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ABSTRACT

In minimax optimization, the extragradient (EG) method has been extensively
studied because it outperforms the gradient descent-ascent (GDA) method in both
strongly-convex-strongly-concave (SC-SC) and convex-concave (C-C) problems.
However, stochastic EG (SEG) has seen limited success in C-C problems, espe-
cially in unconstrained cases: known results suffer limitations such as uniformly
bounded gradient variance, bounded domain, increasing batch size, monotonic-
ity of components, and/or absence of convergence rates. Motivated by the re-
cent progress in analysis of shuffling-based stochastic optimization methods, we
investigate the convergence of shuffling-based SEG in unconstrained finite-sum
minimax problems, in search of improved convergence guarantees for SEG under
minimal algorithm modifications. Our analysis reveals that both random reshuf-
fling and the recently proposed flip-flop shuffling (Rajput et al., 2022) alone can
still suffer divergence in C-C problems. However, with an additional simple
trick called anchoring, we develop the SEG with flip-flop anchoring (SEG-FFA)
method which successfully converges in C-C problems, overcoming all the limita-
tions above. We also show upper and lower bounds in the SC-SC setting, demon-
strating that SEG-FFA has a provably faster convergence rate compared to other
shuffling-based methods.

1 INTRODUCTION

Minimax problems with a finite-sum structure, which are optimization problems of the form

mlnmyax f(z,y) Zfl z,y), (D

can be found in many interesting applications in rnachlne learning, such as generative adversarial
networks (GANs) (Goodfellow et al., 2014), adversarial training (Madry et al., 2018), multi-agent
reinforcement learning (Wai et al., 2018), fair classification (Mohri et al., 2019), and so on. Deter-
ministic methods for minimax problems, such as gradient descent-ascent (GDA) (Arrow & Hurwicz,
1956) and extragradient (EG) (Korpelevich, 1976), have been extensively studied in the literature. It
is though known that, unlike gradient descent (GD) for minimization problems, GDA may diverge
even when f is convex on @ and concave on y. On the other hand, EG finds an optimum under this
convex-concave setting (Gorbunov et al., 2022b), and moreover, attains a convergence rate faster
than GDA (Azizian et al., 2020) when f is strongly convex on  and strongly concave on y.

In contrast, attempts to construct stochastic variants of these algorithms have not been so fruitful.
When f is convex-concave, stochastic gradient descent-ascent (SGDA) clearly can diverge, as the
deterministic GDA does not. To make matters worse, stochastic extragradient (SEG) methods have
also had limited success on convex-concave problems. As we summarize in Section 2 in more detail,
existing versions of SEG and their analyses have limitations that hinder its application to general
unconstrained convex-concave problems, such as uniformly bounded gradient variance, bounded
domain, increasing batch size, monotonicity of components, and/or absence of convergence rates.

In the context of finite-sum optimization, most existing theoretical studies on stochastic methods (in-
cluding the aforementioned results) have long been based on the with-replacement sampling scheme.
In with-replacement sampling, at each iteration ¢ an index 4(¢) is independently and uniformly sam-
pled among {1,...,n}. Such a sampling scheme is relatively easy to theoretically analyze, because



Under review as a conference paper at ICLR 2024

the sampled f;(;) is an unbiased estimator of the full objective function f. In practice, however,
inspired by the empirical observations of faster convergence (Bottou, 2009; Recht & Ré, 2013), the
without-replacement sampling schemes have been the de facto standard. Among them, the most
popular one is the random reshuffling (RR) scheme, where in every epoch consisting of n iterations,
the indices are chosen exactly once in a randomly shuffled order.

This gap between theory and practice is being closed by the recent breakthroughs in stochastic
gradient descent (SGD), namely that SGD with RR leads to a provably faster convergence compared
to with-replacement SGD when the number of epochs is large enough (Nagaraj et al., 2019; Ahn
et al., 2020; Mishchenko et al., 2020a; Nguyen et al., 2021; Yun et al., 2021; 2022). This has
motivated further studies on finding other shuffling-based sampling schemes that can improve upon
RR, resulting in the discoveries such as the flip-flop scheme (Rajput et al., 2022) and GraB (Lu et al.,
2022; Cha et al., 2023). The flip-flop scheme is a particularly simple yet interesting modification
of RR with improved rates in quadratic problems: a random permutation is used twice in a single
epoch (i.e., two passes over n components in an epoch), but the order is reversed in the second pass.

The aforementioned progress in minimization also triggered the study of stochastic minimax meth-
ods with shuffling. Similar to minimization problems, SGDA with RR indeed converges faster than
the with-replacement SGDA, under assumptions such as strongly-convex-strongly-concave objec-
tives (Das et al., 2022), or f satisfying the Polyak-F.ojasiewicz condition (Cho & Yun, 2023). Despite
the superiority of EG over GDA, SEG with shuffling has not yet been investigated in the literature,
and the promising achievements in SGDA motivates us to study the following question:

Can shuffling schemes provide improved convergence guarantees for SEG, in
unconstrained convex-concave and strongly-convex-strongly-concave settings?

More specifically, we are interested in developing shuffling-based variants of SEG with minimal
modifications to the algorithm in unconstrained finite-sum minimax problems, and showing that (a)
in convex-concave settings, the new method reaches an optimum with a guarantee on the rate of
convergence, overcoming the aforementioned limitations of existing results; (b) in strongly-convex-
strongly-concave settings, the method converges faster than existing SGDA/SEG variants.

1.1 OUR CONTRIBUTIONS

In this paper, we propose the stochastic extragradient with flip-flop anchoring (SEG-FFA) method,
which is SEG amended with the techniques of flip-flop sampling scheme and anchoring.! With such
minimal modifications to SEG, we show that SEG-FFA achieves provably improved convergence
guarantees. More precisely, our contributions can be listed as follows (see Table 1 for a summary).
For clarity, we use SEG-US to refer to with-replacement SEG (US for uniform sampling).

» We first study SEG with RR (SEG-RR) and SEG with flip-flop (SEG-FF), and find out that
shuffling alone does not fix the divergence issue of SEG-US? in convex-concave functions.
In particular, we demonstrate that SEG-RR and even SEG-FF still fail to converge in the
convex-concave setting, by constructing an explicit counterexample (Theorem 4.2).

* We next investigate the underlying cause for the nonconvergence of SEG-RR and SEG-
FF, and a way to remedy this issue. In particular, we identify that either they fail to match
the update equation of the reference method EG beyond first-order Taylor expansion terms,
or attempting to match both the first- and second-order Taylor expansion terms results in
divergence (Proposition 5.2). By adopting a simple technique called anchoring on top of
flip-flop shuffling, we devise our algorithm SEG-FFA, whose epoch-wise update deter-
ministically matches EG up to second-order Taylor expansion terms (Proposition 5.3).

'The anchoring in this paper simply averages the initial and terminal points of the epoch. The readers should
not be confused with the anchoring in (Cai et al., 2022; Yoon & Ryu, 2021; Lee & Kim, 2021), which are based
specifically on the Halpern iteration (Halpern, 1967).

2This paper focuses on the same-sample version of SEG, which uses a single sample for both extrapolation
and update steps in the update of SEG (see Beznosikov et al. (2023) for the details). So, to be precise, we are
stating here that the same-sample SEG-US suffers divergence, which does not contradict Hsieh et al. (2020)
where the authors show that the independent-sample (i.e., independent samples for extrapolation and update
steps) version of SEG converges to optima for convex-concave settings, albeit without a convergence rate.
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Table 1: Summary of upper/lower bounds. Pseudocode of algorithms can be found in Appendix A. We only
display terms that become dominant for sufficiently large 7" and K. To compare the with-replacement versions
(-US) against shuffling-based versions, one can substitute 7" = nK. The optimality measure used for SC-SC

ceey

,,,,,

Method Strongly-Convex-Strongly-Concave Convex-Concave
Upper Bound Lower Bound Upper Bound | Lower Bound

SGDA-US | O(7) (Loizouctal..2021) | () (Cho & Yun, 2023) N/A Q(1) (asGpA)
SEG-US | O(%) orbunov etal. 20220) | (5 ) Bezmosikov et ., 2020) N/A Q1) (hm. 42)
SGDA-RR | O(:15) Dasetal.2022) | Q=k5) (Thm. 5.6) N/A Q(1) asGpA)
SEG-RR | O(—53—=) (thm.4) | Q7= ) (Thn.56) N/A Q(1) (Thm. 4.2)
SEG-FF | O(—53—=) (thm.4.1) - N/A Q(1) (Thm. 42)
SEG-FFA | O(-7i—=) (Thm.5.5) - @(ﬁ) (Thm. 5.4) -

T Hsieh et al. (2020) also show £2(1) bounds, but for independent-sample SEG with stepsize oz = fs.

* We prove that SEG-FFA enjoys improved convergence guarantees, as anticipated by our
second-order matching principle. Most importantly, we show that SEG-FFA achieves a
convergence rate of @(1/1(1/ #) when f is convex-concave. This result is in stark contrast
to other baseline algorithms that diverge under this setting (see the last column of Table 1),
and it overcomes limitations of existing SEG results on unconstrained setups.

» Moreover, we show that when f is strongly-convex-strongly-concave, SEG-FFA achieves
a convergence rate of O(1/nk*-5¢) for any fixed 0 < € < 2/3, where K denotes the number
of epochs (Theorem 5.5). Additionally, by proving lower bounds (1/nk?) for the conver-
gence rates of SGDA-RR and SEG-RR under the same setting (Theorem 5.6), we show
that SEG-FFA has a provable advantage over these baseline algorithms.

2 RELATED WORKS

Extragradient and EG+ Extragradient method (Korpelevich, 1976) is a widely used minimax op-
timization method, well-known for resolving the nonconvergence issue of GDA on convex-concave
problems. It has been observed by Mokhtari et al. (2020) that this advantage of EG over GDA
comes from the fact that the Taylor expansion of update equations of EG and the proximal point
(PP) method (Martinet, 1970) match each other up to the second-order terms, i.e., O(n3) approxi-
mation error when 7 is the stepsize. In contrast, GDA matches PP only up to first-order terms, being
an approximation with error O(n?).

In this paper, we also consider EG+ (Diakonikolas et al., 2021), which is a generalization of EG.
The update rule of EG+ is defined, for stepsizes {71 x }x>0 and {n2 x } x>0, as

uP — 2F — N1,k Va f(f'?k, yk) R N2,k Ve f(uka Uk) )
oF — yF LYy f2F YR AR VU SR VAR (T T

If f is convex-concave, Diakonikolas et al. (2021) show that EG+ reaches an optimum when 7 , >
72,5 In particular, when 71, = 12 1, we recover the standard EG by Korpelevich (1976).

Shuffling and flip-flop As previously described, shuffling-based stochastic methods can outper-
form the methods based on with-replacement sampling, both in theory and in practice. One key
property of shuffling-based methods is that, while the individual estimators become biased as they
become dependent to other estimators within the same epoch, the overall stochastic error across the
epoch decreases dramatically compared to using n independent unbiased estimators. For instance,
in SGD with RR (Ahn et al., 2020) and in SGDA with RR (Das et al., 2022), the overall progress
made within each epoch exactly matches their deterministic counterparts up to the first-order, leav-
ing an error as small as O(n?) , where 7 is the stepsize. Rajput et al. (2022) observe that, when each
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component functions are convex quadratics, then using flip-flop on SGD can reduce the error further
to O(n?3), resulting in an even faster convergence.

Stochastic Variants of Extragradient While EG improves upon GDA, unfortunately, SEG has
not been able to show a clear advantage over SGDA. To the best of our knowledge, for general un-
constrained convex-concave problems, the existing stochastic variants of EG and their analyses face
several limitations: (i) many assume that the components have uniformly bounded gradient vari-
ance (Diakonikolas et al., 2021; Cai et al., 2022; Pethick et al., 2023), which becomes particularly
restrictive for unconstrained setups (see discussion after Assumption 4)3; (ii) some (implicity) re-
quire that the domain is bounded (Juditsky et al., 2011; Mishchenko et al., 2020b); (iii) some require
increasing the batch size for convergence (Diakonikolas et al., 2021; Cai et al., 2022); (iv) sometimes
each stochastic component is assumed to be monotone (Mishchenko et al., 2020b); (v) convergence
is proved without the above four restrictions in (Hsieh et al., 2020), albeit for independent-sample
SEG, but the result lacks a convergence rate. Variance reduction techniques have also been consid-
ered (Carmon et al., 2019; Alacaoglu & Malitsky, 2022), but in this case the access to the full ob-
jective function f (or its gradient) is assumed. We note that our proposed SEG-FFA overcomes the
aforementioned limitations, and reaches an optimum with an explicit rate in unconstrained convex-
concave problems, under relatively mild conditions. The readers may also refer to Beznosikov et al.
(2023) for a comprehensive overview on this topic.

3 NOTATIONS AND PROBLEM SETTINGS

Let [n] C Z denote the set {1, ..., n}. The set of all permutations on [n] will be denoted by S,,.

Recall that we are considering the finite-sum minimax problem as in (1). We denote the saddle
gradient operators by

ro= [ mo= [FH0] i

The derivatives of the operators will be denoted with a prefix D. For example, the derivative of F is
denoted by DF'. Often a single vector will be used to denote the minimization and the maximization
variable at once. For instance, for z € R4 92 which is a concatenation of € R% and y € R%,
we simply write F'z to denote F(x,y).

It can be shown that, if f is p-strongly convex on @ and u-strongly concave on y for some p > 0,
then its saddle gradient F' is p-strongly monotone, in the following sense (see e.g., Grimmer et al.
(2023) for a proof of this standard fact).

Assumption 1 (Strong monotonicity). For x> 0, we say that an operator F' is p-strongly monotone
if for any z, w € RU+ it holds that

(Fz— Fw,z —w) > p|lz —w|. (3)
Assumption 1’ (Monotonicity). If (3) holds for u = 0, then we say that F' is monotone.

Thus, from now on, we will use the term strongly monotone (respectively, monotone) problems
rather than strongly-convex-strongly-concave (respectively, convex-concave) problems. Notice that
we only assume that the full saddle gradient F' is (strongly) monotone, not for each F;’s.

Other three underlying assumptions we make on the problem (1) can be listed as follows.
Assumption 2 (Existence of a Solution). The optimal solution of the problem (1), which we denote
by z* = (x*,y"), exists in R91+dz,

We make this existence assumption for convex-concave problems in order to exclude pathological
problems such as f(z,y) = = + .

Assumption 3 (Operator Smoothness). Each f; is L-smooth, and each F; is M-smooth. In other
words, we have for any z, w € Ré1+dz,

(i) | Fiz — Fiw|| < L|[z —w, (i) ||DF;z = DFw|| < M |z —w| .  (4)

3Gorbunov et al. (2022a) do not assume any condition on the variance, but their results require a strong
regularity condition that is close to assuming strong monotonicity for the majority of component functions.
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It is worth mentioning that the gradient operator F; arising from a quadratic function f; is M-smooth
with M = 0. Notice also that, by the finite-sum structure F' = % >i, F;, it is then clear that As-
sumption 3 implies f being L-smooth and F' being M-smooth. The L-smoothness assumption on
the objective functions is standard in the optimization literature, while the M -smoothness assump-
tion on the saddle gradients may look less standard. This smoothness assumption on the saddle
gradient (or the Lipschitz Hessian condition) for analyzing SEG-FFA stems from the analysis of
the flip-flop sampling scheme (Rajput et al., 2022). In particular, this is needed for bounding the
high-order error terms between the (deterministic) EG and SEG-FFA in Section 5.1. Indeed, exist-
ing analysis of flip-flop sampling (Rajput et al., 2022) is limited to quadratic functions that trivially
have the 0-Lipschitz Hessian, so our analysis is a step forward. Admittedly, the Lipschitz Hessian
condition may still look rather strong, but we would like to also point out that this assumption does
not lead to unfair comparisons against other algorithms; we show our divergence and lower bound
results (Theorems 4.2 and 5.6) for the baseline algorithms using quadratic functions (i.e., M = 0).
We leave studying how one can remove this assumption as an interesting future work.

Assumption 4 (Component Variance). There exist constants p > 0 and o > 0 such that

1 n
~ Iz = Fz|" < (p|Fz| +0)° Yz (5)
=1

In the existing works studying stochastic optimization methods for minimax problems, it is almost
always the case where Assumption 4 with p = 0 is imposed. This uniform bound on the variance
simplifies the convergence analyses, but it is also fairly restrictive especially in the unconstrained
settings. Already for bilinear finite-sum minimax problems, one can easily check that setting p = 0
prohibits any “noise” in the bilinear terms in component functions. For machine learning applica-
tions also, it has been reported that this assumption often fails to hold (Beznosikov et al., 2023).
Allowing the variance to grow with the gradient F'z makes the assumption much more realistic.

4 SHUFFLING ALONE IS NOT ENOUGH IN MONOTONE CASES

Under the settings we have discussed, let us study the consequences of applying shuffling-based
sampling schemes to SEG. First we describe the precise methods of our consideration, namely the

SEG-RR and SEG-FF.

For k > 0, in the beginning of an epoch, a random permutation 75 is sampled from a uniform
distribution over S,,. Then, for n iterations, we use each of the component functions once, in the
order determined by 7. That is, forz = 0,1,...,n — 1 we do

wh  2F

1
k k k

Zip1 < 2 — BeFrirnywy
for some stepsizes «, and [j. In case of using SEG-RR, the epoch is completed here, and we set
zé““ < zF as the initial point for the next epoch.

k
—apFy (i11)%Z;

)

(6)

In case of SEG-FF, we perform n more iterations in the epoch, as proposed in Rajput et al. (2022).
In these additional iterations, the component functions are each used once more, but in reverse order.
Thatis, fort =n,n+1,...,2n — 1, we do

k k k
w; < z; — akF-rk(2n—i)zi ,
k k k

zip1 < 2 = BiFr an—pw; -

)

Then we set zé““ < 2k as the initial point for the next epoch. The full pseudocode of these

methods can be found in Appendix A.

When F is strongly monotone, it is possible to show that both SEG-RR and SEG-FF indeed
provide speed-up over SEG-US, by proving a O(1/nk?-3<) rate of convergence for a small £ > 0.

Theorem 4.1. Suppose that F' is p-strongly monotone with 1 > 0, Assumptions 3, 4 hold, and we
are running either SEG-RR or SEG-FF for K epochs. For any given ¢ € (0,1/2), let the stepsize
be chosen to be a constant o, = By, = 4= for a sufficiently small constant w. Then we achieve

the bound
K* 1
E|:HZ(§(_Z* 2i| Sexp (—MOJQ) HZ(())_Z* 2+O(7]K235> . (8)
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Proof. See Section 6 for the proof sketch, and the appendices referred therein for the full proof. [

The well-known convergence rate of SEG-US under strong monotonicity of F is ©(1/7), where T
is the total number of iterations (Gorbunov et al., 2022a; Beznosikov et al., 2020). Translating this
rate to our shuffling-based setting, where there are ©(n) iterations per epoch, this rate amounts to
O(1/nK). Therefore, Theorem 4.1 shows that simply by controlling the order of how component
functions are sampled we can have an improvement in the speed of convergence when K is large
enough. Considering that SGDA-RR and PP with RR achieves the rate of O(1/nk?) in the strongly
monotone setting (Das et al., 2022), the performance of SEG-RR and SEG-FF is on par with the
existing known methods.

