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There is an ongoing effort to find quantum speedups for learning problems. Recently [Y. Liu et al., Nat.
Phys. 17, 1013 (2021)] proved an exponential speedup for quantum support vector machines by leveraging the
speedup of Shor’s algorithm. We expand upon this result and identify a speedup utilizing Grover’s algorithm in
the kernel of a support vector machine. To show the practicality of the kernel structure we apply it to a problem
related to pattern matching, providing a practical yet provable advantage. Moreover, we show that combining
quantum computation in a preprocessing step with classical methods for classification further improves classifier
performance.
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I. INTRODUCTION

Quantum computing has evolved from a theoretical con-
cept to a physical reality, with experiments that demonstrate
an advantage over classical computation [1–3]. The decades-
long effort that led to these demonstrations is justified and
driven by the performance guarantees of quantum algo-
rithms such as Shor’s and Grover’s, which provide speedups
for the problems of prime factorization and unstructured
search [4,5].

The bustling subfield quantum machine learning promises
to be one of the first applications of quantum computation.
Leveraging algorithms with lower performance requirements,
this domain presents exciting possibilities even with current
quantum devices [6]. It is motivated by the tremendous suc-
cess of classical machine learning, the potential power of
quantum computers [7–9], and promising theoretical stud-
ies and guarantees [10–16]. However, for classical data the
prospect of a quantum advantage with shallow quantum
circuits is still unclear [17]. However, for some quantum
machine learning algorithms which rely on fault-tolerant
quantum computers a quantum speedup has been proven
[18–22]. In particular, in Ref. [20], the authors Liu, Arunacha-
lam, and Temme proved a quantum-classical separation for
a quantum support vector machine (QSVM) by leveraging
the speedup of Shor’s factoring algorithm [20]. The proof is
built on the widely held belief that there is no efficient clas-
sical algorithm for factorization. Just as Shor’s and Grover’s
algorithms are vital for the field of quantum computing, al-
gorithms with provable advantages are essential to the field
of quantum machine learning as their quantum speedups pro-
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vide theoretical justification for the effort invested in the
field. They provide an example of a quantum advantage and
thereby show promise for the existence of further quantum
advantages [11,15,19,23].

With our present work, we follow a related approach and
use Grover’s algorithm to construct a QSVM. Grover’s al-
gorithm provides a quadratic speedup in query complexity
for the problem of unstructured search. Discovered in 1996,
it is one of the most prominent quantum algorithms, with
applications in Boolean satisfiability [24–26], pattern match-
ing, optimization [27–29], and quadratic unconstrained binary
optimization problems [30]. Importantly, its speedup is prov-
able [31], meaning that it can be rigorously shown that the
best classical algorithm is quadratically slower than Grover’s
algorithm.

There is a strong connection between quantum machine
learning and Grover’s algorithm [32–38]. Many quantum
machine learning algorithms use Grover’s for the compu-
tationally expensive optimization during training. Models
that can incorporate Grover’s algorithm include support vec-
tor machines [32], perceptrons [35], clustering algorithms
[39,40], and reinforcement learning [34].

In our study, we use Grover’s algorithm in the kernel of a
QSVM, allowing us to prove a quadratic speedup in a learning
problem involving classical data [Fig. 1(a)]. We demonstrate
the practical applications in Appendix A where we show that
a kernel with the same structure can be applied to a learning
problem of practical relevance; classifying texts or images.

