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Abstract

Nash Equilibrium and its robust counterpart, Distributionally Robust Nash Equilibrium (DRNE),
are fundamental problems in game theory with applications in economics, engineering, and ma-
chine learning. This paper addresses the problem of DRNE, where multiple players engage in a
noncooperative game under uncertainty. Each player aims to minimize their objective against the
worst-case distribution within an ambiguity set, resulting in a minimax structure. We reformu-
late the DRNE problem as a Variational Inequality (VI) problem, providing a unified framework
for analysis and algorithm development. We propose a gradient descent-ascent type algorithm with
convergence guarantee that effectively addresses the computational challenges of high-dimensional
and nonsmooth objectives.
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1. INTRODUCTION

Noncooperative game theory provides a rigorous mathematical framework for analyzing multi-agent
decision-making problems that arise in a wide range of applications in economics, engineering, and
machine learning. Within this domain, Nash games are a fundamental modeling tool, where a
finite set of self-interested agents competes, each seeking to optimize their own objectives while
accounting for the strategies of others. However, such systems often involve uncertainty, where
key parameters—such as payoffs or costs—are not precisely known. This uncertainty necessitates
robust formulations that can handle ambiguity and ensure reliable solutions, even under worst-case
conditions. To be more specific, consider the Stochastic Nash Equilibrium (SNE) problem:
min E[f; (x;,2-4,&)], i=1,...,n, (SNE)
T, €K;
where x; denotes the strategy of the ith player, z_; is the collection of the strategies of the other
players, &; is a random vector whose probability distribution is unknown but belongs to an ambiguity
set, f; is a convex and possibly nonsmooth function, and K; C R™ is a convex and compact set. The
expectation operator E[-] represents the mathematical expectation over the uncertain parameters.
When the probability distribution of &; is not fully specified, a distributionally robust formulation
provides a more reliable alternative. Specifically, we reformulate the game as:
m
x{rgf% Inax ;pijfz’ (T, -4, &ij) 5 (DRNE)
where p; = [p;;]7L; € R™ is the probability vector belonging to the ambiguity set P; C R™,
and &;; are sampled scenarios. This formulation introduces a minimax structure, transforming each
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player’s problem into a saddle-point problem, where they minimize their objective under the worst-
case probability distribution in the ambiguity set. This distributionally robust Nash equilibrium
(DRNE) framework ensures robust solutions, even under uncertainty.

Contributions. We study the problem of distributionally robust Nash equilibrium (DRNE),
where multiple players interact in a noncooperative game under uncertainty. Although the stochas-
tic Nash equilibrium problem (SNE) has been extensively analyzed, its distributionally robust coun-
terpart remains mainly underexplored, particularly in terms of efficient algorithms with provable
convergence guarantees. Unlike standard minimax problems, which involve a single player solv-
ing a minimax objective, the DRNE problem involves n players, each solving their own minimax
problem. This distinction renders existing minimax algorithms unsuitable [4, 16, 27], as they are
designed for single-player settings. To address this gap, we make the following contributions:

1. We reformulate DRNE problems as Variational Inequalities (VI), providing a unified frame-
work that enables the use of scalable and efficient solution methods.While [21] discussed
modeling DRNE as a variational inequality, in our work we consider nonsmooth and large-
scale problems and we establish rigorous convergence guarantees.

2. We propose a gradient-based algorithm for solving DRNE problems, with two key theoretical
results: (i) an oracle complexity of O (6% logQ(%)), and (ii) showing that the iterates gener-
ated by the proposed algorithm converge to a solution of the (DRNE) problem almost surely.
In contrast to [7], which proposed a stochastic mirror-prox method for variational inequali-
ties and established convergence in expectation, our analysis addresses set-valued monotone
operators, defines the gap via a supremum over all subgradients to ensure well-posedness in
nonsmooth settings, and further provides almost sure convergence guarantees.

Next, we review related works on Variational inequalities and Distributionally Robust Nash Equi-
librium (DRNE) problems, highlighting gaps in the existing literature. In Section 2, we show that
how the DRNE problem can be reformulated as a VI. In Section 3, we discuss some definitions and
state our assumptions. In Section 4, we analyze a gradient descent-ascent method and establish its
oracle complexity and convergence results. Finally, in Section 5, we evaluate the performance of
the proposed scheme through numerical experiments.