However, it turns out that the benefit of shuffling does not extend further beyond the “easy” strongly
monotone setting. In fact, when F' is merely monotone, then in the worst case, SEG-RR and SEG-
FF suffers from nonconvergence, just as in the case of SEG-US.

Theorem 4.2. For n = 2, there exists a minimax problem with f(z,y) = % 25:1 fi(x,y) having
a monotone F, consisting of L-smooth quadratic f;’s satisfying Assumption 4 with (p,c) = (1,0),
such that SEG-US, SEG-RR and SEG-FF diverge in expectation for any positive stepsizes.

Proof. We provide the explicit counterexample and the proof of divergence in Appendix G.1. In
particular, for SEG-US we show E[|| Fzy,1||°] > E[|| Fz|*] for all iterations ¢ > 0, and for SEG-

RR and SEG-FF, we show IE[HFngHQ] > IE[HFz(’)“Hz} for all epochs k£ > 0. These results

indicate that ming—q 7 E[||th||2} = Q(1) for SEG-US and ming—¢,. g E[||Fz§||2] = Q1)
for SEG-RR and SEG-FF, as summarized in Table 1. O

5 SEG-FFA: SEG WITH FLIP-FLOP ANCHORING

In this section, we investigate the underlying cause for nonconvergence of SEG-RR and SEG-FF
from the perspective of how accurately they match the convergent EG or PP methods in terms of
the Taylor expansions of updates. Our analysis is in line with the existing analysis showing the
superiority of EG over GDA by comparing how close they are to the PP updates (Mokhtari et al.,
2020) and also the analysis of shuffling-based SGD as an approximation of GD updates (Ahn et al.,
2020; Rajput et al., 2022).

As an outcome of our analysis, we will propose adding a simple anchoring step at the end of each
epoch of SEG-FF. After the 2n iterations described by (6) and (7), for a predetermined constant

0% > 0 we perform an additional averaging of the initial iterate z§ and the last iterate 25 :

k k

ki1, Zan T 0kZg

- = 9

ZO 1 + ek ) ( )

when setting the initial point for the next epoch. As both flip-flop and anchoring are used, we call

this method Stochastic ExtraGradient with Flip-Flop Anchoring (SEG-FFA). The particular choice

of parameters we employ is aj, = Bx/2 and 6, = 1. One may check the pseudocode of SEG-FFA,
presented as Algorithm 4 in Appendix A, to see the precise description of the method.

5.1 DESIGNING SEG-FFA viA SECOND-ORDER MATCHING

Let us provide a sketch of the motivations behind introducing the anchoring step (9) and our choice
of the parameters «y, = 8x/2 and ), = 1. Proof details are deferred to Section 6 and Appendix C.

As observed by Mokhtari et al. (2020), the key feature of EG behind its superior convergence prop-
erties compared to GDA is its update rule closely resembling PP, while the “error” of GDA as an
approximation of PP is so large that it hinders convergence. The difference between the updates
of EG and PP, in the Taylor expansion, is as small as O(n?) per iteration, where 7 is the stepsize.
On the other hand, GDA and PP show a difference of O(n?), and this greater “error” explains why
GDA diverges while EG and PP converge. Of course, EG and PP are not the only two algorithms
that converge in the monotone setting; let us recall the update rule of EG+ method (Diakonikolas
et al., 2021), and Taylor-expand it as the following:

2t =2 7]2F(z — 771Fz) =z—nFz+ 771772DF(z)FZ + 0(77%772)- (10)
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EG+ is known to converge for unconstrained monotone problems if 7; > 75. When n; = 12, it
recovers EG and matches PP up to second-order terms.

Based on these observations, we now state our key principle for designing a convergent version of
SEG: second-order matching. We would like to choose proper stepsizes, sampling scheme, and an-
choring scheme so that our without-replacement SEG can deterministically match the update equa-
tion of a convergent algorithm (EG/PP or EG+) up to the O(n?) terms (i.e., second-order terms).
We show that (a) this second-order matching can be achieved with flip-flop anchoring, but not solely
by permutation-based sampling such as RR and flip-flop (without anchoring), and (b) second-order
matching indeed grants convergence for monotone problems. In particular, we demonstrate that

1. SEG-RR suffers a poor approximation error of O(n?) as an approximation of EG/EG+.

2. SEG-FF can match EG+ up to second-order terms, but it results in a choice of stepsizes
(n2 = 2m,) that make EG+ diverge (Proposition 5.2).

3. SEG-FFA matches EG up to second-order terms to get an error of O(n?) (Proposition 5.3),
achieving convergence in monotone problems (Theorem 5.4) unlike SEG-RR or SEG-FF.

To this end, consider a general form of SEG that incorporates any arbitrary sampling scheme
and anchoring. More precisely, in a certain “epoch,” the components are chosen in the order of
To, Ty, -+ ,Tn—1, where T; € {Fy,..., F,} for each 4, and N is some multiple of n (e.g., N =n
for SEG-RR, N = 2n for SEG-FF/SEG-FFA). Then, given «, 3, and 6, we perform SEG updates

w; < 2z — Tz, zit1 < zi — fTw;, (1D
fori =0,1,..., N — 1, and then the anchoring step
4 zZn + 0z
1+6
so that zF is used as the initial point of the next epoch. For this method, we show the following.
Proposition 5.1. Suppose that Assumption 3 holds. For some enx = o ((a + 5)2), it holds that

12)

B -~ O‘B = ﬂQ EN
ﬁ = - PN . .
#m - Y Tt S DTG0 Tat Ly Y DhTat 1
Jj=0 Jj=0 0<i<j<N-1
(13)
See Appendix C.1 for the proof. Comparing (10) with (13), for them to match up to the second-order,
N2 " B N1
S F= >0 Tz, (14)
mnz N 172
? Zj:l DFj(ZQ)FjZo + F Zi;ﬁj DFj(Z()).FiZO
af N-1 32
1460 “~j=0 DT;(z0)T;20 + 1+0 ogi<jgN_1DTj<z0)Tiz0’ (15)

must hold simultaneously. Clearly, without-replacement sampling will make (14) hold. However, it
is easy to check that random reshuffling falls short of making (15) hold. This is because, if RR is
used, then Ty, T1, . . ., T, 1 is nothing but a reordering of F1,. .., F, into F,(y),..., Fy(,), so the
RHS of (15) can only contain terms D F(;)(zo) F; ;20 with i < j.

This observation motivates the use of flip-flop sampling, because choosing T; = T5,,_1_; lets the
RHS of (15) “cover” all required terms DFj;(zo)F;zo. Indeed, flip-flop does resolve rhis issue, but
there is still one complication remaining for SEG-FF, as described below.

Proposition 5.2. Suppose we use flip-flop sampling. Without anchoring, or equivalently when 6 = 0,
in order to make (14) and (15) hold, we have to choose = m/n and oo = B/2. However, such a
choice leads to ny = 211, which is the set of parameters that fails to make EG+ converge.

The details can be found in Appendix C.2. This result shows that anchoring is necessary to get
a stochastic method that achieves second-order matching to a convergent method. Now, say we
actually use anchoring. Introducing the parameter 6 increases the degree of freedom, and it opens
up multiple possible stepsizes and parameters that make (14) and (15) hold. We show that «, = 8x/2
and 0 = 1 are the simplest choices that, in fact, lead to the second-order matching to EG (instead
of the more general EG+). A more precise statement is in Theorem 6.1.



Under review as a conference paper at ICLR 2024

Proposition 5.3. Suppose that F' is p-strongly monotone with i > 0, and Assumptions 3 and 4.
Then, for By, = n, oy = Br/2, and 0, = 1, SEG-FFA becomes an approximation of EG with error
at most O(n3). In other words, we achieve

Hzo —nnF(zog — nmFzy) — zuH =0(n%).

5.2 CONVERGENCE ANALYSIS OF SEG-FFA

As a result of the second-order matching, we obtain SEG-FFA, a stochastic method that has an
error of O(n?) as an approximation of EG. Achieving this order of magnitude for the approximation
error turns out to be the key to the exact convergence to an optimum under the monotone setting, as
demonstrated in the following result.

Theorem 5.4. Suppose that F' is monotone, Assumptions 2, 3, 4 hold, and we use SEG-FFA. By
choosing the stepsizes sufficiently small and decaying at the rate of ny, = O(1/k'/?1og k), the iterates
generated by SEG-FFA achieves the bound of

i k|12 — (log K)?
ng}TqK]E [Fz||" =0 ([(1/3 . (16)
Proof. For the full statement of the theorem and its proof, see Appendix F. O

The reduced error also shows a gain in the rate of convergence under the strongly monotone setting.
This aligns with the intuition that error hinders convergence, hence having a smaller error will be
beneficial in the convergence of a method.

Theorem 5.5. Suppose that F is u-strongly monotone with 1 > 0, Assumptions 3, 4 hold, and we
are running SEG-FFA for K epochs. For any given ¢ € (0,2/3), let the stepsize be a constant equal
to ap = By = 1= for a sufficiently small constant w. Then we achieve the bound

K¢ 1
B[l - =1 sow (<20 -2 0 () a0

Proof. See Section 6 for the proof sketch, and the appendices referred therein for the full proof. [

Notice the exponent of 4 — 5¢ in the convergence rate, which is twice as large as the exponent 2
of SGDA-RR and 2 — 3¢ of SEG-RR. In fact, this gain in the rate of convergence turns out to be
fundamental. As we show in the following theorem, the theoretical lower bounds of convergence
for SGDA-RR and SEG-RR with constant stepsize are both Q(1/nk?). This exhibits that there is a
provable gap between those methods and SEG-FFA, which attains O(1/nk*-59).

Theorem 5.6. Suppose n > 2. For both SGDA-RR with constant stepsize oy, = « > 0 and SEG-
RR with constant stepsize a, = o > 0, B, = 8 > 0, there exists a p-strongly monotone minimax
problem f(z) = L3 | fi(z) with ju > 0 such that regardless of stepsizes, we have

2 .
2}: Q L,‘fw) ifK <L/,

E [l = O (Ho5) K> Lin

pin

Proof. The full statement and proof are presented in Appendix G.2. [

In Appendix H, we present experiments to numerically validate our convergence and divergence
analyses. We conducted experiments spanning monotone and strongly monotone cases. The exper-
iments also include a comparison against existing convergent independent-sample SEG method by
Hsieh et al. (2020), and an ablation study testing the effect of anchoring applied to uniform sampling
and random reshuffling versions of SEG.

6 PROOF SKETCHES

Let us briefly sketch the proofs of the convergence results we have presented in the previous sections.
To this end, the statements shown in this section may be slightly informal. The precise statements
and the details are deferred to the appendices.
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6.1 WITHIN-EPOCH ERROR ANALYSIS FOR UPPER BOUNDS

Let us focus on the upper bounds of convergence. For the moment, we are only interested in the
sequence {2{ } x>0, so for convenience let us drop the subscripts and write 2" to denote 2f.

The cumulative updates made within an epoch can decomposed into a sum of an exact EG update
and a within-epoch error term, which we denote by r*, as

2K = 2k _pnF (28 — npnFzF) + rk. (18)
The quality of the method will depend on how small the “noise” term 7* is, as the noise will in
general hinder the convergence. It turns out that, regardless of the method that is in use, the noise
term can be bounded using a unified format, as follows. The proof can be found in Appendix D.2.
Theorem 6.1. Suppose that F' is p-strongly monotone with p > 0, and Assumptions 3, 4 hold.
For each of SEG-RR, SEG-FF, and SEG-FFA, there exists a choice of stepsizes that makes the
following hold: For an exponent a that depends on the method, there exist constants C'y, D4, V1, Co,
Doy, and V5, all independent of ny, and n, such that the error term r* satisfies a deterministic bound

I} < min C1 || F 2| + nine Dy | F=* |+ mine vy (19)
and a bound that holds on expectation
E [||r||2‘zk} < nPn2eCy HszH2 + 129n%* Dy Hsz'H4 + nEon2eT vy, (20)

Furthermore, the exponent is a = 2 for SEG-RR and SEG-FF, and a = 3 for SEG-FFA.

In other words, SEG-FFA has an error that is order of magnitude smaller then other methods. Thus,
it is now intuitively clear that SEG-FFA should have an advantage in the convergence.

6.2 META-ANALYSIS FOR CONVERGENCE BOUNDS

When F is p-strongly monotone with p1 > 0, all SEG-RR, SEG-FF, and SEG-FFA do not diverge.
In this case, it is possible to establish the following unified analysis of the methods.

Theorem 6.2. Suppose that F' is u-strongly monotone with o > 0, Assumptions 3, 4 hold, and an
optimization method whose within-epoch error satisfies (19) and (20) is run for K epochs. Then,
for any given ¢ € (0,1 — Y/a), by choosing a constant stepsize ), = —4== for a sufficiently small
constant w, we achieve the bound

E [l - =] <exp (_“”W) 120 — =) + 0 (1) e

2 nK?2a—2—(2a—1)e

For the precise statement of this result and its proof, see Appendix E. As the polynomial de-
cay will dominate the exponential decay for large enough K, the bound we get is essentially
O(1/K2e—2-2a-1¢) For SEG-RR and SEG-FF where a = 2, we get the upper bound O(1/K2-3<),
and for SEG-FFA where a = 3 we get the upper bound O(1/k*-%).

When F' is non-strongly monotone, as shown in Theorem 4.2, SEG-RR and SEG-FF diverge in
the worst case. On the other hand, thanks to the second-order matching, the reduced error O(n?) of
SEG-FFA provides us convergence. See Appendix F for the precise statement on the convergence
rate and the affiliated details.

7 CONCLUSION

We proposed SEG-FFA, a new stochastic variant of EG that uses flip-flop sampling and anchoring.
While being a minimal modification from the vanilla SEG, SEG-FFA attains the “second-order
matching” property to the deterministic EG, leading to a two-fold improved convergence. On one
hand, SEG-FFA reaches an optimum in the monotone setting, unlike many baseline methods such
as SEG-US, SEG-RR, and SEG-FF that diverge. Moreover, in the strongly monotone setting,
SEG-FFA shows a faster convergence with a provable gap from the other methods.

An interesting future direction would be to extend our work to nonmonotone problems, further inves-
tigating the potentials of the second-order matching technique. Also, we note from our experiments
that, while our work successfully shows the convergence of SEG-FFA, the convergence rate we
derived may be suboptimal. Closing this gap between the observed convergence and the theoretical
rate would be an appealing future work.



Under review as a conference paper at ICLR 2024

REFERENCES

M. Abramowitz and I.A. Stegun. Handbook of Mathematical Functions: With Formulas, Graphs,
and Mathematical Tables. Dover Publications, 1965.

Kwangjun Ahn, Chulhee Yun, and Suvrit Sra. SGD with shuffling: optimal rates without component
convexity and large epoch requirements. Advances in Neural Information Processing Systems, 33:
17526-17535, 2020.

Ahmet Alacaoglu and Yura Malitsky. Stochastic variance reduction for variational inequality meth-
ods. In Conference on Learning Theory, pp. 778-816. PMLR, 2022.

K. J. Arrow and L. Hurwicz. Reduction of constrained maxima to saddle-point problems. In Proc.
Third Berkeley Symp. on Math. Statist. and Prob., volume 5, pp. 1-20, 1956. Univ. of Calif. Press.

Waiss Azizian, Ioannis Mitliagkas, Simon Lacoste-Julien, and Gauthier Gidel. A tight and unified
analysis of gradient-based methods for a whole spectrum of differentiable games. In International
conference on artificial intelligence and statistics, pp. 2863-2873. PMLR, 2020.

Aleksandr Beznosikov, Valentin Samokhin, and Alexander Gasnikov. Distributed saddle-point prob-
lems: Lower bounds, near-optimal and robust algorithms. arXiv preprint arXiv:2010.13112,
2020.

Aleksandr Beznosikov, Boris Polyak, Eduard Gorbunov, Dmitry Kovalev, and Alexander Gasnikov.
Smooth monotone stochastic variational inequalities and saddle point problems: A survey. Euro-
pean Mathematical Society Magazine, 127:15-28, 2023.

Léon Bottou. Curiously fast convergence of some stochastic gradient descent algorithms. In Pro-
ceedings of the symposium on learning and data science, Paris, volume 8, pp. 2624-2633. Cite-
seer, 2009.

Xufeng Cai, Chaobing Song, Cristébal Guzman, and Jelena Diakonikolas. Stochastic Halpern Iter-
ation with Variance Reduction for Stochastic Monotone Inclusions. Advances in Neural Informa-
tion Processing Systems, 35:24766-24779, 2022.

Yair Carmon, Yujia Jin, Aaron Sidford, and Kevin Tian. Variance reduction for matrix games.
Advances in Neural Information Processing Systems, 32, 2019.

Jaeyoung Cha, Jaewook Lee, and Chulhee Yun. Tighter lower bounds for shuffling SGD: Random
permutations and beyond. In International Conference on Machine Learning, pp. 3855-3912.
PMLR, 2023.

Hanseul Cho and Chulhee Yun. SGDA with shuffling: faster convergence for nonconvex-PL mini-
max optimization. In The Eleventh International Conference on Learning Representations, 2023.

Aniket Das, Bernhard Scholkopf, and Michael Muehlebach. Sampling without replacement leads
to faster rates in finite-sum minimax optimization. Advances in Neural Information Processing
Systems, 35:6749-6762, 2022.

Jelena Diakonikolas, Constantinos Daskalakis, and Michael I Jordan. Efficient methods for struc-
tured nonconvex-nonconcave min-max optimization. In International Conference on Artificial
Intelligence and Statistics, pp. 2746-2754. PMLR, 2021.

Ian Goodfellow, Jean Pouget-Abadie, Mehdi Mirza, Bing Xu, David Warde-Farley, Sherjil Ozair,
Aaron Courville, and Yoshua Bengio. Generative adversarial nets. Advances in neural information
processing systems, 27, 2014.

Eduard Gorbunov, Hugo Berard, Gauthier Gidel, and Nicolas Loizou. Stochastic extragradient:
General analysis and improved rates. In International Conference on Artificial Intelligence and
Statistics, pp. 7865-7901. PMLR, 2022a.

Eduard Gorbunov, Nicolas Loizou, and Gauthier Gidel. Extragradient method: O(1/K) last-iterate
convergence for monotone variational inequalities and connections with cocoercivity. In Interna-
tional Conference on Artificial Intelligence and Statistics, pp. 366—402. PMLR, 2022b.

10



Under review as a conference paper at ICLR 2024

Benjamin Grimmer, Haihao Lu, Pratik Worah, and Vahab Mirrokni. The landscape of the proximal
point method for nonconvex—nonconcave minimax optimization. Mathematical Programming,
201(1-2):373-407, 2023.

Benjamin Halpern. Fixed points of nonexpanding maps. Bulletin of the American Mathematical
Society, 73(6):957-961, 1967.

Yu-Guan Hsieh, Franck Iutzeler, Jérdme Malick, and Panayotis Mertikopoulos. Explore aggres-
sively, update conservatively: Stochastic extragradient methods with variable stepsize scaling.
Advances in Neural Information Processing Systems, 33:16223—-16234, 2020.

Anatoli Juditsky, Arkadi Nemirovski, and Claire Tauvel. Solving variational inequalities with
stochastic mirror-prox algorithm. Stochastic Systems, 1(1):17-58, 2011.

