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Abstract

The remarkable capability of Transformers to
show reasoning and few-shot abilities, without
any fine-tuning, is widely conjectured to stem
from their ability to implicitly simulate a multi-
step algorithms — such as gradient descent — with
their weights in a single forward pass. Recently,
there has been progress in understanding this
complex phenomenon from an expressivity point
of view, by demonstrating that Transformers can
express such multi-step algorithms. However,
our knowledge about the more fundamental
aspect of its learnability, beyond single layer
models, is very limited. In particular, can training
Transformers enable convergence to algorithmic
solutions? In this work we resolve this for
in-context linear regression with linear looped
Transformers — a multi-layer model with weight
sharing that is conjectured to have an inductive
bias to learn fix-point iterative algorithms. More
specifically, for this setting we show that the
global minimizer of the population training loss
implements multi-step preconditioned gradient
descent, with a preconditioner that adapts to the
data distribution. Furthermore, we show a fast
convergence for gradient flow on the regression
loss, despite the non-convexity of the landscape,
by proving a novel gradient dominance condition.
To our knowledge, this is the first theoretical
analysis for multi-layer Transformer in this
setting. We further validate our theoretical
findings through synthetic experiments.

1. Introduction

Transformers (Vaswani et al., 2017) have completely revolu-
tionized the field of machine learning and have led to state-
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of-the-art models for various natural language and vision
tasks. Large scale Transformer models have demonstrated
remarkable capabilities to solve many difficult problems,
including those requiring multi-step reasoning through large
language models (Brown et al., 2020; Wei et al., 2022b).
One such particularly appealing property is their few-shot
learning ability, where the functionality and predictions of
the model adapt to additional context provided in the input,
without having to update the model weights. This ability
of the model, typically referred to as “in-context learning”,
has been crucial to their success in various applications.
Recently, there has been a surge of interest to understand
this phenomenon, particularly since Garg et al. (2022) em-
pirically showed that Transformers can be trained to solve
many in-context learning problems based on linear regres-
sion and decision trees. Motivated by this empirical success,
Von Oswald et al. (2023); Akytirek et al. (2022) theoretically
showed the following intriguing expressivity result: multi-
layer Transformers with linear self-attention can implement
gradient descent for linear regression where each layer of
Transformer implements one step of gradient descent. In
other words, they hypothesize that the in-context learning
ability results from approximating gradient-based few-shot
learning within its forward pass. Panigrahi et al. (2023),
further, extended this result to more general model classes.

While such an approximation is interesting from the point of
view of expressivity, it is unclear if the Transformer model
can learn to implement such algorithms. To this end, Ahn
et al. (2023); Zhang et al. (2023) theoretically show, in a
Gaussian linear regression setting, that the global minimiz-
ers of a one-layer model essentially simulate a single step
of preconditioned gradient descent, and that gradient flow
converges to this solution. Ahn et al. (2023) further show for
the multi-layer case that a single step of gradient descent can
be implemented by some stationary points of the loss. How-
ever, a fundamental characterization of all the stationary
points for multi-layer Transformer, and the convergence to a
stationary point that implements multi-step gradient descent,
remains a challenging and important open question.

In this work, we focus our attention on the learnability of
such multi-step algorithms by Transformer models. Instead
of multi-layer models, we consider a closely related but
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different class of models called looped Transformers, where
the same Transformer block is looped multiple times for a
given input. Since the expectation from multi-layer models
is to simulate an iterative procedure like multi-step gradient
descent, looped models are a fairly natural choice to imple-
ment this. There is growing interest in looped models with
recent results (Giannou et al., 2023) theoretically showing
that the iterative nature of the looped Transformer model can
be used to simulate a programmable computer, thus allow-
ing looped models to solve problems requiring arbitrarily
long computations. Looped Transformer models are also
conceptually appealing for learning iterative optimization
procedures — the sharing of parameters across different
layers, in principle, can provide a better inductive bias than
multi-layer Transformers for learning iterative-optimization
procedures. In fact, by employing a regression loss at var-
ious levels of looping, Yang et al. (2023) empirically find
that looped Transformer models can be trained to solve in-
context learning problems, and that looping on an example
for longer and longer at test time converges to a desirable
fixed-point solution, thus leading them to conjecture that
looped models can learn to express iterative algorithms" .

Despite these strong expressivity results for looped models
and their empirically observed inductive bias towards
simulating iterative algorithms, very little is known about
the optimization landscape of looped models, and the the-
oretical convergence to desirable and interpretable iterative
procedures. In fact, a priori it is not clear why training
should even succeed given that looped models heavily
use weight sharing and thus do not enjoy the optimization
benefits of overparameterization that has been well studied
(Buhai et al., 2020; Allen-Zhu et al., 2019). In this work,
inspired by the empirical effectiveness of non-linear looped
Transformers (Yang et al., 2023), we delve deeper into the
problem of optimizing looped Transformers and theoret-
ically study their landscape and convergence for in-context
linear regression under the Gaussian data distribution setting
used in (Ahn et al., 2023; Zhang et al., 2023). In particular,
the main contributions of our paper are as follows:

* We obtain a precise characterization of the global min-
imizer of the population loss for a linear looped Trans-
former model, and show that it indeed implements
multi-step preconditioned gradient descent with pre-
conditioner close to the inverse of the population co-
variance matrix, as intuitvely expected.

* Despite the non-convexity of the loss landscape, we
prove the convergence of the gradient flow for in-
context linear regression with looped Transformer. To
our knowledge, ours is the first such convergence result
for a network beyond one-layer in this setting.

'The algorithm should converge to a desirable fixed point.

» To show this convergence, we prove that the loss sat-
isfies a novel gradient-dominance condition, which
guides the flow toward the global optimum. We expect
this convergence proof to be generalizable to first-order
iterative algorithms such as SGD with gradient estimate
using a single random instance (De Sa et al., 2022).

* We further translate having a small sub-optimality gap,
achieved by our convergence analysis, to the proximity
of the parameters to the global minimizer of the loss.
Furthermore we prove that the learned looped Trans-
former can extrapolate to out-of-distribution examples
with skewed covariances, thus providing theoretical
justification for the empirical findings in (Yang et al.,
2023).

2. Related Work

In-context learning. Language models, especially at larger
scale, have been shown to empirically demonstrate the
intriguing ability to in-context learn various tasks on test
data (Brown et al., 2020) More recently, Garg et al. (2022)
formalized in-context learning ability and empirically ob-
served that Transformers are capable of in-context learning
some hypothesis classes such as linear or two layer neural
networks, sometimes improving over conventional solvers.
There have since been many paper studying this intriguing
in-context learning phenomenon (Xie et al., 2022; Akyiirek
et al., 2022; Von Oswald et al., 2023; Bai et al., 2023)

Transformers in modeling iterative optimization algo-
rithms. He et al. (2016) first observed that neural networks
with residual connections are able to implicitly implement
gradient descent. Von Oswald et al. (2023); Akyiirek et al.
(2022) use this line of reasoning for in-context learning by
constructing weights for linear self-attention layers that can
emulate gradient descent for various in-context learning
tasks, including linear regression. Furthermore, Akyiirek
et al. (2022) empirically investigate various in-context learn-
ers that Transformers can learn as a function of depth and
width. Also, von Oswald et al. hypothesize the ability of
Transformers to (i) build an internal loss based on the spe-
cific in-context task, and (ii) optimize over that loss via an it-
erative procedure implemented by the Transformer weights.
Panigrahi et al. (2023) generalize the results to show that
Transformers can implement gradient descent over a smaller
Transformer. Recently, Fu et al. (2023) empirically observe
that Transformers can learn to emulate higher order algo-
rithms such as Newton’s method that converge faster than
gradient descent.

