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Abstract

We study the training dynamics of gradient descent in a softmax self-attention layer trained to perform
linear regression and propose a first-order optimization algorithm which converges to the globally optimal
self-attention parameters at a geometric rate. Our analysis proceeds in two steps. First, we show that in
the infinite-data limit the regression problem solved by the self-attention layer is equivalent to a nonconvex
matrix factorization problem. Second, we exploit this connection to design a novel “structure-aware” variant
of gradient descent which efficiently optimizes the original finite-data regression objective. Our optimization
algorithm features several innovations over vanilla gradient descent, including a data-dependent preconditioner
and a scale-invariant regularizer which help avoid spurious stationary points, a renormalization step which
ensures that the softmax parameters remain bounded, and a spectral initialization of parameters which lie
near the manifold of global minima with high probability. We prove that the generalization error of the model
trained by our algorithm decreases exponentially fast in the number of gradient descent iterations, up to an
additional error term that decreases as 1/n in the size of the training set.

1. Introduction

The self-attention mechanism is a neural architecture originally proposed by [3] for machine translation.
It was subsequently adopted by [12] to form the basis of the Transformer architecture, which underlies
many recent advances in natural language processing [10] and computer vision [6]. It has proven to be
remarkably versatile, and can additionally be trained to mimic various algorithms from statistics, optimization,
and machine learning [7]. Despite its numerous empirical successes, our theoretical understanding of the
self-attention mechanism remains poor. Many of the prior works on the theoretical behavior of self-attention
are conditional; they prove that if the self-attention parameters could be optimized to their globally optimal
values then the resulting model would exhibit strong performance on various downstream tasks, but they do
not establish when such optimization is possible or sow it should be performed, e.g., [4, 9]. Analysis of the
training dynamics of gradient descent in a softmax self-attention layer is exceedingly challenging due to the
pairwise nonlinear interactions appearing in the softmax function.

A recent line of theoretical works (e.g., [1, 2, 5, 15]) seek to understand the optimization dynamics of
self-attention in the setting of random linear regression' which was empirically investigated by [7] and [14].
In this model, the covariates are drawn from a distribution, and the response variables are a noisy linear
function of the covariates. The performance of a predictor is measured using the square loss. A natural
question is whether a self-attention mechanism can be trained to accurately predict the label corresponding
to a given covariate; even in this simple setting, this is not at all obvious due to the nonconvexity of the
loss in the model parameters. While several of these papers derive various global convergence guarantees,

1. The term ‘random linear regression’ is a misnomer, since we are studying a setting where a nonlinear model is used to fit data
which is generated by a planted linear model (i.e., nonlinear regression). We adopt this terminology to remain consistent with
preexisting literature.
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they suffer from two drawbacks. First, most of these works only study a simplified, linearized variant of
self-attention instead of the original softmax attention mechanism of [3]. Second, all of these works only
study the optimization dynamics in an asymptotic limit where either the learning algorithm has access to
infinitely many samples, or has an unlimited budget of gradient iterations to converge to optimality; none of
these works quantify how model performance depends on the number of samples or the compute budget. In
this paper we address both of these challenges.

1.1. Main Contributions

We consider a setting where the number of self-attention parameters is fixed, and bound the generalization
error as a function of the size of the training set n and the number of gradient descent iterations m. Our
contributions can be summarized as follows.

1. In Section 3, we study the population loss, i.e., the asymptotic limit of the training loss as n approaches
infinity. We show that this loss has a simple closed-form description and show that it is equivalent
to a certain weighted matrix factorization loss. Using ideas from the matrix factorization literature,
we propose a novel regularizer of the population loss and show that the regularized population loss
has infinitely many global minima which together form a smooth connected manifold. While this
regularized loss is globally nonconvex, we prove that it exhibits one-point strong convexity and one-
point smoothness near the manifold of global minima in a certain geometry in which the inner product
between two points is weighted by the covariance of the data distribution.

2. In Section 4 we leverage the geometric results of Section 3 to design a “structure-aware" gradient
descent algorithm which finds a set of model parameters with near-optimal population loss. Our
algorithm features several innovations over standard optimization algorithms such as SGD and Adam.
First, our algorithm initializes the parameters of the self-attention layer using spectral information
from the training data; we show that these parameters lie near the manifold of global optima with high
probability. Second, our algorithm incorporates a data-dependent regularizer and a data-dependent
preconditioner which mirror the form of the regularizer and preconditioner described in Theorem 2?.
Our algorithm can be viewed as evolving each of the self-attention parameters in the geometry most
natural to that parameter. We next present our main result: a scaling law which describes how the
generalization error decreases as a function of n and m. We decompose the excess risk of the model
trained by our optimization algorithm into two pieces: a statistical error term, which measures how well
the random, finite-data empirical loss approximates the population loss, and an optimization error term,
which measures the distance between the parameters found by our model and the globally optimal
parameters. We show that the statistical error decreases at a fast 1/n rate, up to logarithmic factors, and
the optimization error decays exponentially in m. To the best of our knowledge, this is the first result
which establishes fast (i.e., geometric rate) global convergence of a first-order method on a softmax
self-attention training objective in any setting, and also the first result which establishes a sharp 1/n
statistical rate in any setting.

In the course of proving our main results, we establish novel concentration inequalities which bound how
often the softmax-weighted mean and softmax-weighted covariance deviate far from their respective
means; these results may be of independent interest.

2. Model

We study regression using the square loss, where the covariates are d-dimensional and the response variables
are p-dimensional. Specifically, we consider a setting where we are given n samples {x;, y; }7 ;, where each
x; is drawn independently from A (0, 3) and each response y; has the form y; = Mx; + z; for some fixed
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weight matrix M € RP*Z, The noise variables {z; i, are drawn i.i.d. and independently from the covariates
from A(0,). Our goal is to learn a prediction rule which, when given a fresh covariate x ~ N(0, ),
generates a prediction ¢ which is close to M x. We consider the family of regression functions consisting of
single-layer single-head softmax self-attention functions; such functions are parameterized by 6 = (A, B),
where A € RP*? and B € R?*9. We think of 6 as the vertical concatenation A and B, so that § € RP+d)xd,
Given a fresh covariate 2 € R, such functions predict a corresponding label § given by

M > exp(z " Bx;)z;
> i i exp(z ' Bxj)

1y =

The prediction § is the image of a convex combination of the covariates {x; }?:1 under the linear map A,
where the weights of this convex combination are determined by the nonlinear softmax function parameterized
by B. We note that in the language of the original self-attention paper [12], the parameter A is called the
value matrix, while B is the product of the key and query matrices.

We define the in-sample empirical loss

2
& (S0 exp(a] Bay)a
Lo = 3 | (SR g
i=1 Zj:l exp(wi x]) 2
We also define the population loss
1 E,,[exp(x{ Bxo)xs] 2
L(e) = 7]E:C1,Zl A T - (Mﬂf]_ + Zl) ) (2)
2 E,, [exp(z, Bxa)] 9

where 1 and x5 are sampled independently from N (0, ) and z; is sampled from A (0, 2). The population
loss has the following intuitive interpretation. When 7 is large, we expect that each of the summations appear-
ing in the numerator and the denominator of the predictor ¢ should approach their respective expectations.
Averaging over the individual losses, we obtain the population loss.

3. Structure of the population loss

We characterize the population loss L(6) in closed form, and show that a regularized variant Q(0) =
L(0) + R(0) of the population loss obeys certain convexity and smoothness properties near its minima. The
regularizer R(6) has the interpretation of “balancing” A and B, so as to make sure that the optimization
algorithm does not spend too much effort optimizing one parameter at the expense of the other. A crucial
aspect of our result is that these properties hold only in a certain geometry in which the inner product and
norm are reweighted by the covariance . As a consequence, our convexity and smoothness results are not
stated in terms of the raw gradient VQ(#), but rather in terms of the preconditioned gradient P~1V(Q, where
P~ is a preconditioner depending on ¥. A complete characterization of the population loss appears in
Section A.2.

