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ABSTRACT

Designing safe derivative-free optimization algorithms under unknown constraints is a fun-
damental challenge in modern learning and control. Most existing zeroth-order (ZO) ap-
proaches typically assume white-box constraints or focus on convex settings, leaving the
general case of nonconvex optimization with black-box constraints largely open. We pro-
pose a control-theoretic framework for ZO constrained optimization that enforces feasibil-
ity without relying on solving costly convex subproblems. Leveraging feedback lineariza-
tion, we introduce a family of ZO feedback linearization (ZOFL) algorithms applicable to
both equality and inequality constraints. Our method requires only noisy, sample-based
gradient estimates yet provably guarantees constraint satisfaction under mild regularity
conditions. We establish finite-time bounds on constraint violation and further present a
midpoint discretization variant that further improves feasibility without sacrificing opti-
mality. Empirical results demonstrate that ZOFL consistently outperforms standard ZO
baselines, achieving competitive objective values while maintaining feasibility.

1 INTRODUCTION

Designing safe learning methods is both important and challenging. Safety requires guarantees of feasibility
at every step, which in turn demands reliable information about the system’s objectives and constraints. In
many real-world settings, such information is only accessible through function evaluations—gradients are
either unavailable, unreliable, or prohibitively expensive to compute. This makes derivative-free methods
natural candidates: they update decisions from sampled outcomes without requiring gradient access. Yet,
enforcing strict safety guarantees in these derivative-free settings remains largely unresolved.

Among derivative-free approaches, zeroth-order methods have attracted significant attention due to their sim-
plicity and scalability to high dimensions [49, 40]. The core idea is to build stochastic gradient estimators via
finite differences of function evaluations and then plug them into standard gradient-based updates [9]. For
instance, two-point estimators perturb the decision along random isotropic directions (Gaussian or uniform
on the unit sphere) and combine the function values to approximate gradients [40, 48, 44]. When combined
with gradient descent, such estimators yield provable converge rates for unconstrained optimization.

In the constrained setting, most existing ZO algorithms assume black-box objectives but white-box con-
straints. Explicit knowledge of the constraint set enables efficient projections or local linearizations, en-
suring feasibility. This has led to a variety of algorithms, including projection–gradient-descent [48, 33,
12, 21], Frank–Wolfe–type methods [45, 36, 8], and Sequential Quadratic Programming (SQP)-style ap-
proaches [17, 10]. However, in many safe learning settings—such as safe RL or chance-constrained optimiza-
tion [2, 16, 51]—the constraint functions themselves are unknown. Here, only noisy zeroth-order estimates of
the constraint gradients are available, and feasibility becomes much harder to enforce. Most existing work in
this regime focuses on convex problems and relies on primal–dual schemes [55, 13, 50, 41, 32, 38, 34, 15, 27].
For nonconvex problems, guarantees are scarce: some works provide only empirical evidence [55], while oth-
ers require solving expensive convex subproblems at each step [41, 32]. Feasibility in these settings remains
fragile, typically degrading as noise in the gradient estimators increases [42].

In contrast, in the first-order (FO) setting, SQP methods are known to be highly effective for nonconvex
constrained optimization. They often outperform primal–dual approaches in practice, particularly when the
number of constraints is small relative to the dimension of the decision variable [22, 35, 52, 3]. Another
complementary line of work interprets constrained optimization through a control-theoretic lens [11, 53].
Here, the optimization dynamics are viewed as a controlled system: the primal variables are states, the
Lagrange multipliers are control inputs, and feasibility corresponds to stabilizing the system at an equilibrium.
This perspective enables the use of nonlinear control tools, such as feedback linearization (FL), to design
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algorithms. Recent work shows that, under suitable conditions, FL-based schemes recover SQP-like updates
and achieve strong performance on nonconvex problems [53].

Gap and motivation. Despite their promise in first-order optimization, FL and SQP approaches have not
been systematically studied in the zeroth-order regime. Extending them is nontrivial: FL and SQP depends
critically on precise first-order information, but in the zeroth-order setting only noisy estimates are available,
breaking the mechanisms that ensure feasibility. This raises the fundamental question:

How can we design zeroth-order methods that handle nonconvex constrained optimization with only
noisy gradient estimators, while still providing provable guarantees of constraint satisfaction?

Our Contributions. We develop a zeroth-order constrained optimization framework that extends feed-
back linearization ideas to the derivative-free regime, inspired by control and dynamical systems perspec-
tive [11, 53]. First, we show how to construct an FL scheme tailored to dynamics evolving under noisy
gradient information, in contrast to prior approaches that rely on convex relaxations or primal–dual surro-
gates. Second, we demonstrate that full Jacobians are unnecessary: it is enough to approximate a small set
of Jacobian–vector products, which can be efficiently estimated via two-point zeroth-order queries. Third,
we establish theoretical guarantees (Theorem 1 and Theorem 2) showing that constraint violations contract
toward zero with high probability, up to controllable approximation and discretization errors. Finally, we pro-
vide empirical evidence that our method consistently achieves stronger feasibility performance than standard
baselines, while achieving competitive objective values.

Notations. We use ∇f(x) to denote the gradient of a scalar function f : Rn → R evaluated at the point x ∈
Rn and use ∇2f(x) to denote its corresponding Hessian matrix. We use Jh(x) to denote the Jacobian matrix
of a function h : Rn → Rm evaluated at x ∈ Rn, i.e. [Jh(x)]i,j = ∂hi(x)

∂xj
, i ∈ [m], j ∈ [n]. Unless specified

otherwise, we use ∥ · ∥ to denote the L2 norm of matrices and vectors. We also denote [x]+ := max(x, 0)
where max is taken entrywise for a vector x.

2 PRELIMINARIES

We begin by introducing the constrained optimization setup and reviewing prior work from a control perspec-
tive, which motivates our approach. We then highlight the challenges unique to the ZO setting.

Problem setup. We consider constrained optimization problems of the form

minx∈Rn f(x) s.t. h(x) = 0, (1)

where f : Rn → R is the objective and h : Rn → Rm encodes equality constraints. Here we assume that f, h
are differentiable, and additional assumptions will be introduced where needed to support the analysis. The
first-order Karush-Kuhn-Tucker (KKT) conditions are

−∇f(x)− Jh(x)
⊤λ = 0, h(x) = 0. (2)

Here, Jh(x) denotes the Jacobian of h and λ ∈ Rm are the Lagrange multipliers.

While we begin by focusing on equality-constrained problems for clarity of exposition, our analysis also
extends to problems with inequality constraints, which will be studied in Section 4.

2.1 FIRST-ORDER CONSTRAINED OPTIMIZATION: A CONTROL PERSPECTIVE

Figure 1: Control Perspective for constrained
optimization.

Recent works [11, 53] interpret constrained optimization from
a control perspective, offering new insights and enabling novel
algorithmic designs in the first-order optimization regime. The
key idea is to reinterpret Eq. (2) as the equilibrium of a dynam-
ical system. Specifically, define the updates

xt+1 − xt = −ηt
(
∇f(xt) + Jh(xt)

⊤λt

)
, yt = h(xt), (3)

where xt is the system state, yt the constraint output, and λt the control input.

At any equilibrium (x⋆, λ⋆) of Eq. (3), we have ∇f(x⋆) + Jh(x
⋆)⊤λ⋆ = 0. If, in addition, x⋆ is feasible

(i.e., h(x⋆) = 0), then (x⋆, λ⋆) satisfies the KKT conditions Eq. (2). Hence, the control objective is to
design λt so that the closed-loop dynamics drive yt → 0 and stabilize xt at a feasible equilibrium (see
Fig. 1).
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To design the controller λt to reach a feasible equilibrium, we next introduce the feedback linearization (FL)
approach, which is the main focus of this paper.