Transformers in reasoning and computation. Indeed the
in-context capabilities of Transformers in doing reasoning
at test time and emulating an input-specific algorithm as
a computer bear deep similarities (Dasgupta et al., 2022;
Chung et al., 2022; Lewkowycz et al., 2022). Years before
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the advent of Transformers, (Siegelmann & Sontag, 1994)
study the Turing completeness of recurrent neural networks.
To show the computational power of Transformer as a
programmable device, (Pérez et al., 2019; 2021; Wei et al.,
2022a) demonstrate that Transformers can simulate Turing
machines. Furthermore, Lindner et al. (2023) propose
using Transformer as programmable units and construct a
compiler for the domain specific programming language
called RASP. Pérez et al. (2019) further find a more efficient
implementation of a programming language that is also
Turing complete using looped Transformers, without
scaling with the number of lines of code. More recently
Giannou et al. (2023) used looped models to simulate
a single-instruction program. Yang et al. (2023) show
that looped Transformers can in-context learn data-fitting
problems such as linear regression or decision trees as well
as normal Transformers but with much fewer parameters.

3. Preliminaries
3.1. In-context Learning (ICL)

One of the surprising emergent abilities of large language
models is their ability to adapt to specific learning tasks with-
out requiring any additional fine tuning. Here we restate
the formalism of in-context learning introduced by Garg
et al. (2022). Suppose for a class of functions F and in-
put domain X', we sample an in-context learning instance
T = ({zi}1,{yi}1-1, ) is then generated by sampling
x; ~ Dy and f ~ Dx independently, then calculating
Vi e {1,2,...,n},y; = f(z;). An in-context learner My
parameterized by 6 is then a mapping from the instance 7
to a prediction for the label of the query point f(x,). The
population loss of My is then defined as

£0Mp) = Ep, o [(MoD) ~ (2)) ]

3.2. Linear regression ICL setup

In this work, we consider linear regression in-context

learning; namely, we assume sampling a linear regres-
n

sion instance is given by Z = ({xi,yi} ,a:q> where
1

=
for w* ~ N(0,%%,.,7"), i ~ N(0,%5,,) we have
Yi = for(x;) = w* Tz, for all i € [n]. The goal is to
predict the label of ,, i.e. w* ' z,. Define the data matrix
X € R¥" whose columns are the data points {z;}"_;:

X:[xl,...

’ xn]

We further assume n > d, i.e. the number of samples is
larger than the dimension. This combined with the fact

that Z is realizable implies that we can recover w* from

{xi, yi} . by the well-known pseudo-inverse formula:

i=

w* = (XX )71 Xy.

While a reasonable option for the context-learner My (Z) is
to implement (X X ) ~! X'y, matrix inversion is arguably an
operation that can be costly for Transformers to implement.
On the other hand, it is known that linear regression can
also be solved by first order algorithms that move along the
negative gradient direction of the loss

Gw) = [ XTw" —y|.

Using a standard analysis for smooth convex optimization,
since the Hessian of the loss || X Tw* — y||? is XX T with
condition number «, gradient descent with step size %
converges in O(k) iterations. This means that we need O(k)
many layers in the Transformer to solve linear regression.
Particularly, Von Oswald et al. (2023) show a simple
weighting strategy for the key, query, and value matrices of
a linear self-attention model so that it implements gradient
descent, which we introduce in the next section.

3.3. Linear Self-attention layer

Here we define a single attention layer that forms the basis of
the linear Transformer model we consider. Define the matrix
Z©) which we use as the input prompt to the Transformer,
by combining the data matrix X, their labels y, and the
query vector x4 as

(0): X Tq
’ L/T 0}

Following (Ahn et al., 2023; Schlag et al., 2021; Von Oswald
et al.? 2023), we consider the linear self-attention model
Attn"" (Z; W), . ) defined as

A" (Z; Wy g o) = W, ZM(ZTW/] W, 2),

M — |:In><n

0 (n+1)x (n+1)
; O] R ,

where Wj,, W,, W, are the key, query, and value matri-
ces, respectively and the index k& x r below a matrix de-
termines its dimensions. Furthermore, similar to (Ahn
et al., 2023), we use mask matrix M in order to avoid the
tokens corresponding to (z;,y;) to attend the query vector
24, and combine product of the key and query matrices into
Q = W,] W, to obtain the following parameterization for
the attention layer (we denote W, by P):

At (Z:Q, P) = PZM(Z" QZ).

While linear attention is a simplification to the standard
softmax attention used in practice, recent work (Ahn et al.,
2024) shows that linear attention can provide valuable in-
sights into dynamics of non-linear attention as well.
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3.4. Linear looped Transformer

The linear looped transformer TF(Z(?); Q, P) can be de-
fined by simply chaining L linear self-attention layers with
shared parameters ) and P. In particular, we define

1 .
z® = 7Y _ ZAwn!™ (Z;,Q, P). )
n

for all ¢ € [L]. Then, the output of an L layer looped
transformer TF (Z(9); Q, P) just uses the (d+1) x (n+1)
entry of matrix Z(X) i.e.,

TF.(Z;Q,P) = *Z(L)(d+1),(n+1)- 3

We note that the minus sign in the final output of the Trans-
former is only for simplicity of our expositions later on.
For technical reasons, throughout the paper we assume n is
large enough so that we have % < 22%

Can looped Transformer implement multi-step gradient
descent? We first examine the expressivity of looped Trans-
former. The key idea is to leverage the existing result of one
step preconditioned gradient descent from (Ahn et al., 2023)
and use the loop structure of looped Transformer to show
that it can implement multi-step preconditioned gradient
descent. For completeness, we first restate the observation
of (Ahn et al., 2023) that linear attention can implement a
step of preconditioned gradient descent with arbitrary pre-
conditioner.

Corollary 3.1 (Lemma 1 from Ahn et al. (2023)). There
is a choice of Q, P such that Linear looped Transformer
architecture as defined in Equations (2) and (3) implements
preconditioned gradient descent with arbitrary precondi-
tioner A.

Proof. For this, it suffices to pick
o Aixa O _ |0gxa O
then for the matrix [X 4] € R4 (n+1)

[Atm“"(z;Q,P)] =y XTA[X x,] ©

(d+1),
1
= —(0-—AV,(5(0)) " X, ©

[Attn”” (Z;Q,P)L | = Oaxn, %

where index (k : r,) denotes the restriction of the matrix
to its rows between k and r, and we used the fact that
V.?3(0) = Xy. Butif we update w with the gradient of
¢3(w) preconditioned by A and step size % and assuming
wo = 0, then

1 1
wy = wy — EAV“,E%(U;O) =0- EAV“,@(O).

Plugging this into Equation (6):

A" (Z;Q, P =—w X
|: n ( 7Q’ )j|(d+1),1:n w1

Attn'" (Z; ,P} = —wy x,.
[ nt (Z:Q )(d+1),n+1 W1 tq

Further, by using Equation (6) in Equation (2) we get

{Z(l)} =yl —w X
(d+1),1:n L

= —w/ z,, {Z(l)L:d —X. @®

2]

(d+1),n+1
It is easy to see that Equations (8) hold for all Z®) with w;
substituted by corresponding w;, thus, allowing implemen-
tation of multi-step gradient descent. [

3.5. Loss function on the weights

In previous section, while we observed that looped Trans-
former can implement preconditioned gradient descent, the
choice of the preconditioner and its learnability by optimiz-
ing a loss function (e.g. squared error loss) still remain
unclear. Following (Ahn et al., 2023; Zhang et al., 2023),
we search for the best setting of matrices P, (), where ) =

[A%Xd 8} , 1.e. only the top left d x d block can be non-

0 0
zero, and P = [ 3—er } for parameter vector u € RY.

