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Abstract

Conditional Flow Matching (CFM) unifies con-
ventional generative paradigms such as diffu-
sion and flow-based models. Interaction Field
Matching (IFM) is a recently proposed frame-
work that generalizes Electrostatic Field Match-
ing (EFM), rooted in Poisson Flow Generative
Models (PFGM). While both frameworks define
generative dynamics, they start from different
objects: CFM specifies a conditional probabil-
ity path in data space, whereas IFM specifies a
physics-inspired interaction field in an augmented
data space. This raises a basic question: are CFM
and IFM genuinely different, or are they two
descriptions of the same underlying dynamics?
We show that they coincide for a natural subclass
of IFM, which we call forward-only IFM. Specifi-
cally, we construct mappings between CFM and
forward-only IFM and show that they induce the
same generative dynamics. We further show that
general IFM is strictly more expressive: it in-
cludes EFM and other interaction fields that can-
not be realized within the standard CFM formula-
tion. Our findings suggest developing generative
models using both interpretations rather than treat-
ing them separately. Moreover, they highlight a
novel direction for generative modeling based on
backward-oriented field lines, which lies outside
the conventional CFM formalism and may lead to
new generative properties.

1 Introduction

Modern continuous-time generative modeling is largely or-
ganized around flow-based descriptions of transport. Dif-
fusion (Sohl-Dickstein et al., 2015; Song et al., 2020) and
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flow-based (Liu et al., 2022; Lipman et al., 2022; Albergo
& Vanden-Eijnden, 2022) generative models can both be
unified under the Conditional Flow Matching (Tong et al.,
2023, CFM) framework. CFM constructs a generative ODE
by specifying a conditional probability path in data space
together with a compatible conditional velocity field, and
then marginalizing these conditional objects to obtain global
dynamics that transport the source distribution to the target
distribution (Figure 1b).

A separate line of work has developed physics-inspired (Liu
et al., 2023; Shlenskii & Korotin, 2026), field-based genera-
tive models, including Poisson Flow Generative Models (Xu
etal., 2022, PFGM), PEGM++ (Xu et al., 2023), and Electro-
static Field Matching (Kolesov et al., 2025, EFM). Rather
than starting from probability paths in data space, these
methods define vector fields in an augmented space and
generate samples by following their field lines. This per-
spective is formalized by the recently proposed Interaction
Field Matching (Manukhov et al., 2026, IFM) framework,
which constructs particle-dependent interaction fields and
combines them via a superposition principle to obtain a
global transport field (Figure 1c,d).

Thus, CFM and IFM define generative dynamics from dif-
ferent first principles: CFM is path-first and probabilistic,
whereas IFM is field-first and geometric. Understanding
whether these views are genuinely distinct is important be-
cause it determines whether techniques, objectives, and
intuitions developed in one framework can be transferred
to the other. This raises a basic question: are CFM and
IFM fundamentally distinct, or do they produce the same
generative dynamics expressed in different languages?

Our main contributions are as follows:

* Flow—field duality. We identify forward-only IFM as
the field-theoretic counterpart of CFM and prove that the
two frameworks induce the same ODE-based generative
dynamics (§3.2, §3.3).

* A strict separation between CFM and general IFM.
We show that general IFM is strictly more expressive than
CFM (§4), because it includes EFM and other interaction
fields with backward-oriented lines that cannot be realized
within the standard CFM formulation.
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Figure 1. Overview of the flow—field duality. We establish that CFM and forward-only IFM induce the same generative dynamics (§3),
yielding the equivalence CFM = forward-only IFM. Panel (a) summarizes the resulting taxonomy. While conventional CFM (b, §2.1)
admits an equivalent forward-only field representation (c, §2.2), general IFM is strictly larger and includes fields with backward-oriented

field lines, such as EFM (d, §2.2), which lie outside standard CFM.

» Explicit bidirectional constructions. We provide ex-
plicit mappings in both directions: from conditional
flows to forward-only interaction fields (§3.2), and from
forward-only interaction fields back to conditional flows
(§3.3). These constructions yield a unified flow—field view
of the two frameworks, enabling both probabilistic and
geometric interpretations of the same dynamics.

These findings are important for two reasons. First, they
suggest developing generative models using the probabilis-
tic and geometric interpretations jointly, rather than treat-
ing them as separate frameworks. Second, they identify
backward-oriented field lines as a key mechanism by which
general IFM goes beyond conventional CFM, opening a new
direction for field-based generative modeling outside the
standard conditional flow matching formalism.

2 Preliminaries: CFM vs. IFM?

In this section, we review the two constructions of generative
dynamics that will be compared throughout the paper. Both
frameworks define dynamics of the form dx = v;(x) dt,
which transport a source/prior distribution, denoted by 7 or
71, depending on the framework’s notation, to a target distri-
bution 7. First, in §2.1, we recall CFM, a well-established
framework that generalizes diffusion and flow-based gener-
ative models (Gao et al., 2025). Next, in §2.2, we review
the recently proposed IFM, which can be viewed as a gen-
eralization of electrostatic generative models. In §2.3, we
provide a side-by-side comparison of the key ingredients
of the two approaches. Finally, in §2.4, we discuss PFGM,
which, to our knowledge, is the only existing framework
that has been found to admit both flow and field descrip-
tions. Throughout this section, we use orange and green to
highlight terms specific to CFM and IFM, respectively.

2.1 Conditional Flow Matching (CFM)

Intuition. The CFM framework begins by specifying two
conditional objects in the data space R”: (a) a condi-
tional distribution path py°™” that interpolates between

xo € RP and x; € RY, ie, p°5" = 6&(xo) and
p; " = (xr); and (b) a compatible conditional velocity

X0,XT

viO*7T (x) : RP — RP associated with this path. In the
two-sided setting, both objects are conditioned on a target—
source sample pair X, x7. Marginalizing these conditional
objects with respect to a given coupling 7o (X0, x7) yields
a global velocity v, which induces the generative dynamics
dx = v¢(x) dt, used to transport samples from the source
distribution 77 to the target distribution 7.

We use blue to emphasize that the elementary CFM objects
pr2 " and v;°™7 can be constructed in either a one-sided
or two-sided manner. In the one-sided case, p;° and v}°
are defined using only target samples xg ~ 7. In the two-
sided case, py°™" and v;**” are defined from paired target
and source samples X, X7 ~ 7,7, for example under the
independent coupling mo 7 = mg X wr. This choice does
not affect the theoretical guarantees (Tong et al., 2023). The
one-sided setting is common in noise-to-data generation
(Song et al., 2020), where the source distribution 77 is a
simple prior, such as a standard Gaussian, independent of
the target distribution 7. By contrast, the two-sided setting
is more typical for data-to-data translation (Liu et al., 2022;

Albergo et al., 2023b).

Definition (Conditional Flow). A Conditional Flow (Tong
et al., 2023) is specified by a pair (v;°™" (x), p;° ™" (x))
consisting of a conditional velocity field and a path of con-
ditional distributions. Both objects depend on xq, x7 and
satisfy the continuity equation Vx € RP and t € (0,T)

Opr " (x) + Vi - (Vi (%) p° 7 (x)) =0, (1)

where V- denotes the divergence operator with respect to
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X, together with the boundary conditions
: X0,XT _ 1o X0 XT _
lim pg® ™" (x) = O (%), Jimm pi™ ™" (%) = dser (%), (2)
that hold in the sense of weak convergence.

Generative dynamics. This pointwise-defined conditional
flow induces a generative model that transports a source
distribution 77 (x) to a target distribution mo(x). First,
marginalizing the conditional path with respect to the data
distribution 7 7 yields a path of marginal distributions

pr(x) = /Pfo‘xr'v(x) mo,7 (X0, X7) dxo dx7,  (3)

which satisfies p;—g = 7 and p;—7 = 7. Second, one can
show that the marginals p; are generated by a deterministic
flow governed by the ODE

dx/dt = vi(x) := Ep, (xgxr xe=x) Vi (X),  (4)
where the global velocity v;(x) is the conditional expec-

tation of the conditional velocity v;° ™" (x) over endpoint
pairs xq, X7, given the intermediate state x; = X.