1.1. Related Works

Nash Equilibrium (NE) is a cornerstone of game theory, modeling optimal decision-making among
self-interested agents [14, 15]. Nash established the existence of a mixed strategy NE for finite
strategic games [15]. Extensions to continuous strategy sets, where players choose from convex
and compact sets, depend on specific assumptions about the continuity and convexity of the payoff
functions [2]. In such settings, NE problems can be equivalently reformulated as Variational In-
equality (VI) problems [3], enabling the application of efficient computational methods. Over the
past few decades, several methods have been proposed for solving VIs with guaranteed convergence
rates [1, 6, 9, 11, 17]. Notable approaches include the Extragradient (EG) and Mirror-Prox (MP)
methods [7, 18], the forward-backward-forward (FBF) algorithm [26], dual extrapolation [20], and
the reflected gradient/forward-reflected-backward (FORB) scheme [12]. These algorithms achieve
a complexity of O(1/¢) for VIs with monotone and Lipschitz continuous operators in a determin-
istic setting. In recent years, stochastic VIs have gained prominence, particularly in applications
involving uncertainty. Techniques such as Sample Average Approximation (SAA) and Stochastic
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Approximation (SA) have been employed to tackle these problems. SAA estimates the expectation
of the stochastic mapping by averaging over a large set of samples, while SA updates the solution
iteratively using mini-batch samples. For monotone VIs, the stochastic variants of these meth-
ods exhibit a complexity of O(1/€2) [7, 19]. Additional foundational results on the existence and
uniqueness of Nash equilibria in stochastic settings can be found in [23] and [5], who employed VI
approaches to study stochastic Nash equilibria.

Distributionally Robust Nash Equilibrium (DRNE). Distributionally Robust Optimization
(DRO) has emerged as a practical approach for decision-making under uncertainty, balancing ro-
bustness and out-of-sample performance [21]. In DRO, decision-makers optimize against the worst-
case distribution within an ambiguity set, addressing uncertainties without the conservatism of ro-
bust optimization or the data-hungry nature of Sample Average Approximation (SAA). The exten-
sion of DRO to Nash games, known as Distributionally Robust Nash Equilibrium (DRNE), has
gained attention in recent years. [22] introduced the concept of DRNE in finite games, providing
foundational results. [10] studied its existence in continuous games, highlighting the challenges of
developing numerical methods for DRNE. Other works, such as [25], have explored the stability
properties of DRNE as players acquire more data. In [21], the authors study data-driven Wasser-
stein distributionally robust Nash equilibrium (DRNE) problems with heterogeneous uncertainty,
where each agent builds a private ambiguity set from sample data. They established variational
inequality reformulations for this problem, provide finite-sample guarantees and prove that the re-
sulting equilibria converge almost surely to the true Nash equilibrium as data grows, highlighting
robustness and consistency in learning equilibria from data. In contrast, our work reformulates the
(DRNE) with nonsmooth objective function as a variational inequality (VI) and develops a gradient
descent—ascent algorithm with provable convergence guarantees.

2. Variational Inequality Reformulation of DRNE

The problem of finding a Distributionally Robust Nash Equilibrium (DRNE) can be reformulated
as a Variational Inequality (VI) problem, leveraging the minimax structure inherent in the DRNE
framework. Unlike standard minimax problems, which involve a single player solving a minimax
objective, the DRNE problem involves n players, each solving their own minimax problem. This
makes existing minimax algorithms unsuitable [4, 16, 27], as they are designed for single-player
setups. First, recall the DRNE problem defined earlier:

m
xz%&%ggé;pwfz (xux za€1])a ( )
where x; and z_; represent the decisions of player 7 its opponents, P; is the ambiguity set for the
probability distribution, and f; is a convex but possibly nonsmooth function. To reformulate this
as a VI, we use the optimality conditions for each player under the minimax structure. Define
Fi(z,p)
F(z,p) & ’
with respect to the primal and dual variables, respectively. Specifically, for each ¢ = 1,...,n
n
we set Fy(z,p) = [, (Z;nzl Dij 8:Jcifi($iax—i§§ij)) , Fo(z,p) & “ - fz'(ﬂfz',x—i,&'j)}?:l] v
1=
g1(z,p) € Fi(z,p), and go(x,p) = Fy(x,p). Therefore, using first order optimality condition,
solving problem (DRNE) is equivalent to finding z* € Z such that (g(z*),z — 2*) > 0 Vz € Z,