1

The population squared loss as a function of A and u is
L(A,u) = Eu x [(TFL(Z0:Q, P) = y,)].

1/(2L)
We define a parameter § := (%) which governs the

accuracy of our estimates, which goes to zero as n — oc.

We are now ready to present the main theoretical results.
An important point to note is that, although the model being
considered uses linear attention and the problem instance
is linear regression, the resultant model is far from linear in
its inputs and the corresponding optimization problem can
be far from convex. This makes the analysis of multi-layer
(multi-loop) models tricky. In the next section, we present
theoretical convergence by getting around these issues.

4. Theoretical results for convergence

In this section, we show theoretical results for the conver-
gence to a preconditioned gradient descent solution with
a good preconditioner. Before presenting the main results,
it is instructive to discuss the choice of the preconditioner
A since it determines speed of convergence of w; to the
solution of the regression. Note that the exact solution
of an over-determined linear regression instance (X, y) is
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Table 1. Summary of main theoretical results and key assumptions

Results Initialization Basic Description
. For the global minimizer of the loss (A%P*, u°P*), u°P* = ()
Theorem 4.1 | Arbitrary and the preconditioner part A°* is close to ©* .
Theorem 4.2 | u =0, 5% = I The gradlept ﬂow of the loss converge to.a loss value with small suboptimality gap,
in the proximity of the global minimizer in the parameter space
Theorem 4.3 | u =0, %% = I The loss satisfies a gr.adle'nt domllnance with power ==—,
given that the suboptimality gap is not too small
Theorem 5.4 | u — 0 Small subopt%mahty gap implies closeness in the parameter space
(In spectral distance).
Theorem 4.4 | 4 — 0 Instance—dgpendent out of distribution generalization for the minimizer of
the population loss.

w = (XX T)~1Xy. This can be obtained only after one
step of preconditioned gradient descent starting from the
origin and using inverse of the data covariance matrix pre-
conditioner

1 n
E:—E xLxlT
n “
=1

In general, it may not be possible to pick the weights of the
Transformer to ensure such a preconditioner for all possible
regression instances as every instance (X, y) has its own
data covariance matrix + X X 7. But since x;’s are sampled
i.i.d from NV (0, £*), it is known that the inverse of the data
covariance matrix concentrates around the inverse of the
population covariance ¥*. Thus, a reasonable choice of A
is the inverse of the population covariance matrix X* .

In fact, Ahn et al. (2023) show that the global minimum of
one-layer linear self-attention model under Gaussian data
is the inverse of the population covariance matrix plus some
small regularization term. However, the characterization of
global minimizer(s) of the population loss for the multilayer
case is largely missing. Specifically, is there a global
optimum for solving regression with Transformers that is
close to gradient descent with preconditioner £* 1 ? In this
work, we solve this open problem for looped Transformers;
given that data is sampled iid from A/ (0, ¥*), we show that
the optimal looped Transformer under constraints stated
in Section 3.5, A°Pt will be close to X* 1.

4.1. Global optimizer

In this section, we state our main results. First, we give a
tight estimate on the set of global minimizers of the popu-
lation loss, under the Gaussian assumption, for the looped
Transformer model with arbitrary number of loops L.

Theorem 4.1 (Characterization of the optimal solution).
Suppose { A% u°P'} are a global minimizer for L(A,u).

.. 2
Then, under condition % < 51,

1 L(A, uort) < SLE2E

2. (1= P g A” < (1 + )2t e = 86d"/ 20

1/(2L)
and u?" = 0, where recall § := (%) .
Remark. From Theorem 4.1, we first observe that the pa-
rameter u has no effect in obtaining a better regression
solver and has to be set to zero in the global minimizer.
This result was not known in the previous work (Ahn et al.,
2023). A value of u°"* = 0 implies that the optimal looped
Transformer exactly implements L steps of preconditioned
gradient descent, with preconditioner A"

Secondly, as discussed in Section 4, the choice of precondi-
tioner plays an important role in how fast gradient descent
converges to the solution of linear regression. Intuitively the
inverse of the population covariance seems like a reasonable
choice for a single fixed preconditioner, since it is close to
the inverse of the data covariance for all linear regression in-
stances. The above result shows that the global optimum is
indeed very close to the inverse of the population covariance.

Precisely how close the optimum is to the population co-
variance depends on the parameter § = %g, which goes
to zero as the number of examples in each prompt goes to
infinity. In general, we do not expect the global minimizer
to be exactly equal to ¥* ~*. Indeed for the case of one layer
Transformer, which is equivalent to a loop-transformer with
looping parameter L. = 1, the global minimizer found in
Ahn et al. (2023) is not exactly the inverse of the covari-
ance matrix, but close to it. Even in their case, the distance
goes to zero as n — oo. This shows that our estimate in
Theorem 4.1 is essentially the best that one can hope for.

4.2. Convergence results

Next, we state our second result, which concerns the con-
vergence of the gradient flow of the loss to the proximity of
the global minimizer.

Theorem 4.2 (Convergence of the gradient flow). Consider
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the gradient flow with respect to the loss L(A,0) for ¥* =
I:

%A(t) = —V4L(A(t),0).

16d%/2 Ld4*"
Then, for any & > =

(L-1)/L (L—1)/(2L—1) ,
(%) A if L > Land t > 8In(#520)

lfL =1, we have

after time t >

1 L(A(1) <&

2. (1 —8(1 +4d"/ L)1/ (L)) gort < A
_\< (1 +8(1 +4d1/(2L))€1/(2L))AOpt

Note that the landscape of the loss with respect to A is
highly non-convex, hence Theorem 4.2 does not follow
from the typical convex analysis of gradient flows. The
key in obtaining this result is that we show a novel gradient
dominance condition for the loss with power (2L — 1)/L,
which we state next.

Theorem 4.3 (Gradient dominance). Given ¥* = I, for
any A that L(A,0) > 16‘13/#, we have the following
gradient dominance condition:

1
IVAL(A,0)IP > =760 LA, 0) D%,
Remark. Theorem 4.3 illustrates that the squared norm of
the gradient is at least proportional to the power (2L —1)/L
of the value of the loss. On the other hand, it is easy to
see that the speed of change of the value of the loss on the
gradient flow, namely < £(A(t),0), is equal to the squared
norm of the gradient. But when the value of the loss is
large, then the size of the gradients increase accordingly due
to gradient dominance, therefore the convergence is faster
when the loss is high. This trend is evident in the rigorous
rate that we obtain on the convergence of the gradient flow
in Theorem 4.1.

4.3. Out of distribution generalization

In the result below, we show that a looped Transformer
learned on one in-context distribution can generalize to
other problem instances with different covariance, owing to
the fact that it has learned a good iterative algorithm.

Theorem 4.4. Let A°PY u°Pt be the global minimizers of
the poplulation loss for looped Transformer with depth
L when the in-context input {x;}?_, are sampled from
N(0,%*) and w* is sampled from N(0,5*71).  Sup-
pose we are given an arbitrary linear regression instance

n
Tout = xf"t,yf”t}' , WO with input matrix X 4 =
i=
out out out out
[z, ..., "], query vector xg"', and label y;

T
wout,* x;}ut

. Then, if for parameter 0 < £ < 1, the in-
. . T
put covariance matrix L°% = XUt XU ' of the out of

distribution instance satisfies
(1- %" <3 5 (1463, ©)

we have the following instance-dependent bound on the out
of distribution loss:

(TFL(Zgut; Q,P) _ y;mt)Q
< (14 160dY )2 (166d" 1) 4 ¢)2F

2
out,*

‘ 2
.’L‘O“ .
Tx—1

w
q S

d

5. Proof Ideas

In this section we present the high level intuitions and key
steps in the proof of the results. The proof is structured as
follows:

 First we obtain closed form formula for the loss
function in Lemma 5.1 in terms of the parameter A
and covariance X*. The loss depends on how close
AY/23A1/2 is to identity for a randomly sampled X.
Using the estimates in Lemma 5.3, we obtain an esti-
mate on the loss based on the eigenvalues of the matrix
Al/25* A1/2 Tmportantly, the result of Lemma 5.3 is
based on estimating the higher moments of the Wishart
matrix with arbitrary covariance, shown in Lemma 5.2
Using our estimate of the loss in Lemma 5.3, we obtain
a precise characterization of the global optimum.

