attackability
	Robust Stochastic Monte Carlo Tree Search
	Training

	Experiment
	Robustness Across Different Levels of Attacks
	Degradation Under Training with More Attacks
	Ablation on Straightforward Methods
	Behavior Analysis on Vulnerability

	Related Works
	Discussion
	Details of the Attackability
	Examples
	Measurement Details
	Using Attackability in MCTS

	Pseudocode and Algorithm Details
	2048 and Tetris Block Puzzle
	Experiment Details
	Training
	Evaluation
	Analysis

	Training Statistics
	Average Returns
	Average Attack Rate

	Evaluation Statistics
	Return Distribution

	More Behavior Analysis
	Examples of Vulnerable Afterstates
	Attackability Distribution

	Declaration on the Use of Large Language Models

