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Abstract

Policy gradient methods have recently been
shown to enjoy global convergence at a ©(1/t)
rate in the non-regularized tabular softmax setting.
Accordingly, one important research question is
whether this convergence rate can be further im-
proved, with only first-order updates. In this pa-
per, we answer the above question from the per-
spective of momentum by adapting the celebrated
Nesterov’s accelerated gradient (NAG) method
to reinforcement learning (RL), termed Acceler-
ated Policy Gradient (APG). To demonstrate the
potential of APG in achieving faster global con-
vergence, we start from the bandit setting and
formally show that with the true gradient, APG
with softmax policy parametrization converges to
an optimal policy at a O(1/t2) rate. To the best of
our knowledge, this is the first characterization of
the global convergence rate of NAG in the context
of RL. Notably, our analysis relies on one interest-
ing finding: Regardless of the initialization, APG
could end up reaching a locally-concave regime,
where APG could benefit significantly from the
momentum, within finite iterations. By means of
numerical validation, we confirm that APG ex-
hibits O(1/#2) rate in the bandit setting and still
preserves the O(1/t2) rate in various Markov de-
cision process instances, showing that APG could
significantly improve the convergence behavior
over the standard policy gradient.
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1. Introduction

Policy gradient (PG) is a fundamental technique utilized
in the field of reinforcement learning (RL) for policy op-
timization. It operates by directly optimizing the RL ob-
jectives to determine the optimal policy, employing first-
order derivatives similar to the gradient descent algorithm
in the conventional optimization problems. Notably, PG has
demonstrated empirical success (Mnih et al., 2016; Wang
et al., 2016; Silver et al., 2014; Lillicrap et al., 2016; Schul-
man et al., 2017; Espeholt et al., 2018) and is supported by
strong theoretical guarantees (Agarwal et al., 2021; Fazel
et al., 2018; Liu et al., 2020; Bhandari & Russo, 2019; Mei
et al., 2020; Wang et al., 2021; Mei et al., 2021; 2022; Xiao,
2022). In a recent study by (Mei et al., 2020), they character-
ized the convergence rate of ©(1/t) in the non-regularized
tabular softmax setting. This convergence behavior aligns
with that of the gradient descent algorithm for optimizing
convex functions, despite that the RL objectives lack convex
characteristics. Consequently, one critical open question
arises as to whether this ©(1/t) convergence rate can be fur-
ther improved solely with first-order updates. In the realm
of optimization, Nesterov’s Accelerated Gradient (NAG)
method, introduced by (Nesterov, 1983), is a first-order
method originally designed for convex functions in order
to improve the convergence rate to O(1/t?). Over the past
decades since its introduction, to the best of our knowledge,
NAG has never been formally analyzed or evaluated in the
context of RL for its global convergence, mainly due to the
non-concavity of the RL objective. Therefore, it is natu-
ral to ask the following research question: Could Nesterov
acceleration further improve the global convergence rate
beyond the ©(1/t) rate achieved by PG in RL?

To answer this question, this paper introduces Accelerated
Policy Gradient (APG), which utilizes Nesterov acceleration
to address the policy optimization problem of RL. Despite
the existing knowledge about the NAG methods from previ-
ous research (Beck & Teboulle, 2009a;b; Ghadimi & Lan,
2016; Krichene et al., 2015; Li & Lin, 2015; Su et al., 2014;
Muehlebach & Jordan, 2019; Carmon et al., 2018), there
remain several fundamental challenges in establishing the
global convergence in the context of RL: (i) NAG conver-
gence results under nonconvex problems: Although there
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is a plethora of theoretical works studying the convergence
of NAG under general nonconvex problems, these results
only establish convergence to a stationary point. Under
these conditions, we cannot determine global convergence
in RL. Furthermore, it is not possible to assess whether the
convergence rate improves beyond ©(1/t) based on these
results. (ii) The absence of monotonic improvement due to
Nesterov acceleration: Nesterov acceleration utilizes the
momentum to enhance the convergence rate. Nevertheless,
because of the presence of the momentum term, APG does
not guarantee monotonic improvement in every iteration.
This is a notable distinction from the standard PG, which
exhibits monotonic improvement and ensures the existence
of a limiting value function. Without monotonicity, the be-
havior of value functions in the limit remains uncertain. (iii)
Inherent characteristics of the momentum term: From an
analytical perspective, the momentum term demonstrates
intricate interactions with the previous updates. As a result,
accurately quantifying the specific impact of momentum
during the execution of APG poses a considerable challenge.
Moreover, despite the valuable insights provided by the non-
uniform Polyak-ELojasiewicz (PL) condition in the field of
RL proposed by (Mei et al., 2020), the complex influences
of the momentum term present a significant obstacle in de-
termining the convergence rate of APG. (iv) The nature of
the unbounded optimal parameter under softmax parameter-
ization: A crucial factor in characterizing the sub-optimality
gap in the theory of optimization is the norm of the distance
between the initial parameter and the optimal parameter
(Beck & Teboulle, 2009a;b; Jaggi, 2013; Ghadimi & Lan,
2016). However, in the case of softmax parameterization,
the parameter of the optimal action tends to approach infin-
ity. As a result, the norm involved in the sub-optimality gap
becomes infinite, thereby hindering the characterization of
the desired convergence rate.

Our Contributions. Despite the above challenges, we
present an affirmative answer to the research question de-
scribed above and provide the first characterization of the
global convergence rate of NAG in the context of RL. As
an important and highly non-trivial first step, we start from
the bandit setting (i.e., single-state MDPs), which serves
as a stylish setting subject to all the above technical chal-
lenges (i)-(iv), and establish that APG could achieve global
convergence at a rate of O(1/t?). Specifically, we present
useful insights and novel techniques to tackle the technical
challenges: Regarding (i), we show that the RL objective
enjoys local concavity in the proximity of the optimal policy,
despite its non-concave global landscape. To better illus-
trate this, we start by presenting a motivating two-action
bandit example, which demonstrates the local concavity
directly via the corresponding sigmoid-type characteristic.
Subsequently, we show that this intuitive argument could
be extended to the general multi-action case. Regarding (ii)

and (iii), we show that the locally-concave region is absorb-
ing in the sense that even with the effect of the momentum
term, the policy parameter could stay in the locally-concave
region indefinitely once it enters this region. This result
is obtained by carefully quantifying the cumulative effect
of each momentum term. Regarding (iv), we introduce
the concept of effective domain, which essentially captures
the growth rate of the norm of the policy parameters, and
thereby characterize the effective domain of APG.

We summarize the contributions of this paper as follows:

* We propose APG, which leverages the Nesterov’s mo-
mentum scheme to accelerate the convergence perfor-
mance of PG for RL.

* To demonstrate the potential of achieving fast global
convergence, we start from the bandit setting and for-
mally establish that APG enjoys a O(1/t2) convergence
rate under softmax policy parameterization'. To achieve
this, we present several novel insights into RL and APG,
including the local concavity property as well as the
absorbing behavior and the effective domain of APG.
Moreover, we further show that the derived rate for
APG is tight (up to a logarithmic factor) by providing a
Q(1/t?) lower bound of the sub-optimality gap.

* Through numerical validation on both bandit and MDP
problems, we confirm that APG exhibits O(1/t2) rate
and hence substantially improves the convergence be-
havior over the standard PG.

2. Related Work

Policy Gradient. Policy gradient (Sutton et al., 1999) is
a popular reinforcement learning technique that directly
optimizes the objective function by computing and using
the gradient of the expected return with respect to the pol-
icy parameters. It has several popular variants, such as
the REINFORCE algorithm (Williams, 1992), actor-critic
methods (Konda & Tsitsiklis, 1999), trust region policy op-
timization (TRPO) (Schulman et al., 2015), and proximal
policy optimization (PPO) (Schulman et al., 2017). Re-
cently, policy gradient methods have been shown to enjoy
global convergence. The global convergence of standard
policy gradient methods under various settings has been
proven by (Agarwal et al., 2021). Furthermore, (Mei et al.,
2020) characterizes a O(1/t) convergence rate of policy
gradient based on a Polyak-Lojasiewicz condition under the
non-regularized tabular softmax parameterization. More-
over, (Fazel et al., 2018; Liu et al., 2020; Wang et al., 2021;
Xiao, 2022) conduct theoretical analyses of several variants
of policy gradient methods under various policy parame-
terizations and establish the global convergence guarantees

"Note that this result does not contradict the (1/t) lower
bound of the sub-optimality gap of PG in (Mei et al., 2020). Please
refer to Section 6.2 for a detailed discussion.
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for these methods. In our work, we rigorously establish
the accelerated O(1/t?) convergence rate for the proposed
APG method under softmax parameterization.

Accelerated Gradient. Accelerated gradient methods (Nes-
terov, 1983; 2005; Beck & Teboulle, 2009b) play a piv-
otal role in the optimization literature due to their ability
to achieve faster convergence rates when compared to the
conventional gradient descent algorithm. Notably, in the
convex regimes, the accelerated gradient methods enjoy a
convergence rate as fast as O(1/t2), surpassing the limited
convergence rate O(1/t) offered by the gradient descent
algorithm. The superior convergence behavior could also be
characterized from the perspective of ordinary differential
equations (Su et al., 2014; Krichene et al., 2015; Muehle-
bach & Jordan, 2019). Additionally, in order to enhance the
performance of accelerated gradient methods, several vari-
ants have been proposed. For instance, (Beck & Teboulle,
2009a) proposes a variant of the proximal accelerated gra-
dient method which incorporates monotonicity to further
improve its efficiency. (Ghadimi & Lan, 2016) presents
a unified analytical framework for a family of accelerated
gradient methods that can be applied to solve convex, non-
convex, and stochastic optimization problems. Moreover,
(Li & Lin, 2015) proposes a monotone accelerated gradient
approach with sufficient descent, providing convergence
guarantees to stationary points for non-convex problems.
The above list of works is by no means exhaustive and
is only meant to provide a brief overview of the acceler-
ated gradient methods. Our paper introduces APG, a novel
approach that combines accelerated gradient methods and
policy gradient methods for RL. This integration enables a
substantial acceleration of the convergence rate compared
to the standard policy gradient method.

3. Preliminaries

Markov Decision Processes. For a finite set X', we use
A(X) to denote a probability simplex over X. We con-
sider that a finite Markov decision process (MDP) M =
(S, A, P,r,v,p) is determined by: (i) a finite state space
S, (ii) a finite action space A, (iii) a transition kernel
P :Sx A — A(S), determining the transition proba-
bility P(s’|s,a) from each state-action pair (s,a) to the
next state s’, (iv) a reward functionr : S x A — R, (v) a
discount factor vy € [0, 1), and (vi) an initial state distribu-
tion p € A(S). Given apolicy 7 : S — A(A), the value of
state s under 7 is defined as

V() = ]E{ifytr(st,at)

t=0

T, 80 = s} . (1)

The goal of the learner (or agent) is to search for a pol-
icy that maximizes the following objective function as
V7™ (p) == Es~p[V™(5)]. The Q-value (or action-value) and

the advantage function of 7 at (s, a) € S x A are defined as
Q" (s,a) ==r(s,a) + 7273(3’\8, a)V™(s') , )

AW(&a’) = Qﬂ(& a) - Vﬂ(8)7 3)

where the advantage function reflects the relative benefit
of taking the action a at state s under policy 7. The (dis-
counted) state visitation distribution of 7 is defined as

di (s)=(1—-7) Z’ytPr(st = s|so, ™, P), (4)
t=0
which reflects how frequently the learner would visit the
state s under policy 7. And we let d7 (s) == Es ., [dT ()]
be the expected state visitation distribution under the initial
state distribution p. Given p, there exists an optimal policy
7* such that

V™ (p) = V™ (p). (5)

max
T:S—A(A)

For ease of exposition, we denote V*(p) :== V7™ (p).

Although obtaining the true initial state distribution p in
practical problems is challenging, it is fortunate that this
challenge can be eased by considering other surrogate initial
state distribution g that are strictly positive for every state
5 € §. Notably, it can be demonstrated in the following the-
oretical proof that even in the absence of knowledge about
p, convergence guarantees for V*(p) can still be obtained
under the condition of strictly positive . Hence, we make
the following assumption, which has also been adopted by
(Agarwal et al., 2021) and (Mei et al., 2020).

Assumption 1. (Strict positivity of surrogate initial state
distribution). The surrogate initial state distribution satis-
Sies ming p(s) > 0.

Since S x A is finite, without loss of generality, we assume
that the one-step reward is bounded in the [0, 1] interval:
Assumption 2. (Bounded reward). r(s,a) € [0,1],Vs €

S,a €A

For simplicity, we assume that the optimal action is unique.
This assumption can be relaxed by considering the sum of
probabilities of all optimal actions in the theoretical results.

Assumption 3. (Unique optimal action). There is a unique
optimal action a™ for each state s € S.