* We further use Lemma 5.3 to drive an estimate on the
magnitude of the gradient based on the same eigenval-
ues, those of A'/2%* A1/2. Comparing this with our
estimate for the loss from Lemma 5.3, we obtain the
gradient dominance condition in Theorem 4.3.

* We use the gradient dominance condition to estimate
the speed of convergence of the gradient flow to the
proximity of the global minimizer in Theorem 4.2.

The starting point of the proof is that we can write the loss
in a matrix power format based on A when u is set to zero:

Lemma 5.1. Given u = 0, the loss for looped Transformer
is as follows:

L(A,0) = Ex [n(([ _ A2y A2 ]
where ¥ = L5 zial
To be able to estimate the global minimizers of this loss,

first we need to estimate its value. In particular, we
hope to relate the value of the loss to the eigenvalues of
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Figure 1. Measuring the effect of number of samples n for looped models trained on inputs of dimension d = 5. Theorem 4.1 shows that
the global optima for looped models is A = I (since X* = I here) for large enough n. Here we verify that A converges to something

very close to I even for smaller values of n and even n < d.
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Figure 2. Loss trajectory as training proceeds for looped models
and baseline multilayer models. Interestingly a 1-layer model
looped L times performs similarly to an L layer multilayer model.
Furthermore, increasing the number of loops leads to lower loss.

A. Note that if the data covariance matrix ¥ was equal
to the population covariance matrix >%*, then loss would
turn into tr((I — AY/2%*AY/2)2L), whose global mini-
mum is A = X*~'. However, we can still hope to ap-
proximate the value of Ex [tr(([ - A1/22A1/2)2L)} with
tr((1 — AY/2%* AY/2)2L) given that we have a control on the
expectation of the powers of the form E x {(Al/zEAl/z)k}

for 1 < k < 2L. While there are some work on obtaining
formulas for the moments of the Wishart matrix (note that
> A is a Wishart matrix), these formulas (Bishop et al., 2018)
are in the form of large summations and do not directly pro-
vide closed-form estimates in the general case. In general,
the moment of the product of n Gaussian scalar variables can
be written as a sum over various allocations of the variables
into pairs, then multiplying the covariances of the pairs, due
to Isserlis’ Theorem. However, this gives a formula in terms
of a large summation. Here, we propose a simple combina-
torial argument in Lemma 5.2 which relates the moments of
the Wishart matrix to the cycle structure of certain graphs
related to the pairings of the Gaussian vectors, while us-

ing Isserlis’ theorem. In particular, we show the following
Lemma which relates the eigenvalues of the moments of the
data covariance matrix and the covariance matrix itself:

Lemma 5.2 (Moment controls). Suppose Vi € [n],&; ~
N(0,%).  Consider the eigen-decomposition Y. =
Z?:l )\lulu;'— with eigenvalues \y > Ao > -+ > Ag. Then,

foralll <k <2L E [(% > izij)k] can be written as

n

1 o .
E[(ﬁ Zxﬂj)k] = Zaﬁfﬁ,mﬁv

i=1 j=1
where forall 1 < j < d:

M= EAF < al) <A gRAL

Next, we translate this Lemma to a control over the
eigenvalues of AY/2E [(I — EA)’“} A~1/2 with respect to
that of A/25* A1/2;

Lemma 5.3 (Eigenvalue approximation). Given the eigen-
decomposition

A2y AY? = Z)\iuiu:7
i=1

then for all k < 2L, the matrix & [(I — Al/zEAl/Q)k] can
be written as

E (I* A1/22A1/2)k} _ Zﬂfk)uzu:a

=1
where
(1= X)F = 6% + 1)k < gk
< (A= X)) 4O+ )R
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We use Lemma 5.3 to argue that the matrix (I —
AYV28 AL for data covariance matrix ¥ =
LS @z roughly behaves like (I — A1/2¥*A1/2)2L,
plus some noise on each eigenvalue.

The rest of the proof in a high level goes as follows:
Given that the value of the loss has certain amount of sub-
optimality gap, we deduce, using Lemma 5.3, a lower bound
on the distance of the eigenvalues of A2 A'/2 from one
in 2L-norm. We then again apply Lemma 5.3, this time for
power 2L — 1, which is relevant from the algebraic form of
the gradient V4 L(A, 0), to deduce a lower bound for norm
of the gradient based on the distance of the eigenvalues of
A'/25 A2 to one in the 4L — 2-norm. Finally by relating
these two results using Holder’s inequality, we obtain the
gradient dominance for values of sub-optimality that are not
too small.

Note that as in Lemma 5.3, the magnitude of the noise on
all the eigenvalues is controlled by the largest eigenvalue,
hence the noise is multiplicative only for the largest eigen-
value. This introduces additional difficulty in arguing about
the distance of eigenvalues of A from one given a certain
suboptimality gap. Next, using the gradient dominance con-
dition, we estimate the gradient flow ODE and upper bound
the value of the loss at a positive time ¢ > 0 in Theorem 4.2.
To finish the proof of Theorem 4.2, we need to translate a
small suboptimality gap into closeness to global optimum,
which we prove the following Theorem:

Theorem 5.4 (Small loss implies close to optimal). For
€ > 46, if L(A,0) < €2L/2, then for c = (4 + 16d"/(21))

(1 — ce) APt < A < (14 ce) A,

Note that § goes to zero as n — 0o, so A can get arbitrarily
close to A°P given large enough n.

6. Experiments

In this section we run experiments on in-context learning
linear regression to validate the theoretical results and to
go beyond them. In particular, we test if looped models can
indeed be trained to convergence, as the theory suggests,
and whether the learned solution is close to the predicted
global minima. Furthermore, we investigate the effect of
various factors such number of loops, number of in-context
samples and depth of the model (in the multi-layer case).
We use the codebase and experimental setup from (Ahn
et al.,, 2023) for all our linear regression experiments.
In particular we work with d = 10 dimensional inputs
and train with L attention layer models for multilayer
training and 1 layer attention model looped L times. Inputs
and labels are sampled exactly based on the setup from
Section 3.2, using covariance ¥* = [.

6.1. Effect of loops

We first test whether training with looped model converges
to a low loss, and how small the loss can be made with
more loops. In Figure 2, we see that looped models indeed
converge to very small loss very quickly, and higher loops
leads to lower loss as expected. Interestingly, we find that
a 1-layer model looped L times roughly has very loss to an
L-layer non-looped model.

6.2. Effect of in-context samples

Theorem 4.2 shows convergence of the gradient flow for
looped models when the number of in-context samples, 7,
is large compared to the dimension d. In these experiments
we test the convergence of loss and iterate for smaller values
of n, when n is closer to, or even smaller than d. In Figure 1
we observe that the loss converges for all values of n > 1
and the iterates also converge to a value very close identity.
Theoretically proving this result remains an open question.

6.3. Out-of-distribution evaluation

While the looped model was trained with linear regression
instances with identity covariance, we evaluate the trained
looped model on out-of-distribution (OOD) data with a
different covariance # I. The in-distribution covariance
is X* = [ while the out of distribution covariance is
¥ = UX2UT where U is a randomly sampled orthogonal
matrix, and ¥ = [1,1,1/2,1/4,1]. The input and classifier
are sampled from the distribution described in Section 3.2.