], where F7 and Fb are the partial subdifferentials of the player objectives
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g2 (.T Y ) ’
that the nonsmooth nature of f; implies that the operator F in the VI formulation is also nonsmooth.

This lack of smoothness requires the development of a novel algorithm, as most existing methods for
solving VIs rely on smoothness assumptions. Despite this challenge, the VI reformulation simplifies
the theoretical analysis and serves as a foundation for designing scalable algorithms to solve the
DRNE problem efficiently. Next, we define a gap function to measure the quality of the solution
obtained from the algorithm.

Gap Function. Karamardian [8] showed that under continuity and pseudomonotonicity of a
monotone operator, solving the variational inequality is equivalent to solving the Minty variational
inequality (MVI) [13]. In our nonsmooth setting, the operator F' is set—valued due to the use of
subdifferentials. Accordingly, the Minty VI requires finding z* € Z such that (g, z — z*) >
0 Vz € Z, Vg € F(z). The advantage of the Minty formulation is that it naturally admits a gap
function representation, which can be used to quantify algorithmic progress [1]. In particular, since
our operator is monotone, convergence guarantees can be established by analyzing the following
gap function for any z € Z: Gap(z) £ SUDycz SUPgep(y) (9 2 — Y)-

where g(z) 2 [gl(x’p)} z = m Z=KxP, K =][",K;ad P = [[_, P,. Note

3. Preliminaries

In this section, we initially outline crucial notations, followed by articulating the primary assump-
tions essential for the convergence analysis.

Notations. Throughout this paper, |.]|* represents the Euclidean vector norm, P (u) is the
projection of u onto set K, i.e. Pk [z] = argmin, ¢ ||y — ||, and E[.] denotes the expectation of a
random variable. Moreover, we denote by 0, f;(x) the subdifferential of f; with respect to x;.

Next, we state our assumptions on the problem structure, including the existence of an optimal
solution and the properties of objective function in (DRNE) problem.

Assumption 1 (i) K; and P; are convex and compact sets for any © = 1,...,n. (ii) The set of
optimal solutions is nonempty. (iii) For each player i = 1,...,n, the function f; : K — R is
convex in its own decision variable x; (possibly nonsmooth). The collection { f;}}-, is assumed to
satisfy the monotonicity condition y ;- <gl(:n) — hi(y), x; — yz> >0, forall z,y € K, gi(x) €
O, fi(2), hi(y) € Ou, fi(y).

Note that (iii) in Assumption 1 guarantees that operator F'(z) is monotone on K. Recall the
definition of the partial subdifferential of the objective functions in problem (DRNE), we can write

~ n n
gi(z,p) = | XiLipi Vi (-701;,9671';5@']')}1,:1, 92(x,p) = [[ filwi@— z>£z])]] 1} ;where
Vfi € df;. Since m > 1, computing g1 (x,p) and go(z, p) exactly is computatlonally expen-

sive. Instead, we estimate them using mini-batches. Specifically, we draw mini-batches Bi, By
from {1,...,m} uniformly at random without replacement, where |B1| = b; < m and \Bg| =

by < m. The mini-batch gradient estimates are defined as g g, (z,p) = [g% }31 (i, T—i, Di) €

i=1
. n
Fl,Bl (Jj)p) and 92732($’p) = [ggf)Bz(l‘Z)x—lapl)} . € F2 ,Ba (LIZ' p) where gi )Bl (:U’va—wp’b) £

1=

[y

~ . m
o 2 e, Pig Vi (wix—i&ij) 95292(901‘@4,}71 = [92 32(%,90 zapz):|j_1a
0 if j ¢ Ba,

géigj (zi, 23, pi) £ _
o 5, /i (i, ;&) ifj € Do,

4
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Note that g1 p,(x,p) and g2 p,(x,p) are unbiased estimators of gi(x,p) are ga(z,p), ie.,
Elge, B, (z,p) — ge(z,p)] = 0, forall 2z € K and p € P and ¢ € {1,2}. Next, we make the
following assumptions regarding the boundedness of their variance.