Softmax Parameterization. For unconstrained § € RIS!IAl
the softmax parameterization of 6 is defined as 7y (-|s) =
softmax (0 .), where for all ¢ € A. We use the shorthand
for denoting the optimal policy 7* := 7y«, where 6™ is the
optimal policy parameter.

exp(fs,q)

. 6
Za/ cA eXp(es,a/ ) ©

mo(als) =
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Algorithm 1 Policy Gradient (PG) in (Mei et al., 2020)

Input: Learning rate = %, where L is the Lipschitz

constant of the objective function V™ (p).
Initialize: 6, (s, a) for all (s, a).
fort =1toT do

Or41 < 0 +0VoV™ (1) ot @)

end for

Policy Gradient. Policy gradient (Sutton et al., 1999) is
a policy search technique that involves defining a set of
policies parametrized by a finite-dimensional vector 6 and
searching for an optimal policy 7* by exploring the space of
parameters. This approach reduces the search for an optimal
policy to a search in the parameters space. In policy gradient
methods, the parameters are updated by the gradient of the
function f : 6 — V™ (u) that maps policy parameters
to the expected cumulative reward under an initial state
distribution p € A(S). The following Algorithm 1 presents
the pseudo code of PG provided by (Mei et al., 2020).

Nesterov’s Accelerated Gradient (NAG). Nesterov’s Ac-
celerated Gradient (NAG) (Nesterov, 1983) is an optimiza-
tion algorithm that utilizes a variant of momentum known
as Nesterov’s momentum to expedite the convergence rate.
Specifically, it computes an intermediate lookahead” esti-
mate of the gradient by evaluating the objective function at a
point slightly ahead of the current estimate. We provide the
pseudo code of NAG method as Algorithm 4 in Appendix A.

Notations. Throughout the paper, we use ||z|| to denote the
L5 norm of a real vector x.

4. Methodology

In this section, we present our proposed algorithm, Accel-
erated Policy Gradient (APG), which integrates Nesterov
acceleration with gradient-based reinforcement learning al-
gorithms. In Section 4.1, we introduce our central algorithm,
APG. Subsequently, in Section 4.2, we provide a motivating
example in the bandit setting to illustrate the convergence
behavior of APG. Additionally, in Section 4.3, we under-
line the main technical challenges involved in our analysis,
particularly the absence of monotonic improvement that is
typically observed in standard policy gradient methods.

4.1. Accelerated Policy Gradient

We propose Accelerated Policy Gradient (APG) and present
the pseudo code of our algorithm in Algorithm 2. Our al-
gorithm design draws inspiration from the renowned and
elegant Nesterov’s accelerated gradient updates as intro-

duced in (Su et al., 2014). For the sake of comparison, we
include the pseudo code of the approach in (Su et al., 2014)
as Algorithm 4 in Appendix A. We adapt these updates to
the reinforcement learning objective, specifically V™ (u).
It is important to note that we will specify the learning rate
n® in Lemma 2, as presented in Section 5.

In Algorithm 2, the gradient update is performed in (8).
Following this, (9) calculates the momentum for our param-
eters, which represents a fundamental technique employed
in accelerated gradient methods. It is worth noting that in
(8), the gradient is computed with respect to w*~1), which
is the parameter that the momentum brings us to, rather than
0®) itself. This distinction sets apart (8) from the standard
policy gradient updates (Algorithm 1).

Algorithm 2 Accelerated Policy Gradient (APG)
Input: Learning rate n®) > 0.
Initialize: 0(©) e RISIAI 7(0) =0, (,(0) = (0,
fort =1to T do

1) =1 4 n(t)VGV"G (1) - ®)
t—1

®)  g®) et _ gt=1) 9

“ i3 ) ©

end for

4.2. A Motivating Example of APG

Prior to the exposition of convergence analysis, we aim to
provide further insights into why APG has the potential to
attain a convergence rate of O(l /%), especially under the
intricate non-concave objectives in reinforcement learning.

Consider a simple two-action bandit with actions a*, az and
reward function r(a*) = 1,7(az) = 0. Accordingly, the
objective we aim to optimize is Eqr, [7(a)] = m9(a*). By
deriving the Hessian matrix with respect to our policy pa-
rameters 6,- and 0,,, we could characterize the curvature of
the objective function around the current policy parameters,
which provides useful insights into its local concavity. Upon
analyzing the Hessian matrix, we observe that it exhibits
concavity when mg(a*) > 0.5. The detailed derivation is
provided in Appendix E. The aforementioned observation
implies that the objective function demonstrates local con-
cavity when mp(a*) > 0.5. Since 7*(a*) = 1, it follows
that the objective function exhibits local concavity for the
optimal policy 7*. As a result, if one initializes the policy
with a high probability assigned to the optimal action a*,
then the policy would directly fall in the locally concave
part of the objective function. This allows us to apply the
theoretical findings from the existing convergence rate of
NAG in (Nesterov, 1983), which has demonstrated conver-
gence rates of O(1/t?) for convex problems. Based on this
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insight, we establish the global convergence rate of APG in
the general multi-action bandit setting in Section 5.

4.3. Non-Monotonic Improvement Under APG

In this subsection, we illustrate the difficulties involved in an-
alyzing the convergence of APG, compared to the standard
policy gradient methods through a numerical experiment.
In contrast to the standard policy gradient (PG) method,
which exhibits monotonic improvement, Accelerated Policy
Gradient (APG) could experience non-monotonic progress
as a result of the momentum term, which could lead to
negative performance changes. To further demonstrate this
phenomenon, we conduct a 3-action bandit experiment with
a highly sub-optimal initialization, where the weight of the
optimal action of the initial policy is extremely small. The
detailed configuration is provided in Appendix E. As shown
in Figure 1, the one-step improvement becomes negative
around epoch 180 and provides nearly zero improvement
after that point. Notably, the asymptotic global convergence
of the standard PG is largely built on the monotonic improve-
ment property, as shown in (Agarwal et al., 2021). With that
said, the absence of monotonic improvement in APG poses
a fundamental challenge in analyzing and achieving global
convergence to an optimal policy.

One-Step Improvement

V(t+1l) - V(1)

o 1 2 3 4 5
Time Steps ez

Figure 1. The one-step improvement of APG on a three-action
bandit problem.

5. Convergence Analysis

In this section, we take an important first step towards un-
derstanding the convergence behavior of APG and discuss
the theoretical results of APG in the bandit setting under
softmax parameterization. In the subsequent analysis, we
assume that Assumption 1, 2, 3 are satisfied. Due to the
space limit, we defer the proofs of the following theorems
to Appendix C, D.

5.1. Asymptotic Convergence of APG

In this subsection, we will formally present the asymptotic
convergence result of APG. This necessitates addressing
several key challenges outlined in the introduction section.
We highlight the features in our analysis as follows:

(C1) Lack of monotonic improvement under APG: Re-
call from Section 4.3 that APG is not guaranteed to achieve
monotonic improvement in each iteration due to the mo-
mentum. This is one salient difference from the stan-
dard PG, which inherently enjoys strict improvement and
hence the existence of the limiting value functions (i.e.,
lim; o V76 (s)) by Monotone Convergence Theorem
(Agarwal et al., 2021). Without monotonicity, it remains un-
known if the limiting value functions even exist. To establish
the existence of the limiting value function, we demonstrate
that the value will always converge to the reward of one of
the arms, even in the scenario where monotonic improve-
ment is lacking. Please see refer to Lemma 10 for further
details.

(C2) The existing results of first-order stationary points
under NAG are not directly applicable: Note that the
asymptotic convergence of standard PG is built on the stan-
dard convergence result of gradient descent for non-convex
problems (i.e., convergence to a first-order stationary point),
as shown in (Agarwal et al., 2021). While it appears natu-
ral to follow the same approach for APG, one fundamental
challenge is that the existing results of NAG for non-convex
problems hold under the assumption of a bounded domain
(e.g., see Theorem 2 of (Ghadimi & Lan, 2016)), which does
not hold under the softmax parameterization in RL as the
domain of the policy parameters and the optimal 6 could be
unbounded. This is yet another salient difference between
APG and PG. To address the issue of possibly unbounded
domain , we need to characterize the effective domain, by
considering the maximum growth rate of ||f| under APG.
Please refer to Appendix B.2 for more comprehensive infor-
mation.

(C3) Characterization of the cumulative effect of each
momentum term: Based on (C1), even if the limiting value
functions exist, another crucial obstacle is to precisely quan-
tify the memory effect of the momentum term on the policy’s
overall evolution. To address this challenge, we thoroughly
examine the cumulation of the gradient and momentum
terms, as well as the APG updates, to offer an accurate
characterization of the momentum’s memory effect on the
policy.

Despite the above, we are still able to tackle all the three
challenges and establish the asymptotic global convergence
of APG as follows. Recall that optimal objective is defined

by (5).

Theorem 1. (Global convergence under softmax param-
eterization) Consider a tabular softmax parameterized

policy mp. Under APG with n*) = H—Ll . %, we have

v (s) = V*(s)ast — oo, forall s € S.

The complete proof is provided in Appendix C. Specifically,
we address the challenge (C1) in Appendix C.1, (C2) in
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Appendix B.2, and (C3) in Appendix B.1 and C.2-C.3.

Remark 1. Note that Theorem 1 suggests the use of a time-
varying learning rate 7(*). This choice is related to one
inherent issue of NAG: the choices of learning rate are typi-
cally different for the convex and the non-convex problems
(e.g., (Ghadimi & Lan, 2016)). Recall from Section 4.2 that
the RL objective could be locally concave around the opti-
mal policy despite its non-concavity of the global landscape.
To enable the use of the same learning rate scheme through-
out the whole training process, we find that incorporating
the ratio ¢/(¢ + 1) could achieve the best of both world.

5.2. Convergence Rate of APG

In this subsection, we leverage the asymptotic convergence
of APG and proceed to characterize the convergence rate of
APG in the bandit setting under softmax parameterization.
In this case, (1) reduces to maximizing the expected reward
Eqmm,[r(a)] = 7 7.

Recall from Section 4.2, the objective function E, ., [r(a)]
can exhibit local concavity. In order to attain this regime
of local concavity, we establish the sufficient condition in
Lemma 1.

Lemma 1. (Local Concavity; Informal). The function
0 — 7r9Tr is concave if Oy« — 0, > § for some § > 0, for
all a # a*.

The information regarding the time-independent constant §
mentioned in Lemma 1 is provided in Appendix D.

Remark 2. In simpler terms, Lemma 1 states that when
the action probability of the optimal action a* significantly
outweighs the probability of the other actions, the objective
function in the bandit setting enters a region of local con-
cavity. It is crucial to emphasize that this lemma provides
a sufficient condition for the objective function to demon-
strate the local concavity. This condition is not specific to
APG and can actually be applicable to other algorithms or
scenarios as well.

After deriving Lemma 1, our goal is to investigate whether
APG can reach the local concavity regime within a fi-
nite number of time steps. To address this, we establish
Lemma 2, which guarantees the existence of a finite time
T such that our policy will indeed achieve local concavity
through the APG updates and remain within this region
without exiting.

Lemma 2. Consider a tabular softmax parameterized pol-
icy mg. Under APG with (") = e %, given any § > 0,
there exists a finite time T" such that for all t > T, we have

Oux — 04 > 0, forall a # a*.

In the proof of Lemma 2, it is crucial to require that the
partial derivative is nonnegative for the optimal action and
nonpositive for the sub-optimal action within finite time.

This demands that our value function does not converge be-
low any sub-optimal reward in the bandit setting. Therefore,
we introduce Lemma 3 to assure that the optimal action
parameter increases before our value function surpasses
sub-optimal rewards.

Lemma 3. Under APG, we have inf;>g Wét) (a*) > 0.

Remark 3. While (Mei et al., 2020) presents a similar
argument to Lemma 3, it is crucial to highlight that the ap-
plication and utilization of this argument vary between our
proof and theirs. In their proof, they establish a lower bound
on the one-step improvement using the PL condition and
take the telescoping sum over multiple time steps, necessitat-
ing the characterization of the infimum of the probability of
the optimal action over time. However, due to the intrinsic
behavior of momentum in our approach, we are not allowed
to characterize the improvement in the same manner as they
do. Instead, we utilize this result to ensure that our policy
can satisfy Lemma 2 and attain local concavity. This allows
us to establish the convergence properties of our approach.

With the results of Lemma 1, 2 and 3, we are able to establish
the main result in the bandit setting for APG under softmax
parameterization, which is an O(1/t?) convergence rate.

Theorem 2. Consider a tabular softmax parameterized
policy mg. Under APG with 'V = - L there exists a
finite time T' such that for allt > T, we have:
|A[-1

t+1

« () T.
(v -m’) r< G—T)P+ A -1
102 +7) (00 +2(t — 7))
+ t(t+1) '

(10)

(11)

Remark 4. It is important to note that the logarithmic factor
in the sub-optimality gap is a consequence of the unbounded
nature of the optimal parameter in softmax parameterization.
Furthermore, the finite time 7" mentioned in Theorem 2 guar-
antees that the policy enters the local concavity regime as
established in Lemma 2. Therefore, for a concave function,
we could utilize the O(1/t?) results of the original NAG.