Galina M. Korpelevich. The extragradient method for finding saddle points and other problems.
Matecon, 12:747-756, 1976.

Sucheol Lee and Donghwan Kim. Fast extra gradient methods for smooth structured nonconvex-
nonconcave minimax problems. Advances in Neural Information Processing Systems, 34:22588—
22600, 2021.

Nicolas Loizou, Hugo Berard, Gauthier Gidel, Ioannis Mitliagkas, and Simon Lacoste-Julien.
Stochastic gradient descent-ascent and consensus optimization for smooth games: Convergence

analysis under expected co-coercivity. Advances in Neural Information Processing Systems, 34:
19095-19108, 2021.

Yucheng Lu, Wentao Guo, and Christopher De Sa. GraB: Finding provably better data permutations
than random reshuffling. Advances in Neural Information Processing Systems, 35:8969-8981,
2022.

Bernard Martinet. Regularisation, d’inéquations variationelles par approximations succesives. Re-
vue Frangaise d’informatique et de Recherche opérationelle, 1970.

Konstantin Mishchenko, Ahmed Khaled, and Peter Richtarik. Random reshuffling: Simple analysis
with vast improvements. Advances in Neural Information Processing Systems, 33:17309-17320,
2020a.

Konstantin Mishchenko, Dmitry Kovalev, Egor Shulgin, Peter Richtérik, and Yura Malitsky. Revis-
iting stochastic extragradient. In International Conference on Artificial Intelligence and Statistics,
pp. 4573-4582. PMLR, 2020b.

A. Madry, A. Makelov, L. Schmdit, D. Tsipras, and A. Vladu. Towards deep learning models
resistant to adversarial attacks. In International Conference on Learning Representations, 2018.

Mehryar Mohri, Gary Sivek, and Ananda Theertha Suresh. Agnostic federated learning. In Interna-
tional Conference on Machine Learning, pp. 4615-4625. PMLR, 2019.

Aryan Mokhtari, Asuman Ozdaglar, and Sarath Pattathil. A unified analysis of extra-gradient and
optimistic gradient methods for saddle point problems: Proximal point approach. In International
Conference on Artificial Intelligence and Statistics, pp. 1497-1507. PMLR, 2020.

Dheeraj Nagaraj, Prateek Jain, and Praneeth Netrapalli. SGD without replacement: Sharper rates
for general smooth convex functions. In International Conference on Machine Learning, pp.
4703—-4711. PMLR, 2019.

Yurii Nesterov. Lectures on convex optimization, volume 137 of Springer Optimization and Its
Applications. Springer, second edition, 2018.

Lam M Nguyen, Quoc Tran-Dinh, Dzung T Phan, Phuong Ha Nguyen, and Marten Van Dijk. A uni-
fied convergence analysis for shuffling-type gradient methods. The Journal of Machine Learning
Research, 22(1):9397-9440, 2021.

Thomas Pethick, Olivier Fercoq, Puya Latafat, Panagiotis Patrinos, and Volkan Cevher. Solving
stochastic weak minty variational inequalities without increasing batch size. In International
Conference on Learning Representations, 2023.

11



Under review as a conference paper at ICLR 2024

Shashank Rajput, Anant Gupta, and Dimitris Papailiopoulos. Closing the convergence gap of SGD
without replacement. In International Conference on Machine Learning, pp. 7964-7973. PMLR,
2020.

Shashank Rajput, Kangwook Lee, and Dimitris Papailiopoulos. Permutation-based SGD: Is random
optimal? In International Conference on Learning Representations, 2022.

Benjamin Recht and Christopher Ré. Parallel stochastic gradient algorithms for large-scale matrix
completion. Mathematical Programming Computation, 5(2):201-226, 2013.

Itay Safran and Ohad Shamir. How good is SGD with random shuffling? In Conference on Learning
Theory, pp. 3250-3284. PMLR, 2020.

Itay Safran and Ohad Shamir. Random shuffling beats SGD only after many epochs on ill-
conditioned problems. Advances in Neural Information Processing Systems, 34:15151-15161,
2021.

Hoi-To Wai, Zhuoran Yang, Zhaoran Wang, and Mingyi Hong. Multi-agent reinforcement learn-
ing via double averaging primal-dual optimization. Advances in Neural Information Processing
Systems, 31, 2018.

TaeHo Yoon and Ernest K Ryu. Accelerated Algorithms for Smooth Convex-Concave Minimax
Problems with O(1/k?) Rate on Squared Gradient Norm. In International Conference on Ma-
chine Learning, pp. 12098-12109. PMLR, 2021.

Chulhee Yun, Suvrit Sra, and Ali Jadbabaie. Open problem: Can single-shuffle SGD be better than
reshuffling SGD and GD? In Conference on Learning Theory, pp. 4653-4658. PMLR, 2021.

Chulhee Yun, Shashank Rajput, and Suvrit Sra. Minibatch vs local SGD with shuffling: Tight
convergence bounds and beyond. In International Conference on Learning Representations, 2022.

12



Under review as a conference paper at ICLR 2024

CONTENTS
1 Introduction 1
[.1 Our Contributions . . . . . . . . . . oot v ittt e 2
2 Related Works 3
3 Notations and Problem Settings 4
4 Shuffling Alone Is Not Enough in Monotone Cases 5
5 SEG-FFA: SEG with Flip-Flop Anchoring 6
5.1 Designing SEG-FFA via Second-Order Matching . . . . .. .. ... .......
5.2 Convergence Analysis of SEG-FFA . . . . . ... ... ... .. ... ... ... 8
6 Proof Sketches 8
6.1 Within-Epoch Error Analysis for Upper Bounds . . . . . ... ... ... .. ...
6.2 Meta-Analysis for Convergence Bounds . . . . . ... ... ... ......... 9
7 Conclusion 9
A Pseudocode of the Algorithms 15
B Useful Lemmata 16
C Missing Proofs for Section 5 20
C.1 Unravelling the Recurrence of the Generalized SEGin (11)and (13) . . . . . . .. 20
C.2 Insufficiency of Only Using Flip-Flop Sampling . . . . . . ... ... ... .... 21
D Missing Proofs for Section 6.1 22
D.1 Auxiliary Lemmata . . . . . ... ... Lo 23
D.2 Upper Bounds of the Within-Epoch Errors . . . . ... ... ... ... ...... 31
D.2.1 Proof of Equation (19) for SEG-FFA . . .. ... ... .. ........ 31
D.2.2 Proof of Equation (20) for SEG-FFA . . . . ... ... ... ... .... 37
D.2.3 Upper Bounds of the Within-Epoch Errors for SEG-FF . . . ... .. .. 39
D.2.4  Upper Bounds of the Within-Epoch Errors for SEG-RR . . . .. ... .. 41
E Convergence Bounds in the Strongly Monotone Setting 42
F Convergence Rate of SEG-FFA in the Monotone Setting 45
G Proof of Lower Bounds 49
G.1 Proof of SEG-US, SEG-RR and SEG-FF Divergence . . . .. .......... 49
G.2 Proof of SGDA-RR and SEG-RR LowerBounds . . . . ... ... ........ 52

13



Under review as a conference paper at ICLR 2024

G.2.1 Existing Lower Bound for SGD-RR . . . . ... ... ... ....... 53
G.2.2 Proof of Lower Bound for SGDA-RR . . . . ... ... ... ... .... 53
G.2.3 Proofof Lower BoundforSEG-RR . . . . ... ... ... ... ..... 54
H Experiments 58

14



Under review as a conference paper at ICLR 2024

A PSEUDOCODE OF THE ALGORITHMS

We present the pseudocode of the algorithms we consider in this paper in Algorithms 2, 3 and 4,
with the pseudocode of the with-replacement stochastic methods in Algorithm 1.

Algorithm 1: SEG-US / SGDA-US

1 Input  : The number of components n; stepsize sequences {; }+>0 and {5 }1>0
2 Initialize : z, € RO +42

3fort=0,1,... do

4 sample 7(¢) uniformly from {1,...,n}
5 if SGDA-US then

6 Zi41 S 2 — OltFi(t)Zt

7 end

8 else if SEG-US then

9 Wy < 2t — Oéth:(t)zt

10 Zi41 S 2 — 5th:(t)wt

11 end
12 end

Algorithm 2: SEG-RR / SGDA-RR

1 Input  : The number of components n; stepsize sequences {ay x>0 and {8 x>0
2 Initialize : z) € R%Fdz

3fork=0,1,... do

4 sample 7 uniformly from S,,

5 fort:=0ton — 1do

6 if SGDA-RR then

7 zf_H — zf — akFTk(iH)zf
8 end

9 else if SEG-RR then

10 wf < ZZIC — O‘k'FTk(i-&-l)zzk
11 ZZ]-C+1 < Zlk — /BkFTk(i+1)w1];<:
12 end

13 end
T

15 end

Algorithm 3: SEG-FF

1 Input  : The number of components n; stepsize sequences {ay x>0 and {8 r>o0
2 Initialize : z) € R%Fdz

3fork=0,1,... do

4 sample 75 uniformly from S,
5 fori:=0ton —1do
k k k
6 Wiz = b (i41)Z]
k k k
7 Zit < 27 = Bk (i) w;
8 end
9 for: =nto2n — 1do
k k k
10 w; < 27 — o Fr on—i)Z;
k k k
1 27— 20 = BiFr, (2n—i)W;
12 end
k+1 k
13 zZy ' 4 zg,
14 end

15



Under review as a conference paper at ICLR 2024

Algorithm 4: SEG-FFA

1 Input  : The number of components n; stepsize sequences {7 } x>0
2 Initialize : 2§ € R4 T4z

3fork=0,1,... do

4 sample 7 uniformly from S,,
5 for:=0ton —1do

k k ; k
6 w; — zf — B F, (;41)%]

k k k
7 zit1 <z — ek i w;
8 end
9 for: =nto2n — 1do

k k . k
10 w; <z — % T (2n—1) zZ;

k k k
11 zig < 20 — e Fr on—pw;
12 end

k1, zg+zy,

13 zp o g
14 end

B USEFUL LEMMATA

Lemma B.1 (Polarization identity). For any two vectors a and b, it holds that

2 2 2
2(a,b) = [la]” + [[o]" — [la - b]|
2 2 2

= [la +bl]" — [la[I” - [Ib]-

Lemma B.2 (Weighted AM-GM inequality). For any vy > 0 and two vectors a and b in R?,

1
2|(a,b)| <v|a|*+ 5 Ib]J*

Proof. Notice that

2 |<aa b>| <2 (‘a’lb1| +o ‘anan
o bt 2 b3 2 1,0
<\vei+— )+ (vaa+ =) =vllall”+ - [blI”.
Y v v
Lemma B.3 (Young’s inequality). For any v > 0 and two vectors a and b,
2 2 1 2
la+b]" < (1+7)llal” + (1 . 1B]]” -
In particular, as a special case where v = 1, it holds that

la+ bl|* < 2|lal* + 2b]*.

Lemma B.4. For any two vectors a and b, it holds that

1
la —b|* > 7 [la]* — [[b]*.
2

Proof. From (22) it follows that
2 2 2 2
lall” = l[(a —b) +b]]" <2]la—b[" +2|b]".

Simply rearranging the terms gives us the result.

(22)

O

The following inequality is also frequently referred to as Young’s inequality, so we will also do so.
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Lemma B.5 (Generalized Young’s inequality). For any positive scalars py, . .., p, such that p; +
.-+ + p, = 1 and vectors aq, . . . , a,, it holds that

||p1a1 + - +pnan||2 <p ||a1||2 + 4 Dn Han||2 .

In particular, setting p1 = -+ = p, = % and multiplying both sides by n? yields
lay+ -+ anl” < n (Jlas)® + -+ lanl*) -
Lemma B.6. Suppose that F' is M-smooth. Then for any z and w it holds that

M
|Pw — Fz — DF(2)(w - 2)| < 5 lhw — 2|

Proof. The proof closely follows the arguments used for Lemma 1.2.4 in Nesterov (2018), by re-
placing the gradients therein by saddle gradients. The fundamental theorem of calculus with the
M -smoothness of F' gives us

1
|Fw— Fz— DF(z)(w— z)|| = H/o DF(z+t(w—2))dt(w—2z)— DF(z)(w — z)

1
< / |DF(z + t(w - 2)) - DF(2)]] dt w — z|
0

1
< / Mt [fw — 2| dt fw— =]
0
M 2
= —|w-z|". O
>l — 2]

Lemma B.7. Let F be a u-strongly monotone operator. Let z* be a point such that Fz* = 0, and
let 7 > 0. Then, for any point z in the domain of F' and w := z — nF 'z, it holds that

* /’L *
(Fw,w—2%) 2 L |lz =27 = Py | F2 ).

Proof. By the p-strong monotonicity of F' and Lemma B.4 it holds that
(Fw,w— ") > i |[w — 2*
*112
=pllz —nFz - 27|

1% 2 2
25 llz =217 = ulnFz
so we are done. O

Lemma B.8 (Nonexpansiveness of the EG operator). Let F' be a monotone L-Lipschitz operator.
Let z* be a point such that Fz* = 0, and z be any point in the domain of F. Then, for any n > 0
it holds that

* (12 * (12 2
Iz = nF(z —nFz) - 2°|" < ||z = 2*[I" = *(1 = n*L?) | F2|".
Proof. This lemma is exactly from Gorbunov et al. (2022b); see Section D.7 therein. O

The following lemma generalizes Lemma 3.2 in Gorbunov et al. (2022b) shown for monotone F' to
p-strongly monotone F'.

Lemma B.9. Let F' be a u-strongly monotone L-Lipschitz operator, and let z be any point in the

domain of F'. Then for any 0 < n < %ﬁ it holds that

2
PG~ P = aF)I < (1 22 sl

17
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Proof. For convenience, let us define w := z — nFz and 2% = z — nF(z —nFz) = z — nFw.
Because F' is p-strongly monotone, we have

I ||z+ — z||2 < <Fz+ — Fz,zJr — z>

(23)
=n <Fz —Fzt, F'w> .
Also from the p-strong monotonicity of F' we get
u|’w—z+H (Fw—Fzt w—2z") 24)

= 77<Fw —Fz* ,Fw—Fz>.
Meanwhile, from the L-Lipschitzness of F' we have
|Fw— Fz*||° <?L? |[Fw — Fz|. (25)

Summing up the inequalities (23), (24), (25) with weights 2/5, 1/2x, and 3/2 respectively, we obtain

iz + 2 1 ) 3 2

(2 =+ gl = 417) + 3 1 Fo0 - P
3 2L2
"2 |Fw — Fz|?.

<2 <Fz — Fz+,F'w> + % <Fw —Fz" Fw— Fz> +

From this inequality, we can exactly follow the arguments used in the proof of Lemma 3.2 in Gor-
bunov et al. (2022b) to derive that

. (2 = = 2]+ 4 - z+||2) [Pt < P2 6)
On the other hand, Young’s inequality (Lemma B.3) tells us that
PR = o = 21 < (14 ) o= =47+ 14 a) - 2|
This, combined with (26), implies that
W e + || R < 2l
It remains to simply rearrange the terms. O

Lemma B.10. Let {ay } >0, {0k } k>0, {ck } k>0, and {di } k>0 be sequences of nonnegative numbers
satisfying the recurrence relation

b < (1+ap)dy — dpy1 + ¢k vk > 0.
Then for any k > 0 it holds that

k k k
dk+1+zbj§ H(lJraj) ngchj
Jj=0 Jj=0 =0
Proof. Because aj > 0, it suffices to show that
k k k
> b —c) [ O +a) < —diga +do [T +ay), @7
j=0 i=j+1 j=0

as this implies

k
— diy1 +do H(l +a;)
j=0

VAN
I
o
ng
H
“:1» :
=
+
£

k

—dj1 + d0+ch []a+ay.
7=0 7=0

IA
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So, we show that (27) holds, by induction on k. For the base case k = 0, the recurrence relation tells
us that

bo —co < (1 +ag)do — dy

which is exactly (27) when k£ = 0. Now suppose that (27) holds for some k£ > 0. Using the induction
hypothesis and the recurrence relation we get

k+1 k+1 k k
dobi—c) [] 4 a) =berr —crpr+ (L4 ana) | Y (0 —¢) [ (1+a)
J=0 i=j+1 j=0 i=j+1
k+1
< b1 — g1 — (14 apy1)di+1 + do H(l +aj)
§j=0
k+1
< —di42 +do H(1 + a;).
j=0
This shows that (27) holds also for k£ + 1, and we are done. O

The subsequent lemma is technical, but it can be derived from elementary calculus.
Lemma B.11. Forany K > 1,

K+2

1 (K +3)'/3
];2 k2/3(log k)2 = (log(K +3))%’

Proof. Consider integrating the function x — Wlogx)z over the interval [2, K + 3|, where the
function is decreasing. An upper Riemann sum is an upper bound for an integral, so we have

K+2

1 K+3 1
> L, 28
kZ=2 k2/3(log k)? _/2 22 (loga)? @9

Now consider a function g : [1,00) — R, defined as

e (y+3)'/°
9(y) = /2 22/3(log )2 dz — (log(y + 3))2°

Differentiating, we get
"(y) = & + 2 >0
S T 3P (logly +3))° T 3(y+3)7(logly + 3))?

whenever y > 1. That is, g is increasingon y > 1.

It is easy to verify that g(1) > 0; one way to do so is, for Ei( - ) denoting the exponential integral
function (Abramowitz & Stegun, 1965, Chapter 5), to use the indefinite integral

1 1_. (logx Jx
-~ dx=:E — 2
/x2/3(10g x)? de 3 ( 3 ) log © 29)

to numerically evaluate g(1). Since g is increasing, we have g(y) > g(1) > 0 for all y > 1. This,
with (28), implies that

K42

1 K+3 (K+3)1/3
- > >
kZ:Z k2/3(log k)2 _/2 z?/3(log z)? v = (log(K + 3))?

holds whenever K > 1, which is exactly the claimed. O
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C MISSING PROOFS FOR SECTION 5

C.1 UNRAVELLING THE RECURRENCE OF THE GENERALIZED SEG IN (11) AND (13)

In Section 5.1, we considered the method where, in an epoch, the iterates are generated following
the recurrence
w; = z; —aT;z;

(30)

Zit1 = zi — fPTiw;
fori = 0,1,..., N — 1, where each T; are sampled from the set { F1, ..., F,}, and an additional
anchoring step

4. AN + 0zg
o 1+6

is performed so that 2" is used as the initial point of the next epoch. In this section we would like to
prove the following two statements regarding this update rule.

Proposition C.1 (Proposition 5.1). It holds that

3D

B -~ of - B2 €
b= gg— —— , il . _ _ _ N
TR ¢ TJZOJF1+QZDTJ(Z0)TJ%+1+9 Z DT;(20)Tiz0+ 1
J=0 j=0 0<i<j<N-—1
(32)

for some ex = o ((a+ 8)?).