4. Main Result

We propose a first-order algorithm which converges to the population-optimal self-attention parameters
at a geometric rate. This algorithm is formally described in the display Algorithm 1. We have shown
in Section A.2 that the regularized loss Q(0) is strongly convex and smooth near the manifold of global
minima S, provided that the gradient of VQ(6) is appropriately preconditioned. A natural idea is to initialize
the parameters near S using empirical estimates of S and M, and then to approximate P~1VQ(f) by
P~Y(L() + R(6)), where R(0) is simply the regularizer obtained by replacing the true covariance ¥ by its
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Figure 1: We plot the training losses and test losses incurred by our algorithm and SGD, where both

algorithms are initialized at the same random point.
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Algorithm 1 Preconditioned Gradient Descent for Self-Attention

Input: Data {(x;,y;)} 4, step size ny > 0, iteration budget m, failure probability ¢
Output: (A, By,) R K

Sen Y mrl, MenTUYr gl B

UrvT « SVD(MEW) Ay« UTV251/2 By« 5-12yT1/25-1/2

ﬁemax( v/ Tr(2 +2\/2||E||oplogn> p + max(2,log(1/§)), 4« %f/*lpfl/ZHf]”é}/)z

2

_y exp(fa] W%‘)fﬂj
o cxp(z? Bz Y

P(AB)en 'Y, A-lnéwz

2

=1,...,mdo
AtFAt 1*77VAQ(At 17Bt 1)
Bt<—Bt 1—772 1VBQ(At 1, Bi—1)

end
return (51| By |l p Ay, 41| Bl 5 B

empirical estimate 3 in the definition of R(6) and P is defined analogously. Intuitively, when the number of
samples n grows large, one should expect that VL(#) ~ VL(6) and VR(#) ~ VR(0). Gradient descent on
L(6) + R(#) should thus converge to a point near S, provided that the gradient descent algorithm is initialized
sufficiently close to S.

However, this seemingly-natural idea has a key problem. The softmax function will not concentrate around
its mean if its arguments are too large. It is thus necessary to rescale the parameter B to ensure that it does not
grow too large during the training procedure. Our algorithm thus sets (4, B) = (v -1B| FA, ~||B||z' B)
and runs gradient descent on (A B). The regularized R is chosen so that the regularized loss () is one-point
strongly convex in (A, B).

The following theorem shows that the population loss approaches its optimal value exponentially fast in
the number of gradient descent iterations, up to an additional error term that decreases as 1/n in the size of
the training set.

Theorem 1 Let {6 }}" , denote the sequence of iterates generated by Algorithm 1. With probability 1 — 0,
the following inequality holds for all sufficiently large n:

log®(n) log (mn/6)

n

L(0y) — L* < K,

+ K exp(—Ksm),

where K1, Ko, K3 > 0 are constants depending on M and 3. and independent of m,n, 9.
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Appendix A. Appendix

A.1. Optimization
A.2. Proof of Theorem 1

Proof We assume that the “good events" described in Lemma 26 occur. These events imply that Algorithm 1
selects an initial set of parameters which is close to the manifold of global minima, and that the empirical
quantities s, 4, etc. are close to their population counterparts. Lemma 26 shows that these events simultane-
ously occur with probability 1 — 4/2, provided that n is sufficiently large. Let Q(6) and S be as described in
Theorem ??. Define the rescaling function

9((A,B),\) = (\""A,AB)
for all A > 0. Notice that for any fixed \g > 0, g(, \o) is a linear and invertible function of €. In particular,
g(g(ea )\0)7 )‘61) =0.

Let R
S={g(0,\)]|0eS,\>0}.

Notice that L(#) = L* for all § € S because the function L(#) = L(g(0, \)) for all X > 0.
Define the scale-invariant regularized population loss

Q(0) = inf Q(9(0,A).

It is easy to check that the optimal value of A is

1/4
(A, B) = [ IEPATAS|p /
( ’ - Hzl/QBTElemuF

Define the empirical regularized loss

where we define

2

" exp(z] Bri)x,
L(A,B):lz fo bl — lichl il >
n = > j—1exp(z; B;) )
~ 11~ ~ ~ 2
R(A,B) = g) S12(ATA — BTEB)21/2HF,

. . 1/4
o)  (JEATAR 2 Y
B |S1/2BTSBS2|| '

Notice that A*(g(0, A)) = A*(¢) for any A > 0. Let us introduce the abbreviated notation AF = \*(6,) and
0 = g(0¢, A}). Define

Z = (NVaQ(0:), AT STV 5Q(0))
Notice that the gradient update used by Algorithm 1 is exactly

Ori1 = 0 — 0y, O 41 = g(étﬂHBtHEl)-
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In other words, in each iteration Algorithm 1 first preforms a gradient step and then a renormalization step.
Let 67 denote a projection in P-norm of the point 6; onto S. Define the residual

Atzét—e,’f

and the potential
G0 = Al

Notice that on the events described in Lemma 26, ¢y < £¢. We will show that in each iteration, ¢, shrinks
by a multiplicative factor, up to a small additive error. This will show that the sequence of iterates {ét}{’ll
converges (approximately) to S. Since L(6;) = L(8;), this will show that L(6,,) is near the optimal loss L*.
It is clear that

Gra1 < ||Ops1 — GZH?M

because the point 67 can only be farther away from 61 than 6} 1. Let Q, Q™ and Q°™P be defined as in
Section B. We see that

_ . 2
P11 < H 0y —nZy — 07 b
= AE + 0?1 ZD — 2002, Ar)p
= uMIAP +nlG™ 1% + vall Gl
where we defined the residuals
(e = VQ(6:) — VQ™(6y), L = VQP(6) — VQ(6y),
and set 3
u(v) = (1 —2an + Bn?)
and set

v1 = 2a1m + bin?, Vs = 2aan + ban?

where o:z, ﬂ~ ,a1,as, by, by are defined as in L~emma 4. Optimizing over 7, we see that (7)) is minimized when
n = @31, in which case u(n) = 1 — &25~!. We emphasize that 0 < z < 1. Theorem 9 shows that the
variables {¢;™P, ¢, }7,! are uniformly bounded with probability 1 — §/2:

A Klog®(n)log (mn/é
sup mase { P 5. [l } < P08 lo8 (/0]
te[m] n
for some constant i > 0. A standard inductive argument shows that
Klog®(n)l §
5 < ) Klog () og (/o)

(1 —pn

Applying Lemma 8, we see that this implies that

Q6,) - @ < Hrlog mlos(mn/) e

for some K1, Ky > 0, where we set Q* = infy Q(#). Observing that Q(0,,) > L(6,,) = L(6,,) and
@* = L* finishes the proof.
|
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A.3. Proof of Theorem ??
For the readers convenience, we restate the theorem, this time showing the constants «, 3, €g explicitly.
Theorem The population loss L(0) and the regularized population loss Q(0) have the following properties:

1. The population loss can be written as
L(®) = L* + % |a=BTE2 - le/QHi ,
where L* = $ Tr(Q) is the irreducible loss.
2. Define the regularized population loss
Q(0) = L(0) + R(0),

where we set . )
R(9) = H21/2(ATA - BTzB)zl/ZHF .

Let UTV' " be a singular value decomposition of MXY2, where U € RP*% and V e R¥™? satisfy
U'U=VTV =1;and T € R¥ js diagonal. Let S be the smooth manifold consisting of points of
the form

A UTY/2 7T —1/2
{B] = [2_1/2VP1/2JTZ_1/2]

forsome J € Q4. Each point 0 € S is a global minimum of Q(-), and in particular satisfies L(0) = L*
and R(0) = 0.

3. Define the (p + d) x (p + d) block-diagonal matrix P = diag(I,,Y). Define the P-weighted inner
product
(91, 92>P = TI‘(QIPHQ)

10]lp = \/(0,0)p.

The regularized population loss Q(0) exhibits the following “one-point strong convexity" and “one-
point smoothness" properties. Let 0* denote a projection in the P-norm of 6 onto S. Let

) K Ko VIME2|L  |MSY?|r
C1R2K[[Ellep” V BIZNE T VIS 15 lop|| M 5172 '

For all 0 which are eg-close to S in the P-norm, the following bounds hold:

and the associated P-norm

€0

al|f — %5 < (P7'VQ(0),0 — 0*) p (one-point strong convexity) 3)
IPIVQ)||% < 5|6 — 0*|)%, (one-point strong smoothness)  (4)

where we define

a= T o= (54 1R K2+ ISR K+ I,

and Ko, K1 are defined as in Lemma 2.