Theorem 4.4 predicts that the model trained on identity
covariance should also generalize to other covariances, be-
cause it simulates multi-step preconditioned gradient de-
scent that works for all problems instances. In Figure 3,
we find that the learned looped model achieves small loss
for OOD data, although the scale of the loss is higher than
in-distribution (ID) data. Interestingly, for looped models
trained with just 2 (or 5) loops, evaluating them with arbi-
trarily large number of loops during test time continues to
decrease the loss even further for ID and OOD data. This
suggests that the trained looped models are indeed learning
a good iterative algorithm.

7. Conclusion

This work provides the first convergence result showing
that attention based models can learn to simulate multi-step
gradient descent for in-context learning. The result not
only demonstrates that Transformers can learn interpretable
multi-step iterative algorithms (gradient descent in this
case), but also highlights the importance of looped models
in understanding such phenomena. There are several
open questions in this space including understanding the
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Figure 3. In-context linear regression loss on in-distribution (left) and out-of-distribution (right) data which is sampled using a different
covariance Y # I. For looped models trained with just few loops (2, or 5), evaluating with more loops keeps improving the loss in both

cases, suggesting that it learned the correct iterative algorithm.
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Figure 4. The iterate A converges to identity for all number of
loops. The converge is slower for large number of loops which is
also observed by our rate of convergence in Theorem 4.2. Interest-
ingly just training with 1 loop does not converge in this setup.

landscape of the loss, convergence of training without
weight sharing across layers, and handling of non-linearity
in the attention layers. It is also interesting to understand
the empirical phenomenon that looping the trained models
beyond the number of loops used in training can continue to
improve the test loss. One way to show this is by obtaining
a tighter upper bound on the optimal loss value.
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A. Gradient Dominance and Convergence of SGD in multilayer Transformers
A.1. A formula for the loss in the multilayer case

Theorem A.1. Consider the linear attention layer with matrices P, Q) set as in Equation (10) but with different parameters
for different layers (i.e. without weight sharing). Namely, suppose for the layer t attention, we set

(t) 0 0
®) .— |Aaxa O p) . |Vixd
QW = { i 0] , P = l“(t)T E (10)
Now defining
(t)} — ®
|: (d+1),1:n v
Z@] — W
[ (d+1),(n+1) Ya
we have the following recursions:
T t—1 t—1 T t—1
y O =w T [JU=8AD)X + 3w 240 [T (1 -£49)X, (11)
i=0 i=0 j=i+1
0T _ T T (@) S0 s 40 TT )
y =y —wt [T = 24Dz, = > w2 AD T (7 - 24D, (12)
i=0 i=0 j=i+1

with the convention that | [, Y'— 1 and >0 L_o.

Proof. We show this by induction on ¢. For ¢ = 0, note that w* T X = y(© and yéo) =0=y, — w*Tacq. For the step of

induction, suppose we have Equations (11) and (12) for ¢ — 1. Then, from the update rule
720 = 70=0 _ L pt 7040707
n
we get

g0 07 L o7 yT 40 x
n

t—1 t—1
=w* " [[( - 2ANX —w " [ - 24A9)(XxT)AD X
=0

=0
t—1 T t—1 t—1 t—1
+3°u® 540 I (1= 549X = 3" u® 540 [ (1-£49)(xxT)A®X
i=0 j=it+1 i=0 j=itl
t t—1 t—1
— T [ - 2AD)X + 3" u® 540 T (1 - £AD)X,
i=0 i=0 Jj=i+1

where we used the fact that X X T = 3. Moreover

1 T
y((lt+1) _ y((lt) . 7y(t) XTqu

n
t—1 . L 4
=y —w*' H(I —BADyg, — Z u® $A® H (I —2AV)z,
i=0 i=0 j=i+1
t—1 . 4 L . ‘
—w T (I = SAD) XX T)ADz, + ) " u® $AO [T (1 -849) (XX T)AV)g,
=0 =0 j=i+1
¢ . L S ‘
=yq — w* " H(I — YAz, — Z u® AW H (I -2AD)z,,
i=0 i=0 j=i+1
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which completes the step of induction.

Lemma A.2 (moments of the Gaussian covariance). Givenn > 4k?d?, for iid normal random vectors x, . .., z, ~ N(0,1)
and data covariance Y = % Z?:l x;x; | we have

1 n
E [(ﬁ Z ’IixiT)k} = apkdl,
=1

for
4kd
1< Qn d,k <1+ %
Proof. Note that for 2k (correlated) normal variables w1, . . . , uog, from Isserlis’ theorem we have
E [ul . u2k} = Z E [up%up%}E [up?up%} ...E |:upllcup§:| ,
pEP(2k)

where P(2k) is the set of allocations of {1,2,...,2k} into unordered pairs ((p},p%),pQ = (p?,p3),..., (p’f,p’g)). For an
array of random matrices (M(l), ey M(%)) and allocation p € P(2k), let M (p) = (M (p)™, ..., M(p)*)) be the set
of random matrices where for each pair (p},p%) € p, M (p)p: and M (p),; have the same joint distribution as M,,; and M;,
while for i # j, (M(p):, M (p),;) and (M (p),;, M (p) pg) are indepdenent from each other. Equipped with this notation,

we now apply Isserlis’ theorem to each summand of the product of 2k matrices My, ..., Ma, which provides us with a
similar expansion of the expectation of the product of matrices:

E[MD . ME] = 3 E[ME)OME)® .. Mp)E). (13)
pEP(2k)

Now using Equation (13)

e = Y Y E[ el 0 w0 P07 s

pEP (k) (i1,...,ix)E[n]*

where (¥ (p) for an allocation p € P(2k) is defined similarly to M () (p) above. Now consider the graph G,, with vertices
{1,...,k} where we put an edge between j and k if one of the indices (iz;_1,i2;) is paired with (izx_1, iz) according to
p. A key idea that we use here is considering the cycle structure of G,,. It is clear that each vertex has degree exactly two,
hence it is decomposed into a number of cycles.

note that for the multi-indices (iy,...,1s) in the sum (14) and a pair (p{, p%), if i,; and i, are different, then the
1 2
corresponding T and T, are independent. Hence, the expectation is zero:
1 2

E|af) (p)z;, ()2l p)af) () -2 ()i (0) | = 0.

i i1 iz C Vi

therefore, for each pair p* = (pi7 pé), ipi = ip;. This means that if there is an edge between j; and j; in G, theni;, = 1i;,.
Therefore, for a cycle C' = (j1,. .., jr) in G, we have i, =1i;, = --- = i; . Note that we have exactly n choices for the
value of these indices.

