Unbiased constrained sampling with
Self-Concordant Barrier Hamiltonian Monte Carlo

Maxence Noble*
CMAP, CNRS, Ecole polytechnique,
Institut Polytechnique de Paris,
91120 Palaiseau, France

Valentin De Bortoli Alain Oliviero Durmus
Computer Science Department, CMAP, CNRS, Ecole polytechnique,
ENS, CNRS, PSL University Institut Polytechnique de Paris,

91120 Palaiseau, France

Abstract

In this paper, we propose Barrier Hamiltonian Monte Carlo (BHMC), a version
of the HMC algorithm which aims at sampling from a Gibbs distribution 7 on
a manifold M, endowed with a Hessian metric g derived from a self-concordant
barrier. Our method relies on Hamiltonian dynamics which comprises g. Therefore,
it incorporates the constraints defining M and is able to exploit its underlying
geometry. However, the corresponding Hamiltonian dynamics is defined via non
separable Ordinary Differential Equations (ODESs) in contrast to the Euclidean case.
It implies unavoidable bias in existing generalization of HMC to Riemannian mani-
folds. In this paper, we propose a new filter step, called “involution checking step”,
to address this problem. This step is implemented in two versions of BHMC, coined
continuous BHMC (c-BHMC) and numerical BHMC (n-BHMC) respectively. Our
main results establish that these two new algorithms generate reversible Markov
chains with respect to 7 and do not suffer from any bias in comparison to previous
implementations. Our conclusions are supported by numerical experiments where
we consider target distributions defined on polytopes.

1 Introduction

Markov Chain Monte Carlo (MCMC) methods is one of the primary algorithmic approaches to obtain
approximate samples from a target distribution 7. They have been successively applied over these
past decades in a large panel of practical settings, (Liu & Liu, 2001). In particular, gradient-based
MCMC methods have shown their efficiency and robustness in high-dimensional settings, and come
nowadays with strong theoretical guarantees, (Dalalyan, 2017; Durmus & Moulines, 2017). However,
they still struggle in facing the case where the target distribution is supported on a constrained subset
M of R, (Gelfand et al., 1992; Pakman & Paninski, 2014; Lan & Shahbaba, 2015). Yet, this problem
appears in various fields; see e.g., (Morris, 2002; Lewis et al., 2012; Thiele et al., 2013) with some
important applications in computational statistics and biology.

Drawing samples from such distributions is indeed a challenging problem that has been intensively
studied in the literature, (Dyer & Frieze, 1991; Lovdsz & Simonovits, 1993; Lovédsz & Kannan, 1999;
Lovasz & Vempala, 2007; Brubaker et al., 2012; Cousins & Vempala, 2014; Pakman & Paninski,
2014; Lan & Shahbaba, 2015; Bubeck et al., 2015). In particular, some recent extensions of the
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popular Metropolis-Hastings (MH) algorithm to constrained spaces consist in designing proposals
based on dynamics for which 7 is invariant, (Zappa et al., 2018; Lelievre et al., 2019, 2022). In
practice, the corresponding solutions are numerically integrated based on implicit and symplectic
schemes, which however come with additional difficulties. As first observed by Zappa et al. (2018),
an additional “involution checking step” in the usual MH filter is necessary to ensure that the resulting
Markov kernel admits 7 as a stationary distribution.

In this paper, we aim at generalizing this family of methods by taking into account the geometry of
the constrained subspace, building on the Riemannian Manifold Hamiltonian Monte Carlo (RMHMC)
algorithm introduced by Girolami & Calderhead (2011). Similarly to HMC, (Duane et al., 1987; Neal
et al., 2011; Betancourt, 2017), RMHMC aims to target a positive distribution 7 on R and relies
on the integration of a canonical Hamiltonian equation. In contrast, RMHMC incorporates some
geometrical information in the definition of the Hamiltonian via a Riemannian metric g on R%. When
considering applications of RMHMC to a convex, open and bounded subset M, a natural choice
for this metric is the Hessian metric associated with a self-concordant barrier on M, (Nesterov &
Nemirovskii, 1994), as suggested by Kook et al. (2022a). We adopt here the same approach and now
focus on a constrained subspace M which is assumed to be equipped with an appropriately designed
“self-concordant” metric, (Nesterov & Nemirovskii, 1994).

Given this setting, we propose the BHMC (Barrier HMC) algorithm. To the best of our knowledge,
this is the first version of RMHMC incorporating an “involution checking step’ to assess the
issue of asymptotic bias arising from the use of implicit integration methods to solve the Hamiltonian
dynamics. In this work, we focus on the numerical version of BHMC (n-BHMC), for which we
provide a numerical implementation. We refer to Appendix D for an introduction to the ideal version
of BHMC, called continuous BHMC (c-BHMC), where it is assumed that we have access to the
continuous Hamiltonian dynamics but which cannot be computed in practice. For each algorithm, we
rigorously prove that the associated Markov chain preserves 7.

The rest of the paper is organized as follows. In Section 2, we introduce our sampling framework and
review some background on self-concordance and Riemannian geometry. In Section 3, we present
n-BHMC, and derive theoretical results for this algorithm in Section 4. We review related works in
Section 5 and provide numerical experiments for n-BHMC in Section 6.

Notation. For any f € C3(R% R), we denote by D f (and D? f) the Jacobian (resp. the Hessian)
of f. Forany A € R4 and any (z,5) € R? x R?, we denote by A : D?f(x) the vector
(Tr(AT{D3f(x)}:))icq € R?, and define D? f(z)[x, y] as the vector z T D* f(x)y € R?. For any
positive-definite matrix A € R?*9, (-,.) o stands for the scalar product induced by A on R¢, defined
by (z,y)a = (x, Ay). The “momentum reversal” operator s : R? x R? — R? x R? is defined for
any (x,p) € R? x R? by s(z,p) = (z, —p). Let E, F be two sets and h : E — 2F, where 2F is the
set of sets of F. We say that h is a set-valued map. Note that any map g : E — F can be extended
to a set-valued map by identifying, for any = € E, g(z) and {g(z)}. Let f : F — 2°. We define
foh: E—2%forany z € Eby f o h(z) = Uyen(s)f(y), where by convention Uy = (). For any
topological space X, we denote B(X) its Borel sets. For any probability measure p € & (X) and
measurable map ¢ : X — Y, we denote g € Z(Y) the pushforward of i by ¢. In general, we
will equivalently denote by z or (z, p) a state of the Hamiltonian system.

2 Setting and Background

In this paper, we consider an open subset M C R?, and we aim at sampling from a target distribution
m given for any x € M by

drn(z)/dx = exp[-V(2)]/Z ,
where V € C*(M,R) and Z = [, exp[—V (z)]dz. We view M as an embedded d-dimensional
submanifold of R?, equipped with a metric g, satisfying the following assumptions.
Al. M is an open convex bounded subset of R%.
A2. There exists ¢, a a-regular and v-self-concordant barrier on M such that g = D?¢.

We provide in Section 2.1 basic Riemannian facts along with the definition of the Hamiltonian
dynamics of RMHMC and introduce self-concordance and a-regularity in Section 2.2.



2.1 Riemannian Manifold Hamiltonian dynamics

Basics on Riemannian geometry. Let M be a d-dimensional smooth manifold, endowed with a
metric g. Denoting by dx a dual coframe, (Lee, 2006, Lemma 3.2.), we recall that the Riemannian
volume element corresponding to (M, g) is given in local coordinates by

dvoly (z) = \/det(g)dx .

We denote by TxM the dual of the tangent space at z € M, i.e., the cotangent space. For any =z € M,

T} M is a vector space naturally endowed with the scalar product (-, -) g(z)-1, (Mok, 1977). We recall

that the cotangent bundle T*M is defined by T*M = U,em{z} U TiM. This set is a 2d-dimensional

manifold endowed with a Riemannian metric g* given by Mok (1977), inherited from g. With this

metric, the volume form on T*M does not depend on g anymore, and satisfies for any (z,p) € T*M
dvolr«m(z,p) = dadp

where dzdp is a dual coframe for T*M.

Therefore, under A1, identifying T*M with M x R?, the volume form on T*M induced by g* is the
Lebesgue measure of R? x R restricted to T*M. Despite adopting at first a Riemannian perspective
on M, we actually recover the Euclidean setting on T*M, which motivates us to consider T*M as our
sampling space. We refer to Appendix B for details on the cotangent bundle and its metric g*.

Hamiltonian dynamics. Note that with the previously introduced notation, 7 can be expressed as
dr /dvoly(z) = exp[—V (z) — 3 log(det(g(x)))]/Z .
This motivates the introduction of the following Hamiltonian on T*M
H(x,p) = V(z) + 3 log (det g(2)) + 3[Ip[3) 1 - M

In this definition, we notably take into account the scalar product (-, -) (-1 on T;M. Finally, we
consider the joint distribution 7 on T*M

d(x,p) = (1/Z) exp[—H (x,p)|dvolrm(,p) , 2)
where Z = [\, exp[—H (z,p)]dvolrsw(z, p), for which the first marginal is 7. Indeed, for any
p € C(M,R), we have

Jrom #(@)dT (2, p)= [1.py p(2)dm(2)N, (p; 0,1d)dp = [\, p(x)d7 () ,

where we denote by N, (0,1) the centered standard Gaussian distribution w.r.t. || - ||gz)-1. The
Hamiltonian dynamics for H is given by the coupled Ordinary Differential Equations (ODEs)
i‘ = apH(xap) ) p = —&EH(x,p) 9 (3)

where the derivatives of H can be computed explicitly as
OpH(z,p) = g(x)"'p,  O:H(w,p) = —5Dg(x)g(x)'p,g(x)"'p] + L(x) ,
where L(z) = VV(z) + 1g(z)~! : Dg(x).

2.2 Self-concordance and regularity

Until now, we have considered an arbitrary Riemannian metric g. In the rest of this work, we focus
on metrics given by Hessian of self-concordant barriers.

Self-concordance. We first introduce self-concordant barriers, a family of smooth convex functions
which are well-suited for minimization by the Newton method.

Definition 1 (Nesterov & Nemirovskii (1994)). Let U be a non-empty open convex domain in R%. A
function ¢ : U — R is said to be a v-self-concordant barrier (with v > 1) on U if it satisfies:

(a) ¢ € C3(U,R) and ¢ is convex,

(b) ¢(x) = 400 asxz — OV,

(c) |D3¢(x)[h, h,h]| < 2||h| g(z),forany r €M, heR?

(d) |Do(x)[h]|> < v||h||?,. .\, forany x € M, h € RY,

g(z)
where g(z) = D?¢(x).

Balls for ||-| called Dikin ellipsoids, are key for the study of self-concordance, see Appendix C.

g(z)’



Regularity. The property of a-regularity for some o > 1 is shared by many self-concordant
barriers, including logarithmic and quadratic programming barriers. It ensures stability for interior
point polynomial-time methods. Definition and properties of a-regularity are recalled in Appendix C.

Example of the polytope. Let us assume that 2

M is the polytope M = {z : Az < b}, where )

A € R™*4 and b € R™. We endow it with 14

the Riemannian metric g(z) = D2q5(:r) where

¢ : M — Ris the logarithmic barrier given for 0

anyz € Mby ¢(z) = — 31" log (b; — A/ z). @
The barrier ¢ is both a m- self—concordant bar- —11

rier and a 2-regular function, (Nesterov & Ne-

mirovski, 1998, page 3). Moreover, we have -2

AT 9 - 0 2 4
for any x < M, g(x)T— ATS(x) A, \fvhe're Figure 1: A polytope M C R? with three Dikin
S(x) = Diag (b — A x)ie[m]' We provide in  elipsoids {y € R? : y' g(x)y < 1} derived from
Figure 1 an illustration of this barrier. its logarithmic barrier.

3 The n-BHMC algorithm

In practice, it is not possible to exactly compute the Riemannian Hamiltonian dynamics (3). We
thus introduce a numerical version of BHMC (n-BHMC), in which we replace the continuous ODE
integration by a symplectic numerical scheme. We first define the Hamiltonian integrators used in
n-BHMC in Section 3.1 and provide details on the different steps of our algorithm in Section 3.2.

3.1 Hamiltonian integrators of n-BHMC

In the same spirit as Shahbaba et al. (2014), we first rewrite the Hamiltonian H given in (1) as
H = H, + Ho, where we highlight the non separable aspect of H in Hs, i.e., for any (z,p) € T*M

Hy(z,p) = V(z) + 3 log(det g(x)) ,  Ha(z,p) = 3lIpll3,)
Therefore, we have
8y H(w,p) = VV(2) + 39(z) " : Dg(x), OpHy(x,p) =0, )

0z Ha(w,p) = —5Dg()[a(x) " 'p,a(x) " 'p] , OpHa(z,p) = g(x)"'p . )
Leveraging the separable structure of H;, we now define an implicit scheme to discretize the
Hamiltonian dynamics (3) by splitting it into the Hamiltonian dynamics (4) and (5). In the rest of this
section, we consider some step-size i € R.

Explicit integrator of H;. We first approximate the dynamics (4) on a step-size h/2 using a
first-order Euler method (Hairer et al., 2006, Theorem VI1.3.3.). Since H is separable, this integrator
simply reduces to the map Sy /o : T*M — T*M defined by

Sh/Q(xap) = (1'7p - %836H1(:E’p)) .
We have: (i) Sy, /2(T*M) C T*M, (ii) Sy, 5 is symplectic (we refer to Appendix F for more details
on symplecticity), (iii) S_; /2 © Sp,/2 = Id and (iv) S_j, /2 = s 05}, /2 0 s. Note that s 0 Sy, /5 is an
involution on T*M, which inherits from properties (i) and (ii) of Sy, /5.

Implicit integrator of H>. Since H is not separable, a common discretization scheme such as the
Euler method is not symplectic anymore, which requires to use an implicit method instead. We thus
approximate these dynamics on a step-size h with a symplectic second-order integrator denoted by
Gy,. For theoretical purposes, we focus on the Stormer-Verlet scheme, (Hairer et al., 2006, Theorem
VI1.3.4.), also known as the generalized Leapfrog integrator, which is widely used in geometric
integration, (Girolami & Calderhead, 2011; Betancourt, 2013; Cobb et al., 2019; Brofos & Lederman,
2021a) We refer to Appendix F for a discussion on other numerical schemes. For any 2(?) € T*M,
Gp(29) € T*M consists of pomts PASIE (33(1) p(M)) which are solution of

P2 =pO — 20, Hy (2, p"/?)
M) = 20 4 5[81,H2(a: 0),p(1/2)) + Oy Ho( 1 p(1/2))]
pM = pD — Lo, Hy (M, p/D) . (6)



As defined, there is no guarantee that (6) admits a (unique) solution. As a matter of fact, the integrator
Gy, can be seen as a set-valued map. Moreover, it is easy to check that: (i) G,(T*M) C 2T*M,
(i) G_j, = so Gy 0 s, since O, Ha(s(2)) = —0pH2(z) and 0, Ha(s(z)) = 0, Ha(z), and (iii) if
|GL(2)] > 0then z € (G_p 0 Gy)(2).