10
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Proof To prove the first part of Theorem ??, we first recall that the population loss is

1 2

L(Q) = §Er1721

<Ex2 [exp(mlTBa:g)xg]
Ey, [exp(a] Brs)]

) - (a2

2

Each of the expectations over z3 can be computed using a standard completion-of-squares argument:
1 1
E., [exp(z{ Bxo)zs] = exp (2xIBEBTx1> YBTx1, Eg,lexp(z{ Bxo)] = exp (QxIBEBTm) .

Canceling terms, we see that L(6) can be written as

1
L(‘9> - 7E$1,21

2
> ASB a1 — (May + zl)H2.

Integrating with respect to 1 and 21 and using the fact that E[xlle ] = 0 because x; and 2 are independent,
we see that . . )
L(O) = 5 Tr(@) + 5 HAEBT21/2 - MZWHF.
We now turn to the second part of Theorem ??. Recall that Q(0) = L(6) + R(6), where L(0) > L* and
R(6) > 0. It follows that any point § = (A, B) such that L(#) = L* and R(#) = 0 is a global minimizer of
Q(0). The condition L(#) = L* implies that

ASBTSY? = M2,
while the condition R(6) = 0 implies that
ATA=B'SB.
It is easy to check that all pairs (A, B) of the form

A UF1/2JTZ_1/2
[B] = [21/2VF1/2JT21/2

satisfy both equations. We now prove the third part of Theorem ??. The proof depends crucially on the
following lemma. The significance of this lemma is that is shows that the first-order condition satisfied by
6* implies a symmetry condition which allows us to establish strong convexity of Q(¢). This symmetry
condition is the key reason why we choose the P-norm to measure the distance between 6 and S.

Lemma 2 Fixany 0 = (A, B) where A € RP*? and B € R¥? and let 0* be the projection of § onto S in
the P-norm. The matrix AT PO*Y is symmetric.

We defer the proof of Lemma 2 to the subsequent section.

We first establish one-point strong convexity before proving one-point smoothness. Our proof is inspired
by the proof of Theorem 3.3 in [11], but is modified to account for the fact that L(6) not symmetric in A and
B due to the extra factor of /2 attached to B. An algebraic calculation shows that Q(6) can be rewritten in
the form

L1 2 1
Q) = L* + 5 | P2(6m0T — 28ym(ar) P12 — 2zt

where we define
0o M
symor) = gy |

11
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Define

Nk Ip 0 *
0 _[0 1|7

Notice that o
2Sym(M) = *20*T — 0*20* " (5)

and ~
0*" Po* = 0. (6)

Set A = 6 — 6*. Applying (5), we see that

(PT'VQ(0),A)p = (VQ(0),A)
1
> < (0307 — 2Sym(M))PIS, A>

_ 1 T *§Vk T 1 itawiLil

- 2< 6367 — *30 )PQZ,A> +5 <P0 ] P92,A>. %)
We lower-bound each term of (7) separately. It is convenient to lower-bound the second term of (7) first.
Notice that

%<P§*E§*TP92,A> - 2 Tv(8T PE*56*T POS) — 2 Te(6*T PO*56*T POY).

The first term is non-negative because it is the trace of the product of two psd matrices. We see that the
second term is equal to zero in light of (6). This proves that the second term of (7) is non-negative.

We now show that the first term of (7) is bounded below by a constant multiple of || A||%, provided that 6
is sufficiently close to S. We observe that

% <P(92@T — 0*20*T) PO, A> = % r (ATP(ezeT - 9*20”)1302)
- ; (ATP(G*ZAT +AD0T + ASAT) PO + A)E)
— S+T,

where we set .S be the sum of terms which are quadratic in A and set 7" be the sum of all remaining terms:
1
§ = 5T (ATPG*EATPO*E n ATPAEG*TPQ*E),
1
T = ST (ATPASATPY'S +ATPASATPAY + ATPO*SATPAY + ATPAYST PAY).

We lower-bound S and 7 individually. We see that the first term of S is equal to ||AT Pg*X||% using
the symmetry condition described in Lemma 2, while the second term is equal to %HPl/ 20*nAT P22,
Applying elementary properties of the Frobenius norm, the fact that || X ||p = || P'/2X || for all matrices X,
and Lemma 3, we see that

S > Somn(PPOR)AIR

1
2
1
> KOHAHP

Applying the Cauchy-Schwarz inequality, Lemma 2, and elementary properties of the Frobenius norm, we
see that

3
T > =S Ki[Zlop Al = [Z15, 1Al

12
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Putting the pieces together, we see that

_ 1
(PTIVQ0), A)p = TKollAI

provided that

) Ky K
IA]lp < min , .
12K4([S]op "\ 811112,

We now establish strong smoothness of ()(6) near S. We see that

IP=IVQ@O)F = ill(ﬁz@T — 2Sym(M)) PO
= in((e* +A)S(O" +A)T —2Sym(M)) P + A)S||?

> T,

i=1

IA

where we define

2
Ty = Z (06T - ZSym(M))PAZHP,
2
T, = “esaTrors )
4 P
2
T5 = “aseTpeor s ,
4 P
2
T, = “esaTpax ,
4 P
2
Ty = “laseTpax ,
4 P
2
Ts = “lasaTpes ,
4 P
2
o AEATPAZH :
4 P

and use the easily-verified algebraic fact that
(0*26*"T — 2Sym(M))P 6*% = 0.
Recall that for every matrix X, || X||p = || P'/2X||p. We recall that
0*20* T — 2Sym(M) = 6*%0* T

and observe that || PY/20*%|op = || PY/26*%|op. It is clear that | A%, || A% < ||A||% for all A such that
|Al|% < 1. Applying Lemma 3 and elementary properties of the Frobenius norm, we see that

_ T T 21 7
1PvQo)3 < ((5+ 7)) K2+ IS K+ {IElG ) 1A

for all A such that ||A|lp < 1. [

13
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A.4. Proofs of Lemma 2 and Lemma 3

We first prove Lemma 2:
Proof Recall from the second part of Theorem ?? that each point on S has the form

UFI/QJT2_1/2
|:2_1/2VF1/2JTE_1/2:|

for some orthogonal J € R%*4 where UT'V " is the singular value decomposition of M /2. It follows that
9* — SF1/2J*TE_1/2

where we set
U . .
S= [E_WV] = af]ge{g;nF(J)

and
F(J) = % He - srl/ZJTyWH;

We relax the constraint that .J is orthogonal and define the Lagrangian
1
G(J,A) = F(J) + 5 Te(A(J T — I)).

We may assume that A € R?*? is symmetric without loss of generality, since the matrix .J ' J — I is clearly
symmetric and the trace of the product of a symmetric matrix and a skew-symmetric matrix is zero. Any
orthogonal minimizer J* of F'(.J) satisfies the first-order condition V ; G(J, A) = 0 for some symmetric A.
We see that this condition is precisely

—x7H29T PSTY2 4 7L TY2(STPS)TY? 4+ J*A = 0.
Observing that ST P.S = 21, and rearranging, we obtain
12T PSTY/2 = 2571 *T 4 J*A. (8)
Recall that A = 6 — 0* and 6* = ST/2J*Tx~1/2 1t follows that

271/29TPSP1/2 — 271/2ATPSF1/2+271/20*TP5F1/2
Y12ATPSTY? 4 o9~ T,

where we once again used the identity ST P.S = 21,. In light of (8), this equation implies that
ST2ATPSTY? = J*A. 9)

We use this identity to prove that AT P#*Y. is symmetric. Plugging in our expression for #* once more, we
see that

ATPO*S = ATpsri/zyj<Tyt/2
21/2J*AJ*T21/2

where we applied (9) in the second step. This matrix is symmetric because A is symmetric. |

14
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Lemma 3 Let 0* = (A*, B*) be any point in S. The following inequalities hold:
Ko < o2, (PY20*%),  o2(PV20*%) < K,

where we set
Ko = 20min(MSY ) opuin (D) K1 = 200 (MEY?)o ().