Although the drift expression (4) is explicit, it is generally
intractable to evaluate in practice, since sampling from the
conditional distribution p;(xq, X7 | X¢) is infeasible.

Training. The conditional expectation in (4) naturally yields
a regression objective for estimating the drift. In particular,
v¢(x) can be learned by minimizing

Bt xor,x, [Ve(Xe) = Vi (x0) 3 5

where t ~ U[0,T], x; ~ p;°”", and the conditional v;°*"

provides a single-sample target.

Instantiation I (Two-sided Stochastic Interpolant). One
of the most common instances of the CFM is the two-sided
Stochastic Interpolant (Albergo et al., 2023a, §2.1), defined
by x; = Z(t,x0,x7)+0(t) €, where (a) Z(0, X0, X1) = Xo
and Z(T,x9,x7) = x7; (b) 0(0) = 0, o(T) = 0, and
o(t) > 0forallt € (0,7); (¢) e ~ N(0,I) is indepen-
dent of xq, x7. This construction induces a path of condi-
tional distributions p;*™*" (x) = N (Z(t, %0, x7), 0 (t)*I),
with the associated conditional velocity v;° ™7 (x;) =
I(t,x0,x7)+(5(t)/o(t)) (x¢ —Z(t,x0,%r)), where a dot
over a function denotes the partial derivative with respect to
time.

Instantiation II (One-sided Stochastic Interpolant). An-
other commonly used instance is the one-sided Stochastic
Interpolant (Albergo et al., 2023a, §3.2), also known as Flow
Matching (Lipman et al., 2022), defined by x; = J(t,x0) +
o(t) e, where (a) J(0,x0) = x¢ and J(T,xq) = 0; (b)
0(0) =0,0(T) =1,and o(t) > 0forall ¢t € (0,7); (c)
xr ~ N(0, 1) is independent of x¢. As in the two-sided
case, this yields a path of conditional distributions p;° (x) =
N (J(t,%0),0(t)*I), with the corresponding conditional
velocity v (x;) = J(t,x0) + (6(t) /o (1)) (x¢ — J(t,%0)).

Remark. Although this construction conditions only on
Xy, it still specifies a right-endpoint prior 7y that is inde-
pendent of 7y, namely the standard Gaussian: 7r(x7 |
xo) = wr(xr) = N(0,I). Moreover, in the special case
J(t,x0) = x0(1 —t/T) and o(t) = t/T, one recovers the
classical linear interpolant in (Lipman et al., 2022). The
same choice is also closely related to the Gaussian flow-
matching formulation of diffusion models (Gao et al., 2025).

2.2 Interaction Field Matching (IFM)

Intuition. Interaction Field Matching (IFM) lifts the data
space to an extended space RP*!. Each data point x € R
is augmented with an additional coordinate z € R, giving
X = (x, z). The target and source distributions are placed
on two parallel plates: the target distribution 7 lies on the
plate z = 0, while the source distribution 7, lies on the
plate z = L > 0. Thus, samples xoy ~ my and x;, ~ 7,
are identified with the augmented points X¢ = (xg,0) and
X1 = (x1,L). In EFM, this geometry is interpreted as a
(D + 1)-dimensional electric capacitor.

The elementary object in IFM is an interaction field
ExoXL (%) : RP+1 — RDP+L defined for an endpoint pair
X0,X;, = (x0,xr). Its field lines connect the two aug-
mented endpoints Xy and X,. A global field E(X) is then
obtained by superposition: the interaction fields are aver-
aged over endpoint pairs (x¢,xr,) ~ 7o . The field lines
of the resulting global field define the transport from the
source distribution 7y, to the target distribution 7.

Remark. In contrast to conditional flows, interaction fields
are inherently two-sided: their field lines are required to
connect two particles located at X and x,. This is reflected
in our notation: for conditional flows, the source condition-
ing point x7 is shown in blue, whereas for interaction fields
the source point Xy, is treated on the same basis as the target
point xg and is therefore shown in black.

Definition (Interaction Field). A vector field E*0-*L (%) €
RP+1 is an Interaction Field (Manukhov et al., 2026) if it
satisfies the following three properties.

First, its field lines connect the two particles:

dx(r) Xoxp [
ar T &), ©)
x(75) = X0, X(71¢) = X1,

where 7, and 7; denote the start and end values of the field-
line parameter, respectively.

Remark. The parameter 7 in (6) is not a global schedule like
the time variable in Conditional Flows (1). Rather, 7 is an
arbitrary scalar parameter used solely to trace a field line
(integral curve) of E*0-*L (x).
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Second, the field is divergence-free (flux-conserving):
V.-EXX (%) =0, VxeRPH\{x0,%.} (7)

Third, for any closed surface O M enclosing X but not X,
the total flux

/ B0 () - dS = ®p @®)
oM

is independent of the particle locations xq, X1, i.e., the field
has a fixed total flux.

Special case (forward-only Interaction Field). We say
that an interaction field is forward-only if (a) it is defined
in the region between the plates (0 < z < L), and, (b) its
z-component satisfies EX0-*L (%), > 0 everywhere the field
is nonzero.

Generative dynamics. Given the target and source distribu-
tions 7y and 7, the induced global field E(X) is defined
via a generalized superposition principle as

E(x) :/EXO’XL( ) mo,L(X0,X1) dxodxr.  (9)

That is, E(X) is the average contribution of interaction fields
over particle pairs. As shown in (Manukhov et al., 2026),
one can transport samples from 7 to 7y, by following the
field lines of E:
dx(T)
dr

= B(x(1)). (10)

In general, simulating (10) poses practical difficulties: (a)
the boundary conditions are implicit because the correspond-
ing 7, and 77 are unknown; (b) field lines may move both
forward (E(X), > 0) and backward (E(x), < 0) along
the z-axis; and (c) field lines may be defined beyond the
capacitor region, 0 < z < L. For a forward-only interaction
field, the global field is forward-only as well, i.e., E, > 0,
and (10) can be reparameterized using the physically mean-
ingful coordinate z:

dx dx dr - 1 E(X)x

T =0 @~ EREE = (g) - o
This form yields explicit boundaries, z(7,) = 0 and 2(7y) =
L, and induces generative dynamics

dx  E(X)x

— = , 12

dz E(x), (12)
which is defined in the data space R” and z here plays the
role of a time-like variable.

Training. For a general Interaction Field, one has to esti-

mate the full field E(x) € RP*1! at every point x € RP+!

where the field is defined. For forward-only fields, however,

it suffices to estimate the normalized field E(X) /|| E(X)||2.

Indeed, the generative dynamics (12) can be rewritten as
dx _BEx  B®x  [B®L
dz  EX). [E®): EX):

Motivated by this observation, (Manukhov et al., 2026) use
the following training objective:
Ex)

&)~ TE@ L,

where (a) fp : RPT1 — RP+1 is a neural network that esti-
mates the normalized Interaction Field; (b) pyo; is a heuristic
distribution intended to cover the volume between the
plates at z = 0 and z = L, where the field is defined; and
(c) E(%) is the global field estimated from data samples
according to the generalized superposition principle (9).

2
Es

X~Pvol

(14)

Instantiation I (Electrostatic Field). An early exam-
ple of an interaction field is provided by the EFM. Con-
sider a unit point charge of sign +1 located at X’ €
RP+1, By Coulomb’s law, it induces the field EX (%) o
+(x — %) /||x — %||PF!. Assigning a positive unit charge
to augmented samples X ~ 7Ty X d,—¢ and a negative to
Xy ~ L X 0, yields, by the electrostatic superposition
principle (Xu et al., 2022; Kolesov et al., 2025), the pairwise-
defined field EX0*L (%) = Exo( )+ E*: (% ). This field
is an interaction field in the sense of §2.2. Moreover, it is
defined on the ambient space RP*! away from the parti-
cle singularities Xy and X, and its field lines may move
backward along the z-axis (Manukhov et al., 2026, §2.3).
Therefore, the EFM field is not forward-only.