Implicit integrator of H. Relying on the integrators Sy, /» and Gy, previously defined, we now
explain how we approximate the Hamiltonian dynamics (3) on a step-size h. We first define the
set-valued maps F, : T*M — 2T"M and R;, : T*M — 2T"M by

Fp=Gpos, Rp=(soSpp)oFuo(s0Sy).

Using properties (ii) and (iii) of Gy, we have for any z € T*M such that |[Fp, ()| > 0, z € (Fp 0
Fx)(2), and for any 2" € T*M such that |(Fj, 05084 /5)(2")| > 0, we have 2’ € (R, oRp,)(2"). Thus,
Fj, and Ry, are involutive in the sense of set-valued maps. Note also that s o Ry, = Sj, /2 0 G 0 S5p, /2
boils down to the Strang splitting (Strang, 1968) of the dynamics (3) and thus, is a symplectic scheme
approximating the dynamics of Hamiltonian H on a step-size h.

Numerical integrators. In practice, we do not have access to Fj but approximate it with a
numerical map ®y,. For clarity’s sake, we denote by domg, C T*M the domain of this integrator
with ®j,(domg,) C T*M. In practice, domg, corresponds to the set of points for which the
numerical integration of Fj, outputs a solution. We also approximate Ry, with the numerical map
R? : (s 0 Sp/2)(domg,) C T*M — T*M

R}q; = (SOSh/z) (¢] (bh o (SoSh/Q) .

Similarly to s o Ry, s o Rj'? approximates the dynamics of Hamiltonian H on a step-size h. In our
experiments, we design @, using a fixed-point solver with a given number of iterations following
Brofos & Lederman (2021a,b). We refer to Appendix K for details on computations of ®;,.

3.2 Steps of the algorithm

For any z = (x,p) € T*M, we define on T*M the norm || - ||, by
1" )= = 12 lg(@) + 1P lg@@)-2 » V(&' p) € T*M, O

where || - [|g(g)-1 is the canonical norm on T M induced by the Riemannian metric g (see Section 2.1)
and || - || (z) is the common norm used on M to study properties of self-concordance (see Section 2.2).
As defined, this norm will be crucial to correct the bias of the numerical integration in n-BHMC,
presented in Algorithm 1, for which we are now ready to detail the steps.

Steps 1 and 5: applying a momentum update. Assume that the current state at stage n >
lis (X,—1,P,—1) € T*M. Then, the momentum is first partially refreshed such that P,, «+
V1 =8P, 1 ++/BG,, where G,, ~ N (0, I4) is independent from P,_;. This update is applied
both at the beginning and the end of the iteration, similarly to Lelievre et al. (2022).

Step 2: solving a discretized version of ODE (3). Starting from (X/,, P!) = (X,_1, P,), we
now approximate the dynamics of H on a step-size h with the integrators presented in Section 3.1,
while ensuring that the proposal state belongs to T*M. We proceed as follows:

1. We first run the explicit integrator S, /2 and compute 70 = (s0Sh/2)(Xn-1, P,).

2. 1f Z ¢ domg, , then (X, P!) is not updated and we directly go to Step 3. Otherwise, we

define Z,(zl) = <I>h(Z,(10)). To ensure the reversibility of this step, we then perform an “involution

checking step”, (Zappa et al., 2018; Lelievre et al., 2019), highlighted in yellow in Algorithm 1, i.e.,

we verify (a) Zy(Ll) € domg, and (b) Zr(lo) = fI)h(Z,(ll)). In practice, we replace condition (b) by

combining an explicit tolerance threshold 7 with the norm defined in (7) and accept the proposal if
125 = 2n(Z)| o + 1125 = 21(Z)llg, 200y < 1 - ®

We discuss the choice of this norm to perform the “involution checking step” in Appendix K. If

both of these conditions are satisfied, we finally set (X/, P.) = (so Sy, /2)(Z5L1)), to ensure the
reversibility of the update of (X, P/ ). Otherwise, (X/,, P}) is not updated and we go to Step 3.

Note that s o R¥ is a function and not a set-valued map.
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Algorithm 1: n-BHMC with Momentum Refresh

Input: (Xo, Py) € T*M, 8 € (0,1], N € N, h > 0, > 0, &, with domain domg,
Output: (X, P)ne[n

forn=1,...,N do

Step 1: Gn ~Ny(0,14), P, < /T BPu_1++/BGx

Step 2: solving a discretized version of ODE (3)
XL, P Xn-1, Pui X3 P (5084/2)(Xn, Pn)
it 2\ =X, P") e doms, then
ZD = o2
erro = 129 = @ (2o, ey = 127 = @u(ZE), o,
it ZV ¢ domg, & errg +err; <7 then X, P < (so Sh/z)(Zr(Ll))
end
Step 3: Ay min(1,exp[—H(X,, PL) + H(Xn-1,Pn)]); U, ~U[0,1]
if U, <A, then X,,, P, « X/, P,
else X,, P, «— Xn_1,P,
Step 4: Xa, P — s(X,, Pp)
Step 5: Gl ~N,(0,14), P, < /1= BP, +BG.,

(if defined)

end

Step 3: computing the acceptance filter. We denote by a(z’, p’|z, p) the acceptance probability to
move from (z,p) € T*M to (z/,p’) € T*M, which is given by

a(a’,p'lz,p) = 1 Aexp[-H(2',p') + H(x,p)] . ©)
After Step 2, we perform a simple MH filter by accepting the proposal with probability A, =

a(X/, Pl |X,_1,P,) similarly to a classical HMC algorithm.

Step 4: applying momentum reversal. To ensure a move along the dynamics of H with step-size
h, we reverse the momentum after the acceptance step. Indeed, if the acceptance filter is successful,
then (X,,, P,) = (s o R?)(X,,_1, P,,_1) approximates the Hamiltonian dynamics (3) on a step-size
h starting at (X,,_1, ]Sn_l), as seen in Section 3.1. Otherwise, (X, Pn) = (Xp-1, 715”_1).

3.3 About the usefulness of the “involution checking step”

In their paper, Kook et al. (2022a) also incorporate self-concordance into RMHMC to sample from
distributions supported on polytopes. To integrate the Hamiltonian dynamics, they propose to use
a numerical version of the Implicit Midpoint integrator (Hairer et al., 2006, Theorem VI.3.5.),
which shares the same theoretical properties as the Stormer-Verlet scheme. This results in CRHMC
(Kook et al., 2022a, Algorithm 3), whose main difference compared to n-BHMC is the lack of the
“involution checking step” (Line 8 in Algorithm 1). Crucially, Kook et al. (2022a) assume that their
implicit integrator admits a unique solution given any starting point and any step-size h, which
is then approximated by their numerical scheme. However, this statement may not be true in the
self-concordant setting, as we explain below with a simple example. This explains why we always
refer to the implicit integrator as a set-valued map. In their setting, the numerical integrator is not
guaranteed to be involutive, which results in an asymptotic bias that the MH filter cannot solve.

In our paper, we do not make such an assumption on the Stérmer-Verlet integrator, and consider
a numerical solver which outputs one approximate solution to this implicit scheme. By doing so,
our analysis is meant to be as close as possible to the practical implementation of RMHMC. Then,
the “involution checking step” is critical to make the numerical integrator locally involutive, which
enables us to derive rigorous reversibility results, see Theorem 3, and to solve the issue of asymptotic
bias caused by implicit integration, see Section 6. We refer to Appendix J for a detailed comparison
between n-BHMC and CRHMC. We now present a simple setting where the assumption made by
Kook et al. (2022a) does not hold in the case of the Stormer-Verlet integrator, which is defined in (6).

Consider the 1-dimensional setting M = (—o0,0) with g :  + 1/22. Assume that 3 = 1. Let
h > 0 and let Xy € M be the (position) state of the Markov chain at the beginning of the first
iteration in n-BHMC. In this case, Py ~ N(0,1/X2) and we have Péo) = Py— (h/2)0, H,(Xo, Py),
where the function H; is defined in Section 3.1. Using (4), we have Péo) ~ N(po,1/X2), where



o = —(h/2)d, H1(Xo, Py) only depends on Xg. Then, the implicit equation in Pél/2), given by
the first equation of (6), reads as Pél/Q) = Péo) — (h/2)0, Ha(Xo, Pél/Q)). Using (5), it can be
rewritten as a polynomial equation of degree 2 in Po(l/ 2)

b (PSP PMP P =0 . (10)

Denote A =1+ ZhXOPéO). Then, (10) may admit 0,1 or 2 solutions depending on the sign of A. If
Péo) < —1/(2hXy), i.e., A > 0, then (10) admits 1 or 2 solutions. However, if h is small enough,
only one solution is valid when considering the constraint on the position update in (6). Whenever
P > —1/(2hXy), i.e., A < 0, (10) admits no solution. Recalling that P{”) ~ N(uo, 1/X2), this
event occurs with positive probability, thus violating the assumption made by Kook et al. (2022a).

4 Theoretical results

We now study the reversibility of n-BHMC with respect to the target distribution. To do so, we
first present theoretical results on the exact integrators of the discretized Hamiltonian dynamics in
Section 4.1, from which we derive our assumption on the numerical integrator used in n-BHMC.
Finally, we state our main result on n-BHMC in Section 4.2.

4.1 From implicit to numerical integrators

We show in Proposition 2 that even though F, is a sef-valued map, it can locally be identified with a
C!-diffeomorphism. In a manner akin to Lelievre et al. (2022), this justifies our assumption A3 that
the numerical map ®;, used to approximate Fy, in Step 2 of Algorithm 1 is locally a C!-involution.
Proposition 2. Assume A1, A2. Let z2(9) € T*M, then there exists h* > 0 (explicit in Appendix G)
such that for any h € (0, h*), there exist z,(ll) € Fi,(2), a neighborhood U C T*M of 2(°) and a
Ct-diffeomorphism vy, : U — ~,(U) C T*M with

(@) () = 2! and | det Jac(yy)| = 1.
(b) Vi (2) is the only element of Fy(2) in v, (V) for any z € U.

Proposition 2 shows that while F, can take multiple (or none) values on T*M, for any 2(*) € T*M,
there exists /» small enough and a neighborhood U of 2(?) such that the set-valued map F, is locally
symplectic on U. The proof of Proposition 2 is given in Appendix G. It first relies on considering the
Stormer-Verlet scheme introduced in (6) as the composition of maps for which we derive the existence
of solutions and secondly applying the implicit function theorem on these maps. Motivated by this
result on the implicit map F), and the fact that for any z € T*M with |Fj,(2)| > 0, z € Fj, o Fj,(2)
(see Section 3.1), we make the following assumption on the numerical map Py,.

A3. There exists A € (0, 1) s.t. for any 2(0) € T*M, there exists h, > 0 and for any h € (0, h,)
(a) B=By. (2O X (2(?)) € domsg,,

(b) ®;, € CY(B, T*M) and ®;, o ®;, = Id on B,

with r* : M — (0, +00) depending only on g and defined in Appendix I.

Assumption A3 can be thought as a strengthening of Proposition 2-(a), where (i) h, refers to h*, and
(ii) B and @}, correspond to explicit versions of U and ;. We conjecture that the involution condition

in A3-(b) could in fact be replaced by the condition that for any z € B, ®,,(2) € F;(2), in a manner
akin to Lelievre et al. (2022). We leave this study for future work.

4.2 Reversibility results

Beyond n-BHMC. While Algorithm I can be implemented practically, it cannot be easily analysed
under A1, A2 and A3. The main reason for this limitation is that the self-concordance properties are
defined locally, whereas deriving reversibility results require global control. In particular, we cannot
ensure that @y, is locally an involution around 20 if b > h,. To circumvent this issue, we enforce a
condition on h to be small enough in n-BHMC. Using the notation from A3, we define the set

Ap={z € T*M : h <minzep  (z,1)h«(%)} C domg, .



Let 29 € Ay. By A3, we know that ®;, is an involution on a neighbourhood of 20 in particular, it
comes that (&, o ®1,)(2(?)) = 2(°). Hence, the condition (b) of the “involution checking step” in

Algorithm 1 is de facto satisfied. This naturally leads to replace “ZT(LI) € domg, ”, i.e., the condition

(a) of the “involution checking step”, by the more restrictive condition “Z,(ll) € Ap”, as presented in
Algorithm 3 (see Appendix H), for which we are able to derive a reversibility result.

We denote by Q : T*M x B(T*M) — [0, 1], the transition kernel of the (homogeneous) Markov
chain (X,,, P,)nen obtained with Algorithm 3. We now state our main result on n-BHMC.

Theorem 3. Assume A1, A2, A3. Then, Q is reversible up to momentum reversal, i.e., we have for
any f € C(T*M x T*M,R) with compact support

Jromserem f(2:2)A7(2)Q(2,d2") = [y, opem £(3(27), 8(2))d7(2)Q(2, d2") -
In particular, 7 is an invariant measure for Q.

Proof. We provide here a sketch of the proof, technical details being postponed to Appendix I. The
reversibility (up to momentum reversal) of the momentum update is straightforward. To establish the
reversibility up to momentum reversal of the numerical Hamiltonian integration step, we cover the
compact support of f with a finite family of open balls with respect to the metric g. Combining A2
and A3, we show that @, is a volume-preserving C!-diffeomorphism on each one of these sets. We
then conclude upon combining this result with the fact that Rf 0508Sp/9 =8085)/50 Py, O

Although Algorithm 3 may be implemented, this would come with a huge (and unrealistic) com-
putational cost since verifying that z € Aj implies to find the minimal critical step-size h, on a
neighborhood of z. The question of the existence of a global step-size h such that Algorithm 1 can be
properly analyzed is not the topic of this paper and is left for future work.

Comparison with Theorem 8 in Kook et al. (2022a). Although Kook et al. (2022a) present a
theoretical result similar to Theorem 3, we claim that their statement is not correct. Indeed, the
authors make a critical confusion between the ideal integrator as considered in Hairer et al. (2006)
and the numerical version they implement. Then, in the proof of reversibility for their scheme, they
act as if the two algorithms were the same while it is not true (see Appendix J for further details).
On the other hand, (i) we make a clear distinction between the ideal integrator and its numerical
implementation (see Section 3.1), and (ii) implement the “involution checking step” to enforce
reversibility (Line 8 in Algorithm 1).

5 Related work

Sampling on manifolds. Traditional constrained sampling methods in Euclidean spaces include the
Hit-and-Run algorithm (Lovasz & Vempala, 2004), the Random Walk Metropolis-Hastings (RWMH)
algorithm, also referred to as Ball Walk (Lee & Vempala, 2017a), and HMC, (Duane et al., 1987).
However, it has been empirically demonstrated that RWMH and HMC require small step-sizes in
order to correctly sample from a target distribution 7 over a submanifold M C R?, thus resulting
in poor mixing time (Girolami & Calderhead, 2011, Figures 1 and 3). In the specific case where
M= {z € R? : ¢(z) = 0} for some ¢ : R? — R™, Brubaker et al. (2012) combine HMC
with the RATTLE integrator (Leimkuhler & Skeel, 1994), incorporating the constraints of M in the
Hamiltonian dynamics via Lagrange multipliers. Girolami & Calderhead (2011) adopt an original
approach by endowing M with a Riemannian metric g and propose RMHMC (Riemannian Manifold
HMC), a version of HMC where the Hamiltonian depends on g as in (1). It consists of integrating the
Hamiltonian dynamics of (3) on short-time steps using the generalized Leapfrog integrator (6) and
the acceptance filter defined in (9). This method does not include an “involution checking step”, and
thus the reversibility of the algorithm cannot be ensured in practice and in theory. Similarly, Byrne &
Girolami (2013) propose to design a numerical integrator for RMHMC using geodesics.