5.3. Lower Bounds

In this subsection, we further present a lower bound of sub-
optimality gap for APG as follows.

Theorem 3. Consider a simple two-armed bandit with ac-
tions a*, ag, reward function r(a*) = 1,r(az) = 0, and

o . 0 0 .
initial policy parameters 00 = 9((12) = 0. Under APG with

a* T
t

n®) = e %,for allt > 0, we have:

(n* fﬂgﬂ)Tr: QL) (12)
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Figure 2. A comparison between the performance of APG and PG under a 3-armed bandit with uniform initialization 09 = [0,0,0])

and hard initialization (0(0) = [1, 3, 5] and hence the optimal action has the smallest initial probability): (a)-(b) show the sub-optimality
gaps of APG and PG under uniform and hard initializations, respectively; (c)-(d) show the one-step improvements of APG from the

: ®»7 CH I
momentum (i.e., mo,” 7 — 7y~ 7) and the gradient (i.e., 7

The above lower bound indicates that the O(1/t?) conver-
gence rate of APG in Theorem 2 is actually tight up to a
logarithmic factor.

Remark 5. Notably, Theorem 3 suggests that the lower
bound (1/t?) of APG holds for some MDPs (and not
necessarily for all MDPs). This result is in essence different
from the lower bound of PG in (Mei et al., 2020), which
shows that the lower bound Q(1/t) of PG holds for any
MDP. On the other hand, as the lower bound in Theorem
3 focuses on APG, one interesting research question is to
explore whether there exists any first-order method that
could achieve a convergence rate beyond O(1/t%) under
softmax policies.

6. Discussions
6.1. Numerical Validation of the Convergence Rates

In this subsection, we empirically validate the conver-
gence rate of APG by conducting experiments on a 3-
armed bandit as well as an MDP with 5 states and 5
actions. The detailed configuration is provided in Ap-

pendix E. Codes are available at https://github.

com/NYCU-RL-Bandits—-Lab/APG.

(Bandit) To validate the convergence rate of both APG
and PG, we first conduct a 3-armed bandit experiment with
both a uniform initialization (9(*) = [0, 0,0]) and a hard
initialization (§(®) = [1,3,5] and hence the optimal ac-
tion has the smallest initial probability). First, upon plot-
ting the sub-optimality gaps of PG and APG under uni-
forma initialization on a log-log graph in Figure 2(a), we
observe that they exhibit a slope of approximately 1 and
2, respectively, matching the convergence rate of O(1/t)
and O(1/t?) shown in Theorem 2. Under the hard initial-
ization, Figure 2(b) shows that APG could escape from
sub-optimality much faster than PG and thereby enjoys fast
convergence. Moreover, Figure 2(c)-2(d) further show that

:
t+1
g

T
— r) under uniform and hard initializations, respectively.

the momentum term in APG does contribute substantially
in terms of policy improvement, under both initializations.

(MDP) We proceed to validate the convergence rate on
an MDP with 5 states and 5 actions: (i) Uniform initial-
ization: The training curves of value functions and sub-
optimality gap for both APG and PG are depicted in Fig-
ure 3. As shown by the log-log graph in Figure 3(a), the
sub-optimality gap curve of APG exhibits a remarkable
alignment with the O(1/t?) curve. Moreover, Figures 3(b)
and 3(c) present the training curves of the value functions
for APG and PG. Notably, the scale of the required train-
ing steps in Figure 3(b) is considerably smaller than that
of Figure 3(c), highlighting the significantly faster conver-
gence of APG compared to PG. 3(d) further confirms that
the momentum term in APG still contributes substantially in
terms of policy improvement in the MDP case. The above
observations demonstrate the potential and efficacy of the
Nesterov acceleration employed in Algorithm 2. (ii) Hard
initialization: We also evaluate APG and PG under a hard
policy initialization. Figure 4 shows that APG could still
escape from sub-optimality much faster than PG in the MDP
case. This further showcases APG’s superiority over PG.

6.2. Lower Bounds of Policy Gradient

Regarding the fundamental capability of PG, (Mei et al.,
2020) has presented a lower bound of sub-optimality gap
for PG. For ease of exposition, we restate the theorem in
(Mei et al., 2020) as follows.

Theorem 4. (Lower bound of sub-optimality gap for PG
in Theorem 10 of (Mei et al., 2020)). Take any MDP. For
large enough t > 1, using Algorithm 1 with n € (0, 1],

£y 2 U220

where A* := mingegs gzq+ () {Q*(5,a%(s)) — Q*(s,a)} >
0 is the optimal value gap of the MDP.

(13)
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Figure 3. A comparison between the performance of APG and PG under an MDP with 5 states, 5 actions, and uniform policy initialization:
(a) shows the sub-optimality gap of APG and PG via a log-log plot; (b)-(c) show the per-state value functions of APG and PG (and the

(t) (t)
optimal objective value V*(p) & 9.41); (d) presents the one-step improvement of APG from the momentum (i.e., V"“’t (p) — V“ef ()

1)

. . (t+ ()
and the gradient (i.e., Ve " (p) — V™ (p)).
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Figure 4. A comparison between the performance of APG and PG under an MDP with 5 states, 5 actions, and a hard policy initialization
(and the detailed captions of (a)-(d) exactly follow those in Figures 3(a)-3(d)).

Recall that PG has been shown to have a O(1/t) conver-
gence rate (Mei et al., 2020). Therefore, Theorem 4 indi-
cates that the O(1/t) convergence rate achievable by PG
cannot be further improved.

On the other hand, despite the lower bound shown in The-
orem 4 by (Mei et al., 2020), our results of APG do not
contradict theirs. Specifically, while both APG and PG are
first-order methods that rely solely on first-order derivatives
for updates, it is crucial to highlight that APG encompasses
a broader class of policy updates with the help of the mo-
mentum term in Nesterov acceleration. This allows APG to
utilize the gradient with respect to parameters that PG can-
not attain. As a result, APG exhibits improved convergence
behavior compared to PG. Our findings extend beyond the
scope of PG, demonstrating the advantages of APG in terms
of convergence rate and overall performance.

6.3. Challenges of Convergence Analysis of APG for the
General MDPs

Notably, our analysis in Section 5 paves the way towards
characterizing the convergence rate of APG for general

MDPs. We expect that the key steps and challenges include:
(1) Showing that the limiting value functions exist: This
could be done via showing convergence to stationary points,
under a good characterization of the effective domain of
APG. (ii) Establishing the asymptotic convergence for the
MDP case: With (i), this could be achieved by reusing the
arguments in Appendices C.2-C.3. (iii) Establishing the
convergence rate for the MDP case: With (ii), this could be
achieved by extending the local concavity to the Q-functions.
That said, the challenge lies in that the ordering of the Q-
values could vary continuously during learning.

7. Concluding Remarks

The Nesterov’s Accelerated Gradient method, proposed in
the optimization literature almost four decades ago, pro-
vides a powerful first-order scheme for fast convergence
under a broad class of optimization problems. Over the
past decades since its introduction, NAG has never been
formally analyzed or evaluated in the context of RL for
its global convergence, mainly due to the non-concavity of
the RL objective. In this paper, we propose APG and take
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an important first step towards understanding NAG in RL.
We rigorously show that APG can converge to a globally
optimal policy at a O(1/t?) rate in the multi-action bandit
setting. This demonstrates the potential of APG in attaining
fast convergence in RL.

On the other hand, our work also leaves open several inter-
esting research questions: (i) Given the convergence rate in
the bandit setting, one important future work would be to
extend the result in Section 5 to the MDP case. (ii) Given
that our convergence rate is tight up to a logarithmic factor,
it remains open whether this limitation could be addressed
by closing this logarithmic gap. (iii) As this paper mainly
focuses on the exact gradient setting, another promising
research direction is to extend our results of APG to the
stochastic gradient setting, where the advantage function as
well as the gradient are estimated from sampled transitions.
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Appendix
A. Supporting Algorithm

For ease of exposition, we restate the accelerated gradient algorithm stated in (Ghadimi & Lan, 2016) as follows. Note that
we’ve made several revisions so that one could easily compare Algorithm 2 and Algorithm 3: (i) We have exchanged the
positions of the superscript and subscript. (ii) We’ve replaced the original gradient symbol with the gradient of our objective
(i.e. VgV'™ (u)). (iii) We’ve replaced the time variable & with ¢. (iv) We’ve changed the algorithm into ascent algorithm (i.e.
the sign in (15) and (16) is plus instead of minus.)

Algorithm 3 The Accelerated Policy Gradient (APG) Algorithm Revised From (Ghadimi & Lan, 2016)
Input: ) € R”, {a®} s.t. oY = 1and a® € (0,1) forany t > 2, {8® > 0}, and {A\®) > 0}.
0. Set the initial points 9,(1(2,) =00 and t = 1.

1. Set

0, = (1 — a®)glD) 4 al0g-D), (14)

2. Compute V\I’(Gg)d) and set

G(t) _ e(tfl) + )\(t)v(_)vﬂ'e (M)‘ ICR (1)
=04
0 =0+ 40TV, "

md

3.Sett < ¢4 1and gotostep 1.

Lemma 4. (Equivalence between Algorithm 2 and Algorithm 3) Using Algorithm 2 and setting oD\ = 1) gnd

a®) = t%,Vt > 1 leads to Algorithm 3 where n® = 31,

Remark 6. Lemma 4 shows that our Algorithm 2 is equivalent to Algorithm 3 so that one can leverage the theoretical result
stated in (Ghadimi & Lan, 2016) and adopt the general accelerated algorithm simultaneously.

Proof of Lemma 4. Since oW \(®) = () by subtracting (16) from a¥) times (15), we have:
a®e®) — () = oWgt=1) _g®) (17)
Then, substituting 07(21 in (17) by (14), we have:

6%) + (1 —a®)plt

0 = D (18)
Plugging (18) back into (14), we get:
0%, = (1 —a®)gl-b) 4 a®glt- (19)
B et(ltfl) + (1 _ a(t_l))et(lt72)
= (1 - ool +al0Ze ST 20
®(1 — o1

_ ! o _ _
=04 )+ —(a(t—l) (o= — -2), @1

So by (14) and (21), we could simplify Algorithm 3 into a two variables update:

(t)(l — (tfl))
t — « « — —

O = 0057 + (047" = 057 (22)
051) = 0y — BOVeV™ () (23)

_g(t)

~Umd
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Finally, by plugging o¥) = t_%l and B(Y) = ) we reach our desired result:
e 4)
md ag t + 1 ag ag
t T
0% = 0 —nIVeV ()|, (25)
“md

Note that we’ve rearranged the ordering of (24) and (25) to reach our Algorithm 2. In summary, 0,4, 644 in (24) and (25)
corresponds to w, # in Algorithm 2 respectively. And also we’ve turned the first step (24) into initializing w in Algorithm 2
and follow the residual update.

O
Algorithm 4 Nesterov’s Accelerated Gradient (NAG) algorithm in (Su et al., 2014)
Input: Learning rate s = % where L is the Lipschitz constant of the objective function f.
Initialize: x( and yo = x¢.
fort =1to 7T do
Tk = Yr—1 — sV f(yr-1) (26)
k-1
= — T 27
Yk $k+k+2($k Tr1) (27

end for
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B. Supporting Lemmas

B.1. Useful Properties
For ease of notation, we use vﬁtz as the shorthand for a\g;e (1) P—(®) " Moreover, in the sequel, for ease of exposition, for
any pair of positive integers (7, t), we define
1 Jif t = j,
1+g+3 Gens Jift=j+1,
j e,
G(j,t) == 1+ J+3 + (]-‘1—43_(])-1-3) G441 ift =j+2, (28)
’ : (J J J J J : —
1+ g+3 R R RIGRI eman; i =j+3,
J+2)(+1)j J+2)(+1)j : ;
L+ 75+ G500+ T GH50+0G+3) T Lk—4 GrRtGHeIGre it 27 +4
0 , otherwise.
Lemma 5. Under APG, we could express the policy parameter as follows:
a) Fort € {1,2,3,4}, we have
080 =0V + 00, (29)
0% =1V + V) + 68 (30)
1
050 =nIVEL+ 0P (1 + VL + 0V 60 (31
) . 1 2.1
0 =y + (14 DV 4y (14§ + o)V VO 4 60) (32)
b) Fort > 4, we have
t—1 t—2 (t—-1)(t-2) _
QU+ _p(t+ () 4 () (1 7)v(t D 4 p(t=1) (1 ) (t-2) 33
sa =T Vea MY o +t+1+(t+2)(t+1) Ve &)
t—3 . . . t
Y (1 L (j+ 1) (j+2)0 ZJ (j+2)( + 1) )V( )
P i+3 (G+4)G+3) (g+5)(3+4 J+3 — (G +k+2)(+E+(G+E)/
(34)
(1)V(0) + 9(0) (35)
t
=3 G(j.t) - nUTIVY) + V) 4+ 60). (36)
j=1

Proof of Lemma 5. Regarding a), one could verify (29)-(32) by directly using the APG update in Algorithm 2. Regarding
b), we prove this by induction. Specifically, suppose (33)-(36) hold for all iterations up to ¢. By the APG update, we know

1
U = 60) + IV, + m(e( 2= 00, 37)

By plugging into (37) the expressions of 95:21 and Ggf; D as suggested by (33)-(36), we could verify that (33)-(36) into hold
for iteration ¢ + 1. O

Lemma 6. (Vector Composition Lemma in (Boyd et al., 2004)). Let f = h(g1(x), g2(z), - , gr(x)) where h : RF —
R, g; : R® — R. Then, f is concave in x if h is concave and non-decreasing in each argument and g; are concave.

