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Abstract

Fault-tolerant quantum computing, the prerequi-
site for every scalable quantum algorithm, hinges
on a classical decoder that is simultaneously fast
and accurate. Existing decoders face a sharp
accuracy-latency trade-off: iterative decoders are
fast but too inaccurate on high-rate codes, while
near-optimal combinatorial-search decoders are
far too slow for real-time use. We treat decoding
as a structured inference problem on a spatiotem-
poral graph with known symmetry, and introduce
Cascade: a translation-equivariant convolutional
decoder that applies the same architectural tem-
plate to both surface codes and high-rate quantum
LDPC codes, adapting only the convolution to the
code’s lattice symmetry. A single model trained
at one high physical error rate generalizes across
seven orders of magnitude in logical error rate
with well-calibrated uncertainty, and error sup-
pression improves continuously with model capac-
ity. On the [[144, 12, 12] Gross code at p = 0.1%,
Cascade reaches a logical error rate of ~10710,
up to ~4000x lower than widely-used iterative
decoders (Roffe et al., 2020) and ~17x lower
than the strongest iterative variant (Miiller et al.,
2025), while matching the accuracy of a near-
optimal combinatorial decoder (Beni et al., 2025)
at 3-5 orders of magnitude lower latency. This
accuracy reveals a previously inaccessible “wa-
terfall” regime of error suppression, substantially
steeper than current scaling assumptions (Gidney
& Ekerd, 2021; Beverland et al., 2022) and imply-
ing lower space-time overhead for fault-tolerant
quantum computation than previously anticipated.
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1. Introduction

Decoding quantum error-correcting codes is a large-scale
structured prediction problem: from binary detection events
produced by repeated stabilizer measurements on a spa-
tiotemporal lattice, infer the equivalence class of the un-
derlying physical error. The problem has rich geometric
structure (detection events live on fixed sites of a regular
lattice, and the parity-check structure is invariant under the
lattice’s symmetry group), but existing solvers fail to exploit
this fully. Iterative belief propagation (BP) is fast but suffers
from well-studied convergence failures that fundamentally
limit its accuracy on quantum codes (Poulin & Chung, 2008;
Raveendran & Vasi¢, 2021); combinatorial search methods
achieve near-optimal accuracy but require up to a second per
shot (Beni et al., 2025), far outside the real-time decoding
budgets of quantum hardware (Bluvstein et al., 2024). The
gap is particularly acute for the new generation of high-rate
quantum low-density parity-check (LDPC) codes (Leverrier
& Zemor, 2022; Panteleev & Kalachev, 2022; Bravyi et al.,
2024), whose complex stabilizer structure is essential for ef-
ficient fault tolerance but does not admit the graph-matching
reduction that makes surface codes tractable (Fowler et al.,
2012; Higgott, 2022). Decoder accuracy is not a secondary
concern: fault-tolerant algorithms (Gidney & Ekera, 2021;
Campbell et al., 2017; Beverland et al., 2022) demand logi-
cal error rates of 10~1°-10~12, and current hardware plat-
forms (Ballance et al., 2016; Li et al., 2024; Evered et al.,
2025) have reached physical error rates where the decoder’s
accuracy is the dominant factor in whether those targets are
within reach.