Choice of the metric in RMHMC. There are various ways to design a meaningful metric g given
a submanifold M. In a Bayesian perspective, Girolami & Calderhead (2011) aim at computing the
a posteriori distribution of a statistical model of interest and thus choose g to be the Fisher-Rao
metric. In this paper, we consider another approach which exploits the geometrical structure of M.
For instance, one can always define a self-concordant barrier ¢ when M is a convex body, (Nesterov
& Nemirovskii, 1994), and choose g = D?¢, as done by Kook et al. (2022a).



Self-concordance in RMHMC. Elaborating on Riemannian geodesics, Lee & Vempala (2018)
provide theoretical guarantees of fast mixing time for RMHMC when (i) M is a polytope, and (ii)
g is the Hessian of a self-concordant function ¢ (as in our setting). Their result notably improves
the complexity of uniform polytope sampling from algorithms relying on self-concordance such
as the Dikin Walk (Kannan & Narayanan, 2009) and the Geodesic Walk (Lee & Vempala, 2017b).
However, they only consider the case where the exact continuous Hamiltonian dynamics is used, as
in c-BHMC (see Appendix D). On the other hand, Kook et al. (2022a) integrate the Hamiltonian
dynamics via implicit schemes without any “involution checking step” in a similar self-concordant
setting. In particular, they consider a convex body K equipped with a self-concordant barrier ¢,
combined with a linear equality constraint Az = b. This is a special case of our framework (see
Al and A2) by rewriting this whole set as K’ = {ATb +u € K : u € Ker(A)}?, equipped with
the self-concordant barrier u +— ¢(ATb + ). Besides this, Kook et al. (2022a) provide an efficient
implementation of their algorithm (CRHMC) in the case of a convex bounded manifold of the form
M={zecR?: Az =b,{ < 2 < u}. Although CRHMC demonstrates empirical fast mixing time,
we show in Section 6 that it suffers from an asymptotic bias. More recently, Kook et al. (2022b) built
upon the empirical results of Kook et al. (2022a) to derive theoretical results of fast mixing time.
However, they do not question the issue of asymptotic bias in CRHMC.

Enforcing reversibility. Zappa et al. (2018) propose a version of RWMH including projection
steps after each proposal. To our knowledge, they are the first to practice “involution checking” of
the proposal, and thus enforce the reversibility of the Markov chain with respect to . Lelievre et al.
(2019) notably combine this method with the discretization suggested by Brubaker et al. (2012) to
also enforce the constraints of the manifold. Lelievre et al. (2022) elaborate on this framework, by
designing a symplectic numerical integrator with multiple possible outputs, and provide a rigorous
proof of reversibility. Note that it only applies when g is induced by the flat metric of R and therefore
cannot be combined with our approach as such.

6 Numerical experiments

In our experiments®, we illustrate the performance of n-BHMC (Algorithm 1) to sample from
target distributions which are supported on polytopes. We compare our method with the numerical
implementation of CRHMC” provided by Kook et al. (2022a). In all of our settings, we compute g
as the Hessian of the logarithmic barrier, see Section 2.2. The algorithms are always initialized at
the center of mass of the considered polytope. At each iteration of n-BHMC, we perform one step
of numerical integration, using the Stormer-Verlet scheme with K = 30 fixed-point steps and keep
the refresh parameter 5 equal to 1. We refer to Appendix K for more details on the setting of our
experiments and additional results.

Synthetic data. We first consider the problem of sampling from the truncated Gaussian distribution
(dr/dLeb)(x) = expl— |1z — ull® /2JTu(w)/ fyy expl— & — ull® /2)dz, Ve R?,
where M is the hypercube or the simplex, and ;. € R? is defined by
p=10/Vd—1) x {1 —e; +(Vd—1—1)ey},

where e; stands for the i-th canonical vector of R% and 1 = Z?:l e;. In particular, y; = 0, g = 10

and p; = po/v/d—1forany j € {3,...,d}. Therefore, the mass of 7 is not evenly distributed
on the boundary of M, which is key to observe the impact of the reversibility condition. For this
experiment, we consider the low-dimensional setting d € {5, 10}. To sample from 7, we run 10 times
the algorithms CRHMC and n-BHMC for N = 10° iterations, and update the step-size h such that
the average acceptance rate in the MH filter is roundly equal to 0.5, following Roberts & Rosenthal
(2001). We discuss the setting of the tolerance parameter 1 for n-BHMC in Appendix K. In order
to correctly assess the bias of each numerical method, we aim at accurately computing the target
quantity Q = [, (z, u)2dm(x). Although our choice of @ is arbitrary, it highlights well the bias in
CRHMC, which is corrected when using n-BHMC.

3AT is the pseudo-inverse of A.
4Our code: https://github.com/maxencenoble/barrier-hamiltonian-monte-carlo.
‘https://github.com/ConstrainedSampler/PolytopeSamplerMatlab


https://github.com/maxencenoble/barrier-hamiltonian-monte-carlo
https://github.com/ConstrainedSampler/PolytopeSamplerMatlab

d=5 6o d=5 We evaluate their performance by
N ' i taking as ground truth the esti-
92 = = 6.8 — mate given by (i) the Metropolis-
9 Adjusted Langevin Algorithm
A (MALA) (Roberts & Stramer,
8.8 66l ] 2002) for the hypercube and (ii)
a6l B i the Independent MH (IMH) algo-
CRHMC n-BHMC  MALA CRHMC n-BHMC  IMH rithm (Liu, 1996) for the simplex,
d=10 d=10 which are also run 10 times, but
10.6! - 11.6 — 10 times longer than n-BHMC
E 115 — — and CRHMC, i.e., for N = 10°
10.4; S 114 iterations. To compute the target
o 11.3 quantity ), we keep the whole
_ 1.2 trajectories and report the confi-
1o % nl'i ] dence intervals in Figure 2. For
CRHMC n-BHMC  MALA CRHMC n-BHMC  IMH both polytopes, we nqtably Ob‘
Figure 2: Comparison between n-BHMC and CRHMC on the Ziz\éetﬁzité)ﬁ;{r&%}.md is less bi
hypercube (left) and the simplex (right).
Real-world data. We then consider 10 polytopes
given in the COBRA Toolbox v3.0 (Heirepndzetlzll., Model d_NNZ|n-BHMC CRHMC
2019), which model molecular systems, and follow  ecoli 95 291 | 0.08822 5.719
the method provided in (Kook et al., 2022a, Ap- ~ cardiac-mit 220 228 | 0.1905  5.304
pendix A) to pre-process them. Here, we aim at 22']1\3/&{195 ggzlt ggg ;‘2‘;? g;z
uniformly sampling from these polytopes. H(?w— AbI49176 1069 2951 179.4 74.22
ever, we do not have access to a realistic baseline Aci-20731 1090 2946 | 0.7124 38 82
that yields an unbiased estimator, since the sam- AcCi-PHEA 1561 4640 2.343 100.8
pling dimension is too high and running MALA or  jAF1260 2382 6368 | 537.9 170.5
IMH would be too costly. Hence, instead of assess- {01366 2583 7284 537.9 169.4
ing the bias of the algorithms, we rather want to  Reconl 3742 8717 | 3.740 3280

highlight that the “involution checking step” does ) )
not hurt the convergence properties of BHMC com- Tr:}ble 1: Real-world data setting: comparison
pared to CRHMC. We evaluate the efficiency of the With Kook et al. (2022a).

algorithms by computing the sampling time per effective sample (in seconds), defined as the total
sampling time until termination divided by the Effective Sample Size. We set the initial step-size
to 0.01 for both algorithms and = 10 in n-BHMC. We then follow the exact same procedure as
in (Kook et al., 2022a, Table 1) by drawing 1000 uniform samples with limit on running time set
to 1 day. Results are given in Table 1. For each molecular model, we specify by NNZ the number
of non-zero entries in the matrix A defining the corresponding pre-processed polytope, which thus
reflects its complexity. In particular, the sampling dimension d corresponds to the number of columns
of A. Note that the sampling time values are not of interest in themselves, but are only meant to
compare CRHMC and n-BHMC. While it is clear that adding an “involution checking step” implies a
trade-off between accuracy and complexity of the method, our results demonstrate that it does not
penalize BHMC in the considered settings, and may even make it more efficient in some cases.

7 Discussion

In this paper, we introduced a novel version of RMHMC, Barrier HMC (BHMC), which addresses the
problem of sampling from a distribution 7 over a constrained convex subset M C R? equipped with
a self-concordant barrier ¢. Our contribution highlights that the use of well known implicit schemes
for ODE integration combined with these space constraints leads to asymptotic bias when it comes to
their numerical implementation. We propose to solve it in a straightforward manner via our algorithm,
n-BHMC, which relies on an additional “involution checking step”. Under reasonable assumptions,
our theory shows that this critical step removes the asymptotic bias. This result is supported by
numerical experiments where we highlight this lack of bias compared to state-of-the-art methods. In
future work, we would like to investigate the “coupled” behaviour of the hyperparameters /2 and 7 in
practice, the study of irreductiblity of n-BHMC and the influence of 7 on the bias. Moreover, we are
interested in the application of n-BHMC for efficient polytope volume computation. More generally,
we are convinced that our study is a first step for future work on designing implicit integration
schemes for unbiased constrained sampling methods.
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Organisation of the supplementary

This appendix is organized as follows. Appendix A summarizes general facts that will be useful
for proofs. Appendix B and Appendix C provide additional details on Riemannian metrics and
technicalities on self-concordance, respectively. The c-BHMC algorithm is presented in Appendix D
with some results whose proofs are given in Appendix E. Appendix F presents general facts about
numerical integration and specific facts on the integrators used in n-BHMC. Appendix G dispenses the
proof of the result on implicit integrators of n-BHMC, stated in Section 4.1. Appendix H presents the
modified version of n-BHMC, incorporating a step-size condition, for which we state the reversibility
with respect to the target distribution in Section 4.2. Proof of this last result is given in Appendix I. A
detailed comparison between n-BHMC and CRHMC (Kook et al., 2022a) is given in Appendix J.
Finally, Appendix K provides more details on the experiments of Section 6.

Notation. For any Riemannian manifold (M, g) and any z = (x,p) € T*M, we denote by || - ||.
the norm (7) defined on T*M by (2, p')||. = [|2'[lg(z) + IP'[lg(z)-1 for any (2’,p’) € T*M. For

any open subset U C R¢ and any k& € N, we denote by C*(U, Rd/) the set of functions f : U — RY
such that f is k times continuously differentiable.

A Useful facts and lemmas

We recall here some basic knowledge on linear algebra and probability, and state useful inequalities
for our proofs.

Linear algebra reminders. For any matrices A, B € R4, we write A < B if for any » € R%,
xT(B — A)z > 0. Any positive-definite matrix A € R?*< induces a scalar product (-,-)» on
R, defined by (z,y)a = (x, Ay). This scalar product induces the norm || - || on R¢, defined by
llz||a = \/(x,z)a = ||A'/22]|2. For any positive-definite matrices A, B € R%*< and for any o > 0,
A < aBis equivalent to || - || < /a|| - ||. The canonical norm of R? induces the norm || - ||z
on R, defined by [|Allz = supj,,,—1 [[Aull2. In particular, for any matrices A, B € R**¢ and
any vector z € RY, ||Az||2 < ||Al]2||lz||2 and ||AB||2 < ||A]|2||B||2. Moreover, if A is non-negative-
definite, then ||A||2 = A(A), where A(A) is the largest eigenvalue of A, and ||A“||2 = A(A)® for any
a > 0.

Probability reminders. In this section, we consider a smooth manifold M C R<. We first recall
the definition of reversibility (Douc et al., 2018, Definition 1.5.1) before stating general results on
reversibility.

Definition 4. Ler Q : T*M x B(T*M) — [0, 1] be a transition probability kernel and let T be a
probability distribution on T*M. Then,

(a) Q is said to be reversible with respect to 7 if for any f € C(T*M x T*M, R) with compact
support

Jremsrem (2, 2)Q(2,d2")7(d2) = [rupspem [ (2 2)Q(2, d2")7(d2) .

(b) Q is said to be reversible up to momentum reversal with respect to 7 if for any f € C(T*M x
T*M, R) with compact support

Jremsrem £ (2, 2)Q(2,d2")T(d2) = [repsrem [ (5(2), 5(2))Q(2, d2")7(d2) ,

where we recall that for any (z,p) € R? x R?, s(x, p) = (z, —p).

Lemma 5. Let Q : T*M x B(T*M) — [0, 1] be a transition probability kernel and let T be a
probability distribution on T*M. Assume that sy7 = T and that Q is reversible up to momentum
reversal with respect to 7. Then T is an invariant measure for Q, i.e., for any f € C(T*M, R) with
compact support

Joomeren FEQ(2 d2)F(A2) = fapepen F(2)7(d2) -
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Proof. Let f € C(T*M,R) with compact support. We have

fT*MxT*M f(Z")Q(z,dz")7(dz)
= Jremxrem [(5(2)Q(z, d2' )ﬁ(dZ) (Definition 4)
= Jremxrem F(2)Q(s(2), d2") (s4 = Jruy f(2)7(dz) (momentum reversal on 2) ,
which concludes the proof. O

Lemma 6. Let Q : T*M x B(T*M) — [0,1] be a transition probability kernel and let T be a
probability distribution on T*M. Assume that s, Q = Q and that Q is reversible with respect to T.
Then, Q is reversible up to momentum reversal with respect to T.

Proof. Let f € C(T*M,R) with compact support. We have
fT*MxT*M f(2,2)Q(z,d2")w(dz)

)

)

) (54 Q) (2, d2")T(dz) (momentum reversal on 2”)
)Q(z,d2")w(dz) (Definition 4)

(
)(s2Q)(z,d2")7(dz) (momentum reversal on z’)
)

(
fT*MxT*M [z, s(2
- fT*MxT*M f(#s(z
= Jremxrom f(s(27),5(2)
fT*MxT*M f(s(2'),5(2))Q(z,d2")7(dz) ,

which concludes the proof. O

Useful inequalities. The following inequalities hold:

(a) Forany u € [0,1/5], (1 —u) 2 <1+3uand (1 —u)~3 <1+ 5u
(b) Forany u € [0,1/2], (1 —u)~! <1+ 2u.

(c) Forany u € [0,1], |(1 —u)? — 1| < 3u.

(d) Forany u > 0,we have 1 — (1 +u)"! <wand (1 —u)? —1> —2u.

B Details on Riemannian metrics

Let M be a smooth d-dimensional manifold, endowed with a metric g. We recall that the Riemannian
volume element corresponding to (M, g) is given in local coordinates by dvoly (z /det(g)dz,
where dx is a dual coframe, (Lee, 2006, Lemma 3.2.). For any x € M, we respectlvely denote by
T.M and T;M, the tangent space at x and its dual space, i.e., the cotangent space at x. Note that
T, M and T} M are space vectors, and T,;M is endowed with the scalar product (-, -) () by definition
of the Riemannian metric. For clarity sake, we denote by v (resp. p) an element of the tangent
(resp. cotangent) space. We recall that the tangent bundle TM and the cotangent bundle T*M are
respectively defined by TM = U em{z} U T,M and T*M = U,em{z} U TEM. These two sets are
2d-dimensional manifolds.

