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Abstract

Motivated by an open direction in existing lit-
erature, we study the 1-identification problem,
a fundamental multi-armed bandit formulation
on pure exploration. The goal is to determine
whether there exists an arm whose mean reward is
at least a known threshold p, or to output None
if it believes such an arm does not exist. The
agent needs to guarantee its output is correct with
probability at least 1 — §. (Degenne & Koolen,
2019) has established the asymptotically tight
sample complexity for the 1-identification prob-
lem, but they commented that the non-asymptotic
analysis remains unclear. We design a new algo-
rithm Sequential-Exploration-Exploitation (SEE),
and conduct theoretical analysis from the non-
asymptotic perspective. Novel to the literature, we
achieve near optimality, in the sense of matching
upper and lower bounds on the pulling complexity.
The gap between the upper and lower bounds is
up to a polynomial logarithmic factor. The numer-
ical result also indicates the effectiveness of our
algorithm, compared to existing benchmarks.

1. Introduction

The 1-identification problem is a fundamental multi-armed
bandit formulation on pure exploration. The goal of the
learning agent is to identify an arm whose mean reward is
at least a known threshold g if such an arm exists, and
otherwise to return None if no such arm exists. We study
the fixed confidence setting, where the agent aims to return
the correct answer with probability at least 1 — § for a given
tolerance parameter 0 € (0, 1), while ensuring the number
of arm pulls, aka sample complexity, as small as possible.

The 1-identification problem models numerous real-world
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problems. For example, consider a firm experimenting mul-
tiple new campaigns, and seeks to know if any new cam-
paign is more effective than the existing one. The firm
may have a long history of applying the existing campaign,
with sufficient data to determine the impact and reward by
utilizing this campaign. Similar scenario applies to other
industries such as service operations, pharmaceutical tests,
simulation which involves comparisons between a bench-
mark and alternatives, in terms of profit, welfare or other
metrics.

Summary of Contributions. We make two contributions
to the 1-identification problem. Firstly, existing research
works only guarantee asymptotic optimality (Degenne &
Koolen, 2019; Jourdan & Réda, 2023), or non-asymptotic
near optimality in the case where all the mean rewards
are smaller than the threshold ((Jourdan & Réda, 2023),
or applying a Best Arm Identification algorithm). Novel
to the literature, our proposed algorithm achieves the non-
asymptotic optimality in the sample complexity both the
positive case when there is a qualified arm, i.e. an arm
with mean reward at least the threshold, and the negative
case when there is no qualified arm. We prove matching
upper and lower sample complexity bounds, and the gap
between these upper and lower bounds is up to a polynomial
logarithm factor.

Secondly, we conduct numeric experiments to compare the
performance of 1-identification algorithms. The numeric re-
sults suggest the excellency of our proposed SEE algorithm
and also the weakness of some benchmark algorithms.

Notation. For an integer K > 0, denote [K] = {1,..., K}.
For p1 € [0, 1], we denote N (y, 0%) as the normal distribu-
tion with mean g and variance o2. Denote E and E, ag as
the expectation operator while the second one is to highlight
that the expectation is determined by both the instance v
and algorithm alg.

2. Model

An instance of 1-identification is specified by the tuple @ =
([K],v = {Va}ae[k]> 10, 6). The set [K] represents the
collection of K arms. For each a € [K], v, is the probability
distribution of the reward received by pulling arm a once.
The probability distribution v,, and in particular its mean
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ta = Epr~,, R, are not known to the agent. For each
arm a € [K], which has random reward R, ~ v,, we
assume that the random noise R, — (i, is 1-sub-Gaussian.
The parameter p is a known threshold. The agent’s main
goal is to ascertain whether there is an arm a € [K] such
that p, > po. The parameter § € (0, 1) is the tolerant
probability of a wrong prediction. Unless otherwise stated,
we always assume pq > pe > --- > ug, but the order
remains unknown to the agent.

Dynamics. The agent’s pulling strategy (m,7,d) is
parametrized by a sampling rule 7 = {m:}32,, a stop-
ping time 7 and a recommendation rule ¢ € [K] U
{None}. When a pulling strategy is applied on a 1-
identification problem instance v, the strategy generates
ahistory A1, X5, , A;, X;. Action A; € [K] is chosen
contingent upon the history H (t—1) = {(A,, X,)}.Z}, via
the function 7 (H (t — 1)). In addition, we have X; ~ vg4,.
The agent stops pulling at the end of time step 7, where 7 is
a stopping time' with respect to the filtration {o(H (t))}$2,.
Upon stopping, the agent outputs @ € [K] U {None} to
be the answer, using the information H (7). Outputting
a € [K] means that the agent concludes with arm 4 satis-
fying 114 > po, while outputting ¢ = None means that the
agent concludes with no arm having mean reward > 1. We
allow the possibility of non-termination 7 = oo, in which
case there is no recommendation a.

To facilitate our discussions, we introduce the definitions of
positive and negative instances.

Definition 2.1 (Positive and Negative Instances). Denote v
as a distribution vector equipped with a mean reward vector
{pa} 5 |. We call v a positive instance, if 3 > po. And
we call v a negative instance, if p1 < .

1 > po} and
u1 < po}. For A > 0, we further define

S ={v:p—po>A}and Sneg {v:po—pm > A}
It is clear that SP* = Ua~oSR” and 8™€ = Ua~oSK*. In
this paper, we assume that the underlying instance belongs
to SP°S U 8™¢, For an instance v € SP° U S™¢, we define
i*(v) as the set of correct answers. For v € SP*, we have
i*(v) = {a : pa > 1o}, while for instance v € S"¢, we
have i*(v) = {None}. We mainly focus on analyzing PAC
algorithms, with the following definitions.

Correspondingly, we denote SP* = {v :
S = {v:

Definition 2.2. A pulling strategy is §-PAC, if for any
d € (0,1),v € SP U S"™¢, it satisfies Pr, (7 < +00,d €
*(v)) >1-4.

Definition 2.3. A pulling strategy is (A, §)-PAC, if it is o~
PAC, and for any A, § > 0, we have sup,, ¢ grsjgmee By 7 <
+00.

Clearly, if a 1-identification pulling strategy is (A, §)-PAC,

"For any t, the event {7 = t} is o(H (t))-measurable

it is also 6-PAC.

Objective. The agent aims to design a (A, §)-PAC pulling
strategy (m, 7, a) that minimizes the sampling complexity
E[7].

3. Literature Review

We review existing research works on the 1-identification
problem. To aid our discussions, we define the following
notations for describing bounds on sampling complexity.
We define A; ; = |p; — ] forall 4,5 € [K]U {0} and

neg low __
H1g*ZA2 Hlow* Z A2 7
a=1 "0,a apa<po L
K
2 2
Hpos _ H =
1 Z maX{AO AT} Af,
()
2 2
Z N2 » H Z 2
1 a:fiq > o @
X2
HBA =
At
Since Ay;; = 0, we equivalently have HI™ = 35— +
0,1

>, W. Table 1 summarizes the existing
algorithms and their performance guarantees with notations

in (1). Details are as follows.

The 1-identification problem is a pure exploration problem
with possibly multiple answers, which has been studied
in (Degenne & Koolen, 2019). They consider the case
when v, belongs to the one-parameter one-dimensional
exponential family for each a € [K], and propose the
Sticky-Track-and-Stop (S-TaS) algorithm. S-TaS satisfies
limsups_,, % = T*(u), which depends not only on
{Ha}oyurk) but also {vg }aepx]. With their lower bound
liminfs_ g % > T*(w) on any 6-PAC algorithm, they
conclude S-TaS achieves asymptotic optimality. We display
the bound 7™ (1) in the special case when v, = N (g, 1)
for each a € A, where T (u) specializes to the bounds in
the first row in Table 1. Nevertheless, the non-asymptotic
sample complexity of the 1-identification problem remains
a mystery in (Degenne & Koolen, 2019), who comment
that “Both lower bounds and upper bounds in this paper are
asymptotic. .. A finite time analysis with reasonably small
o(log ) terms for an optimal algorithm is desirable.”

(Kano et al., 2017) study the Good Arm Identification prob-
lem, where the agent aims to output all arms whose mean
reward is greater than pg. This objective is different from
our objective, which requires returning only a qualified arm
if exists, but the expected stopping time of their first output
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Table 1. Comparison of bounds.

”pos” and “neg” in the second column correspond to p11 > po and g1 < o respectively. The definitions

of different H’s are at the equation (1). We determine whether a sampling complexity upper bound is nearly optimal by comparing with
the lower bound. An upper bound is nearly optimal iff the gap is up to a polynomial logarithm factor.

Algorithm Bound Nearly Opt ~ Nearly Opt ~ Comment
in Positive in Negative
. H pos .
- Er_ —
S-TaS %lg% o 1 { H™  neg v v Asymptotic
_ . in Ao,
HDoC Br < O(Hlog & + Hiyloglog 3 + %) pos " " € mm{;?[‘% 0
"= o e 0g £ + K o Aaan
(Hy*log s + 52) neg min ==
ac[K—1]
H, 5
APGAI Er < {O( ne(g o I)<) pos X Vv Asymptotic Optimal
O(H;™(log 5-)) neg in the case neg
O(H 1 O(H}™ log zX 0s
SEE By < O 1o )+ i OUF " log 3,7) J J Even the O (log )
This work) O(H{*(log % + log H{™)) neg 0.1
(This wor 5 matches lower bound
in some cases
Q(Hlog: + LH™ — -—) pos
Lower Bound Er > { ( negg 0 . ' A P NA NA In pos, m € [K] satis-
(This work) Q(H;* log 5) neg fies pm > o > tm+1

is exactly the E7 in our formulation. They propose algo-
rithm HDoC, whose sub-optimality of their sampling com-
plexity upper bound comes from two perspectives. Firstly,
the term = implies that the upper bound is vacuous (equal
to 1nﬁn1ty) when there exists a € [K] such that 1, = po,
even in the case of 13 > pp. Secondly, when iy > po,
(Kano et al., 2017)’s bound includes H; loglog(1/4), and
H, grow linearly with K. (Kano et al., 2017) comment that
K = Q(lolgoig%;) .. there
still exists a gap between the lower bound ing. ..and the
upper bound in ...”. (Tsai et al., 2024) incorporate the LIL
concentration event (Lemma 3 in (Jamieson et al., 2014))
into the algorithm HDoC with an additional warm-up stage.
But the proposed algorithm lilHDoC still suffers from the
same sub-optimality as HDoC.

“Therefore, in the case that . ..

(Jourdan & Réda, 2023) mainly focus on designing any-
time algorithms on Good Arm Identification. They propose
pulling rule APGAI with the stopping rule GLR. Their algo-
rithm achieves nearly optimal asymptotic sample complex-
ity bounds on negative instances, but is still sub-optimal on
positive instances. The stopping rule GLR can be combined
with other pulling rules to guarantee the §-PAC property,
but in general there is no non-trivial upper bound on Er.
Finally, we remark that the Good Arm Identification formu-
lation assumes p, 7# po for all @ € [K], and their upper
bounds are vacuous if there exists an arm ¢ whose mean
reward is exactly ug.

Table 1 summarizes the comparison, with imprecision on
HDoC and APGAL Details are in appendix A.2. Among
them, S-TaS is (A, §)-PAC, but the non-asymptotic pulling

complexity remains unclear. Appendix A.3 proves algo-
rithm HDoC, 1ilHDoC, APGALI are not (A, §)-PAC, and
Appendix E.3 provides additional discussion on APGAI.

Besides the above work, there are other research works
related to 1-identification, despite not directly solving the
1-identification. (Kaufmann et al., 2018) provide asymptotic
sample complexity bounds on classifying positive and nega-
tive instances, but their algorithm does not output a quali-
fied arm é € [K] on a positive instance. (Katz-Samuels &
Jamieson, 2020) propose the idea of “Bracketing” to solve
the 1-identification problem. Their algorithm only applies
for positive instances but not the negative instances, since
the algorithm is not required certifying if there is no arm
with mean reward at least ;9. More discussion on (Katz-
Samuels & Jamieson, 2020) is provided in Appendix A.1.

The 1-identification problem can be solved by considering
a Best Arm Identification(BAI) problem, which has been
well studied. We can take arm O as a virtual arm which
always returns a deterministic reward with value po. Apply-
ing an algorithm for the fixed confidence setting (Even-Dar
et al., 2002; Gabillon et al., 2012; Jamieson et al., 2013;
Kalyanakrishnan et al., 2012; Karnin et al., 2013; Jamieson
& Nowak, 2014), the agent achieves a non-asymptotic high
probability upper bound. For example, (J amieson & Nowak,
2014) guarantee Pr, (1 < O(HPA(log 1 5, + log HEAL))) >

1—6 forv € 8P, Pr, (1 < O(H}*(log % +log H{*®))) >

1 — § for v € 8™, And the logarithmic term HPAL ¢
can be improved. Nevertheless, the high probability up-
per bound cannot imply ET < 4-00. To address this issue,
(Chen & Li, 2015; Chen et al., 2017) develop the Parallel
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Simulation Algorithm, which takes a BAI algorithm as an
Oracle and converts this algorithm into a new algorithm.
The new algorithm is still §-PAC, and guarantees not only
the above high probability upper bound, but also finite up-
per bound on E7. (Garivier & Kaufmann, 2016; Kaufmann
et al., 2016; Garivier et al., 2019) provide asymptotic up-
per bounds relating to E7, complemented with matching
lower bounds. Though there are many existing works on the
BAI problem, the comparison of asymptotic results in these
two formulations (Garivier & Kaufmann, 2016; Degenne
& Koolen, 2019) suggests that it is inefficient to solve the
1-identification by the corresponding BAI problem.