Assumption 2 There exists vy > 0 such that E[||ge 5, (z,p) — ge(z,p)||?] < v2/bs for all go , €
Fy B, (x,p), g € Fy(z,p), x € K,pe Pand l € {1,2}.

The next assumption ensures the boundedness of sample partial subgradients in expectation.

N

Assumption 3 There exist M, M, > 0 such that for any g¢ g, € Fy p,(x,p): E [Hgl,Bl (x,p)||2}
M? and E {HgZB2 (x,p)”ﬂ < Mg,forallaz eK,pelP.

Remark 4 Note that, from definition of g1,p, and the fact that P is a bounded set, one can show that
E [HgL B, (x,p) ||2} is bounded if subgradient of f;s for all i is bounded. Moreover, boundedness of

E |:H92, B, (z,p) ||2} follows from the fact that f;s are continious functions and K is a bounded set.

4. Proposed Method

Now we are ready to propose the Gradient Descent-Ascent for DRNE (GDA-DRNE) algorithm, a
stochastic optimization method designed to solve Distributionally Robust Nash Equilibrium (DRNE)
problems. The details can be seen in Algorithm 1. The algorithm operates iteratively, alternat-
ing between updating the decision variables x; and the probability distributions p; for each player
i. At each iteration ¢, mini-batches B; and By are sampled randomly from the set of scenarios
{1,...,m}, where |B;| = by < mand |Bz| = by < m, to approximate the subgradient terms g; p,
and g2 B,, respectively. The step sizes, \; and ¢, are chosen from predefined positive sequences.

Algorithm 1 Gradient Descent-Ascent for DRNE (GDA-DRNE)
Input:z® € X,p° € P, {,, Athso € Ry
fort=0,...T—1do -
Choose By, By € {1,...,m} randomly such that |B;| = by < m and |By| = by < m for
1=1,...ndo
Select g1.p, € F1 g, (¢!, p") and g2 5, € Fo B, (2", p"),

.I‘;H_l — PKi (»Tg - )‘tggl)Bl (vaxiwpf)) 5

)

plz&l A PPi (plzt - ’Ytgg,gg (l’i,miz,pi)) ;

end
end

4.1. Convergence Analysis

In this section, we analyze the convergence properties of Algorithm 1. Proofs are in Appendix A.

Theorem 5 (Convergence rate) Suppose Assumptions I, 2, and 3 hold. Let {x!,p'}; be the se-
quence generated by Algorithm 1, where x = [x;|!_ | and p = [p;]!_,. Choose the stepsizes as
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A =7 = m and define 7 £ ﬁ S Mt and pt £ Zi% >, vup', then for all
T > 1 the following holds:
E| swp s {(gu(@.p).a" =)+ (ga(ep). 0" —p)} <O(BF).
(z,p)eK X P g1€F1(x,p)
92€F2(,p)

Consequently, the oracle complexity required to achieve an e-gap is (’)(}2 log2%).

Remark 6 Although the mapping with respect to p is linear in our distributed formulation, implying
that Fy(z,p) is single-valued and go = F»(x, p), we retain the supremum over g in (1) to preserve
generality. This notation ensures that the convergence bound remains valid even when F is set-
valued, i.e., in nonsmooth extensions of the problem.

Next, we show that the iterates generated by Algorithm 1 converges to a solution of (DRNE) prob-
lem almost surely.

Theorem 7 (Almost Sure Convergence) Consider iterates {xt, pt}; generated by Algorithm 1 ,
where © = [z;|?_, and p = [p;]]",. Suppose Assumptions 1, 2, and 3 hold and choose \y = v =
m, then {zt, p'}s converges to a solution of (DRNE) problem almost surely.