In addition, the following identity holds:
EI/QA*TA*EI/Q — EI/QB*TEB*EI/Q — F
Proof Recall from the second part of Theorem ?? that each point 8* = (A*, B*) on S has the form

A* UF1/2JTE_1/2
|:B*:| = |:Z—1/2VI‘1/2JTE—1/2:|

for some orthogonal J € R%*4, where UTV' T is the singular value decomposition of M 1/2. We see that
1/2 % Ul 1172 7T501/2
P/QEZMF/J %2,
Using the fact that
U+ VvV =21y
and the fact that J* is orthogonal, and applying elementary properties of singular values, we obtain the bound
204(MEY?)o4(8) < o2(PY20*%).

The upper bound
o} (P20*%) < 201 (M X)) ()

follows from a similar calculation. We observe via direct calculation that

EI/QA*TA*zl/Z — 21/QB*TEB*21/2 =T.

A.5. Approximate strong convexity and strong smoothness of the empirical loss

The following lemma shows that the strong convexity and smoothness established in Theorem ?? for the
population loss holds approximately on the empirical loss:

Lemmad4 Let o, 3 be as described in Theorem ?? and let Ayax be defined as in Lemma 7. Using the
notation defined in the proof of Theorem 1, the following inequalities hold for each t € [m]:

(Ze, AP > & AdID — arll™IIF — aallCe| (10)

1Z:]|3> < BIAID + bi |G 13 + ballCell% (11)
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where we define the constants

.«
a=—,
2
a; = 9a_1,
ag = 640N\,
~ 302
_ 2
/8 - SﬁHPHOp + 3723
b1 = 3|[Plop + 12,
by = 96X2

and the random variables

G = VQ(6:) — VQ ™ (6y),
£ 0 =VQMP(0;) — VQ(br),
where Q, QP and Qemp are formally defined in Section B.

Proof Let Q°™P be the function obtained by replacing the true covariance X by the empirical covariance )y
in the definition of Q):

Q"(A, B) = | ASB|} + |£V*(ATA - BTEB)S2 .
Notice that the multiplier A7 is precisely the choice of A which minimizes Q™ (g(6;), \). Lastly, define
QP (0) = QP (g(0, \*(0)). Define the error residual
& = 2o~ (NVaAQ™(0,), ATV E T G0 (6)))

We first establish the approximate one-point strong convexity property (10). We observe that

<Zt, Ay)p = <(5\2‘VAQemp(9t), 5\,g_*VBQemp(gt)) + P&, At>
= (VQ™(f;) + P&, Ar)

<VQ(9_75)7 At> + <C§mp + P&, At>

= <‘P_IVC2(§t)5At>p+ <Ctemp+P§taAt>

al| Al + (G + P& A,

AV

where we applied Lemma 6 and the one-point strong convexity property established in Theorem ??. We now
lower-bound

(G + P& Ay
Applying the Cauchy-Schwarz inequality, we see that
(G A = =GP e Al -

We recall Young’s inequality: when u, v > 0 then uv < %uQ + %UQ for any v > 0. Applying this inequality,
we see that o
(G A = —a MG R = 1A

Similarly, we see that
(P&, Ar) > —||P&Ipll A F,

16
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which is lower bounded by
_ o
=207 Y| P& l7 - gHAtH%

Applying Lemma 5 to bound the first term yields the claim.
We now establish the approximate one-point smoothness property (11). We observe that

1Z% = H (XIVAQemp(Qt),X;*VBQemp(etD + PﬁtHi

V@™ (6,) + P&

— 2 m
< 3|VQO)|p + 316 IIE + 31 P&l

< BIPIRIPTIVQE)NE + 3IIPllop |G 7 + 31 P&:lIB
< 3BIPIS AR + 31 Pllop 6™ 17 + 3 P&,

where applied Lemma 6 and the one-point strong smoothness property established in Theorem ??. Applying
Lemma 5 to bound the last term yields the claim. |

Lemma 5 Assume that the events described in Lemma 26 occur. Let Ayax be defined as in Lemma 7. Using
the notation defined in the proofs of Theorem I and Lemma 4, the following inequality holds:

a2
< —

) .
<16 AR + 4167 + 322l

1PEIE
Proof We see that
Pg = (MG NS ) + (0,44 (D27 - 1) VEQ™(8) )
where é{‘ and 6,53 denote the A and B components of ét, respectively. It follows that

PPN N ~ 2 ~ N ~
1Pt < 2||(At s || +2 | A S - 1)veQe @, (12)

2
F
We bound each of these terms in turn. The first term of (12) is at most

2max{ A7, A, 2} max{1, |52, M Gl
We observe that

max{\;, A"} max{A\f, A7} + max{| X\ — X, A7 — AF}

<
< max{A;,\; *} + e
S 2)\maX7

where we applied Lemma 7 and the fact that £, < A\jax. We observe that our assumption that ey, < ||X ||ng1
implies that
=2 lop < 2.

Putting the pieces together, we see that the first term of (12) is at most

3270 1GilI7-

17
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Applying Lemma 6, we see that the second term of (12) is equal to
2|25 - rywseer @)
which is at most
4|5 - 1)vsQ@)| 4557 - 1) (Ve @) - VsQ@)| (13)
We bound each of these two terms separately. The first term of (13) is at most

I

(e ADRE (N DR ol

2
op

Using the definition of the P-norm, we see that this is at most

.~ 3 2 — 12
il 15| Ive@;.
which in turn is at most
A
16 P
where applied Theorem ?? and used the assumption that
2
2 a -1
< — |12l
We now bound the second term of (13). We see that this term is at most
mp |2
4 HCte pHF )
where we used the assumption that ex; < ||| [ |

Lemma 6 Using the notation defined in the proofs of Theorem I and Lemma 4, the following identity holds:
vQUR() = (ATVAQU™ (0:), NV Q@)
Proof Let (04,0p) be arbitrary direction in parameter space. We see that

(VQ™(8,). (04.68))

is equal to the sum of two terms, namely
(TaQ™P(0), ;64 — A (VA (64, 0))A)

and
(VBQ™(0), A6 + (VAL (64,08))B)

where we used the chain rule to account for the fact that 5\*(9) varies as 0 varies. We see that this is equal to
(VAQ™P(0), 5764 ) + (VBQ™ (), N )

because 5@ satisfies the first-order condition
(VaAQ™P(8,), A7 A) — (V5Q™ (@), B) = 0

because A7 minimizes the function Q™ (A~ A, AB;). The fact that this identity holds for arbitrary (54, 05)
implies the claim. |

18
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Lemma 7 Let S and ¢ be defined as in Theorem ??. There exists a constant X\ such that for all 6 which

are gg-close to S, the following inequality holds:
max{\*(0), A7*(0)} < Amax-

Proof Let S denote the g-neighborhood of S. Recall that

M2, 1M

VIBler 6, /I8 )lopll 25172,

eo < min

We claim that
sup max{\*(4, B),\"*(4, B)} < 3'/*.
(A,B)eS
Indeed, fix any (A, B) € S, and choose (A*, B*) € S such that
IA = A%|lp <eo,  |IEVA(B - BY)|F <o

Using the identities described in Lemma 3, together with the triangle inequality, we see that

|=Y/2AT SR p — | M2 | < (W |52, + annopeo) V/I=llopo.

which is at most

1
3y I lap I M2 20 < SIMEY2] .

Therefore 1 5
§HM21/2HF < |ZV2ATARY? R < §HM21/2HF-

The same argument gives
1 3
SIME | < [SV2BTEBEY?p < SIMEY|p.