Finally, we improve on the quantum kernel learner by
instead supplying a classical model with data that has been
preprocessed on a quantum machine. This allows intermediate
states to be stored and removes the overhead required for
noise-robustness thereby reducing the complexity. The same
preprocessing approach can also be applied to improve the al-
gorithm from Ref. [20]. In practical cases, one should use the
classical learner in conjunction with quantum preprocessing,
to achieve the lowest complexity.
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FIG. 1. (a) Description of the learning problem. We consider two distinct problems: Classifying black-box indicator functions based on the
element they represent and classifying strings or images based on a pattern’s position. The approaches we apply are similar for both problems.
Here we discuss the first problem in more detail. (b) Learning approaches. During inference the learner is presented with an unseen indicator
function I j . A classical learner has to resort to brute-force sampling from the indicator function requiring O(N ) queries. A quantum learner
can use the quantum kernel, evaluating the inner product with d support vectors, thereby reducing the complexity to O(

√
N ). However, to

ensure noise robustness one has to sample O(m4) times, where m the size of the training set. Lastly, when the quantum processing is shifted to
a preprocessing there is no noise robustness overhead. The output of the quantum circuit G can be evaluated in a single run. Moreover, classical
intermediate states can be stored and accessed later, eliminating the factor d . Consequently, the quantum preprocessing approach exhibits the
lowest sample complexity. (c) Cyclic classification problem. The classification problem is a binary classification on the cyclic group ZN . The
labels are assigned according to the value s.

II. QUANTUM SUPPORT VECTOR MACHINES

Support vector machines (SVMs) [41–43] are binary, linear
classifiers. Provided with a set of training datapoints, each
belonging to one of two classes, the SVM constructs a model
that assigns class labels to unseen datapoints. For a given
set of training examples an SVM deterministically finds a
hyperplane that separates the datapoints with the maximal
margin. To train an SVM, one needs to evaluate pairwise
inner products of the training data xi ∈ X . Classification of a
new datum similarly requires the evaluation of inner products
of the new datum with a subset of the training data, called
support vectors. Nonlinear classification can be performed
efficiently via the kernel trick [44,45]: We substitute the inner
product with a function k, known as the kernel. This implicitly
maps data with the feature map ϕ to an inner product of a
different, high-dimensional Hilbert space H, referred to as the
latent or feature space

k(xi, x j ) = 〈ϕ(xi ), ϕ(x j )〉H. (1)

A max-margin hyperplane will then be constructed in the
feature space H, corresponding to a potentially nonlinear
decision boundary in the input data space X . Using a kernel
function k instead of an explicit feature map ϕ allows us to
access spaces where calculating an explicit feature map would
be expensive or even impossible. The space H is hidden (or
latent) and only accessed indirectly. In principle, a kernel
allows classification of any kind of data, even data that are
not numerical in nature (e.g., categorical data), as long as it
can be mapped to some Hilbert space’s inner product.

In QSVMs the Hilbert space of some quantum system is
used as the latent space. The feature map encodes a datum xi

into a quantum state |�(xi )〉,
U (xi ) : |0n〉〈0n| �→ |�(xi)〉〈�(xi )|, (2)

where |0n〉 := |0〉⊗n. The resulting state depends non-linearly
on xi [8,23]. Now consider the circuit shown in Fig. 2. The
probability Ki j of measuring the all-zero bitstring 0n is equiv-
alent to the Hilbert-Schmidt inner product

Ki j = Tr[|�(xi )〉〈�(xi )| · |�(xj )〉〈�(x j )|]
= |〈�(xi)|�(x j )〉|2. (3)

It is an inner product in a Hilbert space H and thus constitutes
a valid kernel function

k(xi, x j ) = Ki j = |〈�(xi )|�(xj )|�(xi )|�(xj )〉|2. (4)

Since we cannot measure Ki j directly, we must instead es-
timate it through many measurements (or shots) R. This
estimation is a stochastic process described by a binomial
distribution and we find that finite-sampling bars us from
evaluating the exact kernel. Instead, we only have access to

FIG. 2. Circuit realizing a quantum kernel. The probability of
measuring the all-zero bitstring of length n, which is denoted by 0n,
is a similarity measure of |�(xi )〉 and |�(xj )〉.
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a noisy version of the kernel

K̃i j = Ki j + νi j, (5)

where νi j describes the sampling noise with a variance

Var[νi j] = Ki j[1 − Ki j]

R
= O

(
1

R

)
, (6)

and mean zero.