Our work is related to other topics, such as BAI in the fixed
budget setting and the e-Good Arm Identification problem.
We provide additional discussions in Appendix A.1.

4. Algorithm
4.1. An Informal Algorithm

Algorithm 1 SEE(Informal)

1: Input: Action set K], threshold i, tolerance level 4,
C>1.
2: Tune {6, T¢, TEe 425,
3: for Phase k =1,2,--- do
4:  (Exploration) Run algorithm LUCB_G with tolerance
level §;, and previous exploration history.
Stops until one of the two conditions holds.
5: e« Total pulling times in all exploration phases is
greater than T5°. Take G, = Not Complete
6: * LUCB_G stops and output a;, € [K] U {None}.
7. if ay € [K] then
8: (Exploitation) Keep pulling arm a;, with samples
independent of exploration.
Stops until one of the two conditions holds.
9: * Pulling times of Gy, is greater than 7"
10: ¢ LCB defined by § is above g, output a as a
qualified arm
11:  elseif a; = None and §;, < g then

12: Output the instance is negative
13:  endif
14: end for

Before rigorously describing the algorithm, we provide
an overview with a simple algorithm sketch. This sketch
presents the overall framework of SEE, but some required
adaptations are explained in the full in the subsequent parts
of this section.

Algorithm 1 introduces the key idea of SEE. Algorithm
LUCB._G in line 4 is defined in (Kano et al., 2017), which
can be considered an adapted BAI algorithm UCB in
(Jamieson & Nowak, 2014). In each round, LUCB_G pulls
the arm with the highest upper confidence bound (UCB),

and stops if there is an arm whose lower confidence bound
(LCB)is > po. LUCB_G guarantees the high probabil-
ity bound Pr, (ua > po,7 < O(H}™ log(HY™ /&) >
1 —¢ for v € 8", and Pr,(é = None,7 <
O(H{*®log(H{®¢/§"))) > 1 — ¢ for v € S™&, where
§’ € (0,1) is the input tolerance level.

Algorithm 1 takes LUCB_G as an oracle by sequentially
calling it with tolerance level d;, at phase k. The sequence
{0k }ken is non-increasing with k, and in a phase k J
should be larger than the required tolerance level §. In
line 12 of Algorithm 1, we trust the negative prediction
of LUCB_G only when the Jy, is smaller than the required
tolerance level . The intuition is consistent with the conclu-
sion in (Degenne & Koolen, 2019), which concludes lower
bound Q(H}*log }) is required for a negative instance.
Then, it is natural to accept the negative output "None”
when 0, < O(9).

While meeting a positive instance, we wish LUCB_G can

identify a qualified arm with pulling times O(HP* log 4,
which is line 6. Then we turn to keep pulling a;, with confi-
dence bound defined by true tolerance level d, corresponding
to the line 8. Line 5 is to avoid LUCB_G from getting stuck
into a non-stopping loop, which is possible when the ”good
event” doesn’t hold.

Based on the above idea, Algorithm 1 seems to be able to
solve the problem. However, there are still two main con-
cerns in Algorithm 1, stopping us from adopting it directly.
The first one is LUCB_G cannot guarantee the lower bound
of 14, — ft0, which makes it hard to set up maximum pulling
times 7§" in the exploitation phase. To address this issue,
we introduce a tunable parameter C' > 1 and adopt a larger
radius when calculating the LCB in Algorithm 3.

The second concern is LUCB_G requires at the start of
an exploration phase k, LCB,(Jx) < po holds for all
a € [K]. But in Algorithm 1, it is possible that at the end
of phase k& — 1, the last collected sample of arm G _1 is so
large, such that LCB of aj_ is still above p at the start
of phase k. To address this issue, we define a temporary
container (). When the LUCB_G is going to output an arm
ay—1, we transfer the latest collected sample of a1 into Q.
If we pull arm ax_1 € [K] in the future exploration period,
we transfer the sample back from () to history. The reason
of transferring back from () is concentration inequality like
(3) requires consecutive integer index summation, and we
cannot skip or abandon any samples.

4.2. Sequential Exploration Exploitation

For simplicity, define [2]T = max{[z], 1}. We define the
confidence radius

\/2 . 2]—log2 t]t 1ng

U(t,8) = .

@
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To rigorously present the algorithm design, we split Algo-
rithm 1 into three parts with more adaptation. Algorithm 2
is the main body, calling Algorithms 3 and 4 to conduct the
pulling procedure. We elaborate on them one by one.

Algorithm 2 Sequential-Explore-Exploit(SEE)

1: Input: Action set [K], threshold po, confidence level
0, C > 1, scheduling parameter {d, a, 6;&;:{.
{Default: C = 1.01, 6, = 1/3%, ay, = 5%, By, = 2%).}

2: Calculate 75 = 1000(C'+1)? K B log (4K /8), TF' =
100061@ log(4a;€K/6).

3: Initialize: H* = H"' =Q =0, N* = NI' = 0,Va €
[K].

4: for Phase k =1,2,--- do

5. (Exploration) Call Algorithm 3 with

K+ K, g < po,0 < 0, C  C,H® +— H*,
Q<+ QT+ T,
denote (ay, 1, Q, 75°) as the output.
6: if 4y € [K] then
7: (Exploitation) Call Algorithm 4 with
K+ K, jug + /Lo,(s — 677'[6[ — Het7
T + th,& — ap, a — oy,

Algorithm 3 SEE-Exploration

I: Input: Action set [K], threshold p, confidence
level §, tunable parameter C > 1, History H* =
uk {(a, ngs)}i,v__al, Temporary Container ), Termi-

nation Round 7.

ey _ - NP o e
2: Define fiq(H®) = fla,Ne = =Rt = |HeUQ),

UCB,(H*,6) = fia(H*) + U(Ng, 6/ K),
LCB4(H*,0) = fia(H*) = C - U(Ng®, 0/ K).

3: while True do

4:  Determine A{® = arg max,c|x)] UCB,(H®,9).

5:  Get (X,Q,At) by calling Sampling Rule(Alg 5),

A+ AF,Q <+ Q

6: Nag = Nae + 1, t = t + At, H® = H®U
{(4F, X)}

7. if t > T then

8: Break and take a = Not Complete

9: elseif Va € [K], UCB,(H%,§) < uo then

10: Break and take @ = None

11:  elseif LCBas=(H,5) > po then
12: HE = H=\ {(AF5, X)}

13: N$e =N% —1,Q = QU {(A%, X)}
et et A AY t
) fif.enotejags, ;ﬁ. ’ ;k Las the output. 14: Break and take & = a
8: if ans = Auilje then 15: end if
1(9)' de-::.urn a= Q. 16: end while
: end i .
17: Return (a, H®, Q,t
11:  elseif G, = None and d;, < ¢/3 then ( @1
12: Return @ = None.
13:  end if
14: end for Algorithm 4 SEE-Exploitation
1: Input: Action set [K], threshold 1, confidence level
SEE. displayed . Algorithm ), takes 0, Termination Round 7', Predicted arm & € [K], T(J)\l{gr-

o, K,8,C, {6k, an, B} 125 as input, where po, K,
are model parameters and C, {0y, a, 85}/ 25 are tunable
parameters. Besides C' = 1.01,0;, = 1/3% oy, = 5, 81, =
2k other choices are also available, see Appendix B.1.

Following Algorithm 1, Algorithm 2 sequentially calls ex-
ploration and exploitation oracles in each phase, while main-
taining three sample sets ¢, 1, Q. When calling the Ex-
ploration Algorithm 3, #%¢, () are updated. When calling
Exploitation Algorithm 4, H® is updated.

Besides H®, H®, Q, Algorithm 2 further specifies
T = 1000(C + 1)2Kpylog(4K/6)) and TF' =
10008, log(4ay, K /0). The coefficient 1000 is to simplify
the calculation in the proof of Lemma B.1. If we replace
1000 with another fixed positive constant, the main conclu-
sion still holds.

Algorithm 3 follows LUCB_G in (Kano et al., 2017), with
three major modifications. The first is adopting (2) as the
radius of the confidence interval, which is smaller than the
original LUCB_G. The second is adopting C - U (-, -) for
the LCB in line 2, where C' > 1. In the case of a positive

ance Controller «v, History H® = UL {(a, X&' )},
t=[H

2: while Ni' < T do

Sample X ~ v,

H =HU{(a, X))}, N =N+ 1L, t=t+1

s

N?l et
it Z:NiX — U(NE, 22-) > pug then
return (Qualified, H, t)
end if
end while

return (Unqualified, H*', ¢)

LR x; W

Algorithm 5 Sampling Rule

1: Input: Arm a € [K], Temporary Container @
if 3(a, X) € Q such that a = A then
Q=Q\{(a,X)},At =0, return X, Q, At
else
Sample X ~ vy, At = 1, return X, Q, At
end if

AN ANl
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instance, factor C' > 1 can guarantee p5, > wpi + (1 —
w) o where w = g—;;) conditioned on an event that holds
2
with probability > 1 — T 65’“. Details are in Lemma B.4.
The third is using the temporary container () to conduct the

modified sampling of an arm X in line 5.

Algorithm 5 conducts the modified sampling for Algorithm
3. It only collects a new sample for arm A € [K| when
@ does not contain a sample on A. We only increase the
total pulling times ¢ when we collect a new sample from v 4.
Algorithm 5 returns the updated () together with the sample
X. The necessity of using () to temporarily store the latest
collected sample X in line 13 in Algorithm 3 is discussed
in section 4.1 and Lemma B.6. From the above discussion,
we know for each a € [K], @ contains at most one tuple
whose first element is a:

Lemma 4.1. Throughout the pulling process,
holds with certainty.

Q < K

Algorithm 4 takes (K, po, 0, T, a) as the input. The parame-
ters K, 19, 0 are model parameters, which remain the same
in all phases. By contrast, the parameters 7" and a generally
change across different phases. During phase &, Algorithm
4 keeps pulling arm G, until one of the two following con-
ditions is met. The first is when the total pulling times of
arm @y, in all exploitation periods is 7', which should be T}
at the phase k. In this case, the exploitation period cannot
guarantee that pz, > o holds with probability > 1 — 4,
and requires Algorithm 2 to run the next exploration period
with a smaller tolerance level dx1. The second condition is
when the LCB, defined with the input tolerance level 9, of
ay, is above . In this case, Algorithm 2 adopts this result
and outputs ag as a, asserting that the instance is positive.

Throughout the pulling process, the samples collected
among all the exploration periods are shared, as are the
exploitation periods. By contrast, the exploration periods
never share samples with the exploitation period. To dis-
tinguish between the two sets of periods, we denote 7;°
and 7' as the total pulling times of Algorithms 3 and 4,
from the start of phase 1 to the end of phase k. We also
denote N$°(75°), N&'(5') as the total pulling times of arm
a € [K] stored in 7 and H*', at the end of phase k. From
the algorithm design, it is clear that the following Lemma
holds.

Lemma 4.2. At the end of phase k, 1. 7% < Tf°,
< YR T 20 QI+ [HE| = T 3
Since |H*| = Zle NEE(15¢), we can further conclude

S NE(rE) S T S K+ YN Ne(re).

5. Main Results

In this section, we demonstrate upper bounds of E7 by
applying SEE, and provide lower bounds on E7 for any

0-PAC algorithm. The lower bound mainly comes from the
existing results in the literature.
5.1. Performance Guarantee of Algorithm 2

Before stating the main theorems of Algorithm 2, we in-
troduce some notation. Define i3, = (1/t) Zi:l X

a,s?
A, =(1/t) 3L, X, and

K¢ :min{k € N:Va € [K],Vt € N,

. Ok

ee < v
/’La,t /’La| — U(t7 K)}7
3)
k% =min {k €N:Va e [K],Vt €N,

. 5
| = pa| < UL, Kak)}'

Here x°¢, x° are the minimum phase indices such that the
respective concentration inequality hold, as in phase k, we
use U (¢, %) and U(t, Kiak) to define the UCBs and the
LCBs during the exploration and exploitation periods. Not
hard to see x°¢, x® are random variables. By Lemma D.3 in

the Appendix, we have the following.
Lemma 5.1. Forall k € N, it holds that

7T26k_1
6 )

w2 )

Pr(x > k) < T .
H(rT 2 k) < 6 ap_1

Pr(k” > k) <

Since limy_,o 0 = 0,limg_ oo ap = +00, We observe
that Pr(k® < 400) = 1,Pr(s® < +o00) = 1. We first
show that Algorithm 2 is 4-PAC, which is mainly due to the
design of our stopping rule.

Theorem 5.2. Algorithm 2 is 6-PAC.

Sketch Proof of Theorem 5.2. The first step is to show
Pr(r = 4+00) < Pr(k* = +00) + Pr(sk® = +o0) = 0,
indicating that 7 < 4-oo with certainty. Then, we know
a € [K] U {None} in Algorithm 2 is well defined with
certainty.

If v is positive, the event & ¢ i*(v) occurs only in the
following two scenarios. The first scenario is when an
exploration period outputs None in phase & such that §; <
d/3. The second scenario is when an exploitation period
outputs an arm with mean reward < j19. The probabilities of
both events are at most 6 multiplied by an absolute constant,
and we can conclude Pr, (a ¢ i*(v)) < 0.

If v is negative, the event a ¢ *(v) occurs only when an
exploitation period outputs an arm, which is the same as the
second case in the discussion of positive v. We then have
Pr,(a ¢ i*(v)) < 0 again, hence the Lemma is proved. [
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The full proof is in Appendix B.2. The following theorem
shows that Algorithm 2 is nearly optimal in minimizing E.