Metric on the tangent bundle TM. Sasaki (1958) originally introduced on TM a Riemannian
metric g, which, among other properties, preserves the Euclidean metric induced by g on each tangent
space. This metric is defined by

. g”_’_vkvlrk ]_"l st _gjsvkriys
g= gzgvkrk i ’

where g;; and g*/ respectively refer to g and g~*, and I corresponds to the Christoffel symbol. Since

(TM, g) is a Riemannian manifold, the volume form on TM satisfies for any (z,v) € TM

dvolrm(z,v) = v/det(g(z,v))dzdv = det(g(z))dzdv .
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Metric on the cotangent bundle T*M. Elaborating on the metric defined by Sasaki (1958), Mok
(1977) showed that for any x € M, T;M is naturally endowed with the scalar product (-, -) (z)-1,
and proposed a Riemannian metric g* on T*M, which notably preserves this result on each cotangent
space. This metric is closely related to § and is defined by

_gzspkré_gs g”
Since (T*M, g*) is a Riemannian manifold, the volume form on T*M satisfies for any (z,p) € T*M

dvolr«m(z, p) = v/det(g*(z, p))dzdp = dadp .
In contrast to the tangent bundle, the volume form on the cotangent bundle does not depend on g,
which motivates to augment on T*M (instead of TM) any target measure 7 defined on M.

C Properties of self-concordance

We first recall the definition of self-concordance and derive some of its properties in Lemmas 8 and 9.
Definition 7 (Nesterov & Nemirovskii (1994)). Let U be a non-empty open convex domain in R?. A
Sfunction ¢ : U — R is said to be a v-self-concordant barrier (with v > 1) on U if it satisfies:

(a) ¢ € C3(U,R) and ¢ is convex,

(b) ¢(x) = o0 asxz — U,

c x)|h, h, < oranyx € M, h € RY,
(c) |D3¢(z)[h, h, h 2h3( f M, h € R¢

)’

(d) |Do(x)[h]]? < V||h\|§(w),foranyz €M, h e R,

where g(z) = D?¢(z).
Self-concordance can be thought as a certain kind of regularity. Indeed, if ¢ is a v-self-concordant
barrier on a convex body U, then D?¢ is 2-Lipschitz continuous on U with respect to the local norm

induced by g (see Property (c)), and more restrictively, ¢ is v-Lipschitz continuous with respect to
the same norm (see Property (d)).

Lemma 8. Let ¢ : U — R be a v-self-concordant barrier with g = D?¢. Assume that U is bounded.
Then, ||V ¢(z)||2 = +oo and ||g(x)||2 = +o0 as x — OU.
Proof. Since ¢ is convex, we have, for any (z,y) € U?

o(2)< ¢(y) + Vo(z)(z —y),
[9(@)|< o) + Vo) |2]lz — yll2
<o)+ [[Vo(x)2 diam(U) ,

where we used Cauchy-Schwartz inequality in the second line. Using Property (b) of ¢, we obtain
that |V (z)||2 — 400 as x — 9U. By combining this result with Property (d) of ¢, we obtain that
lg(x)]|2 = +o0 as z — IU. O

According to Nesterov (2003) (see Lemma 4.1.2), Property (c) of self-concordance is equivalent to
|D3()[ha, ho, hs]| < 21T [hillgce) -
for any € M and any (hy, ha, h3) € R? x R? x RY,
Letu : R? — R? be a linear operator. For any = € R?, we define the operator norms ||ul|4(,) and
l[ullg(z)-1 by
[ullg(zy = sup{u(g(@)h) : [|hllg@) =1},
[ullg(z)-1 = sup{u(g(@)~'h) : [|Allg)—+ =1} .

In addition, a set V C R? contains no straight line if for any D,, = {tz¢ : t € R} with x5 # 0, we
have V¢ N D,, # 0.
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Lemma9. Let ¢ : U — R be a v-self-concordant barrier with g = D?¢. Assume that U contains no
straight line. For any x € U and any r > 0, we denote by W°(x, 1) the open Dikin ellipsoid of ¢ at
x, given by WO(z,7) = {y e R? | ||y — z||g(x) < 1} Then, the following properties hold:

(a) For any x € U and any (hy, hy) € R? x R?

ID*¢(@)[h1, halllgz)-1 < 2[Pallg@) IRzl o) -

(b) Forany x € U, W°(x,1) C U, and for any y € W(z, 1)

(1= [ly = zllg())*a(z) < 8(y) = (1= [ly = z[lg()) "a(2) -
(c) Forany x € U, anyy € WO(z, 1) and any h € R, the following hold

1Allgz) < (1= lly = @llg(@)) ™ 1hllgey) -
17 lg(y) =y - x”g(r))_th”g(r) )
[12llgz)-1 < (1= lly = zllg@) " llgw)-1 »
1Pllgy-1 < (1= lly = zllg@) " 1llgea)-1 -

<(
<

Proof. The result is a direct consequence of (Nesterov, 2003, Theorem 4.1.3, Theorem 4.1.5, Theorem
4.1.6). O

We now introduce a-regularity, which slightly strengthens self-concordance, by ensuring that D3¢
is a(a + 1)-Lipschitz continuous with respect to the local norm induced by g (see (11)). We state
below the definition of a-regularity as well as some of its properties in Lemma 11.

Definition 10 (Nesterov & Nemirovski (1998)). Let o > 1 and U be non-empty open convex domain
in RY. A self-concordant function ¢ on U is said o-regular, if p € C*(U,R) and for any x € U and
any h € R4

|D ()[R, hy by B| < ala+ DRG0 1A

where ||h||y = inf{t"! |t > 0,2 £th € U}.

Lemma 11. Let ¢ : U — R be a a-regular function with g = D?¢. Assume that U contains no
straight line.

(a) Forany r € U and any h € R4
[ D¢ (@)[h, by by ]| < ala+1)||hllge) - (11)

(b) Forany x € U, any (hy, ha, hs, hy) € R? x R? x RY x R?

4
D () [, ha, b, hal| < ala+ 1) ] I1hillgca) - (12)

i=1

(c) Forany x € U, any y € WO(z, 1) and any (hy, hy) € R x R?
D3¢ (@) [ha, ho] — D3 (y)[has ho) |l gy -1 < ala+ 1) /3Bl gy 1h2llgry (1 = [y — @llgy) ™2 — 1) -
(13)

Proof. We first prove (11). First remark that the result is true for h = 0. Consider now h # 0.
Let e > 0. We define t. = (1 + 5)’1Hh||;é) >0,y =x+thandy. = x — t-h. We have

lz = yFllg@) = Il* — ¥ llgeey = 1/(1 +¢€) < 1. Hence, y- € Uand yF € U by Lemma 9.
Therefore, ||h|ly. < t-! and

|D*¢()[h, by hy ]| < afa+ 1)|[h]ly (1 +2)° .
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We conclude upon taking € — 0. Then, (12) is an immediate consequence of (11) using (Nesterov &
Nemirovskii, 1994, Proposition 9.1.1). We now prove (13). Using Lemma 9, we have

D3¢ ()[R, ha] — D*¢(y)[ha, hol [l g(a)
< Jo 1D + t(y — @)l ho,y — al [ g(ey 1t
< Jy (L= tlly = zllg(e) "M ID (@ + t(y — )[R, b,y — 2]l g(oey—oy)-1dt
< fy ala+1)/(1 =ty — 2]l o) 1hllgerety—ap 12llgereu—an 1y — Zllge-recy—a)dt
< ala+ Dlhllg@ 1h2lla@ o 19 = 2llg@ /(1 = tly = 2]lge)dt
< afa+1)/3]hllgea)1h2llg@) (1= Iy = 2llg@) > = 1),

which concludes the proof. O

We now prove the equivalence between the Euclidean norm and the norms induced by g and g—!.

Lemma 12. Let (U, g) be non-empty Riemannian manifold in R?. For any xo € U, any (x,p) €
U x RY, we have

1/2
lzllz < I@llgwoy < la(zo)l2 Il

_ 1/2
Y12 1wl -

_ —1/2
lo(zo) 15"

—1/2
la(zo)llz 2 [1pll2 < lIpllggeo)—+ < llg(xo)
In addition, let

1/2 _ 1/2
Cuy = max(|lg(zo) |3, lg(zo) " 1I3/%) > 0.
Then, we have

1/Coy([l2ll2 + lIpll2) < l#llg(ze) + IPlla@o) -+ < Co(Izll2 + lIPll2) -

D C-BHMC: Algorithm and Results

In this section, we first state general results on the Hamiltonian dynamics (3) under our main
assumptions. It allows us to introduce the continuous version of BHMC (c-BHMC), for which we
derive the reversibility with respect to . Full proofs of this section are provided in Appendix E.

Results on the Hamiltonian dynamics. Using Cauchy-Lipschitz’s theorem, we obtain in Proposi-
tion 13 the existence and uniqueness of the Hamiltonian dynamics (3), starting from any zy € T*M.

Proposition 13. Assume A1, A2. Let zy € T*M. Then (3) admits a unique maximal solution (J,, z),
where (i) J,, C R is an open neighbourhood of 0, (ii) z € C1(.J,,, T*M), (iii) 2(0) = 2o and (iv)
foranyt e J,, H(z(t)) = H(z).

In contrast to the Euclidean case (i.e., g(x) = 1), the Hamiltonian dynamics (3) relies on a metric
derived from a self-concordant barrier, and thus is defined up to an explosion time. In the next result,
we characterize the behaviour of the solutions when this explosion time is finite.

Proposition 14. Assume Al, A2. Let zo € T*M, (J,,, 2) as in Proposition 13. Assume T,, =
sup J,, < +oo, then we have

(a) limyr, lp()]|2 = +oc.

(b) There exists vy € OM such that limy 7, z(t) = xm.

In the rest of this section, we define the Hamiltonian flow as the map T : D — T*M, where
D = {(h,20) : z0 € T*M, h < sup J,, }, such that Tj,(z9) = z(h) for any (h, zp) € D, z being
uniquely defined from z( in Proposition 13.

Introduction to c-BHMC. In the case where D = T*M x R, the definition of the Hamiltonian
dynamics ensures that T', is involutive (up to momentum reversal) for any h > 0, which is key to
derive reversibility in BHMC. However, in our manifold setting, there is one subtlety that needs to be
checked, namely that the Hamiltonian flow does not leave the cotangent bundle in finite time. As
detailed in Proposition 14, there is indeed no guarantee that this flow is defined for all times, i.e., that
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we have D = T*M x R, due to the ill-conditioned behavior of the dynamics near the boundary of
the manifold. Therefore, given a time horizon h > 0, we restrict the cotangent bundle to the points
where the Hamiltonian flow is defined up to time h. Hence, we define, for any h > 0, the sets

En={20€T*M: h<supJ,}, En={z2¢€E,: h<sup J(s0Th)(20) } -

Note that elements of E;, correspond to points 2 for which:

(a) we are able to compute exactly the Hamiltonian dynamics (3) starting from 2 on the time interval
[0, h], by considering {T(20) }+[o,n] (since Ex C Ep),

(b) we are also able to compute exactly the reversed dynamics - up to momentum reversal - starting
from (s o T} )(z0) on the time interval [0, h].

In Appendix E, we prove that T}, is symplectic (up to momentum reversal) on Ej, for any h > 0,
which thus ensures that the Hamiltonian dynamics is reversible with respect to 7, see Lemma 16.

Let h > 0. Our algorithm c-BHMC, whose pseudo-code is provided in Algorithm 2, then proceeds
as follows at stage n > 1. Assume that the current state is (X,,—1, P,—1) € T*M. First define

a partial refreshment of the momentum P,, < /1 — 8P,_1 + /BG,, where G,, ~ N,(0,1,) is
independent from P,,_;. Then, verify that (X,,_1, P,) € Ej, which ensures that the Hamiltonian
flow is involutive on the time interval [0, h], starting at this state. In the same spirit as in Algorithm 1,
we refer to this step as an “involution checking step”, which is highlighted in yellow in Algorithm 2,
although the involution property directly derives from the Hamiltonian dynamics. If this step is valid,

define (X,,, P,,)) = Ty(X,,_1, P); otherwise, set (X,,, P,,) + $(Xn_1, P,). Finally, update the
momentum as in the beginning of the iteration to obtain the new state (X,,, P,).

Algorithm 2: c-BHMC with Momentum Refresh

Input: (Xo, Py) € T*M, 8 € (0,1], N e N,h >0
Output: (X, P)nen

forn=1,..., N do
Step 1:  Gyn ~Ng(0,14), Py + /1T — BPu_1 +BGy
Step 2: solving continuous ODE (3)
if (X,_1,P,) €E, then (X, P,) « Th(Xn_1,Py)
else (X,,P,) + s(X,_1,P)
Step 3: Gh ~ Ng(0,14), Py + /1= BP, +/BG,
end

Denote by Q. : T*M x B(T*M) — [0, 1], the transition kernel of the (homogeneous) Markov chain
(X, Pn)ne|n) obtained with Algorithm 2. Using the properties of the Hamiltonian dynamics, we get
the following result.

Theorem 15. Assume Al, A2. Then, Q. is reversible up to momentum reversal, i.e., we have for any
f € C(T*M x T*M, R) with compact support

Jremxrem F(2:2)d7(2)Qe(2,d2") = [raporem F(8(27), 8(2))d7(2)Qe(2, d2') -

In particular, 7 is an invariant measure for Q..

E Proofs of Appendix D

E.1 Existence, uniqueness and explosion time of Hamiltonian dynamics

We prove below Proposition 13 and Proposition 14.

Proof of Proposition 13. Assume A1, A2. In particular, M contains no straight line, and Lemmas 9
and 11 apply here. We rewrite the ODE (3) as a Cauchy problem defined on Banach space E =
(RY x R4 || - ||g) where ||(a,b)|le = |lall2 + ||b]]2 for any pair (a,b) € RY x RY. We define
2 = M x R4, which is an open set in E. A solution (.J, z) to this Cauchy problem is defined for all
te Jby

2(t) = F(2(t)), 2(0) =29, where F(x,p)= (0,H(z,p),—0,H(x,p)) ,
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such that J is an open interval of R with 0 € J, and z = (z, p) : J — § is differentiable on J. We
now prove two results on F' to establish existence and uniqueness of a maximal solution (.J, z) for
this Cauchy problem:

(a) I is continuously differentiable on 2.

(b) F is locally Lipschitz-continuous on 2 with respect to || - ||e.