S. Numerical Experiments

We consider a class of risk-averse Nash games (RaNE), where each player minimizes a convex
risk measure of their random cost function. Several risk measures, including Conditional Value-
at-Risk (CVaR), admit equivalent expectation-form representations [24]. For instance, CVaR at
confidence level o can be written as CVaR,(Z) = inf,cr {u +LE[(Z —u)] } revealing an
underlying stochastic expectation structure via the auxiliary variable u. In this experiment, we
consider a n-player Nash game, where each player solves ming,c g, v, er E[¢(hi(xi, ©—i, &), wi)],
where ¢(z,u) := u + ﬁ(z — u)4 is convex but possibly nonsmooth. Following (DRNE) setting,

5 Ye=M = 0-01/\ﬂ 5 Y= = 0-01/\5
10° 10

batch =10 | batch =10 |
- - batch =50 — — batch =50 |
1 —batch =100] —batch = 100|;

%H[’r —pel

Ll — ]

10! Wf : T A ATy, i \m\% i
i Jia ey oadu] \J'“‘J:”Wr“«wmwww.«,nw.\m..,.m.,.mw,...ﬂ_,u_;__.;
102 o -
3 | | -2 | .
10 10
0 1 2 3 4 5 0 1 2 3 4 5
# of samples x10* # of samples x10*

Figure 1: Performance of GDA-DRNE averaged over 5 simulations for different batch sizes.

we consider the distributionally robust reformulation, where each player hedges against uncertainty
in the probability distribution of ¢ by optimizing over a worst-case distribution within a simplex-
defined ambiguity set A;, leading to ming, ek, v, cr MaXy,cA, 2721 Pijd(hi (i, x5, &5), ui). We
implement GDA-DRNE on the risk-averse game with n = 5 players, n; = 10, m = 100, o =
0.95, hi(z,&;j) = %f}]HxHQ + f%cTa:, where z = (z;,2_;), & = (§i(;),§i(§)) follow uniform
distributions, ¢ follows standard normal distribution and K; = [—10, 10]™. Figure 1 illustrates the
performance of GDA-DRNE, demonstrating that the algorithm successfully converges to a solution.
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Appendix A.
The following lemma is essential for analyzing the convergence rate.
Lemma 8 (see Lemma 4 in [1]) Given an arbitrary sequence {6k}k_20 C R"™ and {ag}ti>o0 <
R*Y, let {vy } >0 be a sequence such that vy € R™ and v1 = vy + g—i Then, for all k > 0 and
r € R, - - )

(07— ve) < Sl =l = Sl = v P+ 5ol

Before proving the convergence result, we state the following definition:
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Definition 9 (Stochastic errors) For our analysis, we define the following stochastic terms for
t>0: wli £ 91,B, (xt’pt) - gl(xt’pt) and wé £ 92,B; (xt’pt) - gQ(xt)pt)'

Proof of Theorem 5. Defining z = [z;]_; and using the update rule of x; in Algorithm 1,
yields z'*! = P (It — A\t91,B, (act, pt)) . By the definition of projection we have that:

t+1

o = argmin lr = (" = Mgrp, (2, 01)) [

Then, from the first-order optimality condition, one can obtain the following:
(@™ = (@' = Mgrp, (2'01) o —a™) >0 Ve e K.
Now rearranging the terms leads to:
A <91,31 (xtjpt%xt-‘rl _ x> < <$t+1 bz — $t+1>

= 5 (ot =l = =l e ).
By adding and subtracting x! to the left hand side and using the fact that ab < %a2 + %b2, we get:

1

)\t<91,B1 (xt,pt),xt )< 5 (th _ xH2 _ Hmt-i-l _ xHZ B Hmt+1 . xtH2>

A2 1
+ 2 g, (@) + 5 [l — )

1 2 A?
=5 (la* = all* = 2" = 2||*) + 5 llgv.e. ("2 |
Using the fact that gy p, (2%, p") = g1 (2*,p") + w!, we obtain that:

Mo (a4,91), 0% ) < Bt~ = [ )+ % low (o2 + Auloh, 2 — ).

t+1

)

Similarly, using the update rule of p
that:

in Algorithm 1 and defining p = [p;]!"_;, one can obtain

(g2 (2',p") ,p' —p) < 3 (Hpt —p|]” = ||+ —p||2> + % g2, (24 0Y) |7 + e (wh, p — p).