Proof. Equation (32) immediately follows from Proposition C.2, with (34) giving us the precise
definition of €. To show that ey = o ((o + 3)?), we begin with noting that both ||z; — zo|| and
lw; — zo|| are of O(c + ), because both z; and w); are obtained from 2, by performing at most
j updates following (30). Thus, the first term in the right hand side of (34) is of O(B(a + 3)?)
by Lemma B.6, and the remaining terms are of O((a + 3)3) by the L-smoothness of the operators
F,... F,. O

Proposition C.2. Foranyi =0,1,..., N, it holds that

i—1 i—1
zi=20-BY Tjzo+aBd DTi(z0)Tjzo+ 5> Y DTj(z0)Trzo+e  (33)

j=0 j=0 0<k<j<i—1
where we denote
i—1
& =~ B (Tyw; — Tyzo — DT;(20)(w; — ) )
§j=0

i—1 i—1 j—1 (34)

+aB Y DTy(z0)(Tjz; — Tjzo) + By DT;(20) Y _(Thwy — Tyzo)-
=0 j=0 k=0

Proof. We use induction on ¢. There is nothing to show for the base case + = 0. Now, suppose that
(33) and (34) hold for some 7 < N, and write
zit1 = zi — PLyw;
= z; — BT;z0 — BDTi(20)(w; — 20) — ﬁ(Ti’wi — Tizo — DT;(z0)(w; — Zo))~
Here, notice that by the update rule we have
w; = z; — oz,
i—1
= Z0 — ﬁZT]w] — OéT'iZi.

§=0

Using this identity and the induction hypothesis we get
i—1 i—1

Zit1 = 20 — ﬁZTjZO + O(ﬁz DTj(Zo)T'jZO + 52 Z DT'J‘(Z())T]CZO +€;
j=0 j=0 0<k<j<i—1
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i—1
— BTz — BDT(20) | =B | Tyw; — aTiz;
j=0
- ﬂ(Tz"wi — T;zo — DTj(z0) (w; — Zo))
i—1 i—1
=zZ0— ﬁ Z TjZo + Olﬁ Z DT’]'(Z())'I}'ZO + ﬂ2 Z DT'J'(Z())T]CZO + €;
=0 =0 0<k<j<i—1
i—1 i—1
— BTz + 8°DTi(20) Y _ Tyz0 + B°DTi(20) Y (Tyw; — T;zo)
=0 j=0
+ afBDTi(z0)(Tizi — Tizo) + aSDTi(20)T; 2o

— B(Towi = Tz — DT(z0) (wi — 20) )

=z0—-BY Tizo+af Y DTi(z)Tjzo+ 5> > DTj(20)Thzo + €
Jj=0 Jj=0 0<k<j<i
i—1
+ B°DT;(20) ¥ (Tjwj — Tjz0) + aBDT;(z0)(T;z; — Tizo)

j
- 5<Ti’wi —T;z0 — DT;(z0) (w; — Zo))

Il
o

4 i
=20—BY Tjzo+aBy DT;(20)Tjz0+ 5 Y, DT;(20)Thzo + €1
j=0 j=0 0<k<j<i

which asserts that (33) also holds for ¢ + 1. O]

C.2 INSUFFICIENCY OF ONLY USING FLIP-FLOP SAMPLING

Here we prove the following.

Proposition C.3 (Proposition 5.2). Suppose we use flip-flop sampling. Without anchoring, or equiv-
alently when 6 = 0, in order to make (14) and (15) hold, we have to choose B = m/n and o = B/2.
However, such a choice leads to no = 2n1, which is the set of parameters that fails to make EG+
converge.

Proof. Suppose that we have already established the upcoming Lemma C.4. Then, according to
Lemma C.4, for (15) to hold with # = 0, the following system of equations should be satisfied:

mmnz = 2n*p%,
mne =n’(2ap8 + 2),
N2 = 2np.

Solving this system of equations, we get 1 = nf, o = 2nf, and o = 8/2.

For the latter part of the statement on the divergence of EG+ with 1y = 21, consider the (1 + 1)-
dimensional bilinear problem
min max xy
z y

whose unique optimum is z* = (0, 0). A simple computation shows that

0 1
Fz= {_1 O} z.

Consequently, for any n > 0, the update rule of EG+ with n7; = 1 and 13 = 21 amounts to

1—2np2 -2
+ _ n n
zT =z—-2nF(z —nFz) [ 2 1 2772} z.
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It follows that
1—2n? —2n T ?
e S
((1- 2n?)z — 27}y)2 + (2nz + (1 - 2n2)y)2
- (1 +dnt)(@? +y?)
= (L+4n") |z - z"|*.
Therefore, the distance from the optimal solution strictly increases every iterate. [

It remains to actually prove Lemma C.4.

Lemma C.4. When flip-flop sampling is used, it holds that

Z DT'J'(Z())T;ZO
0<i<j<N-1

aﬁ
9 ZDT Zo)TZ()+ 1+9

208 + 32 & 232
= 2, DF;(z0)Fjzo + 10 ;DEj(zo)Fizo.

Proof. As we are using flip-flop sampling, we have N = 2n, and it is clear that

N—-1
ZDT (20)T; zO_ZZDF (20)Fjzo.
7=0 j=1

For the second term, as T; = T5,,_1_;, we have

> DTj(z)Tize= Y, DITj(z)Tizo+ Y.  DT;(20)Tizo
0<i<j<2n—1 0<i<j<n-—1 n<i<j<2n—1

n—12n—2—1 n—1 2n-1

1 DD DIV TENE D Sl Sl Ioh:
i=0 j=n i=0 j=2n—i
n—1

+ Z DTy —1-i(20)Tizo
i=0

= Y DTi(z0)Tizo+ )Y  DT(z0)Tiz

0<i<j<n—1 0<j<i<n—1
n—1 n—1 n—11i—1

+> > DTj(z0)Tizo + y > DTj(20)Tizo
i=0 j=i+1 i=0 j=0
n—1

+ Z DT;(z0)Tizo
i=0

=2 > DTj(z)Tizo+2 Y, DTj(20)Tizo

0<i<j<n—1 0<j<i<n—1
n—1

+ Y DT(z0)Tizo.
i=0

The claimed identity can be obtained by taking the weighted sum of the two results. O

D MISSING PROOFS FOR SECTION 6.1

In this section, although it is an abuse of notation, for convenience we will write F; to denote the
saddle gradient of the component function chosen in the i iteration. More precisely, for indices

22



Under review as a conference paper at ICLR 2024

i=0,1,...,n — 1 we denote F,(; 1) by F;. Similarly, in cases of considering SEG-FF or SEG-
FFA, for i > n we denote F(3,_;) by F;. Also, we omit the superscripts and subscripts denoting
the epoch number k& unless strictly necessary, as all the iterates that we consider will be from the
same epoch.

We consider the iterates generated by the update rule

w; = z; — §NFz;,

35
ziy1 = z; — nFw;. (3)
Note that £ = 1/2 for SEG-FFA, and £ = 1 for SEG-RR and SEG-FF.
D.1 AUXILIARY LEMMATA
Forj =1,...,2n we define
j—1
g9, =Y Fiz, (36)
=0
;= llg; — jFzol, (37)
J
Y = Z 5, (38)
=1
J
U = Z 62, (39)
=1

We set X9 = ¥y = 0, as they are empty sums. Notice that §; is a random variable that depends on
the permutation 7.

Meanwhile, by triangle inequality it is immediate that
lgsll < 711 Fzoll + 65,
and by Young’s inequality it holds that
lgilI> < 252 || Fzol|” + 262.
Lemma D.1. For any index i, it holds that
Izi = zoll <m (1 +&nL) lgill

i—2
-2 (40)
+ 0L (26 + 2L + E°L) > (L+ 0L+ &n°L*) ™ llgesall,
£=0
|w; — 2o < &nllgisall +En (1 — &N+ 2L+ 5772L2) llgl
i—2
i—0—2
+n(1+&nL) (26nL + 260" L + EPL) >~ (14 0L +&n°L?) ™ |lgesall-
£=0
(41)

Proof. By the fundamental theorem of calculus for line integrals and the update rule (35), we have
w; = z; —{nFz;
= z; — EnFiz0 — &n(Fiz; — Fizo)

1
=z; —E{nFizo — 577/ DF;(zo + t(z; — 20)) dt (z; — 20)
0

and similarly
Ziy1 = z; — nFw;
= zi — nF;zo — n(Fyw; — Fizo)

1
=z; —nF;zo — 77/ DE(ZO + t(wz- - ZO)) dt (wi — ZO).
0
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Hence, by defining
1
A; = / DF;(zo+ t(z; — zp)) dt
0

. 42)
B — / DFy (20 + tw; — 20)) dt
0
the update rule can be rewritten using these quantities as
w; = z; — {nFizo — EnAi(zi — 20), (43)
zit1 = z; — nFizo — nB;(w; — zo). (44)
Subtracting zy from both sides of (43) we get
w; — 20 =2, — 20 —EnFizg —EnAi(zi — 2
0 0 — &nFizo — EnA( 0) 45)

= (I = &nA;) (zi — z0) — EnFizo,
and plugging this into (44) gives us
Zit1— 20 = zi — Z0 — NF;z0 — nB;(w; — 20)
= zi — 20 — nFizo — nB; (I — £nA;) (zi — 20) — §nFizo) (46)
= (I —nB; + anBiAi) (zi —z0) —n(I —&nB;) Fizp.
For convenience let us define
Ci=I—-nB;+{7°BiA;,
P, =CCi1...Cp12Cp1
and P; ; := I as it denotes an empty product. Observe that for any j we have
IC;|| = |I = nBi + &°BiA;|| < 1+ L+ &n° L2, (47)
Also note that for any ¢ it holds that
(I = &nByt1) — Coa (I = EnBy)
= (I —&nBy1) — (I = nBey1 + E°Bei1 Apyr) (I — EnBy)
= &n(Beyr + Be) = &7° Bry1 (Avir + Bo) + €0’ Beia A By
and hence

(I — énBey1) — Copr (I — EnBy)|| < 26nL + 26n°L* + 0P L. (48)

Unravelling the recurrence relation (46) we get
Zi4+1 — 20 = Ci(zi - ZO) -1 (I - fTIBi) Fizg
=Ci(Ci1(zi—1 —z0) —n(I —&nBi_1) F_12z0) —n (I — nB;) Fizg

=P,; o(zi-1—20) — 1 Z P, , (I —-¢nBy) Fyzg
=1

=P, 2(Ci—2(zi—2 — 20) —n(I —EnBi_2) F;_32z) — 1 Z P, (I —-¢&nBy) Fuz
=1

=P, i3(zi—2 — 2z0) — 1 Z P; o (I —E&nBy) Fyzo
£=i—2

=P, (20— 20) —n > _ Pio(I—£&nBy) Fuzo
{=0
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and therefore
i—1

zi—20=-nY Pi_1,(I—&nBy) Fyz. (49)
=0
In order to compute the bound for ||z; — z||, we use summation by parts to get

i—1

1
—(z0—2;) = ZPi—l,é (I —&nBy) Fuz
" =0
i—1
=P,_1,-1(I—-¢&nBisq) Z Fyz
=0
i—2 ¢
> (Piorus (I = &nBusy) — Py (I - nBy)) Y | Fizg
=0 =0
i—2
= (I —&Bi1)gi— Y (Pio1 i1 (I —&nBesy) — Pioa o (I — EnBy)) gesa-
=0

Here, observe that

Py, (I - fﬂBeH) —P_1y (I - ET}Bz)
=C;-1Ci—2...Cr2 (I = EnBey1) — Copa (I — EnBy))
so by using (47) and (48) we obtain

| Pi—1,041 (I —&nByy1) — Pi_1 o (I — EnBy)||
< (2L +26n°L? + &nPL?) (1+nL + &nPL?

Therefore, we conclude that

>i7[72

1—2
i—f—2
Iz — zoll <n(1+&nL) llgill+n°L (26 + 26nL + 0°L%) Y (1+nL+ 7L [l gesall -
£=0

Meanwhile, substituting (49) back to (45) gives us

1—1

w; — 2 = —EnFizo —n Y (I —&nA) Py g (I — &nBy) Fuzo. (50)
£=0

For ¢ > ¢ let us define
Riy:=¢"(I—&nA) Py (I —EnBy)
=M I - €nA;)Ci1Cia...Cri2Cei1 (I — EnBy)
and for convenience R; ; := I so that (50) can be rewritten as

1
s Z R; (Fyz. (51)
Applying summation by parts on the above, we obtain
1 i—1 L
?(zo—’wz RHZFeZo—Z Ri1— Ri)>  Fizo
g £=0 §=0
i—1
=gi+1 — Z(RMH - Ri,l)glJrl
£=0
and as a consequence we get
i—1
sz = 2oll < llgisall + D [ Rierr = Riell llgesall. (52)
=0
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It remains to bound || R; ¢y1 — R, ¢||. For the special case where ¢ = ¢ — 1, a direct computation
leads to

Ri;—Ri;1=I1-¢"(I-&nA;)(I—E&nB;iy)
=(1-&NI+nA; +1Bio1 — A B4
and thus we have
|Rii — Rii—a| < (1—&7") + 2L+ L2 (53)

For the other cases; that is, when ¢ < i — 1, we have

Ripi1—Ripy=¢"(I-&nA;)Cio1Cis...Coia (I — &nByyr) — Copr (I — EnBy))
so by using (47) and (48) we get the bound

[Ricr1 — Riyll < €711+ E&nL) (26nL + 260 L% + €20°L%) (1 + 0L + &n*L? (54)
Applying (53) and (54) on (52) gives the bound for ||w; — zg||. O

Proposition D.2. Suppose that SEG-FFA is used, n < ﬁ and let v .= 1 + % Then for any
i1 =1,...,2n — 1 we have the bounds

)i—£—2

262i(7 — 1
’7”62’7(;)> | Fzo|| + nvd; + n°Lie*S; 1,

2 1 207 — 1
s — 2o < 7 (14202 4 LD, nv-—1)
2 n 2

32(i+1)2  3n% (202 — 1)%42 2u8e4i(5 — 1)2(25 — 1

Iz — zoll < (nm+

[Faol| + 01 + 8 + 1P Lv*e*S;_1,

3 3 2202 — 1)? 6 2ubet(i — 1
2 n2

Proof Using elementary calculus one can show that 2 +— (1 —|— -+ 2382) increases on z > 0 and
is bounded above by e. Hence for all 0 < ¢ < i < 2n we have

272N\ i—4—2 2n
nL 1 2
<1+nL+ 5 ) <1+ +22> < e2.

Applying the definitions (37) and (38) on (40) and then substituting £ = 1/2 we get

212

nL nL 22\
i =zl <0 (14 2 ) laall 422 (142 ) 3 (1m0 + 25 lgesal

£=0

i—2

<o (P2l + ) + 212 S 6 (€4 1) [ Faoll +611)
=0

nv2e%i(i — 1)

< || 0;
< li | Faf ) + 2

| Fzo| +n*L?e®s; 1.

Similarly, from (41) we get

2712
n n n°L
lwi — 20l < - llgigall + 5 | 14 2nL + g:ll
2 2 2
L 3i1—2 2L2 i—0—2
srp (1) (1t TE) gl
=0

n,. n 2 1 )
5 (0 + 1) | F 2ol + di+1) + ) (1 to+ 2n2> (0] Fzol| + 0;)

IN

1—2
+0?L* > e ((U+1) || Fzol| + de41)
£=0
n(2v? —1)
2

nvie?i(i — 1)
2n

IA

g(1 +202) || F o + | F 2o + g5i+1 + 5; + PLiPe? S, 1.
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Finally, applying generalized Young’s inequality on (41) we get

2
3n n?L?
fwi = 20l? < 2 fgull + 2 (14 200+ L) Jl?

4

3i-2 97N i—l—2 2
2 nL n-L
+3 (n L (1 +5 ) ;_0 (1 +nL + 5 ) ||gz+1||>

Using generalized Young’s inequality once more on the last term gives us

3i-2 o roN i—l—2 2 3 9 i—2 2
nL n“L nvoe
3 (772L (1+%) T 1o+ 557) ||ge+1||> < 3( . anmn)

£=0 £=0

377 (i—1)
Z lges* -

Plugging this back yields

L2\ 2 9 3n2ubet =2 9
) lgell? + TGN S0

3n? 3n
i = 20l? < 2 gl + 2 (14202 +
£=0

3 2 3 2
g%(z( DIzl + 207 ) + 5 (207 = 1)° (207 lleo||2+253)

i—2

I (200 17 2ol + 257,
£=0
3n . 377 2 2 (.9 2 2
s—((m) |F20]* +02%1) + - (202 = 1)° (2 | F 20> + 02)
7721/6641( 1)2(2i — 1) 1 Fzol? + 67721/664(1'71)\11

ie1-
n? n?

3 2—1
ponmrvet=2) n’v

Now the claimed inequalities can be obtained simply by rearranging the terms appropriately. O
PropOSItlon D.3. Suppose that either SEG-RR or SEG-FF is used with o = 8 = n < —, and let

nL’
=1+ E' Then foranyt =1, ...,2n — 1 we have the bounds

1605%i(i — 1
2 — zo|| < (771?i+ 6"”;(1)) |Fzo|| + nird; + 3202 Lir*S;_y,

. 1693i(i — 1 . .
lw; — z0l| <7 <1 +i? + 7(1)) |IFzo| + ndit1 + 77(1/2 —1)d; + 327)2Lz/32i,1,

, 602 (1+0)%42  1024n205i(i — 1)2(2i — 1
||wi—zo||2s<6n2<z+1>2+"( A i R W PN

n? n?
672 (1 + )2, 6144?55 — 1)

+ 60267, + 62 + 3

‘I/ifl.

+ ) increases on x > 3 and is bounded above by e*/3 < 4.

)
4 (1+5+m) =95 <4adl+ i+ 5 <145
¢ < i < 2n it holds that

Proof. One can verify that z — (1 4 5>
With noting that (1 + 1 + £)! =3 <
whenever x > 3, we see that for all 0 <

i 1 1 2n
(1+nL +n°L?) ”g(1++2> < 4% =16.
n n

Also, we have

2 1
24 2mL+n’L? <24 =+ 5 =1+0" <207
n n
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Applying the definitions (37) and (38) on (40) and then substltutmg & =1we get

i—0—2
Izi = zoll < n(1+nL) gl +n°L (2 + 2nL + n*L?) Z (L+nL+n0*L*)" " lgel
=0

1—2
7 (i||[Fzol 4 6;) + 20°Li* Y 16 (€ + 1) | F2o| + d¢41)
£=0
. 16n02%i(i — 1
< i (i || F ol + 8:) + %
Similarly, from (41) we get

lwi = zoll < nllgisall +n°L(2+nL) llgil

| Fzo| + 320 Li*%; .

1—2
i—0—2
+n2L(1 +nL) (2+ 2nL + n*L?) §: (1+nL+n*L?)" et -
=0

1
<0+ DIFz0l+80) + 1 (24 1) (1F20] 4 0)
1—2
+ 0L (20°) > 16 (0] Fzol| + 6¢) -
£=0

. 16no3i(i — 1
< 7](]. + ZV2) ||FZ()H + %

| Fzo|| +ndiv1 +n(i? —1)6; + 320°LiP%,; .
Finally, applying Young’s inequality on (41) we get

3 2+4+nL
s — z0l® < 372 lguaa P + 2 2L

gi

s.
l\.’)