Feedback linearization (FL). FL is a classical control technique for stabilizing nonlinear systems of the
form

xt+1 − xt = F (xt) +G(xt)λt, (4)
by introducing a new input that cancels the nonlinearities [29, 25]. If G(x) is invertible, one may set λt =
G(xt)

−1(ut − F (xt)), so that the dynamics reduce to xt+1 − xt = ut, a linear system for which standard
stabilizing controllers are available.

Recall the dynamics in Eq. (3). Writing out the constraint evolution gives

yt+1 − yt ≈ Jh(xt)(xt+1 − xt) = −ηtJh(xt)∇f(xt)− ηtJh(xt)Jh(xt)
⊤λt, (5)

where the terms can be viewed as F (xt) and G(xt)λt in Eq. (4). Choosing

λt = −
(
Jh(xt)Jh(xt)

⊤)−1
(Jh(xt)∇f(xt)−Kh(xt)) ,

cancels the nonlinear dependence and yields the linearized dynamics yt+1 − yt ≈ −ηtKh(xt) = −ηtKyt.
By picking K Hurwitz, the constraints converge exponentially to zero.

This design gives the first-order feedback linearization (FO-FL) method:

FO-FL (Equality Constraints) [11, 53]

xt+1 − xt = −ηt
(
∇f(xt) + Jh(xt)

⊤λt

)
,

λt = −
(
Jh(xt)Jh(xt)

⊤)−1
(Jh(xt)∇f(xt)−Kh(xt)) .

(6)

FO-FL has been shown to effectively handle nonlinear dynamics, making it well-suited for nonconvex con-
strained optimization. Empirical and theoretical studies [11, 46, 53] confirm its strong performance relative
to primal–dual methods.

2.2 ZEROTH-ORDER CONSTRAINED OPTIMIZATION: BASELINE AND CHALLENGES

Problem Setup. In many learning and control problems (e.g., safe RL), the gradients of f and h are unavail-
able; one can only query their values f(x) and h(x) at selected points x, without access to ∇f(x) or Jh(x).
Zeroth-order optimization aims to solve Eq. (1) using only such queries.

Figure 2: Control Perspective for
Zeroth-Order Constrained Optimization

The absence of first-order information motivates the use of
stochastic finite-difference estimators for ∇f(x) and Jh(x). A
standard choice is the two-point estimator:

∇̃f(xt) =
n

TB

TB∑
i=1

f(xt + r1ui)− f(xt − r1ui)

2r1
ui,

J̃h(xt) =
n

TB

TB∑
i=1

h(xt + r1ui)− h(xt − r1ui)

2r1
u⊤
i ,

(7)

where ui are drawn i.i.d. from the n-dimensional unit sphere.
These estimators are nearly unbiased in expectation when the radius r1 is sufficiently small, but can be very
noisy, particularly in high dimensions.

A Zeroth-Order Baseline and Its Limitation. Given the gradient estimator (Eq. (7)), a natural idea is to
substitute these estimates directly into the FO-FL updates (Fig. 2). This yields the following zeroth-order
baseline (ZO-baseline):

ZO-baseline for Equality-Constrained Optimization [11]

xt+1 − xt = −ηt

(
∇̃f(xt) + J̃h(xt)

⊤λt

)
,

λt = −
(
J̃h(xt)J̃h(xt)

⊤
)−1(

J̃h(xt)∇̃f(xt)−Kh(xt)
)
.

(8)
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This approach has been explored in recent work on noisy or biased estimators [42]. However, it suffers
from a critical drawback: constraint satisfaction is no longer guaranteed. To see this, note that the constraint
dynamics become

h(xt+1)− h(xt) ≈ Jh(xt)(xt+1 − xt)

= −ηt

Jh(xt)∇̃f(xt)−
(
Jh(xt)J̃h(xt)

⊤)(J̃h(xt)J̃h(xt)
⊤)−1︸ ︷︷ ︸

̸=I

(
J̃h(xt)∇̃f(xt)−Kh(xt)

) .

The mismatch between Jh(xt) and J̃h(xt) breaks the exact cancellation property of FO-FL, so the update
no longer simplifies to −Kh(xt). As a result, the iterates are not guaranteed to converge to the feasible
set {x : h(x) = 0}.

This limitation motivates the central question of our work:

Can we design zeroth-order methods that enforce constraint satisfaction despite relying on
noisy gradient estimates (Eq. (7))?

In the next section, we show that a refined FL-based design yields a positive answer.

3 FEEDBACK-LINEARIZATION-INSPIRED ZEROTH-ORDER ALGORITHM

From the previous section, we know that simply substituting noisy gradient estimates into the FO-FL scheme
does not guarantee feasibility. A more careful design is required. In this section, we will present our algorithm
along with the design insight and the theoretical guarantees on the constraint satisfaction.

3.1 ALGORITHM

Key idea. FL works by introducing a change of input that transforms nonlinear dynamics into a linear
system. In the ZO setting, however, the dynamics evolve under a noisy gradient descent process (Fig. 2),
which prevents the direct use of FO-FL. To recover feasibility, we must rederive the FL scheme for this
setting.

Constraint dynamics. Consider the evolution of the constraints:

h(xt+1)− h(xt) ≈ Jh(xt)(xt+1 − xt) = −ηt

(
Jh(xt)∇̃f(xt)− Jh(xt)J̃h(xt)

⊤λt

)
. (9)

If we choose
λt = −

(
Jh(xt)J̃h(xt)

⊤
)−1(

Jh(xt)∇̃f(xt)−Kh(xt)
)
, (10)

then Eq. (9) simplifies to
h(xt+1)− h(xt) ≈ −ηtKh(xt),

which guarantees exponential decay of constraint violations.

Challenge. Eq. (10) requires access to the exact Jacobian Jh(xt), which is not available in the ZO regime.
At first glance, this seems to present a fundamental obstacle.

Insight. A closer examination reveals that the full knowledge of Jh(xt) is in fact unnecessary: we only need
the products Jh(xt)∇̃f(xt) and Jh(xt)J̃h(xt)

⊤. In other words, instead of recovering the entire Jacobian, it
suffices to evaluate its inner product along m + 1 prescribed directions: the estimated gradient ∇̃f(xt) and
the rows of J̃h(xt). Crucially, these Jacobian–vector products can be efficiently approximated using standard
two-point estimators as follows, thereby rendering the scheme implementable in the ZO setting:

Gf = ∥∇̃f(xt)∥
(h(xt + r2vf )− h(xt − r2vf ))

2r2
, where vf =

∇̃f(xt)

∥∇̃f(xt)∥

[Gh]:,i = ∥∇̃hi(xt)∥
(h(xt + r2vh,i)− h(xt − r2vh,i))

2r2
, where vh,i =

∇̃hi(xt)

∥∇̃hi(xt)∥
,

(11)

Here ∇̃hi(xt) is the transpose of the i-th row of J̃h(xt), i.e. ∇̃hi(xt) = [J̃h(xt)]
⊤
i,:. Then, given Gf , Gh,

according to Eq. (10), we can set the Lagrangian multiplier λ to be λt = −(Gh)
−1(Gf − Kh(xt)), which

leads to our zeroth-order feedback linearization algorithm (ZOFL). The full procedure is summarized in
Algorithm 1.
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Algorithm 1 ZOFL (equality constraints)

Input: Initial point x0, algorithm hyperparameters: TG, TB , r1, r2,K, ηt
1: for t = 0, 1, 2, . . . , TG do
2: Step 1: Compute gradient estimation ∇̃f(xt), J̃h(xt) using Eq. (7).
3: Step 2: Given the gradient estimation ∇̃f(xt), J̃h(xt), calculate λt as follows

• Step 2.1: Compute Gf , Gh that approximate Jh(xt)∇̃f(xt), Jh(xt)J̃h(xt)
⊤ as in Eq. (11).