Instantiation II (IFM Field Realization). As discussed
above, fields with backward-oriented lines are not straight-
forward to use in practice. To address this, the authors of
IFM propose a forward-only realization. They decompose
the field as E*0*L (%) = ||EX0*L (X) || n*0*L (X), where
X = (x,z). In (Manukhov et al., 2026, Appendix A.4),
they give a concrete procedure to specify ||E*0*L(X)]|o
and n*°*L(x), which we reproduce in Appendix A, for
convenience.

2.3 CFM vs.IFM

Previously, we reviewed the CFM and IFM frameworks
separately. Although their differences may already be ap-
parent, we include Table 3 for convenience; it lists the main
terms of both frameworks side by side. The key differences
can be summarized as follows. First, the IFM global field
can be estimated by Monte Carlo averaging over particle
pairs via the superposition principle (9), whereas the CFM
global drift, defined through a conditional expectation (4),
is generally intractable to evaluate directly. Second, the
training procedures differ: CFM uses a single-sample con-
ditional velocity as the target (5) and learns it at points
drawn from the conditional distribution, while IFM uses
the normalized global field as the target (14) and learns
it at points drawn from heuristic volume coverage distri-
bution. Despite these differences, the following example
(§2.4) suggests that the two viewpoints may describe the
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same underlying dynamics.

2.4 Poisson Flow Generative Models

PFGM is a noise-to-data generative framework rooted in
electrostatics (akin to EFM). It is of particular interest here
because it admits both a field-based and a flow-based in-
terpretation. To our knowledge, PFGM is the only known
framework that supports both viewpoints.

Field-based interpretation. PFGM embeds the data distri-
bution into an extended space RP*! by placing each sample
Xg ~ 7o on the plane {z = 0}, i.e., at Xg = (X0, 0). Each
Xy is treated as a unit positive charge, inducing an electric
field in accordance with Coulomb’s law:
X — Xg

1% = %ol
for x = (x, z) € RP*!, The global field E is obtained via
the electrostatic superposition principle. The field lines of
E then define a transport from the data distribution to a prior
71, which is a uniform distribution over a hemisphere of
radius L (with L — oo or sufficiently large in practice).

E* (%) x (15)

Remark. Despite its resemblance to [FM, PFGM is not a
concrete IFM instance: its conditional field is one-sided
(constructed from a single target point x,), whereas [IFM
requires two-sided conditioning.

Flow-based interpretation. Subsequent work (Xu et al.,
2023, PEGM++) reveals that PEGM possesses an underly-
ing flow-based structure. Specifically, it demonstrates that
PFGM’s data-space generative dynamics, as in (12), can be
obtained by minimizing the objective

X, —Xo 2

fe(XZaZ) -

. (16)
2
where z ~ U[0,L] and x, ~ pX°(x) o (||x — %03 +
22)~ %" . The similarity between (16) and the CEM ob-
jective (5) suggests a flow-based interpretation of PFGM:
pX° in (16) acts as a conditional path distribution, and
(x, — xq)/z serves as the corresponding conditional ve-

locity target.

E27x07xz

Summary. The PFGM example shows that the same
generative transport can be described either as a flow
or as field lines. This motivates two questions:

(1) Is there a general CFM-IFM duality?

(2) Can IFM admit a one-sided (target-only) formula-
tion, analogous to one-sided CFM?

3 Duality of CFM and forward-only IFM

In this section, we formally establish the duality between
CFM and forward-only IFM. We first introduce in §3.1 a

one-sided formulation of IFM, paralleling the one-sided
setting in CFM and enabling a unified treatment of both
one-sided and two-sided constructions. We then prove the
two directions of the equivalence. In §3.2, we show how any
CFM construction induces a forward-only interaction field
with the same data-space dynamics. Conversely, in §3.3,
we show how any forward-only interaction field can be
normalized into a conditional probability path and velocity
field, thereby recovering a CFM representation. Finally,
in §4, we summarize the theoretical consequences of this
equivalence. All proofs are provided in Appendix B.

Before stating our main results, we make a simple obser-
vation. In forward-only fields, the spatial coordinate z (the
distance from the left capacitor plate) plays the same role as
the time variable ¢ in conditional flows. Likewise, the plate
separation L corresponds to the terminal time 7". With this
correspondence in mind, we will use the (¢, T")-based nota-
tion for both conditional flows and forward-only interaction
fields throughout the remainder of the paper.

3.1 One-sided IFM

Standard IFM is defined in a two-sided form. To state the
duality for both one-sided and two-sided constructions, we
begin by introducing a one-sided notion of an interaction
field. Following PFGM (§2.4) and the general IFM formula-
tion (§2.2), we define the one-sided interaction field on the
extended space RP+L where the data distribution lies on a
hyperplane {¢ = 0}.

Definition (One-sided Interaction Field). A vector field
E*0 (%) € RP*! s called a one-sided interaction field if
it satisfies the following three properties. First, its field
lines start at the particle X = (x0,0): dx(7)/dr =
E*o (%(7)),%(7s) = X0, Where 7, denotes the starting value
of the field-line parameter and there exists 74 > 7, such that
Z(5) € RP x {T'}. Second, the field is divergence-free:
V- E*(x) = 0 for all x € RP+1\ {x}. Third, the field
has a fixed total flux.

Remark. This definition matches the two-sided Interaction
Field, except that the field lines are not required to end at
any predetermined particle.

Generative dynamics. The global field induced by the
distribution 7y is obtained via generalized superposition,
analogously to (9): E(x) = [ E**(X) my(x0) dxo. The cor-
responding field lines (10) push forward 7 to a distribution
. Consequently, one-sided IFM defines a source (prior)
distribution 71 and transports between 7 and 7y along the
global field lines.

Remark. In contrast to two-sided IFM, the generative dy-
namics in one-sided IFM is essentially built into the con-
struction, since the source (prior) distribution 77 is defined
as the pushforward induced by the field lines. In the two-
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sided setting, both endpoint distributions are specified in
advance, and the fact that the field lines induce transport
between them is a nontrivial property.

Example (PFGM < forward-only one-sided IFM). The
PFGM field defined in §2.4 is an instance of one-sided IFM.
Moreover, it is forward-only, i.e, E*°(x), > 0 for all ¢ > 0.

Notation. As in CFM, we use blue to indicate that the
source-conditioning point is omitted, corresponding to the
one-sided case. Throughout the remainder of this section,
X, x7 denotes either xg in the one-sided case or (xg,xT)
in the two-sided case.

3.2 From Flow to Fields

We first establish the flow-to-field direction of the duality.

Theorem 3.1. (CFM C forward-only IFM). Let 7y and
wr be D-dimensional target and source distributions, re-
spectively. Let (vi°™" (x),p;""" (x)) be a Conditional
Flow (§2.1), and let v(x) and p;(x) denote the global ve-
locity (4) and marginal probability path (3) obtained by
marginalizing over 7y 1 (Xo, x7), respectively. Define the
(D + 1)-dimensional vector field

EXo-xT (X, t) = (V?O xT (X) p;{o,x’l' (X>7 p;(DAXT (X) ) (] 7)
N——

EX0XT (x,t)x

EX0*T (x,t)+

Then, under mild assumptions specified in Appendix B.1:

1. The vector field EX0*T is a forward-only Interaction
Field (§2.2) with unit total flux ®¢ = 1.

2. The global field E obtained by the generalized superpo-
sition principle (9) can be recovered as

E(x,t) = (Vt(x) pe(x), pt(x)).