2
+3 <n L(1+nL) (24 2nL + 772132) (1+nL+ 772132)1'_2_2 lgess II>

o~
I

0

~3 1—2
2, 32 (2+1nL)° v
<30*[|gitalI” + ni lgill + 3 Z 16 ||ge+1||

Using Young’s inequality once more on the last term gives us

- 2
320 = 30720205 (i — 1) <= )
3( " > lgeall] < —legmll -
£=0 £=0

Plugging this back yields

1—2
2 5 302 (2+ L) 30727] 5 2
lw; — 20" < 30* [|gi+1| +7II gill + ———5—= ) _llgerll
£=0
. 6n (2+nL)" /.
<6 (164 12 Faof 4 82, ) + 2D (nQ” L (2 |Fsol? + )
61447255 (i — 1) <= >
+ Y (€ + 0 Izl + 64
=0
6n2 (1 +0)°

<6 (i + 17 [ Faol* + 6%, ) + 2= (&2 | Fzo|* + 67)

N 1024772562'@”; 1)2(2i — 1) IFzol? + 614477252(1' - 1)%_1.
Now the claimed inequalities can be obtained simply by rearranging the terms appropriately. O
Lemma D.4. Forany j =1,...,2n, it deterministically holds that
§; < nlp || Fzo|| + o). (55)
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Proof. For any set of indices J C {0, ...,n — 1}, by Assumption 4 it holds that

n—1

S [Fizo - Fol* < 3 1Fizo — Fol < nlp |Fzol + o)
ieJ i=0
Hence, forany j = 1,...,n we have
Jj—1 2
lg; — iFzo|* = ||>_ Fizo — jF20
i=0
j—1
<iY |IFz - Fzol?
i=0
< jn(p || Fzo|| +0)?
<n?(p||[Fzo| +0)?,
and forany j =n +1,...,2n we have
n—1 Jj—1 2
lg; — iFzo|* = ||>_ Fizo+ Y Fizo — jFzg
=0 i=n
i1 2
= ZFiZO — (j — n)on
i=n
n-1 ? (56)
= Z Fizg— (j —n)Fz
i=2n—j
j—1
<(j—n)Y_ |IFizo — Fzl?
i=0

<n2(p||Fzo + )2
Therefore, in any case we have
. 2
lg; — iFzol” < n*(p|Fzol + o).
Taking square roots on both sides gives us the desired bound. O
Lemma D.5. Forany j = 1,...,2n, it holds that

n(p||[Fz| + o)

9 ) (57)

E,[62) <

Proof. If n = 1 then the left hand side is always 0, so there is nothing to show. So, we may assume
that n > 2. Then, for any 5 = 1, ..., n, using (Mishchenko et al., 2020a, Lemma 1) we obtain

2

E, (o[ Fzol + o).

1 n—7j
fg*—FZo < —
i’ j(n—1)

Multiplying both sides by j2 and applying AM-GM inequality leads to

o 2<j(n—j) 2 n’ 2 2
Erllg; — jFzol 7ﬁ(P||FZ0H+U) —— (P Fzoll+0)” < S (p||Fzoll + o).

n
~ 4(n-1) 2
Meanwhile, for j = n + 1,. .., 2n, following the first few steps in (56) we get

2
n—1

lg; — 3 Fz|* = Z Fizo— (j —n)Fzo

i=2n—j
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Applying (Mishchenko et al., 2020a, Lemma 1) here, we get

2

n—1
E,llg; — iFzl> =E.| Y Fizo— (j —n)Fz
i=2n—j
2
=(j—n)’E Z F;zy — Fz
1=2n—j
< (G- M(pnwon +o)?
(j—n)(n—1)
j—n)2n—j
< U= ) ) Pz 40

Using AM-GM inequality on the last line gives us

< G=n)2n—j) n?
E.|lg; - Fz|* < T(PHFZOH‘FU)Q < W(PHFZOH‘*‘U)

Thus, for any case, we have (57).

Lemma D.6. Forany k,¢ € {0,1,...,2n}, it holds that

ktn(p || F 2ol +0)*

E,[3,E] < 2

Proof. Expanding the product Y3, and writing in terms of §, we get

k 4 kL
SiBe = (Z 6¢> S o =D 6,
i=1 j=1 i=1 j=1
O 52

n
< 2o lIFz0l+0)?.

O

(58)

where the last line follows from the AM-GM inequality. Taking the expectation with respect to 7

and using the bound from Lemma D.5, we obtain

k ¢

E 55 < 2305 (B (62 + B [62)

=1 j=1

k ¢

1 n(p||Fzl +0)*  n(p||Fzl +0)?
< Z

<3y (HelEzlral , nelt

=1 j=1

AN
N

_ k(| Fz| + o)
2

which is exactly the claimed.

Lemma D.7. Forany k,¢ € {0,1,...,2n}, it holds that

X

.

— - 8

30
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Proof. Expanding the product in the left hand side of (59) and applying (58), we get

k 14 k 4 k 4
(Zz) DS =E DY mim | =)0 E[NE

i=1 j=1 i=1 j=1
k

~

ijn(p IIFZOH +0)?

IN

15=1
k(k + 10+ n(p || Fzo|| +0)?
8

-
Il

<.

O

IN

D.2 UPPER BOUNDS OF THE WITHIN-EPOCH ERRORS

The full proof of Theorem 6.1 is quite long and technical, so we divide it into several parts. First we
show that (19) and (20) holds with @ = 3 when SEG-FFA is in use. Then we show that Theorem 6.1
also holds for SEG-FF in Appendix D.2.3, and for SEG-RR in Appendix D.2.4.

D.2.1 PROOF OF EQUATION (19) FOR SEG-FFA

In this section we prove the following.

Theorem D.8. Say we use SEG-FFA. Then, as long as the stepsize used in an epoch satisfies
n < i it holds that

|| < 7*n®CiallFzol + n*n®Dia ||onH2 +13n3Via (60)
for constants

2e 6 + €2
= 1+ = 1 61
Cia (2(+3)+ 3 +5p>7 (61)

83  24et 243
Dip=M| — 27e 62
1A (4+5+p(16+ )) (62)

24

Via = Mo? <163 + 27e4> +15L%. (63)

We first list the intermediate results. The actual proof of Theorem D.8 is in page 37, at the end of
this section.

Proposition D.9. For using SEG-FFA, the within-epoch update z* (12) satisfies
20 =z — nnF(zg —nnFzy) + 1

where we denote

r=nnF(zyg — nnFz) — nnFzo + n*n*DF(z)Fz (64a)
2n—1
~ 23" (Fiw; — Fizo - DF;(x0)(w; — =) (64b)
7=0
,'72 2n—1
vy DF;(20)(Fjzj — Fjzo) (64c)
§=0
W 2n—1 j—1
+ 5 > DF(z0) Y | (Fiwi — Fyzo). (64d)

k=0

I
o

J

Proof. Setting o = n/2, # =, and @ = 1 in (13), we get

2n 1 2 2n—1 2
1
2t =2y — 2 Z Fjz —|— Z DF;(z0)Fjzo + ? Z DF;(z0)Fyzo + F€m (65)
j=0 j=0 0<k<j<2n-1
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where €9y, 1s defined as in (34). Recall that F; = F5,,_1_; foralli = 0,1,...,2n—1, and moreover,
> 'F, = 22" ' F; = nF. Thus, the first sum in the above is equal to 2an0, and the second
sum is equal to 2 Z" 1 DF;(z9)F,zo. For the last sum, observe that

Y., DFj(z0)Fwz0= Y, DFy(z)Fwzo+ Y,  DFj(z)Fyz
0<k<j<2n—1 0<k<j<n-—1 n<k<j<2n-1
+ Z DFj(Zo)FkZQ
0<k<n—1
n<j<2n-—1
= Z DFj(Zo)FkZ() + Z DFj(Zo)FkZO
0<k<j<n—1 n—1>k>3>0
+ Z DFj(Zo)FkZO
0<k<n-—1
n—12520
n—1
= 2ZDFj(z0)sz0 + Z DFj(2)F;z.
k#j Jj=0

Hence, (65) is equivalent to
772 n—1 2 1
=z = Fz + ) Y DF;j(z0)Fjzo + j Z DFj(z0)Fizo + €20
j=0 0<k<j<2n-—1

n—1

=zyg—mFzqg+n Z DF;j(z0)Fjzo +1 ZDF (z0) Frzo —|—
j=0 k#j

2¢

fzo—m]FszLn? ZDFj(zO) ZFzO +§62n

1
= 29 — nnFzo 4+ n*n’DF(z))Fz + S €2n-

Observing that the terms (64b), (64c), and (64d) add up to %ng completes the proof. O

Proposition D.10. Suppose that n < =, and let v := 1 + ﬁ Then the noise term satisfies the
bound

2 4 2
oo (303252

16ve*
+17°nP M | Fz|? ( + 4t + 5 )

37]3M ) ) G 4 2n—2
-+ 3 \Ifgn + (21/ — ].) \Ilgn_l + Z j\I’

372 BL2? LB

nL*(v + 1) L?*2(1 + nLe?) Ly

_5_74 Yon_1 + 5 EIE—l— 21271— —1)Xk_1.
j

Proof. We bound each line in equation (64). For (64a), we use Lemma B.6 to get

M
HnnF(zo —nnFzy) —nnFzy + n2n2DF(z0)Fz0|| < — nn ||—m7Fz0||

n3n3 M
= L | F=|*.

32



Under review as a conference paper at ICLR 2024

In bounding the remaining three lines we repeatedly use the bounds obtained in Proposition D.2.
We will also use the following bounds, which follows from (35), (37), and Young’s inequality:

n n n
[wo — 20| = B g1l < 5 [[F=zoll + 501

2 2 2
2 _ N 2 _ 7N 2, N 2
— = — < —||F —01.
lwo = 2ol = - 191" < 5 [|F=oll” + <01
For (64b), observe that Lemma B.6 gives us
M 2
1Ejw; — Fjzo — DFj(z0)(w; — 20)|| < <~ |[w; — 2oll”

Thus, by using the bound obtained in Proposition D.2, we get

2n—1

—g (Fjwj — Fjzo — DFj(z0)(w; — Zo))
j=0
n 2n—1
<3 > IFjw; — Fjzo — DF;(z0)(w; — 20) |
j=0
2n—1
nM 2
ST Z lw; — 2o
j=0
2n—1 20 2 2(9,,2 2,2 2.6 4 200
nM 3G+ 17 372w —1)%7  ntteti(G—1)7(25 - 1) 2
— F
42( IR —— 3 |F2|
2n—1 2 2(9,,2 2 2.6 4(;
nM 3 o 32t —1)7 o Optlet(j — 1)
> (2% R A
M
+ = lhwo — =
M n*n(1 + 2n)(1 + 4n) — 3n? n n?(2v% —1)%n(2n — 1)(4n — 1)
4 2 2
28et(n —1)(2n — 1)(32n% — 42n + 11
P = )= et
n
33 M 3P M (202 — 1)? 33 MvSet o
(Vs — 07) + qu%zfl tegr Z (J—1D¥,
j=1

nM (7’ 2 N
+ e (2 | Fzol|” + ?5%
16vet
<n*ndM (1/2 + (22 —1)% + ge ) | Fzol?

3> M 3P M (202 — 1)2
Uy + 2y,
8 2n 3 oan—1+ o2

33 MySet 227
. S

16ve?
<n*ndM (41/4 + 5 ) | Fzol|?

3P M

—+ \Ilgn + (21/2 — 1)2\:[/271,1 —+

n2
where along the derivation we used the inequality
VP (n—1)(2n — 1)(32n% — 42n + 11) < 64n*

which holds for all n > 1. From now on, we will keep on using similar techniques to reduce the
exponents of v, without explicitly stating the inequalities used, but recovering the inequalities that
are used should be clear from context.
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For (64c), we use L-smoothness of F;, and also the fact that it implies | DF}(zo)|| < L, to get

2 2n—1
n
T O DF;(20)(Fy2; — Fyz0)
j=0
772 2n—1
< > IDF;(20)|| |Fjz; — Fjzol|
§=0
279 2n—1
n°L
) PR
§=0

IN

2n
j=1

S f—

2nv2e?(n —1)(2n — 1) 1 F |
3 0

372 473,22 2N
n°L°v n*L°v-e
+ 1 Yon_1+ a1 Z i1
j=1
30212 962 312y 473,22 2n—2
< T (14 5 ) sl + T + TR

j=1

By the same logic, each summand in (64d) with 57 > 0 can be bounded as

j—1
||DFj(Zo) Z(kak — Fy20)
k=0

j—1
< ||DF;j(z0)|1 Y | Frwi — Fiezol|
k=0

< L* (L I1F=oll + 10:)

j—1

3e2k(k —1
+L2zg (1 otk + ”7(1)) | Fzo||
k=1

& n(2v? — 1)
+L? Z (25k+1 + #51@ + UZLV3€22k1>
k=1

nL? nL? (. 2. v3e2j(j —1)(j — 2)
1 F o)+ = (-1 -1
5 ([[Fzo + 61) + 5 7 + v —1)+ ™
L2 L2(202 — 1 il
+ UT(EJ‘ —01) + %Zj—l + 772L3V362 Z Yot
k=1
nk? [ . viej(j —1)(j — 2)
il -1 F
5 (3403 - 1+ LU |7
L2 L2(202 — 1 !
+772 Zj+77 ( ’; )Ej—1+772L3V3€222k—17
k=1

34
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) | F 2ol



Under review as a conference paper at ICLR 2024

and when j = 0 the sum with respect to k¥ becomes an empty sum. Thus, (64d) in total satisfies the
bound

2271 1 -1

Z DF;(z Z(kak — Fiz)

J
k=0
-1

DF}(z Z(kak—szo)
k=0

2277,1

773L2 2n—1

ve?j(j —1)(j —
D (j+v2j<j—1>+ =2 )

IA

IN

Jj=1

2207l (2 L2(20% — 1 =
+ 12 Z (7722j+77 ( . )Ej71+772L3V362ZEk71
j=1

_ PL2 (n(2n 4 4v2n(n —1)(2n — 1) N vie*(n —1)(2n —1)(2n — 3)) | Fz

3 3

3L2 2n—1 3L2 277, 1 4L3 3 22n 17

+ w4 2 T ZEH+ ZZEM

j=1 Jj=1 k=1
372 3 2,3
n°L 5 4n 2e“n
— F
(v 5+ 255 ) Il
7]3L2(2V2—1) 2n—2 4L3 3 2 2n—2 2n-—1

DL D T

k=1 j=k+1

IN

3792 2n—1
n°L

+ St Yom e
j=1

j=1

4 2
< PndL2 V3+€) | F

372 3 2 2 2n—2 4 3,,3,22n-2
n°L Ly n Levie”
+ 4 Egn 1+ E Z kE_l (277, —k— 1)Zk,1.

Simply collecting all the inequalities and rearranging the terms leads to the claimed bound. O

Before we proceed, let us write

X = ’78 Uon + (202 — 1)2Tg_y + Z 595 |, (66)

SL2(v+1
T4y

77:;[121/2(1 +77L62) RZ— 774L3Z/3€2 2n—2
4 2 r

i+ — 2n — k —1)X—
— J 2 ;( ) k—1

X2 =
(67)

so that the bound on ||7|| obtained in Proposition D.10 can be written as

1 2 4 2
|r|| < nPnL? ||Fz0||( (1+§) N u;re >

16ve? (68)
5

+17°n® M || Fzol? ( +4vt +

+ X1+ Xo.
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Theorem D.11. Suppose that ) < =, and let v := 1 + 5. Then the noise term deterministically
satisfies the bound

1 2e 4y + €2
7| < nPn3L? || Fz| ( (1 + 3) +——+ 10V,0)
16ve
5

+n3n3Mo? (31/ + 8u3e4) + 10vn®n3 L.

4
+ %0 M | Fz|? ( R e (3u4+81/364)>

Proof. From (38), (39), and Lemma D.4, it holds that

< jn(p|Fzoll + o), (69)

Il
NS
&

s
Il
—

X

87 < jn*(p||Fzoll +0)*. (70)

Il
VM“'

I
—

W,

Plugging the bound for ¥; into (66) we get

3 3M ) 2n—2 ‘
X < ”T 20%(p | Fzoll +0)* + (2 = 1)*@2n — 1 (p||Fzo | +0)* + 4 3~ (0| Fzol| + 0)?
j=1
415
< (2n® + (202 — 1)*(2n — 1)n?) (p|Fzo| + 0)* +

(n— 1)(2n — 1)(n — 3)(p | Fzo]| + a>2)

3773M 3203etn3
< ' (| Foll + o) + = (o | ol + 0)?
3 SM F 2
_nn (p||Fzo + o) (3V4—|-81/364).
2
By Young’s inequality, it holds that
Fzy|| + 0)?
(p” (;” ) < P2 ||FZ0H2+O'2,

from which we get
X1 <iPnPMp?||[Fzo|” (30 + 80%e) +nPn®Mo? (304 + 8v°et). (71)
Meanwhile, plugging the bound for 3, into (67) we get

SL2(v +1 3I22(1 + Le 2
X < TV (o Pz + o) + T S G 2+ o)
Jj=1
473,302 2n—2
+ == > @n— k= 1)(k = Dn(p||Fzol| +0)
k=1
SL2(v+1 31202(1 4+ nLe?
= PPV (o P20l + o) + TEEEED (1) o 1o P + o)
4L3 3,2
+ 128 (L34 110 — 1202 + 4n®) n(p||F 20| + 0)

6

< 32 2 2y,.3 277L€2
<n n”(p||Fzoll + o) + (1 +nLle”)n”(p || Fzol| + o) +

n (o | Fzo +o>)

3,372 1 e? | 2¢?
SnnL(pHFZQ||+O') +1+*+?
where in the last line we used that n < i Because the inequality
1 2 2e?
S rl+ ST <o
n n 3
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holds for all n > 1, continuing from above we obtain
Xy < 10vm®*n3L2(p || F2o| + o)
< 10vn*n®L%p || F 2ol + 10vn*n®L%0.
Rearranging (68) with applying the bounds (71) and (72) gives us the claimed result. O

(72)

Proof of Theorem D.8. As n > 1, we notice that 1/n < 1 and v < 3/2. Then the bound (60) is
immediate from Theorem D.11. O]

D.2.2 PROOF OF EQUATION (20) FOR SEG-FFA

In this section, we prove the following.

Theorem D.12. Say we use SEG-FFA. Then, as long as the stepsize used in an epoch satisfies
n < ;4. it holds that

E [||r||2 ‘ zo} < 1918Cion || F20||* + %S Doa | F 20|t + 7°1°Vaa (73)
for constants

1 2 2 2\ 2

Copmalt [ (L (14 22) 4 852} Jsp2et ) (74)
2 3 3
83 24et\? 243 2

Dop=4AM? | [ = + = 22 4 276t 75
243 2

Vop = 4M?c* (16 + 2764) + 144¢e*L4o2. (76)

Proof. As n > 1, we notice that 1/n < 1 and v < 3/2. The bound is then immediate from the
following Theorem D.13. O

Theorem D.13. Suppose that n < ﬁ andletv =1+ % Then, in expectation, the noise term
satisfies the bound

1 22\ dv+e2\?  36p2et
E[Ir?] 2] < 4n STt 1Pzl | (5 (145 ) + 255 ) + 22
2n 3 3 n

16vet\” N p* (3vt + 8u3e4)2
) n

1
+ 40 n® M || F zo|* <<2 + 4t 4
+ 4nSn® M3t (31/4 + 81/364)2 + 144e*n°nS Lo

Proof. Notice that, when conditioned on 2y, the only source of randomness included in V¥; is the
random permutation 7 selected for the epoch. Hence, we can use Lemma D.5 to get

J
20
i=1
Applying Young’s inequality on (68) we get

1 2¢2 4 2\ 2
71 < 4nPrSLY || Fo) ( (1 4 ) L vte )

E[\I/j|Z0]=E B

J . 2
] Y E[5 | z) < I FRl £ )",
i=1

2n 3 3
16vet ) 2 (77)

1
+ 4n°nS M? || Fzo||* (2 + 40t +
+4X7 +4X3.