Summing two inequalities and using the monotonicity of operator F', for any g1 (z,p) € Fi(z,p)
and go(z,p) € Fy(x,p) we obtain that:

Ae(g1 (z,p) 2" — ) + (g2 (z,p), p" — p)

2
< % (th _xHQ _ th+1 _$H2) n )‘?t H91,31 (xt,pt)HQ 4 /\t<wi,1’ _ gt ivt)

1 2
5 (I =2l = = pl) + 5 Nl (& 9 e p = o ),

Applying Lemma 8 with @ = 1 and 6 = \w! yields a bound on (\w!,z — v'), while using
& = ywh gives a bound on {(ywh, p — vt), for any g1 (z, p) € Fi(x,p) and go(z,p) € Fa(z, p) we
obatin the following

Aeg1 (z,p), 2" — z) + (g2 (z,p) . p" — p)
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<3 (1 ol 1) 4 o ) P+ Mt 28+ e
‘2

= Yo = o2+ w2+ 3 (e = ol = o = 2l°) + % g2 (a'8)

2
+e(ws, o' =)+ 5lp — VP = gl — 0P+ 3 lwd ).

Summing both sides over¢ = 0, ..., T—1 and defining z7 £ ﬁ S Aatand pt £ 21% St
then taking the supremum over all selections g1 (x,p) € Fi(z,p) and go2(z,p) € Fa(x,p) we get
that:

T-1 T-1
(Z >\t> sup (g1(x,p), 7" — ) + (Z %) sup  (g2(,p), 0" —p)
t=0

91(z,p) —0 92€F2(z,p)
T—1 T—1 T—1
o 2, Yo o2 A tty2 Moyoene ot ot — ot
o0 = ol + 2~ o1 + 3 2 g (P + 3 2+ 3 Aot — )
t=0 t=0 t=0
T—1 T—1 T—1
R I R T X PR CI e A A
9 D p 2 p v 2 92,B:\T , P 2 Wy Ye\Wa, U D)
t=0 t=0 t=0

Taking the supremum over (z,p) € K x P, then taking the expectation from both sides of the
aforementioned inequality, using Assumptions 2, and 3, considering 74 = ), and dividing both

sides by ZtT;Ol At, implies that:

E[ sup sup  {(g1(z,p),z" —x) + (g2(x,p), p’ — p)}]
(z,p)EK X P g1 €F1 (z,p)
QQEFQ(Z‘,Z))
1 (1 N2 2 12
< st (3(Bx + Br) + > a2+ 02+ ).

Where Bx £ sup,efc{llz —2°)|* + = — o°|*} and Bp = sup,cp{[lp — p°|I* + [lp — 0°||*}. By

: _ 1
selecting Ay = JiTloaira) Ve observe that

T T T
Soh= 1 .1 3 1
2 t — Vt+1log(t+2) — log(T +2) — NS

1 T dx 2T +1-1)

> pr—
T log(T'+2) Jg Vo+1 log(T'+2) ’

and

~
—

r 1

X = ; (t+ Doglt+2)72 = *

-+
Il
o

Defining
2
2);

1 2
Cr £ 5(Bx + Bp) + 2(M + 7 + M + 2
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we can derive the following desired result for any 7" > 1:

E[ sup sup {<91(x,p),9?T—x>+<gz(x,p),15T—p>}}
(z,p)EK X P g1 €F1(z,p)
g2€F2(x,p)
1 2 2 2 2 2
Syuwm+&wﬂm+aﬂ%+@ 3)
t=0

10g(T+2)CT log T
<O(2%2). O
_2\/T—|—1—1_ (VT>

To prove the almost sure convergence, we use the following technical lemma.
Lemma 10 (Robbins-Siegmund) Suppose wy,n;, vy and 1 are nonnegative random variables that

satisfy:
Efwirr | Fe] < (1 +m)we +vp — by, VE>0.

where E w1 | Fi| represents the conditional expectation for the given {wq...,wi}, {No, ...y M},

{vo, .y v}, {0, ooy Wi}, and 372 e < 00, Y i g v < 00, then we have: (i) limy_,o0 wy exists
and is finite, i.e. w; — w almost surely, and (ii) Zfio P < o0.