III. GROVER’S ALGORITHM

Grover’s algorithm [46] is one of the most well-known
quantum algorithms due to its simplicity and versatility.
Grover’s Algorithm solves the problem known as unstruc-
tured search, where one needs to find one or multiple elements
marked by a function f among a set with no discernible
structure present. One can think of this situation arising, for
example, when filtering a database for entries with a certain
value for a specific key, with f being Boolean valued and 0
or false if the entry does not have the correct value and 1 or
true if the value matches the search.

Classically, due to lack of structure, we can only evaluate f
on one element at a time and it takes on average N

2 queries to
find the marked element. As a result, the classical algorithm
has query complexity of O(N ), scaling linearly with the size
of the search space.

In the quantum case, we can, however, iteratively increase
the amplitude of the marked states through an approach later
generalized as amplitude amplification. This allows us to find
the marked element with high probability in only O(

√
N )

queries.

IV. CLASSIFICATION PROBLEM

The problem we want to solve revolves around the idea of
classifying binary-valued functions based on which elements
they assign to 0 and which to 1. Consider the space of the
first N = 2n nonnegative integers ZN . We can define N dif-
ferent indicator functions I j : ZN → {0, 1} that mark a single
element denoted by j,

I j (t ) =
{

1 if j = t,

0 otherwise.
(7)

For some s ∈ ZN/2 we assign classes to the functions I j based
on j using the labeling rule or concept ys,

ys(I j ) =
{

+1 if j ∈ [
s, s + N−2

2

]
,

−1 otherwise.
(8)

Note that for s ∈ ZN \ ZN/2 the classes are equivalent to
the classes of s′ = s − N/2 with swapped class labels. The
classification problem is described in Fig. 1(a) and visually
represented in Fig. 1(c).

The learning problem can be summarized as follows: The
quantum or classical learner will be provided with a training
set of m = poly(n) tuples {(I j, ys(I j )} consisting of functions
and their corresponding label. After training has been com-
pleted the learner has to classify unknown Ik .

The learning problem we investigate demonstrates a sep-
aration in the oracular setting of Grover’s algorithm, i.e., the

training data are given as labeled black-box indicator func-
tions. Towards practical applications, we discuss applying a
related kernel to the real-world problem of pattern matching
in Appendix A. This kernel, in turn, uses no oracles and input
states are encoded as computational basis states. Although
this approach makes weaker assumptions, we can still prove
speedup in the worst-case complexity.

V. CONSTRUCTING A KERNEL

The classes contain functions that mark subsequent ele-
ments, therefore, we want to induce a bias into our kernel that
assures that functions Ii, I j where ‖i − j‖ is small have high
kernel values. Consider to this effect a mapping to interval
states [20]

U (I j ) : |0〉 → |�(I j )〉 =
√

1

M

M−1∑
l=0

| j + l〉, (9)

covering an interval of 2m = M computational basis states.
The construction of U (It ) requires n qubits and n ancillas and
can be split into four parts: First, we construct intervals in the
first register by applying m Hadamard gates on the m least
significant bits

H⊗m ⊗ b1 : |0n〉 ⊗ |0n〉 �→
[√

1

M

M−1∑
l

|l〉
]

⊗ |0n〉. (10)

Then, using Grover’s algorithm [5] as a subroutine, we set
the second register to the state corresponding to the marked
element i. The success probability of Grover’s algorithm ex-
ponentially converges to 1 in the size of the search space and
is therefore assumed to be perfect in the following steps. We
find, neglecting the normalization,

b1 ⊗ Gj :
M−1∑

l

|l〉 ⊗ |0n〉 �→
M−1∑

l

|l〉 ⊗ | j〉. (11)

By using a quantum adder � (see Appendix D) we add the
second register to the first