When conditioned on 2, the first two lines are not random quantities. Thus, it suffices to derive the
bounds for E [X? | zo], i = 1,2.
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Recall that the bound (71) on X holds deterministically. Hence, it holds that
E[X7|z] <E {Xl (1]3713Mp2 | Fzo? (3v* + 8v%e*) + P’ Mo? (3v* + 81/364)) ‘ zo}
=n’n’M (3v* 4 &%) (p2 | Fzo|® + 02) E[X;|z0]-

Now, to compute E [ X | zo], we apply the linearity of expectation on (66) to get

3n°M 2 2 voet
E[X: |20] = =g | E[Wan | 20] + (20" = 1) E [Won 1 | 20] + ZJ]E [, | zo]
3P M 22 —1)2(2n — Dno? 40t =2 2n(p||[Fol| + o
< n n2(p||onH+U)2+( ) ( ) + > (/)” OH )
8 2 nt 2
3PM [ 2n% + (202 —1)2(2n — 1)n 2084 (n — 1)(2n — 1)(4n — 3)(p || F 2o + o)?
= (pI1Fz0ll +0)* +
8 2 3n
33 M 16v3e*n2(p || F
S L R .
3 2M F i
_ M Fz +0)? sy
4
Young’s inequality gives us the bound
Fz| +0)?
(p || (;” J) S p2 HFZ0||2 + 0_2 (78)
which, with the inequality derived above, leads to
3 2M
E[X:| 2] < T2 (30 4+ 8% (02 1Pzl +02) .
As a consequence, with using Young’s inequality once again, we obtain
6 5M2 2
B[X?] 20] < T2 (30t + 805!’ (07 | Fao* + )
2 , (79)
< n®n®M? (3v* + 81ve?) <p4 | Fzo|* + 04) .
To get the bound of E [X 2 | zo], we begin by using
1\’ 2n—k—1
nLv*(2n —k —1) < <1—|—> i
2n n
k kk 1 1 1
- LT 42<2
4n3 n2 n 4nd  2n? + n tas 4
which holds for all 1 < k < 2n — 2, to (67) to obtain
372 n3L202( n3L23¢e2 2n—2
n°L*(v +1) L*v 1+77Le Lz/e n—k—1
X2 < fzm—l Z X Z - Y-t
k=1
SL2(v + 1 3L221+ Le?) =2 &
< n (4 )2%_1 ( Ui Z 5, P L%ve? Z Spo1
372 372,22 2n—2
P L*(v +1) T]LV(1+T]L€) L2
< St 5 L%ve? Z ¥
3L2 1 2n—2
< %2%—1 +3n°L%e? Z ;.
j=1
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Then we directly square both sides and expand them to get
2

3L2 2n—2
X3 < %’/)EMWM‘Q’LHZE
j=1
674 2 2n—2 674 2 2n—2
LY v +1)7 6rd 4 3L*e* (v + 1)
_TEQn_l—FgT]LB ZE +#§Zgn 12

Here, using Lemma D.6 and Lemma D.7 on the rlght hand side leads to

SL4(v 4+ 1)2n(2n — D2(p||Fzol| + )2 9n8L%e*n(2n — 2)2(2n — 1)2(p | Fzol| + 0)?
E[X§|zo}g77 ( ) n( )2 (p || Fzo| 4 o) L9 ( )% ( )2 (p | F 20|l 4 o)
32 8
3n°Lie(v + 1) Z jn(2n—1)(p||Fzol + 0)?
2 2
Jj=1
n°L* (v 4+ 1)*n(2n — 1)*(p || Fz|| + 0)* n 9n®Lre'n(2n —2)2(2n — 1)*(p | F 20| + 0)*
= 32 8
N 3L (v + Dn(n — 1)(2n — 1)2(p || F 20| + o)
4
n°L*'n3(p || Fz|| + 0)? n 9n°Lie'n(2n —2)*(2n — 1)*(p | F 20| + 0)?
= 2 8
+6n°L*e*n®(n — 1)(p | Fzo|| + 0)*
3 9etn(2n — 2)2(2n — 1)2
— LA | F 2ol + 0)? (”2 e 1>)

< 18e'°L'n’ (p | Fzo + o).

As a consequence, with using (78) once again, we obtain

E[X3] 20] < 360 L'n° (p* | Fo|* +0?) . (80)
Taking the conditional expectation on (77), applying the bounds (79) and (80), and then rearranging
the terms leads to the claimed inequality. O

D.2.3 UPPER BOUNDS OF THE WITHIN-EPOCH ERRORS FOR SEG-FF

Theorem D.14. Say we use SEG-FF with « = 8 = n/2. Then, as long as the stepsize used in an
epoch satisfies n < it holds that

Ir| < n*n*Cie || Fzoll + n*n® D[ Fzo||* + n’n*Vie
B {HTH2 ‘ zo} < n'n*Cor | Faol” + n'n' Do || Fzo||* + n'n’Ver

for constants C1r, D1g, Vir, Cof, D2, and Vo to be determined later in (83) and (84).

nL’

Proof. As we have discussed in Section 5.1, we already know that aiming to achieve O(n?®) error
without anchoring is futile. Instead, we show that error of magnitude O(n?) is possible with the
chosen stepsizes.

By Proposition C.2 and Lemma C.4 we have For any ¢ = 0,1, ..., N, it holds that

2n 1 2 2n—1 2
=2zp)— = Z T 20 + Z DT ZQ)T 20 + 1 Z DJ-']‘(ZQ)TkZO + €2p,
j=0 0<k<j<2n-—1

_ n .
=20—"N Z F‘jZo + Z Z() F zo + ZDFJ'(Z())FZ‘ZO + €2,
j= Jj=1 i#]
2 n
= 2o — mmFzy + n*n*DF(20)Fzo — ' 3" DFj(20)Fjzo — - ZDF (20)Fizo + €2
Jj=1 i#]
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where we denote

2n—1
€op ‘= — g (Fjwj — FjZO — DFj(Zo)(wj — Z()))
i=
772 2n—1 2 2n—1 j—l (81)
+ DF;(2)(Fjz; — Fjzo) + = Z DFj(z0)Y (Fywy, — Fyzo).
7=0 j=0 k=0

Comparing z»,, to a point that would have been the result of a deterministic EG update with step-
size nn we get

zon — (20 — MF (29 — nFzy)) = nnF(zo - nano) —mmFzy+ n°n?DF(z0)Fzy + €3,
ZDF (20)F; 20 — U ZDF (20)F; zo.

i#]
Let us define

7= mF (2o — mmFzy) — mnFzo + n*n*DF(z9)Fzo + €2,,. (82)

Noticing the resemblence between (64) and the equations in (81) and (82), we can repeat the same
reasoning used for Theorem D.8 and Theorem D.12, but with replacing the bounds given by Propo-
sition D.2 to those in Proposition D.3 (and plugging in 7/2 in place of 7 in the statement of Proposi-
tion D.3) to conclude that

17| < 7*nCia || F 2ol + 1°n® Dia [|F2o||* + 17°n® Vi
E [||f||2 \ zO} < n°n8Coa | Fzo||* + n°n® Doa | Fzo||* + 7°n°Voa

for some constants C’1 A, D1 A, ‘71A, C’gA, l~)2A, and ‘N/gA. Meanwhile, we also have

2 n
nz Z DF;j(z)F;z + L ZDF (z0)Fizo

j=1 i#]
— 7722”2 DF(z)Fz — ”ZQ Zl DFj(z0)Fjzo
,,,]2n2 ],'72 n
< DR [ Fal + L 3D IDF ol [F 0
=1
< Rzl + S L (1B 20— Faol + o)
< WL
< o )L [ Fzo + Li [ Fjz0 — Fzo|
2 1
- 1/2 n 1/2
<L Bzl + TE (S Bz - Pl (S0
2 2

’17 nlL
= P’ L [Pzl + L2 (o | Foll + o)

where in the second to the last line we used the Cauchy-Schwarz inequality. Therefore, as ) < /nrL,
we conclude that

1220 — (20 — nnF (20 — mF20))|| < 1*n*Cie [|F 20l + 7°n* Die | Fz0” + n*n*Var

for constants

L C D oL V;
Ce=L+22 4= D=2 = 1A

4 L L T4 "L 83)
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Moreover, using Young’s inequality, we see that
2

2 n 2
% ZDFj(Zo)FjZQ + % ZD-Fj(ZO)-FizO
j=1 i
3n4n2L2

3ntn2L? 2
16

< 3n'n'L?||Fz|” + T ,

p? | Faol” +
so we also conclude that
E |||zon — (z0 — qmnF (2o — 77an0))||2 ’ zo} < n*ntCyo ||on||2 +nnt Dor ||Fz0H4+774n3V2F
holds for constants
3p2L2 QCQA 2D1A 30’2L2 2V1A
Dor = = ) 84
3 7z 0 Der , Vor s T2 ( E])

Co = 6L2% +

D.2.4 UPPER BOUNDS OF THE WITHIN-EPOCH ERRORS FOR SEG-RR

Theorem D.15. Say we use SEG-RR with « = 8 = 1. Then, as long as the stepsize used in an
epoch satisfies 1 < -1, it holds that

nlL’
lrll < 7*n*Cig | F2oll +1°n° Din | Fzo|” +n*n®Vin
E[llrl*| 20] < n'n’Conl|F20|> + ' Dan | F2o* + 10V
for constants Cy1gp, D1g, V1g, Con, D2, and Vog to be determined later in (88) and (89).
Proof. As we have discussed in Section 5.1, we already know that aiming to achieve O(n?) error

with only using random reshuffling is futile. Instead, we show that error of magnitude O(n?) is
possible with the chosen stepsizes.

By Proposition C.2 and Lemma C.4 we have For any ¢ = 0, 1,..., N, it holds that

n—1 n—1
zn=z0-nY Fjzo+1° Y DFj(20)Fjzo+n" Y,  DFj(z0)Fiz0+e€n
j=0 j=0 0<k<j<n—1
_ 2,2 2
=zo—nmFzo+n*n"DF(z0)Fzy — 1 Z DF;j(z0)Frzo + €,

0<j<k<n—1
where we denote

n—1
€n =—1 Z(Fjwj — Fjzo — DFj(z0)(w; — Zo))

=0 85
n—1 n—1 7j—1 ( )
+0° Y DFj(20)(Fjz; — Fyzo) +n° ) DFj(z0) Y _(Frwy, — Fi.z0).
=0 j=0 k=0

Comparing z,, to a point that would have been the result of a deterministic EG update with step-
size mn we get
2n — (20 — MF (2o — mFz0)) = mnF (29 — mmFzy) — mFzo + n*n’DF(z)Fzy + €,
—7]2 Z DFj(ZO)szO-
0<j<k<n—1

Let us define

7= nF (2o —mmFzy) — mFzo +n*n>DF(z0)Fz + €,. (86)
Comparing the sums (64b)—(64d) to (85), we can repeat the same reasoning used for Theorem D.8

and Theorem D.12, but with replacing the bounds given by Proposition D.2 to those in Proposi-
tion D.3, to conclude that

17]] < n*n®Cia | F 2ol + n°n’Dia HFZO||2 +n*n®Via
E [||f||2 \ zo} < 1005 Con | Fzo|* + n°n® Dan | Fzo|* + n°n° Voa
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for some constants Cya, D1a, Via, Coa, Doa, and Voa. Meanwhile, we also have

n—1
Z DFj(Zo)FkZO = Z DFj(ZQ)(TLFZQ — gj+1)
0<j<k<n—1 j—O
n—1
= Z —j—1)DFj(z0)Fz — Z DF;(z0)(gj+1 — (j +1)Fz)
7=0
which leads to
n—1 n—1
S DE(0)Fex| < S n—j— VLIIFz| + LY 61
0<j<k<n—1 7=0 7=0 (87)
2L n—1
< TPzl + LY 6.
7=0
Therefore, from 7 < !/nz and Lemma D.4, on one hand we obtain
20 — (20 — M F (20 — mF20))|| < 7*n2Cir | F 20| + n°n’Dig | F2o| + 1°n?Vir
for constants . .
L C D V;
Cir=2+pL+ 22, Dir="2 Vig=0oL+ 2 (88)

2 L’
On the other hand, applying Young’s inequality on (87) we get

2 2
n—1
> DFj(z0)Fezo|| <n*L?|Fzol® +2L% ) 6,1
0<j<k<n—1 §=0

<n'L?||Fz|* +2nL* ) 62,
j=1

Taking the expectation conditioned on 2z and applying Lemma D.5, we conclude that
E |||z2n — (20 — nnF (20 — nnF z))||” ’ Zo} < n'n*Cam || Fzol|* +n*n* Dar | Fzo| " +n"n’ Var

holds for constants

Cor = 2L% + 4p°L* +

E CONVERGENCE BOUNDS IN THE STRONGLY MONOTONE SETTING

In this section, we provide further details for Theorem 6.2. The precise statement of Theorem 6.2 is
presented as Theorem E.4. As we are now interested in the iterates {z§ } x>0, we omit the subscript
0 unless necessary, and simply write z* instead of z§.

For any of SEG-RR, SEG-FF, and SEG-FFA, we can decompose the update across the epoch into
a deterministic EG update plus a noise. More precisely, letting wf = 2" — nynF 2", we define F*

by the relation nynF* = nenFw} + r* so that

k+1

M= 2k o nFF. (90)

Proposition E.1. Let F' be p-strongly monotone. Then, for any ny, > 0, it holds that

nin’ (1 - %umn — (1 + ;unkn) 772”2132) |F=" ||
©n
2 H k+1 *

g@-éwm)whﬁ*__z P g
[y
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Proof. From (90), using Lemma B.7 we get
244 = 2| = |2 — 2| — 2 (men ¥, 25 — =)+ [en |
— ||2% — 2*||” = 2mn (Fwk, wh — 2*) — 2m2n? (Fuwk, F2*)
-2 <rk,zk —2")+ annﬁkHQ
<[l == — pmn [ — = 2nn® (Fuk, P2
BTG ey e
Meanwhile, using the polarization identity (Lemma B.1) and the L-smoothness of F' we get
2 (Fuf, F2¥) = |[Fut — B2~ [Fwf ] - | F2)
< L [fuwf — 2*|" — |[Fuf|” — || P2
< (12 [P~ k]
Combining the two inequalities and using the definition of F we obtain

2550 = 2" < (1 — ) ||z — 27| = ngn?(1 — in?L?) | F2*|” - nin? | Fuwl|

-2 <rk, zF — z*> + ananff + rkHQ + 2umin? HszH2
< (1= ) |25 = 2 ||* = e (1 = 2pumin — nEn?L2) | P2

-2 <rk, 2k — z*) +2 <rk,nkan]’f> + HrkH2
< (1= ) ||2* = 2*||* = itn? (1 = 2umen — nin2L2) | P24

-2 <rk, 2k — 77knF'w{LC —z")+ HrkH2 .
Let us consider the inner product term in the last line above. By Lemma B.2 and the nonexpansive-
ness of the EG update (Lemma B.8), for any 5 > 0 we have
|2

-2 <rk,zk — 77knF'wiLC — z*> < % HT’“Hz + Y& sz — nkanff —2z*

1
< 2t = 2 (0 2 [
Plugging this back we get

men® (1 + i — 2umn — (1+ v )minL?) ||F2* |
k %12 k41 %12 1 k2 (92)
< (Ut = ) = 2 = = (1 )
Choosing y;, = L= completes the proof. O

Proposition E.2. Let F' be a p-strongly monotone and L-Lipschitz operator. Then, whenever

N < #\/ﬁ’ it holds that

pnn
[P < (1= ) [ Lo

Proof. Let z{ ™' = zF — mnF (2" — qunF2"), so that we have sz“ - z]’f“H = ||*]|. Then,
the L-smoothness of F' and Lemma B.9 implies

st < st s

s ot - et
- T

1/2
<pfeff+ (1= 220) 7 rat)

g
<L+ (1= B |
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where in the last line we apply a simple inequality 1 —2z < (1 —2)? which holds forallz € R. [
Lemma E.3. Let Q == |[Fz°

, and suppose that (19) holds. Given a constant b > 1/a and the

number of epochs K, say we use constant stepsize n = 7% where w is a constant such that
w < %ﬁ and
w* M (Cr+ Dy (Q+wLVy)) < % (93)
where k = L/, denotes the condition number. Then for any k = 0,1, ..., K, it holds that
||sz|| < Q4+ wLV;. (94)

Proof. We show a stronger statement that

k
2 0
B2t < [P0+ iva - )
holds for all £ = 0,1, ..., K, by induction on k. For k = 0 there is nothing to show. Let us use
induction on k, and to this end, suppose that (95) holds for some k£ > 0. Then, with noting that (95)
implies (94), by Proposition E.2 and (19) we have

HszHH < (1 _ %) HszH +ninL ((11 HszH + Dy HszH2 +V1>

KNk 96)
< (1 — BB 4 jin® LOy + i LDy (@ + w0 LV5 )) | F2%|| + ngnt LVA.
Here, observe that if w satisfies (93) then
nLw?!
nen®LCy + nin®LDq (Q +w®LVy) < n‘ka(Tn (C1+ Dy (Q+wLVY))
_menl 97)
~ 5rKbla—1)
< PiEn
-5

where the last line follows from b(a — 1) > 0 and k = L/,. Therefore, combining (96) and (97) and
then invoking the induction hypothesis (95) leads to

|2 < (| F="| + i LV

_ & weLV;
= [F="+ =
k+1
0
S HFZ H +UJQL‘/1 . W.
That is, (95) also holds for k£ + 1, so we are done. O
Theorem E.4 (Theorem 6.2). Let 2 := HFzO , and suppose that both (19) and (20) hold. Given
a constant b € (Y/a, 1) and the number of epochs K, say we use constant stepsize Ny = 1 = —
. 1
where w is a constant such that w < V5 and
1
W H(Cr + Dy (2 W LVY)) < .
Furthermore, for a constant
@ :=Co+ D2 (Q +w*LVy)?,
suppose that w is chosen sufficiently small so that the constant stepsize 1 further satisfies
3 1 2a—3 20,73@ 2
St (14 Lugn ) p2rz 4 0@ ) (98)
2 2 n
Then for e = 1 — b, it holds that
K _x|2 pwK® 0 2 1
E|:HZ — Z :| §exp (—2> HZ —zZ +O W . (99)
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Proof. From (20) and Lemma E.3 it follows that
E[lIr|? | 2] < men®Co | F2*|* + nten® Dz || F2H|" + nien® v
< men2eCy HszH? 229Dy (9 + w“ZLV1)2 HFZkH? + n2an2ely,
= 202 ||F2* || 4 nfon?= Vs,

Thus, taking the conditional expectation on (91) we get

n,%n2 (1 — gw]kn — (1 + ;unkn> nin2L2) ||szH2

1
< (1 - 2unkn> 2% — =~

|
2+ pmgn (nia—1n2a—1¢ HszHQ n nia—1n2a—2vz> .