Theorem 5.3. Apply Algorithm 2 to an instance v, we have
log 5 pos 0s
. + (lo -H ) v e SP
Er < K ( ( gAzl) ! , Where
(H'feg(log s +log H{™®)) ves™
~ only depends the constant C but independent of model
parameters K, 6 and {,ua}le, In particular, when we set
C to be an absolute constant such as C' = 1.01, v is also
an absolute constant.

From the definition of HI”, we know K < HI™,
and 1/A%, < HP*. Thus, we have log(K/Ag’l) <
21og H™. Meanwhlle since max{Aj ,, A7} > A§ /4,
we have H{” < 8K/A?, leading to log Hpos < log8 +
log(K /A2 0) Thus, it is equ1valent to state the upper bound

log 5 pos pos 08
: + (log HP™) - H! ) Ve S
asEr < 7 ( 1 (log ) . As
v (H neg(log s +log H{®)) veS™e
Theorem 5.7 discusses the existence of log ﬁ, we adopt

the current expression for further comparison. The full proof
is in Appendix B.2.

Sketch Proof of Theorem 5.3. The main idea is to split 7 =
7% + 7° and we derive upper bounds for both E7°¢ and
E7¢. In the following, we only summarize the main steps
of upper bounding [E7%¢, when instance v is positive. Proofs
for other cases are similar.

Define I/ = [10 M] I/ =

c—
where w = C+3

L'. To prove Theorem 5.3, the most important 1ntermed1ate
step is to show that in phase k > max{x°®¢, L'}, Algorithm
3 always outputs @ € [K], pa > wpr + (1 — w)po with
certainty. In addition,

[log, “255H1,

Via routine calculations, we have L' >

ee 4K
Tk SO (Kﬁmax{nee,L/}fl IOg 57> +
max{k®,L'}—1

K lOg 55 4+ lOg lOg m (4)
O\ X i, 82 |

=1

The intuition is as follows.
max{k®, L'} — 1, we have

Firstly, at the end of phase

ce 41K
Tmax{r®, L'} —1 < 0 <Kﬁmax{mcc,L’}—l lOg 57) .
max{k® L'} —1
This is guaranteed by the Lemma 4.2. Then, starting from
phase max{x®, L'}, T;° is large enough, such that Algo-

rithm 3 will not enter the case of line 8. By induction, we
have

Na(7i) < max {N“(Tifax{wvb’}l)’

log 55 + log log 7@”{&;’1 AT.T
O ,a’ ,a
max{A?,, Af .}

holds for all k& > max{k®, L'}, a € [K] with certainty.
Summing up the above inequality for all @ € [K] and using
the fact that 77° < K + Z No(73°) (Lemma 4.2), we
complete the proof of (4). Lemmas B 4, B.6, B.8 contain
more details.

The next step is to show conditioned on pa, > wpq + (1 —
w)po, k > max{x®, L"} can guarantee the exploitation pe-
riod output Qualified, and the algorithm must stop. This is

straightforward, as k > «* guarantees U(N§! , Qk) <

Ng
age et

o=t XG5 c

=S - VNG ER) > ke
Meanwhile, having k > L’ " guarantees 7}' is large enough
such that Algorithm 4 will not quit the Whlle loop before
N¢! is large enough such that U (Ng!, £5-) < wlp—po)
holds. Combining these intermediate steps, we have

1
max{A%a,Agya )

“liazio) mplies

ee
T

4K
SO (Kﬂmax{nee,L’} 10g m) +

O K log m + log log
Z max{A2

2
a=1 1 a’AO,a}

<O (H™ log H™) + O <K5Kee log 5 > 4

(0] (KﬁLllogi—K> +O< 7 log 51 )+
L/ Hee

! )JrO(Hfoslogdl )+

6L”

@) (HEOS log 6—1/)

holds with certainty. Take expectation on both sides, we
can use inequalities such as

0 (H?OS log

(K = k)

+
Lemma 5.1 T 5k—1 4K
¢ z KoL flog S = O(log K)
k=1
to derive the upper bound of E7°°. O

Combining Theorems 5.2 and 5.3, we know Algorithm 2 is
(A, 6)-PAC.

5.2. Lower Bounds

We derive lower bounds for both positive and negative in-
stances based on techniques in existing works. Without
extra description, we assign unit variance Gaussian noise
for each of the arm in the constructed instances. The results
in (Garivier & Kaufmann, 2016; Degenne & Koolen, 2019)
can be adopted to show the following:
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Theorem 5.4. For a unit variance Gaussian instance
equipped with mean reward vector {p,}E , puy >
maxi<g<i fa, any 0-PAC I-identification algorithm alg
would satisfy Eagm > Q(H{* log(1/4)).

Detailed proof can be found in Appendix C.1. Comparing
with the upper bound in Theorem 5.3, the gap between
the upper and lower bounds in the negative case is up to a
constant and a polynomial logarithm factor polylog(H;®)
in the § independent part. We also derive a lower bound for
a positive instance, based on the analyses in (Degenne &
Koolen, 2019) and (Katz-Samuels & Jamieson, 2020).

Theorem 5.5. Consider any {11, }5_, € [0, 115+ satis-
fing w1 > po > -+ > pg, p1 > po. Consider in-
stance v that takes a permutation of {u4}5X | as the re-
ward vector, and |1y as the threshold. Then, for any §-PAC
1-identification alg, any 6 € (0,1), we have E, 4,7 >

log L
Q(Hlog 3) = UZ3™).

Theorem 5.6. Consider any {1, }5 , € [0, 115+ satis-
fying p1 > po > pe > --- > pk. For any §-PAC
1-identification alg, any § € (0, 1—16) we can find a posi-
tive instance v whose mean reward vector is a permuta-
tion of vector {u, }E_| and the threshold is o, such that

a=1
Eu,algT Z Q (Hl)

The full proof is in Appendix C.2. The last step is to com-
bine Theorem 5.5 and 5.6. If we assume w1 > po > po >
-+ pu, for any 9-PAC algorithm, we can find an instance v
taking {11, }2< , € [0,1]¥ as a permutation of reward vec-
tor, such that E,7 > (12%% + 2522 m).
The reason is A;, > Ay, holds for all a > 2.
Together with Theorem 5.3, we deduce that the gap
between upper and lower bounds is at most a factor
poly(log ﬁ, {log m}fﬂ), if the mean re-
ward vector satisfies p1 > pg > pe--- > px. Theorem
5.3 guarantees our bound’s dependence on log 1/§ is nearly
optimal, but it still remains unclear what would be a tight
upper and lower bound of the § independent part, if there
are multiple arms above p.

Besides the lower bounds for the total expected pulling
times, we also derive a lower bound for the pulling times
of arm a whose pi, < 0. The following theorem can only
imply the possibility that the O(log(1/Ag ;)) in Theorem
5.3 is required.”

Theorem 5.7. Fixed any jio € [0, 1], {uq }5 5 € [0, 1)K 1
satisfying po > po > -+ > ug. For any (A,0)-PAC
I-identification alg, any § < 1/e8, we can find a small
enough 50,1 > 0, such that for any 1 € (po, to + Ao,l],
we can find a problem instance v whose mean reward vec-

2We do not find any related results in the literature, which
motivates us to state the partial result in what follows.

tor is {p.}5_, and the alg must satisfy E, aqNo(T)
Q(log(l/A%,O)/A%,a)vva Z 2.

Y]

The full proof is in Appendix C.3. Theorem 5.7 implies
the expected pulling times of unqualified arms would be
impacted by the gap between the best arm and the thresh-
old. Nevertheless, we caution that this impact might only
occur when A g is sufficiently small. If A; g is suffi-

. .. . log(1/A2
ciently small, it is possible 2522 w < A% . Thus,
1l,a 1,0

the O(log(1/A7,)) term might not occur in the upper
bound of E7, since the upper bound of E7 usually contains

O(1/Af).

6. Numerical Experiments

We conduct numerical evaluations on SEE and existing
benchmark algorithms on synthetic instances. The bench-
mark algorithms include HDoC, LUCB_G in (Kano et al.,
2017), ilIHDoC in (Tsai et al., 2024), Murphy Sampling
(MS) in (Kaufmann et al., 2018) and TaS in (Garivier &
Kaufmann, 2016). Algorithm MS and TaS are not origi-
nally designed for 1-identification, but we adapt these algo-
rithms by applying the GLR stopping rule (see Lemma 2
in (Jourdan & Réda, 2023)). In what follows, we call these
adapted versions as adapted-MS and adapted-TaS respec-
tively. While adapted-MS and adapted-TaS are still 5-PAC,
there is no non-trivial theoretical guarantees on their sample
complexity bounds. Hence, these adapted algorithms are
heuristic. In Appendix E.3, we discuss APGAI in (Jour-
dan & Réda, 2023) on its numerical performance, which
presents a significantly different trend from others.

We do not include algorithms S-TaS (Degenne & Koolen,
2019) and APT_G (Kano et al., 2017) in the benchmark
algorithm list, since the performance of algorithm S-TaS
heavily relies on the position of the qualified arm in the
positive case, as shown by (Jourdan & Réda, 2023). And
(Kano et al., 2017) show that empirically APT_G performs
poorly compared to the HDoC, LUCB_G.

We consider six different groups of reward vectors, which
are “All Worse”, “Unique Qualified”, “One Quarter”, “Half
Good”, “All Good” and “Linear”. The main difference
among these groups is the number of qualified arms. All
instances in “All Worse” group are negative, whose mean
rewards of all arms are below py. Due to the low execu-
tion speed of algorithm MS on group “All Worse”, we do
not apply MS to the instance “All Worse”. Other groups
of instances are positive, meaning that there is at least one
arm whose mean reward is > 9. We set 10® as our forced
stopping threshold for each group of experiments. Every
algorithm stops and outputs an answer at or before the num-
ber of arm pulls reaches 10%. The details of the numerical
setting, tuning of the hyper-parameters in SEE, and other
implementation details can be found in Appendix E.1.
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Figure 1. Numerical Experiments on SEE and Benchmarks

Figure 1 illustrates the numerical results. In “AllWorse”, our
proposed algorithm SEE outperforms all the benchmarks,
and the advantage of SEE becomes more obvious as K
increases. In “One Quarter”, “Half Good”, “All Good”,
“Linear ”, adapted-TaS and adapted-MS outperform SEE
when K < 50. However, as K increases, the leading gap
of adapted-TaS and adapted-MS becomes smaller. When
K = 200, SEE outperforms adapted-TaS and adapted-MS
in instances “One Quarter”, “Half Good”, “All Good”. In
instances “Unique Qualified”, adapted-TaS and adapted-MS
consistently have better numerical performance. In compar-
ison with benchmark algorithms in (Kano et al., 2017), our
proposed SEE outperforms HDoC, lilHDoC and LUCB_G
in most of the instances, except K = 10, 20 in the “Unique
Qualified” group. When § gets smaller, the above phe-
nomenon is more pronounced. Altogether, SEE is competi-
tive among all the algorithms with theoretical claims.

The numerical performance is consistent with our theoret-
ical analysis. As Theorem 5.3 suggests, if we apply SEE
to a positive instance, the empirical stopping times increase
proportionally to K. However, our dependence on K is bet-
ter than the existing algorithms’ sample complexity bounds,
in the sense that the coefficient of the § in our sample com-
plexity bound is independent of K on positive instances.
This property does not hold for the sample complexity up-
per bounds for algorithms HDoC and lilHDoC. The above
provides intuition on a larger leading gap of SEE in the case
of smaller §.

In our numerical experiments, adapted-MS and adapted-
TaS have good performances, especially in the case of a
small arm number. However, from figure 2 in the appendix
E.2, it can be observed that their empirical stopping times
are not monotonically decreasing as the proportion of the
qualified arm increases. In contrast, SEE performs better
when the proportion increases, which suggests the stability
and robustness of our proposed SEE.

7. Conclusion

We study the 1-identification problem in the fixed confidence
setting, and design a new algorithm SEE. We establish a non-
asymptotic sample complexity upper bound for E7 under
SEE, which is nearly optimal in the negative instance and
positive instance with a unique qualified arm. The superior
performance of SEE is also corroborated by our numerical
experiments.
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A. Additional Literature Review
A.l. Additional Review on (Katz-Samuels & Jamieson, 2020) and Others

(Katz-Samuels & Jamieson, 2020) put forward FWER-FWPD (Algorithm 2) to solve their proposed k-identification problem,
which is slightly different from the definition in this paper. FWER-FWPD is an anytime algorithm, returning a subset
R: C [K] at each round ¢, and never stops. The set R; contains all the arms whose mean reward are believed to be greater
than p up to time ¢. The set R, is initialized as the empty set. Algorithm FWER-FWPD sequentially adds more and more
arms into R;. While (Katz-Samuels & Jamieson, 2020) do not provide explicit stopping time 7 in their algorithms, in their
analysis they consider another sequence of stopping times A\, = min{t : [R; N {a : pa > po}| > k}, denoting the first
round index whose R; contains at least k qualified arms. Since the set {a : u, > o} is unknown to the agent, Algorithm
FWER-FWPD is unable to figure out the exact value of {\ }, which is called Unverifiable Stopping Time. It is evident
that Ay, is equal to infinity, if {a : g, > po} = (. In this case, the algorithm FWER-FWPD may never stop with keeping
R: = 0,Vt € N, meaning that the Algorithm FWER-FWPD cannot handle a negative instance v. For this reason, we do not
conduct a direct comparison between the FWER-FWPD and the algorithms in table 1.