Combining the right physical inductive biases (locality, lat-
tice symmetry, anisotropy) with sufficient model capacity
can expose features of the decoding problem that hand-
designed algorithms are too inaccurate to see. Here, that
feature is a waterfall regime of error suppression standard
decoders miss (Section 4). We introduce Cascade, a neural
decoder whose architecture is built around the geometric
regularity of quantum codes. For any code whose stabi-
lizers share a common local structure up to lattice transla-
tions (a class that includes surface codes, bivariate bicycle
(BB) codes (Bravyi et al., 2024), color codes (Bombin &
Martin-Delgado, 2006), and other quantum LDPC codes
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Figure 1. Cascade: structure-aware neural decoding. (a) Pipeline. Binary detection events from repeated stabilizer measurements are
embedded per-site into an H -dimensional representation, processed by L convolutional layers whose weights are indexed by the code’s
translation group (3D lattice for surface codes; torus Z, X Zn, for bivariate bicycle codes), scattered to the data-qubit sites of each logical
operator’s support, and mapped to per-observable probabilities by a small prediction head. The top row shows the quantum-error-correction
context: physical errors corrupt data qubits; stabilizer measurements extract a spacetime syndrome; the decoder predicts whether a logical
error occurred. (b) Error suppression on the [144,12,12] Gross code (R = d rounds, circuit-level depolarizing noise). The logical error
rate per cycle exhibits two regimes: a steep waterfall (~ p'°-®) dominated at moderate p by numerous high-weight failure modes, and a
distance-limited floor (~ p%%) emerging at very low noise. BP+OSD (orange, ~ p°-%) misses the waterfall entirely. (c) Accuracy-latency
tradeoff at p = 0.2%. Cascade (GPU inference on NVIDIA H200) spans a range of amortized latencies while achieving lower logical
error rates than prior decoders (single-threaded CPU). Diamond markers show reported single-shot latencies of BP+OSD (Roffe et al.,
2020), Relay (Miiller et al., 2025), Tesseract (Beni et al., 2025), and the transformer decoder of (Blue et al., 2025). Error bars: 95%
credible intervals.
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on periodic lattices), Cascade’s convolutional operations
are equivariant to the code’s translation group, realizing
direction-dependent learned message passing (Gilmer et al.,
2017; Velickovi¢ & Blundell, 2021) in place of BP’s fixed
update rules, in the spirit of group-equivariant and geomet-
ric deep learning (Cohen & Welling, 2016; Bronstein et al.,
2021). Three empirical findings follow. First, a capacity-
dependent transition: error suppression improves monoton-
ically with hidden width H and saturates near H ~ 64,
above which the decoder matches or exceeds the best hand-
designed baselines. Second, robustness to distribution shift:
models trained at a single high noise level remain accurate
and well-calibrated (Guo et al., 2017) across seven orders of
magnitude in logical error rate. Third, a physics finding en-
abled by the first two: in this waterfall regime (Richardson
& Urbanke, 2001; 2009), Py, drops far more steeply with p
than the distance-limited scaling Py, ~ pl(+1)/2] used in
current qubit-count estimates (Gidney & Ekera, 2021; Litin-
ski, 2019; Beverland et al., 2022). For the [144,12,12]
Gross code, the two regimes are cleanly separated: a water-
fall term Py, ~ p'! and a distance-limited floor Py, ~ p%4
(Figure 1(b)), implying substantially lower space-time over-
head for fault-tolerant quantum computation than standard
resource estimates predict.

2. Problem setup: decoding as structured
prediction

A stabilizer code (Gottesman, 1997), denoted [n, k, d], en-
codes k logical qubits into n > k physical qubits with
minimum distance d; an error on physical qubits corrupts
the logical state only if the error pattern is fopologically
nontrivial with respect to the code (i.e., cannot be undone
by any sequence of local corrections). Information about
errors is extracted non-destructively by measuring m com-
muting Pauli operators (the stabilizers) every cycle. Dif-
ferences between consecutive measurement rounds give
detection events, and over R rounds form a binary tensor
s € {0,1}#x™ the syndrome. The decoding task is to pre-
dict, from s, a binary vector £ € {0, 1}* indicating which
of the k logical observables has flipped: structured binary
classification on a spatiotemporal graph whose connectiv-
ity is determined by the code’s parity-check structure. The
code’s distance d is the minimum weight of any error that
produces a trivial syndrome but a nontrivial logical flip;
below a noise-model-dependent threshold py, the logical
error rate can in principle be suppressed exponentially with
d.