Lemma 7 (Performance Difference Lemma in (Kakade & Langford, 2002)). For each state s, the difference in the value of
sq between two policies ™ and 7' can be characterized as:

’ 1 ’
V7 (50) = V7 (50) = 1= Boir, Bunr(l 47 (5,0)] (38)
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Lemma 8. (Lemma 1. in (Mei et al., 2020)). Softmax policy gradient w.r.t. 0 is

ovr () _ 1
M4 lo=o 1—7

- d? (s) - mo(als) - A™ (s, a). (39)

Lemma 9. (Lemma 2. in (Mei et al., 2020)). ¥r € [0,1]1 4]0 — g 1 is 5/2-smooth.
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B.2. Convergence to First-Order Stationary Points Under APG

For ease of exposition, we restate several theoretical results stated in (Ghadimi & Lan, 2016) as follows. Note that we have
made a minor modification to ensure that Theorem 5 and Theorem 6 from the convex regime can be easily applied to the
concave regime without any loss of generality. This modification also allows for the use of a unified symbol across both
regimes, providing a streamlined and consistent approach.

Theorem 5. (Theorem 1 in (Ghadimi & Lan, 2016) with a slight modification). Let {97(721, thg)} o be computed by
[
Algorithm 3 and Ty be defined by:

1 t=1
t) . ’
r® — {(1 e, 32 (40)

9(75)

Given a convex set X such that V™ (p) is concave in X. Suppose { ol

9((12} always remain in the set X, for all t. If
t>1

a® B X®) gre chosen such that

a®A® < ) < 1 (41)
— —_ L7
1) 2
@ o
AOT = \or@ = “42)
where L is the Lipschitz constant of the objective. Then for any t > 1 and any 0**, we have
. T [|g©) — g+
o () -y gy < OO0 0] .

22(1)

Corollary 1. (Corollary 1 in (Ghadimi & Lan, 2016) with a slight modification). Suppose that {a®}, {X®} and {B®)}
in Algorithm 3 are set to

2

(t) ) — L
N (t+1)+c 2L’

=—/ A h 0. 44
GrDte where ¢ > (44)
(t)

md’

Given a convex set X such that V™ (p) is concave in X. Suppose {9 Gétq)} always remain in the set X, for all t.
MRS

Then, for any t > 1 and any 6**, we have

(0) _ p*= 2
4L(2+ c) [|0© — 6| :0(l). 45)

V‘ﬂ'gx* _ Vﬂ'et <

(1) W< e i+o
Remark 7. Note that we have made the following minor modifications: (i) We have introduced a constant ¢ since our
objective is not concave initially and hence the theoretical result had to be revised to account for the shifted initial learning
rate. (ii) We have adjusted lambda from £ to 1 and 8 from 3~ to —4-¢— - 5 to ensure the applicability of both Lemma 4

2 (t+1)+c
and Theorem 5 results.

Remark 8. Note that Theorem 5 and Corollary 1 are built on the local concavity of the objective function. In Appendix D,
we formally show that such local concavity indeed holds under APG in the multi-action bandit setting.

Proof of Corollary 1. We leverage Theorem 5 to reach our desired result. And it remains to show that the chosen of
{a® X®, 31} in (44) satisfy (41) and (42). Note that oV - \B) = (), (41) easily holds. And by the definition of I'*),
we have:

24+¢c)(1+¢)

re® = . 46
(t+1)+o)(t+c) (46)
Hence we have:
2
a® (G _ 8L @
(OING (t+1)+c t+c 1 (2+c)(1+c) ’
AT 2 (4 DFc 2L T (FD)Fe)(t+o) 2+c)(1+0)

which makes the condition (42) holds. And hence we reach the desired result by plugging T'*) and A(") into (43). O
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Theorem 6. (Theorem 2 in (Ghadimi & Lan, 2016) with a slight modification). Suppose that oY), 38 X(®) are chosen
such that (41)-(42) hold. Then for any t > 1 and any 0**, we have

o
_ion JHV@V (M)‘eze(t) (48)
~ 1 (k) (k) - [6© — 6| o w3y L Ve () — Vo (u)]
<2 -1 | g+ e o)+ B

(49)

Remark 9. Note that we have made the following minor modifications: (i) Instead of the bounded domain X" stated in
(Ghadimi & Lan, 2016), we consider an unbounded domain RISIAL (i) Consequently, we replace the bounded domain
constant M with the norm of the parameters without loss of generality. (iii) As the domain is unbounded, the problem reduces
to an unconstrained optimization problem where G(z*¢, VU (274), 8;,) = V¥ (z*?), which represents the gradient norm
and Ly = Ly = L where L is the Lipschitz constant of the objectlve.

Proof of Theorem 6. The proof is identical to the one in (Ghadimi & Lan, 2016) until equation (2.53). However, instead of
letting =* = x, we choose a surrogate optimal solution ** = x. Hence, we have:

v - “ Lo as g oo =l Ly
. +Z st e =l < B K (a4 0, (50)

where, for ease of exposition, we continue to use the same symbols. By rearranging (50) and incorporating the modifications
we have made, we obtain the desired result:

N N
min Hg md (g md)UBk)HQ (Z Br(1 2— L\Ifﬁk)) < Z Br(1 — Ly B) |‘g($?dvvw($2ﬂd)>ﬁk)”2 51)
k=

k=1,2,--- 1 Fk 1 2Fk
N
L\IJﬁk || md||2
:Z — | (52)
= 2Bk
|wo —a™*|| | Ly 2 2
<20 = 0 iy *ok M
< B (e ) (53
U (%) — P (p**
LW — v 5
I'ny

Under APG, our objective function is the value function and since we use the time index ¢ instead of IV, \I/(:c‘}\;]) will be the
value function under 6®), i.e., V™o® (p). Similarly, ¥ (z**) will be V™** (11). Hence, we obtain the results. O

Corollary 2. (Corollary 2 in (Ghadimi & Lan, 2016) with a slight modification). Suppose that {a®}, {X®} and {B®)}
in Algorithm 3 are set to

2 t—|—1

=2 O = ® g =_"_. - 55
T O =T ©3)
Then for any t > 1 and any 0**, we have
0(0) _ 0**” 48L2 2
: T < 192L2 H 9+ 2 a(t)H 56
L (u)‘ezem H S 2L e D T UOTI g ) (0)
ABL - [V (p) — V™o ()|
. 57
+ 2t+1 57)

Proof of Corollary 2. The results directly follow by plugging the value of I'*) = defined in (40), 3%) AX(1) defined

in (55) into (49):

t(t+1)

min HWW (m\ (58)

k=12t

6=0(t)
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—1
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1
_— gk 1 _ 1.5k)
<2y AP -Ls")
Lk=1
Mot
kE(k+1) k
-9 Z ) (1
= 2 2L(k+1)
[2L 00 — 6| + 7L't(;+1)
-1
y R
- 4L 2
k=1
. |:2L HQ(O) — || + w
9(0) — g 2
tt+1)(2t+1) 2t+1

L
+m

16 — 6]
220

k

'2L(k+1))

sk |2 (t) 2
101+, spx [+

(161" + max
k=1,2,- t

0> + max
(Il
k=1,2,--

(1672 + max e(t)HZ) 4 Vo (M)F(—t)V”**(MN]
(59)
(60)
tt+1)- |V”9<"2(/~L) — Ve (M)l} 61
(62)
60) + tt+1)- |V”9“’2(u) — Vo (M)l} 63)
poffy B e,

O
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C. Asymptotic Convergence
For ease of exposition, we restate the bandit case setting as follows:

Bandit Case. A bandit case is a special case of the reinforcement learning problem in which there is only one single state.
Given a bandit case with |A| actions [a*, az, - ,a 4| and rewards r = [r(a*),r(az), -+ ,r(aj4))]. We parametrized the
policy under softmax, (i.e. we define mp = softmax(0) where 0 = [0+, 04,, - -+ , 04 ,,]. Without loss of generality and for
simplicity, we assume that the optimal action a* is unique and 7(a*) > r(az) > --- > 7(a|4)). The uniqueness assumption

can be lifted with a little extra work.

C.1. Existence of Limiting Value Functions

As mentioned in Section 5.1, one fundamental challenge of the convergence analysis of APG lies in the lack of monotonic
improvement. As a result, it remains unknown if the limiting value functions even exist. Despite this, we are able to show
that the limiting value functions indeed exist in the general multi-action bandit setting.

Lemma 10. Under APG, in the bandit setting, the limits lim;_, o, V’Tét) (s), limy— 00 Q”ét) (s,a), and lim;_, Ay’

all exist, for all state s € S.

(s,a)

Proof of Lemma 10.

Claim 1. The proof can be completed by making the following claims:

. . . . (t+1) ()
a) If the gradient vector and the momentum vector share identical signs, then we have V™o =" (u) > V™ " ().

a; — (Ta;)

(Ta; —1)
b) In the bandit setting, if r(a;) > V™o () > r(ai41) and r(a;—1) > V7 = (s) > r(a;) for some T,, then we have
V”ét)(s) > r(a;) forallt > Ty, wherei=2,3,---,| Al

¢) Under APG, in the bandit setting, there exists a finite time Ty after which V™ () either consistently increases or
converges at a stationary point. Hence, there may be two distinct situations:

(t+1)
Ty

oV (n) > v (w) for all t > Ty,

(t)
e V™o () — r(a’) ast — oo for some a' € A.
d) In both situations, since V() is bounded above, by the monotone convergence theorem, we conclude that the limits
. () . () . () .
limy_yoo V™o (), limy_yoo Q76 (s, a), and limy_, o, A™0 (s, a) all exist for all states s € S.

Claim a). We show the desired result by leveraging Lemma 7. According to Performance Difference Lemma, in order to
show that V7" (1) > v (w), it is sufficient to show that:

Z Wét+1)(a|s)A’ngt)(s, a) >0, VseS. (65)
acA
To reach (65), we have Vs € S:
(t+1)
(t+1) 7 exp(957a ) ()
Yo als) AT (s,0) = YT AT (s,0) (66)
a€A acA ZaGA 98;1)
_ Yaea 0% eXP(egfjl))An“)
a (D FONE (s,0) (67)
ZaEA $,a ac A ZaE.A s,a
ZaGA eg‘)l Z exp(egfz) Aﬂét) (8 a) (68)
(t+1) (t) ’
ZaEA 05"1 acA ac€A os,a
ol) :
= % Z 7rm(a|5)A7Té ) (s,a) (69)

Z 9(t+1)
ac€A”S5a  acA

=0, (70)
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where (68) holds based on the assumption that the gradient vector and the momentum vector share identical signs and the
fact that 0&2_1) > 9?21 if A’T((;) (s,a) > 0and 9&2_1) < Hétzl if A”éﬁ) (s,a) < 0 as shown in Lemma 8.

Claim b). By Algorithm 2, the momentum vector at time ¢ is %(9(’5) — 6(=1)), Hence we have that the gradient and
the momentum can exhibit opposite signs exclusively when there is a change in the sign of the gradient. So given the

( ) (Ta;) =(®)
fact that r(a;) > V™ (s) > r(aj+1)and r(a;—1) > V™ ° (s) > r(a;), we have that the gradient 82997@ and the

momentum H—Q (9?21& 9&1})) might exhibit opposite signs while other element in the gradient vector must be identical to

the sign with the corresponding element in the momentum.

Ta,; -

Hence, by Lemma 7, we have for all T'(a;—1) >t > T'(a;):

Vi () = v (s) = 30w (al) A (5,0) 7

acA

(t+1) ,,
- xP(0sa ) yaf (s, a) (72)

S weaexp(043Y)

_ ZaeAexp(é‘()) Z eXp(Ggfjl)) <t>< 0)

AT (73)
D aea eXp(o(tH)) aEA DacA eXP(th)z)
Yo exp (6 exp(6) 0 exp(08dD) — exp(0),) o
cA T T
= 1) o AT (s0)+ AT (s )
ZaeA exp(@s,a ) acA ZaeA eXp(9 ) ZaeA eXp(as,a )
(74)
>aca eXp(0 x exp(@gtf)) HO)
= = (t+1) Zﬂm als)A™ ( 5,a) + i AT (s,ai) (75)
ZaEA eXp(Q aEA ZaGA eXp(e )
>0+ A" (s,a;) (76)
= A7 (s,a;), (77)

where (74) holds based on the assumption that the gradient vector and the momentum vector share identical signs for all
a # a; and the fact that 05 4 Hl) > H(t if AT (s a) > 0 and 9?:{1 < s t) if A7 (s a) < 0 as shown in Lemma 8.