If we apply the Algorithm FWER-FWPD to a positive instance v, we can still derive a conclusion by adapting the upper
bound of EA;. Theorem 8 in (Katz-Samuels & Jamieson, 2020) guarantee that Pr(3t, R; N {a : po < po}) < 100. Thus,
we can consider stopping time 7 = min{¢ : Ry # (}} as the termination round in our formulation. Taking a as the unique
element in R, we have Pr(us < po) < Pr(3t, RiN{a: pa < po}) < 104. Tt is evident that 7 < A;. By the upper bound
mentioned in Theorem 8 in (Katz-Samuels & Jamieson, 2020) we have

K log 4 K K log 1 K
]E)\1§O<<(m1)~ Agjﬂogfz;)log((mn. AgQSJrlog% 7

The above bound can be taken as an upper bound of E7 of the FWER-FWPD Algorithm in (Katz-Samuels & Jamieson,
2020) coupled with the stopping time A\;. The sub-optimality of the above upper bound mainly comes from two parts.
Firstly, the dependence on ¢ is log % log log % instead of the commonly seen result log %. Then, in the asymptotic regime,
i.e. § — 0, this upper bound is larger than all the upper bounds on positive instance in table 1. Secondly, the coefficient
of log % log log % is the inverse minimum gap between qualified arms and 1. In the case A << A g, the upper bound is
much larger than the lower bound, the upper bound becomes loose. This theoretical upper bound remains competitive only
when the number of qualified arm m is proportional to K, and the J is considered a constant. These are also the assumptions
adopted by (Katz-Samuels & Jamieson, 2020).

There are research works aiming to output all the arms better than the threshold po. As previously mentioned, (Kano et al.,
2017) aim to output all the arm sequentially and its first outputting round is indeed the 7. Besides the fixed confidence
setting adopted by the above papers, (Locatelli et al., 2016; Mukherjee et al., 2017) work on the fixed budget setting, which
aims to maximize the probability of correct output given a finite number of rounds.

Another related topic is e-Good Arm Identification. The agent needs to find all the arms (Mason et al., 2020) in {a :
g > p1 — €} or only one arm (Even-Dar et al., 2002; Gabillon et al., 2012; Kalyanakrishnan et al., 2012; Kaufmann &
Kalyanakrishnan, 2013; Katz-Samuels & Jamieson, 2020). In the second case, if the gap Ag ; is known to us, then the
e—Good Arm Identification and 1-identification are equivalent by taking e = A ;. But it is unclear whether equivalence
still holds if the largest mean reward of {1, }2_ is unknown. Besides the fixed confidence setting, (Zhao et al., 2023) works
on simple regret, under the fixed budget setting.

A.2. Comments on Table 1

Due to the space limit, we only present imprecise upper bounds for algorithm HDoC and APGALI in the table 1. Their actual
upper bounds are larger, still suffering from the suboptimality discussed in the section 3. Following are more details.

Regarding algorithm HDoC, Theorem 3 in (Kano et al., 2017) proves for v € SP°, we have

2

K P

log( K max; n; K~ (minae(x]B0.a—9) K (5 + log =L

E,m<mn; + g ( g( ESLY ]) + 57'La> + 4 ( € 3¢ )
a=2

2(A1,q — 2¢)? 2¢2 4e2 ’
4\/K]s 5v/K/5 . . . Aua .
where n, = (Ao,al—e)2 log <(Ao,a—/e)2 log (AM_/e)Q), € = min { arg{l}l}] AVS aeI[I}?ll] T“} It is easy to see n; >

11
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K 5+log%
Q(logK/é)’ ( i 252)

Az > Q(%). In addition, log(K max;e (g n;) > Q(loglog +), suggesting that

i log(K max;ex] ;)
2(A1’a - 26)2

a=2

~Q K loglog%
- Z 2(Ay 4 — 2¢)?

a=2
K 1
log log 5
o (3 et

>Q(H; loglog %)

Thus, we can conclude

K 1 K
Q <Hlog6+H110glog5+€2)

R B
log Kmaxje[ K] 1) K~ (mnaer;f00-97 (54 log 51y )
< ) o 2¢ ,
=mt Z ( — 2¢)? T ) 2€2 + 4e?

and the actual upper bound for v € SP* still suffers from the suboptimality from two perspectives mentioned in the section
3. The term = L implies the upper bound can be infinity. And the term H; log log(1/8) suggests there is still gap between the
upper and lower bounds.

Regarding algorithm APGAI, (Jourdan & Réda, 2023) do not explicitly provide upper bound for E7. Therorem 2 in (Jourdan
& Réda, 2023) suggests

2

K
E,7 < CP(8) + =~ +1,v € 8™

K 2
E,r < C™(5) + Tﬁ +1,0€ 8™,

with definition

CP*(§) =supt:t < Z A23 (\/c(t76) + \/3 logt)? + Dpos({ua}ff:l)

a:fia>pio @

C™2(§) =sup {t t < (Z ~

0,a

) (VD) + VIToEH? + D"eg({ua}f—l)}

2¢(t,6) =W_; <2 log% + 4loglog(e't) + ;)
W_i(x) =—W_i(—e*) =z +logz.

W_; is the negative branch of the Lambert W function. And DP* ({1, }5 ), D"({u,}5 ) are further defined in
the appendix F in (Jourdan & Réda, 2023). From the above definition, we Know c(t,8) > Q(log &), suggesting that

(\/c(t,8) + /3logt)? > Q(log £). Further, we can conclude CP*(5) > Q(Hy(log £)) and CP*(8) > Q(H;*(log £)).
Thus, if there exists a € [K], ug = po for an instance v € SP, CP*(§) = oo, resulting in a vacuous upper bound.

A.3.liIHDoC, HDoC, APGALI are not (A, §)-PAC

In this subsection, we are going to show lilHDoC in (Tsai et al., 2024), HDoC in (Kano et al., 2017), APGAI in (Jourdan &
Réda, 2023) are not (A, ¢)-PAC. To do this, we suffice to construct an instance v € SP, such that E,, 7 = 400 holds for all
these three algorithms.

12
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Consider a two-arm instance v with 3 > pg = po. Arm 1 follows unit variance Gaussian and arm 2 returns constant
reward. Easy to validate v € SP*.

Algorithm lilHDoC applies uniform sampling on 2 arms, by pulling each arm 7" times. With non-zero prob p, UCB; (t) < o
holds for all £ < T'. Then, arm 1 will get removed from the arm set, so as algorithm HDoC. In this case, both lilHDoC and
HDoC will keep pulling arm 2 without termination. In other words, we find an event with positive probability, such that
T = +00. We can conclude E, gpoc™ = +00, E, 1inpoc™ = +00.

The same idea also applies to the algorithm APGAI. With non-zero probability, the first collected sample from arm 1 is
below f40. Conditioned on this event, APGAI will keep pulling arm 2 without a termination, meaning that £, opgar™ = +o0.

B. Analysis of Algorithm 2
B.1. Selection Rules of C, {0, ok, Bi 125

Regarding C, any C' > 1 is available for the algorithm analysis. And C' will only impact the constant coefficient in the upper
bound mentioned in Theorem 2, which is ignored as C' is predetermined.

Regarding {dj, o, ,Bk}z:ml, there are some restrictions on the decreasing/increasing speed of the sequence. Generally
speaking, we require {5;&&"; is a decreasing sequence with limit zero and {ay, ﬁk}z;“{ are increasing sequences with limit
infinity. And they should fulfill following properties

1
Br+1 = 2Bk, Br+1 log 3
k41

+oo a
Z 818k log = < 400
k=1 O

1
> 20 log o

+oo

o
B log £ < oo
Qg1 Ok

NNg

1
— <
Qg

S
Il
-
=~ =

With out loss of generality, we can take 69 = Sy = ap = 1. Considering all these requirements, taking d; = 3%, B =
2% oy, = 5F is a suitable choice. It is also possible to find other sequences.

B.2. Proof of Main Theorems

Before illustrating the proof of Theorem 5.2 and 5.3, we need some preparations. Section B.3 includes all the required
lemmas to complement the proof.

We firstly prove Theorem 5.2, which asserts Algorithm 2 is 6-PAC. Recall the definition of of J-PAC, we need to prove
Pr, (7 < 400,a € i*(v)) > 1 — d holds for any § € (0,1) and v € SP°* U S" 8. Here we split the proof into two steps. The
first part is to show Pr(7 < +00) = 1, which is guaranteed by Lemma B.2. Then, given the first step, we just need to show
Pr,(a € i*(v)) > 1 — 4. Equivalently, suffice to prove Pr,(a ¢ i*(v)) < ¢ holds for any ¢ € (0,1) and v € SP* U S"¢.

Proof of Theorem 5.2. By the Lemma B.2, we know 7 < 400 with certainty. Thus, @ € [K] U {None} in Algorithm 2 is
well defined with certainty.

For positive instance v,

Pr(a ¢ i*(v))
<Pr(a = None) + Pr(a € [K], a < o)

t
ISP G 5
<Pr HteN,36k<3,ZS—11’+U(t,I§)<uo)+

13
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t
X 1)
Pr (31& €N, Ja € [K], pta < po, 2oz Xas Ult, ) > uo>
t KOél

Zi*l‘(%es 0
< s=17 s _
Pr(EItGN, " —l—li(t,g ) < po | +

Yoot X 5

Pr{3teN,3 K], ng 5= S Ut a
I‘( S ,GE[ ]7/’L <,U/0a ¢ (7Ka1)>:u
<£2(§+é)<5
-6 '3 5 '
For negative instance v,

Pr(a ¢ i*(v))
=Pr(a € [K])

Zt 1X’et 5
<Pr|3dteN, 3 K], ng , == 98 U,
<Pr|3teNTac€[K] pa < po ; ( Ka1)>“0>
5 w2
<-— <.
56

O

To prove Theorem 5.3, i.e the upper bound of E7, we need more preparations. As the sketch proof in section 5 illustrated,
the most important step is to find the upper bound of phase index such that that the Algorithm 3 starts to output correct
answer with an appropriate upper bound of 7;°.

Since the proof is too long, we split the proof of Theorem 5.3 into two parts. In the first part, we prove the upper

bound Er < O (IZ%% + (log 5—) - H fos), for the case ¥ € SP%. In the second part, we prove the upper bound
0,1 0,1

Er < O(H{*(log % + log H{®)), for the case v € S"%. Lemma B.4, B.6 and B.8 are required for the case v € SP*. And
Lemma B.5, B.7 and B.9 are required for the case v € S" 8.

.. 24(C+1)2HY™ 2 —

Proof of Theorem 5.3, positive case. Denote L' = [log, %1 ,L" = [log, %W , Where w = % Easy to
see L’ < L”. We split 7 = 7°° 4 7" and derive an upper bound for E7¢¢ and E7°" separately.
Since we take 3, = 2%, 8, = 3% we have

BL’ <210g2 24(C+11()2H§05+1 —-9. 24(0 + 1)2H{)05 _ O Hi)os

- K K
1 og, 2HCTDIH” 24(C +1)*H” HP
logé—L/ <log (31 82 K +1> =log3- <log2K1+l =0 | log Il(
1Hlog, 1220407 192(C +1)2 1
Brr <2 M <2 —— 05— =0
WQA%J A%,l

1 1-+log, 122(C40° 192(C + 1)? 1
1 <1 wIAG L =1 141 _ 1
og S S og (3 0 og3 | 1+ log, w2A871 O | log T%,l

We ignore constant C' as it is a predetermined constant in the Algorithm 2.

By the Lemma B.1, B.8, we know the exploration period after phase max{x®, L'} will always output & € [K], ps >
wpg + (1 — w)po, and the forced termination at line 8 never triggers. By the Lemma B.3, we know the exploitation period
will return “Qualified” after phase max{x®, L'}, conditioned on the event p5, > wp1 + (1 — w)po. In summary, the
algorithm must terminate no late than the end of phase max{*®, k*, L', L''}. By the Lemma B.8 we can conclude

4K
Tee SO (K/Bmax{ncc,L’} log 5}) +

max{ke,L’

14
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K @@
5max{mcc,h—,°‘,L"L”}

2
A0,1

log

+loglog z3— K log++10g10gmax{%7,}
il + a

max{k®, ke, L/ L/
max{A? Ag,a}

a=2 La

4K AK
<O (H log HY) + O <Kﬂnee log — ) +0 (Kﬁy log 5) +
L/

1 1 1
O | H”log — | + O | H* log + O H”log— | + O | H log —
6/153 ket (5L 6L”

. K . 1 . 1 4K
<0 <H{’°b log A2> +0 (H{m log 3 ) +0 <Hf°5 log 3 ) +0 (K/Bnee log 3 )
0,1 ch &Cl REC

Take expectation on both side, we have

(= k)

6 Ok
=0(log K).

X w26 4K
<Z =L . By log —
k=1

1 1
Elog5 §210g5

Elog

5; <D log 51

Thus, we can conclude E7¢¢ < O (Hll’os log AI2< )

The remaining work is to prove an I})per bound for E7¢t. Recall we take 3y = 2%, a = 5%. It is not hard to see for any
integer N' € N, we have Sy 41 log 220341 > 98 1og 4Kan 4nd SN 3, 1og 4KO‘" < Bn+1 log HEANEL Thus, we can
conclude

{RCC et L//}

4
™= 3" 10008 log

k=1

KOék

4Kamax{ﬁee7net,L//}+1
)
4Kaﬁee 4KOZHel 4KaL// )

SQOOOﬁmaX{Kee,Kﬂ’LN}J'_l log

SO <Bnee IOg 6 + 6.‘-@5‘ log 5 —+ /BL” log 6

holds with certainty. From the definition, we know SBp, ar» < O (ﬁ) . Thus, we can conclude
0,1

K 1
AK e Ko | log 5 +log z3
6 6

7 < O ( B log + B log 2
A0,1

15
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Take Expectation on both side, we get

“+ o0
AK e AK
E By log ((; < Z B log 5ak Pr(k® =k)
k=1
+oo
<
k=1

7T2(5k_1 4KOLk
- B 1
5 B log 5

K
<O(log F)'

4K o Ket
4]

E = 4K ay, o
Byeet log <> Brlog —— Pr(s® = k)
k=1

+oo 2
=0 4K04k
< - B lo
,kzl - B log 5

<O(log K).

log %«Hog Té
In summary, we have Er® < O | ——z—>+
0,1

Combining the following upper bounds,

log & + log A% -

2 b
Aja

K
E7 <O | H}" log 5 ,
AGa

we have proved the positive part of theorem. O

Er® <O

The above completes the proof of inequality ET < O (12%% + (log AK )-H fos) , for the case v € SP%. The following is
0,1

2
0,1

going to prove another inequality Er < O(H;*(log § + lé)g H*®)),v € S™¢ in Theorem 5.3.