Two code families structure the experiments below. Sur-
face codes (Fowler et al., 2012) arrange stabilizers on a
2D grid, so the spacetime syndrome lives on a 3D lattice;
BB codes (Bravyi et al., 2024) arrange them on a torus
Zyg X Ly, giving a syndrome on (torus x time). We evaluate

under circuit-level depolarizing noise: each gate, idle, and
measurement operation in the stabilizer-extraction circuit
is independently depolarized at rate p, so errors propagate
through the circuit before becoming visible in the syndrome.
This is the standard hardware-realistic benchmark and is
considerably more challenging than the simpler data-level
model (depolarizing errors applied only to data qubits be-
tween rounds), which we use in the capacity-scaling study
of Section 4.2 for training efficiency. We report logical
error rate per logical qubit per cycle Pr,. We compare
against five decoders: belief propagation (BP) (Poulin &
Chung, 2008); BP with ordered-statistics post-processing
(BP+0OSD) (Roffe et al., 2020); minimum-weight perfect
matching (MWPM) (Higgott, 2022), applicable only to sur-
face codes; Relay (Miiller et al., 2025), which augments BP
with learned corrections; and Tesseract (Beni et al., 2025),
a near-optimal combinatorial search whose ~1 s-per-shot
cost precludes real-time use but serves as an accuracy bench-
mark.

3. Structure-aware neural decoding

Design principles. Cascade is built around three induc-
tive biases that match the structure of stabilizer codes on
regular lattices. Locality: errors produce spatially localized
syndrome patterns that can be progressively resolved by
layers of local processing. Translation equivariance: every
stabilizer has the same local connectivity up to a lattice trans-
lation, so the same decoding rules should apply at every site.
Anisotropy: information arriving from different directions
carries distinct meaning; a surface code stabilizer’s horizon-
tal and diagonal neighbors are of different type (X versus
Z), and the temporal direction encodes measurement errors
rather than data-qubit errors. Belief propagation satisfies
only locality: its fixed update rules treat the graph symmetri-
cally, which is exactly what causes its convergence failures
on quantum codes (Poulin & Chung, 2008; Raveendran &
Vasié, 2021).

Group-equivariant convolution. Let GG denote the code’s
translation group: G = Z?2 for the spacetime lattice of a
surface code, or G = Zy X Z,, x Z for a BB code on the
torus Zy X Z,,. Stabilizer codes in general have multiple
site types (e.g., X-checks and Z-checks, and for BB codes
two further data-qubit types), so G acts on each site-type
orbit separately. Cascade’s convolutional weights Wé(e) are
indexed by the relative offset & € G between source and
target sites (with a separate set of weights per source —
target site-type pair, suppressed below for clarity), giving
the update rule

RHD = Z

ueN (v)

o)

4
6 (u,v) hgi)’ (1)
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Algorithm 1 Cascade forward pass

1: Input: syndrome s € {0, 1}%*™; group G; kernel size
K; depth L; width H; bottleneck factor b=4

2: z «+ Embed(s) € RExmxH

3: for{=1,...,Ldo

4:

50w PWY,,  (SILU(BN(2)))

6: u <«  GroupConvy (SILU(BN(w))) {G-
equivariant spatial }

7w PWY), L (SILU(BN(u)))

& z<z+4u

9: end for

10: Z < ScatterConv(z; data-qubit map)

11: foro=1,...,kdo

12 Po + o (MLP2y (Pool (Z[supp(0)])))

13: end for

14: Output: per-observable probabilities {p, }*_;

where N (v) includes v itself. Because W depends only
on the relative offset (and type pair), not on the absolute
position, layers are G-equivariant on each orbit in the sense
of (Cohen & Welling, 2016; Bronstein et al., 2021): translat-
ing the syndrome by g € G translates every internal repre-
sentation by the same g. In contrast to typical applications
of geometric deep learning, the equivariance group G here
is not a modeling hyperparameter; it is fully determined by
the code’s physical structure. For surface codes this reduces
to a standard 3D convolution with a small number of type
channels; for BB codes it generalizes to indices in the torus
group, giving a direction- and type-dependent kernel that
respects the code’s non-trivial lattice symmetries. With L
such layers each of hidden width H, the network realizes
learned, anisotropic message passing (Gilmer et al., 2017;
Velickovi¢ & Blundell, 2021) whose receptive field grows
with depth; once L ~ d, it integrates information across
the full code distance, resolving local errors first and global
topological ambiguities last.