Since VV, Dg € C1(M, R), we directly obtain Item (a). We now prove Item (b). Let z = (Z,p) € €.
We endow E with the norm || - ||5. Since M is an open subset of R?, there exists 0 < 7 < 1/(11C%),
where we recall that Cz is defined in Lemma 12, such that By, (Z,7) C M. We consider such r,
and we define B = By (Z,7) and By = By, (Z,7), where 7 = Czr < 1/11. In particular, we
have by Lemma 9-(b) that By C By . (Z,7) x By 7) C Qsince 7 < 1. Moreover, using
Lemma 12, we have B C By C (.

a(2)~ 1(

Since V' € CQ(I\/I, R), VV is Lipschitz-continuous on By, i.e., there exists C'y; > 0 such that for any
(2,2') € By x By,
IVV (2) = VV (2" )|lgz)-1 < Ovllz —2'|lgea) - (14)

We first show that F is Lipschitz-continuous on B, with respect to || - ||z. Consider (z,2’) €
By x By denoted by z = (z,p) and 2 = (2/,p'). Note that (z,z") € W°(z,1) x WO( ,1),
where W0(z, 1) is defined in Lemma 9. We first bound ||F') () — FO ()| g2y = |0,H (2) —
OpH (2')|g(z)- We have

OpH(2) —0,H(') = g(z)'p—a(=)""p = g(x) ' (p—p) + (a(z) " —a(z") ")y,
then,

10,H (2) = O H ()|l g(a) < llo(@)"*a(2) " a(2)"?[lallp — 9| gz) (15)

+ 6@ (o)™ = 0())a(@) 2l o
Using Lemma 9-(b), we have
(1= 17 = 2llg)?0(@) " < g(z) " = (1= |7 — 2]lg@) 20(@) ",
and thus,
(1= 12 = 2llg@))*la = 9(2)?a(x) a(2)"/* = (1= |2 — 2]l g@) La
(1—=7)1g < o(2)"Pg(x) "g(@)/> < (1 - 7)1,

8l

Therefore, we have
()" g(z) " a(@)2lla < (1—7) 72 (16)
In addition, we have
2 — [y < (1= 17 = 2'|lg@) " & — zllg(a)
<(1-7)"1t2r
<1/5, 17

where we used Lemma 9-(c) in the first inequality and # < 1/11 in the last inequality. Therefore,
2’ € WO(z,1) and we have using Lemma 9-(b)

{(1—[]2" = #llg2))? = Vo(z") " 2 g(x) ! —g(a") !
{(1 =2’ — zllg@)) > — 1}g(") "
{1 =2’ = 2]l g@)? = 1H(1 = 7)°Tg < g(2)"*(g(2) " — g(')Hg(x)"/?
< {1 = 2" = 2llg@) > =131 —7)1a

A

Then,
(@) (a(z)~" = a(z') " Ha(@) /%2 (18)
< max(|(1 = [[&" = @llg())* = (1 =) A{(1 = []2" = 2[lg@)) > — 1} (1 —7)7?)
< (1 =7 max(|(1 — 2" = 2llg@)? = 111 = |2’ = ]lg@) ™ — 1) -
Using Inequalities (a) and (c) with u = [[2’ — 2 4(s), Where u < 1/5 by (17), we obtain
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@ [(1=[l2" = 2llg@)? = U < 3[l2" = @llg) <31 =)z — 2llga)

0) (1= |2’ = 2llg@)) 7> = 1 < 3|l2" — 2llg@) < 3(L =)z — 2'llgqa) -

Moreover, we have
1P llg@) - = 1P =P+ Dllg@)— <7+ 1Dllg@)—
Combining (15), (16) and (18), it comes that
IFM (2)=FO ()|l < A=7)2llp—plg@)-2 +31=7) 2T+ Bl g@)-) |l =2l gz - (19)

We define Az 1 = (1 —7)2 +3(1 —7) (7 + ||p]l g(z)~) such that [FO(2) = FO) o) <
Az 1]z — #'||z and we aim to bound |F®)(z) — F?) (@)g@) -1 = 10 H(2) — O H(2')|lg(z)-1-
We have

0.H(2) — 0, H(2") =VV(x) — VV(x) (20)
+ 3 Dg(2")[o(«") "0’ 9(«")~'p') = 3 Dg()[g(x) ', (=) ")
+30(x)"": Dg(x) — 3g(a) " : Dg(a')
We have
[Dg(a")[g(=")"'p', g(2")"'p'] = Da(x)[g(x)'p. gz ) Pllaca
< | Dg(x)[g(z) " p, ()] — DB(CC)[E(I ) yg(a) ™ ]”g(x

+IIDg(x)[g(:v’)‘lpCg(x’)‘lp’]—Dg(x')[g(w) ,0@) g @D

Note that we have g(z)~'p = F()(2) (resp. g(z')~'p' = FM(2)). Using Lemma 9-(c), the first
upper bound in (21) is bounded by

(1 =77 Da(2)[FV(2), FV(2)] = Dg(@)[FD ("), FD ()]l g1
<2(1 = 7)Y Dg(2)[FW (') = FV(2), FO()]llgw)-
+ (1= HDg(@)[FW (') = FU(2), FO() = FO )]l gy
<41 =) HFOE) = FO @)@ IFD () g

+2(1 =) HFD() - FU )2, (Lemma 9-(a))
<41 = 7)Y NFEDE) = FO@) g 1FD ()l o)
+2(1 =) FO () = FO(2)|2 (Lemma 9-(c))

<A1 =) P Az = ZAFDE) g +2(0 = 7) P AZ 2 = Z1F (see (19)
< {4451 (1 = 7) (7 + [1Dllg(a)—1) + 401 = )72 AZ 72 = 2z

where we used that | FV (2)||gz) < (1 — 7)72(7 + [|pl|g(z)-1) in the last inequality. Combining
Lemma 9-(c) and Lemma 11-(c), the second upper bound in (21) is bounded by

(1=7) "M Dg(@)[FM (=), F ()] = Da(a")[FD ("), FO ()]l ga) 1
<ala+ 1)1 =773 {1~ o’ — 2llgw) ™ — 1} IFD ()l
ale+ 1)1 =773 {0 -1 -7 o - allg@)” —1}IIF(1) ()3
ale+ 1)1 =77 T+ [pllg@-1)?/3 {01 = Q=77 " = 2llg@) }

Using Inequality (a) with u = (1 — 7) ||z’ — 2| 4(z), where u < 1/5 by (17), we obtain
(1=1=7) """ = 2llg@) = 1<5(1 —7) "z — 240 - (22)
Then, the second upper bound in (21) is bounded by
(5/3)a(a + 1)1 = 7) 3 (F + [|Pllgz)-1)*ll2" = 2oz -
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We now define h : y € M — g(y)~! : Dg(y). Since ¢ € C*M), h € C*(M). Moreover,
[z,2'] € M by convexity of M and we can define Ay, = sup,¢(, . [[Dh(y)||, where || Dh(y)| =

SUD ||, oy =1 [P (Y) [u]||g(z)-1. Using the mean value theorem on h, we have
[17(z) = h(2")llg(a)1 < Agllz’ — 2llga) - (23)
By combining (14), (20), (21) and (23), we have
IF® (2) = FO ()| g(z)-1
< Cvllz = 2'llg()
+(1/2){4451(1 = 1) (F + [Pl g(z)—1) + 445, (1 = 1) 7P|z = 2|l
+(1/2) - (5/3)afa + (1 = )7 + Bl ga)-1)* 12" — @llga)
+(1/2)Agll2” — zllg(a) -
We define Az o = Cy + 24z 1(1 —7) (7 + |pllg(z)-1) + 242 1, (1 = 7) 737 + (5/6)a(a+ 1) (1 —
7)78(F + ||l g(z)-1)* + Ag/2 such that
IE® (2) = FO()llg(a) < Azollz = 2']l: -
Finally, we have
IF(2) = F()lz = IFV(2) = FO()llg(@) + 1FP(2) = FO () gz
< (Az1+ As2)llz =2z,

i.e., F'is (Az 1 + Az 2)-Lipschitz-continuous on By with respect to || - || .

We now show that F' is Lipschitz-continuous on B with respect to || - ||e. Consider (z,2) € Bx B
denoted by z = (z,p) and 2’ = (', p’). In particular, (z,2’) € By x By. Using the previous result
and Lemma 12, we have

IF(2)=F(2")lle < Gzl F(2)=F(2)|z < Ca(Az1+Az2)2—2'|lz < C3(Azn+As2)e—2'[e ,
which proves that F' is C2(Az 1 + Az 2)-Lipschitz-continuous on B with respect to || - ||e.
Conclusion. Combining Items (a) and (b), we obtain the results (i), (ii) and (iii) of Proposition 13

upon using Cauchy-Lipschitz’s theorem. Moreover, for any ¢ € J,,, 0;H (2(t)) = 0, H (2(t)) T a(t) +
OpH (2(t)) Tp(t) = —p(t) "@(t) +p(t) Ti(t) = 0, which proves the result (iv) of Proposition 13. [

Proof of Proposition 14. Assume A1, A2. Let zp € T*M, (J,,, z) as in Proposition 13. Assume that
T,, = sup J,, < 4+oo. Then, by Cauchy-Lipschitz’s theorem, z leaves any compact set of E at the
neighbourhood of T7,. By construction of || - ||, this property is induced on both variables 2z € M
and p € R, each with respect to || - ||o. We directly obtain the result of Proposition 14 by continuity
of (z,p). O

E.2 Proof of reversibility in Algorithm 2

In (RM)HMC, one often sets the time horizon of the Hamiltonian dynamics with a hyperparameter h.
However, under A1 and A2, we are not able to prove that the Hamiltonian dynamics (3) is defined
at time h > 0, given any starting point zg € T*M. Actually, this dynamics explodes if the time
horizon is finite (see Proposition 14). This theoretical limitation requires to implement some sort of
“involution checking step” (see Line 4 in Algorithm 2), which is theoretically explained below.

In the rest of this section, for any zo € T*M, we will denote by (-, 29) € C*(J,,, T*M) the maximal
solution to (3) with starting point zp, uniquely defined in Proposition 13. For any 2 > 0, we recall
below the definition of the sets E; and Ej the map T, introduced in Appendix D:

(@ Ep,={20 € T*M : h <supJ,},
(b) Eh = {ZO €Ep : h<sup J(soTh)(zo)},
(c) the map T}, : E;, — T*M is such that T} (20) = z(h, zo) for any 2z € Ej,.
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In particular, we have
En =EnnN(soTy) *(Ep). (24)
We first prove that the restriction of s o T}, to Ey, is an involutive integrator, which is crucial to derive

the “reversibility* of Algorithm 2 in Theorem 15.

Lemma 16. Assume A1, A2. Then, for any h > 0, s o T}, is a C'-diffeomorphism on Ey, such that
| detJac[s o Th]| = 1.

Proof. Assume Al, A2. Let h > 0. It is clear that T}, (and thus s o T}) is well defined and
continuously differentiable on Ej, (in particular on Ej,), by elaborating on the proof of Proposition 13
combined with Cauchy-Lipschitz’s theorem. Let zy € Ej. By definition of Ep, T} (z0), resp. J,, and
(TrhosoTh)(20), 1esp. JisoT,)(20) are well defined. We now aim to prove that (T, 0 5s0Tp)(20) =

s(z0).

We define 2’ : t € [0, h] — s(z(h—t, 20)), which existence is straightforward since (h—t) € J,, for
any t € [0, h]. In particular, z’(0) = (s o T})(20) and 2’ is a solution of the ODE (3) on the interval
[0, A]. Yet, [0, h] C J(som,)(20)- and 2'(0) = 2(0, (s0T}p)(20)). Then, by unicity of z(-, (soTh)(z0))
(see Proposition 13), z(+, (s o Tj)(z0)) and 2’ coincide on [0, h]. In particular, we have at time h

s(zg0) = 2'(h) = z(h, (s 0 Tp)(20)) = (T 050 Th)(20) -
Then for any zg € Ej, (s o Ty, 0 s 0 Ty)(20) = 20, i.e., s o T}, is an involution on Ej,. Since

so Ty € CY(Ep, T*M), s o T}, is a C!-diffeomorphism on Ej, such that | detJac[s o T;]| = 1. O

We recall that we denote by Q. : T*M x B(T*M) — [0, 1], the transition kernel of the (homogeneous)
Markov chain (X, Pn)ne[ N obtained with Algorithm 2. We also denote by:

(@ Qo : T*M x B(T*M) — [0,1], the transition kernel referring to Step 1 (also Step 3) in
Algorithm 2.

(®) Q1 : T*M x B(T*M) — [0, 1], the transition kernel referring to Step 2 in Algorithm 2.

We provide below details on Markov kernels Qq, Q1 and Q..

Kernel Qg. This kernel corresponds to the Gaussian momentum update with refreshing rate 3. For
any (z,2') € T*M x T*M, we have

Qo(z,dz") = Nu(p'; v/1 — Bp, fId)dp’ 5, (dz”) (25)
= (2n8)~"/? det(g(x)) " 2exp[—(28) P — VT = Bl 41 Jdp/ 8, (da) .

Kernel Q. ;. Thiskernel is deterministic and corresponds to the exact integration of the Hamiltonian
up until time A. For any (z, 2’) € T*M x T*M, we have

Qe1(2,d2") = 1g, (2)01,,(2)(d2) + Tge (2)85(x) (d2') - (26)

Kernel Q.. This kernel corresponds to one step of Algorithm 2 (i.e., comprising Steps 1 to 3). For
any (z,2') € T*M x T*M, we have
Qe(2,d2") = [rpmurem Qo2 d21)Qe 1 (21, d22)Qo(22,dz") . (27)

We recall that 7, as defined in (2), admits a density with respect to the product Lebesgue measure
given for any z = (x,p) € T*M by

(d7/(dzdp))(z,p) = (1/Z) exp[—(1/2)[|pll} (1)-1] det(g(x)) /% exp[-V ()] .

Lemma 17. Assume Al. Then, the Markov kernel Qq, defined in (25), is reversible (up to momentum
reversal) with respect to .
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Proof. Assume Al. For any (z,2) € T*M x T*M, we have
Qo(z,d2" )7 (dz)= (1/2)(2m) =42 =42 det(g(z)) ' exp[—V (z)]dzdpdp’s, (dz')

exp[—(28) I — VT = Bol2,) ] expl—(1/2) I, ]

= (1/2)(2m) =23~ det(g(x)) " exp[~V (x)]dzdpdp' s, (dz’)
expl=(28) 1Py — 2VT= B D) gter1 + 11200y}

= (1/2)(2m)~%/23~%/2 det(g(a")) " exp[~V (¢')]dz’dp/ dpS, (dz)
exp[— ) 1{||p Hg(x/) 1 2\/f<p,p' g(z')— 1+Hp||g(z/ 1}]

= Qo(2',dz)7(d2"),

which proves the reversibility of Qg with respect to 7. Since s Qo = Qo, we conclude the proof
with Lemma 6. O

Lemma 18. Assume A1, A2. Then, for any h > 0, the Markov kernel Q. 1 with step-size h, defined

in (26), is reversible up to momentum reversal with respect to 7.

Proof. Assume A1, A2. We recall that the set Ej, is defined in (24). Let f € C(T*M x T*M,R)
with compact support. According to Definition 4, we aim to show that

Jremsrem £ (2, 2)Qe1(2,d2")T(d2) = [ropsrem F(5(2),8(2))Qe1(2,d2)T(dz) . (28)
We denote by [ the left integral of (28). We have I = I; + I, where
L= fg, 7()f (2, Ta(2)dz, T2 = fg 7(2)f(2,5(2))dz .