� :
M−1∑

l

|l〉 ⊗ | j〉 �→
M−1∑

l

| j + l〉 ⊗ | j〉; (12)

and subsequently uncompute the second register containing
the ancillas using Grover’s algorithm

b1 ⊗ G†
j :

M−1∑
l

| j + l〉 ⊗ | j〉 �→
M−1∑

l

| j + l〉 ⊗ |0n〉. (13)

It is vital that we are able to uncompute the ancillas, otherwise
the adjoint of the feature map will not produce the appropriate
state. This is possible as the algorithm outputs a classical state
(cf. Appendix E). In Fig. 3 the quantum circuit of the feature
map is shown. The quantum kernel (Fig. 2) implemented by
this feature map is

k(Ii, I j ) =
{

M−|i− j|
M if |i − j| � M,

0 otherwise.
(14)

However, we cannot measure the exact kernel value Ki j

due to finite sampling and need to work with the noisy
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FIG. 3. The feature map U (I j ) in circuit form. The system is
initialized in |02n〉 The upper register will contain the interval state
|�(I j )〉 that is used in the kernel, whereas the lower register is made
up of ancilla qubits that can be discarded. A circuit for the quantum
adder � is described in Appendix D.

estimate K̃i j instead (cf. Sec. II). We can reduce the variance
of K̃i j by running the circuit R times since the variance νi j

is upper-bounded by 1/R. Naturally, the question arises how
many shots R are sufficient to ensure that the noise induced
by finite sampling of the kernel does not strongly influence
our classifier. We map our problem to the noisy-halfspace
learning problem described in Ref. [20] to prove robustness
against finite sampling noise (see Appendix B). In particular,
this means that for training on m = poly(n) data points, R ∼
O(m4) shots are enough to bound the difference between the
decision functions of classifiers trained with the exact kernel
and noisy kernel below any desired constant with very high
probability.

VI. CLASSICAL APPROACH AND QUERY COMPLEXITY

We will now compare the QSVM to a classical machine
learning classifier by first deriving the bounds on the query
complexity of a classical learner. We can easily construct
a classical learner that uses a brute force approach to find
the marked element of a given function. For a function f :
ZN → {0, 1} marking a single element, this problem is solved
using a linear search which takes, on average, N/2 guesses. A
kernel such as Eq. (14) is easy to calculate classically once
the element has been found and calculating a gram matrix
for m samples generally necessitates O(m2) evaluations of
the kernel. It follows that the query complexity of a classical
kernel which sequentially searches for the marked element in
the kernel is upper-bounded by O(dl̂N ) during classification
of l̂ new samples with d support vectors.

Alternatively, the unstructured search can also be per-
formed as a preprocessing step, meaning that it is not part of
the kernel. One can then use the processed data to evaluate the
kernel according to Eq. (14) when needed. This reduces the
complexity of classification to O(l̂N ) since we already found
the marked element for all support vectors d during training.
As shown in Appendix C, any classical classifier solving this
problem is lower-bounded by O(N ).

Now, let us consider the quantum SVM. The problem is
then principally equivalent to the classical learner described
above, with two major differences: First, we can identify
the marked element using only O(

√
N ) queries, however, we

are working with an inexact, noisy kernel, requiring multiple

evaluations R. Combining these results, we find that it takes

O(dl̂R
√

N ) = O(dl̂m4
√

N ) (15)

evaluations to classify l̂ new samples. It is important to note
that m scales with the problem size; in Appendix B, it is shown
that m = O[poly(n)].

If we have access to a quantum computer we can also
consider a hybrid approach: During preprocessing we use
Grover’s algorithm to find the marked elements for each m
training datapoints and l̂ unseen datapoints, save the results
and use them to evaluate the classical kernel. This reduces the
complexity further to O(l̂

√
N ). The preprocessing approach

requires less computational resources since it only uses a
single evaluation of Grover’s algorithm compared to four for
the fully quantum feature map described in Fig. 3.