Forward pass. Algorithm 1 summarizes the pipeline. Af-
ter L equivariant convolutions on syndrome sites, represen-
tations are scattered to data qubits through a fixed, code-
specified map, pooled over the support of each logical op-
erator, and mapped to per-observable logit by a small MLP.
The decoder outputs a probability p, € [0, 1] for each of
the k logical observables; training minimizes binary cross-
entropy between p, and the true flip ¢,, end-to-end, at a
single high physical error rate p,,i,. No auxiliary losses,
curriculum, or labeled data at target evaluation noise levels
are required.

Scope. The equivariance framework applies to any stabi-
lizer code whose checks share a common local structure

up to a lattice symmetry, including color codes (Bombin
& Martin-Delgado, 2006), toric codes, hyperbolic surface
codes (Breuckmann & Eberhardt, 2021), and other quan-
tum LDPC codes on periodic lattices or Cayley graphs. For
codes with less regularity, stabilizers can be grouped into
equivalence classes that share weights, reducing to a stan-
dard graph neural network (Gilmer et al., 2017) in the fully
irregular limit. Our largest model (used for BB code exper-
iments below, L = 14, H = 512) has on the order of 108
parameters, modest by modern ML standards and, as the
capacity-scaling experiment below shows, already above
the threshold at which near-optimal decoding emerges. Full
hyperparameters, training schedule, and parameter counts
across all code sizes are listed in Section B.

Relation to AlphaQubit. The closest prior neural decoder
is AlphaQubit (Bausch et al., 2024; Senior et al., 2025), a
transformer-based architecture that achieves near-optimal
accuracy on surface and color codes up to distances 23
and 27, ingests analog readout signals, handles leakage,
reaches logical error rates below 10719 per cycle, and de-
codes experimental data from Google’s quantum processors.
AlphaQubit and Cascade are independent, complementary
efforts.! Architecturally, AlphaQubit’s global self-attention
imposes no geometric assumptions and applies to any code
topology, while Cascade trades that generality for an O(n)
convolutional structure tailored to codes with translation
symmetry, an inductive bias that lets it extend naturally to
bivariate bicycle codes and other high-rate quantum LDPC
codes with analogous lattice symmetry. Empirically, both
decoders, trained at a single elevated physical error rate,
extrapolate reliably to logical error rates many orders of
magnitude lower. That this appears across very different
architectures (transformer vs. convolution) and different
code families (surface/color vs. BB) suggests it is a robust
feature of sufficiently expressive neural decoders, and ar-
gues against a common concern that learned decoders might
harbor error floors invisible at training noise levels.

4. Results
4.1. Error suppression on BB and surface codes

Gross code. On the [144,12,12] Gross code under
circuit-level depolarizing noise, our largest model (L=14,
H=512) achieves logical error rates that are ~4000x be-

'A head-to-head numerical comparison is further limited by
a scope difference in evaluation: AlphaQubit targets Google’s
superconducting-hardware noise model (analog I /@ readout, leak-
age, device-specific circuit-level noise), whereas Cascade is evalu-
ated under standard circuit-level depolarizing noise, the common
benchmark in the QEC decoder literature. Extending Cascade to
hardware-realistic noise with analog soft inputs, leakage handling,
and real-hardware validation is an important direction for neural
decoders of this class.
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Figure 3. Distance scaling of surface code decoders at p = 0.2% under circuit-level depolarizing noise. (a) Logical error rate per
round versus code distance d for MWPM, correlated MWPM, Tesseract, and Cascade. All decoders exhibit exponential error suppression
(Pr, oc A~L@+D/2]y yith Cascade and Tesseract achieving the steepest slopes. (b) Accuracy—latency trade-off across code distances
(GPU inference on NVIDIA H200). Amortized latency (dashed lines, batched inference) is significantly lower than the single-shot latency
(solid lines, unbatched inference). (c) Error suppression factor A extracted from exponential fits to panel (a).