Hence, given a pairing p, the number of different ways of picking the multi-index i such that the expectation of its
corresponding term is not zero is exactly

nCG).

where C (Qp) is the number of cycles in G. On the other hand, all of the non-zero terms have equal expectation. Therefore,
we can write the expectation in Equation (14) as

B[zl = > 0K [l 0) 2 0P )72l p)al” ()7 (15)
i=1 peP(k)

12
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Next, we make the observation that for taking expectation with respect to a pair, we can substitute both of the vectors in that
pair by one of vectors in the standard basis, and sum the results. More rigorously, for a fixed matrix A, vector v, and scalar
« we have

E _leA;vl} =tr(A) = ZQTA%
E _xlv—rml} =v= Zeiv—'—ei =,
Ez?vxl}—v Ze ve,

E [mlamﬂ =aol = Zeiaei . (16)

We can use this observation to unroll the expectation in Equation (13) as a sum. For example if j;, jo are paired according
to p, then

E (21 (p)at) (p) T2l ()2l ()T - .0l () ()]
=E[oV )2 ) (o (0) T ) V)T )2 ()2 )T

. . . i
= Z E {xgl)(p) ... (ﬁgj )(p)Txgjlw)(p) . :rgjz’ 1)(p)T)ei . ;vg )(p)q .
Unrolling the expectation using Equations (16), we get

1 1 2 2 k k
@0 P P @) 2P )P )] = > ety - iz
(i1,...,i2x) €[n]2F, V(j1,42) Ep,ij, =ij,

amn

The first observation above is that for consecutive elements egeij .1 we should have i; = i; 1 otherwise the product is zero.
Hence, the sum above is really on multiindices of size k. Based on this observation, we consider a graph Q;; corresponding
to the allocation p whose nodes are the pairs (2, 3), (4,5), ..., (2k — 2,2k — 1), (1, 2k), and we connect two nodes (j1, jo2)
and (i1,42) in g;, if either 77 or js is paired with ¢; or 75 according to p. Then, similar to our argument for G, for a cycle

(j1,42y---,7r) in Q’ in order for the term in Equation (17) to be non-zero, we should have i;, =1i;, = --- =i, _. Therefore,
the total number of choices for the multi-index i in Equation (17) is n)  in which case the term €i, 61261362 e Cigp egk
is equal to I. Therefore
1 1 2 2 k k ’
E[o @) (0) o )2 0) 2l p)al? ()T = 901 (18)

Combining Equations (18) and (15):

E[(ixm?)k} - Z nC(G0) JCG 1T

peP (k)

Now we need to estimate the number of cycles in the two graphs G, and QI’, and how they interact with the choice of the
allocation p. Note that each pair in the allocation p translates into an edge in G, and QZ/, and can be a self-loop (from a
node to itself). Another point is that from the definition of G, and G, every node has degree exactly two. The key idea
that we use here is that the total number of loops in the two graphs is bounded by k + 1. The reason is that each pair in
p can be a self-loop in at most one of the graphs (this is true from the definition of the graphs), and each self-loop in one
of the graph reduces the number of possible cycles in the other graph; suppose the number of self-loops in G, is r. Then
the rest of the k — r nodes can at most divide into cycles of length two. This means C(G,) < r + [ 5" |. On the other
hand, note that each self-loop in G, is created by a pair (2¢ — 1, 2¢) in p, which is an edge between two consecutive nodes
((2i —2,2i —1),(24,2i + 1)) in G},. Such an edge reduces the number of connected components of G, by one. But as G},

13
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mentioned, G’;) decomposes into a number of loops, hence the number of its connected components is equal to the number
of its loops. Therefore, the number of loops in G;, is at most k — r, i.e. C(QZ')) <k-r+1.

Next, we upper bound the number of p’s for which G, has at least 7 self loops: We have at most (]:) number of choices for
the self-loop nodes. Then, we are left with k — r nodes, including 2(k — r) pairs of indices (according to the definition of
Gp). This means there are at most C,_, choices for the rest of the graph, where C';,_,. is the number of different ways that
we can allocate {1,2,...,2(k —r)} into (k — r) pairs. It is easy to see that C,_, = (2k — 2r)!l. Therefore, there are at
most (’;) (2k — 2r)!! choices of p which results in G, with at least r self-loops. Putting everything together

k—r
nfanar < D nrtlE g
p€7’( )

( ) (2k — 27‘)”n 5 d

= Z i) (2s)!lnk=2q°

zruM

s=0
. ks 2s d
<Y V(D) ()
= V2ms(s/e)® Vin
. d
2k)*nk (—=)*. 19
< e (z) (19)
Now from the assumption n > 4k2d?, we get
4kd
Fmar <nf(14+ —=).
nPag,an <0 +\/ﬁ)
The proof of the upper bound on ¢, 4, is complete. The lower bound simply follows from Jensen inequality. [

Lemma A.3. The loss can be written as

L-1 L-1 L-1
L(Au) =Ex [Hzﬂ/z H(I — EA(i))Equ?} L Ey {H Z d;_I'EA(i) H (I - EA(J‘))EWHT
=0 i=0 j=it1

Proof. Note that

L-1 L—-1 L—-1
E [0~ 0§9)] = Bue o, | (w7 TT0 = 2AO)2, + > al2a® T (- 2A<J'>)xq)2].
i=0 i=0 G=it1

Now note that w* is independent of ZL LdTSAO T i +1 (I — S AU))z,. Therefore, taking expectation with respect to

w*:

L—1
, 2
E[(0 — 059)2] = Bue x| (0T [T = £4AD)2,) | + o, x [(ZdeA 0 H (I — 240 ) B
1=0 Jj=i+1
Taking expectation with respect to x4, and w*:

E [y - o)) = Ex |2~ 1/2]'[ (I — 240 21/2H }HEX[HZCFEA Lﬂl (IszU))zl/?HQ}

i=0 j=i+1

14
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Corollary A.4. The loss for loop Transformer is

L(Au) =Ex [tr(([ _ A1/22A1/2)2L)} T Ey {H Lz_luTZA(I _ EA)L717¢21/2H2]
1=0

Proof. Just note that
[ = , 2
L(A,u) = Ex |tr((I — 21/2AE1/2)2L)] +Ey [H Z WTSA( - ZA)L—1—ZE1/2H }
) i=0

L-1
- 4 ,
=Ex |tr((I — 21/2A1/2A1/221/2)2L)} +Ex H‘ Z WTSA(T - 2A>L—1—121/2H }
) =0

_Ey _tr((I - A1/22A1/2)2L)] +Ex [H Lz:_luTzA(I - ZA)L—1J21/2H2}.
L =0
O

Lemma A.5 (Restatement of Lemma 5.2). Suppose Vi € [n],Z; ~ N (0,%*). Consider the eigen-decomposition 3* =
Z?:l )\Zuzu;'— with eigenvalues \1 > \g > -+- > A\g. Then, E [( Dy xeT)k} can be written as

d
{ Z~~T } ZO‘ o kWi 37
j=1
where forall 1 < j < d:
N ok < all) L < AF 4 oak,

Proof. In the proof of Lemma A.2, we used Equations (16) to simplify the loss and write it as a sum over the normal basis
vectors e;. It is easy to see that we have the equivalence of Equations (16) for &; ~ A (0, X*) when e;’s are replaced by

v; = VA

E[(imll‘:)k} _ Z nC(Gp) Z ( H A\Cl) |c lUn Uitw

peP(k) ie[d}cw;) ceC(G;),(1,2k)¢c

where c* is the loop in Q; that includes the node consisting of the first and the last indices , i.e. (1, 2k). But pushing the
second sum to the product:

E {(Zn: xix;)k} — Z nC(gp)< H (Zd:/\lc)) (Zdzkic*l_lvic* U,T>
i=1 peP(k) c€C(G)),(1,2k)¢c  i=1 i=1
d
_ C(Gp) lel ey
Pe;k) b <ceC(g;g1,2k)¢c <§ Al )) <2 )

Now if we upper bound all the eigenvalues )\; in the sum ( Zle /\LC‘) above, we have similar to Equation (19) in the proof

15
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of Lemma A.2.

i=1
< ¥ nc<gp>( I1 dA'f')A'f'

pEP (k) c€C(Gy),(1,2k)¢c

C(Gp) JC(G,,)—1 Kk
< Z nC ) gC(G,) Al
pEP (k)

o Akd

1%7

< nFAF + 0 A
and similarly

nka;j;ztk > nk)\]’?(l -—).

Lemma A.6 (Changing the covariance matrix). We can write the first part of the loss Ex {tr(([ — A2y AY/ 2)2L)} as

Ey [tr((z - A1/22A1/2)2L)} — ir(Ex [(1 - i)ﬂ] ),

for

where Vi, &; ~ N'(0, AY/2x* AY/?),
Proof. Defining #; = A'/?z;, then Z; ~ N(0, A/2%* A1/2), and
Ex [(I _ A1/22A1/2)2L} —Eyx [(I _ 2)2L} 7

for

This finishes the proof.