In Fig. 1(b) the query complexity of the different ap-
proaches is shown for the classification of one new sample;
l̂ = 1. The quantum approaches have a quadratic advantage
over the classical learner. Limiting the quantum computation
to a preprocessing step, rather than the fully quantum feature
map, offers the best performance.

VII. CONCLUSION AND OUTLOOK

We identified a learning problem where quantum kernel
methods offer a provable quadratic advantage compared to
classical machine learning. Crucial to such advantages is bi-
asing the kernel in a problem-specific way [47].

We arrived at our result using a feature map related to
that described in Ref. [20], thereby demonstrating that their
approach can be extended to other problems.

Grover’s algorithm serves as an instructive example of
this flexibility. Other algorithms can be used in place of
Grover’s algorithm. To demonstrate the practical use of our
proposed strategy we apply our kernel in a learning prob-
lem involving pattern matching in Appendix A, achieving
a quadratic speedup. Algorithms with a larger advantage
could provide a larger speedup in the context of a learning
problem [48–51].

Requiring the quantum subroutine to output a classical
state, i.e., a basis state in a known basis, allows for the sub-
sequent steps to be done classically. We show that the fully
quantum kernel is inferior to a hybrid approach that utilizes
a quantum computer for preprocessing, explicitly calculating
the feature map, followed by a classical kernel calculation.
This is in contrast with the original idea of the kernel trick
where individual feature maps are hard (or impossible) to
calculate directly, but the kernel function is computationally
easy to evaluate.

Our findings provide an alternative perspective on the
origin of quantum advantages in machine learning algo-
rithms, specifically algorithms of the structure of Ref. [20].
If the quantum information processing can be shifted to a
preprocessing step, thereby improving the performance of
the algorithm, does it constitute a quantum advantage in
learning [21]? We provide an explicit specification of an
algorithm, using quantum preprocessing, that improves on
the fully quantum learner. In practical problems, one is less
concerned whether a performance advantage or computational
speedup emerges from the learning model itself or the data
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preprocessing steps. One can interpret the whole information
processing pipeline, from the raw data preprocessing to the
training of the statistical model, part of the learning algorithm.
In real-world applications, the preprocessing steps, such as the
normalization of the data, feature engineering and extraction
[52,53], are crucial to the performance of the learner. Design
choices made at the first steps of the pipeline can signif-
icantly hinder or enhance the performance of the learning
model.

Along these lines, there is an increased focus on what is
known as data-centric AI within the classical AI commu-
nity [54–57]; for more details see Ref. [58] and references
therein. This paradigm emphasizes the importance of the data
preprocessing procedure in stark contrast to the conventional
approach that focuses on the architecture of the model, size
of the dataset, and the amount of computing power. There
is much potential in the data-preprocessing steps: Only by
adapting them in accordance with the structure of the data
and the properties of the learner, the best performance can be
achieved. Our work extends the ideas above by demonstrating,
for the first time to our knowledge, the potential of quantum
computing to aid in these crucial preprocessing steps. While
the potential of quantum information processing for learning
and for providing a speed-up in computationally expensive
subroutines of classical machine learning algorithms has been
established, our research highlights the benefits that quan-
tum computing can offer as part of the data preprocessing
procedure.
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APPENDIX A: APPLICATION: PATTERN MATCHING

Pattern matching is a fundamental concept in computer
science that refers to the process of searching for a specific
pattern (i.e., a sequence of characters) within a larger piece
of text. In the context of machine learning, pattern matching
plays a critical role in tasks such as image and speech recog-
nition and natural language processing [59–61].