low BP+OSD (Roffe et al., 2020) and ~17x below Re-
lay (Miiller et al., 2025) at p = 0.1%, with accuracy com-
parable to the combinatorial Tesseract decoder (Beni et al.,
2025).2 Below threshold, the logical error rate drops far
more steeply than the distance bound Py ~ pl(d+1)/2]
would predict (Figure 1(b)): we find a clean two-regime
fit with a steep “waterfall” term ~ p'! dominating at mod-
erate p, and a distance-limited floor ~ p54 emerging only
at very low noise. A more powerful decoder corrects a
larger fraction of low-weight errors, exposing this steep
regime; BP+OSD misses it entirely (~ p°%). A combinato-
rial account of minimal failure-mode counts N (w), which
underlies the two-regime structure, is given in Section A.
No error floor is observed down to Py, ~ 2 x 10711,

BB codes. Figure 2(a—c) extends this analysis to three
BB codes of increasing distance (d = 6,12, 18). Cascade
consistently outperforms the reference decoders across all
three sizes; on the largest code ([288, 12, 18]), it reaches
Pr, ~ 10710 per logical qubit per cycle at p = 0.2%,
into the regime required for large-scale algorithms. Al-
phaQubit (Senior et al., 2025) is the closest neural baseline
but was evaluated on surface codes under a different noise
model, so a direct head-to-head comparison on BB codes is
not possible; the transformer decoder of (Blue et al., 2025),
which shares our noise model on BB codes, is included in
Figs. 1(c) and 2(d) for reference.

2BP+0SD (Roffe et al., 2020), Relay (Miiller et al., 2025),
and Tesseract (Beni et al., 2025) are each run with their authors’
recommended default settings.

Surface codes. On surface codes at p = 0.2%, fitting
Pr o A~WA+D/2] over d = 7 to 19 (Figure 3), Cas-
cade yields A ~ 8.4, compared to 5.0 for uncorrelated
MWPM, 7.8 for correlated MWPM, and 9.1 for Tesseract.
The resource-estimation projections of (Gidney & Ekera,
2021; Litinski, 2019; Beverland et al., 2022) assume A ~ 10
at p = 0.1% (calibrated to MWPM-class decoders); a de-
coder that exceeds this value at the same physical error rate
reduces the code distance required to reach a target logi-
cal error rate. Concretely, Cascade reaches P, ~ 1079 at
distance d=15, compared to d=19 for MWPM (a ~40%
reduction in physical qubit count), and this advantage grows
as targets tighten toward the 10~19-10712 regime of algo-
rithmic fault tolerance.

Latency. These accuracy gains are only relevant if the de-
coder is fast enough for real-time use. On a single NVIDIA
H200 GPU, our models run at ~40 us per cycle single-
shot; batched inference reaches amortized latencies up to
two orders of magnitude lower, for 3,000-100,000x higher
throughput than existing decoders running single-threaded
on CPU.? Which figure of merit matters depends on the
setting: single-shot latency constrains mid-circuit measure-
ments that gate subsequent operations, while amortized la-
tency is what matters for memory experiments or deep Clif-
ford circuits where rounds can be decoded in parallel (Ter-
hal, 2015; Skoric et al., 2023). These latencies are well
within the ~ 1 ms budgets of trapped-ion and neutral-atom

3Reported amortized latencies are total wall-clock time divided
by (batch size x syndrome rounds).
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platforms (Bluvstein et al., 2024), though above the ~1 us
required for superconducting qubits; roofline estimates sug-
gest FLOP-efficient variants on dedicated hardware could
approach that tighter budget (Section C).

4.2. Capacity scaling

How much of a code’s error-correcting capability a decoder
realizes depends strongly on its capacity. We sweep hidden
width H for surface-code models trained at a single noise
level (Figure 4) and measure the resulting error-suppression
exponent m in Pr, o< p™. Small models (H < 64) suppress
errors worse than uncorrelated MWPM; as H grows, m
rises continuously and saturates at m =~ 8 for H 2> 64,
near the optimal distance-bounded value. This capacity-
dependent transition gives a first-principles explanation for
why existing hand-designed decoders miss the waterfall
regime: they simply lack the representational capacity to
recognize the complex, higher-weight error patterns that
dominate at moderate p. The transition is sharper under
circuit-level noise, where optimal performance includes the
waterfall regime itself (Section A).