24

- > p -
Proof of Theorem 5.3, negative case. Define L' = [log, %] L7 = min{k : 0 < 2} = [logs 3]. We split
7 = 7% + 7% and derive an upper bound for E7%¢ and E7' separately.

By the Lemma B.9 and B.5, we know

K log —E& — 4 loglog &
w 4K 6n1ax{fz/,i//,f€ee} A(%,a
7 <0 (Kﬁmaxw,nee}log W) o2 A2,

a=1

4K 4K
<0 (Kﬁi, log 5~> +0 <Kﬁﬁee log 5

i ree

)+ ot tog )+

1 1 1
0] (H?eg(log 5o+ log — +log )) )
L’ " Kt

Similar to the proof of positive part, we can take expectation on both side and it is not hard to see

AK
) (KBD log 5~> —0 (H™ log HI*)
L/

+oo o
<3 Tt eg08 2K < 0(k)

k=1

4
EK By log 5



Near Optimal Non-asymptotic Sample Complexity of 1-Identification

1
—) <O (H{*® log H}*®)
L/

1
<0 [ H™®10g ~
(Si//) _O ( ! Og 5)

7T(5k1

O(H{*® log

O(H{*®log

EHT

Hnegl 67 < O( neg)
e =1
In summary, we can conclude E7* < O (H{*(log § + H{®)).

For the upper bound of E7*, the idea is similar. From the Lemma B.9 and B.5, we know the exploration oracle would alway
output G5 = None for phase index k& > max{x®, L'}, and we can conclude

max{x®,L"}

4K0¢k
et < 100085 1
7 < ; B log 5

4Kamax ke L/ 41
<2000, e 1y 1 108 ({5 L)

4K o 4Kz,
<0 (Bncc_;’_l log Oi;“) + O <5D+1 log 6L+1> .

neg neg
Apply the same calculation as above, we can assert E7¢ < O (log % + %)

Combining the upper bounds, we get Er < O (H{**(log  + H{*)). O

B.3. Supplement Lemmas

In this section, we illustrate more on the supplement lemmas of the main Theorems 5.2 and 5.3. The first lemma is about the
upper bound the smallest round index k, such that the Algorithm SEE does not receive a; = Not Complete, conditioned
on the concentration inequality.

Lemma B.1. Denote
113(log QK(;O““ + loglog w29A6§,1)

e

g w?AF

113(C + 1)? (1og + log log M) K 113(C +1)*(log & + loglog %)

Tpos — + a 1,0'20,a

i A%,l a=2 maX{Al ,a? A(2)711}

2K 96

T;:lfg = - 113(10g I Ag,a)

’ Af

a=1

where w € (0,1). Define

Te(’
LP"S:min{k k >Tp”°}

[\

IPY =min {k (T > T,’:’S} ,

Tee
L8 — min {k : 5 > T,:gg} .

K 24
=1 a2

2 prpos >a
We have LP%* < [log, %] LY < [log, %1 L < [logy 7(”1

Before the proof, we want to highlight a reminder:

A2

9 2 mlx{Al PRVAN G}Z 91'1 2 S(K — 1) 8K
HPOS _ + S + S ’
1 AZ, az max{A§ ,, A} Af, Ajy Ada

Oa7
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192(C+1)2

2 rypos
%} < [logy T{Q)l} . In the following appendix, we will continue to use the notations in

Thus, we have [log,
Lemma B.1.

Proof of Lemma B.1. By the following calculation, we have

AK oy N 113(log¥ + log log ﬁﬁal)

- w2 2
A01

10005y, log

4K ay, log + log log QAZ

<=p log

5 = wQA(QM
=P > WZZ%J ,log 4K(;Oék > log log ngAG%J
=9k > cL)Qi(zu’5k > logW&1
<k > log, W%J

c>1 192(C + 1)
éklegQ%,
0,1

192(0-5-1)21

Thus, we can conclude LE* < [log, o
0,1

113(C + 1)%(log 25 - +loglog M) i 113(C + 1)%(log 25 - +loglog %)
+ a’=0,a

4
500(C + 1)2K S log 5 2
k

Ag,l a=2 maX{Al,a’ A(%,a}
Kol 4K (log +loglogw) K (log - +loglog %)
<K py log — )
Sr Ag,1 s max{A? e A%’a}
4K 2K
<K B log — 5 > (log — 5 + log log(96(C + 1) H}™)) H}™
pos 2 77POs
—p > 2H7 ’ 10g10g(96(04—}|—(1) H™) <1
K log o
2HY 1 log(96(C + 1)2H™)
=0, > =L — > L
Pz =5 2 4K
2H 24(C + 1)2HP™
ok > 2L gk s TR T L
iy K b — K
24(C +1)2HP™
<k > [loggy ——————
- |—Og2 K —‘a
24(C+1)%HY
Thus, we can conclude Lb" < [log, %1
Similarly, by the following calculation,
y, by
K 113(log 35 )
500(C + 1)?K By, log— > Z A%,a
log 2 K 1 1 K loglog A926
@Kﬁk > 6k 5 0,a
1 6k a=1 1Og 5k a=1 A()A,a
K
ZCL 1 A2

1K 96
@BszKlogé—>log10gA2 ,Va € [K]
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Yot 5 4K 96
a A
oF > — 00 og > loglog —— K
=25 > I 5k > log ogA%’a,VaG[ ]
a1 & 4K 96
ok > —T0e P2 s T vyae K
> T 2 pp e K]
Yo & X
ok > T B g $23 2!
K Oa
Y et 2
<k > log, O
<2
Thus, we can conclude L™ < [log, ———=%1. O

Lemma B.2 (7 must be finite). Apply Algorithm 2 to a I-Identification instance v, we have Pr(t < +00) = 1.

Proof pf Lemma B.2. Here we use the same notaion in Lemma B.1. Since 35 = 2%, not hard to see 15 > 213° . Thus
when k& > LE" and the algorithm call exploration algorithm 3, we have

Tee Tee
ee __ —k Tk
ETy T

Tce

T _r

1t 9

ST+ TP

Since at the start of phase k, the |H*¢| + |Q| < T§° ,, we can assert k > LE" can fulfill the condition of 7' > Zle NO +

113(C+1)2(log 2K +log log M) K 113(C+1)2(log 2K +1og log %) ‘
xz mUEEEEE o A max[AT A7 ] in Lemma B.4. Similarly, k& > Ly
0,1 a
113(log 252 +1oglog wzi"z )
can also fulfill the condition T" > —TAD %1 in Lemma B.3. And & > L" can fulfill the condition
0,1

12
113(C+1)2(log & +log log 251"
T > K NO K 5 Af L B3
= Za:l a + Za:l A% B in Lemma B.5.

Recall the definition

\/2 - 2flog, 11" g 2K ([loza 1] 7)°

K =min< k€ N:Va € [K],Vt e N: "

‘Zsl

\/2 - 9flog, 11+ |og 2Kon(log, 1172

k"' =min{ k€ N:Va € [K],Vt e N: < :

a

‘Zg 1 X8

» For positive case, by the Lemma B.3, B.8, B.1, we know the algorithm must terminate at the phase max{x®, s, L%*]}.
Since the length of phase k is bounded by O(K B log 40"“) with certainty, we know Pr(7 < +00) = Pr(k* =
“+o0 or Kk o0) = 0.

* For negative case, denote L' = min{k : 3 < 5} By the Lemma B.9,B.1, we know the algorithm must terminate at
the phase max{L’, kK, L"¢}. Since the length of phase k is bounded by O(K j; log 4’1’“ &) with certainty, we know
Pr(r < 4+00) = Pr(k* = +00) = 0.

The following lemma states the conditions that can guarantee the output of exploitation period(Algorithm 4).
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Lemma B.3 (Correctness of Exploitation Period). Conditioned on the event

t
Zs:l Xg,t,s
t

Eelz{VaE[K],VtEN, — lg

< U(t,ffa>},

113(log 252 +loglog —%%—) . _
&L Algorithm 4 would output Qualified.

and & € [K], pa > wpg + (1 — w)po. IfFT >

IAZ
w Ao,l

Proof of Lemma B.3. For arm a € [K], pg > wpi + (1 — w)po and ¢ € N, we have

ZZ*I Xgls 1)
= = _ U t, >
B 0
“pg —2U(t, —) >
K ( Ka) Mo
pra>wpn +(1=w)po ]
<~ 2U(t, —) < _
( Ka) w(pr — o)
4log 2Haloe2t)
<=2 % < WAOJ
2K« 96
Lemma D.2 112(10g 4 + log log Wﬁl)
= t2 2 A2 )
w A0,1
which implies the algorithm would return Qualified before the N¢' is no less than 7. O

After the discussion on the conditions of the Algorithm 4), the following two lemmas turn to ”good conditions” of the
Algorithm 3.

Lemma B.4 (Property of UCB Rule, for Positive Case). Consider pulling process controlled by Algorithm 3. Assume the
input H® satisfies LCB,, < g holds for all a € [K] at line 2. Apply the pulling process to a positive instance and further

2 2
113(C+1)?(log 2K +log log 286G 17 113(C+1)? (log 2K 4loglog —28GHD" )
T K NO AO,l K maX{Al,a’AO,LL} W h
assume T > %" | N7 + A7 Y o ma (AT AT T . We have

Conditioned on the event

t
g XeE )
E° = {vae [K],Vt € N, @*ua <U(t,K>},
at the end of the pulling procedure (line 17), we have
. 113(C+1)?(log 2K +log log %)
1. Ng(H*) < max { N, (A2 A7) SaLa L fora € [K].
. c—1
2. a€[K], pa>wpr + (1 —w)po, w = G735
] o 113(C+1)%(log 2K 4loglog 96(;724)2)
Proof of Lemma B.4. For  simplicity, = denote T = 2 e TV =
1,a

113(C+1)? (log 2K +log log 952027“)2) 113(C+1)*(log 2 +log log %)

0,a . T A U
X7 . Not hard to see min{7,, 7.} = max(AZ A% ]

Consider a > 2. For pulling times ¢ € N, through the following calculation,

> Xes 5
== = t J—
n +U( ,K) < p1
Eee 5
a 2. t» K
Epa+2-U( ) <
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Alog 2K loe(20)
2 T — <A,

Lemma D.2 112 1Og % 64 lOg <10g ( 9f6 ))
P75 > ,
Af, AR,

64 log|( log
we know UCB, (t) < 111 < UCB, (t) <= N,(t) > 12955 4 <A2<A1*“>) +1

1,a 1,a

Similarly, consider a € [K] such that 19 < 1, < . through the following calculation,

Zs 1X§eq 0
" - C-Ul(t, K

: 1)
<:/Ja_(0+1)'U(t,E) > fio

410 2K log(2t)
<=(C+1) g% < Ao,

LemmaD.Qt 28(0 + 1)2 log % (C + 1)2 log (IOg (24(6;421) ))
= > + —
A, Af,

—) > o

21 sk 16(C+1)?log| log M
we know that LCB4(f) > o <= Na(t) > 28(01”2 log % + <A2 ( 2.4 >> + 1. Once LCB, > pg happens,
0,a 0.

the algorithm stops and take arm a as the output a.

We are ready to prove the first claim. According to the above discussion and the condition LCB,, < 1o, we know N? < T
holds for all a € [K]. We prove the first claim through the discussion on three cases.

1. If N0 < 7! < T, the algorithm assures N, (H*) < 7! = max< N?, (A AZma}X{AO’“'Al’“}

0,a>

. K 2
113(0 1)2(10g27+10g log ﬁgwcﬂf) }
, as

2K 64 log| log >
UCB, < p1 < UCB; < N, (H™) > “ﬁ‘;g 3 + <A2<A1’“ >> + 1 and arm a will never be the arm with highest
1l,a 1l,a

upper confidence bound before N, (H<) is no less than 7.

2. If ] < N2 < T, the algorithm never pulls arm a as its upper bound must below arm 1. In this case, N, (H*) <

2 2K 96(C+1)2
N? = max {NO MO o8 T HoB 108 18, 87,7 }
L= .

a’ max{AO a?Az,a}

max{Ag,a,A%,a
max{Aaa,Aia

113(C+1)(log 2 +log log %(Ci“)z))
3. IfFIf NO < T < T/, the algorithm assures N,(H®) < 7" = max{ N?, ,

as the algorithm will output arm a before its pulling time is no less than 7.".

By the first claim, we know

K K 113(C + 1)*(log 2£ +loglog %)

maX{AO JRAN }

K K 113(C +1)?(log 2£ + loglog m)ﬂ%)
SIS
o ¢ maX{AO a’A%,a}
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Thus, the algorithm would not output Not Complete. From the good event E°°, we know the & # None, since UCB; is
always above 1. We can conclude G € [K|. We just need to prove p; > wpi + (1 — w)po.