3. The CFM generative dynamics (4) coincide with the dy-
namics induced by field lines (10), reparameterized by
the distance from the plate (12):

dx E(x,t)x
@ V= B,

(18)

19)

Theorem 3.1 shows that conditional flow admits a forward-
only field representation with the same data-space genera-
tive dynamics. In this representation, the CFM probability
current becomes the spatial component of the interaction
field, and the marginal density becomes its time compo-
nent. Concrete field realizations of common flow-based ap-
proaches, including stochastic interpolants, diffusion mod-
els, and flow matching, are summarized in Appendix A,
Table 4.

3.3 From Fields to Flows

We now establish the converse field-to-flow direction of
the duality. Motivated by Theorem 3.1, a natural attempt
to recover a conditional flow from a given forward-only

interaction field E*0-*7 (x, t) would be to set

E*0-*7(x 1) ,

X0,X71 _ X X0,X7 __T'X0,XT

t (X)_ Ex(]’xT(X,t)t » Pt (X)_E (th)t' (20)
However, the last component E*0-*7 (x, t), of an interaction
field is not necessarily normalized:

PROXT /EXO’XT(x,t)tdx £1. 1)

Moreover, ;" is a scalar that may, a priori, depend on

X, x7 and t. Nevertheless, it is in fact independent of both,
as formalized in our following proposition.

Proposition 3.2. (Flux Conservation across Slices). Un-
der mild assumptions specified in Appendix B.3 the scalar
O in (21) is the flux through the slice {t = const} at
distance t from the left plate and coincides with the total
flux ®g (8) of the forward-only Interaction Field.

Having established this proposition, we now formalize the
field-to-flow direction of the duality.

Theorem 3.3. (forward-only IFM C CFEM). Let my and mr
be D-dimensional target and source distributions, respec-
tively. Let EX0*7 (x, t) be a forward-only Interaction Field,
and let E(x,t) denote the global field obtained by the gen-
eralized superposition principle (9). Define the conditional
velocity and conditional density path by

E**T(Xt)x  xoxr EX0*7(x,t);
—_— ’ = 22
Exox1(xt),’ P x) il @2)

)

Then, under mild assumptions specified in Appendix B.3:
1. The pair (vi°™", p®*") is a Conditional Flow (§2.1).
2. The global drift v (4) and probability path p; (3) can be
recovered from the global field E via
E(x,t)x E(x,t
( ) . m (X) — ( )t )
E(X, t)t (I)O
3. The CFM generative dynamics (4) coincide with the dy-
namics induced by field lines (10), reparameterized by
the distance from the plate (12):
dx E(x,t)x

@ =V B,

(23)

vi(x) =

(24)

Our Theorem 3.3 shows that forward-only interaction field
admits a conditional flow representation with the same data-
space dynamics. The key step is the normalization of the
field’s time component by the conserved flux ®,, which
turns the slice flux density into a conditional probability
path.

Example (PFGM'’s flow-based construction). Previously,
we showed that PFGM is a forward-only one-sided IFM in-
stance. Therefore, by Theorem 3.3, it admits an equivalent
conditional flow representation. This construction recovers
the objects introduced in §2.4 as the flow-based interpre-
tation of PFGM. In this sense, the flow-based formulation
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used in PFEGM++ arises naturally as a special case of the
field-to-flow construction.

Example (IFM’s flow-based construction). In §2.2, the
canonical IFM field is ‘constructed directly as a forward-
only interaction field. Using our Theorem 3.3, we can
express it as a conditional flow, which has a simpler
form: vy (x;) = Z(t,x0,x7) + (6(t)/0(t))(x¢ —
Z(t,x0,%x7)), P (x) = N(x | Z(t,x0,x7),0(t)*I),
where Z(t,x0,x7) and o(t) are specified in Appendix A,
Table 4. This representation makes explicit that the IFM
field is induced by the two-sided stochastic interpolant
from §2.1, namely, x; = Z(¢, X0, X7) + o(t)e. Additional
field—flow construction examples are summarized in Ap-
pendix A, Table 4.

4 Duality Takeaways and Empirical
Verification

We now summarize the main implications of the flow—field
duality and support them empirically in a controlled toy
setting. All empirical checks use the same Gaussian-to-
Gaussian-mixture dataset and two two-sided stochastic in-
terpolants {x; ;}2_,, defined in Appendix C. The section is
organized around three takeaways: for each one, we state
the implication of the duality, explain its meaning, and pro-
vide supporting empirical evidence. Additional discussions
are provided in Appendix D.

Takeaway 1 (Expressiveness). At the level of in-
duced data-space generative dynamics,

CFM = forward-only IFM C IFM.

Theorems 3.1 and 3.3 show that CFM and forward-only
IFM induce exactly the same class of data-space genera-
tive dynamics. Thus, the probabilistic CFM view and the
geometric [FM view are not separate model classes in this
regime: they are two representations of the same dynamics.

The strict inclusion comes from the field perspective. Gen-
eral IFM also allows interaction fields with backward-
oriented field lines, such as EFM in Figure 1(d). These
fields cannot be represented by standard CFM dynamics,
and therefore provide a concrete mechanism by which IFM
goes beyond conventional conditional flow matching.

This equivalence is constructive. Equations (17) and (22)
give explicit maps between conditional flows and forward-
only interaction fields, which makes the duality directly
testable. For each interpolant ¢ € {1,2}, we construct
the corresponding conditional interaction field EZ°™" and
compare two independently learned data-space drifts: the
CFM drift v;, trained with the CFM objective (5), and the
IFM-induced drift u;(x,t) := %, trained through the
normalized-field IFM objective (14).

Table 1 verifies this prediction. Matched CFM-IFM pairs
have much smaller error than mismatched pairs: v, agrees
with u;, and vo agrees with uy, whereas dynamics built
from different interpolants remain far apart. This supports
the constructive duality: the two representations coincide
when they come from the same interpolant, but different
interpolants define genuinely different data-space dynam-
ics. The small residual error in the matched comparisons is
attributable to finite-sample estimation, numerical approxi-
mation, and imperfect neural-network training.

Type Comparison MSE ()

Matched V1 VS. U1 0.052+0.005
Matched Va2 VS. U2 0.083+0.003
Mismatched vi vs. va 0.479+0.003
Mismatched uj vs. us 0.3654+0.001

Table 1. Empirical verification of the CFM—forward-only IFM
duality. Matched CFM-IFM pairs (v;, u;), constructed from the
same interpolant, have substantially lower MSE than mismatched
pairs. Here u; = E; x/E; ; denotes the IFM-induced drift.

Takeaway 2 (IFM probabilistic interpretation). A
global forward-only interaction field E(x, t) induces
not only field-line dynamics, but also an explicit data-
space distribution path:
pi(x) = %;t)t-

Theorem 3.3 shows that the geometric IFM representation
has an equivalent probabilistic view. In a forward-only field,
the t-component of the global field is a flux density across
the slice at time ¢; after normalization by the conserved flux
®,, it becomes the marginal density p;(x) of the induced
data-space dynamics.

We illustrate this interpretation using the field E; con-
structed from the first interpolant. We evolve particles under
the IFM-induced dynamics (11) and record their empiri-
cal distributions at several times. We then compare these
distributions with heatmaps of the normalized field density
E1(x,t):/®¢ at the same times. As shown in Figure 2, the
transported particles concentrate in the regions of high field
density, supporting the probabilistic interpretation predicted
by the flow—field duality.

Takeaway 3 (Field-informed volume coverage).
Forward-only IFM induces a natural sampling distri-
bution over the augmented space: sample ¢ ~ [0, T']
and then

X0,XT X0,XT EXO'XT (X7 t)t

v (X))

(I)O

X~ D
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Figure 2. Probabilistic interpretation of a forward-only interaction field. Top: particles evolved under the IFM-induced dynamics. Bottom:

the corresponding normalized field density E(x, t):/®o.