4.3. Calibration under distribution shift

Models trained at a single high noise level py;,i, remain
accurate and well-calibrated across physical error rates
spanning seven orders of magnitude in logical error rate
(Figure 5(c)). Neural networks routinely lose calibration
under even mild distribution shift (Guo et al., 2017), yet here
the predicted logical-flip probabilities track the empirical
rates across the entire evaluation sweep, without any tem-
perature scaling or calibration data at evaluation noise lev-
els. Calibration enables post-selection: by discarding low-
confidence predictions we trade acceptance rate for accuracy
(Figure 5(a)). On the [72,12,6] code at p = 0.55%, Cas-
cade reaches P;, ~ 2 x 1073 with ~95% acceptance, com-
pared to ~5% for cluster-based post-selection (Lee et al.,
2025). Many fault-tolerant subroutines (e.g., magic-state
and entanglement distillation (Campbell et al., 2017; Smith
et al., 2024; Zhou et al., 2025; Menon et al., 2025)) pro-
ceed by attempting an operation, discarding low-confidence
outcomes, and retrying; acceptance rate therefore sets the
effective runtime, so the ~20x higher acceptance directly
reduces time overhead. Even a 0.5% per-cycle discard rate
yields up to two orders-of-magnitude reduction in Pj, (Fig-
ure 5(b)).

5. Discussion and outlook

These results have several implications for fault-tolerant
quantum computation. The waterfall has remained largely
undercharacterized for quantum codes under realistic circuit-
level noise, precisely because existing decoders lacked the
accuracy to expose it.

First, code design and resource estimation should move be-
yond distance as the sole figure of merit. The sparsity of
low-weight uncorrectable errors, the weight distribution of
logical operators, and decoder accuracy all shape effective
error suppression and can differ dramatically between codes
with identical [n, k, d] parameters. Code-specific models
that capture these structural properties will yield more fa-
vorable resource estimates than the standard distance-based
formula.

Second, the decoder should be treated as an integral com-
ponent of fault-tolerant architecture co-design rather than
an independent subsystem. The capacity scaling results
(Figure 4) show a clear threshold: below it, decoders can-
not represent the higher-weight error patterns that drive the
waterfall; above it, near-optimal performance emerges. De-
coder power therefore directly determines how much of a
code’s error-correcting capability can be realized in practice,
and existing decoders miss the waterfall because they sit
below this threshold.

Third, our decoder’s geometric inductive bias (locality,
translation equivariance, and anisotropy) generalizes across
codes: the same architecture achieves near-optimal accu-
racy on surface codes and bivariate bicycle codes, code
families that have historically required entirely different de-
coding strategies (Higgott & Gidney, 2025; Roffe et al.,
2020; Maurer et al., 2025; Fowler, 2013). Since these
biases apply to any code with a common local check
structure, we expect Cascade to extend to other high-rate
qLDPC families (Xu et al., 2024; Kasai, 2026; Panteleev
& Kalachev, 2021), where the waterfall should be even
more pronounced at larger code sizes. The architecture’s
local, feed-forward, deterministic-latency structure is also
well-suited to FPGA/ASIC deployment (Section C).

Finally, trapped-ion (Ballance et al., 2016), superconduct-
ing (Li et al., 2024), and neutral-atom (Evered et al., 2025)
hardware has now reached entangling error rates near
~0.1%, the regime where the waterfall delivers logical error
rates sufficient for practical algorithms.
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A. Failure-mode combinatorics and the waterfall

Here we justify the two-regime fit used in Section 4.1. For any stabilizer code and decoder, a minimal failure mode of weight
w is a set of w independent fault locations whose simultaneous activation causes a logical failure, with no failing proper
subset. Under circuit-level depolarizing noise at physical error rate p, the probability of activating exactly a given weight-w
subset is p* (1 — p)™~ ¥ to leading order, and the logical error rate decomposes as

Pp~ Y N(w)p*, )

W2 Wmin

where N (w) counts the minimal failure modes of weight w and wy,i, = | (d 4+ 1)/2] is the nominal distance bound. The
standard resource-estimation scaling P, ~ p*™i» assumes that the w = wy,;, term dominates at the physical error rates of
interest. For the codes studied here, N (w) is instead heavily concentrated at w >> wpin: the code admits relatively few
minimal failure modes at the distance bound but many more at higher weights, so the product N (w) p* is dominated by
higher-weight terms across a wide range of p below threshold, giving a suppression exponent much larger than wy,;,. Only
at very low p does the steeply-decaying p"=i» eventually outweigh the multiplicity and set a distance-limited floor.