Claim c). By Algorithm 2, the momentum vector at time ¢ is m(ﬁ(t — 6=1). Hence we have that the gradient and

the momentum can exhibit opposite signs exclusively when there is a change in the sign of the gradient. That said, the

gradient and the momentum can exhibit opposite signs at time ¢ exclusively when there exists a time 7, < ¢ such that

v (s) > r(a) > V7

" e [Ty, t].

Taq—

(s) for some a € A and also the gradient and the momentum exhibit opposite signs for all

(Tq—1)

Additionally, by Claim (b), we have that there exist at most | A | — 1 time such that v (s) >r(a) > V™
some a € A. Hence we discuss two possible case:

(s) for

Ta—

« Case 1. For all T, such that once V™ ' (s) > r(a) > V7 (s), there exists a finite time T}," > T}, such that the
/

gradient vector and the momentum vector share identical signs at ¢t = Ty, ":

. . . . . (t) .
Since the gradient vector and the momentum vector share identical signs at t = T},’, we have that V™ (1) enjoys
monotonic improvement if 7, > t > T, where T, is the next time step such that the sign of the gradient has changed

Ta—

again. Moreover, since there only exist at most | A| — 1 time such that v (s) > r(a) > > VT (s) for some
a € A, we have that after time Tj, = max, T,,, the gradient vector and the momentum vector share identical signs. And

so by Claim (a), we have that V™' (1) > V™' (1) for all ¢ > Ty

. (Ta) (Ta—1)
* Case 2. There exists some T}, such that once V™ " (s) > r(a) > V7e

opposite signs for all t > T,:

(s), the gradient and the momentum exhibit
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Since the magnitude of the momentum is bounded above, we have that the gradient and the momentum exhibit opposite
8ﬂ;r

signs for all t > T if and only if —57-

o — 0. Based on the converging gradient and the fact that the gradient and
O=w
the momentum exhibit opposite signs, we can conclude that WJ r — r(a), which also leading to the stationary point of

the objective.
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C.2. Supporting Lemmas for Asymptotic Convergence of APG

In the sequel, we use A®(s,a), Q) (s, a), and V) (s) as the shorthand of A™’ (s,a), Q™ (s,a), and V™" (s), respec-
tively. For ease of exposition, we divide the action space into the following subsets based on the advantage function:

If ={a€ A: lim AW (s,a) > 0} (78)
—>00

I7 ={ac A: tlim AW (s,a) < 0} (79)
—00

I ={acA: Jim A® (s a) =0} (80)
e el

Note that the above action sets are well-defined as the limiting value functions exist by Lemma 10. Moreover, we would like
to highlight that the theoretical results in Appendix C.2 and C.3 are directly applicable to the general MDP case as long as
the limiting value functions exist.

For ease of notation, for each state s, we define

Ag:= min |A® (s a)). (81)

aclfuly

Accordingly, we know that for each state s € S, there must exist some T’ such that the following hold :

(i) Forall a € I, we have

A, _
AW (s,a) > +=5 forallt > T, (82)
* (ii) Forall a € I, we have
A. _
AW (s,a) < _f’ forall t > T}. (83)
* (iii) For all @ € I?, we have
A, _
|A®) (s,a)|< - forallt>T,. (84)

Lemma 11. For any state s € S, we have ), + ;- wét)(a|s) — 0, ast — oo. As a result, we also have

Y acro wét)(a|s) —1,ast — oo

Proof of Lemma 11. Given that the limiting value functions exist as well as the fact that ¢ (s) > L (j > 0, we know that

for any state-action pair (s, a),
wét)(a|s)A”ét) (s,a) =0, ast— oco. (85)

* For any a € I}, by definition we have lim;_, o, A (s,a) > 0. By (85), this implies that wét)(a|s) — 0,ast — oo.

* Similarly, for any @ € I, by definition we have lim;_, Ay’ (s,a) < 0. Again, by (85), this property implies that

Wét)(a|s) — 0,ast — o0.

Hence, we have 3+ ;- ﬂ'(gt)(a|s) — 0,ast — oo. O

Lemma 12. Under APG, for any iteration k and any state-action pair (s, a), we have

>0k =>"00. (86)

acA acA

Proof of Lemma 12. 'We prove this by induction and show the following two claims:

Claima). > _ . 99(2 = uca 9(2(2 and ), 4 9222 = uca 9?2
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Note that under APG, we have

VW) g0 0 L (2O (a)) 475 (5, a), (87)

I
0054 16=0w© 1—7x

0 =l 1y
where the second equality holds by the initial condition of APG (i.e., w(®) = 0(9)) as well as the softmax policy gradient
in Lemma 8. By taking the sum of (87) over all the actions, we have Zae A 093 = Zae A HE% due to the fact that

> acamo(als)A™ (s,a) = 0, for any 6. Similarly, we have
oV ()

(2 22\

5.0 lo=w® (88)

(1) (1)

wgwm+w1 Sd7 () (als)A™ (s, a). (89)

By taking the sum of (89) over all the actions, we have ) . aé%i = uca 05@ by > uca 0&12 = uca 9( ) and the fact
thaty . 4 mo(als)A™ (s,a) = 0, for all §.

Claimb). 1f Y, , 08 = 32, ., 08 forall k € {1,---, M}, then 3, , 0S4 ™) =5, 6%).

We use an argument similar to (89). That is,

V™ ()
(M+1) _ (M) (M+1) ,
bia” = s’ 0 5.0 lo=wirn 00)
oy  M—=1 oy aa—1 (M+1) 7D (M) 7 (M)
=00+ g 000 — 00 O (el A (50 oD
By taking the sum of (91) over all the actions, we could verify that ) , 0 (MH) = aca 92?3. O

Lemma 13. Let a be an action in j . Under APG, 0?21 and wg;()l must be bounded from below, for all t.

Proof of Lemma 13. Recall that we define A, := min, -+ ;- [A" m( a)|. Then, there must exist 7y € N such that
AT (s,a) > 5

For ease of notation, we let d7, := 9§7Ta°) — 9%’71). By a similar argument, for any M € N, we have

- oV (u)
(To+M) _ , (To+M-1) (To+M) |
05_; Ws,ao +n ’ 39‘9@ =e(To+M—1) (92)
>0
To+ M —
> g(To+M—1) 4 10 9(TO+Mf1) _ p(Tot+M~-2) 3
— S,a T0+M+1( S,a ) (9 )
To—1 To(Tp — 1) (To+M —2)--- (T — 1)
> g(To) 4 0 — 0 R 94
= Ve T gt T (T 1 3) (T + 2) (To+M+1)---(Th+2) ° ©4)
M
Ty, —1 To(Ty — 1) (To + 1)To(To — 1)
_ ) 4 [Lo 0 T or,.- 95
s [TO +2  (To+3)(To +2) ; (To+7+2)(To+7+ D) (To+7))° )
Note that for any M € N,
i (To + 1)To(Tp — 1) 96)
(To+7+2)(To+7+1)(To +7)
M
1 1 1
= (To+ 1)Tp(Tp — 1 — — 97
(To + DTo(To )2_22((T0+r)(:r0+r+1) (T0+T+1)(To+7+2)) on
1 1 1

=To+1D)Tp(Tp—1) - = - 98
(To+ DTo(To — 1) 2((To+2)(T0+3) (T0+M+1)(TO+M+2)> ©8)

Ty

< —
<5 99)
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Therefore, we know that for any M € N,
(To+M) > o(To) Ty
95,5) > es,c? - (2 + ?)|6T0|‘ (100)

Hence, 9?21 > ng";‘)) — (2+ L)|67, |, for all t > Ty. As the gradient under softmax parameterization is always bounded,

this also implies that wgt,)l is bounded from below, for all ¢. O

Lemma 14. Let a be an action in I . Under APG, 9&?1 and wé% must be bounded from above, for all t.

Proof of Lemma 14. To prove this, we could follow the same procedure as that in Lemma 13. Again, for ease of notation,
we define A, := min, 4+ ;- |A’TS) (s,a)| and define dr, := GSZS) - 9&%_1). Accordingly, there must exist 7y € N such

that A7’ (s,a) < — Aj , for all t > T,,. Moreover, by the update scheme of APG, we have

V™ () Tp—1 _
p(To+1) — ,(To) (To+1) | 7‘ < wTo) — p(To) 4 20— = p(To) _ g(To—1)y 101
s,a ws,a +77 395,a O—w(To) — ws,a s,a + TO +2( s,a s,a ) ( )
| ——
<0
Similarly, for any M € N, we have
- oV (p)
(To+M) _ , (To+M-1) (To+M)  ZY " \H)
g{To+M) = (,(To + (o 0. sz(wwn (102)
<0
To+M -2
< gTo+M—-1) 4 0T 7 2 p(To+M—1) _ g(To+M—-2) 103
—= Ys,a /11()+M+1(sa s,a ) ( )
T —1 To(Ty — 1) (To+M —2)--(Ty — 1)
< §(To) 4 20 0 4t 104
=T Tt T T 3 (T + 2) (To+M+1)---(Th+2) ° (104)
M
Ty — 1 To(Tp — 1) (To + 1)To(Ty — 1)
:9(To)+[0 40 o7, 105
o T Te+2 " (To+3)(Ty + 2) TZZZ (To+7+2)(To+7+D)(To+7)1 (105)

By (96)-(99), we know Z]TWZQ (TOJFT(JTFOQJ)FST)?J”F(TTJ:)?TMT) < To_ Asaresult, forany M € N,

T
oM <00 + 2+ 3)om | (106)

Hence, 9?21 < egﬁ)) +(2+ %)MTD |, for all ¢ > Tj. As the gradient under softmax parameterization is always bounded,

this also implies that wgt()l is bounded from above, for all ¢. O

Lemma 15. Under APG, szj is non-empty, then we have maXqe 1o 9% — 00, as t — oo.

Proof. By Lemma 11, we know Zae 10 Wét) (a]s) — 1, as t — co. Moreover, by Lemma 13, we know th()z is bounded from

below, for all a € I}. Therefore, under the softmax policy parameterization, we must have max, ¢ 10 th,)l — 0. [

Recall from (83) that for all @ € I, we have A(t)(s, a) < — A45 forallt > Ts.

Lemma 16. Under APG, if I} is non-empty, then for any a € I, we have 9321 — —00, ast — oo.

Proof of Lemma 16. We prove this contradiction. Motivated by the proof of Lemma C11 in (Agarwal et al., 2021), our
proof here extends the argument to the case with the momentum by considering the cumulative effect of all the gradient
terms on the policy parameter.
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Specifically, given an action a € I, suppose that there exists ¥ such that 022 > ¢, for all t > T.. Then, by Lemma 12
and Lemma 15, we know there must exist an action a’ € A such that lim inf;_, o, o)

s.r = —00. Let & > 0 be some positive
scalar such that HE,T;) > 9 — §. For each t > T, define

v(t) == max{r:07), >9 -4, T, <7 <t}, (107)

which is essentially the latest iteration at which HKETQ), crosses ¥} — ¢ from the above. Moreover, we define an index set

g®={r: Vk)

o < 0,0(t) <7 < t}. (108)

Define the cumulative effect (up to iteration ¢) of the gradient terms from those iterations in J ) a5

1y OV ()
z® .— E @+ 22V Qi ¢ 1
t/ej(t)n 905 0 G0 (1

where G(t,t') is the function defined in (28). Note that if 7 O , we define Z(t) = 0. Accordingly, we know that for

any t > T, we have

, (") , ")
ARES Z 77(t +1) . M SG(tt) + Z 77(75 +1). M -G(t',t) (110)

99 4 Gg ’
teg® s t:t/ ¢ T® w(t) <t/ <t 09s.a
>0,by the definition of 7 (*)
, AV ) (1) 1
(). a -G(t't 11
+ 2 0 (g ) G (111)
t'<v(t) ’
>0,by the fact that |9V () (1) /80, ,/|<1/(1—7)?
' 1

< (01, — o)+ N Y Gt ), (112)

_ 2
b ott) (1-7)

where (112) holds by the update scheme of APG as in Algorithm 2. Note that as lim inf;_, o, 95‘)

be finite, for all ¢. This also implies that >, pt'+1 (1_1,”2 G(t',t) is finite, for all ¢. Therefore, by taking the limit
infimum on both sides of (112), we know

= —00, then v(t) must

liminf Z®) = —cc. (113)

t—o0
Now we are ready to quantify th?l for the action a € I . Forallt' € J )| we must have
OV (1)/00s,0] _ | 7 (als) AT (1-7)As

OV (12)[00sr] — |70 (/] 5) AT i

where the first inequality follows from that |A®") (s, a)| < 1/(1 —~) and that A®) (s, a) < —A,/4, and the second equality
holds by the definition of v/(t). For any 7) # &, we have

(1 - PY)AS
4 b

> exp(d — 00")) - > exp(9) - (114)

vy, VO () ey V()
o) _ p(1) — (t'+1) LGt (t'+1) Nellt 115
Ga-0a= > m g, G+ > m 5, G (115)
t:1<t < T ’ it >T
ey, OV () OV ()
(t'+1) | . / (t'+1) | . /
< > g0, G0+ > oy Go G (116)
t:1<t'<Ts ’ tteJ® s
ey VO () (1-7)A ey VO ()
< '+ ¥ AP / S\ T2 (t'+1) . ) ’
s 2 Ga G Fexp(a) - PR 3T g S G,
t: 1<t/ <Ts ’ t/t/ € T (1) s
< oo and does not depend on ¢ =Z ()
(117)

where (116) holds by the fact that A® (s,a) < Oforallt > T, and (117) is a direct result of (114). Therefore, by taking the
limit infimum on both sides of (117), we have lim inf;_, 9?21 = —00, which leads to contradiction. O
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For ease of notation, we define Af)(t,)l = th,)l — H(t b , for each state-action pair s,a and ¢t € N.