Prove by contradiction. If @ € [K] and pg < wpy + (1 — w)po, we have

o

Aree = a,0 = arg 1r§n%>§( fui, N, (ree—1) + U(Ns(7%° = 1), E)
N ey O
fla, Ny (reey — C - U(Na(T%), E) > po
ﬂmN&(Teefl) —C-U(Na(t* =1)) = ﬂa,Na(ree)q = C-U(Na(T*) — 1, E) < Ho-
.gmax{[logg t1,1} |4 2K ([logy t1)2
AswetakeU(t,%):\/22 e tlg 2 , we get
fa, N, (re) — CU(Na (7)) > o
\/ 2. gma{[log, Na (71,1} Jog 2K (o2 Na ()12
S, N, (re) — C Na(r) > Lo
e \/2 - gmax{[logz Na(7)1,1} Jog 2K ([log, éVa(Teeﬂ)?
=pa—(C—1) Na () > o
\/2 . gmax{[log; Na(r)1,1} Jog 2K ([log,y (JSVa(TSE)W)Q
=wpy + (1 —w)po — (C' —1) Na (7 > po
\/2 . 2max{ [log, Ng(7¢¢)],1} log 2K ([logy ?6(763)1)2
- —1
<:N‘L)(.ul :uO) > (O ) Nd(Tee)
ee o a(T°c® 2
201 — o) 2\/2,2max{nog2 Na(r)].1} og 2K (108 Na(r=)))
C -1 N@(Tee)

On the other hands,

fra, Ny (ree—1) T U(Na(7% = 1)) < iy

Lt + 2 (Na(r = 1)) <
<wpr + (1 —w)po +2U(Na (7% — 1)) <

<:>2\/2 . 9max{[log, Na(7¢¢)—1],1} log 2K ([log,y N;("'ee)_l])z

< (1 —w)(p1 — po)

N&(Tee) -1
max o, a(7¢)—1], QK(“O N&(Tee)_l-‘)z
@\/2-2 {[ogz Na(7) 11,1} Jog B2 (1 —w)(p1 — po)
Na(r%) =1 a 2 -

Notice that

\/2 . Zmax{ [log, Ng(7e¢)—17,1} log 2K ([log, N;(Tée)_l])Z
Nd(Tee) —1
N, (Tee) \/2 . 9max{[log, Na(7%)],1} log w
7N&(Tee) -1 N&(Tee)
_ 2\/ 2 . gmax{[logz Na(r*)1,1} |og w
B Na(re)
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c—-1

and by w = 573

(1—w)_1—% 4 2w

2 2 2043 C-1

we can conclude

fla, N, (r) — C - U(Na(T%%), %) > po
= fla,N, (ree—1) + U(Na (7% = 1), %) <
geﬂa,Nd(ch—n +U(Na(7% = 1)) < fi1,n, (ree—1) + U(N1(7° = 1))
= Are # Q.
We have found a contradiction. And we can conclude 5 > g—;;’ w1+ Ci+3 Lo, conditioned on the event F°°. O

Lemma B.5 (Property of UCB Rule, for Negative Case). Consider pulling process controlled by Algorithm 3. Apply the

113(C+1)?(log & +log log A21 )
0,a

K
a=1 A7,

v(12)}

pulling process to a negative instance and further assume T > Ele NO+ 3

Conditioned on the event

a

t
_ X€€
E* = {\m € [K],vt € N, 725*1 =

at the end of the pulling procedure (line 17), we have

113(log %+log log A926
0.a

1. N,(H) < max {Ng7 A7 : },for Va € [K].

2. a € None

113(log %+10g log A926 )
0,a

Proof of Lemma B.5. For simplicity, denote 7, = =z
0,a

Consider a > 1. For pulling times ¢ € N, through the following calculation,

Yoy X, 5
% +U(t, ?) < o

ESC 5
g +2-Ult, —
Ha + ( K) < po
4] 2K log(2t)
~2 Og% <Aga

112(log 2F + loglog Agges )

2 b
A0,(1

LemrgD.Qt >

112(log ¥+log log A926 )
we know UCB, () < pg < Ng(t) > xz %2+ 1. If arm a is still the arm with highest upper confidence
0,a
bound while UCB, < p, the algorithm would stop and take @ = None. Thus, arm a will never get pulled once UCB, < g

holds.

We are ready to prove the first claim, by analyzing the following two cases. For a > 1,

1. If NY < 7, the algorithm assures N, (H*®) < T, = max{N?, T}, as the above discussion indicates.
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2. If N? > T,, then the upper confidence bound of arm a is smaller than the /¢ at the start of the algorithm. This arm
will never get pull till the end of the algorithm. Thus, N, (#*) = N? = max{N?, T,}.

Then, we turn to the second claim. From the good event, we know LCB,, < p, < o holds for arm a € [K]. That means
the algorithm will not output & € [K]. In addition, from the first claim, we know

K K 113(log 2

96
)
Z No(H®) < Z max { N2, A7, 20

Ko K 113(log 25
SWEDY 5T

96
az.)

Then the algorithm must terminate before the round T'. Since the upper confidence bounds of all arm a € [K| are below pg,
the algorithm will output & = None. O

2 08
The following lemma shows the condition of Lemma B.4 can be fulfilled in phase k£ > max {Hee, [logy M} } =

L.
Lemma B.6. Apply Algorithm 2 to a positive I[-identification instance v, for phase index k >
2 rpos
max {H”, [log, %W } =: L, before running the exploration (at the Line 2 of Algorithm 3), we have
C 2
K (log & +loglog 7111&3&523#})
maX{Al a’ Ag,a}

(1og -+ log log 796@“)2 )

2
A0,1

T > |H*| + 113(C + 1)?

a=2

and LCB,(H*, 0) < po holds for all a € [K].

Proof of Lemma B.6. By the Lemma B.1, we know k > [log, w] implies
ce (log - +loglog w) K _(log % K 1 Joglog %)
k> 113(C 4+ 1)? 5 M G P Y
A0,1 o maX{AI a’ AO,a}
o 1. Since we take 8 = 2k we have

T, <

Combining these two results, we have

, (1og + loglog M) K (log 3 K 1 Joglog %)
T > [H®|+113(C + 1) Lar 0w
i A(2),1 a=2 maX{Al ,a’ A(%,a}

The remaining work is to prove LCB,, (1%, ;) < po holds for all a € [K], before the start of phase k. We complete this by
discussing the value of aj_.

« If 4x_1 = None, we have LCB, (K<, 6,) < LCB4(H®, 65_1) < LCBo(H®, 65_1) < puo. forall a € [K].

» If 451 = Not Complete, we can also assert LCB,(H, dx_1) < po,Va € [K], or the algorithm would take
dx—1 € [K]. Then we can further assert LCB, (%, §x) < LCB,(H®, dr—1) < 1o-

e If G4j,_1 € [K], then we can firstly assert LCB, (H®, §,_1) < po,Va # ag—1. Or the algorithm would output other
arms instead of aj_1. Thus, we have LCB,(H®®, §),) < LCB,(H®, 0k—1) < po,Va # dg—1.
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Then, we turn to analyze aj_1. Before the execution of line 13, the following inequalities must hold

ee

NE -1
L5 o LR TR I B
ajp— 17 K

ak—1
ce —1
Z :a]1C71 Xdk—las Ok—1
SNgi_l_l 7C.U Nﬂe.il ? K SHJO

Since we put the last collected sample X into (), we can assert fi;, _, before the start of phase £ must be

ee 1

j’ﬁl Xa s .
%—,F Since U (Ngz — 1, %) > U (Nji L 1, O 1), we know before the start of phase k,
ap_q

LCB,, _, (H®, 1) < p1o must hold.

O

K
The following lemma shows the condition of Lemma B.5 can be fulfilled in phase £ > max {Kzei [logsy %ﬂ‘ﬂ } =: L.

Lemma B.7. Apply Algorithm 2 to a negative I-identification instance v, for phase index k >

Z(I;(, 24
max {KJ [logsy él } =: L, before running the exploration (at the Line 2 of Algorithm 3), we have

K 114(log )
> |H66‘ +

azl Agva

Yoti a3
Proof of Lemma B.7. By the Lemma B.1, we know k > [log, %1 implies
T]ge - K 114(10g% Agﬁﬁ:a)
2 - A2, '
a=1 ’

Also, from the algorithm design, we know at the start of phase k, |H*| < T;°,. Since we take () = 2k we have

Tee
ee k
kal < 2"

Combining these two results, we have

K 114(log 5~ 2K
Tee > |Hee‘ + Z

a=1

)

A%,a
m

Given the above preparations, we are now ready to bound 75° with certainty, for large enough phase index k. The following
two lemmas correspond to positive and negative instances separately. These two lemmas are also the final preparations for
two main theorems 5.2, 5.3.

Lemma B.8. Apply Algorithm 2 to a positive I-identification instance v, for phase index k >

2 POS
max {/{“, [log,y %1} =: L, we have

4K
¢ <1000(C + 1)2K 3,1 log F—
L—1

(log 3£ +loglog GHE) K (log & + loglog 12 1—)

max{Aia,A%'a
A(2),1 max{A? Ag’a}

114(C +1)?

a=2 La>

holds with certainty, and dy, € [K], pa, > wpr + (1 — w)po, where w = £
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Reminder: 7;° is the total pulling times in all the exploration periods up to end of phase £.

Proof of Lemma B.8. It is not hard to see 2 = 500(C + 1)2K f, log 5K > T | hold for all k > 2, as By = 2F. By the
Lemma B.1, we also know

24(C + 1)2HP™
k Z DOg2 %]

2 2
Tee (log - +loglog M) K _(log 3 K 4 loglog %)
:>7’“ > 113(C +1)2 Ll D

A(2),1 a=2 maX{Al a’ A%,a}
Thus, we can conclude for k& > [log, M], we have
Tee Tee
qee — Lk o Lk
2 + 2
2 2
, (log =+ log logw) K (1og + log log %)
ST +113(C + 1 LoD
A " ( * ) A(2),1 maX{Al ,a’ A%,a}

a=2

From the algorithm design, we know the total pulling times in the exploration period up to phase k — 1 is at most 73 ;. By

24(C+1)2HY™
Q]} Thus, we can

the Lemma B.6, we can validate the conditions in Lemma B.4 holds for ¥ > max { e [log,
assert ay, € K|, pa, > wpa + (1 — w)po, w = C+3 ! for k > L. The remaining work is to prove the upper bound of 7¢

In the following, we use induction to prove

) log + log log #ﬂ)z}
N, (13%) <max < Ng(r5°1),113(C + 1) maX{A1 AL

holds for all £ > L, a € [K]. By the Lemma B.4, we know the above inequality holds for k = L,Va € [K]. Then if k holds,
for the case of k + 1, we firstly derive

96(C+1)2
log 5 + loglog 2tk Xy

No(7851) < max { Ny (75°),113(C + 1)? m (A7 A2 )
0,a

1,a’

The reason is similar to the proof in the Lemma B.4.

log 5iK +log log 7maxi6A(g+1)AQz 3
o If Ny (75°) > 113(C + 1)? (AT A7 7 |, from the condition k > £, we know
1,a’=0,a
t
Zs:l Xge,x"‘ _ < U(t 51€+1)
¢ “ K

holds for all t € N, a € [K]. Following the same discussion in Lemma B.4, the algorithm will never pull arm a due
to its upper confidence bound is below 11, while the upper confidence bound of arm 1 is always above p. Thus,

Na(735 1) = Na(756).

96(C+1)2
max{A? AZ
,a

0,(1}
max{A{ A7 .}

2K .
Seil +log log

log
o If No(7§°) < 113(C + 1)? < >,we can still conclude

Oy1
< U(t, 7)

a

t
‘ Zs:l Xce:s
t
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from the condition k& > «°¢. Then arm a would be either being output or stopping pulling before N, (755 ;) is no less

) 2
log 52K +log log 796(§+1) >
R+ max{AZ A2 1}
than 113(C + 1)? ( AT AT

1l,a’

Use the induction, we can conclude

96(C+1)2
log -+ log log m

maX{Al a’ A(2),0,}

Na(7551) <max { Ny(77°),113(C +1)°

2
log ~ +loglog 7ma>??£c§+,lig ;i

max{A? Aaa} ’

1,a°

< max {Na(Tze_l), 113(C +1)?

96(C+1)?
log -2 5k+1 + log log (A7, AT }

max{A? A(Q)’a}

113(C +1)?

1,0’

2
log - +loglog #%
maX{Al,a’ A%,a}

= max {Na(Tze_l), 113(C + 1)?

The induction is completed.

Then, for £ > L, we can conclude

Lemma 4.2

e < K+ Z Na(
a=1
K K lo %
<K Na ce 11 1 2 max 1,a’=0,a
>~ +a; (TLfl) +a; 3(C+ ) maX{Al a’Aaa}

4K
<1000(C + 1)K 31,1 log 5
L—1

2
(log + log log M) K (log 3 K 1 1oglog #f%)

+

2
H4C+1) A%,l ) max{A{ ,a’ Ag,a}
O
Lemma B.9. Ap}]()ly Zflgorithm 2 to a negative I-identification instance v, for phase index k >
max {KJ [logsy (MA“W} =: L, we have

K 114(log 2£
4K 5

¢ < 1000(C + 1)2K 1,1 log + -
0r—1

a=1

az,)

Af,
holds with certainty. And a;, = None.

Proof of Lemma B.9. Similar to the argument in the proof of Lemma B.8, we can conclude for phase index & >
K 24
[log, ﬁ} we have

TCC Tee
ee ___
FTy T
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Az;)

K 113(log 3%
TR+

a=1

2
AO,a

From the algorithm design, we know the total pulling times in the exploration period up to phase k — 1 is at most T;° .

K _24
a=1 A2

By the Lemma B.5, we can validate the conditions of Lemma B.5 hold for & > {f@"'"y [logsy ?‘”] } Thus, we have

K 24
a=1 22

proved a; = None for k > { , [log, e } The remaining work is to prove the upper bound of N, (£°).