• Step 2.2: Set λt = −Gh
−1(Gf −Kh(xt))

4: Step 3: Perform update xt+1 = xt − ηt

(
∇̃f(xt) + J̃h(xt)

⊤λt

)
5: end for

3.2 THEORETICAL GUARANTEES ON CONSTRAINT SATISFACTION

Building on the feedback–linearization perspective, the proposed ZOFL algorithm is designed to reduce
constraint violations. We now formalize this intuition by showing that, under mild regularity assumptions,
the algorithm guarantees constraint satisfaction with high probability.

We begin by stating the assumptions on boundedness, smoothness, and conditioning that will be used through-
out the analysis.

Assumption 1 (Bounded iterates). The trajectory {xt} of the algorithm lies inside a compact set D ⊂ Rn.

Assumption 2 (Objective regularity). The objective function f is differentiable on D and satisfies

∥∇f(x)∥ ≤ Lf , ∀ x ∈ D.

Assumption 3 (Constraint regularity and conditioning). The constraint function h is C3, i.e., three times
continuously differentiable on D, and there exist constants H,Lh, Lh,M,R > 0 such that for all x ∈ D:

∥h(x)∥ ≤ H, ∥Jh(x)∥ ≤ Lh, σmin(Jh(x)) ≥ Lh, ∥D2h(x)∥ ≤ M, ∥D3h(x)∥diag ≤ R. ∀ x ∈ D,

where D2h(x), D3h(x) and ∥ · ∥diag are defined as in Definition 1.

Definition 1 (Second and Third-order directional derivative norm). Let f : Rn → Rm be C3. Then:

• The second derivative D2f(x) is a symmetric bilinear map:

D2f(x) : Rn × Rn → Rm, D2f(x)[u, v] := ∂2

∂s∂tf(x+ su+ tv)
∣∣∣
s=t=0

.

• The third derivative D3f(x) is a symmetric trilinear map:

D3f(x) : Rn × Rn × Rn → Rm, D3f(x)[u, v, w] := ∂3

∂s∂t∂rf(x+ su+ tv + rw)
∣∣∣
s=t=r=0

.

We define the diagonal norms of D2f(x) and D3f(x) as follows:

∥D2f(x)∥diag := sup∥u∥=1 ∥D2f(x)[u, u]∥, ∥D3f(x)∥diag := sup∥u∥=1 ∥D3f(x)[u, u, u]∥.

With these assumptions in place, we can formally state our main guarantee on constraint satisfaction.

Theorem 1. Suppose Assumptions 1–3 hold and K ≻ 0. Run Algorithm 1 with fresh finite-difference direc-
tions at each iteration. Fix δ ∈ (0, 1) and horizon TG ∈ N. If the batch size TB and probe radii r1, r2 satisfy
(cf. Appendix Lemma 5)

TB ≥ 32
(
m log

(
192nL

2
h

L2
h

)
+ log

(
TG

δ

))
, r1 ≤ Lh

8
√

2Lh R
, r2 ≤ Lh

8
√

2nLh R
,

and the stepsizes obey the stability condition 0 < ηt λmin(K) < 1 for all t, then with probability at least 1−δ,
for all t = 1, . . . , TG,

∥h(xt)]∥ ≤
t−1∏
s=0

(1−ηsλmin(K))∥h(x0)∥+ C2r
2
2

t−1∑
s=0

t−1∏
τ=s+1

(1−ητλmin(K)) ηs + C1

t−1∑
s=0

t−1∏
τ=s+1

(1−ητλmin(K)) η2
s ,

5
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where

C1 = M
(
nLf +

64nLh (nLfLh+∥K∥H)

L2
h

)
, C2 = nR

(
Lf +

64Lh (nLfLh+∥K∥H)

L2
h

)
.

In particular, for a constant step ηt = η,

∥h(xt)∥ ≤ (1− ηλmin(K))t ∥h(x0)∥ +
C2r

2
2

λmin(K)
+

C1η

λmin(K)
. (12)

For a diminishing step ηt = η/
√
t,

∥h(xt)∥ ≤ e−ηλmin(K)(
√
t−1) ∥h(x0)∥ +

2eC2r
2
2

λmin(K)
+

C1η e
2−η

√
t

λmin(K)
+

2eC1η

λmin(K)
√
t+ 1

. (13)

Remark 1 (Interpretation of Constraint Violation Bound). We now unpack the meaning of the bound in
Eq. (12). The first term, (1 − ηλmin(K))t∥h(x0)∥, decays exponentially in t to zero. This reflects the core
effect of the FL design: in the absence of estimation or discretization errors, the constraint dynamics reduce
to a simple stable linear system, driving violations to zero at a geometric rate. In this sense, ZOFL inherits
the strong feasibility guarantees of first-order FL.

The second term, C2r
2
2

λmin(K) ∼ O(r22), arises from replacing the exact Jacobian-vector products Jh(xt)∇f(xt)

and Jh(xt)Jh(xt)
⊤ with their ZO approximations Gf , Gh. Because these approximations are based on finite-

difference probing with radius r2, the residual scales quadratically in r2. This error is fully controllable: if
function evaluations of f, h are exact, one can make this term arbitrarily small by shrinking r2, up to the
limits of numerical precision. Thus, this term does not represent a fundamental barrier but rather a trade-off
between accuracy and evaluation cost.

The third term, C1η
λmin(K) ∼ O(η), comes from higher-order terms in the Taylor expansion of the constraint

dynamics. Unlike the approximation error, this residual is intrinsic to the Euler discretization used in ZOFL:
even with perfect gradient and Jacobian information, a fixed step size η produces a non-vanishing bias. This
is the main bottleneck for achieving exact feasibility under constant step sizes.

To mitigate this discretization bias, one can use a diminishing schedule as in Eq. (13) In this case,
the residual terms vanish asymptotically, and constraint violations eventually disappear. The trade-off
is that the ideal contraction term slows down: instead of exponential decay, the dominant term be-
comes e−ηλmin(K)(

√
t−1)∥h(x0)∥, which decreases subexponentially in t. This mirrors a common theme in

stochastic optimization: stronger asymptotic guarantees are possible, but only at the cost of slower transient
progress.

In summary, the bound neatly separates three effects: (i) exponential contraction from FL, (ii) a control-
lable O(r22) error from zeroth-order approximation, and (iii) an O(η) residual from discretization. Constant
stepsizes yield fast initial reduction but leave a small feasibility gap, while diminishing stepsizes remove the
gap but slow down the rate. This trade-off will guide the practical choice of stepsize and probing radius.

We also note that the batch size TB for the two-point estimator scales only with the number of constraints,
TB ∼ Õ(m). Consequently, our algorithm is particularly efficient when the number of constraints is smaller
than the number of variables, requiring only a small batch size at each iteration.

4 EXTENSION TO INEQUALITY-CONSTRAINED SETTING

So far we have focused on equality constraints of the form as in Eq. (1). We now consider the more general
problem with inequality constraints:

minx∈Rn f(x) s.t. h(x) ≤ 0. (14)

The KKT conditions are −∇f(x)− Jh(x)
⊤λ = 0, h(x) ≤ 0, λ ≥ 0, λ⊤h(x) = 0. (15)

First-order FL algorithm. We can again view this as a control problem (Fig. 1), with dynamics

xt+1 − xt = −ηt
(
∇f(xt) + Jh(xt)

⊤λt

)
, yt = h(xt), λt ≥ 0. (16)
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Compared with the equality case, the difficulty lies in enforcing the non-negativity of multipliers and the
complementary slackness condition λ⊤h(x) = 0. In [53], this is achieved by designing a more intricate FL
controller:

FO-FL for Inequality-Constrained Optimization

xt+1 − xt = −ηt
(
∇f(xt) + Jh(xt)

⊤λt

)
,

λt = argmin
λ≥0

{
1
2λ

⊤Jh(xt)Jh(xt)
⊤λ+ λ⊤(Jh(xt)∇f(xt)−Kh(xt)

)}
.