Lemma A.7 (Restatement of Lemma 5.3). Consider the following eigendecomposition:

d
E|(AY25AY2 - I)k} =5 8w
i=1
Then for
5k = @
Vn
we have

A = DF =g + 1)F < 8% < (A = DF + 65 (Ay + 1)F,

where \; is the ith eigenvalue of AY/?Y* AY/2, where recall ¥* is the covariance matrix of ;’s.

16
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Proof. The idea is to open up the power of matrix and estimate each of the terms separately:

k
E A’1/2(A1/22A1/2 _ I)kA1/2] _ Z(l)z<

i=1

k)E [A’I/Q(A1/2EA1/2)iA1/2 . (20)
i

The proof Directly follows from Lemmas 5.2 and A.6. O

Next, we prove some properties for the optimal solution of the loss. Theorem A.8 is another version of Theorem 4.1.

Theorem A.8 (Characterization of the optimal solution). Suppose { A", d°P'} is a global minimizer for the L(A, d). Then,
under the condition 6d*/ (2L < %

1.
LA dP") < d(26)%F.
2.
AP 25 4op 2 | < 450V D) ot = o, @1)
3.
(1 —86d"/CLNys*~1 < A% < (1 4 86d"/L)ym* (22)

Proof. Recall the form of the loss from Corollary A.4. First, note that the second term, Ex m Zf;ol uTEA(I —

12
YA H } is always positive when u # 0 and is zero if u = 0, where for arbitrary vector v we define |[v"] = ||v]|.

Therefore u°"* = 0. Next, we show the upper bound on the optimal loss:

L(A, dP) = LA 0) < L(X*"",0).
Recall 61-(%) is the ith eigenvalue of E [A*I/Q (AY25 A2 — I)k A2 Note that from Lemma 5.3
—(20)2F < BPY < (20)*".

On the other hand, L(A,u) = Z?zl ﬁi(u), which means L(I,0) < d(2)?~. To show Equation (21), suppose [A\; — 1| >
45dY/(2L) | Then, using Lemma 5.3

B9 > (= 1)F — 68O\ + 1)F > (46dY D)L _ §2L(1 4 454" CL)2L 5 g(25)20,
where we used the inequality 6@/ (1) < 1. Finally this implies
AP 25 AP 2 g < 45qM/ 1) gt = (23)
which means (using 464/ (%) < 1)

(1 —85dY/ CLys* =1 g A% < (1 4 85dY 2H))y*—,

Lemma A.9 (Small loss implies close to optimal). For € > 36 and parameter A suppose we have
L(A,0) < €2t — 2L (e + 2)%L. Then

(1 — (4e +165dY/ L)) APt < A < (1 + (4e + 165dY 2L))) Ao,

17
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Proof. Consider the eigen-decomposition

d
AI/QZ*AUQ = Z /\lulu:,
i=1

d
E |:(I _ A1/22A1/2)2L:| — 2552L)utuj
i=1
Then, using Lemma 5.1, we have

d
L(A,0) =" 8",
=1

First note that we should have |\; — 1| < e. This is because from Lemma 5.3 we get
L 520 (e 4+ 2)2L > L(A4,0) > B > (A — 1)%F — 520 (A + 1)%F,
which implies
A1 — 1] <e.
Then again using Lemma 5.3 this time for \; we should also have
2L _ 52 (e + 2)2L > L(A,0) > 61(211) > (A — 1)2L _ 52L(/\1 + 1)2L
> (A — 1)2E — §2E(e + 2)2L,

which implies |\; — 1| < e. The last inequality follows from the fact that the function f(a) = a*F — 6%F(a + 2)2 is
increasing for a > € based on the assumption € > 34 (just by checking the derivative is positive). Hence, overall we showed

||A1/22*A1/2 I <
which means
(1-202 "< A< (1+20)8 "
Combining this with Equation (22) from Lemma 4.1,

(1 — (4e +165dY/ D)) APt < A < (1 + (4e 4 166dY/ P))) 40P,

O
Theorem A.10 (Restatement of Theorem 5.4). For e > 46, if L(A,0) < €2£/2, then
(1 —(4+16dY D)) APt g A < (14 (4 + 16dY D)) APt
Proof. Directly from Lemma A.9. O

Lemma A.11. Suppose L(A) > 2L + d6*E (e + 2)%E. Then

d
Z(/\l o 1)2L > €2L'

i=1

Proof. Suppose the claim is not true, i.e. 3¢ (A; — 1)2 < €2, Then, (A, — 1)22 < 2L or [A; — 1| < e. Then using
Lemma 5.3:

d d
L(A) <3785 < ST — 1) +d?E (2 + €)*F < 2 + di*H (2 + €)%,
=1 1=1

which is a contradiction. Hence, the proof is complete. O

18
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Lemma A.12 (Estimate on the gradient). Given ¥* = I, the gradient of the loss can be estimated as

d
2L Z 2L 1 52L(>\ +1)2L 1)’LL]’LL <VALA 0 Z 2L 1+52L( +1)2L-1)uju;.

j=1 J=1
Proof. Note that the loss can be written as
L(A,0) =Ex [tr([ - 21/21421/2)%} =Ex [tr([ - ZA)QL} .

Taking derivative

2L—-1
VaL(A,0)=— Y Ex {(1 —SAYS(I - ZA)QL—l—Z}. (24)
=0
But note that

Ex [(I AN — ZA)zL—l—z} —Eyx {A—l/Q(I — AR AV2)i (A2 AV ATY(] - A1/22A1/2)2L_1_iA1/2}
Expanding this term, we get terms of the form E x [A_1/2(A1/22A1/2)€1A_1(A1/2EA1/2)52A1/2] for £ > 1:

Ey [(I CSAYS(I - EA)QL‘l‘Z} (25)

Z Z (2L —1- Z) (l )(—1)€1+€2Ex [A—1/2(A1/22A1/2)e1+1A—1(A1/22A1/2>22A1/2 (26)
0<£,<i0<bs<2L—1—i b b2

Now similar to the proof of Lemma 5.2, we calculate the expectation of each term of this form. The subtle point here is that

even though there is the matrix A~1 in between the random matrices, it has shared eigenvalues as the covariance matrix
of the gaussians, hence the computation goes through similarly expect that for the cycle ¢ in QI’, which includes the vertex

(201,207 + 1) generates a )\Iiél—l instead of )\LE‘. More rigorously, for A = > A\;u;u,] We can argue that

Ey [A—l/z(Al/zzAl/z)élﬂA (A1/22A1/2 €2A1/2} Z’Ygug ul,

where for k = {1 + ¢, similar to the proof of Lemma A.2, for &; = A2,

= ]E{ Z i) el“A*l(zn: icisi;-r)éz]uj
i=1

< Z ( H d)\|10|*1{(251,251+1)€c})/\\jc*‘fl{(ggl,gglJrl)eC*}
pEP(k) c€C(GL),(1,2k) ¢c
> nc) dc(g;’)_1< 11 A'lc‘*l{(%»%lﬂ)ec}))\\jc*\71{(2z1,251+1)ec*}
PEP(K) c€C(G}),(1,2k)¢e
— _14kd
L Sy
and similarly
4kd
nhyy > nkE AR kA 20

which implies

A= ST <y <A R

19
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Plugging this into Equation (26) we get