The problem of pattern matching can be described as such:
Given a text T of length N and a search string (pattern)
P of length L < N over a finite alphabet �. The task of
the algorithm is to find an occurrence of P in T or to re-
port that P is not a substring. We will discuss the problem
in one dimension, however, it can be generalized to higher
dimensions

The classical Knuth, Morris, and Pratt algorithm
(Ref. [62]) solves the pattern matching problem in O(L + N )
worst-case time complexity. This is optimal, as to be correct
for all inputs a classical algorithm has to check every character
of pattern and text. For random strings Ref. [63] proves a
classical lower bound of �( N

L logq L) where |�| = q, the
size of the alphabet. The quantum algorithm presented in

Ref. [64] provides a solution of the problem with worst-case
query complexity O(

√
N + √

L) given oracular access to
the text and pattern. For random patterns and texts quantum
algorithms that are even faster on average are known [65].

In the construction of our kernel we focus on the algorithm
from Ref. [66]. The data input are different from Ref. [64]:
Pattern and text are provided as, classical, computational
basis states rather than oracle queries. The algorithm worst-
case time complexity O{√N[(log(N )]2 + log(L)}. It requires
O(N + L) quantum space as it operates with classical data as
an input to which it only has classical access. Here, we focus
on optimizing time-complexity, so the space complexity is of
no concern to us.

1. Description of learning problem

The learner is given a pattern P of length L and a set of
texts {Tt } of length N that are guaranteed to contain to contain
the search string. The index t denotes the (a priori unknown)
location of the first bit of the pattern. We assign classes to the
texts according to the position of the pattern P

ys(Tj ) =
{

+1 if j ∈ [
s, s + log(N )−2

2

]
,

−1 otherwise.
(A1)

The learner will be provided with a training set of m =
poly[log(N )] tuples {(Tj, ys(Tj )} consisting of functions and
their corresponding label. After training has been completed
the learner has to classify an unseen text Tk . We summarize
the learning problem in Fig. 1(a).

This application can be nicely motivated through tasks
from image recognition. Instead of a one-dimensional string
one can imagine a two-dimensional grid corresponding to
pixels of an image. The classifier would then classify different
images depending on where the searched pattern is located.

2. Summary of quantum algorithm for pattern matching

Here, we briefly summarize the algorithm presented in
Ref. [66] for a more thorough analysis refer to the reference
itself. We consider a tripartite quantum system of n + N + L
bits where n = log(N ). The first register holds the index
while second and third are used to store the text and pat-
tern, respectively. The text T and the pattern P are encoded
in the computational basis states of the second and third
registers

|T 〉 = |t0t1 . . . tN−1〉 =
N−1⊗
i=0

|ti〉, (A2)

|P〉 = |p0 p1 . . . pL−1〉 =
L−1⊗
l=0

|pl〉. (A3)

For an alphabet of size 2 this can be done with identity and
bitflip gates. We denote the encoding unitary as E . After
encoding the state of the system is

|ψ1〉 = (1 ⊗ E )|0n+N+L〉 = |0n〉|T 〉|P〉. (A4)

Assuming N = 2n we can apply a Walsh-Hadamard transform
to the index register to generate a uniform superposition of
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computational basis states

|ψ2〉 = (H⊗n ⊗ 1)|ψ1〉

=
(

1√
N

N−1∑
k=0

|k〉
)(

N−1⊗
i=0

|ti〉
)(

L−1⊗
l=0

|pl〉
)

. (A5)

Next, we apply the cyclic shift operator S that shifts the
qubits of the text register by k sites according to the value
of the index register S|k〉⊗N−1

i=0 |ti〉 = |k〉⊗N−1
i=0 |ti+k〉. The

implementation of the operator S is detailed in Ref. [66] and
requires O[log(N )2] time steps. The displaced state is

|ψ3〉 = (S ⊗ 1)|ψ2〉

= 1√
N

N−1∑
k=0

(
|k〉

N−1⊗
i=0

|t(i+k)〉
)(

L−1⊗
l=0

|pl〉
)

. (A6)

In the following step, a XOR operation is performed between
the first L bits of the text register with the Pattern register.
Such an operation can be performed unitarly using CNOT gates
[67]. After this operation, we have

|ψ4〉 = (1 ⊗ CNOT⊗L )|ψ3〉

= 1√
N

N−1∑
k=0

(
|k〉

N−1⊗
i=0

|t(i+k)〉
L−1⊗
l=0

|pl ⊕ t(l+k)〉
)

. (A7)

When the text that is displaced by the location of the pattern
t it is mapped to the all zero state in the pattern register. The
index register in turn is in the state t .