Hence

ISV2AT ASY2?|| v < 31/
HZl/zBTEBZl/2HF - ’

X*(A, B) = (

and similarly A\™*(4, B) < 31/4,

Lemma 8 (Descent Lemma) Let 3, €9 and S be defined as in Theorem ??. Suppose that 0 is eg-close to S
in the P-norm. Let 0* denote the projection of 0 onto S in the P-norm and let A = 0 — 0*. The following

inequality holds:
VB
1A

Q) —Q* < -5
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Proof Forallt € [0, 1], let s(t) = 6* + t(6 — 6*). Notice that

Q) —Q" = Q) —Q(9)
= Q(s(1)) = Q(s(0))

lg

= [ Sewma
1

_ /O<VQ(s(t)),0—«9*)dt

= [rvasm.-epa

0
1
IP=IVQ(s(t))pll6 — 6% pdt

<
0
1
< [Vt - o
0
VB
= Yjal3,

where we applied the Cauchy-Schwartz inequality and the one-point smoothness property described in
Theorem ??. u

Appendix B. Concentration

Recall that our analysis is based on controlling the pairwise distances between the gradients of the five
regularized loss functions Q(6), Q(#), Q°™P(8)Q(6), and Q°™P(0). In particular, we wish to argue that
gradient descent on @ behaves almost identically to gradient descent on Q(G) when n is large. These
functions are defined as follows:

A~ ~

Q(6) = L(9) + inf B*P(g(0)A)),
Q(0) = L(6) + R(0),
Q(0) = inf Q(g(0, 1),
Qemp — Lemp(e) _|_ Remp(g)’
QP(0) = inf QP (9(6, ),
>0
where we define the rescaling function

g((A,B),\) = (\"1A,AB)
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and set
1
L(6) = 5 4SBT - M2,

1 A ~
Lem(0) = S| ASBT - MV},

> i exp(z; Bzj)z;
o A — Y
n

i=1 Z?:l eXp(.’E;erj)

1
R(6) = SISV2(ATA - BTSB)S Y2,

n 2

1

)

2

1 ¢ A
R™P(0) = S |[SH2(ATA - BTSB)SY2| %,

We note that L(#) and L*™P(6) are both invariant under composition with g(#, \) for any A. Recall that in
the proof of Theorem 1 we define the residuals

P =V QP (6) — VQ(6y),
G = VQ(6:) — VQ™(6y).

The proof of Theorem 1 requires that the variables are uniformly bounded in at all points of the gradient
descent trajectory. Specifically, we prove:

Theorem 9 (Uniform concentration along gradient descent trajectory)

K log®(n) log (mn,/d)

n

sup max{HCfﬂpH%’ HCt—lu%} <
te|m]

for some constant K > (.

The rest of this section is used to prove Theorem 9.

B.1. Proof of Theorem 9
We first show that

em K log®(n)log (mn/é
sup gy 3 < 2108 () Log (mn /)
te[m] n

with probability at least 1 — §/2, and then show that

A K log®(n)log (mn/§
sup |G |3 < 2108 () 1og (mnn/0)
te[m] n

with probability at least 1 — §/2; the union bound implies the claim.

B.1.1. UNIFORM CONTROL OF ||¢;™P||%

Theorem 10 Fix any § > 0. Let L°P () be defined as in Lemma 14. With probability at least 1 — §, the
following inequalities holds for sufficiently large n:

HVLemp(g) _ VL(Q)H? < Klogn(l/é)
and
Klog (1/6)

n

VR (0) — VR(O)||% <

for some K > 0.
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Proof We observe that

VIR () — [ (ASBT — M)SBS ]

S(ASBT — M)TAS
(ALBT — M)XBY. ]

VLO) = [Z(AEBT — M)TAx

Let A = 3 — 3. It is easy to see that
IVLemP(9) — L(O) |7

can be upper bounded by a sum of terms, each of which has either linear, quadratic, or cubic dependence on
|A|%. Tt is a standard result [8] that the empirical covariance exhibits exponential concentration around the

true covariance, and in particular that || A[|%, < Kl%(l/&) with probability 1 — 6. That implies the first part of

the theorem. The second part of the theorem follows using an identical argument. |

Corollary 11 For any 6 € (0,1), the following inequality holds with probability at least 1 — 6

m Klog(m/é
sup [|emp 3. < K los(m/0).
te[m] n

Proof Notice that
16T I < 2 VLS (8e) — VL0 |7 + 2 VR (6:) — VR(G)||7-
Theorem 10 implies that each of these terms is bounded above by

Klog (m/6)

n

with probability 1 — %. Taking a union bound then implies the claim. |

B.1.2. UNIFORM CONTROL OF ||§t]\§,

Recall that

Q(6) = L(9) + inf R™™((1,0))

and

QP(0) = inf (L™ (g(68, \)) + L™ (9(6. )

Notice that L°™P(#) is invariant under the action of g, which implies that

QP (0) = LP(0) + inf R™P(g(A,0)).
A>0

It follows that A R .
G =VQ(O) — QP (0;) = VL(0;) — VLTP(6y).

Also, recall that each of the { B;}7, is normalized to ensure that || B||% < 7.
We prove:

22



TRAINING DYNAMICS OF SOFTMAX SELF-ATTENTION:FAST GLOBAL CONVERGENCE VIA PRECONDITIONING

Theorem 12 Let 0 = (A, B) satisfy || B||r < 7. With probability at least 1 — 6, the following inequality
holds for all sufficiently large n:

IVL(©O) = VL™ (0) 3 <
where K > 0.
Proof Let G1(0) and L*™P(6) be defined as in Lemma 13 and Lemma 14, respectively. Notice that
VL(0) — VL(0) = (VL(0) — G1(0)) + (G1(0) — L™ (0)) + (L™ (0) — VL(0)).
It follows that
IVL(8;) — VLO)| 5 < 2||VL6:) — G1(0)|[5 + 2| G1(8) — LR (B)||5. + 2|| L () — VL(6;)|| 5
In light of Lemmas (13-10), there exists some K > 0 such that each of these terms exceeds

K1og'(n)log (n/d)

with probability at most /3, provided that n is sufficiently large. Applying the union bound yields the result.
|

Lemma 13 Fix any 6 > 0 and set

R = max (1, VTr(E) +24/2||X]op log n) , p = max(2,log(3n/d)).

Define
& iy AR [ Eifp] ] = £ 300 MaBi[u] ]
Gid) =1, TiAT 1 TasT
a 2aiet Ty JAT AR [5] — 30 @iy M AE_ (%)

n

With probability at least 1 — 0, the following inequality holds:

VL) - G < KB
for some K > 0 and n sufficiently large.
Proof Recall that
~ % >ic AN@'MZT - % > i Mxi#?

VL(0) = .
=1 Sr i wipg ATAS; — L5 g MT A,

n

Applying Jensen’s inequality, we observe that

4
IVL©) - (O3 <3 D,
k=1
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where we define

2 n
Dy = =3 ([ A = AB [l B-ili] ][
=1

2 n
Dy =03 [ Mainf = MaBoifuf [/

2 n

Dy =~ ;1 lzipsd AT A — 2B [u] JAT AR [%] [
2 n

Dy=o Zl s MTAS; — zial MTAE (]|

We bound each of these terms separately. We first bound D;. We observe that for each i € [n],

pipti =B [ B i ] = (=B i[ma]) (s —E i) T+ (s — B[] B [t |+ E i [pna] (i — By [pa])

It follows that
Dy < *HAHFZ i — Bl + *HAHFZ 25 — B[] | 1B ] |
=1
6
< EHAHFZ ll1i — BEifpi HF + *HAHFZ i — E—ip; HF —Z[MQ]

where we applied Jensen’s inequality and the fact that ||;||2 < M,, because p; is a convex combination of
the covariates. We now bound Ds. Applying submultiplicativity of the Frobenius norm, it is immediate that

Da < I3 el — Bl
We now bound D3. We observe that
pi ATAS; —E_;[u] |AT AE_;[%]
can be rewritten as
(i — Eifp]) " ATA(Ss — Bi[S)) + (1 — Bilual) " AT AR [83] + B[] JATA(S; — E[%4]).

It follows that

3 n
Dy < A laall3 [l — Eilpal 312 = Bl Zal |5 + i — Bl B2l + [Eilpal |52 — Bl

3 - :
< *HAH%“ZH%H% HMZ‘_E—z‘[#z‘]H;HEi—E—i[zi”ﬁ?"i_HMi—E—i[Ui]HgE—i[Mé]+E—i[M721]HEi_E—i[Ei]H§:
n )

where we once again applied Jensen’s inequality and the fact that 3J; is a convex combination of the rank-1
outer products {z;z; }?_,. Lastly, we bound D,. Applying submultiplicativity of the Frobenius norm, it is
immediate that

2 n
< SIMIENANE Y llilol|=) — B3] 1S
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Let R, K be defined as in Theorem 22, and set p = max(2,log(3n/d)). Let A; denote the event that
llzi||2 < R, let B; denote the event that

KR
i — Eifpalll5 < :
n
and let C; denote the event that
KRS
1% - B2 < —.