We denote by J the right integral of (28). By symmetry, we have J = J; + Js where
Jl = fEh 777-(2’/)f<(‘g o Th)(z)a s(z))dz 3 J2 = fEi ﬁ(Z)f(,L S(Z))dZ .

We directly have I = Js. Let us now prove that 7; = J;. By change of variable z — (s o T})(z) in
I, we have

I = fEh, 7(2)f(z, Tr(z))dz
= f(soTh)(Eh) T((soTr)(2))f((s0oTh)(2),s(2))dz (Lemma 16)
— fEh 7(2)f((s 0 Ty)(2), s(2))dz (Proposition 13-(iv) & (s o T3, )(Ep) = Ex)
=J.

Finally, we obtain I = J and thus prove (28) for any continuous function with compact support,
which concludes the proof.

O

We are now ready to prove Theorem 15, which states that Q.. is reversible up to momentum reversal
with respect to 7.

Proof of Theorem 15. Assume A1, A2. Let f : T*"M x T*M — R be a continuous function with
compact support. We have

fT*MxT*M f(z,2")Qe(z, d2")7(dz)
= f i Qo(z,d21)Qec,1(21,d22)Qo(22,d2")7(d2)
—fT* 4f( ;2" )Qo(z,d21)Qe,1(s(2), d22)Qo(22, d2')w(d2)
= Jeremys £(s(21),2")Qo(5(2), d21)Qe,1(2, d22) Qo(22, d2") 7 (d2)
_fT* 4f( )Qo(22,d21)Qc,1(2,d22)Qo(s(2),dz’)7(dz) (Lemma 18)
= Jeremyr F(5(21), 2)Qo(22, d21)Qe,1(5(2), d22) Qo(z, d2) 7 (dz)
= f(T*M)4 f(s(z1), s(2))Qo(22,dz1)Qe1 (2, d22)Qo(z, d2")7(dz)
= Jremsrem F(5(2),5(2))Qe(z,d2")7(dz) .

z

) 2 (see (27))
s(z1 (Lemma 17)

(momentum reversal on 2)

(momentum reversal on 2)

(Lemma 17)

')

)

)
s(z1), 2’

)

)

(
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Moreover, sy7 = 7. Hence, by combining Definition 4 and Lemma 5, we obtain the result of
Theorem 15. O

F Numerical integration in HMC

In this section, we first recall the definition of symplectic maps, and then discuss the choice of
integrators in RMHMC. Finally, we focus on the implicit integrator defined in (6) and provide some
notations, which will be notably used in appendix G.

Reminders on symplecticity. We define J; = (—OId Ig) € R2dx2d,
Definition 19 (Hairer et al. (2006)). A linear mapping A : R?¢ — R?? is called symplectic if
AT J A = J,.

Definition 20 (Hairer et al. (2006)). A differentiable map F : U — R?? where U C R?? is an open set,
is called symplectic if the Jacobian matrix Jac|F) is symplectic, i.e., if Jac[F](2) " Jy Jac[F](z) = J4
forany z € U. In particular, if F is symplectic, then | detJac[F]| = 1.

Choice of the integrators in RMHMC. Introducing a Riemannian metric g in the Hamiltonian a
priori makes it non separable. Thus, designing an integrator which is (i) symplectic, (ii) reversible
and (iii) not too computationally heavy is challenging. The generalized Leapfrog integrator (GLI), or
equivalently the Stormer-Verlet integrator, combined with fixed point iterations, as chosen by Girolami
& Calderhead (2011), is considered as the standard scheme for RMHMC. Brofos & Lederman (2021b)
analyze the impact of GLI on the ergodicity of RMHMC under a metric which is designed in the same
manner as Cobb et al. (2019). In particular, they show that the convergence threshold used to compute
the fixed-point process only matters to an extent, and identify a diminishing return to using smaller
convergence thresholds. They compare the fixed-point approach with Newton’s method, which gives
less iterations to converge. On the other hand, the implicit midpoint integrator (IMI) enjoys the same
theoretical properties as GLI, when these two integrators are combined with fixed-point iterations.
As shown by Brofos & Lederman (2021a), IMI may also show numerical advantages in terms of
reversibility and volume preservation for specific target distributions. However, this integrator is hard
to use for reversibility proofs due to its non-separability. Besides this, Cobb et al. (2019) combine a
2-state augmented Hamiltonian, based on the work of Tao (2016), with Strang splitting (Strang, 1968)
to propose a symplectic explicit integrator which thus has the advantage not to rely on fixed-point
iterations. Yet, this integrator does not satisfy reversibility in theory.

Details on the Stormer-Verlet integrator. The scheme defined in (6) can be written as G, =
Gy, o Gy, where:

(@ G, : T*M — 2T"M s the set-valued map implicitly defined by the first two aligns of (6), i.e., for
any (z,2') € T*M x T*M, 2’ € G,,(z) if and only if

p/ =p— %aIHZ(xap/)7 .CBI =z —+ %[apHZ(‘r7p/) + 8pH2(x/ap/)] ) (29)
We also define the map g, : T*M x T*M — R" x R™ by
gh(zvz/) = (l’l -z %[apHQ(xvpl) + apHQ(xlvp/)]ap/ —-p+ %axHQ(xapl)) . (30)
such that g, (z,2") = O if and only if 2" € G, (2).
(b) Gy, : T*M — T*M is explicitly defined by the last align of (6), i.e., for any z € T*M,

Gr(2) = (z,p— 20, Hs(2,p)) . (31)

G Proofs of Section 4.1

In this section, we state several results on the maps defined by the implicit integrators of the
Hamiltonian (see Section 3.1), in order to prove Proposition 2.
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Lemma 21. Let U C R? a non-empty open set and z € U. Assume there exist a neighbourhood
U. € Uofz L > 0and a L-Lipschitz-continuous map 1) : U, — R? such that 1) € C*(U,,R%).
Then, for any h € (0,1/L) and any a € R?, the map )y, : U, — R? defined for any 2’ € U, by
Y (2') = 2" + hp(2') + a is a C-diffeomorphism on a neighbourhood U’, C U., of 2.

Proof. Assume we are provided with U, z, U, L and ¢ as described in Lemma 21. Let h € (0,1/L)
and a € RY. We define the map v, : U, — R% by ¢, (2') = 2’ + hap(2') + a, for any 2’ € U,.
Since ¢ € C}(U,,R%) , itis clear that 1, € C*(U,,R9). We have, for any 2’ € U, Dy, (2') =
Id +hDv(z"). In particular, for any w € R4, it comes that

[DYpn(z)w]| = [Jw]| = AL|w]| = (1 = RL)[Jw] .

Since 1 — hL > 0, Jac[tp](#) is invertible. We conclude the proof by using the local inverse function
theorem. N

We recall that the set-valued map Gy, defined in (6), is the generalised Leapfrog integrator, or
equivalently the Stormer-Verlet integrator, of the non-separable Hamiltonian /5 defined in Section 3.1.
We state below a result of local smoothness of this integrator.

Lemma 22. Let (M, g) be a a smooth manifold of R* and h > 0. Then, for any (z(©), z(1)) € M x M,
the vector p©) € T* )M such that (2™, pM) € G (2©, p) for any p™) € T% 1y M is uniquely
determined by p©) = Gy oo (1), where the map Gy, y0) : M — T% oM is defined by

G0 (y) = p2 (y) — %DG(OS(O))[G(x(o))’lp(”?)(y), gz, 32)

with p1/2 (y) = 2(g(z0) =1 + g(y) 1) "1 (y — 2O). In particular; if g € C*(M,R**?), then, for
any z(*) € M, Gy z € CH(M, T ) M).

For any o > 1, we define r7, > 0 by
rr = min(1/50000,1/{1000c(cx + 1)}) . (33)

We recall that we denote by W°(x, ) the open Dikin ellipsoid (w.r.t. g) at x € M of radius v > 0,
given by WO (z,7) = {y € R? : |ly — z||g(s) < r}. Assume Al, A2. Let ) € Mandr € (0,r%),
where o is given by A2. Then, for any x € W°(z(®) 1), 2 € M and Jac|Gy, o ]() is invertible for
any h > 0.

Proof. Let (M, g) be a a smooth manifold of R? and h > 0. We first prove the existence and
uniqueness of the map defined in (32). Let (9, z(1)) € M x M. We define for any y € M

2 _ 1 . h
PP@) = 2 e ) -2 ) By = pY P () + S0 p YD (y))

Note that these expressions are obtained by simply inverting the first two aligns of (6). Then, by
definition of Gy, the vector p € T* ;M such that (™M), p)) € Gy (2, p) for any pi) € T* ;)M
is uniquely determined by p = {(z(!)). We thus obtain (32), using the expression of 9, H given in
Section 3.1. Moreover, it is clear that G, o) is continuously differentiable if g € C*(M, R4*4).

We are now going to prove the second result of Lemma 22. Assume Al, A2. Let 2(?) € M and
r € (0,r%], where 1 is defined in (33) and « is given by A2. In particular 7% < 1/11. For the sake
of clarity, we will now denote g(z(*)) by go for the rest of the proof.

We define the open Dikin ellipsoid By = WO(:I:(O), r). Since r < 1, By C M by Lemma 9-(b). Let
h > 0. We now define the following maps on By
M_{BO — STH(R) K—{BO — R4
T ly ety T ly e Me(y) Tty —2©)

¢_{Bo - R4 &_{Bo — R?
7 Vv~ Mo(y)DgolKo(y),Ko(y)] T Vy = EM(y)Ghao(y)
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Note that we have, for any y € By, ¢(y) = (y — z(9)) — 2¢o(y). Since g is twice continuously
differentiable on B, the maps previously defined are continuously differentiable. We now compute
the derivatives of these maps. Let y € By and w € R?. We have

DM (y)[w] = —a(y) ' Da(y)[wla(y) ",
DKo(y)[w] = —g5 " Mo(y) ™" DMy (y)[w]Mo (y) " (y — 2*) + g5 Mo (y) 'w
= —go {ow)ay " + 14} 'a(y) DMo(y)[wlg(y){g; "o(y) + 1} " (y — =)
+ 9y 'Mo(y)'w
=g, {ow)ey " + 1} ' Do) wl{eg 'o(y) +1a} (v — 2©) + g5 Mo () w,
Do (y)[w] = DMo(y)[w]Dgo[Ko(y), Ko(y)] + Mo(y) Dgo[ DKo (y) [w], Ko (y)]
+ Mo(y) Dgo[Ko(y), DKo (y)[w]] ,

Do(y)lu] = Ta ~ 5 Doly)u]

We have in particular ¢o(z(?)) = 0 and D¢ (x(?)) = 0. Let us first study the smoothness of D¢y on
Bo.

Smoothness of D¢g. We prove here that Dy is (r) ~!-Lipschitz-continuous on By with respect
to || Ilgo- Let (y,y") € Bp and w € RY. We have

1D¢o(y)[w] — Deo(y")[w]| g6 (34
< [IDMo(y)[w] Dgo[Ko (y), Ko(y)] — DMo(y')[w] Dgo[Ko(y'), Ko(y)]llgo
+ [[Mo(y) Dgo[ DKo (y)[w], Ko(y)] — Mo(y") Dgo[ DKo (y)[w], Ko(y)]ll g
+ Mo (y) Dgo[Ko(y), DKo (y) [w]] — Mo(y') Dgo[Ko(y"), DKo(y')[w]]llg, -
Remark that the two last terms in (34) are very similar and can be bounded in the same way. The rest

of the proof on the Lipschitz-continuity of D¢ is separated in two steps, each of them consisting of
bounding from above a term of (34).

Step 1. Let us first bound the first term in (34). For any z € By, we denote
DMy (z)[w]Dgo[Ko(x), Ko(z)] by a1 (z). We have

g (a1(y) — a1 (y)) (35)
= {g0/* (DM (y)[w] — DM (") [w])ay*Hag /> Dgo[Ko(y), Ko(y)]}
+ {9(1)/2DM0(2J )wlg 1/2}{971/ (Dgo[Ko(y), Ko(y)] — Dgo[Ko(v'), Ko(y')])} -

‘We now aim to bound each one of the four terms that appear in (35).

Step 1.1. First, we have

g0/ 2 (DMo () [w] — DMy (y)[w])gy”* = g0/ (a(y') " Da(y ) [wla(y') ™ — a(y
= 0t/ {o(y") " — a(y) "} Da(y)[w]s

Dag(y

1 _

)" Da(y)[wla(y) Ve
(y) ey’

+ 95 %8(y) " {Dg(y)[w] — Da(y)[wl}e(y) gy’

+ 002 a(y) ' Da(y) wl{ay) " — 8(y)” 1}91/2.

We recall that » < % < 1/11, and thus, we have for any = € {y,y’} the following inequalities

oo {a(s) ™" — o) Yas*ll2 < 31 =) *lly ~ o/, - (on the model of (18))
g *a(x) a2 < (1 —7)72, (Lemma 9-(b))
lgo > Dg(x)[wlay |2 < (1 —r)~2|lg(x) "2 Dg(z)[wla(x) V2| .
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In particular, we have for any = € {y, v’}

la(z) =2 Dyg(a)[w]g(x) ~/?|l2 = sup 1Dg(2)[w, g(x) "/ *w']||g(x) -2 (36)
{w’eR?: [Jw’||l2=1}

< 2wl g(a) sup la(z) 72wl g(x) (Lemma 9-(a))
{weR?: |lw'||l2=1}
<201 —7) Hwllg 5 (Lemma 9-(c))
and using again that r < r* < 1/11, we have
ls(y)~"/*{Da(y")[w] — Da(y)[w]}e(y") "/ 37)
- sup 1Dg(y)w, o(y")~/*w'] = Daly)[w, 8(y') "/ *w']H ()
{w’€R®: ||w'[|2=1}
< afa+1)/3wllae (= lly = y'llsw) ™ = 1) (Lemma 11-(c))
<5a(a+1)/3(1 =) wllglly — ¥ g0 - (on the model of (22))

Thus, by using (36) and (37), we have
llag”* (DMo(y)[w] — DMo(y)[w])gg *[l2 < (121 — 1)~ + 5o+ 1)/3(1 =) "%y — /[l gollw]lg, -

Step 1.2. Secondly, we have

llgo** Dgo[Ko (1), Ko)]l2 < 2/[Ko(y)|2, (Lemma 9-(a))
< 2l|gy Mo (y) " (v — )13 (definition of Ko)
< 2llgg " *Mo(y) "Lag 2 13lly — =2,
< 2r?)go " *Mo(y) g5 7113,
where we have by Lemma 9-(b)

00 "Mo(y) o0 * = (Lot ag%a() ey < (1H (-0 e (38

Hence, we obtain

lgo /* Dao[Ko(y), Ko(y)]ll2 < 2r2(1 + (1 — 1)) 2 . (39)

Step 1.3. Thirdly, we have

/> DMo () [w]gy*[l2 < (1 — 1) ~2|lg(x) "2 Da(y’) [w]a(z) "V/2 (40)

<
<2(1—7) " [lwllg, - (using (36))