In the following, we use induction to prove

113(log 2 =)

Na(7i7) < max § No(777 1), Ag
0,a

holds for all K > L, a € [K]. By the Lemma B.5, we know the above inequality holds for k = L,Va € [K]. Then if k holds,

for the case of k + 1, we can further derive

113(log 2 )

No(m351) < max ¢ No(73°), A2
0,a

The reason is similar to the proof in the Lemma B.5.

113(log 6?::1 +log log A926 )

o If No(75°) > X2 9.2 from the condition k > k°¢, we know
0,a

Okt1
< U(t, 7 )

a

t

t €c
‘ Zs:l Xa,s _

holds for all t € N, a € [K]. Following the same discussion in Lemma B.5, the algorithm will never pull arm a due to
its upper confidence bound is below pq. If its upper confidence bound is the highest, the algorithm would output None.
Thus, No(755,) = Na (7).

113(log aifl +log log Agzﬁ )

o If No(73°) < N %2 we can still conclude
0,a

a

< U(t, 5’““)

t ee
23:1 Xa,s
t K

113(log %+log log A926
from the condition k£ > x°¢. Then arm a will never get pulled before Na(T;i_l) is no less than -

Afa o
as its upper confidence bound is already smaller than y before that happens.
Use the induction, we can conclude
113(log )
No(7351) <max § No(75°),1 5
AO,a
B O 113(log 3% fa ) 113(log £ )
o ¢ L1 Ag a ’ A%ﬂl
113(10g )
=max { No(75° 1),
L-1 A%)’a
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The induction is completed.

Then, for k > L, we can derive

Lemma 4.2

e < K+ZN
a=1
K 113(10g )
<K+ZN HEDY A2
a=1 a=1 0,a

<1000(C + 1)2K B 11
< (C+1)°KfB_1log 5 + A%’a

C. Lower Bound
C.1. Negative Case
Proof of Theorem 5.4. Following the section 2.1 in (Garivier & Kaufmann, 2016), define

Alt(v) = {v' : i* (V") # None},

and the kl-divergence between two Gaussian distribution d(N (pq,1), N(Ag, 1)) = W, the kl-diverence between two
bernoulli distribution k(8,1 — §) = dlog 125 + (1 — §) log 152.

Following the same step in the proof of Theorem 1, from (Garivier & Kaufmann, 2016), we can conclude

)2
kl(5,1—6) <E, £ §j a .
( ) v Aelﬁt(u) v

By the example 1 in the (Degenne & Koolen, 2019), we can derive

1 Ko
K (uaa Z%’

SUPyes inf)\EAlt(V) Zazl Wq

which means E, 7 > kl(d,1 — 0) Zf 1 AQ = Q(H;®log $). O

C.2. Positive Case

In this section, we slightly adapt the conclusion in(Katz-Samuels & Jamieson, 2020) and (Kaufmann et al., 2016) to prove
theorem 5.5 and 5.6.

Proof of Theorem 5.5. For this instance v, take {ai}fil as its permutation of the mean reward vector, such that the
mean reward of the it" arm is a;- Then, we consider an alternative instance v/, whose mean reward of ith arm is

. W < , )
i = fa Hai =10 g1 some A > 0. The answer set i*(v") = {None}. Apply the Lemma 1 in (Kaufmann et al.,

Mo — A Ha; > Mo
2016), we get

C_ A)2
3 WEVNM (r) > Ki(8,1 - 8),

L1 > o
where kl(5,1 — §) = dlog 125 + (1 — §) log 152
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By the assumption, we have p1 > po > -+ > ug, which implies % < 1 holds for all 7 such that y; > pg. Thus,

we can conclude
E,7> Y E,Ng (1)
i1 > o

(i — po + A)?
> Wiz po+ B p
> > (=g r A Na)

113> Ho
2k1(0,1 — 9)
T —po +A)
i _ 1 2k1(5,1—5) log 1
Since kl(0,1 — 0) = Q(log 5) and E, 7 > G a)z holds forall A > 0, we can conclude E, 1,7 > Qxz>). O

0,1

Proof of Theorem 5.6. The algorithm might take p1 > pg > po > - -+ > px as prior knowledge and solve the problem by
identifying 1 arm among 1 good arm. We can directly apply the Theorem 1 in (Katz-Samuels & Jamieson, 2020) to derive a
lower bound, which asserts we can find a positive instance v whose mean reward vector is a permutation of vector {1, }X_;
and the threshold is g, such that

1 1 Ko
Eyr>—[——+S — . (5)
; ( A7, ZA)

) by the assumption 1 > pg > p2 and § < 15.

1
By the Theorem 5.5, we can also conclude E,, 7 > Q(lzg2 ) > Q(Aé
0,1 1,2

Combining the result with (5), we get

K
EVTEQ(ZA

a=2

):Q(Hl).

"

,a

C.3. Lower Bound for a Suboptimal Arm

Before proving Theorem 5.7, we need to firstly introduce a lemma, talking about a "high probability lower bound” of the
optimal arm, if it is also the unige qualified arm.

Lemma C.1 (High Probability Lower Bound). Denote v as a 1-dentification Gaussian problem instance with fixed variance 1.
Denote K, {11, } X as the number of alternative arms and mean reward of all the arms in v. If j11 > jig > pig > -+ > Jif,
then for any § € (0, 1), and any §-PAC algorithm, we have

PEM(r) > =85 )51 g_gi-i-sk _ g6

r(Ny(1) > —""2>——=)>1-06— — 632,

v Clm — po)?

where C' can be any values greater than 1.

Proof of Lemma C.1. Define instance v/ with mean rewards fi1, fi2, -+ , iix Where iy < pg. In other words, the only

difference between v and v/’ is the mean reward of arm 1, while others are all the same. Since the algorithm is §-PAC, we
know

Pr(outputarm 1) >1 — 4

v

Pr(output none) >1 — 4.

Apply the transportation equality, we get

Ni(7)
d > Pr(outputarm 1) = E, 1 (output arm 1) exp | — Z Zhs
v s=1
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(X1,5—11)°2 _ _
where Z ; is the realized KL divergence, Z; s = log exP(i(Xl 2’_&1)2) = (“17”1)(2)(21’57”17”1), X1 ~ N(ug,1). Or
exp(———%5——)

(1—f1)?
2 bl

the sum 22:1 Z1,s. For any fixed number N, I, define {y 5 = {maX1gt§N Zi:l (les — W) < I}. We can

we can directly assume Zq N ( (u1 — f11)?). Before moving on, we firstly prove a concentration result for

2 . . . . . .
assert Per,s%dN( w120 () (&ny) > 1—exp (— m) , by the following application of maximal inequality

(Theorem 3.10 in (Lattimore & Szepesvdri, 2020)).

t (p1 — fn)?
Pr max Zy— B ) S
20 SEIN (U () \ISEEN 2

s=1

t
= Pr max Zyo>1
= iild <1§t§Nzl L
s=

Z1,s ~TN(0,(p1—f1)?)

A= I t B
M= Pr < max H exp ()\21,5) > exp(AI))

5 d..d - <t<
Zi,s NdN(Oy(Hl—lll)z) 1_t_Ns:1

N -
Maximal<Inequality]Ezl,si.rz‘v.dN(Q(#l_ﬁl)z) Hs:l exp (>\Zl,s)
- exp(Al)

exp( 2 1'2
T ep(M) exl’(zN(m—m)?)'

To apply the Maximal Inequality, we need to validate {H§:1 exp (/\21,5) 1,220 is a submartingale, which is not hard. By

the Jensen Inequality, we have

t+1 t
E ] exp ()‘Zl,s> | [ exp ()\Zl,s)
s=1 s=1

=E {exp ()\Zu_,_l)] XP (/\ZLS)
> exp (E {)\ZLtHD

= li[ exp ()\Zl,s) .
s=1

exp ()\Zl,s)

t
IIe
s=1

t
s=1

Adding the concentration term into the transportation equality, we get

6 > Pr(output arm 1)

Ni(71)
=E, 1 (output arm 1) exp | — Z Z1s
s=1

log &
>E, 1 (output arm 1)1 (N (1) < ——9—)1(¢ ox 1
(outp () C(Ml—u1)2) (‘c(ull—fm?’I)

Ny(7)

_ )2 _ 7.2
exp Z ((Nl 2#1) _ Z1,s) exp <N1(T) (k1 2M1) )
s=1
log% log%
Zexp (—I) exp | — 2°C ]E,,Il(output arm 1)1(]\71(7') < m)ﬂ(f log% I).
C(p1—p1)2’
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The last inequality is equivalent to

(1) <1°g§>5>1E 1 (output arm 1)L(N, (1) < log 3 G )
exp(I) exp > [E, 1 (output arm 7)< og 1
20 P ' Cln — )" giis
Pr(ANB)>Pr(A)—Pr(-B) log } > log 5
= exp([)ex 0> | Pr(Vi(7) < =—+—*—) — Pr(—outputarm 1) — Pr(—=¢ 1
p)esp (5 )02 (R < g, 25 5) — ouputam 1)~ Pr(~E 1)
& Pr(—output arm 1) + exp(I) (k)g;)mp(g ) > Pr(Ni(r) < log 3
r{—oufput arm ex ex r(— o L ~rr T — ——5
5 p P P\ 5@ " ﬁ,] pod Clur — fin)?
log & CrI? log &
=6 I 0 )5+ — > Pr(NV <20
+ exp( )exp( 50 ) exp( 2log(1§> > Ur( 1(7) Cln = in)?

Cr?
> ©8 _y>1-§- _ _ ey
ﬁ)lzr(Nl(T)_ C(M1—ﬂ1)2)_1 ) eXp(I)exp( 50 )5 exp( 210g(1;)

Take I = % log %, we get

log £
Pr(V. > 290
V( 1(1) > Clur — )2

<8

)>1-6-¢§'"i72¢ —§

As the above inequality holds for any iy < g, we can take fi; — po. Thus, Pr,(Ny(7) > %_io)z) >1—6—

§l=i-3c — §%2. We complete the proof. O
Then, we are ready to prove Theorem 5.7.

Proof of Theorem 5.7. Take My = 512 x 3 = 1536, M1 = 8M>.
Let 5071 to be small enough, such that

—4v/3 -2
M > sup E,1,Va > 2.
2A071 pos

’ neg
v ESAO,Q USAO,G

In the following, we take pi1 as any value in (uo, 1o + 50,1], and take Ao ; = p1 — po. We are going to prove, for all a > 2,

log =3

A
we have EVNa(T) 2 MT%:Z
log —5—
Prove by contradiction. If there exists an arm a > 2, such that E, No (1) < 372, define instance v, by taking the mean
0,a

2p0 —p1 =1

reward of ith arm as < 2ug — e @ =a forall arm a € [K],a > 2. In other words, we "flip” the mean reward of arm 1
Hi i 7& La

and a, while keeping others the same as the instance v. From this definition, we know v}, € SX> ,i*(v,) = {a}.

By the Markov Inequality, we know

log 2 M.
Pr (N, 01 1- 2
A\ <Az, ) 2t

Define 7 = min{r, min{¢ : N1(¢) > z5—}}. Then we get N1(7) > 53— = Ni(7) = 53— According to the lemma C.1,
,1 0,1 0,1
we have

on
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Through simple calculation, we can derive

1
Pr | NJ(7) < 8 S na (7) =
r alT) S — an
v MyAZ, ! AZ,
P N(~)<logA:2“ Ni(r) > ——
=rr al\T) > - 5 T)Z
v MyA3 AZ,
s<min{ X 15} N log 73— N log 1
< )
< x| Nalr) < MAZ, 1(r) = 8AZ,
log =3 log L
g
> N, (1) < 2L ) —Pr (N 9
=B\ Nel) < 3052 f( 7)< ga2 1)

log

Denote G = < N, (7) < 5 L and Ny (7) =

< 15 A2 } as the event, we can apply the transportation equality in the Lemma

1
AT,
18 of (Kaufmann et al., 2016), we have

N1 (7) N (7)
Pr(G) = E,1(G) exp Z Zy o — Z Zas |,
where

N2

71, =log exp(— Ll (X g = 2p00)> = (Xas —n)? (2Xa,s — 2010) (2 — 2p10)

1,s — — — - )

expl(— (XLt ty 200)) : g

Xa s Ha 2

Zo s = log eXp(—%) _ (Xa,s + Ha — 2,“0)2 — (Xa,s - ,LLa)2 _ (QXa,s —2110) (2ta — 2t0)

) exp(— (Xa,,s+u2a—2uo)2 ) 2 2 ’

and X, s ~ N(p1,1), Xa,s ~ N(tta,1). In other words, we can directly assume Z; ; ~ N(2AF ;,4AF ) and Z, ; ~
N(2AF ., 443 ).

Let 1,1, be two positive integers to be determined. Denote the concentration event of realized KL-divergence as

&= {maX1gt§; Ei:l (Z1,s —2A3,) < Il}, £, = { max tos 3 Ei:l (Za,s — 203 ,) < I, p. Similar to
20 1<t< IzAg 1
0,a
the proof of Lemma C.1, we can derive a probability bound for both events &1, &,. Notice that

t
P g — I
ZS~N(r;L,a2) (121%)% 1( s — ) > )

=57 By, (o) [lamy exp(M(Ze — 1))
- exp(Al)
T/\ o )

_exp(—5*
N exp()\I)
12

2T o2 ),

=exp(—
holds for all positive 7" and I. The first inequality is guaranteed by the maximal inequality of submartingale (Theorem 3.10
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in (Lattimore & Szepesvari, 2020)). By the above inequality, we have

2
I
1 2
a7, 480

Pr(&) > 1 —exp —3
I2
Pr(fa)zl—exp - log 1a
v o Az,
2 3naz, 400

Plug in these inequalities to the transportation equality, we get

12
=1—exp <§>

Mo I?