Notice that Lemma 24 implies that on the event D = N7, (4; N B; N C;), each of the terms { Dy }1_, is
bounded above by K R'"pn~"! for some constant K provided that n is sufficiently large. We now show that
D fails to occur with probability at most §. Notice that

D= AU (BI N A) U (CF N A
=1

Applying the union bound, we see that

Pr(DY) < 3 [Pr(AD) + Pr(BE | A) Pr(A) + Pr(CE | A) Pr(A)]
=1
S [Pr(AT) + Pr(BE | A) + Pr(CE | A,

=1

IN

In light of Theorems 22 and 23 and Lemma 25, we see that this sum is at most 2§ /3 + n 3, and in particular
is bounded above by § provided that n > (3/9)3. [ |

Lemma 14 Fix any 6 > 0 and set

R = max (1, VTr(X) +24/2||1X||op logn) , p = max(2,log(3n/d)).

Let G1(0) be defined as in Lemma 13. Recall that
(ASBT — M) (230 | 2z ) B

(L0 zx]) (ASBT — M)TAY

n

VL () =

With probability at least 1 — 0, the following inequality holds:

KRlop
n

|G10) = @)% <
for some K > 0 and n sufficiently large.

Proof Consulting the definitions of G () and L°™P () and applying Jensen’s inequality, we observe that

4
1G1(8) — L= @)||5 < Y By,
k=1

25



TRAINING DYNAMICS OF SOFTMAX SELF-ATTENTION:FAST GLOBAL CONVERGENCE VIA PRECONDITIONING

where we define
2 2 - T T 2
Ey = EHAHFZ HE—z‘[Mz‘}E—i[M | =XB ziz; BEHF7
i=1

2

)

2 n
By = =M} Y Nl | B-ilu] - ©BTa,
=1

2 — )
By =2 Nl |14 AR i3] — o7 BRAT a5

2 n
By = 2IMIRIAR S il 1B - 2l
=1

We bound each of these terms separately. We first bound E;. We observe that for each ¢ € [n],
E_i[]E_i[n; | — 2B x5z BY

can be rewritten as

T T T T T T T T
(E,Z-[M] 3 x) (]E,Z-[m] . : a:) +<E,i[m] . : :c) ©] BE+3B z; (E,i[m] . : x)
It follows that

2
NE

6 ¥ 412 =
By < A Y [Emili] - SBTai|| + ZIAIRIBIHISE: Y [E-il] - £B7a:
i=1 =1

The terms F» and E, are already in a convenient form, so we now bound E53. We observe that for each
i€ [n],
E_i[u |JATAE_;[2;] — 2] BLATAS

can be rewritten as
T T

(E_Z’[,u,i] . EBTJ:Z-) ATAE_[Z] - ) + (E_i[ui] . EBTxi) ATAS + 2] BEATA(E_[2] - %) .

It follows that F3 is at most the sum of

2 2
) [E_:[%i] — %

6 n
Al Y |Eiln] - =BT
=1

and

6 - 2 9
EHAH‘}: Z HE—Z-[M] — SB'z; ) 117 + E—i[S:] — S5 I BIFIE 1 l]l3-
=1

Let A; denote the event that ||z;||2 < R. Notice that Lemma 18 and Lemma 19 together imply that on
the event N}*_; A;, each of the terms {Ek}ﬁzl is deterministically bounded above by K R'%pn~! for some
constant K provided that n is sufficiently large. We now show that the event N}'_; A; fails to occur with
probability at most . Applying the union bound, we see that the failure probability is at most )", Pr(.AS).
In light of Lemma 25, we see that this sum is at most n 2, and in particular is bounded above by & provided
that n > (1/6)3. [ |
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B.2. Conditional moments and conditional variance of softmax weights

We use the following classical inequality to establish concentration of the softmax-weighted mean and
softmax-weighted covariance.

Theorem 15 (Pisier’s inequality) Let f be a smooth, symmetric function of x1,...xy, where each x; is
sampled i.i.d. from N (0,X). The following moment bound holds:

EHf(:El, coop) — E[f(x1, ... xn)]H; < Cp(n — 1)p/2||2\|g{)2EHVx1f(m1, e acn)HI;J
Lemma 16 (Some useful gradients) The following identities hold:
Vi, 2 = mi2(1 — m12) B a1,

.
Vig,m1 = —mimeB x1,

Vo ti1 = Tia(x2 — p1)x] B + mial,
T
Vi, 2 = 7T12(<(952 —p1) (22 — 1) — 21) ® (BTxl)) + 7T12(I® (2 — 1) + (22— 1) ®I>-

Proof These identities are easily verified via direct calculation. |

Lemma 17 (Conditional moments of softmax weights) Fix any p > 1. The following inequalities hold:

1 P T T
p 1 T p? T T
]Ef]_[ﬂ'll] < m exp (pxl BSU]_) exp mﬂfl BB x| .
Proof To prove the first inequality, we observe that
exp(z{ Bxs)
T2 = n T
Zj:l exp(zy Bxj)
exp(z]{ Bxz)
DY = exp(x{ Bx;)
1 n—2 1 o
< &P <n — 1301er2> exp | ——— 156]—sz;$]- ,
where we applied the AM-GM inequality in the last step. It follows that
1 p(n —2) p -
- T T
E_i[nl,] = mE,l exp (n—lxl Bx2> exp | — sz;a:j
1 p(n —2) p -
- T T
= WEQ [exp (n—lxl Bac2>} E_1,-2 |exp - 1x1 B;xj ,
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where we used the fact that 5 is independent of {z; };‘:3. We observe that

-9 2 -9 2
E, [exp (p(n)a?lTBa:g>] = exp <p(n)x1TBEBTx1>
n

-1 2(n —1)2
and
n 2
P T p'(n—2) ¢ T
E_L_Q exXp _n— 1.1'1 B;xj = exXp <2<n_1)2$1 BB 1 ] -
Putting the pieces together, we see that
E_q[nl,] < #exp pijBZBT@"l
120=(n—1)p 2 ’
where we used the numerical fact that
(n —2)? n—2
<1.
CESIERRCESIEE

We now prove the second inequality using a similar calculation. We observe that

B exp(:zirBacl)
= > i1 exp(x{ Bz;)
- exp(z{ Br1)
- Yo exp(a] Bxy)
1 n
< n_lexp (a:lTBm) exp —n_lxlTBjZij ,

where we applied the AM-GM inequality in the last step. It follows that

1 T P T -
E_;[x?]] :mexp (pxl B:E1> E_; |exp ! sz;a:j

We observe that

n 2
E_; |exp _n]i 1x1TB ij = exp <2(np1)1‘1TBZBTx1> ,
j=2

which completes the proof. |

Lemma 18 Set
R = max (1, VTr(X) +24/2(|3]|op logn> .
Fix x1 € R? such that ||z1||2 < R. The following inequality holds:

K R?

|E_1[m] — £B HZ S g

where K > 0 is a constant, for sufficiently large n.
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Proof We see that

- 2
T 2 . T

HE—JMJ—EB 961HF = ||E 2;7713'%' —YXB 'm

_'7:

-2

[ n
= E,1 Zﬂ'lj(ﬂj‘j — EBTl‘l) s
[ 7=1 12

where we used the fact that the softmax weights sum to unity. Using the fact that the covariates are i.i.d., we
see that this expression is at most

2 H E_i[ru](I — £B )m Hz + 2 H(n —1)Ey [ma(e2 - $B )| Hz (14)

We bound each of the two terms of (14) separately. Applying homogeneity of the Frobenius norm and Lemma
17, we see that the first term is at most

2 2
CE A (n - 1xIBZBTx1> exp(2z{ Bay)||I — EB |2, || 13-

Applying the assumptions that ||z1]|2 < R and the assumption that || B|/,, < 7, we see that this term is
bounded above by K R?n~2. We now bound the second term of (14). Applying Gaussian integration by
parts, we observe that

Efl |:7T12(.2’:2 — EBTl'l):| = —Efl[ﬂ‘%Q]EBTl‘l.
It follows that the second term of (14) is at most

20~ 17 (112 | 55T |

Applying Lemma 17, we see that this is at most

2
1y el BEB @) |IZBT(G, .