Step 1.4. Fourthly, we have
lgo " (DgolKo(y). Ko(y)] ~ Dgo[Ko(y'). Ko ))|l2 (41)
< 2| Dgo[Ko(y) — Ko(y'), Ko()]ll4-1 + [ Dgo[Ko(y) — Ko(y'), Ko(y) — Ko(y)]llg-
< 2[Ko(y) — Ko () llgo Ko () llgo + Ko () — Ko(y/)llg Ko (y) — Ko(y)lgo (Lemma 9-(a))
<4 Mo(y) "y — V) = Mo(y) (Y — 2Oy Mo () (y — &) -
+2[Mo(y) " (y — 2'¥) = Mo () 7! (' — 2|2

In particular, Mo(y) ' (y — 2(©) = Mo(y') 7' (' — @) = Mo(y)""(y — /') + (Mo(y)~" -
Mo(y') 1) (y' — 2(©), and thus we have

Mo(y) ™ (y = @) = Mo(y) (g’ = 2|, 42)
< llgo " Mo(y) gy llally — v ||g0+r||g*”2<Mo<y>-1 ~Mo(y) Vg 2
<A+ 1=y = y'lleo +rllay *Mo(y") ™ = Mo(y) g - - (using (38))
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We now aim to find an upper bound for [|gg /% (Mo (y)~* — Mo(y)~)gg */||2. We have

gy (Mo(y) ™" — Mo(y) gy /*
= (Lo + 000 () "'ae/*) 7! = (L + 00 %a(y) ey )
= Lo+ 00" 0) " ae”* + 00 o)™ — ay) e T - (Lo + 80 a(y) e )
= B(y) " 2[(la+ By) Ve {o(y) "t — a(y) ey *B(y) V) - LB(y) V2,

where B(y') = I + 91/2 (y')~ 19(1)/2. In particular, we have

(14 (1= 2L S Bl) 2 = (14 (1= 1)) 7,

by Lemma 9-(b). Note that (17) still holds, where x, x’ and 7 are respectively replaced by y, 4’ and .
Thus, on the model on (18), we have

{0 =1y = yllgw)? = 131 =1L < g5 {o(y) ™" — o) " Yae> < {1 = Iy = yllgwy) 2 = 1}(1 — )14,
and then
A+{ = Iy = yllgw)® = 1A =r)?’A+ (1 =)Dy
< 1a+B(y) 20 {oly) " — a(y) " Yo/ B(y) T/
S(AH{A =1y = yllgw) P - A=) 20+ (1 —=7)*) N4

Therefore, we have ||g51/2(M0(y’)*17M0(y’) Dao 1/2|| <1+ —=r)2) " max(|f1(r)], f2(r))
where

) =CH{A =Y = yllg) 7 - A =r) QA+ 1 =) =1,
F(r) = 0+ {0 = Iy = yllg)* = 3@ =r)*A+ (1 =) "H 7 1.

We now aim to control the upper bound max(|f1(r)|, f2(r)).

(a) We first bound | f1 (7). Since || — y|lg¢y) > 0. itis clear that f;(r) < 0. Using Inequality (a)
with u = |ly" — yllg(y), where u < 1/5 by (17), we obtain

lfi(r)| = —fi(r)
<T—(14+301 =20+ 1 =m) "y = yllgw) ™
<31 =10+ 1 =)y = yllg) (Inequality (d))
<31 -r)PA+ =)y = yllg, - (Lemma 9~(c))

(b) We now bound f5(r). We have

fo(r) <@ =21 =)+ 1 =)y = yllgw) ' —1
<4Q =1+ 1= = yllew
<A =)+ A=) 7Y — vl - (Lemma 9-(c))
where we used (i) Inequality (d) in the first line with u = ||y’ — y||4(,) and (ii) Inequality (b) in the

second line with u = 2(1 —7)2(1+ (1 —7) ") M|y = yllg) < 4r(1—r)(14+(1—7r)"2)"1 <1/2
with r <1/11.

We recall that 7 € (0, 1), and thus, we have respectively (1—7)"3 > (1—r)and (14 (1—7)?)"! >
(1+ (1 —r)=2)~L. Therefore, max(|f1(r)], f2(r)) < (4/3)|f1(r)| and

lgo " (Mo(y') ™ = Mo(y") Dgo *ll2 <401 — 1)1+ (1 = 1)) 2y — yllgo » (43)
Ko (y) — Ko(¥')llgo < (L4 (1 —r)2) "1+ dr(l —r) 2 (1 + (1 =) Yy — yllg, -
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By combining (41), (42) and (43), we finally have
o *(Dao[Ko(y). Ko(y)] ~ DgolKo(y'), Ko(y"))2
SAr(l+ (1= 1+4r@ =)0+ (-1 Hy — ¥'llgo
FAr+ (=)= )P A+ (=) ly — ¢l
SAr(l+(1-n)) 2440 -0+ =) Py — v g, -

Conclusion of Step 1. By combining the results of Steps 1.1 to 1.4, it comes that
[ DMo(y)[w] Dgo[Ko(y), Ko(y)] — DMo(y") [w] Dgo[Ko(y"), Ko(y")]llgo
= llgg/*(a1(y) — ar ()2
<{2r?(1 4+ (1 -7)*"2120 - )8 +5a(a+1)/3(1 —r)7%
+8(1 =)+ (1 =r)) 22+ 41 =)+ (1 =) Hy = ¥'llgo lwllgo -

Step 2. Let us now bound the second term in (34). For any x € Bj, we denote
Mo (y) Dgo[DKo(y)[w], Ko( )] by ay(z). We have

8% (a2(y) — az(y")) = {g6”* Mo(y) — Mo(y))go’ *Heo /* Do [ DKo(y)[w], Ko(1)]}  (44)

1/2.—1/2
+ {80 Mo(v)80"* Hao (Do [DKo(y)[w]. Ko(y)] — Dao[ DKo ()] Ko ()}
We now aim to bound each of the four terms that appear in (44).

Step 2.1. First, we have

llgo’>(Mo(y) — Mo(y)ag’*ll2 = llgo’*(a(y) " — a(y') My’
<31 =73y —v'llgo - (on the model of (18))

Step 2.2. Secondly, we have

llsg /% Daol DKo () [w], Ko()] 12 < 2/ DKo (y) ] g0 |Mo(y) " (y = &) -+ (Lemma 9-(a))

<2r(1+ (1)) I DKo(y)[w]]lg » (see Step 1.2.)
where

IDKo (1) [w]llgy < rllag > (8(w)a0 " +1a) "0 I3 ll80 *a(v) /I3 0(v) /2 Da(w)[wla(y) =22
Moy Ml -
Using (36) and (38), it comes that

DKo () [w]llgy < {2r(1 =) 21+ (1 =7)*) 72+ (1+ (1 =7)*) " Hwlg, -
Then, we have

llag /> Dgo[DKo (y)[w], Ko@)l < 2r(1 + (1= 1)%) {1 +2r(1 =) 31+ (1 = 1)?) " Hw]|, -

Step 2.3. Thirdly, we have || *Mo(y')g0'*ll2 = oo 0(s') " ag/* + a2 <1+ (1 — )2

Step 2.4. Fourthly, using Lemma 9-(a), we have
gy (Dol DKo(y)[w], Ko(y)] — Dol DKoy )ewl, Ko(y )2
< [[Dgo[ DKo (y)[w] — DKo(y')[w], Ko(y)]ll4-1 + [1Dgo[DKo(y)[w], Ko(y) — Ko(y')]ll -
+ [ Dgo[DKo(y)[w] — DKo (y")[w], Ko(y) — Ko(y)]ll-
< 2||DKo(y)[w] — DKo(y")[w]llg, Ko ()]l g0 + 2 DKo (y)[w]llg Ko (y) — Ko(y) g
+ 2| DKo (y) [w] — DKo(y") [w]llg Ko (y) — Ko(y) g0

< 2{|Ko(®)]llgo + Ko (y) = Ko(y')llgo HIDKo(y)[w] — DKo (y")[w]llg,
+ 2[| DKo (y) [w][lgo Ko (y) — Ko(y')llgo -
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We recall that the following inequalities hold
Ko()]llgo < r(1+(1—r)*)7"

IDKo(y)[wlllgo < (1+ (1 —7)*)7 1{1+27"(1—7“) Y1+ (1 =) Hlwllg,
)

Ko(y) = Ko )llgo < 1+ (1 =r))"H{1+4r(1 = 1)1+ 1 =1)*) " Hy — yllg -
We are now going to bound || DKo (y)[w] — DKo (y')[w]|| 4, We have

IDKo () [w] = DKo(y)w]llg, < [(Mo(y) ™ = Mo(y/) " wllyor + A1 + As + A3 + Ay,
where
= [{(Ta + 80 awag ) — (a+ 90 Pay)ey 7)1
x g5 /2 Dg(y)[wlgy *(La + g5 aly)ag %) 19”2@ 2|z ,
Ay = ||(La + 90 0(y)ge %)™
As = [|(La+ 05 o(y)ay %) ey 2 Daly)[wlgg 2
x {(La+ 80 o)an )7 — Ma+ 00 Pa)go ) e 2y — 2 )2
)~

Az = |(La+ g5 *av)eo /%) ao  Da(y)[wlag 2 (La + 85 0y )ae ) a0 2y — o)z -
In particular, we have

I(Mo(y") ™" = Mo(y) " wllg-r <41 =) 721+ 1 =1))7lly = yllgolwllgo - ((43))
2

max(Ay, Ag) < 8r(1—7)" (14 1 =)y — /llgollwllg, ((36), (38), (43))

Ay <Ba(a+1)/3r(L—1)" 1+ 1 =) 2y — ¢/ llgollwllgo » (37). (38))

Ar <21 =)0+ 1 =12y = ¥ llgollwllgo - ((36) and (38))
Therefore, we have

llgg */* (Dgo[ DKo (y)[w], Ko()] — Dao[DKo(y')[w], Ko (y')])]l2
<214+ (=) B8 +4r(1—r) 1+ (1-7r)%)"1)}
x {41 =)+ 1 =r)H 2 +16r(1 —7) 51+ (1 —1r)?)"3
+5a(a+1)/3r(1=r) (1 + (1 =r)*) 2+ 201 =) 21+ (1= 7)*) "}y — ¢/ llg0 [l g
+2{1+2r(1 =) 31+ (1 -7}
X (1+1=r))2A+4r(1=r) 21+ 1 =)y — ¥ llgo wllg, -

Conclusion of Step 2. By combining the results of Steps 2.1 to 2.4, it comes that
Mo () Dgo[ DKo (y)[w], Ko(y)] — Mo (y")Dgo[ DKo (') [w], Ko(y)]llg,
= llao’*(a2(y) — az(4))2
<{6r(l—r) A+ 1 —-r)?) 2 L+2r(1—r) 21+ (1 —1)*)""]
+2r[l4+(1=7) )1+ (1 —r)*) "8 +4r(1—r) 31+ (1-7)*)"")}
x {41 =r) A+ @ =r)H2+16r(1 —7) 1+ 1 —-r)?)"3
+5a(a+1)/3r(1—r) "2+ 1 -2 +20—r) 31+ (1 —-r)?)"2}
204+ (1 -1+ 2r(1—7) A+ (1 -7
X+ Q=) QA+ 41 =)+ 1 =1)*) "Dy = ¥ llgo[w]lgo -
Conclusion. Finally, we have || Do (y)[w] — Déo(y)[w]llge < c(M)ly — ¥'|lgo lwll o> Where
c(r) <247%(1 — )2 + 10a(a + 1) /3r3(1 — )10
+32r(1 — )" 4+ 12872 (1 — )12 4 12873 (1 — )17
+12r(1 —7)" " 4 2477 (1 — )12
+ {487 (1 — 7)) +192r%(1 — )" + 20a(a + 1)r?(1 — )"0 4 24r(1 — ) M1+ (1 — )%}

4+ {64r%(1 — )7 + 25673 (1 — 7)Y + 80a(ar +1)/3r3(1 — 7)1 + 3272 (1 — ) MM {1+ (1 — 1)~

+ {4 =)t 24r(1 ) 0+ 3207 (L — ) M1+ (1 1) 2,
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by combining the results of Step 1 (two first lines) and Step 2 (following lines). Hence, using that
r < 1/11, we have

c(r) < max(24 x 256,5 x 80a(a +1)/3)(1 —r) %
< max (6144, 400 (c + 1)/3)15/2
< max(46080, 1000 (a + 1))

<1/rk (see (33))

o )
i.e., for any (y,4') € By x By and w € RY, we have

IDo(y)w] — Do(m)[wlllg < (&) " ly = ¥/ llgo lwlgs

and thus .
1Ddo(y) — Ddo()llao < (ra) 1y — ¥'llgo -

This last inequality finally proves that Dy is (1% )~ !-Lipschitz-continuous on B, with respect to
H ’ ”90'

Inequality on D¢y. Elaborating on the smoothness of D, we prove here that || Do (1) g, > 1/2
for any y € By. Let y € By, we have

Lallgo = 1Dd0(y) +1/2Do(y)llgo -
1< [[Do(y)llay + 1/211D¢0(y) g0 -
1=1/2[|D¢o(y)llgo < [1Ddo(y)llgo -

We recall that D¢y (2(?)) = 0 and that D is (r)~*-Lipschitz-continuous on By. Thus, we obtain
1Dgo() a0 = Do (y) — Doo(@)llg, < (r2) " ly = 2Pllg, < (r) 'r <1,
and then || Do (y)||q, > 1/2, which proves the result.

Smoothness of ¢y and (;30. We prove here that ¢ (and thus zf)o) is Lipschitz-continuous on By with
respect to || - ||g,. Let (y,4") € By x By. We have

llo(y) — ¢o(y)llgo < [{Mo(y) — Mo(y")} Dao[Ko(y), Ko(¥)]llgo 45)
+ Mo (y"){Dgo[Ko(y), Ko(y)] = DgolKo(y'), Ko(¥')]}lgo -

To prove the Lipschitz-continuity of ¢, we are going to proceed in two steps, each of them consisting
of bounding from above a term of (45).

Step 1. Let us first bound the first term in (45). Since r < 1/11, we have

[{Mo(y) — Mo (y") } Dgo[Ko(y), Ko(y)]llg
< llgo *{Mo(y) — Mo(y/) a5’ * |2 | Dgo[Ko(), Ko ()] |-
<31 =)y = llgo % 2Ko(W)II3, (see (18) and Lemma 9-(a))
<6r2(1—r) (14 (1=7)*)2ly = ' llgo - (see (39))

Step 2. Let us now bound the second term in (45). We have

Mo (y'){Dgo[Ko (1), Ko ()] — Dao[Ko(y'), Ko(y')]}lao
< llgg/*Mo ()6’ 12| Dgo[Ko(v), Ko(y)] — Dgo[Ko(y), Ko(y/)][ly=
< {1+ (1= 1) 72}{2]| Dgo[Ko(y) — Ko(y') Ko )]l 4= + [1Dg0[Ko(y) — Ko(y'), Ko (y)
< {1+ (1 =) 2 H4Ko(y) = Ko(¥)lgo Ko w)llao + 21Ko(y) = Ko(y))|[3,}
< {1+ (1= 7)2HKo(y) = Ko)llao {21Ko(®)lls0 + 1Ko(w) = Ko(®)llgo} -
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where we recall that the following inequalities hold
Ko()lllgo < r(1+(1—r)*7",
Ko (y) = Koy )lgo < 1+ 1 =11+ 41 =) 1A+ 1 =) Hy — yllg, -
Thus, we have

Mo (y"){Dgo[Ko(y), Ko(y)] — Dgo[Ko(y'), Ko(y')]}lgo
<4r{l+ (1 —=r)?} 2 {14+4r1 =) A+ 1 =) Flly — ' lgo -

Conclusion. Since r < 1/11, we finally have

é0(y) — do(¥)lgo < {6r*(1 —7)2(1+ (1 —r)*)~?
Ar{l+ 1 =) 14+ 41 =)0+ 1 =)y = ¢ lleo
<{6r*(1—7) T+ 4r(L =)+ 3272 (L =) + 6473 (L — 7)Yy — v/l 0o
< 4% 64r(1 =) "My — y'llg,
< 4864/57(ly — ¥/'llgo -

Therefore, ¢y and ¢ are respectively (4864 /5r) and (1 + 2432/5r)-Lipschitz-continuous on By
with respect to || - || g, -

We are now ready to prove the second result of Lemma 22.