*_E [szH —z"

+

Rearranging the terms, we further get

771%&_37’2&_3@(2 + Wlkn)) HszHZ

3 1
nﬁnz (1 = MR = <1 + Q;Lnkn) n,%n2L2 — p

2a—1, 2a—2
< (1= gomn) 124 = | B[40 = 2| [ 4] 4 Tt ),

‘zk} +
(100)

Because 7, = 7, by assuming (98), we can guarantee that the left hand side of (100) is nonnegative,
so we obtain

E [sz“ -z

1 2a—1 2a—2V 9
RE (1_ 2Mnk”) % — || 4 T Ve@t pmen)
1

Applying the law of total expectation, and using the simple identity 1 — x < e~* which holds for
all z € R, from the above we get

2a—1 2a72v )

AsnpnL < 1and k = L/u, we have L(2 + pnin) < 2uk + p, so (101) in turn implies

2 N2 252k + 1)
+ i .

E sz-‘rl — ¥ 2 < e_%unknE sz' — ¥

E Hz’”‘l — 2| < e~ HMIN sz — z*|

Noting that eI < simply unravelling this recurrence leads to

E [HZK — 2"

2 n K—1
} < e k=0 M |2° — 2*

K-1 2a-1_24a-2
2 Ny n Vo(2k+ 1)

(102)
2 w1, (2k + 1)
InKb2a-1)-1

Now, for the first term to get smaller as the choice of the number of epochs K gets larger, we want
1 —5b> 0. Choosing b =1 — ¢, we get

2 pwICE *||2 1
}Sexp (—2) [EE +(9<nK2a_2_(2a_1>5)

as claimed. O

1—-b
S

<e z fz*H

B [Je" - =

F CONVERGENCE RATE OF SEG-FFA IN THE MONOTONE SETTING

In this section, we consider SEG-FFA. As in the previous section, we decompose the update across
the epoch into a deterministic EG update plus a noise, as

'wf = zF — ppnFz",

—~ (103)
2H = 28 —
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for F* defined by the equation

nknﬁk = nknF'w]’f +rk. (104)
Lemma F.1. Let u be any point in R4+ Then, for any ny, > 0 and ~y;, > 0, it holds that
2 (Fu,wf — ) < 12—l — —— |4~ uf
T (105)
(1=t 1) [P H I

Proof. By (103) and (104) we get
. 2
|25+ — uH2 _ sz — enF* — uH

= [l —uf* 2 (nenF*, 2 — u) + [men B

= || —ul* 2 (e, wh — ) 2 (pnFub, 2 —w) —2(r*, 2 —w)
+ [menFuot | +2 (et mn k) + 4]

= [|=* — ull” — 2en (P, wh — ) — 2 (menFuwf, pnF =)
+ menFuof | — 2% 2 — ot — )+ [

= [|=* | — 2men (Feoh, wof —w) — 25n® (Fuot, F2")
R L

We now bound the inner products. On one hand, by the polarization identity (Lemma B.1) and the
L-smoothness of f, we have

“2(Put, P2t = [ Fut - P~ |[Fuf|” - Pt
< | =menF 2| — | Fok|” — | P24
= —(U =’ L?) | P2 — || Pk,
On the other hand, by the weighted AM-GM inequality (Lemma B.2), for any number a;, € (0, 1) it
holds that 1
2 2
N L Y s
Using these two bounds, we get

2440wl < |~ wl’ — 2men (Fuof,wf — ) — a1~ gins) | P2

o [Pt [Pt 50 (1) o

Choosing aj =

1+
2pn (Fuof,wf — ) < |2+ —u\f e A
P - 1+
(106)
=t (L= L) | P2+ H “I°.
As the monotonicity of F' implies
<waf,w1’? - u> > <Fu7wfrC — u>,

plugging this to (106) gives us the claimed inequality. O

Now we show that choosing the appropriate stepsizes leads to HFZkH being bounded uniformly
over k.
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Proposition F.2. Say we are using SEG-FFA. Let the sequence of stepsizes {ni } k>0 be nonincreas-
ing, with

S = ann?’ﬁ < 0. (107)
k=0

Suppose that initial stepsize ng is chosen sufficiently small so that

i

L3 L

N 3nonC3, n 3nonD3, S (Hzo o -

2
2+65V’A> <1 (108)
for constants C1a, D14, and V14 defined in (61)—(63). Then for all k > 0,

2 6SVH
+ oA, (109)

IFa < ez (120 - 2

Proof. We use induction on k, to establish a stronger inequality

2
= 2 < e (2 - o)+ SR (10)

To see that (110) indeed implies (109), notice that by the L-smoothness of f it holds that
[P = | P2t — 2| < 22 |2 — =

For the case when k£ = 0, as .S > 0, it is clear that (110) holds. Now suppose that (110) holds for
some k > 0. Applying Young’s inequality on (19) leads to

7 1* < 3nn® (Ca || F 24" + Dia[| P2 + Vi) -
above, we obtain

Taking w = z* in (105) and then using the bound on Hrk H2

4,412 4,412
it (1= oz — G ST k) sk

Yk Yk
(111)
k_ x|2 L Rl 2 Smen®Via
<2t = 2| = |ert Py 2 Vi
14+ Yk

Choose v = npn3L3. Notice that (108) implies nonL < 1, henceforth i, < 1y < 1/nL. This, with
the induction hypothesis (109), implies

77;%”2/32 + 377%”4012A + 377%”4D12A HFZkHQ

Vi Vi
= ez iy 0D ot
< n2n?I2 + 3770;3012A n 3HOZ£12A HszH2
< ngnQLQ + 3770213012A + 3770;??12A . eST2 <Hzo — | + 65;212/\)
<1

That is, the left hand side of (111) becomes nonnegative. Then it is immediate from (111) that

sz+1 P < (14 74) sz —z*| 2, 3npn® (1 4+ ) Via
- Vi
6 3 3v2
< (L mn® L) || — 27|+ PR,
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Using Lemma B.10 to unravel this recurrence relation, we obtain

k

k 3,.31/2
6n;n°V,
K+l x||2 3,373 0«2 T ViA
12t =2 < ( TL (1 mfn?) ) (]2 == + I
=0 =0
< eXjmomn’L? 20 — 2 6V1A Zns 313
S 0 P 6SV}A
SeOsz+ e
which shows that (110) also holds when £ is replaced by k + 1. This completes the proof. [
Theorem F.3 (Formal version of Theorem 5.4). Suppose that we are using SEG-FFA with ny, =
3
% fork =0,1,..., where, for S := > nin®L?, the initial stepsize 1 is chosen
so that ) ) )
3nonC 3nonD L2 65V
nSnQLQ n 770L3 1A 4 770L 1A | oS (HZO _ | + L61A) <1 (112)

for constants C'1a, D1a, and V14 defined in (61)—(63), and there exists a positive constant A > (
such that

B +

L3+ L

TLC TZD %112 GSVQ
nonCza 1o 2A-€S<HZO—Z _|_LG’A)§1—)\ (113)

or constants Coa, Dza, and Vaa defined in (74)—(76). Then for A = e=3/%({/2log 2)? it holds
fe g

that
~ 2 < Ooa( +3) (120 = ="+
k:ggl,?.,K]EHFZ "< (K +3)173 ’ Amen? . (114)

Proof. As the sequence of stepsizes {7 } x>0 is nonincreasing and (112) asserts that o < 1/nL, we
can use the bounds established in Theorem D.8 and Theorem D.12. Also, the premises required for
Proposition F.2 are also satisfied, so the bound (109) holds.

Taking u = z* and vy, = n3n3L3 in (105), with using (73) and (113), we obtain
0 = 2mkn <Fz*7w]{C —z")

<l == - B[l = 2] - e = aet2?) P+ )] 2
] el Case P

(L= L2) | P2 P+ Ly (i Con | P2 4 ot Don | P2 + tn?Von )
sw*wwﬁﬂj%EM%“ffWhﬂ

it (1= a7 — HCER DA ) |t 4. T
<t = 2~ B[ P[] - v e 4 T VoA,

By the law of total expectation, and that vy, = nin3L3 < 1, from the above we get

3,,2
(1+ ) AZn? E | F2*||* < (1 + ) E||zF — 27 E||z’€+1_z*||2+(1+7’%¢v2f\
3,,2
< (14 ) E||2% — 2*|° — B |25+t — o 4 20 Vor,

L3
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This recurrence can be unraveled using Lemma B.10, giving us

K
YU B P
k=0

K 0 2 & 213n2Voa
< H(1+’yk) |2° — =z*|| +ZT :

k=0 k=0

E HzK"'1 —z"

(115)

For the left hand side of (115), we have

K K
LS ) B[P 2 A e E || R
k=0 k=0

E HZK'H —z"

> A gmn |sz|| Zn

From Lemma B.11, we know that whenever K > 1,
K

K
1
E 2.2 2,203 2 §
NEn™ = Mn (\/ilog 2) 2/3 2
= = (k+2) /3(log(k + 2))

(K +3)'/°
(log(K + 3))?"

> ngn®(V21og2)? -

2(log 2)3

MeanWhﬂe, as T +—» W

is a decreasing function, we have

i 2(log 2)3 n 2(log 2)3 n /°° (log 2) e
e~ (k+2)(log(k + 2))* 3(log3)? Ji (z+2)(log(z+2))3
3 3
<14 2(log 2) (log 2) < 3
3(log3)? = (log3)2 2
and thus
log 2)3 3 3
S = 3 3L3 _ 3L3 ( 3L3 < Z
kZO” K1 o Z (k + 2)(log(k + 2))® = < g’ L? < 5.

Thus, for the right hand side of (115), it holds that

K K 3 92
(TTae) (1217 32 250 ) < o (o =
k=0 k=0

K
2 2’17]?;’112V2A
2T

k=0
a2 25Vop

< e (Hzo—z | + an )
<12, 3Voa

< o2 ([0 -+ 222).

Therefore, from (115) we get
(K +3)1/3 .
(log(K + 3))? k:(ﬂ{?,l{

Letting A = \e=3/ 2({/210g 2)? and simply rearranging the terms gives us the desired inequality.
O

2n%(V/21og2)? -

Rt < o (o - )+ 22,

G PROOF OF LOWER BOUNDS

G.1 PRrOOF oF SEG-US, SEG-RR AND SEG-FF DIVERGENCE

We prove the divergence of SEG-US, SEG-RR and SEG-FF in each proposition below, using the
same worst-case problem for n = 2. These constitute the proof of Theorem 4.2.
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Proposition G.1 (Part of Theorem 4.2). For n = 2, there exists a convex-concave minimax problem
flz,y) = % Zle fi(x,y) having a monotone F, consisting of L-smooth quadratic f;’s satisfying
Assumption 4 with (p,o) = (1,0) such that SEG-US diverges in expectation for any choice of
stepsizes {a }1>0 and {B; }i>0. That is, for all t > 0,

E(lzel’] > E[lz)?], E[IFzl?] > E [|F2)?].

Proof. We consider the case of

L, L L,

filz,y) = i + Y= 7Y
L L L

fa(z,y) = Z$2+§$y+zy2,

which result in a bilinear (and hence convex-concave) objective function
2

fla,y) = %Z filz,y) = gxy (116)
=1

One can quickly check from the definitions of the component functions f; and f, that the corre-
sponding saddle gradient operators are given as

Flz:[—L/z L/Q]L FQz:[L/2 L/z}% FZ:[ 0 L/ﬂZ

~L/2 L)2 “L/2 —L)2 L2 0
—_—— —_——
=A, =As

where z = (x,y) € R%. From the fact that || A;|| < L for all i’s, we can confirm that f;’s are indeed
L-smooth. As for Assumption 4, we can verify that

1< 12

2 2 2
52\\Fiszzll = =17 = (IF=])",
=1

thus proving that our example f indeed satisfies Assumption 4 with (p, o) = (1,0).

We now proceed to show that for this particular worst-case example f, SEG-US diverges in ex-
pectation. For ¢t > 0, the (¢ + 1)-th iteration of SEG-US starts at z;, and the algorithm uniformly
chooses an index i(t) from [n]. The algorithm then makes an update

Wy = z¢ — at-Fi(t)zh
zi11 = 2t — PeFypwe.
In our worst-case example f, the updates can be compactly written as
zip1 = (I = BiAi) + B AT ) 2.
Since we have n = 2, the update can be summarized as
— (I — A1 + uf3A2)z,  with probability 1/2,
ST\ (I - BrAs + a8 A2)z,  with probability 1/2.
By the definition of A; and A, and using A? = A2 = 0, we can verify that

14+ BeL _BL
Ni=1- BA; + AT = { 3,L> 1_ AR

2 2

NQ Z:I—BtAQ‘f'atBtA% = |: ﬂtL2 1+%L7L
2 2

1— BtL BtL :|

From this, we notice that the expectation of ||z;11||* conditional on z; reads

N/ N; + N, N.
E{”ZtJrle’Zt}:ZtT( - 12 : 2)Zt~
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Working out the calculations, we can check that

N'N; + NJ N,
5 =

2r2
14 8 0
prL?
0 1+

)

thus resulting in

2L2
E [||Zt+1|\2 ‘ Zt} = (1 + b ) [EAl

2
Since this holds for all ¢ > 0, SEG-US diverges in expectation, for any positive stepsizes {a }1>0
and {B;};>0. The statement on || F'z|| follows by realizing that | Fz|| = £ ||z||. O

Proposition G.2 (Part of Theorem 4.2). Forn = 2, there exists a convex-concave minimax problem
f(@,y) =3 Z?Zl fi(z,y) having a monotone F, consisting of L-smooth quadratic f;’s satisfying
Assumption 4 with (p,o) = (1,0) such that SEG-RR diverges in expectation for any choice of
stepsizes {ay >0 and {Bi }k>o. That is, for any k > 0,

B[] > £ [I=507]. E[IF=51) > 5 [P

Proof. The proof uses the same example as Proposition G.1, outlined in (116). We show that for
this particular worst-case example f, SEG-RR diverges in expectation. For k£ > 0, the (k + 1)-th
epoch of SEG-RR starts at zf, and the algorithm randomly chooses a permutation 73, : [n] — [n].
The algorithm then goes through a series of updates

k k k
w; =z — apFr i41)%]
k E k
ziv1 = 2 — B iryw;,
fori =0,...,n — 1. In our worst-case example f, the updates can be compactly written as

Zfﬂ = (I - BrAr (i41) + OékﬂkAik(iH))zﬁ

Since we have n = 2 and there are only two possible permutations, the updates over an epoch can
be summarized as
S gk (I — BrA;1 + B A?)(I — BrAs + arBrA3)zE  with probability 1/2,
0 (I — BrAs + B A3)(I — BrAy + arBrA2)zE  with probability 1/2.

n

By the definition of A; and A, and using A? = A2 = 0, we can verify that

2 2 1- B _gp - AL
M, = (I — BrAi + OlkﬁkAl)(I — BrAs + OékﬂkAQ): I E}ZCL2 B}ZCL22 , (117)
Ol — 5= 1—74
8212 B2L2
1 _ Bk — B L + BeL”
My = (I — BrAs + arfpA3) (I — BrAr + apfrAT) = Bl + fer2 Blk_ p21? ] - (118)
2 2

. . . 2 ..
From this, we notice that the expectation of Hzé“+1 H conditional on z(’f reads

T T
B (a1 ) = ()7 (PR ) .

Working out the calculations, we can check that

M, M, + M M,
2

— 474
0 14 2k

414
1+ 52 ]

thus resulting in

474
k102 | & By L k(2
E (|44 | =] = <1 + B ) 1251
Since this holds for all k£ > 0, SEG-RR diverges in expectation, for any positive stepsizes {c } x>0
and { By }x>0. The statement on || Fzf || follows by realizing that | Fz|| = % | z|. O
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Proposition G.3 (Part of Theorem 4.2). For n = 2, there exists a convex-concave minimax problem
flz,y) = % Zle fi(x,y) having a monotone F, consisting of L-smooth quadratic f;’s satisfy-
ing Assumption 4 with (p,o) = (1,0) such that SEG-FF diverges in expectation for any positive
stepsizes {ay >0 and {Bx }k>o. That is, for any k > 0,

El|l=1] > E(ll=1°] . E|I1F257] > E [|12=5]7] .
Proof. The proof uses the same example as Proposition G.1, outlined in (116). We prove that

SEG-FF also diverges for this f. For k > 0, the (k + 1)-th epoch of SEG-FF starts at 2%, and the
algorithm randomly chooses a permutation 7, : [n] — [n], as in the case of SEG-RR. The algorithm

then goes through a series of updates fori = 0,...,n — 1:
k k k
w; =z —apFy, i41)%]
k k k
Zit1 = 2 — BkFrk(iJrl)'wi ,

which are the same as SEG-RR; but then, it performs another series of n updates, in the reverse
order. Fori =n,...,2n —1,

k
— o Fr, (on—i)2;

— BuFry2n—iywr.

Using the definition of M; and M5 from (117) and (118), one can verify that the 2n = 4 updates
over an epoch of SEG-FF can be summarized as

SEHL gk M,M, zkF  with probability 1/2,
0 77T M Mozl with probability 1/2.

. . . 2 ..
From this, we notice that the expectation of Hz(’)ﬁ'l || conditional on z(lf reads

k+1()2 | k| _ /K
E [Hzo H ’ZO} = (29
Working out the calculations, we can check that

M| M, MoM, + My M{" MM, [1+285L° 0
2 - 0 1428918

)—|— (Ml—rMZTMQMl +M2TM1TM1M2> Zg
5 .

thus resulting in
20 & 2
E ([l | 2] = (1 +268L%) 18]
Since this holds for all k¥ > 0, SEG-FF diverges in expectation, for any positive stepsizes {cy } x>0
and { B }x>0. The statement on || Fzf || follows by realizing that | Fz|| = £ || z||. O

G.2 Proor oF SGDA-RR aNnD SEG-RR LOWER BOUNDS

Theorem G.4. Suppose n > 2 and L, i > 0 satisfies L/ > 2. There exists a pi-strongly-convex-
strongly-concave minimax problem f(z) = - 3" | fi(z) consisting of L-smooth quadratic f;’s

satisfying Assumption 4 with (p,o) = (0,0) and initialization z§ such that SEG-RR with any
constant stepsize o, = o > 0, B, = S > 0 satisfies

2 .
:| - LSnK) lfK S L/M)
(%) K> L/n

E ||l - 2|’

where z* is the unique equilibrium point of f. For a similar choice of problem f (this time with
(p,0) = (1,0)), SGDA-RR with any constant stepsize a, = « > 0 satisfies

2

= 2 (z5r) ifK <L/,

2

K *
E [HZO -z | 0 o Lo? FK > L
u2n2K? + u3nK3 lf > /M
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Remark. In Theorem G.4, we adopt techniques from the existing lower bounds for SGD-RR to
prove lower bounds for the minimax algorithms SGDA-RR and SEG-RR. In the literature, there
are two types of lower bounds for SGD-RR when K 2 L/p: Qo= K2 + —) bounds for strongly
convex quadratic functions (Safran & Shamir, 2020; 2021) and ( — —= ) bounds for strongly convex
non-quadratic functions (Rajput et al., 2020; Yun et al., 2022; Cha et al., 2023). Upper bounds
that match the lower bounds in n and K are also known, which indicates that SGD-RR is one
of the rare examples of minimization algorithms whose tight convergence rates for quadratic vs.
non- quadratlc functions differ, within the narrow scope of strongly convex and smooth functions.
While it is tempting to aim for a tighter Q( = K2) lower bound for our algorithms of interest, we
note that the existing (=) bounds for SGD-RR are proven for piecewise-quadratic functions
whose Hessian is discontinuous. Since the discontinuous He551an violates our Assumption 3, we
instead adhere to the quadratic case to prove lower bounds €)(— ) for both SGDA-RR and SEG-
RR (when K > L/u). These bounds may not be the tlghtest possible (since they are restricted

to the quadratics), but they still suffice to demonstrate that SEG-FFA is provably superior to both
SGDA-RR and SEG-RR.