Applying our assumptions on 21 and B once more, we see that this term is at most K R?n 2. |

Lemma 19 Set
R = max (1, VTr(X) +24/2(|2]|op logn) .
Fix x1 € R? such that ||z1||2 < R. The following inequality holds:

KR8

[E_1[21] - B[ < e

where K > 0 is a constant.

Proof Recall that

n

T T

21 = Zwljxjxj — H1Hq -
Jj=1
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It follows that
2

n
B[] = B2 < 2|[B_y |3 myaja] | — (5 +EB aw] BE)|| +2 HE_l[MMI] — 2B 2] BZH

J=1 F
(15)
We bound each of these two terms separately.
We first bound the first term of (15). Using the fact that the covariates are i.i.d., we see that
n
Z lexjij = 1[71'11].%11‘1 + (n — 1)E [ngwgl‘;—]
By Gaussian integration by parts,
E,1[7T12$2$;} = E,1[7T12]E + E,1 [7‘(’12(1 — 7T12)(1 — 271'12)] EBTxla:IBE, (16)
where we used the identities
_ T 2 _ T,....T
Vi,m2 = mi2(1 — m2)B 'z, Vi, T2 = m12(1 — m12)(1 — 2m12) B w12 B.
The softmax weights sum to one, which implies the elementary identity
E_l[ﬂ'n} + (TL — 1)E [7['12] 1. (17)

Applying (16) and (17), we see that the expression
Z mjzx] | — (S + SB 22| BY)

can be rewritten as
E_l[wll](a:lx]— —X)+ ((n—1)E_q[m2(l — m12)(1 — 2m12)] — 1) EBT:E15U1 BY.
We observe that
7['12(1 — 7'('12)(1 — 271'12) = T2 — 37‘(’%2 + 271'%2,

which implies that
(n — 1)E [71'12(1 — 7T12)(1 — 27‘(’12)] —1=-E_ 1[7['11] — 3(71 - 1)E [71'12] + 2(71 — 1)]E [71'%2]

where we applied the identity (17). Applying Lemma 17 and the scaling assumptions on B, we see that for
sufficiently large n, the following inequalities hold:

K K
E—l [W%Q] < R

E_i[m] < —,
n n

It follows that
|[(n — 1DE_j[m2(1 — m2)(1 — 2m2)] — 1] <
Putting the pieces together, we see that
2
n
> myajzf | - - SB za] BY|| <

F

5 (leva] = 2IF + |SB o] BE|E) .
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Using the assumption that ||z ||2 < R and the fact that R > 1, we obtain the bound

2

n KR4
E_4 Zﬂljwj.%‘;-r -3 — EBT.Z‘lxIBE <
j=1

— n2 .

F

We now bound the second term of (15). We observe that
E_1[pip] ] — ¥B ' z12{ BY

can be rewritten as the sum of two terms, namely

E_i [(m —Ea[m]) (= Eoa[m]) " | + (B[] = B 21)(B-1 ] = BB Tan) "

and
(E_1[p1] =BT 2)(EB 21) " + 2B 21 (E_1[] — =B 21)".

Applying Jensen’s inequality, we see that
2
|E-ilasd ] = £B212] BE| | < 4B [l — Eoi[pa)[3]+81SB 2 1E-1[ia]~ =B an |[F+4]E-1 1] -EB

Applying Lemma 20 with p = 4, along with Lemma 24 and the fact that R > 1, we see that

KR?
E_1 [l — E_1fm]ll3] < o

Lemma 18 immediately implies that

K R?
n?

IE-1[p1] =SB 21l <

Furthermore, it is clear that
|=B 2|3 < KR%
These inequalities together imply the bound

KR8

n2

2
HE_l[uluﬁ . EBTxlxlTBEHF <

for sufficiently large n. n

Appendix C. Concentration of the softmax mean and softmax covariance

Lemma 20 The following inequality holds for all p > 2:
2
Ei [l — Eoafm][5 < Cpri?" 27 (n — 1) P2 SIpf2 (22 BB, (B (M) 2 o+ /),

where 71 = exp (%:EIBZBTxl) .
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Proof
Pisier’s inequality yields the bound

Ei||p1 —E-1m]lf < Cp(n— VP2 SIBPE || Vagpu |7, (18)
where we used the fact that the covariates {x; };‘:2 are i.1.d. We recall from Lemma 16 that
Vg1 = T12(x2 — pu1)z] B + w12l

We see that
Vel < 22y (w2 — a1 BIE B + /2. (19)

Set My, = supjcpy) ||zi]l2. 1tis clear that ||z;[[2 < M,,. Applying the triangle inequality and using the fact
that 1 is a convex combination of the covariates, we see that ||zo — u1||2 < 2M,,. Plugging these bounds
into (19), we obtain the bound

|Vt < 22wty (2 Bl M2 + a7/?). (20)
Plugging this bound into (18) and applying the Cauchy-Schwarz inequality, we obtain the bound
_ 1/2 1/2
Bl — Ea[i]|[} < G2~ (0 = P22 (B [r38)) /2 (22 B, (B-a (A7) 2 + a#/?).

Applying Lemma 17, we obtain the claim. |

Lemma 21 The following inequality holds for all p > 2:
E | S1-Ei (2] < Cpri? 97~ (n=1) P2 Y52 (22 Bl (B M) 2t (B M) ),
where T1 = exp (%xlTBEBT:nl) .
Proof Pisier’s inequality yields the bound
E_1[[S1 — Ex1[S4]|[7 < Cpln — DPP(ISIBPE ||V, B |7, 1)

where we used the fact that the covariates {z; }?:2 are i.i.d. We recall from Lemma 16 that

-
Vg, 21 = 7T12(<(952 — ) (w2 — ) — 21) ® (BT551)) + 7T12(I® (2 — ) + (22— ) ® I)-
We see that
_ 2
192 < 4ty (1B Il s — il + 1B N B ISl + 2222 — ). 22)

Set My, = supjcpy) ||zill2. Itis clear that |12 < M,. Applying the triangle inequality and using the fact
that 47 is a convex combination of the covariates, we see that ||xo — u1||2 < 2M,,. Similarly, convexity of
the function || - ||, implies that

IS1]% < sup [[(2: — ) (@ — pa) 5
i€[n]

which in turn implies the bound |34 ||} < 4P M2P. Plugging these bounds into (22), we obtain the bound

Ve B[ < Gttty (2274 | B, M + 2 a2 ).
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Plugging this bound into (21) and applying the Cauchy-Schwarz inequality, we obtain the bound
B |21 —Ea [S][}, < Gt (n=1P 2|22 By i) 2 (22 B, (B-a M) 220 a2 (B e 2.

Applying Lemma 17, we obtain the claim. |

Theorem 22 Set
R = max (1, VTr(E) +24/2]|X]|op log n> , p = max(2,log(1/9)).

Let y be defined as in Lemma 26 and assume that |B||p < ~. Fix § € (0,1) and 1 € R? such that
|z1|l2 < R. There exist constants K and N with polynomial dependence on M, Y. such that

KR!
Pr ([ - Bl = ) <

provided thatn > N.

Proof Define
Z = [l = Ealm]ll,:

Applying Markov’s inequality, we observe that for any ¢ > 0 and any p > 1,

Pr(z22t) = Pr(z=vi)
121"
< (F)

1Z1, = (B_[2P])"/7.

where we define

Set p = max(2,log(1/0)). Suppose that || Z||, < %\/FRQ\/% when n is sufficiently large, for some K > 0.
Setting t = K R*L, we see that

Pr(z>vi) < 37
< 3log(d)
— 610g3
<

where we used the fact that § < 1 and log3 > 1. We now show that when n is sufficiently large,
%\/f RQ\/% for some K > 0. Applying Lemma 20, we see that

Zllp, <

2op— - 1/2
1211y < Cpr* 22~ n — 1) P2 B2 (22 BIE, (B a (M) + av/2),

where 71 = exp (%mlTBEBT:nl) . It is clear that under the assumption that ||z1 |2 < R,

2p

T exp (pR?|| B3,/ 2 op)

<
< g
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where we used the assumption that || B||o, < 7.
Recall from Lemma 24 that

k
E_ [MFY < <R+ VTII(E) + /[1Z]lop (v210g n + VE + 2)) .