Finally, O(
√

N ) steps of amplitude amplification are ap-
plied to the pattern register to amplify the amplitude of the
|0L〉 state. In total the algorithm requires O{√N[(log(N )]2 +
log(L)} time steps. The final state is

|ψfin〉 ≈ |t〉
(

N−1⊗
i=0

|t(i+t )〉
)

(|0L〉). (A8)

While overlap with states other than the desired output is
O( 1

N ). We will denote the action of the pattern matching
algorithm on input text T and pattern P as Pattern(T, P).

3. Quantum kernel for pattern matching

The feature map UP(Tj ) encodes a text into a superposition
of indices that follow the matching index of a given pattern P
in text Tj :

UP(Tj ) : |0〉 → |�(Tj )〉 =
√

1

M

M−1∑
l=0

| j + l〉. (A9)

To implement the feature map UP(Tj ), a quantum circuit is
used that includes initialization of the index superposition, a
pattern matching subroutine, a quantum adder, and uncomput-
ing of the pattern matching, as depicted in Fig. 4. This circuit
is similar to the Grover feature map, but with the Grover
subroutine replaced by pattern matching. The feature map
described in Eq. (A9) implements a kernel

k(Ti, Tj ) =
{

M−|i− j|
M if |i − j| � M,

0 otherwise.
(A10)

FIG. 4. The feature map UP(Tj ) in circuit form. We divide the
circuit into two registers of size n and n + N + L. The upper register
will contain the interval state |�(Tj )〉 that is used in the kernel,
whereas the lower register is made up of ancilla qubits that can be
discarded.

This kernel returns a value between 0 and 1, where 1 indicates
a perfect match between the location of patterns in texts Ti and
Tj , and 0 indicates a separation of more than M indices. The
kernel calculation is performed on a quantum computer by
applying the feature map UP(Ti ) and U †

P (Tj ) to the initial state
|0n〉 and evaluating the probability of the all zero bitstring 0n

(Fig. 2).
In addition to text data, the feature map and kernel de-

scribed in this work can be extended to other types of
data, such as images. This is achieved by generalizing the
pattern matching subroutine and interval states to multiple
dimensions.

4. Classical hardness

The hardness of the problem depends on the input text.
One can prove an advantage over a classical algorithm for
pattern matching in the worst-case complexity. The worst-case
complexity of classical pattern matching is �(N + L) [62].
Potentially, one has to check every character of the pattern
and text. The quantum algorithm from Ref. [66] achieves the
task in time O{√N[log(N )2 + log(L)]}. It thereby provides a
quadratic speedup.

The quantum classical separation for the learning problem
can be proven analogously to that in Appendix C. The hard-
ness in classification depends on the texts and is therefore only
valid in worst-case complexity.

APPENDIX B: SEPARABILITY AND THE
NOISY-HALFSPACE LEARNING PROBLEM

We will show, analogously to Ref. [20], that the mapping
Eq. (9) produces a separable problem. Define the halfspace
state of s

|	s〉 =
√

2

N

N
2 −1∑
i=0

|s + i〉. (B1)

For ease of notation, we define the sets

cs = {I j |ys(I j ) = +1}, (B2)

c̄s = {I j |ys(I j ) = −1}, (B3)

corresponding to the set of functions in one class or the other.
Now consider a function f fulfilling the following conditions.
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FIG. 5. Quantum adder circuit for two four-qubit registers. The
lower register | j〉 is added to the upper register |i〉. Note that the
uppermost qubit in each register corresponds to the lowest-order bit.