The bidirectional constructions in Equations (17) and (22)
show that a forward-only conditional field encodes not only
a drift, but also a conditional probability path. In particular,
the t-component of E*0*7 normalized by the conserved
flux @, defines the conditional distribution p;®*”. This
gives a field-informed alternative to the heuristic volume
distribution py.; used in IFM training.

One consequence is a CFM-like single-sample regression
objective for the data-space drift:

=07 (x, ) |

Exo.xT (X, t)t 9 ’
where p; 7 (x) = EX0*7(x,t);/®o. The same density
can also replace the external volume-coverage distribution
in the normalized-field IFM objective:

E(x,1)
||E(X?t)||2

t,x0,%7, X~opy 0T Vo (Xﬂ t) -

2

Jo(x,1) — (25)

x0,%
t,x0,%7, X~py 0

2

To assess whether the field-induced density provides a useful
training distribution, we perform a matched—mismatched
ablation. For each field E;, we train objective (25) using
either the matched distribution p;'y™" induced by the same
field, or the mismatched distribution p7} ™" induced by the
other field, j # . Thus, the objective and target field are
fixed, and only the volume-coverage distribution is changed.

Table 2 shows that matched sampling consistently achieves a
lower final W, distance. This supports the interpretation that
the t-component of a forward-only interaction field identi-
fies where training points should be placed in the augmented
space, providing a principled field-informed replacement
for heuristic volume coverage.

Field Volume distribution Wa ()

E matched p7 ™’ 0.25+0.04
' mismatched 3" 0.5840.03

E mismatched p7% " 0.81£0.16
> matched p%>" 0.38--0.04

Table 2. Ablation of field-induced volume coverage. For each
field E;, sampling from the matched field-induced distribution

piq " yields a lower final W> distance than sampling from the

mismatched distribution p3§ ™", j # 4.

Impact Statements

This paper presents work whose goal is to advance the field
of machine learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.
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Table 3. CFM vs. IFM: side-by-side comparison of the Conditional Flow Matching and Interaction Field Matching frameworks.

Aspect Conditional Flow Matching Interaction Field Matching
Elementary object Conditional Flow (§2.1) Interaction Field (6)
xQ, X xQ . X7 .
V30T (%), ;0T () EX0*L (%)
defined in the data space RP defined in the extended space RDP+1
Global object Conditional averaging of conditional velocities: Generalized superposition of pairwise fields:

_ [ yXoxT _
ve(x) = [ VIO ()i o, x| xe = x)dxodx B3 = [ B%0%% (8) mo 1 (v ) o

¢/Vfoix>lv (x) mo, 7 (%0, x7) dxg dxp

Generative dynamics ODE-based dynamics in the data space: Field-line transport in the extended space:
dx x) dx E®), * s
— = vi(x X0 ~ T —_— = X X ~ g X =
dt s 0 0 ar s 0 z2=0
Forward-only fields dynamics in the data space:
dx E(x)x
- = y  XQ ™~ TO
dz E(x),
Marginal distributions Explicitly defined via conditional distributions: No explicit marginal density path:
— 2@ o 5 o g 5
pt(x) = [ py (x) mo, 7 (%0, x7) dxg dxp defined implicitly via field-line transport (10)
Training objective Single-sample conditional velocity regression: Multi-sample global field regression:
xQ,% 2 . <\ 12
Ev, xo.x e ||Ve(xe) = 0T ()| Egmp,o, If0(%) = E)II3

Normalized field in the forward-only case:
2

E fo®) - 2
%~p 0(X) — ————
vol B2 |,
Training volume Explicitly defined by conditional distributions: Ad hoc heuristic distribution:
X0, % -
x0, X7 ~ w7, t ~ U0, T], x¢ ~ py 07T X ~ Pyol

A CFM and IFM construction examples

A.1 Flow-field Dual Constructions

In this section, we provide additional examples of common frameworks formulated via the flow-field dual construction, as
summarized in Table 4.

A.2 Original IFM field realization

For completeness, we restate the forward-only Interaction Field realization proposed in Manukhov et al. (2026, Appendix
A.4). The construction specifies the magnitude ||E*0* (x)||2 and the unit direction n*°-*L (x) of the conditional field
E*0*L (%), where X = (X, z). Concretely, they define
)2
e (-5

B0 ()|, = 26

I )2 a(2)P cosa(x)’ (26)

n*° XL (x) := e, -sina(x) + €, - cos a(x), 27)

e, = L&) o = L X0 (28)
(%) %L — Xoll2

where Xg = (X¢,0) and X;, = (xr,, L) denote the endpoints, and
o(z) :=sin(27z/L)
(for d = L/2 in their notation). The transverse component is defined as
x)(X):=x—x0(1—2/L) —x5(z/L), r1(X) = ||xL(X)||2-
Finally, the angle «(X) is chosen so that the ratio ) (X)/o(z) remains constant along each field line, which yields

a(x) = arctan(? r1(x,2) cot<2£rz>> :

10
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Table 4. Flow-field dual constructions. This table shows how a common framework can be formulated using both CFM and IFM.

CFM structure

Framework IFM structure
( X0, XT (x) 2XOLETS (x)) X0, XT (S X0 XT (3 X0, XT (%
t » Pt EX0XT (x) = (EX0*T (%) x, EX0*T (x),),
x=(x,t

Flow Matching vio(x) = e EX0(x, t)x = v; 0 (x) p;° (x)

(Lipman et al., 2022) t ) - %
P () = N(x | (1 = t)xo, £21) O A
VE-diffusion vi0(x) =x —xo E™0 (x, t)x = v;° (x) PO (x)

(Song et al., 2020) pto 3 = N(x = tQI)

B0 (x, 1), = 70 ()
207 () = S0

(e =TT () 42077 () . er )
Linear Interpolant a(t) EX0*T (x, t), = vi0T (x) py 07 (x)
o\ al. 3z X0, X _ 2
(Albergo et al., 20232) Py (x) = N(z | Z(t, %0, x7), 0(t)"I) EX0XT (x,t), = p; 07T (x)

TXOXT () = xo - (1 — t/T) + xr - t/T

o(t) =+/2-t/T - (1 —t/T)

xq _ X —Xq = =
PFGM Vi) = == E*0 (%) = — = _X0___
(Xu et al., 2022) % — %oll2**
P (x) o< t/ (lIx — xoll + t7)
x X — X x
PFGM++ (d > 1) Vi) = E™0 (x, t)x = vi° (%) p;° (x)
(Xu et al., 2023) D+d EXO( t) XO( )
2rd X,t)t =Py (X
P30 (o) oc o/ (Jl = xoll +£2) 2 '

T V?O’XT (x):%(x = IO (t))‘i‘ixO'xT (t) EX0XT (x,t)x = VTO’XT (x) p}t‘o’xT (x)

(Manukhov et al., 2026) p;‘(]vxT (x) = N(z | Z(t, %0, X1), a(t)QI) EX0*T (x,t), = p:‘vaT (x)

OR originally defined as in §2.2

TX0*T () = x¢0 - (1 — t/T) +xr - t/T
o(t) = sin (27t/T)

EFM X

-~ X — Xg X — X
x0,XT _
(Kolesov et al., 2025) E (%)=

D+1 D+1
2 2

lIx — %ol| % — % ||

B Proofs

In this section we provide proofs for all theorems and propositions from the main part of the paper.