(17)

Unlike the equality-constrained case in Eq. (6), where λt admits a closed-form expression, here λt is defined
implicitly through a quadratic program. This introduces nonsmooth trajectories and complicates the extension
to ZO settings.

Naive zeroth-order attempt. In the ZO regime, the dynamics become

xt+1 − xt = −ηt
(
∇̃f(xt) + J̃h(xt)

⊤λt

)
.

A natural extension of Eq. (17) is to replace gradients with their estimates, which gives:

λt = argminλ≥0

{
1
2λ

⊤Jh(xt)J̃h(xt)
⊤λ+ λ⊤(Jh(xt)∇̃f(xt)−Kh(xt)

)}
. (18)

However, this quadratic form is not guaranteed to be symmetric positive definite (since Jh(xt)J̃h(xt)
⊤ need

not be symmetric), and the resulting optimization problem may be ill-posed.

Refined derivation. The key is to return to the KKT conditions of Eq. (17). For the exact (first-order)
case, λt and an auxiliary slack variable s must satisfy

Jh(xt)Jh(xt)
⊤λt + Jh(xt)∇f(xt) = Kh(xt) + s, s⊤λt = 0, s ≥ 0, λt ≥ 0.

In the zeroth-order regime, we mirror this structure but replace exact terms with their estimators:

Jh(xt)J̃h(xt)
⊤λt + Jh(xt)∇̃f(xt) = Kh(xt) + s, s⊤λt = 0, s ≥ 0, λt ≥ 0. (19)

This system defines λt without requiring Jh(xt)J̃h(xt)
⊤ to be symmetric positive definite. Our analysis

confirms that Eq. (19) provides the correct formulation for ensuring feasibility.

Moreover, as in the equality-constrained case, full Jacobians are not required. It suffices to estimate the
products

Gf ≈ Jh(xt)∇̃f(xt), Gh ≈ Jh(xt)J̃h(xt)
⊤,

which can be obtained from the two-point estimators in Eq. (11). The resulting ZOFL scheme for inequality
constraints is summarized below.

Algorithm 2 ZOFL (inequality constraints)

Input: Initial point x0, algorithm hyperparameters: TG, TB , r1, r2,K, η
1: for t = 0, 1, 2, . . . , TG do
2: Step 1: Compute gradient estimation ∇̃f(xt), J̃h(xt) using Eq. (7).
3: Step 2: Given the gradient estimation ∇̃f(xt), J̃h(xt), calculate λt as follows

• Step 2.1: Compute Gf , Gh that approximate Jh(xt)∇̃f(xt), Jh(xt)J̃h(xt)
⊤ as in Eq. (11).

• Step 2.2: Solve the following equations:

Ghλ+Gf = Kh(xt) + s, s⊤λ = 0, s ≥ 0, λ ≥ 0

Set λt to be the solution for λ.

4: Step 3: Perform update xt+1 = xt − η
(
∇̃f(xt) + J̃h(xt)

⊤λt

)
5: end for

Our following theoretical analysis further validates Algorithm 2’s ability to guarantee constraint satisfaction.
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Theoretical guarantees. We now state the main feasibility result. The proof follows the same high-level
structure as Theorem 1 but requires sharper bounds on the error terms due to the nonsmooth projection step.
Theorem 2 (Feasibility with Inequality Constraints). Under Assumption 1, 2 and 3, suppose TB and r1, r2
are chosen as in Theorem 1. Then with probability at least 1−δ, the ZOFL algorithm for inequality constraints
(Algorithm 2) satisfies

∥[h(xt)]+∥ ≤
t−1∏
s=0

(1−ηsλmin(K))∥[h(x0)]+∥+ C2r
2
2

t−1∑
s=0

t−1∏
τ=s+1

(1−ητλmin(K)) ηs + C1

t−1∑
s=0

t−1∏
τ=s+1

(1−ητλmin(K)) η2
s ,

for all t = 1, . . . , TG, where [h(x)]+ = max{h(x), 0} denotes the positive part of the constraint. Here the
constants are

C1 = M
(
nLf +

64nLh(nLfLh+∥K∥H)

L2
h

)
, C2 = n2L

2

hR
(

4096nLh(LfLh+∥K∥H)

L4
h

+
64Lf

L2
h

)
.

In particular, for constant step ηt = η,

∥[h(xt)]+∥ ≤ (1− ηλmin(K))t∥[h(x0)]+∥+ C2r
2
2

λmin(K) +
C1η

λmin(K) .

For diminishing step ηt = η/
√
t, the bound improves asymptotically as in Theorem 1.

The structure of the bound mirrors the equality-constrained case: exponential contraction toward feasibility,
plus two residual terms accounting for zeroth-order approximation and discretization. The detailed inter-
pretation in Remark 1 applies here as well, with the caveat that violations are measured via [h(xt)]+ rather
than h(xt).

5 EXPLORING MIDPOINT METHODS FOR ZEROTH-ORDER OPTIMIZATION

Algorithm 3 ZOFL-midpoint (equality constraints)

Input: Initial point x0, algorithm hyperparameters: TG, TB , r1, r2,K, η
1: for t = 0, 1, 2, . . . , TG do
2: Step 1: Compute gradient estimation ∇̃f(xt), J̃h(xt) using Eq. (7).
3: Step 2: Given the gradient estimation ∇̃f(xt), J̃h(xt), calculate λt as follows

• Step 2.1: Compute Gf , Gh that approximate Jh(xt)∇̃f(xt), Jh(xt)J̃h(xt)
⊤ as in Eq. (11).

• Step 2.2: Set λt = −Gh
−1(Gf −Kh(xt))

4: Step 3: Perform update xmid = xt − η
2

(
∇̃f(xt) + J̃h(xt)

⊤λt

)
5: Step 4: Calculate ∇̃f(xmid), J̃h(xmid) according to Eq. (7) (replace x with xmid) using the same ui’s

as in Step 1
6: Step 5:

• Step 5.1: Recalculate Gf , Gh that approximate Jh(xmid)∇̃f(xmid), Jh(xmid)J̃h(xmid)
⊤ according to

Eq. (11) (replace x with xmid)
• Step 5.2: Set λt = −Gh

−1(Gf −Kh(xt)).

7: Step 6: Perform update xt+1 = xt − η
2

(
∇̃f(xmid) + J̃h(xmid)

⊤λt

)
8: end for

In Remark 1, we pointed out that discretization error is a major bottleneck in controlling constraint violation.
This error arises from approximating h(xt+1)−h(xt) using only the first-order term of the Taylor expansion,
leading to an O(η) residual. A natural question, then, is whether more accurate numerical schemes can
reduce this error. Motivated by this, we introduce the midpoint method from numerical analysis (cf. [47]),
which achieves a discretization error of O(η2), and develop the midpoint variant of ZOFL (Algorithm 3). Our
experiments (Figures 3(a) and 3(b)) demonstrate that this variant achieves improved constraint satisfaction
compared to standard ZOFL. However, ZOFL-midpoint requires twice as many function evaluations per
iteration, highlighting a trade-off between accuracy and sample efficiency. We further conjecture that the
constraint violation bound under the midpoint method scales as O(η2), and leave a rigorous proof of this
property as an open question.
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6 NUMERICAL VALIDATIONS

We implement the ZOFL and ZOFL-midpoint algorithms (Algorithm 1 and 3) and compare it with the ZO-
baseline method (equation 8) along with other baseline algorithms in zeroth-order constrained optimization,
namely SZO-ConEx ([41]) and ZOGDA [34].