The set of minimal failure modes depends on the decoder: a more accurate decoder suppresses more of the low-weight
modes, exposing the regime in which the higher-weight multiplicity dominates. Decoders like BP+OSD fail on too many
low-weight errors, so the steep regime is never exposed; on the Gross code, BP+OSD exhibits only ~ p°# scaling rather
than the ~ p*! waterfall accessible to Cascade. The two-regime structure is familiar in classical LDPC coding (Richardson
& Urbanke, 2001; 2009); indications of similar behavior have appeared in quantum codes (Watson & Barrett, 2014; Kasai
et al., 2012; Komoto & Kasai, 2025), but existing decoders lack the accuracy to resolve it in the practically relevant regime
below threshold.

On surface codes, the same mechanism manifests as a decoder-dependent error-suppression factor A in Py, oc A~L(d+1)/2],
At p = 0.2%, across distances d = 7 to 19, we measure A ~ 5.0 for uncorrelated MWPM, A ~ 7.8 for correlated MWPM,
A = 8.4 for Cascade, and A = 9.1 for Tesseract. The nearly two-fold spread exceeds what threshold differences alone can
account for and reflects each decoder’s differing ability to correctly handle the higher-weight error patterns that drive the
waterfall.

B. Architecture and training details

Backbone. Cascade’s backbone is a stack of L bottleneck residual blocks (He et al., 2016) operating at hidden dimension
H. Each block projects H — H /4, applies the code-specific convolution, projects back H/4 — H, and adds a residual
skip. Each projection and convolution is preceded by batch normalization and a SiLU activation. Depth scales with distance
as L ~ d so that the receptive field covers the full code; the largest configurations used are L = 14, H = 512 for the
[288, 12, 18] BB code and comparable sizes for large-d surface codes (the latter converge in ~200 H200 GPU-hours; the
former in <100). To train stably across widths we use Maximal Update Parameterization (MuP) (Yang et al., 2021).

Code-specific convolution. For surface codes, the convolution is a standard 3D convolution with kernel 3 x 3 x 3 (two

spatial, one temporal). For BB codes, the check-to-check connectivity is dictated by the Tanner graph: a full check-to-check

step has 22 spatial neighbors across 3 temporal offsets (66 learned relations per layer); we factor it as check—data—check,

reducing to 6 spatial neighbors and 2 temporal offsets (12 relations, a > 5x reduction). We implement these factorized

convolutions using custom Triton kernels that exploit the regular torus structure for efficient memory access. The update at
position v is

¢

h£e+1) = Z Wé(i,v)

ueN (v)

B+ Wik b, 3)

where 6 (u, v) is the relative offset in the code’s translation group, and W(;(Z) depends only on J, not on the absolute position:
the hallmark of a group-equivariant convolution.

Readout. After the last block, a final convolution scatters syndrome-site representations to data qubits; the data-qubit
representations in each logical operator’s support are average-pooled and passed through a 2-layer MLP with hidden
dimension 2H to produce a per-observable logit.
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Training. Syndrome/label pairs are generated on-the-fly with Stim (Gidney, 2021) under circuit-level depolarizing noise,
R = d rounds per sample, at a single training noise level (pirain = 0.7% for surface codes; pirain = 0.55% for BB
codes). The loss is binary cross-entropy averaged across logical observables. We optimize matrix-valued parameters with
Muon (Jordan et al., 2024) (peak Ir 3 x 10~?) and scalars with Lion (Chen et al., 2023) (peak Ir 2 x 10~%), following a
cosine schedule over 50,000 steps (1000-step warmup, decaying to 1/10 of peak) and continuing training for a total of
80,000 steps, weight decay 3 x 1073, batch size 3328, bfloat16 mixed precision with gradient-norm clipping. All reported
results use an exponential moving average of weights (8 = 0.9998) (Izmailov et al., 2018). Models typically converge
within 3 x 108 training examples. A brief three-stage noise-level curriculum (p; — py annealing for < 2% of total steps)
prevents the prolonged random-output plateau observed when training directly at pgyain.