Lemma 17. Consider any state s with non-empty Ij. Letay € Ij and a € Ig. Suppose 95&% > 9&2 and A0§T3+ > AGEJG),
then we also have ng()u > 9&)1 and A9§f3+ > A&g%,for allt > .

Proof of Lemma 17. We prove this by induction. Suppose at some time 7 > T}, we have 9&2 L > 9§Ta) and Aﬂgz L > Aegg.

Then, we have
T—1
T+ 2

W) g 4 T1

T T—1 T
a4 S,a4 T+ 2(0§,3+ - 0( )) > eg,a +

s,a4

(06 —lr=1)y = (™ (118)

,a s,a

Recall that we use A®) (s, a), Q) (s, a) and V(*)(s) as the shorthand of A7 (s, a), Q™" (s, a) and V75’ (s), respectively.
Note that

AV (s) 1

T -1 dp= @ (s) - 7D (ay)s) - (QW(s,ay) — VI (s)) (119)
> 1 i ol -d W(f)( ) Trc(ut) (a|5) : (Q(t)(S, a) — V(t)(s)) (120)
_av(s)

T 00s, (121)

where (120) holds by (118) and the fact that 7 > T implies A®) (s, a,) > A®) (s, a). Therefore, by (118)-(121), we must
have

LV O (s)
9(T+1 (T) (t+1)¥Y "\°) > (r A S 9(T+1) 122
S,a4 Wsa, +n aes,aJr Ws,a +1n 6957(1 s,a ( )
-1 aVW(s) 1-1 oV (s)
AQTTD T 7 2 p(n) _ p(r=1) > g(r) _ pr—1) — AP 123
S,a T + 2( S,a S,a ) + 6937a+ T _|_ 2( S,a S,a ) 8037a s,a ( )
By repeating the above argument, we know 6 a > 0% , and AGY a > A, forallt > 7. O

Next, we take a closer look at the actions in I0. We further decompose I? into two subsets as follows: For any state with
non-empty I, for any a € I}, we define

B%ay) := {a € I{ : For any t > T, either 6") > 6%') or A9{") > AH?M} (124)
We use BY(a ) to denote the complement of B?(a ). As a result, we could write B%(a,) as
B%ay) := {a el Q(t) <0, t) ,and Aﬂ(t < Af)gta , for some t > T } (125)
Lemma 18. Under APG, if I is not empty, then:
a) Forany a. € I}, we have
Z wét)(a|s) =1, ast— oo. (126)
a€B(ay)
b) For any a. € I, we have
max 0% — oo, ast — . (127)
a€B%ay) 77
¢) Forany a, € I}, we have
> 6 00, ast— o (128)
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Proof of Lemma 18. Regarding (a), by the definition of B?(a ), for each a € B%(a ), there must exist some 7" > Ty such
that ng;l > Og?;) and Aef;j > Aﬁgl). Then, by Lemma 17, we know

0", > 06%) and AG) > A6(), forallt>T". (129)

s, s,a’

Moreover, by Lemma 11 and that a4 € I, we have 7 (ay|s) — 0ast — co. Based on (129), this shall further imply
that 7 (a |s) — 0 as t — oo, for any a € B%(a, ). Hence, we conclude that

Z M (als) =1, ast— oco. (130)

a€BY(a4)
Regarding (b), based on the result in (a), we could leverage exactly the same argument as that of Lemma 15 and obtain that
mMaXgeBo(ay) 0l') — 0o, as t — occ.

Regarding (c), let us consider any action a € BY(ay). By the definition of B%(a. ), at each iteration ¢ > Ty, either

9?21 > th,)l L or A@S?; > Aﬁgf()z . holds. As aresult, by Lemma 13, we know that 0921 must also be bounded from below, for
all ¢. Therefore, based on the result in (b), we know ZaeBO(aJr) th()l — 00, as t — o0. O

Lemma 19. Under APG, for any ay € I}, the following two properties about B (a ) shall hold:

(@) There must exist some T, such that for all a € B?(a.),
®(ay|s) > 7P (als) forallt > T,. . (131)
(b) There must exist some T(L such that for all a € B(a..),

rO(asls) A,

AW < : nt>T; . 132
| (S7a’)| ﬂ_(t)(a‘s) 16|A|7 fOra ay ( )
Moreover, this also implies that
L ®) ) As i
' (a|s)| AW (s,a)] < m(ay|s) - T’ forallt >1T, . (133)
a€Bl(ay)
Proof of Lemma 19. Regarding (a), for each a € BY(a. ), we define
uq(ay) = inf{r > T, :0{7) > 07) and AOT) > A6} (134)

By the definition of B%(ay ), we know the following two facts: (i) u4(a ) is finite, for any a € B%(a. ). (ii) By Lemma 17,
forall t > u, (a4 ), we must have 92‘2 2> 99()1 and AHSL L > AQ% Therefore, by choosing T;,, := maX,c5o(a, ) Ua(d+)s
we must have 7 (a4 |s) > () (als), forall t > T, .

7 (ay]s)

() (als)
there must exist some finite ¢/, > T}, such that

Regarding (b), as > 1forall ¢ > T, (thisis a direct result of (a)), we know that for each a € Bg(a+) cJo

S

7 (ayls) A,
7 (als) 16|A|

|A® (s,a)| < forall t > ¢,. (135)

As a result, by choosing Tj+ '= MaX,eBo(q, ) tq» WE conclude that (132)-(133) indeed hold. O

Lemma 20. If I} is non-empty, then for any ay € I, there exists some finite T, . such that

A, .
Z 7 (a|s)A® (s, a) > _W(t)(a+‘8)T6, forallt > T, . (136)

a€ly



Accelerated Policy Gradient: On the Nesterov Momentum for Reinforcement Learning

Proof. Leta, € Ij and a_ € I;. By Lemma 13 and Lemma 16, we know 093 , is always bounded from below and

Hgf()L — 00, as t — oo. This implies that 7 (a_|s) /7" (a |s) — 0, as t — oc. Therefore, there must exist some finite
t/ such that
mals) _ As(1—1)

forallt >t . 137
"0 (arls) ©deA] o o=t (130

By choosing T, := max, ;- t, ,we know (136) holds forall t > T, . O
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C.3. Putting Everything Together: Asymptotic Convergence of APG

Now we are ready to put everything together and prove Theorem 1. For ease of exposition, we restate Theorem 1 as follows.

Theorem 1. (Global convergence under softmax parameterization) Consider a tabular softmax parameterized policy Ty.
Under APG with n*) = t% - 3, we have v (s) = V*(s)ast — oo, forall s € S.
Proof of Theorem 1. We prove this by contradiction. Suppose there exists at least one state s € S with a non-empty 1.

Consider an action a € I|. Recall the definitions of Ty, T,, T(L, and T, . from (82)-(84), Lemma 19, and Lemma 20,

respectively. We define Ty := max{Ts, T, o T T, . }. Note that for all t > Ty,ax, We have

a+a

0= Y 7Dal)AD(s,a)+ Y 7D(a|s)AD(s,a)+ Y 7D (als)AW (s,a)+ Y 7 (a|s) A (s, )

a€B%(ay) a€B%(ay) aclt a€ly
>—m®)(ayls) ?g‘ by Lemma 19 > (ayl|s) Aj >—W(‘)(a+\s)%by Lemma 20
(138)
1
> Z 7® (a|s)A®) (s,a) + 3 1 (ay]s)A, (139)
a€B(ay)
> > 7D(als)AY (s, a). (140)
a€BY(a4)
Note that (140) implies 3, o (4, ) %ji“) < 0, for all £ > Tiax. Moreover, we have
> ol -6l (141)
a€B(ay)
~ e VW) L
= > Zn““.T.G(t,t) (142)
a€B%(al) t'=1 8,0/
t ’
, ov ()
=S e (Y T(M)) (143)
v=1 a€B(ay) o
T, / t /
L v () / oV ()
_ (t'+1) / . (t"+1) ’ .
= G 1) ( 3 S )+ DR Sadlel () ( 3 T ) (144)
=1 a€B(ay) ’ t'=Tmax+1 a€B(ay) '
< oo and does not depend on ¢t <0 by (140)

By taking the limit of the both sides of (144), we know that the left-hand side of (144) shall go to positive infinity by Lemma
18, but the right-hand side of (144) is bounded from above. This leads to contradiction and hence completes the proof. [
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D. Convergence Rates of APG: The Multi-Action Bandit Case
D.1. O(1/t?) Convergence Rate of APG

Theorem 2. Consider a tabular softmax parameterized policy my. Under APG with n*) = H% - %, there exists a finite time
T such that for all t > T, we have:
T Al-1
(77 ") TS ST A1 o
102+ T) (|[6@ || +2In(t — 7))
+ : (11
tt+1)

Proof of Theorem 2.
Claim 2. The proof can be completed by making the following claims:
a) By Lemma 1, the function 0 — WJT’ is concave if 0y« — 0, > 0§ for all a # a* where 6 = In % + In(1 +

(M) = In(d(a*) — d(a;)).
b) By Lemma 2, given such 0, there exists a finite time T such that 951? — 0<(f) > § holds forallt > T, a # a*.

¢) APG enjoys the convergence rate of O(t%) after time T..

Claim c). As the objective w;,r r enters a locally concave region after time 7', it is necessary to account for a shift in the
initial learning rate due to the passage of time 7. In other words, if we divide the update process into two phases based on
time 7', the latter phase will commence with a modified learning rate. Hence, by Corollary 1 and Lemma 9 with ¢ = T" and
6** = 9(** e have that for all t > T

2
w7 7r(t)T - 4L(2+1T) Hg(o) _ a(t)**H

o 145
Too T TS TG TR Dt 4 1) (143)
10(2 +T) ||oT) — g0r==||?
= ( )| (146)
E+T+1)E+T)
102+ 1) (0D + 2t - T)) 14
B t+T+1)(t+T) ’
where §()** .= [2In(t — T),0,0,---,0] is a chosen surrogate optimal solution at time ¢. Additionally, we have the
sup-optimality gap between the original optimal solution and the surrogate optimal solution can be bounded as:
T T
Ty — Wét*)* r=r(a")— ﬂét*)* r (148)
< r(a*) (1 —alt) (a*)) (149)
. exp(21n(t — T))
= 1— 150
r(@ >< exp(2In(t — T)) + exp(0) - (| A] — 1) (150)
‘ A1
= 151
) (G Tar (n
-1

[ Al (152)

<
T (-T2 4 |Al -1
where (149) holds since we ignore the terms 77((,?* (a) - r(a) > 0 for every a # a* .Combining (145-152), we get our desired

result.
Remark 10. It is crucial to highlight that we consider the surrogate optimal solution §(*)**
solution 6* due to the unbounded optimal solution of softmax parameterization.

instead of the original optimal

O
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Lemma 1. (Local Concavity; Informal). The function 6 — 7, r is concave if 0o« — 0, > 6 for some § > 0, for all a # a*.

Proof of Lemma 1.

Claim 3. The proof can be completed by making the following claims:

a) The function § — my(a*) is concave and the functions 8 — my(a) are convex if 0g« — 0, > 0 for all a # a* where
§ = In e2lUAIZD 4y, 1 4 (A1) —In(d(a*) — d(ay)).

r(a*)—r(az)

b) The function § — g ' is concave if 0= —0, > 6 forall a # a*, where v’ = [r(a*)—r(a2),r(az)—r(az), - ,7(aja))—
r(aq)] is the shifted reward function.
¢) The update of the objective Wg r under the original reward r is equivalent to the update of the objective Wg r’ under any

shifted reward function v’ = [r(a*) — c,r(az) — ¢, -+ ,r(aj4)) — ¢, where ¢ € R is a constant.

d) Combining (a)-(c),we can conclude that the objective function 71'(;r r will undergo an update identical to that of the concave
function wg " if 0, — 0, > 6 forall a # a.