Equality Constrained. We consider the following nonconvex quadratic programming problem

min 1
2x

⊤x+ c⊤x s.t. 1
2x

⊤x+ a⊤x+ b = 0,

where x ∈ R100, b = 20 and a, c ∈ R100 are random vectors whose entry are sampled from a standard
Gaussian distribution.

Inequality Constrained. We tested our algorithm on learning an efficient controller for building thermal
regulation. We assume that the thermal dynamics to be a linear RC model ([54, 31]) xt+1 = Axt +But + d,
where xt = {x1,t, x2,t, . . . , xn,t} ∈ Rn represents the temperature in each building at time step t, ut =
{u1,t, u2,t, . . . , un,t} is the thermal power injection and d is the disturbances. We consider the controller
ui,t = kixi,t + bi and the optimization problem is given by optimizing the control parameters: K =
{ki}ni=1, b = {bi}ni=1 to minimize the thermal energy subject to the thermal comfort constraint:

minK,b
1
T

∑T−1
t=0

1
n

∑n
i=1 u

2
i,t

s.t. 1
T

∑T−1
t=0

1
n

∑n
i=1 max ((xi,t − xset), 0)

2 − c ≤ 0

xt+1 = Axt +But + d, ui = kixi,t + bi,

where we set xset = 22oC and c = 1.5.

3(a) Nonconvex quadratic programming
with Equality Constraints

3(b) Thermal Control with
Thermal Comfort Constraints

Figures 3(a) and 3(b) present the numerical results. Since diminishing step sizes often converge more slowly
and are harder to tune in practice, we use a constant step size for the ZO algorithms. The left-hand plots show
the cost function values, while the right-hand plots display the constraint violation. From the simulations, we
observe that our algorithm, ZOFL, achieves better constraint satisfaction compared to the baseline methods
while maintaining a similar cost. Moreover, ZOFL-midpoint further improves constraint satisfaction. These
results suggest that, in safety-critical systems where constraint violations can have severe consequences, our
algorithms are more favorable as they maintains safer operations.

7 CONCLUSIONS

We introduced a control-theoretic framework for zeroth-order constrained optimization, extending feedback
linearization ideas to the derivative-free setting. Building on this perspective, we developed zeroth-order
feedback linearization (ZOFL) algorithms that provide rigorous feasibility guarantees for both equality and
inequality constraints, and we proposed a midpoint discretization variant that further reduces violation. Our
analysis shows that the FL perspective yields exponential contraction of constraint errors, while experiments
confirm that ZOFL consistently achieves stronger feasibility with competitive objective values compared to
existing baselines.

Despite these contributions, several limitations remain. Our guarantees rely on access to reasonably accurate
zeroth-order oracles, and their robustness under biased or highly noisy evaluations is not yet established.
Moreover, although we prove finite-time bounds on constraint satisfaction and demonstrate strong empiri-
cal behavior, formal convergence to stationary points of the underlying problem remains open. Addressing
these challenges, through robust extensions, convergence analysis, and deployment in safety-critical domains,
defines a promising direction for future work.
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LARGE LANGUAGE MODEL (LLM) USAGE DISCLOSURE

We used a large language model (ChatGPT) to assist with language editing and clarity improvements. All
technical content, analysis, and contributions were developed by the authors.
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A OTHER RELATED WORKS ON DERIVATIVE FREE CONSTRAINED OPTIMIZATION

Beyond zeroth-order (ZO) methods, several other lines of research in derivative-free constrained optimization
have been developed.

One classical family of approaches is filter methods [5, 19, 43, 6, 18, 37], which are based on pattern search
techniques. These methods iteratively reduce the objective function while attempting to decrease constraint
violations, often through a progressive barrier function. While conceptually simple, filter methods generally
rely on user-specified surrogate functions to generate candidate points and frequently require solving auxiliary
subproblems. As a result, they are not easily generalizable to high-dimensional settings.

Another important class of derivative-free optimization techniques is model-based methods [39, 7, 23], which
build local surrogate models of the objective and constraints and optimize them iteratively. Such methods can
achieve strong performance in low- to medium-dimensional problems, but their reliance on accurate surrogate
models makes them sample-intensive and thus less practical in high-dimensional scenarios.
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A different perspective is offered by extremum seeking (ES) [4], which estimates gradients through deter-
ministic perturbations of the system, typically sinusoidal probing signals, as opposed to random perturbations
used in two-point estimators. The estimated gradient is then used to drive the system along a descent flow
towards an extremum. ES shares a close connection with zeroth-order optimization: it can be interpreted as
the continuous-time counterpart of single-point ZO methods [14]. Recent works have begun to extend ES to
constrained optimization settings [24, 13], though its relationship to ZO approaches in this regime remains
an open direction for future study.

Finally, Bayesian optimization (BO) represents another major branch of derivative-free optimization (see,
e.g., [20, 26, 1]). BO adopts a fundamentally different philosophy: it constructs global probabilistic surro-
gate models (typically Gaussian processes) and leverages acquisition functions to trade off exploration and
exploitation. BO is particularly well-suited for low- to medium-dimensional problems where function eval-
uations are costly, whereas ZO methods are more appropriate in high-dimensional regimes with relatively
inexpensive evaluations.

B PROOF OF THEOREM 1

Proof of Theorem 1. From Taylor’s expansion and Assumption 3 we know that

yt+1 − yt = Jh(xt)(xt+1 − xt) + ϵt,

where

∥ϵt∥ ≤ M∥xt+1 − xt∥2 ≤
Lemma 1

M

(
nLf +

64nLh(nLfLh + ∥K∥H)

L2
h

)
︸ ︷︷ ︸

:=C1

η2t .

We define an auxiliary variable λ⋆
t := −

(
Jh(xt)J̃h(xt)

⊤
)−1 (

Jh(xt)∇̃f(xt)−Kh(xt)
)

, and hence

yt+1 − yt = Jh(xt)(xt+1 − xt) + ϵt

= −ηtJh(xt)
(
∇̃f(xt) + J̃h(xt)

⊤λt

)
+ ϵt

= −ηtJh(xt)
(
∇̃f(xt) + J̃h(xt)

⊤λ⋆
t

)
+ ηtJh(xt)J̃h(xt)

⊤(λ⋆
t − λt) + ϵt

= −ηt

(
Jh(xt)∇̃f(xt)− Jh(xt)J̃(xt)

⊤
(
Jh(xt)J̃(xt)

⊤
)−1

(∇̃f(xt) +Kh(xt))

)
+ ηt Jh(xt)J̃h(xt)

⊤(λ⋆
t − λt)︸ ︷︷ ︸

:=∆t

+ϵt

= −ηtKyt + ηt∆t + ϵt

=⇒ ∥yt+1∥ ≤ (1− ηtλmin(K))∥yt∥+ ηt∥∆t∥+ C1η
2
t

Further, from Lemma 2, we have that

∥∆t∥ ≤ C2r
2
2, where C2 = nR

(
Lf +

64Lh(nLfLh + ∥K∥H)