Capacity scaling experiment. For Figure 4 we train surface-code decoders of fixed depth L = 8 and varying width H
at d = 15 under data-level depolarizing noise at p = 13%, using data-level noise for training efficiency across the many
configurations.

C. Roofline estimates and computational cost

A deployed decoder running inside a quantum computer’s control stack must meet a hardware-dependent latency budget
per syndrome round: ~1ms for trapped-ion and neutral-atom platforms, ~1 us for superconducting qubits. Our GPU
measurements (~40 ps/cycle single-shot on an H200) meet the former comfortably and miss the latter by roughly an order
of magnitude. Here we estimate what FLOP-efficient variants on dedicated hardware would achieve.

MAC counts. Each bottleneck block with hidden dimension H, bottleneck factor b, kernel size K, and n syndrome
positions costs
Convolution:  ~ 2nH? /b + nK (H/b)?,

(
Depthwise conv.:  ~ 2nH?/b+ nK(H/b)
Local attention:  ~ 2nH? /b + nK (H/b) + 3n(H/b)?,
Full attention:  ~ 2nH?/b + n?(H/b) + 3n(H/b)>.

“

MAC:s are the atomic hardware primitive on ASICs/FPGAs: one MAC corresponds to one multiplier circuit, so MAC counts
directly proxy chip area, power, and latency.

Post-training quantization. Cascade tolerates post-training quantization from FP32 to FP8 with no measurable accuracy
loss on any code or noise level, using torchao (torchao, 2024) after folding batch-normalization parameters into the
preceding convolution weights. Since MAC area scales roughly quadratically with bit width, this yields a ~16x reduction
in multiplier area and power. Combined with the ~4x reduction from the depthwise-convolution variant, we estimate
a compound ~60x reduction in multiplier area over an FP32 non-depthwise baseline. Further reduction to INT4 via
quantization-aware training is a natural next step.

Per-round latency. Figure 6 shows roofline latency per syndrome round as a function of hidden dimension H for both
code families, assuming the peak throughput of an AMD Versal Al Core FPGA (133 TOPS INTS8 (AMD, 2024)); FP8
and INT8 throughput are comparable on modern tensor engines. A TPU v1 (92 TOPS) (Jouppi et al., 2017) or Edge TPU
(4 TOPS) would shift all curves upward by 1.4x or 33x. Even the largest models sit well within the ~1 ms budget of
trapped-ion and neutral-atom platforms. For superconducting qubits (~1 us), standard convolutions at H = 256 require
~10 ps per round, roughly an order of magnitude too slow; depthwise convolutions at moderate widths (H < 128) approach
the target, and further reduction via INT4 or smaller models could close the remaining gap. BB codes achieve lower latency
than surface codes at equal H because both n and L are smaller (n = 144 versus d? = 361 at d = 19).

These are roofline figures assuming 100% hardware utilization. On GPUs, single-sample (unbatched) inference is dominated
by kernel launch overhead and memory transfers rather than compute, making GPU latency a poor proxy for dedicated
hardware performance. On FPGAs and ASICs, where the computation graph can be spatially mapped and weights stored
on-chip, utilization approaching the roofline is achievable for regular, feed-forward architectures like ours.

13



Scalable Neural Decoders for Practical Fault-Tolerant Quantum Computation

(a) Surface code (b) BB code
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Figure 6. Roofline latency per syndrome round on an AMD Versal AI Core FPGA (133 TOPS INT8). Solid lines: standard
convolution; dashed lines: depthwise convolution. Both panels assume network depth L = d and bottleneck factor b = 4. (a) Surface
codes with K = 27 (3 x 3 x 3 kernel) and n = d? detectors per round. (b) Bivariate bicycle codes with K = 24 (two bipartite steps
of 12 neighbors each) and n equal to the number of physical qubits. The horizontal dotted line marks the 1 us-per-round budget for
superconducting qubits.
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