G.2.1 EXISTING LOWER BOUND FOR SGD-RR

For the proof of lower bounds for SGDA-RR and SEG-RR, we utilize results and techniques from
the lower bounds proven for SGD-RR; thus, it would be profitable to summarize the existing result.

In case of SGD-RR, it is known from Theorem 2 of Safran & Shamir (2021) that there exists a
minimization problem g(x) such that SGD-RR satisfies a lower bound of Q(—%= + - K;) for
large enough values of K. We rewrite the theorem in a version in accordance with our notation and
assumptions:

Theorem G.5 (Theorem 2 of Safran & Shamir (2021)). For any n > 2 and L, > 0 satisfying
L/u > 2, there exists a p- -strongly convex minimization problem g(x ) = L5 | 9i(x) consisting
of L-smooth quadratic g;’s satisfying Assumption 4 with (p,o0) = (1, 0) such that SGD-RR using

any constant stepsize oy, = o > 0 satisfies

|2}—Q o min IL—FL

N LunK "unK o piK?2J )

The statement is equivalent to saying that for SGD RR with constant stepsize o > 0, the bound
Q(+%—) holds for K < L/p and Q5% )for K 2 L/p.

*

E {H:Bé{ —x

LunK znZKZ + m nK3

The function g = % > i, g; used in the theorem is defined by the following component functions:

{ 2o+ Lad+ Zxy i< 2, (119)

(@) = a P Lo
gz($)—gl($1,1’2,$3)- 2$1+ 2+ _§x2_7x3 i>%,

2

thus making the objective function
u L
g(.’El,.'L'Q,(E?,) = 2 +§ 2+ZZI)§
n

One can notice that the linear terms in g; (119) change signs depending on 7 < 5 or not, and
handling these sign flips is the key to the proof of lower bound.

G.2.2 PROOF OF LOWER BOUND FOR SGDA-RR

For the SGDA-RR lower bound, we consider the following minimax optimization problem:

1
fz,y) = E fi(x,y), where x € R?, y € R,
i=1 (120)

fi(@,y) = gi(@) = 5,

where g;’s are from (119). We need to first check if the problem instance satisfies the assumptions
listed in the theorem statement. Since f(x,y) = g(x) — Ly* and g is a u-strongly convex function,
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f is p-strongly-convex-strongly-concave as claimed. Also, it is easy to check from the definition of
g; that each component f;(x,y) is L-smooth quadratic.

Lastly, to check Assumption 4, we first define s1,...,s, as s; = 1 fori < & and s; = O fori > 3.

Using this notation, The function g; can be compactly written as the following:

L o L o
gi(x1,22,23) = gxf + §m§ + 5(2& —1Dag + 55,3:% + 5(251 — 1)xs.

Therefore, the saddle gradient operators F; of f; and F' of f evaluate to

KT HT1

. |Vgi(x)| _ | Lea+ §(2s; — 1) | Lao
Fiz = [ 1y | Lsizz 4+ §(2s; — 1) | 7 Fz= éfﬂg ’

1% uy

which in turn yields

s 02 L o\’ L ? 2
R~ Falf =%+ (Frs+5) < (Bl +o) <zl +o)

for all 4 = 1,...,n. This confirms that the function f = %ZZ fi satisfies Assumption 4 with
(pv U) - (17 U)'

If we run SGDA-RR on this problem, the updates on & done by SGDA-RR is exactly identical to
what SGD-RR would perform for the minimization problem g(z) = 1 >~ g;(x) with the same
choices of random permutations. Therefore, after K epochs of SGDA-ﬁR, it follows from Theo-

rem G.5 that

*2 *2 0-2 . L L2
B[|lak - ] > E [t — o] :Q(LMHK-mm{l,M—i—W}),

which is in fact a tighter lower bound for SGDA-RR than what is stated in Theorem G.4. This
finishes the proof.

G.2.3 PROOF OF LOWER BOUND FOR SEG-RR

In this subsection, we prove the lower bound for SEG-RR. We will first define a new problem
instance f to be used here, and verify that the assumptions in the theorem statement are indeed
satisfied by this new f. We will then spell out the update equation of SEG-RR for this example,
which will serve as a basis for the case analysis that follows: we will divide the choices of stepsizes
a, 8 > 0 to four regimes and prove a lower bound for each of them. Combining the regimes will
result in the desired lower bound.

For SEG-RR, we use a slightly different problem from (120). This time, we consider

1 n
f@y) == fi(x,y), wherex € R?, y € R,
ni3 (121)

L L
fi(m,y) = 533% + ng +0(28; — 1)y — gy2,

where s; = 1 fori < 7 and s; = 0 for i > 7, as defined above.
We first check if the problem (121) satisfies the assumptions in the theorem statement. Since

L L "
flz,y) = 537% + ng - §y2
and L/2 > p by assumption, f is u-strongly-convex-strongly-concave. Also, it is straightforward
to see that each f; is an L-smooth quadratic function. It is left to check Assumption 4. The saddle
gradient operators F; of f; and F' of f evaluate to

Ly Lz,
Fiz=|2ay+0(25,—1)|, Fz= |%a,],
Ky ry
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which in turn yields

|Fiz — Fz|* =
for all 4 = 1,...,n. This confirms that the function f = %ZZ fi satisfies Assumption 4 with
(p,o) = (0, 0), as required by the theorem.

For k > 0, the (k + 1)-th epoch of SEG-RR starts at 25 = (xf,y&) and the algorithm chooses a
random permutation 7. The algorithm then goes through a series of updates

E_ _k k
w; =z —aF 41z,

Sk
Zit+1 = Z BFTk(Z+1)wz )

fori =0,...,n— 1. For our example f (121), it can be checked that a single iteration by SEG-RR
reads

k x%rlvl L L(l o QBLQ) 5
Zit1 = Iizd,z =((1- % + (XB4 ) Tio — Bo(1l— )(25m(i+1) —1)
Yi1 (1—Bu+apu?)y

Aggregating the SEG-RR updates over an entire epoch (: = 0, ...,n — 1) results in
w5t = (1= BL+aBL?)"af

L ofL L\ v L apL2\""
ngg (1_624‘0&4) %2 IBU( a2 )Z(Qsm(i)—l) (1_B2+aﬁ4 ) ,

i=1

=P
yett = (1 - Bu+ aBu®)"yk.

We will now square both sides of these equations above and take expectations over 7. In doing so,
there is a useful identity:

n 2\ N—1i
E[®] = ZE[QSm(i) —1] (1 - % + aiL ) =0.
i=1

Also, it worth mentioning that 7 is independent of 2f; = (:1:]571, x’§72, y§). Using these facts, we can
arrange the terms to obtain

(zg1")? = (1 — BL+ aBL?)*" (2§ 1), (122)

2 2n 2
Blehs) = (1- G + ) Ellaba?)+ ot (1-5) Bed az
(e ™) = (1 - Bu+ aBu®)* (y§)>. (124)

Based on these three per-epoch update equations above, we now divide the choices of SEG-RR
stepsizes «, > 0 into the following four cases and handle them separately:

1. o> L, in which case we show that SEG-RR makes (z§")? > (2 ;)? hold determinis-
. . . .. . 0 o o
tically, so that if we initialize at zj ; = Jin then we have

0.2

e |[l=6°] > @l > @)= 7.

in which case we show that SEG-RR initialized at yJ = ﬁ

2.a < fand B < >

_1
punkK?

suffers )
2 o
=11 -0
=17 =2 (2).
3. a< L and ,unK < pB< nL, in which case we show that SEG-RR initialized at m872 =0
suffers

e [117] - 2 (-0 ).
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4. a0 < 1 , B > ;mK’ and 8 > ﬁ in which case we show that SEG-RR initialized at

[l 7] =0 (12 )

Notice that the third case g < B < I only makes sense when K > L/pu; otherwise, the third

case just disappears. Hence, for the “large epoch” regime where K > L/, the third case achieves
the minimum error possible, so it holds that

E [117] - 2 (-2 )

For the “small epoch” regime (K < L/p), the third case does not exist and the fourth case achieves

the minimum, so )
e [I617] = 2 (g0 )

Combining the two cases yields the desired lower bound in the theorem statement. It is now left to
carry out the case analysis.

:UO’Q = O suffers

Case 1: o > % For this case, we use (122) to prove divergence. Notice from o« > + that
1—BL+aBL? =1+ BL(aL —1) > 1,
regardless of 5 > 0. Hence, from (122), we get
2
E[|=5]] > @02 > 8.

If we initialize at :c871 = ﬁ, then this proves

E (=] > 7

Case2: a < % and g < m} 7+ For this case, we employ (124) to show that the “contraction rate”
is too small to make enough “progress.” Notice from our stepsizes that

1
1-Bp+app*>1-Bu>1—— >0.
nKkK
Applying this inequality to (124), we have
1 2n
k+1 E\2
1— —
(wo™)* = ( nK) (%9)"
which in turn means that the progress over K epoch is bounded from below by
1\ (19)?
Ky2 s (1 0y2 . Y%
0z (1- o) ez ek

where we used our assumption that n > 2 and K > 1. Hence, if our initialization was given as
y) = \/%M, then this proves
B[] = w2 W <0 (T
0 16 Lp)’

Case 3: a < i and ;nT( < B < % For stepsizes in this interval, we use (123) to derive the

desired bound. Here, it is important to characterize a lower bound on the quantity

n 2\ N—1 2
E[0?] = E (Z(zsm(i) ~1) <1 - %L + O‘ﬁf ) )

i=1

To this end, we can use a lemma from Safran & Shamir (2020), stated below:
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Lemma G.6 (Lemma 1 of Safran & Shamir (2020)). Let 71, ..., 7, (for even n) be a random
permutation of (1,1,...,1,=1,=1,..., —1) where both 1 and —1 appear exactly n/2 times. Then
there is a numerical constant ¢ > 0 such that for any v > 0,

2
& ; 1
(Z mi(l— V)"Z> > ¢ min {1 + - n‘31/2}
i=1

One can notice that Lemma G.6 is directly applicable to E[®?], with v/ + BTL — %ﬁ. Since

_@_aﬂﬁ ﬁL 1
) 4 = o’

we have n312 < thereby

1 1
min{1+, }>mln{ n3V2}2n3V2.
v v

Therefore, Lemma G.6 gives

13 12 2 2,32 L\ 2 2,32
E[®2] > cn® (5 O‘i ) :cﬁz (1—0‘2> ZCBFT’ (125)

1
8v?’

where the last inequality used o < +. Applying (125) to (123) and also using (1 — %£)2 > 1,

L L2 2n 4372452
Bl 2 (1- 5 + 255 ) s+ ST

Unrolling the inequality for k = 0,..., K — 1 gives

L 1,2 2n 43124 2 K-1 L 12 2nj
E[(xéfz)] (1_B2+aﬁ4 ) (958,2) CBT ( b +a6 >

I, 7,2 2nK 437252 1—(1—— ===
(B o (0

Now note that our initialization x872 can be set to zero, which eliminates the need to think about the

first term in the RHS. It is now left to bound the second term. First, by the stepsize range o < <,
8> W}K and our assumption L/u > 2, we have

. 6L QBLQ 2nK BL 2nK L 2nK
" 1-=2) < (1- <e
2 4 4 4dunK

Next, by Bernoulli’s inequality

2n
<1—5L+0‘5L2> (1—“) >1- BnL > 0.

m‘h

IA
('b‘

2 4

Plugging in the two inequalities to above, we obtain

2nK
BL BL?
cBndL20? 1- (1—7—# “H )

64 1_(1_%+aﬁ4L2)2

cB*n3L20? 1—e!
=T 6 1— (1 BnL)

_ C/ﬂ3n2LO'2

for a numerical constant ¢’ > 0. Plugging in the lower bound 8 > yields

unK

E 1] 2 E (k)] =2 (25 )
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Cased: o < 1,3 > 1z and 3 > -I-. We again use (123). By noticing that the initialization
xo,z = 0, we can unroll (123) for k =0,..., K — 1 to get

9 K-1 2 252
E [(42)°] > 5_E[<1>2] > (1 - %L + aiL ) 5 E[®?), (126)
j=0

where the last inequality holds regardless of 8 because each summand with j > 1 is nonnegative.
2
We then invoke Lemma G.6 to lower bound E[®?], again with v < ﬁ L O"iL

_BL_aBL? _BL L

2 4_44

. Since

3,2 >

we have n°v= > 64 s

thereby

1 1 1
min{1+ =, 7’2} >min{ —, n3?p > —.
v v 64v

Therefore, Lemma G.6 gives

c c 1 c
> .
=~ 64v 325L 1 — &L O‘L — 328L

E[®?] > (127)

Combining (127) with (126) gives

cﬂo o?
E[(#52)"] = 1557 = <L/mK>’

where the last step used 8 > WLK This finishes the case analysis, hence the proof of Theorem G.4.

H EXPERIMENTS

To evaluate our algorithm SEG-FFA as well as other baseline algorithms, we conduct numerical
experiments on monotone and strongly monotone problems. Specifically, we consider a random
quadratic problem of the form

n T
) 1 T A; B;||x - |z
¢ — —t, . 128
i a2 s s )l (128)

! yT} T We choose d, = d, = 20 and n = 40 for experiments below.

We also denote z = [az
Monotone case & Ablation study on the anchoring step For an experiment for the monotone
case, the random components are sampled as follows. We choose B; so that each element is an
i.i.d. sample from a uniform distribution over the interval [0, 1], and ¢; so that each element is an
ii.d. sample from a standard normal distribution. We chose A; to be diagonal matrices in the
following procedure: for each j = 1,...,20 we randomly chose a subset Z; of 5 = 20 indices from
[n] = {1,...,40}, and set the (j, j)-entry of A; to be

(2 ifieT,
(Ai)j; = {_2 otherwise

We repeat the exact same procedure for C; as well. Notice that . | A; = >, C; = 0 by
design. Hence, each of the component functions will be a nonconvex-nonconcave quadratic function
in general, but the objective function itself becomes a convex-concave function.

We compare the performance of the various SEGs, namely SEG-FFA, SEG-FF, SEG-RR, and
SEG-US. In addition, as an ablation study on the anchoring technique, we also compare SEG-
RRA and SEG-USA, which are each SEG-RR and SEG-US with an additional anchoring step,
respectively. For these two methods, we take the anchoring step after every n iterations. We ran
the experiment on 5 random instances of (128) with stepsizes 1 = 70/(1+k/10)°3* where 179 =
min{0.01, 7} for SEG-FFA, and oy = B; = ny, for the remaining methods. The exponent 0.34
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105 —— SEG-FFA' —— SEG-RRA  —— SEG-USA
—— SEG-FF —— SEG-RR —— SEG-US
103,
Sl
E‘E 10!
5
oo 1071
ey
S]e
1073
107°

0 20000 40000 60000 80000 100000
number of passes (t)

Figure 1: Experimental results in the monotone example, comparing the variants of SEG. For a fair
comparison, we take the number of passes as the abscissae. As a consequence of SEG-FFA and

SEG-FF using two passes per epoch, for those two methods, we get to plot I 2/ *I%/1 R 202

is to ensure a sufficient decay rate following Theorem 5.4, but the value of 7y is a heuristically
determined small number.

The results are plotted in Figure 1. To have a fair comparison between the methods and across the
[
[F=3]"

the geometric mean over the 5 runs. Notice that, for SEG-FFA and SEG-FF, we are then plotting

random instances, we compute the ratio where ¢ denotes the number of passes, and plot

F t/2 2 zt 2
the values of H”;OO””g instead of H, because SEG-FFA and SEG-FF takes two passes per
20 Z0

epoch (i.e., the number of epochs is half the number of passes) while other methods take one pass
per epoch.

As it is predictable from our theoretical results, SEG-FFA successfully shows convergence, while
all of SEG-FF, SEG-RR, and SEG-US diverge in the long run. As for anchoring, it turns out that
adding the anchoring step does improve the performance of the method up to a certain level, but it
alone does not fully resolve the nonconvergence issue: observe that both SEG-RRA and SEG-USA
fail to demonstrate convergence.

Monotone case: comparison with (Hsieh et al., 2020) Let us also compare the performance
of SEG-FFA with the independent-sample double stepsize SEG (DSEG) by Hsieh et al. (2020).
Writing in terms of the finite-sum structure, the update rule of DSEG can be written as

k k k
w” < z" —mpFia gz
k1 k k

2P 28— o pw

where i(1, k) and (2, k) are random indices that are independently drawn from [n] for each k. The
stepsizes are chosen in the form of 77 ,, = O(Y/x™1) and 72, = ©(1/k"2), where setting 1 < ra is
the key point of DSEG. Two choices of the exponent pair (71, 72) proposed in (Hsieh et al., 2020)
are (1/3,2/3) for general monotone problems and (0, 1) exclusively for the case when F' is affine.

We again use the same component functions as in the previous experiment. The setup for running
SEG-FFA are kept the same. For DSEG, we found that 1y ;, = 70/(k+19)"t and 12 1, = 70/(k+19)"2,
where again 79 = min{0.01, %}, works the best among the candidates we have tried (and the
choices in (Hsieh et al., 2020)). The number 19 in the denominators is the constant suggested in the
experiments section of (Hsieh et al., 2020).

The results are displayed in Figure 2, where the details on how the plots are drawn are the same
as Figure 1. Here we can see that SEG-FFA shows also a faster speed of convergence than both
versions of DSEG.
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Figure 2: Experimental results in the monotone example, comparing SEG-FFA and the methods

proposed by Hsieh et al. (2020). By the same reason as in Figure 1, we plot [IF =/ *I%/1 F20)2 for
SEG-FFA only.
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Figure 3: Experimental results in the strongly monotone example. By the same reason as in Figure 1,
we plot 1=y 1%/ F=8)> for SEG-FFA and SEG-FF.

Strongly monotone case For the experiment in the strongly monotone case we again use the
random quadratic problem (128), but with different choices of A; and C; to ensure the objective
function to be strongly-convex-strongly-concave. In particular, for each 7+ = 1,...,n, we sample
A; by computing A; = Q; D;Q, where D; is a random diagonal matrix whose diagonal entries
are i.i.d. samples from a uniform distribution over the interval [%, 1], and Q); is a random orthogonal
matrix obtained by computing a QR decomposition of a 20 x 20 random matrix whose elements are
i.i.d. samples from a standard normal distribution. We sample C); by the exact same method.

As we are considering strongly-convex-strongly-concave problems, along with the variants of SEG,
we also compare the performances of SGDA-RR and SGDA-US. We ran the experiment on 5
random instances of (128) with stepsizes 7, = 0.001.

The results are plotted in Figure 3, where the details of the plotting are the same as the monotone
cases. We again observe an agreement between the empirical result and our theory; all methods used
in the experiment are expected to find a point with a reasonably small gradient, but nonetheless,
the fastest decrease of the gradient norm is demonstrated by SEG-FFA. Moreover, we see that
SEG-FFA eventually finds the point with the smallest gradient norm among the methods that are
considered.
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