L2
h

)
Thus we get that

∥yt+1∥ ≤ (1− ηtλmin(K))∥yt∥+ ηtC2r
2
2 + C1η

2
t

=⇒ ∥yt∥ ≤
t−1∏
s=0

(1− ηsλmin(K))∥y0∥+ C2r
2
2

t−1∑
s=0

t−1∏
τ=s+1

(1− ητλmin(K))ηs + C1

t−1∑
s=0

t−1∏
τ=s+1

(1− ητλmin(K))η2s

In particular, if ηt is set to a constant ηt = η, we have

∥yt∥ ≤ (1− ηλmin(K))t∥y0∥+ C2r
2
2

t−1∑
s=0

(1− ηλmin(K))sη + C1η
2
t−1∑
s=0

(1− ηλmin(K))2

≤ (1− ηλmin(K))t∥y0∥+
C2r

2
2

λmin(K)
+

C1η

λmin(K)
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If ηt = η√
t+1

, then we have that

∥yt∥ ≤
t−1∏
s=0

(
1− ηλmin(K)√

s+ 1

)
∥y0∥+ C2r

2
2

t−1∑
s=0

t−1∏
τ=s+1

(
1− ηλmin(K)√

τ + 1

)
η√
s+ 1

+ C1

t−1∑
s=0

t−1∏
τ=s+1

(
1− ηλmin(K)√

τ + 1

)
η2

s

≤
Lemma 7

e−ηλmin(K)(
√
t−1)∥y0∥+ C2r

2
2ηe

−η
√
t

t∑
s=1

eηλmin(K)
√
s 1√

s
+ C1η

2e−ηλmin(K)
√
t

t∑
s=1

eηλmin(K)
√
s 1

s

≤
Lemma 8, 9

e−ηλmin(K)(
√
t−1)∥y0∥+

2eC2r
2
2

λmin(K)
+

C1ηe
2−η

√
t

λmin(K)
+

2eC1η

λmin(K)
√
t+ 1

B.1 BOUNDING ∥xt+1 − xt∥

Lemma 1. In Algorithm 1 we have that given

TB ≥ 32

(
m log

(
192 · n · L2

h

L2
h

)
+ log

(
TG

δ

))
∼ O

(
m

(
log(n) + log

(
Lh

Lh

))
+ log

(
TG

δ

))
and

r1 ≤ Lh

8
√
2LhR

, r2 ≤ Lh

8
√
2nLhR

then with probability at least 1− δ,

∥xt+1 − xt∥ ≤ ηt

(
nLf +

64nLh(LfLh + ∥K∥H)

L2
h

)
holds for all t = 1, 2, . . . , TG

Proof. From Assumption 2 and the Cauchy mean value theorem

|f(xt + r1ui)− f(xt − r1ui)| ≤ 2r1∇f(xt + r̃1ui)
⊤ui ≤ 2r1Lf ,

=⇒ ∥∇̃f(xt)∥ ≤ nLf .

Similarly, from Cauchy mean value inequality we have that

∥J̃(xt)∥ ≤ nLh, ∥Gf∥ ≤ nLfLh.

Further, from Lemma 5, when

r1 ≤ Lh

8
√
2LhR

, r2 ≤ Lh

8
√

2nLhR
,

we have that

σmin(Gh) ≥
L2
h

64
.

Thus

∥λt∥ = ∥G−1
h (Gf −Kh(xt))∥ ≤ 64(LfLh + ∥K∥H)

L2
h

Finally

∥xt+1 − xt∥ ≤ ηt(∥∇̃f(x)∥+ ∥J̃h(xt)∥∥λt∥)

≤ ηt

(
nLf +

64nLh(nLfLh + ∥K∥H)

L2
h

)
,

which completes the proof.

15



810
811
812
813
814
815
816
817
818
819
820
821
822
823
824
825
826
827
828
829
830
831
832
833
834
835
836
837
838
839
840
841
842
843
844
845
846
847
848
849
850
851
852
853
854
855
856
857
858
859
860
861
862
863

Lemma 2. We define an auxiliary variable λ⋆
t := −

(
Jh(xt)J̃h(xt)

⊤
)−1 (

Jh(x)∇̃f(x)−Kh(x)
)

. Under
the conditions as stated in Lemma 1, we have that

∥Jh(xt)J̃h(xt)
⊤(λ⋆

t − λt)∥ ≤ nR

(
Lf +

64Lh(LfLh + ∥K∥H)

L2
h

)
r22

Proof. From Taylor’s expansion we have that

∥Gh − Jh(xt)J̃h(xt)
⊤∥ ≤ nLhRr22, ∥Gf − Jh(xt)∇̃f(xt)∥ ≤ nLfRr22, ∥Gf∥ ≤ nLfLh.

Further from Lemma 5 we have

∥G−1
h ∥ ≤ 64

L2
h

.

And thus

∥Jh(xt)J̃h(xt)
⊤(λ⋆

t − λt)∥
= ∥Jh(xt)∇̃f(xt)−Kh(xt) + Jh(xt)J̃h(xt)

⊤G−1
h (Gf −Kh(xt))∥

= ∥Jh(xt)∇̃f(xt)−Gf + (Gh − Jh(xt)J̃h(xt)
⊤)G−1

h (Gf −Kh(x))∥
≤ ∥Jh(xt)∇̃f(xt)−Gf∥+ ∥Gh − Jh(xt)J̃h(xt)

⊤∥∥G−1
h ∥(∥Gf∥+ ∥K∥H)

≤ nLfRr22 + nLhRr22
64

L2
h

(LfLh + ∥K∥H)

= nR

(
Lf +

64Lh(nLfLh + ∥K∥H)

L2
h

)
r22

C PROOF OF THEOREM 2

Proof of Theorem 2. The proof follows a similar structure as the proof of Theorem 1, with some substantial
changes. From Taylor’s expansion and Assumption 3 we know that

yt+1 − yt = Jh(xt)(xt+1 − xt) + ϵt,

where

∥ϵt∥ ≤ M∥xt+1 − xt∥2 ≤
Lemma 3

M

(
nLf +

64nLh(LfLh + ∥K∥H)

L2
h

)
︸ ︷︷ ︸

:=C1

η2t .

We define auxiliary variable λ⋆
t , s

⋆ such that it satisfies the following sets of conditions(
Jh(xt)J̃h(xt)

⊤
)
λ⋆
t +

(
Jh(x)∇̃f(x)−Kh(x)

)
= s⋆, λ⋆

t ≥ 0, s⋆ ≥ 0, (λ⋆
t )

⊤s⋆ = 0 (20)

and hence

yt+1 − yt = Jh(xt)(xt+1 − xt) + ϵt

= −ηtJh(xt)
(
∇̃f(xt) + J̃h(xt)

⊤λt

)
+ ϵt

= −ηtJh(xt)
(
∇̃f(xt) + J̃h(xt)

⊤λ⋆
t

)
+ ηt Jh(xt)J̃h(xt)

⊤(λ⋆
t − λt)︸ ︷︷ ︸

:=∆t

+ϵt

= −ηt(Kh(xt) + s⋆) + ηt∆t + ϵt

= −ηtKyt − ηts⋆ + ηt∆t + ϵt

Since s⋆ ≥ 0, we have that

∥[yt+1]+∥ ≤ (1− ηtλmin(K))∥[yt]+∥+ ηt∥∆t∥+ C1η
2
t

16
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Further, from Lemma 4, we have that

∥∆t∥ ≤ C2r
2
2, where C2 = n2L

2

hR

(
4096nLh(LfLh + ∥K∥H)

L4
h

+
64Lf

L2
h

)
Thus the rest of the proof follows exactly the same derivation as the proof of Theorem 1, here we repeat as:

∥[yt+1]+∥ ≤ (1− ηtλmin(K))∥[yt]+∥+ ηtC2r
2
2 + C1η

2
t

=⇒ ∥[yt]+∥ ≤
t−1∏
s=0

(1− ηsλmin(K))∥[y0]+∥+ C2r
2
2

t−1∑
s=0

t−1∏
τ=s+1

(1− ητλmin(K))ηs + C1

t−1∑
s=0

t−1∏
τ=s+1

(1− ητλmin(K))η2s

In particular, if ηt is set to a constant ηt = η, we have

∥[yt]+∥ ≤ (1− ηλmin(K))t∥[y0]+∥+ C2r
2
2

t−1∑
s=0

(1− ηλmin(K))sη + C1η
2
t−1∑
s=0

(1− ηλmin(K))2

≤ (1− ηλmin(K))t∥[y0]+∥+
C2r

2
2

λmin(K)
+

C1η

λmin(K)