Proof of Theorem 7. By adding and subtracting x! to the left hand side of (2) from the proof of
Theorem 5, and using the fact that ab < icﬂ + %bz for some o € (0, 1) the following can be
obtained:

)\t<91,B1( ,p) at — )

th+1 HZ_ th—l-l tH t+1_xtH2‘

- Hngl( LIPS e

Using the fact that g1 g, (2*,p") = g1 (2, p") + w!, we obtain that:

)\t<91 ($t7pt) 7xt - .’,U>

1 -1 A2
(et = 2ll* = 2" = all”) + S5 2 =2+ 5 lgw (o, 2) |+ Audd 2 — )

<=
2 2

Similarly, by using the update rule p'*! = Pp (p' — . F> p, (¢!, p")) in Algorithm 1 and following
the same steps, we get:

Aelg2 (2',p") ,p" = p)

1 —1
<5 (Il =2l = o = pl") + S5 o = 2 + 3 N2 (291 + 3o, p = o).

Summing two inequalities and using the monotonicity of operator F', for any g;(x,p) € Fi(z,p)
and go(z,p) € Fy(x,p) we obtain that

Aelg1 (z,p), 2" — ) +v(g2 (z,p) , 0" — p)

B 2
< % <th _ xHQ — ||ttt - :L«HQ) + ole IE xtH2 + % | F1,5, (mt,pt)HQ + M(wi, @ —at)
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1 2 2 a—1 2 A2 2
+ 5 (Il = 2l* = I+ = plI”) + Z5= [l = 2" + 3 [l g2 (a2 []° + ek p = 2.
For any solution (z*, p*) of the VI reformulation of (DRNE) and the fact that A, ¢ > 0, there exist
g1 € Fi(a*,p*) and g2 € Fa(2*,p*), such that 0 < (g1 (%, p%) ,a* — 2*) + (g2 (2", p*) . p' —
p*), hence by taking the conditional expectation from both sides, using Assumptions 2 and 3 and
unbiasedness of w!, wh one can obtain:

E [|lz"* = 2*|*|F] + E [llp" — p*|*|F]
t w2 E %2 LtQ 2 th 2 1 t+1  _t)|2 t+1 _  t||2
<o’ =P+ lIp" = pI° + My + =My = (L= ) ([J«" =27+ o™ = p7).

Choosing \; = 74 = ——1——— in the above inequality, the requirements of Lemma 10 are

Vit+1log(t+2)
satisfied, and we can conclude that: {th — " H2 + H pl —p* H2}t is a convergent sequence almost
surely, hence, {(x, p)}; is a convergent sequence almost surely, i.e., there exists (27, p*) € K x P
such that (2!, p*) — (27, p™) almost surely. Now from the convergence rate result in Theorem 5,

lim E sup sup {<gl(x7p)7:iT_x>+<92(x7p)7ﬁT_p>} =0
T—o0 (z,p)EK X P g1€F1(x,p),92€ F2(z,p)

and there exists B € (0, co) such that

sup sup {(g1(z,p), " — z) + (g2(z,p), P’ —p)} < B
(z,p)eKXP g1€F1(x,p),92€F2(x,p)

due to compactness of K x P, therefore, the dominated convergence theorem and continuity of the

gap function imply that

E[ sup sup { lim ({(g1(z,p), 2" — 2) + (g2(z,p),p" —p))}| = 0.
(z,p)EK X P g1€F1 (2,p),92€ Fa (z,p) 1=

Since >, At = >, vt = oo, then (2T, pT) — (z¥, p?). Therefore,

E[ sup sup {(g1(z,p), 2™ — z) + (g2(z,p), p* —p)}] = 0.
(z,p)EK X P g1€F1(x,p),g2€ F2(x,p)

This implies that (g1 (z,p), 2% — z) + (g2(x,p), p* — p) = 0 almost surely for all (z,p) € K x P,
g1 € Fi(x,p) and go € Fy(z,p). Which means that (27, p*) is a solution of (DRNE) problem
almost surely. [
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