B.1 Assumptions for Theorem 3.1

Forallt € (0,T), x € RP:

1 X0, X7

pro7 (x) € CL((0,T) x RP) is strictly positive;

2. All integrals appearing in the proof (those involving p;°”*” and vy p;°™") converge;

3. vi®*7(x) is locally Lipschitz continuous in x, uniformly in ¢ on compact subsets of (0,7) x R,

B.2 Proof of Theorem 3.1

We prove the three items in order.
1. EXo-*7(x, ) is a forward-only Interaction Field with &, = 1.
Forward-only. By definition of the field,
E*0>7 (x,t)y = p;°7" (x) > 0.
Moreover, if E*0*7 (x,t) # 0, then in particular E*0-*7 (x, t), # 0, hence E*0*7 (x,t); > 0 at every point where

the field is nonzero. Therefore E*0-*7 is forward-only field.

11
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Field lines connect the two particles. By the superposition principle (Bogachev et al., 2021) for the continuity equation
there exist absolutely continuous curves x(t) satisfying

d
=V (), x(0) = %0, (1) =xr-
Under the Lipschitz assumption, this ODE with initial conditions has a unique solution. Therefore the support of x(t)
consists of a single curve. So the curve X(t) := (x(t),t) connects Xg = (xg,0) to X7 = (x7,7") in RP*+1 and follows
= (v (e, ).

Now note that

B0 (3, ) = (VO () 0 (0, 70 (%)) = 0 () (Vi (), 1),

X0, X7

Hence EX0*7 () is a positive scalar multiple of (v;° ™" (x), 1) on p;®*” (x) > 0, so it has the same integral curves
up to a reparameterization. Concretely, define a new parameter 7 along the above curve by

% _ p;co,XT (x(t)) (equivalently % = m)’
and set X(7) := X(t(7)). Then
A% d% dt
dr _ dtdr

(Vi (x (1)), 1) P (x(8))

= (Vi (x(0)pi T (x(t)), P (x(1)))

= EX0*7 (x(1)).
Therefore X(7) is a field line of E*0*7 connecting Xq to X7 .
Divergence-free. Using EX0*7 (x, 1), = vy (x) p;°77 (x) and p; ° ™" (x) = EX0*7 (x, t);, we obtain

V(x,iﬁ) Ui (X7 t) = atEXO-XT (X7 t)t + Vi - EX0%7 (X7 t)x
= O () + Vi (VIO () 0 (x)) =0,
where the last equality is the continuity equation for the Conditional Flow.
Fixed total flux and &y = 1. Let 9M be any closed surface that encloses Xg = (xg,0) but not X7 = (xr,T). We show
that |, oy BXO*T - dS = 1, which identifies the total flux as ®¢ = 1 and shows it is independent of (xo, xT).
First, let’s reduce the flux on 9M to the flux on a small pillbox around X. Since X lies in the interior of M, we can
choose R > 0 and € € (0,T) such that the pillbox
P := Bgr(x0) X [—¢, €]
is contained in M (and in particular does not contain X1 because ¢ < T'). Consider the region M \ P. It contains
neither endpoint, so EX0-*7 is divergence-free there. Hence, by the divergence theorem,
0= V- EXOT = / EX0*T . 4S = EX0*T . dS — EX0*7T . dS,
MA\P A(M\P) oM oP

where the minus sign comes from the fact that the normal on 9P is inward for the region M \ P. Therefore,

/ E**T . dS = / E*o*T . d8S.
oM P

Next, let’s compute the flux through the pillbox 0 P. Decompose 0P into bottom, lateral, and top parts:
OP = Bgr(xq) X {—€} U Br(x0) x [—€,€] U Br(xo) x {€}.

bottom lateral top

Bottom. By the forward-only convention, E*-*7 (x,¢) = 0 for ¢t < 0, hence

/ EXo,XT . dS — f‘/ EXO'XT (X’ 76),5 dX = O
Brx{—e} Br

Lateral. For t € (0,¢€) we have EX0*7 (x, 1) = v;°77 (x) p; 0" (x) and EX0*7 (x,t); = p;°”" (x). Integrate the

12
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continuity equation dyp;°”™" + Vy - (v pyo ")

d
a4 PO dx = [ () mds
Br(x0) OBR(x0)

= 0 over Br(xo) and apply the divergence theorem in x:

Integrating from ¢ = 0 to £ = e yields

/ / Vi (%) o (%) - mdS dt = / Pl (x) dx — / Prol (%) dx.
dBR(x0) Br(x0) Br(xo0)

X0, x,

= 0x, and x¢ € Bg(xo), the first integral equals 1. Therefore the lateral flux equals

/ EXoXT | 4§ — / / Xo X7 pfo T . ndSdt =1 — / pzci'exT (X) dx.
OBRX[—¢,€] 9Br br

Top. Finally, for the top part

/ EX0XT . J§ — EXo.xT (X, €)t dx = / pfo EX' (X) dx.
Brx{e} Br Br

Since p, 2

As a result, adding the fluxes through the bottom, lateral, and top part gives

/ EX0*T . dS =0+ (1 —/ P dx) / P2l dx = 1.
oP Br Br

Therefore f oM E*o*7 . dS = 1 for every closed surface 9M enclosing X, but not x;. Hence the total flux is fixed
and equals & = 1, independent of (x¢,xT).

This proves that E*0-*7 is a forward-only Interaction Field with unit total flux.
. Recovering the global field E(x, t).
By the generalized superposition principle,

E(x,t) = /EXO’XT (x,t) dmo v (x0, X7).

Taking components and using the definition (17) gives

E(x,t); = /pfo T(x) dmo, 7 (x0. x7) = pi(%),
where the last equality is exactly the marginalization formula for p;. Similarly,
E(x,t)x = /v,’f0 T (x) pro T (x) dmo (%0, X7).

By the definition of the CFM global velocity v;(x) (conditional expectation given x; = x),

Vt(X) f on XT p?o XT( )dﬂ'o T(XO XT) _ EJ(X7 t)x
fpxu 7 (x) dmo (%0, X7) pe(x)

Therefore E(x,t)x = v¢(x)p:(x), and hence
E(x,t) = (vt(x) (%), pt(x)).
. Field-line dynamics coincide with the CFM dynamics.

For a forward-only global field, the data-space dynamics obtained by reparameterizing field lines by ¢ is

dx  E(x,t)x
dt — B(x,t);’
Using Item 2,
E(x,t)x
Cotx _ vl _
E(x,t): pe(X)
so the induced dynamics coincide with the CFM generative ODE:
dx E(x,t)x
ARG e

13
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Remark B.1. The locally Lipschitz condition on the conditional velocity field v;°*” (x) is essential for the proof of
Theorem 3.1. It ensures the existence of a unique solution to the ODE ‘fl—’t‘ = v; %7 (x) with prescribed endpoints, which

in turn guarantees that the constructed field lines connect X to X7 without ambiguity. Without this regularity, the duality
between conditional flows and interaction fields may break down due to non-unique or ill-defined trajectories.

B.3 Assumptions for Theorem 3.3

Assume E*0*7 (x, t) is a forward-only Interaction Field with total flux ®y, satisfying:

1. EXoxm ¢ CL(RP x (0,T)), Ef**"(x,t) > 0fort € (0,7) and Ef**" (x,t) = 0 for t < 0;
2. The measures converge lim;_,o B (x,t) — ®gdx, (X), lim; 7 B 7 (x,1) = ®(dyx,. (x) in the weak sense;
3. EXoxr /EXO*7T js locally Lipschitz in x, uniformly in ¢ on compact subsets of (0, T") x RP;

4. The Field decays sufficiently at infinity so that integrals converge ( [, |E;*™" (x,t)|dx < 00) and the flux through
infinite lateral surfaces vanishes:
lim EX0*7T (x,t) - dS = 0.

R—o0 OBR X[t1,t2]

B.4 Proof of Proposition 3.2.

Here we imply the above Assumptions 1 and 4. Fix any ¢* € (0, 7). We show that the slice flux equals the total flux:
/ EX0*T (x,t*); dx = . (29)
RD

First, for R > 0, define the cylinder
Mp := Br(xq) x [—t*,t"], Bgr(xg) :={x € RD . |lx — xoll2 < R}.