If ηt = η√
t+1

, then we have that

∥[yt]+∥ ≤
t−1∏
s=0

(
1− ηλmin(K)√

s+ 1

)
∥[y0]+∥+ C2r

2
2

t−1∑
s=0

t−1∏
τ=s+1

(
1− ηλmin(K)√

τ + 1

)
η√
s+ 1

+ C1

t−1∑
s=0

t−1∏
τ=s+1

(
1− ηλmin(K)√

τ + 1

)
η2

s

≤
Lemma 7

e−ηλmin(K)(
√
t−1)∥[y0]+∥+ C2r

2
2ηe

−η
√
t

t∑
s=1

eηλmin(K)
√
s 1√

s
+ C1η

2e−ηλmin(K)
√
t

t∑
s=1

eηλmin(K)
√
s 1

s

≤
Lemma 8, 9

e−ηλmin(K)(
√
t−1)∥[y0]+∥+

2eC2r
2
2

λmin(K)
+

C1ηe
2−η

√
t

λmin(K)
+

2eC1η

λmin(K)
√
t+ 1

C.1 BOUNDING ∥xt+1 − xt∥

Lemma 3. In Algorithm 1 we have that given

TB ≥ 32

(
m log

(
192 · n · L2

h

L2
h

)
+ log

(
TG

δ

))
∼ O

(
m

(
log(n) + log

(
Lh

Lh

))
+ log

(
TG

δ

))
and

r1 ≤ Lh

8
√
2LhR

, r2 ≤ Lh

8
√
2nLhR

then with probability at least 1− δ,

∥xt+1 − xt∥ ≤ ηt

(
nLf +

64nLh(LfLh + ∥K∥H)

L2
h

)
holds for all t = 1, 2, . . . , TG

Proof. From Assumption 2 and the Cauchy mean value theorem

|f(xt + r1ui)− f(xt − r1ui)| ≤ 2r1∇f(xt + r̃1ui)
⊤ui ≤ 2r1Lf ,

=⇒ ∥∇̃f(xt)∥ ≤ nLf .

17



918
919
920
921
922
923
924
925
926
927
928
929
930
931
932
933
934
935
936
937
938
939
940
941
942
943
944
945
946
947
948
949
950
951
952
953
954
955
956
957
958
959
960
961
962
963
964
965
966
967
968
969
970
971

Similarly, from Cauchy mean value inequality we have that

∥J̃(xt)∥ ≤ nLh, ∥Gf∥ ≤ LfLh.

Further, from Lemma 5, when

r1 ≤ Lh

8
√
2LhR

, r2 ≤ Lh

8
√

2nLhR
,

we have that

σmin(Gh) ≥
L2
h

64
.

Also, note that λt is given by the following sets of equations

Ghλt +Gf = Kh(xt) + s, λt ≥ 0, s ≥ 0, λ⊤
t s = 0.

Thus let the index set I be I := {i : si = 0}, then we have that

[λt]Ic = 0

[Gh]II [λt]I + [Gh −Kh(xt)]I = 0.

Thus

∥λt∥ =
∥∥[Gh]

−1
II [Gf −Kh(xt)]I

∥∥
From Cauchy’s Interlacing Theorem we get that

σmin([Gh]II) ≥
L2
h

64

Thus

∥λt∥ ≤ 64

L2
h

∥Gh −Kh(xt)∥ ≤ 64nLh(LfLh + ∥K∥H)

L2
h

Finally

∥xt+1 − xt∥ ≤ ηt(∥∇̃f(x)∥+ ∥J̃h(xt)∥∥λt∥)

≤ ηt

(
nLf +

64nLh(LfLh + ∥K∥H)

L2
h

)
,

which completes the proof.

Lemma 4. We define the auxiliary variable λ⋆
t as in equation 20. Under the conditions as stated in Lemma

3, we have that

∥Jh(xt)J̃h(xt)
⊤(λ⋆

t − λt)∥ ≤ n2L
2

hR

(
4096nLfL

2

h

L4
h

+
64Lf

L2
h

)
r22

Proof. Define

A = Jh(xt)J̃h(xt)
⊤, b = Jh(xt)∇̃f(xt)−Kh(x)

∆A = Gh − Jh(xt)J̃h(xt)
⊤, ∆b = Gf − Jh(xt)∇̃f(xt)

By Taylor’s expansion,

∥∆A∥ = ∥Gh − Jh(xt)J̃h(xt)
⊤∥ ≤ nLhRr22,

∥∆b∥ = ∥Gf − Jh(xt)∇̃f(xt)∥ ≤ nLfRr22,

∥Gf∥,∥Jh(xt)∇̃f(xt)∥ ≤ nLfLh.

For the sake of notational simplicity, in the proof we abbreviate λt, λ
⋆
t as λ, λ⋆. We define A(α), b(α) as

A(α) := A+ α∆A, B(α) = B + α∆B
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and define λ(α) to be the solution of

A(α)λ(α) + b(α) = s(α), λ(α) ≥ 0, s(α) ≥ 0, λ(α)⊤s(α) = 0 (21)

Then it is clear that λ = λ(1), λ⋆ = λ(0).

We can find a sequence of {αi} such that 0 = α0 < α1 < ... < αN = 1 such that with in each interval
α, α′ ∈ (αi, αi+1), λ(α) and λ(α′) shares exactly the same support, which we denote as Ii. And from
equation 21 we know that for any α ∈ [α1, α2], λ(α) can be written as follows:

[λ(α)]Ii
= [A(α)]−1

IiIi
b(α), [λ(α)]Ic

i
= 0

And thus we get

∥λ(αi+1)− λ(αi)∥ ≤ ∥[A(αi+1)]
−1
IiIi

b(αi+1)− [A(αi)]
−1
IiIi

b(αi)∥
≤ ∥A(αi+1)]

−1
IiIi

∥∥A(αi)]
−1
IiIi

∥A(αi+1)−A(αi)∥∥∥b(αi+1)∥+ ∥A(αi)]
−1
IiIi

∥∥b(αi+1)− b(αi)∥
= (αi+1 − αi)

(
∥A(αi+1)]

−1
IiIi

∥∥A(αi)]
−1
IiIi

∥∆A∥∥∥b(αi+1)∥+ ∥A(αi)]
−1
IiIi

∥∥∆b∥
)

≤ (αi+1 − αi)
(
Lh∥A(αi+1)]

−1
IiIi

∥∥A(αi)]
−1
IiIi

∥∥b(αi+1)∥+ Lf∥A(αi)]
−1
IiIi

∥
)
nRr22

Further, from Lemma 5 and Cauchy’s interlacing theorem (cf. [28]) we know that for any principal minor of
A(α) we have

∥[A(α)−1]II∥ ≤ 64

L2
h

, ∀α ∈ [0, 1]

and clearly

∥b(α)∥ ≤ nLfLh + ∥K∥H

And thus we get

∥λ(αi+1)− λ(αi)∥ ≤ (αi+1 − αi)

(
4096nLh(LfLh + ∥K∥H)

L4
h

+
64Lf

L2
h

)
nRr22

And thus

∥λ− λ⋆∥ = ∥λ(1)− λ(0)∥ ≤
(
4096nLh(LfLh + ∥K∥H)

L4
h

+
64Lf

L2
h

)
nRr22.