Claim a). We establish the convexity of the function § — my(a) for all @ # a* by demonstrating that if 6, — 6, >
raz)( A=) In(1+ (l A2|_1)) —In(d(a*) — d(a;)) for all @ # a*, then the function is convex. Following that, since

r(a*)—r(a2)
mo(a*) =1—3",,- mo(a) can be viewed as a summation of concave functions, it follows that # — 7 (a*) is concave.

In

Given an action a; # a*, since the concavity is determined by the behavior of a function on arbitrary line on its domain, it is
sufficient to show that the following function is concave (i.e. the second derivative is non-positive) when k& — 0:

O, Hhedi
f(k) = eaa*""k'dl + 60a2+k»d2 4ot e@aMl—‘rk-d\A\ (153)
1
= 154
Oar =00, )+h(dr—di) 4 o(0ay—0a;)tho(da—di) | .. 4 o(0a 4 =0a))Th-(d) 4 =) (154)
1

= — 155

where d = [dy,dy,--- ,d) 4] is any unit vector on the domain.

By taking the second derivative of f(k), we have:

[ (k)= = . (156)

0= — (2<m (0))2m”(0)>- (157)

Note that since (k) > 0 for all k, we have that f” (0) > 0 (convex) if and only if:

’ 1"

2(m (0))* —m (0) - m(0) > 0, (158)

where 1/(0) = ¥, .. (d(a) — d(a:)) exp(0 — 0a,) and m"(0) = Xy, (d(a) — d(a:))? exp(fu — ba,).
By plugging m(0),m’(0), m”(0) into (158) we have:

2(m'(0))? —m" (0) - m(0) =2 (d(a) — d(a;))? exp(20, — 20,,) (159)
aFa;
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+2 Z 2(d(a) — d(a;))(d(a’) — d(a;)) exp(8, + 0o — 26,,) (160)
a,a’ #a;,a#a’
- Z )2 exp(20, — 260,,) (161)
a#a;
- Y ((d(a) = d(a:)? + (d(a’) = d(a:))?) exp(ba + Oar — 20a,)  (162)
a,a’ #a;,a#a’
— > )? exp(a — 0a,) (163)
a#a;
=) (dl )2 (exp (20, — 26,,) — exp(fa — 64.)) (164)
a#a;
+ Z 2(d(a) — d(a;))(d(a") — d(a;)) exp(f, + 00 — 260,,) (165)
a,a’ #a;,a#a’
- > (d(a)* +d(a’)?) exp(0a + o — 20,,) (166)
a,a’#a;,a#a’
> (d(a*) —d(a;)) (exp(204+ — 20,,) — exp(Oy+ — b4,)) (167)
- Y (d(a)*+d(a')?) exp(fa + Oar — 20a,) (168)
a,a’ #a;,a#a’
> (d(a*) — d(a;)) exp(20g« — 20,,) (169)
[Al=1
_ <1 + < 9 >> a’a/;rg%#a/ exp(Oq + 04 — 20,,) (170)
> 0,if g« — 0, > In(1 + ( A|27 1)) —In(d(a*) — d(a;)) for all a # a™. (171)
r(a2)(JA|=1)

To ensure — In(d(a*) — d(a;)) is bounded, we can introduce a tighter bound by considering § = In @ )-ra) T In(1+

(I171)) — In(d(a*) — d(a;)). This choice of § ensures that 7, r > r(a2), which guarantees that the domain for d; is
positive, while the domains for the other d; values, where i = 2,3, ..., |.4|, are negative.

Claim b) Since the sum of several concave functions is itself concave, we separate our proof into 2 steps and leverages
Lemma 6 to show that the function 8 — 7wy(a)(r(a) — r(az)) is concave for all a € A if 0, — 6, > 9§, for all a # a*:

* The function § — mg(a*)(r(a*) — r(ag)) is concave if 0,« — 6, > ¢, for all @ # a*:
Since we’ve already shown the concavity of the function § — my(a*), it remains to show the concavity and the non-
decrease of the function 7y (a*) — mg(a*)-(r(a*)—r(az)). And this property directly hold since 7y (a*)- (r(a*)—7(az))

is a linear function of 7y (a*) with 27e(a” )35:9(&*)) rla2)) — r(a*) — r(ag) > 0 and 9 mo(a 57521(13)) rlaz)) — g,

* The function 8 — 7y (a;)(r(a;) — r(az)) is concave forall ¢ = 2,3, --- || A|, if O, — 8, > §, forall a # a*:
Since r(a;) — r(ag) < 0foralli =2,3,---,| A|, we have 0 — mg(a;)(r(a;) — r(az)) = —mg(a;) - |r(a;) — r(az)|.
Also by the convexity of the function § — my(a), we have the function § — —my(a) is concave. And it remains to
show the concavity and the non-decrease of the function my(a;) — mp(a*) - |r(a;) — 7(az)|- This property directly

hold since 7g(a;) - |r(a;) — 7(a2)| is a linear function of g (a*) with 27ela: )d';;(f;)) @)l — |p(a;) — r(az)| > 0 and

9*mg(as)-|r(as)—r(az)| _
. Omg(a;)? 22 =0.

Claim c) To reach the equivalent update result, it is sufficient to show that the gradient of the original objective 7'1'; r is equal

to the shifted objective 779T r’ under all . By Lemma 8, we have for all ¢ € A:
omgr omg '

20, |, 9=7re(a)~(r(a)—7rérr)Zﬂe(a)-((T(a)—C)—(WJT—C))= 90 |,y (172

which complete our proof.
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Lemma 2. Consider a tabular softmax parameterized policy Ty. Under APG with n(t) = H_Ll . %, given any 6 > 0, there
exists a finite time T such that for all t > T, we have 0.« — 0, > 9, for all a # a*.

Proof of Lemma 2.

Claim 4. The proof can be completed by making the following claims:

a) Under APG, the gradient norm will not converge at the sub-optimal policy, i.e. we have
. o, . t * *

mftzo,w“”re[o r(a2)] ‘ 9 oo > inf> Wé )(a ) (r(a*) —r(az)) > 0.

b) Given any 6 > 0, there exist an € > 0 such that lf‘ a”" r oot < € then O, — 0, > 0 forall a # a*.

¢) Given any € > 0, there exist a finite time T such that ’ 67599 r o) < €, leading to the fact that 0((17:) - HéT) > d for all

a # a* at time T.
d) We have 951? — 9(@ > foralla # a*,t > T.

Claim a) To reach the desired result, we leverage Lemma 3 to ensure the gradient norm is bounded away from 0 before
achieving optimal policy:

% ] = [Z @ =T a7
z\/ Pla)2 - (r(ar) 7§ Tr)? (174)
=)@ (r(a”) — m" ") (175)
> inf m(a%) - (r(a”) ~ r(a2) (176)
>0, forallw{" r € [0,7(ay)], (177)

where (173) is followed by Lemma 8 and (177) is by Lemma 3.
Claim b) By choosing ¢ with:

o T
¢ = min inf H ”“‘ (178)
t>0 w(t>Tr€[O,r(a2)] 90 lo=o
1 T
—_— inf |r(a) — s r|lp >0, (179)
+ |A| - 1 t>0,a#a*, mTrE(r(ag) r(a*)] o
we could ensure that the minimum must occur at 7wjr € [r(a*),r(az2)). And so we have
. Oh
if, 50 astar w O Tre(raz)rtan) 7@ — T 7> 0.
Hence, by Lemma 8, we have for all a € A:
. )T
inf DT e rlan) r(aey T(@) =g 7|
t>0,a#a* 7y r€(r(az),r(a*)] 0 T T
> |V > . — 180
A=) H 0Ty TH >mg(a) - |r(a) —my T (180)
by rearranging (180), we get:
. LT
1 lnftzo,a#a*,wét)TrE(r(ag),r(a*)] |r(a) — Ty T| 1
3 > - - > mo(a) (181)
+(Al-1) r(a) —my 7| e+ (lA[-1)

for all @ # a*, leading to our desired result.

Claim c¢) By Theorem 1, we have that there exist a finite time T such that 0((;*) > Gt(lt) for all @ # a* and Ot(lt)
will be decreasing for all a # a* for all t > Ty. If we run K iterations, the above statement leads to the fact that

12
maxg—1,2,...,K Hﬁ(k) ||2 < maxy<, |0 +]A |(t9((1§))2. We discuss two possible cases as follows:
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o Case 1: 0 < 2In(K) + maxy <7, ava {00} +In(| A| — 1):

By Corollary 2 with the surrogate optimal solution §** := §(6)** .= [21In(K), 0,0, - - - , 0], we have:
ol N T . :
in [ el <192 4| In(K (e 182
k:f,%f?,x’ Bl ‘9:9(’6) = KK+ DEK +1) T2k 11 mEOF 4, max ) (182)
ABL - V700 () — V7o (p)|
+ 9K +1 (183)
0O || + 2| In(

< 10272 100N+ 2 (K| (184)

K(K+1)(2K +1)

4812 ) 2 :
) ’ (t) _1))2
+ g AP + max He +Al@W(E) + | max, {000} +In(| A] 1))
(185)
ABL - [V () — V7o ()|
+ 9K +1 (186)
~ 1
O(—=). 187
() (187)
Hence the result directly holds by choosing (by changing variable from K to t),
0| + 2| In(t)|
f{t:e> 192L2||— 188
=i { ‘ i+ 1)+ 1) (188)
+ 2L () + ma o CLlAI®) + max {0, +(A|-1)2)  (89)
%1 1< Th R e "
L ABL VO () — VIO ()]
. 190
2t+1 (190)
o Case 2: 0 > 21n(K) + maxy <1y ava {00} +In(| A| — 1):
Given such 9((15), we have:
K
20 () — exp(6%)) - exp(2In(K)) . _K2 . (191)
S ea eXp(Q((lK)) exp(2In(K)) + >, 4exp(—=In(|A| = 1)) = K2 +1
And hence we have:
Omy (K) (12 ()T 1
‘ 06 ‘ezmk) ZWG (a)?-(r(a) —my " 1) (192)
ac
< Jer(a) =72+ 3 gk (193)
a#a*
1 1
< 194
_\/(K2+1)2+(K2+1)2 (194)
V2
< . 1
- K241 (195)

Hence the result directly holds by choosing (by changing variable from K to t),

T:inf{t €> V2 } (196)

2+1
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Claim d) We elaborate on each action a # a* separately. For a fix a # a*, since there exists a finite 7" such that
9519 — QC(LT) > § provided by Claim (c), there is a T}, such that T,, < T, 9,(1?“) — H(ST“) > ¢, and 9,(5“71) — 9((1T“71) < 4.
Then, we have

glTe) — lTe1) 5 (Ta) _ p(Ta1) (197)
We first show two useful properties:
. ) _ p®) (t) (t) > w ) (t) g T > amg T
OIfo,. —0," >dandw,’ — 0, —ta”, then 5~ ) = T | gy
Since 0,(1? — Gét) > § > 0, it follows that
O — g 4,1 —plt)y (198)
> 00 4+ (W) — 90 (199)
= wi!). (200)
By Lemma 8, we have
orgr
0. T (a7) - (r(@”) = m5mr) (201)
a* [g=w(t)
> w0 (a) - (r(a) = 7o) (202)
omgr
- 7 (203)
3(% 9—co(t)

where (202) holds because of that w(t) > wi and thus T, (a*) > m,w(a), and r(a*) > r(a).

anr
o=w® — 9

\%

i) 1f 00 — 09 > 5, w? — 00 > WP — P, and Ler e then 6D — 6 > 6 and

00, *
WD _ger) 5 ) gl

9(t+1) . 9((Lt+1)

For 6,,. > 6,

a*

pUFY) _ pt+1) _ <9(t) + (! (t) 9(75)) (t+1) . 8L0TT
a a*

or)r
) _ <9((It) (W0 — g0y 0, OTa T

Q—W(t)>

000+ |g_0) 00,
(204)
>0 — 9 > 5. (205)
For w(t+1) 0((Lt*+1) > WitHD _ glt+D)
(1) _ gt _ b pr1) _ g0) 206
Wa a* t+ 3( a* a* ) ( )
b0 g0, ) 9T
=— L — 0, - 207
t+3 (wa @ o {9 207
> b (0 _gw 4 e Omir (208)
T t+3 00y |p_o
t
— P+ _ (1) 209
(68 — ) (209)
= wy“) - 95}“)7 (210)
(t) > w (t) Sﬂ'ér'r > Amg T
where (208) is followed by the given hypotheses w — 0,7 — 0, e |g_ir = e gy’

By the above two properties, it suffices to show that there is 7" such that H(T ) 6(T ) > 5and w(T ) H(T) > w((lTl) — H,ST/),
then we will obtain that 9((Lt — 9,(f > §foranyt > T".
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We claim that T = T,,. Since T}, satisfies 0((1?“) — 0((1T @) > §, we only need to show that w(T o) H(T o) > w G(T <) To
check the condition, we directly expand wg“) — 95}* , we obtain
T 1) Ta T.) To—1
) _ T -7 +2(9( ) pTamb)y @11)
> To = (9<T a) — g(Ta=1)) (212)
T,+2 @
_ wéT') _ 9((1T )| (213)

where (211), (213) use the update of APG, and (212) holds by (197). Therefore, we show that 9((1?“) — H,(IT“) > § and
wg“) G(T a) >w 0<T Hence, Gfﬂ) — Qt(f) > ¢ forany t > T,,.