Since t* < T, the volume Mg, encloses Xy = (xg,0) but not X7 = (x,T'). Hence, by the defining total-flux property of a
forward-only Interaction Field,
/ E*0*7 . dS = @.
OMp

Next, let’s decompose the boundary into bottom, lateral, and top parts:
8MR = BR X {—t*} @] 8BR X [—t*,t*] U BR X {t*}

bottom lateral top

Using outward normals, we obtain

/ EX0%0 . S = — / EX0%7 (x, —1*), dx + / B as / EX0%7 (x, %) dx. (30)
OMpg Br BBRX[ft*,t*] Br

The bottom term vanishes because (by the forward-only convention) E*0-** (x,¢) = 0 for t < 0:

[
Br
Use the assumption that the field has vanishing lateral flux at infinity (Manukhov et al., 2026):

lim EX0*7T . dS = 0.
R—o0 OBp x[—t*,t*]
Letting R — oo in (30) therefore yields
dp = lim EX*7 . dS = lim EX0X7T (x, %) dx = / EX0%T (x, %) dx,
R—o0 Mg R— o0 Br RD
which proves (29). O
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B.5 Proof of Theorem 3.3

We prove the three items in order.

1. The pair (v;°™" (x),p; " (x)) defines a Conditional Flow.
X0,XT

Well-definedness. Since EX0*7 is forward-only, EX0-*7 (x, t); > 0 wherever the field is defined. Hence v; (x) is
well-defined and py°™" (x) > 0.

Normalization. By Proposition 3.2, for every ¢t € (0,7),

/ E*0*7(x,t); dx = Py.
RD

Therefore,

o 1
/ Py (x) dx = — E*X0*7 (x,t)s dx = 1.
RD Dy Jro

Continuity equation. Using p;°*" (x) = EX0*7(x, 1), /®g and v; °77 (x) p;°7 (x) = EX0*7 (x,1)x/®Pg, we obtain

X0 ,X X0,X X0 ,X 1 X0. X7 X0. X7
Op ™ (%) + Vi - (Vi (x) 7 (x)) = ao(é)tE ()1 Vi EX (x, ) )
1 o
= ‘}T) v(x,t) - EXox1 (X, t) = 0,

where the last equality is the divergence-free property of Interaction Fields.

Boundary conditions. In the IFM capacitor setup, the conditional field has only the endpoint source/sink on the plates.
Equivalently, the plate flux is concentrated at the endpoints (suggested to be stated as part of the forward-only IFM
definition / standing assumptions): in the sense of measures (distributions) on R”,

E*0*7T(x,0); = ®g dx, (X), EX0*T (x,T); = ®g 0xp (X).
Dividing by ® gives
Py (%) = 0xo (%), i (%) = Oy (%),
which is exactly (2). Thus (v;°™" (x), p;° ™" (x)) is a Conditional Flow.
2. Recovering (v;(x), p:(x)) from the global field E(x, t).
By generalized superposition (9),

E(X, t) = / Exoxr (X, t) TO.T (Xo, XT) dxo dx.
Taking the t-component and using p;° ™" = EX0- X7, /®q gives

E(X, t)t = /EXO’X"' (X, t)t 7T07T dX() dXT = (I)O /p?O'XT (X) 0. T dXo dXT.

By the CFM marginalization formula (3), p;(x) = [ p;°™" (x) 7o, dxo dxr, hence
E(x,t
P (X) — ( )t .

00
Similarly, using v;°™7 (x) p; °7" (x) = EX0*7T (x, )5 /Do,

E(x,t)x = /EXO’XT (x,t)x mo. 7 dxo dxp = Dy /Vf”'x"' (x) py°7" (x) o1 dxo dX.

On the other hand, by the definition of the global drift (4),

X0.XT

Vi (X) pe(x) = Exer [Vi0 7 (Xt) | X0 = %] pr(x)

X0,XT

= p(x) /Vt (x) pe(x0, X7 | X¢ = X) dXo dxp

X0, X7 P07 (%) mo, 1 (X0, X7)
= dxq I
pl) [ve o BB o dscr

:/vt () pr T (%) o, 7 (X0, XT) dXo dX7
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Combining the last three displays yields

E(x,t)x
Vi) ) = 2D
0
Substituting p;(x) = E(x,t):/ P gives
E(x,t)x
Y= B,
proving (23).
3. Flow-based dynamics coincide with global field lines.
Let x(7) = (x(7), t(7)) be a field line of the global field:
e
O _ ().

Since E is a nonnegative superposition of forward-only fields, E;(x,¢) > 0 everywhere (and E; > 0 along any
nontrivial field line). Hence j—j = E,(%X(7)) > 0 and we may reparameterize the curve by ¢:

dx _dx/dr _E(x1)x _ vi(x)
dt — dt/dr ~ E(x,t), 7

where the last equality follows from item 2. This is exactly the CFM generative dynamics (4).

C Empirical Validation Setup

We describe the common setup used for the empirical validations in Section 4. All experiments are performed on the
two-dimensional toy dataset shown in Figure 3.

We use two two-sided stochastic interpolants. For ¢ € {1,2} and ¢t € [0, 1], define

X = T'(t,x0,%1) + o' (t)e, e ~N(0,I).
Equivalently,

Py (%) =N (x| T'(t, %0, x1), (07 (1)) ]2) -

The first interpolant uses a linear path:
Tt x0,x1) = (1 —t)x + tx1,  o'(t) = 0.051/t(1 —1).
The second interpolant uses a trigonometric path:
T2(t,x0,%x1) = cos(mt/2)xo + sin(nt/2)x1,  o2(t) = 0.05y/t(1 —t).

X0,XT X0,XT

Each interpolant induces a conditional flow (v, ™", p;y™" ), where

X0,% i ' (t i
vig (%) = 0L (t, %0, %1) + Zigt; (x — Z*(t, %0, %1)) -
By the flow-to-field construction, it also induces a forward-only conditional interaction field
B (x, 1) = (V3™ ()™ (0, 038 ()
with global field obtained by superposition principles:
Ei(X> t) - EXU,XT [E}FO.XT (Xv t)] .

3

These two interpolants define the matched CFM-IFM pairs used throughout Section 4.

For all experiments in Section 4, unless stated otherwise, we train IFM using the normalized-field objective, with the target
field estimated from 512 endpoint pairs. In the final volume-swapping ablation, we instead use a single-pair field estimate.
This choice reflects the practical high-dimensional regime, where multi-sample field estimation can become essentially
single-sample due to estimator degeneracy, as discussed in Appendix D.
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*» .

T T T T T
-2 -1 0 1 2

Figure 3. Two-dimensional toy Gaussian dataset used for the empirical validation. Blue points denote samples from the source distribution
p1, a compact Gaussian centered near the origin. Orange points denote samples from the target distribution pg, a symmetric four-
component Gaussian mixture with modes arranged along the coordinate axes.

D Additional Discussion and Experiments on Duality

Rather than introducing a new generative model, we study several widely used methods: the two-sided stochastic interpolant,
EDM, and PFGM++, under a unified experimental protocol, focusing on how their behavior changes when trained with
multi-sample targets, which is essential for [FM with multi-sample field in target. We build on the official PFEGM++
codebase (Xu et al., 2023), preserving the original architecture and training configuration as faithfully as possible, with
the only notable modification being a training batch size of B = 256 instead of 512 for CIFAR-10 (Krizhevsky, 2009)
dataset. Experiments for images were done for unconditional generation task on the CIFAR-10 and FFHQ-64 (Karras
et al., 2019) datasets. For CIFAR-10 models were trained for 100k kimg and for 200k kimg on FFHQ, where one kimg
corresponds to one thousand training images processed. For multi-sample target computation, we use a target set of size
N > B: when N > 1, the target is estimated from the current batch of size B (on which the loss is evaluated) together with
N — B additional random samples drawn from the dataset, so the target estimate always uses a pool at least as large as the
gradient-evaluation batch. For each FID (Heusel et al., 2018) evaluation, we draw 50k samples and compare against the full
training set, using 50 solver steps and the Euler sampler for the two-sided interpolant and the Heun sampler for EDM and
PFGM++. All image experiments were done on 2x A100 GPUs, each CIFAR-10 training took around 2 days, and each
FFHQ training took around 8 days.