(1) f ∈ cs, i.e., f ( j) =
{

1 if j = t,
0 otherwise. for some

t ∈ [s, s + N−2
2 ]

(2) s + N−2
2 − t � M, therefore all computational basis

states of the superposition |�( f )〉 are also present in |	s〉.
We define 
 as the overlap of the half-space state with

|�( f )〉;


 = |〈	s|�( f )|	s|�( f )〉|2 = 1

M

∣∣∣∣∣∣∣
M−1∑
l=0

〈	s|t + l|	s|t + l〉︸ ︷︷ ︸
=√

2/N

∣∣∣∣∣∣∣
2

= 1

M

2

N
M2 = 2M

N
. (B4)

It is easy to see that all but M functions in cs also fulfill the
second condition. In particular, for a fraction of

1 − 
 = N/2 − M

N/2
(B5)

the second condition and thus Eq. (B4) hold.
With the equivalent calculation for functions f ∈ c̄s we find

the following.
(1) For a 1 − 
 fraction of f ∈ cs, |〈	s|�( f )|	s|

�( f )〉|2 = 
.
(2) For a 1 − 
 fraction of f ∈ c̄s, |〈	s|�( f )|	s|

�( f )〉|2 = 0.
By choosing ws = |	s〉〈	s| and b = −


2 we find a suitable
hyperplane that separates the data in the latent space H(N ). In
particular, the probability of a data point lying on the wrong
side of the margin or within it is 
, the value of which we can
essentially adjust freely by choice of a suitable M.

We see that this problem fulfills the conditions of the
noisy half-space learning problem defined in [20]. From this
it follows that for any s, training an SVM with the kernel k
using R ∼ m4 shots will return a classifier with accuracy of
0.99 or greater on a test dataset with probability 2/3 over
random training samples and noise. Additionally, a number
of m = poly(n) training samples is sufficient for this purpose
(see Ref. [20] Eq. (D40)).

APPENDIX C: CLASSICAL COMPLEXITY

Assume a classical learner is capable of determining the
value s. During inference, the learner is provided with an
unseen indicator function f . If the learner evaluates f on X
values, corresponding to indicator functions of the same class,
it finds the marked element with probability X

N . Knowing s, it
can then assign the correct class. With probability 1 − X

N the
correct marked element is not found, it then guesses the other
class. This guess is correct with probability P = 1

2 + X
N . In

total the classifier assigns the correct label with probability

Ps = X

N
+

(
1

2
+ X

N

)(
1 − X

N

)
� 1

2
+ 3

2

X

N
. (C1)

To classify f correctly with probability larger than some
threshold (say 99%) we need that X = O(N ).

APPENDIX D: QUANTUM ADDER

The quantum adder � performs the action � : |i〉 ⊗ | j〉 �→
|i + j〉 ⊗ | j〉 where |i〉 and | j〉 are computational basis states.
A possible circuit that realizes such a unitary is pictured in
Fig. 5 for four qubits.

APPENDIX E: ON THE EXTENSION TO INDICATOR
FUNCTIONS THAT MARK MULTIPLE ELEMENTS

A natural extension to the Kernel and learning problem
presented in the main text would be to extend it to indicator
functions that mark multiple elements. However, for multiple
reasons this extension fails.

The Kernel presented in Sec. V relies on the fact that after
we apply Grover’s algorithm the state is in or close to a single
state in a known basis. Specifically, the computational basis.
If one applies Grover to a function with multiple marked
elements the output state is an even superposition of these
elements. After applying the quantum adder (Fig. 5) the state
of the ancilla system would be entangled with the first register.
Due to this entanglement uncomputing the state on the ancilla
register would also influence the main register. This would
inhibit the proper function of the algorithm.

A different approach would be to not use the adder entirely.
Provided that the functions mark sufficient elements the super-
positions output by Grover’s algorithm would have enough
overlap to ensure noise robustness. However, the indicator
functions would have to mark so many elements that classi-
cally solving the problem becomes easier, thereby removing
any quantum advantage.
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