Thus

∥Jh(xt)J̃h(xt)
⊤(λ⋆

t − λt)∥ ≤ nL
2

h∥λ⋆
t − λt∥

≤ n2L
2

hR

(
4096nLh(LfLh + ∥K∥H)

L4
h

+
64Lf

L2
h

)
r22

D BOUNDING λmin(Jh(xt)J̃h(xt))

Lemma 5. In Algorithm 1, we have that given

TB ≥ 32

(
m log

(
192 · n · L2

h

L2
h

)
+ log

(
TG

δ

))
∼ O

(
m

(
log(n) + log

(
Lh

Lh

))
+ log

(
TG

δ

))
,

then with probability at least 1− δ

λmin(Jh(xt)J̃h(xt)
⊤) ≥ L2

h

32
− LhRr21

σmin(Gh) ≥
L2
h

32
− LhR(r21 + nr22).

for all t = 1, 2, . . . , TG
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Proof. From Taylor’s expansion and Assumption 3 we have that

J̃h(xt) =
n

TB

Tb∑
i=1

Jh(xt)uiu
⊤
i + ϵ(xt),

where ∥ϵ(xt)∥ ≤ Rr21 . Thus

Jh(xt)J̃h(xt)
⊤ =

n

TB

Tb∑
i=1

Jh(xt)uiu
⊤
i Jh(xt) + ϵ̃(xt), where ∥ϵ̃(xt)∥ ≤ LhRr21

Further, from Lemma 6 we have that when

TB ≥ 32

(
m log

(
192 · n · L2

h

L2
h

)
+ log

(
TG

δ

))
∼ O

(
m

(
log(n) + log

(
Lh

Lh

))
+ log

(
TG

δ

))
then with probability at least 1− δ

λmin

(
n

TB

TB∑
i=1

Jh(xt)uiu
⊤
i Jh(xt)

)
≥ L2

h

32
, ∀ t = 1, 2, . . . , TG

And thus

λmin(Jh(xt)J̃h(xt)
⊤) ≥ L2

h

32
− LhRr21

Further, from Taylor expansion, we have that

∥Gh − Jh(xt)J̃h(xt)
⊤∥ ≤ nLhRr22

and thus

σmin(Gh) ≥
L2
h

32
− LhR(r21 + nr22)

Proving Lemma 5 will need the following fundamental theorem that uses Small-ball condition to prove anti-
concentration:
Theorem 3 (Small-Ball Lower Bound on Minimum Eigenvalue on Empirical Covariance Matrix). Let
u1, . . . , uN ∈ Rn be i.i.d. random vectors. Suppose there exist constants τ > 0, p > 0, and K > 0
such that:

1. (Small-ball condition) For all z ∈ Sn−1:

P(|⟨ui, z⟩| ≥ τ) ≥ p.

2. For all z ∈ Sn−1:
|⟨ui, z⟩|2 ≤ K.

Then for any δ ∈ (0, 1), if:

N ≥ 8

p2

(
n log

(
24K

τ2p

)
+ log

(
1

δ

))
then with probability at least 1− δ,

λmin

(
1

N

N∑
i=1

uiu
⊤
i

)
≥ τ2p

4
.

Proof. Define:

S :=
1

N

N∑
i=1

uiu
⊤
i .
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Then for any z ∈ Sn−1:

z⊤Sz =
1

N

N∑
i=1

⟨ui, z⟩2.

Let Zi = ⟨ui, z⟩2. By assumption, P(Zi ≥ τ2) ≥ p. Define indicator variables Ai := I{Zi ≥ τ2}. Then
Ai ∼ Bernoulli(≥ p), and:

z⊤Sz ≥ τ2

N

N∑
i=1

Ai.

By the Chernoff bound, for all N ≥ 1,

P

(
N∑
i=1

Ai <
pN

2

)
≤ exp

(
−p2N

8

)
.

Thus, with probability at least 1− exp
(
−p2N

8

)
, for a fixed z,

z⊤Sz ≥ τ2p

2
.

Now construct an ϵ-net Nϵ ⊂ Sn−1 with |Nϵ| ≤ (3/ϵ)n. Using the union bound:

P
(
∃z ∈ Nϵ : z

⊤Sz <
τ2p

2

)
≤ (3/ϵ)n · exp

(
−p2N

8

)
.

To ensure the right hand side is ≤ δ, it suffices that:

N ≥ 8

p2

(
n log

(
3

ϵ

)
+ log

(
1

δ

))
.

To extend from the net to all z, note:

|z⊤Sz − ẑ⊤Sẑ| = |(z + ẑ)S(z − ẑ)| ≤ 2Kϵ

And thus choosing ϵ ∼ τ2p
8K ensures for all z ∈ Sn−1:

z⊤Sz ≥ τ2p

2
− 2K · ϵ ≥ τ2p

4
.

This concludes the proof.

The following lemma is an immediate corollary of Theorem 3.
Lemma 6. Given a fixed matrix A ∈ Rm×n, and random variables u1, u2, . . . , uN ∈ Rn where ui is sampled
i.i.d. from the unit sphere, we have that when

N ≥ 32

(
m log

(
192 · n · κ(AA⊤)

)
+ log

(
1

δ

))
∼ O

(
m(log(n) + log(κ(AA⊤)) + log

(
1

δ

))
.

where κ(AA⊤) := λmax(AA⊤)
λmin(AA⊤)

, then with probability at least 1− δ,

λmin

(
n

N

N∑
i=1

Auiu
⊤
i A

⊤

)
≥ λmin(AA⊤)

32

Proof. Define vi =
√
nAui. From the property of random uniform unit sphere vectors [30] we have that for

any z ∈ Rn,

P
(
|u⊤

i z| ≥
1

2
√
n
∥z∥
)

≥ 1/2
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Thus for any z′ ∈ Rm,

P
(
|v⊤i z′| ≥

1

2
σmin(A)∥z′∥

)
≥ P

(
|v⊤i z′| ≥

1

2
∥Az′∥

)
= P

(
|u⊤

i z| ≥
1

2
√
n
∥z∥
)

≥ 1/2

Thus, the vector vi’s satisfies Condition 1 in Theorem 3 with

τ =
σmin(A)

2
, p =

1

2
.

Further, given that ui ∈ Sn−1,

|v⊤i z′| =
√
n|u⊤

i A
⊤z′| ≤

√
n∥A∥.

Thus the vector vi’s satisfies Condition 2 in Theorem 3 with

K = n∥A∥2.
Directly applying Theorem 3 will finish the proof.

E AUXILIARIES

Lemma 7.
t−1∏
τ=s

(1− η√
τ + 1

) ≤ e−η(
√
t−

√
s+1)

Proof.
t−1∏
τ=s

(1− η√
τ + 1

) ≤
t−1∏
τ=s

e
− η√

τ+1 ≤ e
−η

∑t−1
τ=s

1√
τ+1 ≤ e−η(

√
t−

√
s+1)

Lemma 8.
t∑

s=1

eη
√
s 1√

s
≤ 2

η
2eη

√
t+1

Proof.
t∑

s=1

eη
√
s 1√

s
≤
∫ t+1

s=1

eη
√
s 1√

s
ds = 2

∫ t+1

s=1

eη
√
sd
√
s ≤ 2

η
eη

√
t+1

Lemma 9.
t∑

s=1

eη
√
s 1

s
≤ e2

η
+

2

η

1√
t+ 1

eη
√
t+1

Proof.
t∑

s=1

eη
√
s 1

s
≤
∫ t+1

s=1

eη
√
s 1

s
ds ≤ 2

∫ t+1

s=1

eη
√
s 1√

s
d
√
s

=

∫ √
t+1

x=1

1

x
eηxdx ≤

∫ 2
η

x=1

eηxdx+

∫ √
t+1

x= 2
η

1

x
eηxdx

≤
∫ 2

η

x=1

eηxdx+

∫ √
t+1

x= 2
η

(
2

x
− 2

ηx2

)
eηxdx ≤ e2

η
+

2

η

1√
t+ 1

eη
√
t+1
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