We adopt the velocity formulation and train the network to approximate the multi-sample velocity target vi¥ (x):

EV(x,t)x S B (x)x

AN
V' (%) = = = P 1)
EN(x,t); Zil B0 (x),
N _x}x) X, %! N P i
i Vel X)) (x) Zw VIO (x) (32)
- xt,x! o vt ’
Zﬁil pto T(x) i=1

i N k k ) ) . . . .
where w; == p;°" 7 (x) />0 Py 0T (%), X, X} ~ 0.7, and N is the number of samples used for velocity estimation.

Two-sided interpolant. Following (Albergo & Vanden-Eijnden, 2022), the two-sided interpolant is defined by x; =
(1 —t)xo+txy + C+/t(l —t)e with e ~ N(0,I), where C controls the injected noise variance. Since the original
paper includes an additional v/2 factor, we report results in terms of s := C/+/2. Figure 4 shows that larger s consistently
degrades sample quality; we use s = 0.1 throughout. The model is trained to approximate the conditional velocity v;°*7”

from Table 4 via Equation (31).
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One-sided interpolants. For EDM and PEFGM++, the conditional velocity fields are given in Table 4, and a multi-sample
velocity estimate v (x,) can be built via Equation (31) by computing weights from p, (x, | x{) for each x{ ~ mg. To
preserve the original hyperparameters and sampling procedure, we convert this into a clean-sample estimate:

X (Xg) = Xg — 0 VY (%) (33)
o i Vo () Po(Xo | X))
SN pa(xo | xb)
N i i
—x, — >im1 (X0 — X0) po (X | XO)’ (34)

N .
Zi=1 Do (X0 | X5)
where x} ~ g fori € {1,..., N}. Unlike the two-sided case, these models are trained to predict xq directly, following the
original EDM and PFGM++ conventions.

Results. Table 5 reports FID as a function of the number of samples /N used for target estimation on the CIFAR-10 dataset,
while Figure 5 shows training convergence for different target-set sizes N. The observed effect is strongly method-dependent.

For the two-sided interpolant, the training curves are nearly indistinguishable across all tested values of N (Figure 5a), and
the FID scores in Table 5 remain almost unchanged, indicating minimal sensitivity to multi-sample targets. This behavior
arises because the weight distribution in Eq. (31) is highly concentrated: a single conditional term dominates the sum, and
empirically this dominant term is almost always the pair (xg,x7) used to generate the intermediate point x; ~ p;° ™" .
As a result, adding more samples contributes only negligibly to the estimator. We verified this by removing the dominant
pair from the target estimator, which caused the FID score to exceed 100, demonstrating that the remaining samples are

insufficient to provide an adequate replacement.

In contrast, for EDM and PFGM++ (Figures Sb—d), increasing /N improves both convergence speed and final FID, with
consistent quantitative gains shown in Table 5. In these methods, the weight distribution becomes less degenerate as N
increases, allowing additional conditional samples to contribute meaningfully to the target estimate. This observation
suggests that variance reduction could potentially be improved further through relevance-based sampling of conditional
pairs instead of uniform sampling.

Table 5. FID (]) (Heusel et al., 2018) for CIFAR-10 dataset as a function of the number of samples /V used for the multi-sample target.
Best scores per column are bolded. Standard deviation was measured across 3 different sets of seeds for FID evaluation. Values of
standard deviation show that FID improvement is statistically significant for CIFAR-10 dataset.

N FID (})
T{?'S'ded EDM PFGM++ (d = 128) PFGM++ (d = 2048)
mear
1 3.03+0.03 2.2940.04 2.40 4 0.04 2.40 4 0.05
256 3.04+0.03  2.2140.03 2.24 +0.03 2.14 +0.04
2048  3.054+0.04 2.12+0.02 2.28 4 0.03 2.19 4 0.03
55
30 \/\/
45
40
35 —— 5=0.05
fa) 30
=25
20
15
10
5
0 0 10000 20000 30000 40000 50000

kimg

Figure 4. FID vs. training progress for the two-sided interpolant at different noise scales s. Larger s consistently harms sample quality;
s = 0.1 yields the best results.
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(a) Two-sided interpolant (s = 0.1). FID curves are nearly identi-
cal across N, showing minimal sensitivity.
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(c) PEGM++ (d = 128). Larger N improves convergence and
final FID.
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(b) EDM. Larger N alters both convergence speed and final FID.

5.0
—— PFGMPP-d=2048-N=1
45 PFGMPP-d=2048-multi-N=256
—— PFGMPP-d=2048-multi-N=2048
4.0
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=35
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(d) PEGM++ (d = 2048). Performance depends noticeably on IV,
with larger target sets yielding stronger results.

Figure 5. Training convergence for CIFAR-10 dataset (FID vs. kimg) for different generative methods and multi-sample target sizes N.

One kimg = one thousand images processed.
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In Figure 6, we present the training convergence in terms of the FID metric for the FFHQ-64 dataset. Final checkpoint FID
values are reported in Table 6. Compared to the CIFAR-10 dataset with 32x 32 images, the improvement in FID for FFHQ
at 6464 resolution is noticeably smaller.

This behavior can be explained through the Gini coefficient computed from the weights in Eq. (31):
N
G=1-) w} (35)
i=1

Lower Gini coefficient values indicate that one weight dominates the others. In our setting, this means that the multi-sample
target effectively approaches a single-sample target. Table 7 shows that increasing image resolution leads to lower Gini
coefficient values, suggesting that for higher-resolution data the multi-sample target becomes increasingly similar to the
single-sample target.

5.0 5.0
—— EDM-N=1 —— PFGMPP-d=128-N=1
45 EDM-multi-N=256 45 PFGMPP-d=128-multi-N=256
—— EDM-multi-N=2048 ' —— PFGMPP-d=128-multi-N=2048
4.0
Q35
3.0
2.5
2.0 2.0
0 25000 50000 75000 100000 125000 150000 175000 200000 0 25000 50000 75000 100000 125000 150000 175000 200000

kimg kimg

(a) FID for EDM with single target and multi-sample target with (b) FID for PFGM++ with single target and multi-sample target
N = 256 and N = 2048 for FFHQ 64x64 dataset with N = 256 and N = 2048 for FFHQ 64x64 dataset

Figure 6. FID for different kimg on training for FFHQ 64x64 dataset

Table 6. Training convergence for FFHQ 64x64 dataset (FID vs. kimg) for different generative methods and multi-sample target sizes V.
One kimg = one thousand images processed. Multi-Sample target gives statistically meaningful improvement.

N FID (})
EDM PFGM++ (d = 128)
1 2.62+0.04 2.69 + 0.02
256 2.51+0.05 2.56 + 0.03
2048 2.63+0.04 2.61 +0.03

Table 7. Gini coefficient (35) for resized CIFAR resolutions and different multi-sample target sizes /N. Higher image dimensionality leads
to lower Gini values, indicating that the multi-sample target becomes closer to the single-sample target.

Resized CIFAR Resolution
8x8 16x16 32x32  64x64

128 0.214 0.098 0.005 0.001
256  0.211 0.112 0.005 0.001
512 0.214 0.125 0.006 0.001
1024 0.216 0.139 0.007 0.001
2048 0.215 0.154 0.009 0.002

N

Limitations

Our main contribution is theoretical. The empirical results are intended to validate the duality and illustrate estimator
behavior, not to establish a new state-of-the-art generative model.
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