Ex (I _ EA)ZE(I _ EA)2L—1—1} _ Z Z <2L —61 — Z) (Z ) ((_1)21+Z2/\§1+€2 + 62L/\§1+52)uju;
1 2

0<01<i0<la<2L—1—i j

<Y (G =D 8O0+ 1) uju
J

and similarly

Ey [(I _SAYR(] - EA)ZL*H} =3 (0 — D2 = 82O+ D)2 D]
J
Combining this with Equation (24) concludes the result. O

Theorem A.13 (Restatement of Theorem 4.3). Suppose 46d%/*L) < ¢ < 1 and 4d6**~2 < 1. Then if L(A,0) >
€2l + d§?L (e + 2)L, we have

1

2 ~ 3 4L-2
IVL(A,0)[]F > JE-D/eL-1) ¢

Proof. Using Lemma 5.3, we have V 4 L(A,0) = Y, y;u;u; such that

d 2
IVAL(A, 02 = 22) 3 (A = 1257 = 62 (g + 1))

i=1
1
> <2L) Z <§()\z _ 1)4L—2 _ 64L()\1 + 1)4L—2)
i=1
d
> L( (i — 1)4L—2) — 2dL&E (A + )42, 27)
i=1
Now using Lemma A.11
2L
dmax(\; — 1)*F > Y (N = 1)*F > 24,
i=1

or

max |\; — 1] > e/d"/ ),
But this implies
1
do* (N + 1472 < de* (2 4 max |\, — 172 < Z(max |Ai — 1)) 2,

The last inequality holds as the assumption on € implies

1/(2L) 1/(2L)
2 )4L72 S (1 + 2d )4L72 S (Sd 4L < 1

14— .
(1+ max; |\ — 1] € € = 2do4L

Plugging this into Equation (27):

IVAL(AO)IP 2 (L= 3) S0 = 122,

(3

20



Can Looped Transformers Learn to Implement Multi-step Gradient Descent for In-context Learning?

Using Lemma A.11 and Holder, we get

d d
Zl(& - d1/<2L>1/(4L2>(2
1 d (2L—1)/L
= cmm—n(;“i ~1%)
> e ()
_ 1 4L—2
= ST

>(2L71)/L

which completes the proof. O

Theorem A.14 (Restatement of Theorem 4.3). For any A that L(A,0) > 2d%/?(46)?%, we have the following gradient
dominance condition:

1

L—-35 _
IVAL(A,0)[* > W (A,0)E-D/E,

Proof. For e > 45d%/ (*L) we have 2L > d&?" (e + 2)2LTherefore, according to Theorem 4.3, for € > 46d3/(AL) if we have
L(A,0) > 2¢%L, then

1

I — L
2 2 4L72
IVLAODIP 2 < 2 et (8)

Therefore, for any A if we have (L(A,0)/2)"/ L) > 45d%/ (L) then if we define ¢ = (L(A,0)/2)'/?L), we have
L(A,0) = 2¢2L, which then implies (from Equation (28))

L—1 L(A0)
25 »Y)\(2L-1)/L
IVLOA,DIP 2~ (552 .

Therefore, we showed that if L(A,0) > 2d%/2(46)2L, then ||V AL (A, 0)|? > mrray =y L(A, 0)2L=D/L.

Theorem A.15 (Restatement of Theorem 4.2). Consider the gradient flow with respect to the loss L(A, 0)):

d

ZA() = ~VaL(A(®1),0).

(L=D/L | oryone
) ALACCD L > Land t > 8In(HAD) i T = 1, we

Then, for any & > 2d%/?(40)?", after time t > ( O2SNE

have

1
3

1. L(A(t) <&

2. (1 —8(1 +4d"/ L)) el/ (L)) gort < A
< (1 +8(1 +4d1/(2L))€1/(2L))Aopt

Proof. Let f(t) = L(A(t),0). Then from Theorem 4.3, if f(t) > & > 2d%/2(46)?%, then we have
d
(A1), VAL(4,0))
—(VaL(A,0),V4L(A,0))
= —[V4L(4,0)|
L -1

2 2L—-1)/L
S—Wf(t)( e,

fi(t) =

21
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Therefore, if we define the ODE

9(0) = f(0),
L— % (2L—1)/L
/ _ —
Vt Z ng (t) - _4d(L71)/(2L71) g(t) ’ (29)

then we have
F(b) < glt), ¥t > 0,
Solving the ODE (29) for L > 1

o) = 4d(L’1>/(fL’” L\ 1
L-1% L—-1 (t + c)L/(L-1)
_ALAETOICED gy
ERICERIEEY (t+)F/E=D"
for
4LdL—1)/(2L-1) 4Ld(L—1)/(2L-1)

= 1 _ - — N
(L =1L = ) fO)ED/E (L 1)(L — 1)L(Ag,0) 5D/
Therefore, we get the following upper bound on f:
ALdEL—1)/(2L-1)

L-1)/(2L-1
F) < (2T ypeen 1 ALAED/CED g gy 1
T (L-1)(L-3) (t+o)E/E=0 = (L—-1)(L - 1) ¢L/(L=1)

(L-1)/L _ _
) ALdEVE D Nyt we handle the case L = 1 separately. For

Therefore, to guarantee f(t) < & we pick ¢ > ( D=

L =1, the ODE in Equation (29) becomes

1
3

g'(t) = —2g(t),
whose solution is
g(t) = g(0)e™"/* = f(0)e™*/® = L(A, 0)e"/%.
Therefore, for L = 1 we get
F(t) < L(Ao, 0)e 7%,
so in order to guarantee f(t) < & we pick ¢t > 81In(L(Ap,0)/&). This proves the first argument. The second argument is a
consequence of applying Lemma A.9 to L(A(t)) < €. O

Theorem A.16 (Restatement of Theorem 4.4). Let A°Pt u°Pt be the global minimizers of the poplulation loss for

looped Transformer with depth L when the in-context input {z;}"_, are sampled from N(0,%*) and w* is sampled
n

Sfrom N (0, 2*71). Suppose we are given an arbitrary linear regression instance I°%t = {xf vt y? ut} , WO with input

i=1

out

wtnT .
Ut ..., x0", query vector x3™, and label yo"*t = wo"h* " x2". Then, if for parameter 0 < & < 1, the

matrix X = [19
input covariance matrix $°" = X°“ X" of the out of distribution instance satisfies
(1-9Z" 2 < (1+9%, (30)
we have the following instance-dependent bound on the out of distribution loss:
(TFL(Z5"Q, P) — yg*')?
< (141654 )2 (166d 2P 4 ¢)2L

out
q

out,*

8

d

O E*—I.
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Proof. Note that from Lemma, the global optimum A°P! 4°P? satisfies u°P! = 0 and
(1 — 854"/ L)) A% < 31% < (1 4 86d1/ (2L)) AP~ 31)
But combining this with Equation (30), we get
(1—€)(1 — 85dM LY AP ™! < wout < (1 4 £)(1 + 854~/ (L)) Aot
which implies
_(16<5d1/(2L) oI < —(8(1 +£))5d1/(2L) LoI< (I— Aoptl/QEoutA0pt1/2>

< (8(1-€)ad"/ 0 + &)1
< (166dY/ D) 4 ¢)I. (32)

Furthermore, plugging in the formula of qu for the out of distribution instance, we have using Equation (31)

(TFL(Z5": Q. P) — yg")?

out *TAout 1/2( _ AOpt1/220utA0pt1/2)LAOpt1/2£L'ZU’t)2

‘I Aopt1/220utAopt1/2H

( out, *TAopt 1wout *)
( out T Aopt out)
< (1 + 166d1/(2L))2 (wout,*—rz**lwout,*>

HI Aoptl/QZoutAopt1/2H ( out T Z* out>.

q

But note that from Equation (32)

(TF ( out7Q P) out)
< (14 168dY )2 (166d" 1) + ¢)2F

out
xq

out,*

g

N E*_l.
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