Since the above statement holds for any action a # a*, we obtain that 0((;*) — Hét) > §forall @ # a*,t > maxgzq+ Tq.
Additionally, T > maxgq- Ty, 50 8 — 60 > s forall a # a*,t > T.

O

Lemma 3. Under APG, we have inf;>¢ wét) (a*) > 0.

Remark 11. Inspired by the proof of (Mei et al., 2020), we consider two “nice regions” in terms of time: one region (we
call it “gradient region”) characterized by a positive partial derivative with respect to the optimal action and the negative
partial derivatives of all other actions, and another region (we call it “momentum region”) characterized by the maximum
momentum of the optimal action. If our training process enters these regions, we can ensure that the probability of selecting
the optimal action does not decrease. Consequently, the infimum of We()t) (a*) will remain greater than zero. It is important to
highlight that our approach selects a more aggressive gradient region compared to the one chosen in (Mei et al., 2020). By
doing so, we are able to streamline their proof to some extent without oversimplifying it.

Proof of Lemma 3. Firstly, we define two sets consisting of time indices with great properties of gradient and momentum.

aﬁgr 6WJT

=<t >0> for all * 214
R1 { a0, w<t>707 26, 970,}(1)7 oralla # a™ ¢, (214)
Ry = {t Wl — 9(” > w® 90 foralla # a } (215)

Inspired by (Mei et al., 2020), we make the following claims, and then prove these claims immediately as follows.
Claim 5. The following hold:

a) There exists a finite T\ such that ift > T}, then Wét)(a*) > rla 2) and F(t)( *) > > rlas)

b) Ift > 1, thent € Rq.
¢) There exists a finite Ty > T such that if t > T, thent € Ro.

d)Ift > Ty, thent € Ry N Ra. Moreover, we have W((,tJrl)(a*) > W(St) (a*). Hence, it follows that

()¢ %y _ ; (t) ¢ *
%r>1£7r9 (a )_ogtngqu Ty (a¥). (216)

Claim a). By the asymptotic global convergence in Theorem 1, we have that 77( )( *) — land w(t)( *)— last — oo.

Since a* is unique, 7Eai§ < 1. According to the € — § argument of limit, there exists a finite 73 such that if ¢ > 77, then

ﬂ(gt) (a*) > Tgafi and W(t)( *) > 7:,5233

Claim b). Given t > T}, by Lemma 8, we have

-
Oomy r

= 7M@) (r(a*) — 7O Tr) >0, 217)
Do |p_o
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where (217) holds by r(a*) is always greater than or equal to the convex combination of rewards. Regarding the sub-optimal
actions a # a*,

.

Omy 7 — 7(a)(r(a) — 7Ty 218)
09, I—w(®)

< 7{(a)(r(a) — 7 (a*)r(a")) (219)

<7 (a)(r(a) — r(az)) (220)

<0, (221)

where (219) holds since we ignore the terms rd )( )r(a) > 0 for every a # a*, and (220) holds because ¢t > T}, we have
U(f)( ) > r(az) Combining (217-221), we obtain t € R.

r(a*)"

Claim c). Part (i): We show that fort > 77 andany a € A, ifwt(lt*) —9((;) > wét)—ﬁ((f), then wfffl) —02&*1) > w((fﬂ) —QL(fH).
By combining the updates (8) and (9), we have

(1) p0) 4 () _ g0y 4 41 OTQ T
ea — Ha =+ (wa - 9(1 ) + n “an . (222)
aQa O=w(t)
By using the update (9) of APG with respect to the action a* and (222),
(t+1) _ g(t+1) _ 3 gD _ p®) 3
wa* a t 4 3( a* a* ) ( )
t 0 _ &) a+1) OTg T
= — L — 0, 224
T3 (wa +17 e (224)
5 ¢t ( 0 _ g 4 y+n OT07 > (225)
—t + 3 89a 9=w(t)
= o+ — gl 226
o ) (226)
_ w{(ltJrl) _ 6,((Lt+1)7 227)
(t) (t) (t) dmg or) r .
where (225) is followed by the hypothesis w — 0, — 0y’ andt > T] so T - 50 ) We finish
a =w t a —w t

the proof of Part (i).

Part (ii): We show that there exists a finite 75 > T3 such that if ¢ > T5, then ¢ € Ro. We prove it by contradiction. Suppose
that there is no such 75. Thus, there are infinitely many ¢ > 77 such that there is an action a violating the condition of lying
in Ro at time ¢, i.e., w(t) 9((1? < wt(lt) — GL(f), as the definition (215) of R,. Since our action space is finite, there is an

action a such that w ( ) 9(? < wét) - Qg) holds for infinitely many ¢ > T7.

We claim that there is a T > T such that for all ¢t > T, wfﬁ) — 0((1? < wét) — F)g). If not, there is a tg > T} such
that w(to) 953“) > w((lt“) — 9(([:0), then by Part (i), wff*) — 9((1? > w((lt) — Gt(lt) holds for every ¢ > t,, which contradicts
to w(t) G(t) < (t) — Gét) holds for infinitely many ¢ > Tj. Thus, there is a T > Ty such that for all ¢ > T,
(t) 3( ) w(t) egt).

a*

w

To meet the contradiction, for any N > T, we consider

o) — D | Z (0D — gl (228)
=T
N-—-1
; t+3
=00 4 —J; (Wt — gy (229)
t=T
N—-1
; t43
<o+ %(wg* D pith) (230)

i
~
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=00 4 ? [tt(egf“) —6'") (231)
=~ +3
. N-1
=00+ 57 (g0 — o) (232)
t=T
=4 6" 1+, (233)

where (228) uses a simple telescope argument, (229) uses the update (9) of APG, (230) holds since ¢ > T, (231) uses the
update (9).

Since (233) holds for arbitrary N' > T, we obtain 0((11,}[) < 953:) —GéT) —I—GéN) forany N > T, which contradicts wét) (a*) > 1
ast — oo, i.e., the asymptotic global convergence theorem. Hence, there is a 75 > T7 such that if t > 75, then t € Rs.

Claim d). Given t > T5, we have t € R». In addition, since Ty > T3, we also have t € R;. Thus, t € R4 N R». Then, to

show that wétH)(a*) > wét) (a*), we have

(t+1)
0, . exp{0,-
W;t+ )(a ) = { (tj—:—l) 0
ZaEA exp{ﬁa }
exp {6(? + (w(t*) — 9@) + pt+D) Grir }
a a a a* | g=c(t)
B (235)
7\'TT‘
Y aca €XD {th) + (wz(;t) - Qét)) +nt+) aaTsa (,Iwm}
¢ t t Omg T
exp {0((1*) + (sz*) - 9((1*)) + D ﬁ o= (1,)}
§ o (236)
0 4 (O _ p®y 4 1) dTgr
2aea @XP bo7 + (Wor —0,0) + 0D gl
o)
L U ) (237)
Y acaexpils’}

where (235) holds by (222) and (236) leverages the properties of R and R4 as the definitions (214) and (215). Therefore,
w(gt) (a*) is non-decreasing after T5. Hence, it follows that

inf wét)(a*) = min Wét) (a*) > 0. (238)

t>0 0<t<T,

O
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D.2. Lower Bound of Sub-Optimality Under APG

Theorem 3. Consider a simple two-armed bandit with actions a*, as, reward function r(a*) = 1,7(a2) = 0, and initial

policy parameters 9((12) = 9&2) = 0. Under APG with n¥) = t% . %,for allt > 0, we have:
T 1
(7 =) r= ) (12)

T
Proof of Theorem 3. Given the reward function r(a*) = 1,7(az) = 0, we know W(St) r= wét) (a*), and hence we could

focus on 9((1?. Moreover, by Lemma 12 and the initialization 6((12) = 9((1(;) = 0, we know 9((1? + 9,(1? = 0, for all ¢. Under
APG, in this two-armed bandit case, we have

t—1

e+l — g L 2~
* t+2

(01 — glt=1)y 4 pit1) . V(WJT)b:ww (239)

Under the learning rate n(*) = t% . %, one could iteratively verify that In(t + 1) — 2 < 9((1? <In(t+1)—1,forallt > 2.

This implies that the sub-optimality gap is Q(;5).
O
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E. Detailed Explanation of the Motivating Example and the Experimental Configurations

4.2 Motivating Examples of APG

Consider a simple two-action bandit with actions a*, as and reward function r(a*) = 1,7(az) = 0. Accordingly, the
objective we aim to optimize is Eq~r, [r(a)] = mg(a*). By deriving the Hessian matrix with respect to our policy parameters
0.+ and 6,,, the Hessian matrix can be written as:

3% 7g(a*) 3*mg(a*)

b [Tt FEL | [re()( - m@)(1 - 2m(a) mo(a)(1 - mo@N@mo(a) < D] 40
i) 2 | = |my(a) (1= mo(at)) 2mo(a”) — 1) mo(a)(1 — mola)) (1L~ 2mp(a”))]
ag a* ag ag

where the eigenvalue \; = 2mg(a*)(mp(a*) — 1)(2mg(a*) — 1), A2 = 0. So we have that if wp(a*) > 0.5, then Ay, A2 <0,
leading to the fact that the Hessian is negative semi-definite. Additionally, we have that the Hessian is negative semi-definite
if and only if the objective E,., [r(a)] is concave, which complete our proof.

4.3 Non-Monotonic Improvement Under APG

We conduct a 3-action bandit experiment with actions A = [a*, ag, a3], where the corresponding rewards are r =
[r(a*),r(az),r(as)] = [1,0.8,0]. We initialize the policy parameters as (°) = [0, 3,10], which represents a highly
sub-optimal initialization. Notably, the weight of the optimal action in the initial policy 7(*) ~ [0.00005,0.00091, 0.99904]
is exceedingly small.

6.1 Numerical Validation of the Convergence Rates of APG

(Bandit) We conduct a 3-action bandit experiment with actions A = [a*, as, as], where the corresponding rewards are
r = [r(a*),r(az),r(az)] = [1,0.99,0]. We initialize the policy parameters with both a uniform initialization (§(*) =
[0,0,0], 7 = [1/3,1/3,1/3]) and a hard initialization (§(*) = [1,3,5], 7(®) = [0.01588,0.11731,0.86681] and hence
the optimal action has the smallest initial probability).

(MDP) We conduct an experiment on an MDP with 5 states and 5 actions under the initial state distribution p =
[0.3,0.2,0.1,0.15,0.25]. The reward, initial policy parameters, transition probability can be found in the following
Table 1-8.
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Table 1. Experimental settings: Reward function Table 2. Experimental settings: Hard  Table 3. Experimental settings: Uni-
initialization form initialization
r(s,a) | a1 | a2 | as | a4 | as

51 1008|0607 04 0 [ a1 [ a2 | as | as | as 0 Tar [ a2 | as | au | as
S92 05]03|01]10]|0.6 s1 1 2 3 4 5 81 0 0 0 0 0
S3 06 |09 |08]|07]|1.0 S2 3 4 5 1 2 52 0 0 0 0 0
Sa4 01]02|06]|07]04 83 5 2 3 4 1 53 0 0 0 0 0
S5 0.8 104]|061]02]|09 S4 5 4 2 1 3 54 0 0 0 0 0

S5 2 4 3 5 1 S5 0 0 0 0 0

Table 4. Experimental settings: Transition probability P(-|so,:)  Table 5. Experimental settings: Transition probability P(-|s1, )

P(sl|so,a) | a1 | a2 | as | aa | as P(s|si,a) | a1 | a2 | az | aa | as
S1 0106050402 S1 0.1 104010402
S2 05]01]0103]0.1 S2 05 (01|04 01]0.2
S3 01}01]01|01]|0.1 S3 02102030102
Sa 02]01(02]|01]|01 S4 0.1 102|01)01]0.2
S5 01]01(01(01]|0.5 S5 0.1 10101]03]0.2

Table 6. Experimental settings: Transition probability P(-|s2,:)  Table 7. Experimental settings: Transition probability P(-|ss, )

P(sl|s2,a) | a1 | a2 | as | aa | as P(s|ss,a) | a1 | a2 | az | aa | as
S1 06 0203|0102 S1 06 0102|0405
S2 0104031041 0.1 S2 0.1]05|01]03]0.1
S3 01]01]02]|03]|0.1 53 0.1 101)01]01]0.1
Sa 0102010101 S4 0.1 102010102
S5 01]01]01(01]|0.5 S5 0.1 101 |05]01]0.1

Table 8. Experimental settings: Transition probability P(-|sa, )

P(s|sa,a) | a1 | a2 | az | as | as
S1 021]04]0401]0.2
S2 02]01|01]04]05
S3 02102]01|02]|0.1
S4 02102030101
S5 02101010201