=1-exp _810g

1
Ada

exp (=11 — I2)
QIOgA%
"ol 9
My

(Pr(e) = Pr(-¢1) — Pr(6.)

81 gaZ, - L gaz
ex :
p M2A(Q)7a 0,0 — Ag . 0,1
>E, 1(E)1(&)1 (&) exp (=11 — I,) exp
QIOgA%
>exp(—I1 — I,) exp —TZ‘“ -2
2log A%
>exp(—I) — I,) exp —TQM -2
M,I?
1———3\[—exp — 2%
8log +»
Afa
Take I3 = 15 log x3— [1 = 4V/3,3v/0 < g, My = 512 3 = 1536, My = 8M; we get
Pr(€)
1 1 2log A%
0,1
> exp ~1 log A(2),1 43 exp | — A
1 1

2 1 1
>exp( 4\f)exp< (— +Z)IOgAT_

l\.')\»—l

M,

( 4\[>exp( ;logA%—
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further

N, BT and 3y (7) — <
> 7) < = 7) =
P | Nu(F) € b and M0 (F) = -

1
log A(Q) )

By the Markov Inequality, we have

1 1 1 exp (—4v3 - 2)
E,; Ni(7) > 3 exp (—4\/§ — 2) exp (2 log A%J) = .

2001
. —4+/3-2 .
From the construction of p;, we know E,, 7 > % > sup,regn g K7, contradicting to the fact that
) 0,a 0,a
v, € SX> . We complete the proof. O

D. Technical Inequality
D.1. Inequality about x and log log =

This section includes some mathematics inequalities for simplifying calculation.

Lemma D.1. Foranyb > a >0,

e Ifb > €2, we have x > b+ 2aloglogb = = > aloglog(z) + b.

e Ifbja>e wehavee < x <b+aloglogh= z < aloglog(x) + .

The second inequality also implies x > aloglog(z) + b = x > b+ aloglogb.

Proof. We prove the first claim. Easy to see W =1- 487 = 3”;?’1%;;;“. Take xo = b + 2aloglogb,

then zg logrg > zglog(e? + 2alogloge?) > zgloge? = 2x¢ > a. Thus x — aloglog(z) — b increases in the interval
(29, 400). On the other hand, easy to check

xo —aloglogxyg — b
=b+ 2aloglogb — aloglog(b+ 2aloglogb) — b
=2aloglogb — aloglog(b + 2aloglog b)
=a (2loglogb — loglog(b + 2aloglogb))
=a (log(log b)? — loglog(b + 2aloglog b))
=alog (log)*
log(b + 2aloglogb)

>alo (logb)*
=708 log(b + 2bloglogb)
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(log b)?
=alog ,
log b + log(1 + 2loglogb)

Notice that

(logb)? — logb — log(1 + 2loglog b)
=logb(logb — 1) — log(1 + 2loglogb)

b>e?
> logb—log(1+ 2loglogb)

>logb—2loglogb

z>2log x,Yx>0
> )

we can conclude zy — aloglogxg — b > 0 holds for all z > b+ 2aloglogb.

Then we turn to prove the second claim. As d(z—a lodgzlog 2=b) 1 _ — lgg:c = xioi g;a , we know there is at most 1 zero
point of Iioli + in the interval (e, b + aloglogb). Thus,
egxggilaaﬁg logbx —aloglogz — b = max{z — aloglog x — b|y=c,x — aloglog & — b|z=p+aloglogh}-
Easy to see
e—alogloge—b=e—b<0,
and
b+ aloglogb — aloglog(b+ aloglogb) — b

=aloglogb — aloglog(b + aloglogb)

<aloglogb — aloglog(b)

=0.
That means max z — aloglogx — b < 0. The second conclusion is done. O

e<x<b+aloglogb

Lemma D.2. Forany A € (0,1], K > 2,6 € (0,3],C > 1, we can conclude

24C*
. 28C2 log 2K N 16C? log (log( x5 ))

A2 A2
8C? log % +8C?loglog, e + 16C? log log 2t
=2t > Az
4log 2K (log, 2t)2
=C i <A

t

Proof. By simple calculation, we can derive

28C2 log 25 16C% log (log (2‘2022 ))
b= A2 + A2

56C2log 25 32C%log (log (22022 ))
&2 > A2 4 o

24C2log 2K 32C%log (IOg (22022 )) + 3202 log(2K)
&2 > A2 4 =

2 24C* 2K
log(ety)Slogztlogy Ve y22,, 24C? log % . 32C* log (log ( x5 ) 4 T)
A? A2
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2402 log 2K 3202 log (log (24C ) + log (log 25 ))
=2t > Az + A2
24C? log 2< 32C? log log (M>
<2t > Az + A2
Lemma D.1, as 24C* log %>e22t 24C%log 2£ 1602 loglog (2t)
= >+ A2
8C? log % +16C?% log log, e + 16C? log log(2t)
A2
402 1lo 2K +8C21 log(2t)
g5 0g log 2
A2
4C? log 2K + 8C? log(log, 2t)
A2
4 10g 2K(10§2 2t)2

<C f<A.

=2t >

St >

St >

D.2. Probability Bound of Good Event

Lemma D.3 (Adapt Lemma 3 in (Jamieson et al., 2014)). Denote {X; } Y asiid o2-subgaussian random variable with
true mean reward p = 0. For any 6 € (0, 1), we have

t
2(1 2]’10g t]t)2 2
s=1

Or equivalently,

t 2 2
r <E|t, | ZXS\ > \/2022“05-’;2 t1* log 2([10g§ﬂ)> < %5.
s=1

Lemma D.3 is fundamentally the same as the lemma 3 in (Jamieson et al., 2014). The only different part is the constant
outside the square root. But for simplicity and completeness, we rewrite part of proof and leave it here.

Proof of Lemma D.3. Define u;, = 2F, k > 1. Define z = \/202u;C log M, S, = 22:1 X, and the event

2(1 2 2(1 2
£ d St>\/202uk10g<0gwk> U4 i St<_\/202uk10g(0gwk> ,
1<t<uy, 5 1<t<uy, 0

For A > 0, notice that

exp(A(Y X.))| X1, ,X“]
t—1
=exp(A() _ X,))Eexp(AX,)
t—1
> exp(A() | X)) exp(BAX,)

-
= exp(A(Y_ X.)
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Take A = we can conclude {exp(AS;)} is a submartingale. Then,

uo—Zv

Pr< max S; > z)

1<t<ug

:Pr( max exp(AS) > exp (Ax))

1<t<uy
2 Eexp(ASy,)
exp (Az)

exp(M)

~ exp(Ax)
A=t 22
= exp(—

).

Quy,02

Step * is by the maximal inequality for the submartingale. Take x = \/ 202uy log M, we have

2(10g2 uk)2 2(log2 ILk)2 1) 1)
2 — = = —
Pr (12%)731‘: St 2 \/20 Uk log ) < oxp log 0 ( 2k2

2(log, ur)?

For the part of Pr (min; <¢<,, S¢ < —x), the proof is similar. We can conclude Pr(E}) < % and further Pr(U > Ey) <
Pt}
6

Thus,

t
2(1 9flogy t1 21)2
r <Elt7 | ZXS| > \/202 max{2/log2 11,2} log (log, max{é 2t12}) )
s=1

t

2(10g2 uk)2

< > 2 — e v/
<Pr | 3k, 1<mf/agi |21XS|_\/20 ug, log 5

w28

<Pr(UjEx) < 5

Some Comments are as follows.

ogo t +
» We can similarly prove Pr (Elt7 IS X > \/2022“0g2 t1+ Jog 22 (log, 33[51 2] )2> < dholds for all § € (0,1).

* Since [log, t|* < 1+ log, t, we have

T 6 2(10g2 2[10g2 ﬂ)?
max{ [lo S P S
>P <E|t | E X|>\/0'22 {[log, ] 1}1og

2(log, 2t)?
Pr <3t, | ZXSl > \/402t10g (og;t))
s=1

E. Numerical Experiment
E.1. Settings of Numerical Experiments

The parameter setting of SEE is §;, = %, Br = 2¥/4, oy, = 5%, C = 1.01. In all numerical experiments, all the algorithms
in section 6 achieve 100% accuracy in identifying a correct answer of either a qualified arm in a positive instance or
outputting None in a negative instance.
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We took arm number K = 10, 20, 30, 40, 50, 100, 150, 200 and the tolerance level § = 0.001, 0.0001. Fix o = 0.5, A =
0.15, we set up 6 instances, by considering different number of arms whose mean rewards are above ;9. For an arm number

K, we define (1) AllWorse, whose mean reward vector is u; = po = --- = puxg = 0.25; (2) Unique Qualified, whose
mean reward vector is iy = pg + A, o = g = -+ = ux = po; (3) One Quarter Qualified, whose mean reward vector is
M1 = p2 = = i K/4) = po T A, U K/a)+1 = B K/4)+2 = - = K = po; (4) Half Good, whose mean reward vector
ispy = pg = -+ = pg/2) = Ho + A, 1 K/2)41 = B K/2)+2 = = K = fio; (5) All Good, whose mean reward
vector is py = g = -+ = ux = po + A (6) Linear, whose mean reward vector is p; = g — A + %, 1<i<K.

For instance “AllWorse”, the set of correct answer is {None}, while for the other instances which are positive, the answer
set ¢* () contains at least one arm. In each experiment setting, we run 1000 independent trials and compute the empirical
average of the stopping times.

To avoid an infinite loop in a trial, we set a forced stopping threshold 10® in each instance. All the algorithms, including
SEE, HDoC, lilHDoC, LUCB_G, adapted-TaS, adapted-MS, stop in all trials before the total pulling times reach 108.

HDoC and LUCB_G’s performance on “All Worse” instances are very similar, leading to two nearly overlapping curves.
The radius of each error bar is 3 times the standard error of the empirical stopping times across 1000 repeated trials. The
error bars do not appear to be visible, as they are much smaller than the empirical stopping times.

When implementing the algorithm lilHDoC, its originally proposed length of warm-up stage is larger than the total pulling
times of some of the benchmark algorithms. To allow comparisons, in our numerical experiment, we only uniformly pull all
the arms 200 times for the algorithm lilHDoC.

E.2. Supplement Figure

Figure 2 compares the trend of empirical stopping times, when the proportion of qualified arms increases in positive
instances. For algorithms adapted-TaS and adapted-MS, the empirical stopping times increase as the proportion increases,
while for our proposed SEE, the trend is inverse.

E.3. Correctness of APGAI algorithm

Table 2. Number of Failure, APGAI, § = 0.001

Instance Type \ K 10 20 30 40 50

AllWorse 0 0 0 0 0
Linear 0 0 4 2 1
Unique 373 449 462 520 549

OneQuarter 152 32 22 7 6

Table 3. Emprical Stopping times + 3*Std, APGAI, § = 0.001

Instance Type \ K 10 20 30 40 50
AllWorse 5099 £ 54 10703 £ 78 16524 £ 96 22450 + 114 28501 + 129
Linear 11800 + 2757 12814 + 5496 18145 £+ 11685 11979 + 8601 11819 £+ 9723
Unique 201716 £ 22404 485772 £ 45444 749871 £ 68136 1096819 £ 91215 1454700 £ 112848
OneQuarter 90246 + 17187 46501 + 17532 46890 + 22569 25511 4 17547 23000 £ 19224

In compared to other benchmarks, APGATI’s numerical performance is significantly different, in the sense that the stopping
time it is either very small or very large, which makes its curve of stopping times either much below or much higher than all
the others. And sometimes it might get stuck in a non-stopping loop.

We tune some of the numeric experiment setting to see the non-stopping phenomenon more clearly. For APGAI, we set the
forced stopping threshold as 50000 * K, where K is the arm number. Once the total pulling times is no less than the forced
stopping threshold, we mark this experiment as a failure, and take the forced stopping threshold as the total pulling times
of APGAL Table 2 records the number of failure for experiments K = 10, 20, 30, 40, 50 and instance type “All Worse”,
“Unique Qualified”, “One Quarter”, “Linear”. The tolerance level is 6 = 0.001, with repeating times 1000. Except the
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Figure 2. Numerical Experiments on SEE and Benchmarks
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negative instance “All Worse”, failure frequently occurs in some of positive instances. In the “Unique Qualified” group, at
least 35% of experiments end up with “failure”. While in other groups, failure also occurs. In group “One Quarter”, the
number of failures decreases as arm number K increases, suggesting APGAI’s good performance relies more on the number
of qualified arms, instead of the fraction of qualified arms.

The huge number of failure experiment also affects the estimation of the £, apgai7. Table 3 records the confidence interval
for estimating E, apgar7, ignoring the decimal. In group “All Worse”, there aren’t any failure, and the empirical mean
outperforms all the other benchmarks. In group “Unique Qualified”, failure frequently occurs. Both cases result in a
relatively small standard error in the numeric experiment. While for the group “Linear” and “One Quarter”, the less
frequently occurrence of failure greatly increase the standard error of the empirical mean stopping times. In some cases,
3*Std is nearly the same as the empirical mean value. In addition, because of the existence of the forced stopping threshold,
the empirical mean we recorded is only a lower bound estimation for the true E, apgar7. Due to large standard error, we
cannot conclude whether the current repeating times is sufficient to approximate E, apgai7.

Given the time-consuming simulation for APGAI and its significantly different pattern, we do not apply APGALI to instances
with larger arm number. And we believe it is unsuitable to compare APGAI with other benchmarks, given the difficulties of
estimating E,, apgar.
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