Assume that n is chosen such that v/2logn > /4p + 2. We see that

E_1[M] < (2R)".

We also recall the elementary estimates C’;/ P <z /pand(n— 1)~1/2 < 2n~! for n > 2. Putting the pieces
together and using the fact that R > 1, we see that

121l

IN

2e|| || 1? max (2| Blop, \/&)Rz\/g
1

= \/ERQ\/E’
3 n

K=9- 227T2(32HE||0p max (4\|B||gp, d).

where we set

Theorem 23  Set
R = max (1, VTr(X) + 24/2||2|op 10gn> , p = max(2,log(1/9)).

Let vy be defined as in Lemma 26 and assume that |B||p < 7. Fix 6 € (0,1) and 1 € R? such that
lz1|l2 < R. There exist constants K and N with polynomial dependence on M, ¥ such that

KRS
Pr(Hzl—E_l[zl]prz p) <,

n

provided that n > N.

Proof Define
2= 91 -~ Bl

Applying Markov’s inequality, we observe that for any ¢ > 0 and any p > 1,

Pr(z2>t) = Pr(Z=i)
1Z11p\"
< (%)

1Z1p = (B—y[2P])"/7 .

where we define
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Set p = max(2,log(1/6)). Suppose that || Z||, < %\/KR?’\/% when n is sufficiently large, for some K > 0.
Setting t = K R®Z, we see that

Pr(z=vi) < 37
< 3log(9)
_ 510g3
< 4,

where we used the fact that § < 1 and log3 > 1. We now show that when n is sufficiently large,
%\/f R3\/§ for some K > 0. Applying Lemma 21, we see that

Zllp, <

2 b _ 1/2 1/2
1211 < G271 (0 — 1) P2 2f2 (220 Bl (B [MEP)) V2 4 2102 (B 112) ),
where 71 = exp (2] BEBx1) . Itis clear that under the assumption that ||z1[]2 < R,

2
7_1p < exp (pRQHB”ngEHOp)

€,

VAN

where we used the assumption that || B||o, < 7.
Recall from Lemma 24 that

k
E_ [MF] < (R+ Tr(E)—I—\/||Z|]0p(\/2logn+\/k+2)> .

Notice that this bound increases monotonically in k. Assume that n is chosen such that v/2logn > /6p + 2.
We see that

max (E_1[M2P),E_;[M]) < (2R).

We also recall the elementary estimates C’;/ P<Z./pand(n— 1)~1/2 < 2n~! for n > 2. Putting the pieces
together and using the fact that R > 1, we see that

p
17y < s2mel DI max(2l Bl VDR 2

= 1\/17?33\/;,
3 n

K =9-32212€2|%|op maX(4||B||C2)p,d).

where we set
[ ]

Lemma24 Let R > 0 an fix 11 € R? such that ||x1]|2 < R. Let M,, = SUp;cpy) ||ill2- The following
inequality holds:

k
]El[Mﬁ]§<R+ Tr(Z)+\/||E||0p(\/2logn—|—\/k+2)> .

In particular, if n is chosen such that 2logn > k + 2, and R is chosen such that

R > /Tr(E) + 2,/2|Sllop log n,

then the following inequality holds:
E_i[M}] < (2R)".
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Proof It is clear that
M, < R+ max ||z;2.
2<i<n

Applying Minkowski’s inequality, we see that

k
B M) < R+ (E | max [l Y
U - 9<icn 2 ‘

Gaussian concentration of Lipschitz functions [13] lets us easily bound the second term:

1/k
1k .
(& o loitt] ) < | g | + /I Sllan(i+ 2

The Gaussian maximal inequality yields the bound

B | oo laill| < VIS + /20 lop ot

The claim follows immediately. |

Lemma 25 Let R be chosen such that
R > v/Tx(%) + 24/2[ S|op log n,
and let x ~ N (0,X). The following tail bound holds:
Pr(||z]s > R) <n~".

Proof This claim follows immediately from the standard Gaussian tail bound

Pr(ll2 > \/TE(E) +£) < exp <_2II;Hp> |

Appendix D. Initialization
Lemma 26 Fix any 0 € (0,1). Set

£y = min {”2‘01)17 1/2} ) EN = )\maxa

(6
m”zuop

where A\max is defined as in Theorem 7. Let «v, 3, €9, and S be defined as in Theorem ??, and let S denote the
set of points which are eg-close to S in P-norm. The probability that any of the following events fail to occur
is at most 9, provided that n is sufficiently large:

(E1) The empirical covariance is close to the true covariance, and the inverse of the empirical covariance is
close to the inverse of the true covariance:

max { £ = llop, 17! = T op } < e
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(E3) The initial choice of parameters 0y lies in S.

(E3) The random function A is uniformly close to \*, and A% is uniformly close to A™*:

sup max{|5\*(A, B) — M(4, B)|, |\ (4, B) — A7 (4, B)|} <e,.
(A,B)eS

(E4) The renormalization factor ¥ is at most vy, where we define

v = max (1, VTr(X) 4+ 24/2|1X||op logn> ,

U = max <1, \/Tr(fl) + 2\/2”2”013 logn> ,
p = max(2,log(1/0))

I (ST W [T
pv2 "’ 2\ pp?

Proof We show that each event F; occurs with probability tending to 1 as n increases; the union bound
implies that the probability that any event fails to occur tends to zero, and in particular can be made at most §
by taking n sufficiently large.

and set

(E1) Itis a standard result that

d + log(1/6)

max {1 =TI, [$7 - 2R} < Kmax{|SI2,, 15713,

with probability at least 1 — §, for some K > 0 and sufficiently large n. We refer to [8, 13] for details.

(E2) Recall that the parameters are initialized at the point

[pi/es-1/2
0o = (Ao, Bo) = [ ]v

$-1/27P1/25-1/2

where UTV T is a singular value decomposition of M3Y? and

; 1 ¢ T$—1

M= Z yr; 5L

=1
Using the fact that y; = Mx; + z; for each i € [n], we see that
M = S i (MmimT + ZiZL'T) 31
n — 7 7
1=

1 n
= - Z (szx: + zgcj) w1
i=1

I el
1=

37



TRAINING DYNAMICS OF SOFTMAX SELF-ATTENTION:FAST GLOBAL CONVERGENCE VIA PRECONDITIONING

(E3)

(E4)

It follows that

n

1 A
— Z zix;rZ_l
n

=1

[M = Mlop <

op

It is clear that M converges to M in probability, because the random variables {z;}7_; are i.i.d. zero
mean subgaussian random variables which are independent of the covariates, so

1 n
— g zixiTE_l
n

i=1

op

converges to zero in probability. It follows that M31/2 converges to MX'/2 in probability. Lemma
5.14 from [11] implies that the factors U , f, 1% converge (up to orthogonal transformations) to U, T", V,
where UT'V T is a singular value decomposition of MX'/2. Tt follows that |6y — 65||% converges in
probability to zero, where 6 is the projection of 6 onto S.

Recall that \* is defined in terms of the true covariance X :

1/4
A - EraTasey, )
’ - HEI/QBTEBZI/QHF

Similarly, \* is defined in terms of the empirical covariance 3:

. . 1/4
o) [ JE2ATAR2 Y
i |S1/2BTSBS/2|| 5 ’

In Lemma 7, we show that A*(Q) is continuous on S. Note that S is compact. Applying the continuous
mapping theorem, we see that A\*(#) converges uniformly to A*(6) on S.

An identical argument shows that 4 converges in probability to %’y as n increases, and in particular
satisfies 4 < ~ with probability 1 — ¢ for sufficiently large n.

38



	Introduction
	Main Contributions

	Model
	Structure of the population loss
	Main Result
	Appendix
	Optimization
	Proof of Theorem 1
	Proof of Theorem ??
	Proofs of Lemma 2 and Lemma 3
	Approximate strong convexity and strong smoothness of the empirical loss

	Concentration
	Proof of Theorem 9
	Uniform control of tempF2
	Uniform Control of tF2 

	Conditional moments and conditional variance of softmax weights

	Concentration of the softmax mean and softmax covariance
	Initialization