Invertibility of Jac[G), ,«]. Leta € Bgand w € R%. We have (h/2)Gy, .0 = Mo(y) " ¢o(y)
and thus,

(h/2)DGy, zo (2)[w] = Mo (2) ™! Do () [w] + DM ()~ [w]o (=) ,
Déy()[w] = (h/2)Mo(2) DGy, 4o (2)[w] — Mo (x) DMo ()~ [w]do () -

Then, we have

IDgo(x)[wlllgy < (h/2)llgs *Mo()g “2||2HDGh 2 (@)[w][| ;1 (46)
+ llgo Mo () gy Iz llg0 /> DM () " wlgg Il G0 () g,
< {1+ (1= 1) 2H(B/2)DGy po (@) [w][l 1 + g5 /> DMo () [wlgg '/ [l2l| 0 (@) a0} »
where DMy ()~ w] = —Mg(z) "1 DM (x) [w]Mo(x) ! and
llag */* DM (2) " wlgg 22 < oo /> Mo(x) gy *I13llge /> DMo () [w]gg Iz 47)
<21 =) (14 (1 =7)*) Hwllg, (see (40))

<2(1=7)""|wllg, -
Moreover, using the Lipschitz-continuity of ¢o on By and ¢o(z(?)) = 0, we have

6n(e)ls < () = ot + (s < 1+ 2432050z =0l < (1:+2882/5mr

Since r < 1/11, we have 1 + (1 — r)~2 < 5/2, and by combining (46),(47) and(48), we obtain
IDo(@)[w]ll < (5h/4)| DGz (2)[w] ]l g1+ 4874(1 = 1) Tr[[wllg, -
Since || Do () [w] g, > |[w]lg,/2 and (1 —)~7 < 2 with 7 < 1/11, the last inequality becomes
(Bh/4) DGy, po () [w]]| g2 = {1/2 = 9748r }{w]|g, ,
>1/2—r/(4r5) > 1/4. (see (33))

In particular, Jac[Gy, . ](z) is invertible, which concludes the proof. O
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We prove below that, for any 2(*) € T*M, the set G, (2(?)) is reduced to a single point, for 4 small
enough depending on ().
Lemma 23. For any w > 0, any r € (0,1) and any « > 1, we define

1 (1—-r)3 T )

i, @) = min (1 T -r) 222+ w) 30+ w) r+w)(l+3r/2) + 1/2(r + w)?
(49)

We recall that the set-valued map G, is defined in (29). Assume A1, A2. Then, for any r € (0,1/11],
any z = (z,p) € T*Mand any h € (0, hi(||pllg(z)-1, 7, ), there exists a unique z' € By _(z,7) C
T*M such that 2" € G, (z).

Proof. Assume Al, A2. Letr € (0,1/11], z = (z,p) € T*Mand h € (0, hi (||l g(z)-1, 7, @),
where h; is defined in (49). We recall that the map g, is defined in (30). We define B = B, (z,7)
and the map . : T*M — R™ x R™ by . (z ) = 2/ — g, (z,7) for any 2’ € T*M. Then,
ghvz( z') = 7' if and only if 2’ € G;,(2). The proof is divided in two steps.

Step 1. We first prove that g, Z(B) C B. Let 2’ € B, we have by Lemma 9-(a)

lg,, (") = zll- = §1{a(@) ™" + a(@") "} llg) + F1Da(@)a(@) "0, 9(2) " 0 Tl
= 5l120(2)7 " + {a(@") 7! = 9(2) "} llg) + §IID8(@)]8(2) 1P 8(2) TP o)
< S g1 + (@) (a(a) 7 = a(@) ™ H)a(@) 220D gy -1) + 510 150

where the following inequalities hold

@ [Ip'llg@)—1 = Ip" = p+ pllg-r <7+ 1Ipllg@) -
() Jlg(z)*%(g(z")~! — g(z)"Ha(2)'/?|]2 < 3|l — 2/[|gx) < 3r, on the model of (18), using
r < 1/11.
Therefore, we have
lg,, . (") = zll= < h((r + [Ipllgy-1) + 37(r + IPllg)-1) + 5(r + [Pllg)-1)*)

< B((r + Ipllge)- )L+ 27) + 3(r + Ipllg)-1)?)
< hrefha(|pllgey-1, o) <7\

which proves the statement.

Step 2. We now prove that g 8., is a contraction on B. This proof notably recovers some elements of the
proof of Proposition 13 (see Appendix E). Let (21, 22) € B x B with z1 (1,p1) and 25 = (x2, p2).
Remark that 21, 7o € WO(x, 1) x WO(z,1). Let us first bound ||§h,z z1) — 5511;(2’2)”9(9:)- We have
g (1) — &) (22) = B{a(x) " (pr — p2) + 0(x1) "'pr — p(w2) "2}
= 4{a(@) " (p1 — p2) + (1) " (1 — p2) + (8(x1) " — g(w2) " )p2}

and then, since r < 1/11, we have on the model of (18)

gt (z1) — g5 (z2)llaey < {1+ llg(2)*g(z1) " 0(@)" 22} Ipr = P2llga):

+ &llo(2) 2 (a(x) 7! = glz2) " a(@) 2 [l2llp2llg(a)

< 5{1+ (1 =1)7ps = p2llgey-1 + F A= 1) P21 = zallg@ (r + Ipllge)-

Let us now bound ||§22)Z(z1) - gfl(zz)ﬂg(w)_l. We have

g2 (21) = g7 (22) = 4 {Da(2)[a(2)~*pr. g(x) " p1] — Da(@)[a(2) " p2. g(x) 'p2]}

z
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which gives using Lemma 9-(a)

gt (21) = 852) (22) la(ey-+ = %1 Da()[8(x) " (01 — p2), 8(2) " p2lll gy
+ 41 Dg(@)[g(x) " (o1 — p2), 8(2) " (01 — p2)]ll ()
< hflg(@) " (o1 = p2)llag) 8(2) " p2llge) + Slla(@) ™ (1 — p2)llg)

< A+ [Ipllgz) -1 = p2llg@) -+ + hrllpy = pallg@)— -

Finally, it comes that
I, . (1) — 5, . (z2)ll= < 51+ (=) 4 dr 4 2[plley-+}ipr — pallae)-
+ 321 =) (r + Ipllg@)-) 71 — z2llg@)
< (1/2)h{llz1 — z2llg@) + [IP1 — p2llg@) -1}/ Pa(Ipllgz)-1: 7 @)
< (1/2)[|21 — 22ll:,

which proves that g, s a contraction on B.

Conclusion. We obtain the result of Lemma 23 by applying the fixed point theorem on g,  and
B. SO

Elaborating on Lemma 23, we prove in Lemma 24 that the only element of G, (2(?)) verifies
smoothness properties if 4 is chosen small enough, depending on (%),

Lemma 24. For any z = (x,p) € T*M, any r € (0,1) and any a > 1, we define
i_L(z, r,a) = min (h1(||p|\g(1)71,7“, a),ha(z), hs(z, 7‘)) (50)
where hq is defined in (49), and hs and hs are defined by

1 ha(z,7) 1
= 5 3z, 1) = — .
3/2 4 3[pllg()- 1+ Q1 =7)7Hr + Ipllg)-1)

hg(z)

We recall that r}, is defined in (33). We also recall that the maps Gy, 8, Gy, and Gy, o) are
respectively defined in (29), (30), (31) and (32). Assume Al, A2. Then, for any 20 ¢ T*M
and any h € (0,h(2(0,r%, «)), there exists a unique element z,(ll/m € T*M such that z,(ll/2) €
G, (29N Bl o) (20 r*). Moreover;, we have

(a) Jac,/ [gh](z(o), z,sl/z)) and Jac[@h}(z}(fﬂ)) are invertible,
(b) Jac[Gh’x(m}(a:S/z)) is invertible.

Proof. Assume A1, A2. Let 2(9 € T*M and h € (0, h(2(9,r%, )), where h is defined in (50).

Since r < 1/11, Lemma 23 ensures the existence and uniqueness of z,(ll/ D = (:cgll/ 2), pﬁll/ 2)) €

T*M such that z{"/? € G, () N B1_io, (2, 7%). Moreover, we have 2\ e WO(z(O) %),
and thus Jac[Gh@(O)}(a:fll/Z)) is invertible by Lemma 22. Let us prove that Jac, [gh}(z(o), z}(Ll/Q))

and Jac[Gj](z."/?) are invertible.

Invertibility of Jac..[g,](=(, 2M2). We first remark that Jac, 8,1z, 22y
Jac[vo n] (/%) where 1o, = Id + L4y and 1) is defined on T*M by

Yo(2) = (—{a(= )" +a(y) '} ', — 5 Da(@ ) [g(z?) ' p, g(«'V) " 1p]) .
We recall that ||z£1/2) — 20| < 7% < 1/11 and thus define r; = 1/11 — ||z£1/2) — 2,0 >0

and By = By, (2%, r1). Weset7 = 1/11. Note that By C By, (2(¥),1/11). We show
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below that 1)y is Lipschitz-continuous on By with respect to || - || .«o). Let (2, 2’) € By x By. Similarly
to the proof of Lemma 23, we have

6" (2) = 46" ()l gty < llp - p’ug(xmw
+ o) 2g(x) " (@) 2 l2]lp = Pl (o)
+ 19 @) ! {a(2) ™t = g(2") " (@) 2 L2 Ipllg w0y
<A+ 1 =7)")p = llg@o)
+3(1 = 7) 73 + [P g0y -1) |7 — 2| ga0) -
In the same manner, we have
167 (2) = 957 () lggaton -+ < 2027 + [0 g(a)-1)llp = P'llggaton 1 -
Therefore, recalling that # = 1/11, we obtain with the previous inequalities
o (2) = o()l0 < {3+ 6[p llgator)-1 Iz = 2/l
< 2|z = 2.0 /ha(z?) .

Hence, 1o is (2/h(2(?)))-Lipschitz-continuous on B; with respect to || - ||,«. Then, since
h < he(2(9), Jac[thon](2) is invertible for any z € B; by Lemma 21. In particular,
Jac.[g, (21, 22 = Jac[vo ) (2?) is invertible.

Invertibility of Jac[G](z; (1/ 2)). Let us remark that Gj, = Id + h¢ where ( is defined on T*M by
1 _ —
((2) = (0, 7 Da(@)[a(z)~"p, 8(x)""p]).

We define r, = 1/2and B2 =By, ,,, (z,(Ll/Q), 72). We show below that ¢ is Lipschitz-continuous
“h

on By with respect to || - ||_a/2), with a Lipschitz constant which does not depend on z,(Ll/ ). Let
h
(2,2") € By x Ba. Using Lemma 9-(a) with ro = 1/2, it is clear that

16) = ¢ Larm < A+ oy om0z = 2llLarm -

(1/2) — 2|0y < 7%, we have by Lemma 12

15 Ny 1 < (1 =72) "M PR llgaior)

<@ =ra) T n 1Pl -1)

Moreover, since ||z,

g(z

and thus
16(2) = ¢ < {14 (1= r2) 7 + 10 gy} Iz = 21l ar
< ll2 = 2l /hs(2, 7).
Hence, ¢ is (1/h3(2(9),r%))-Lipschitz-continuous on By with respect to || - ”Zflw)' Since h <

h3(2©),r*), Jac[Gp](z) is invertible for any z € By by Lemma 21. In particular, Jac[@h}(zg/m) is

invertible, which concludes the proof.

The following lemma states the existence of a diffeomorphism between (%) € T*M and 2V €
G, (29) under smoothness conditions verified by z(%).

Lemma 25. Let (2(9, 2(1)) € T*M x T*M. We recall that the maps g, Gy, and Gy, are respectively
defined in (30), (31) and (6). Assume that g € C?*(M,R%*?) and that there exist h > 0 and

z}(ll/ 2 ¢ T*M with the following properties:

(a) gh(z(o), 221/2)) = 0and z:(V) = éh(z,(f/”).

36



(b) Jac, [gh](z(o), z}(ll/z)) and Jac[@h}(z,(f/z)) are invertible.

Then, there exists a neighbourhood U C T*M of 2(9) and a C'-diffeomorphism & : U — £(U) C
T*M such that (i) £(2(0) = 2, (ii) for any z € U, £(2) € G (2) and (iii) | detJac | = 1.

Proof. Let (29 2(1)) € T*M x T*M. Assume that g € C(M,R¢*?) and consider 4 > 0 and
z,(ll/ 2 € T*M as described in Lemma 25. Under the assumption on g, g, and G, are continuously
differentiable respectively on T*M x T*M and T*M. We are going to prove Lemma 25, by first
deriving intermediary results on g, and Gp,.

Resulton g . We recall that g, (2(), 2{M)) = 0 and Jac, 8,1z, 2{"?)) is invertible. Then,
by applying the implicit function theorem on g, at (200, z,(ll/ 2)), we obtain the existence of a
neighbourhood Uy € T*M of 2(9) and a C'-diffeomorphism &, : Uy — &(Ug) € T*M such that
£0(20) = 221/2) and for any z € Uo, g, (2,&0(2)) = 0, i.e., §o(2) € G, (2). Moreover, for any
z € Uy, the Jacobian of £ at z is given by

Jac[&o](2) = — Jac/[g, (2, &(2)) ™" Jac:[g, (2, €o(2)) -

Result on G,.  We recall that () = G, (2, (a/ 2)) and Jac[Gp) (zi(bl/ 2)) is invertible. Then, we apply

(/)

the inverse function theorem on G}, at zy, and obtain the existence of a neighbourhood U; C T*M

of z,(l /) such that & = Gh|u1 is a C!-diffeomorphism on U;.
Final result. 'We now consider the subset U and the map &, respectively defined by

(@) U=¢"(U;Né&(Ug)) € T*M, neighbourhood of z(%).

(b) & = &leyuy © &, C'-diffeomorphism on U such that £(20) = 2, and for any z € U,
£(2) € Ga(2).

Let us now prove that | detJac{| = 1. Let z € U. We define zg = £y(z). By the chain rule, we have
Jac[¢](z) = Jac[&r o &o](2)

= Jac[&1](6o(2)) Jac[€o](2)
= — Jacl€1](éo(2)) Jaca[g, (2, €0(2) ™" Jacs[g, ](2,60(2)) |

where we have

0
(a) Jac[&](z )( a Hy(2) TIg—1 a:c,pH2<Zl)> ’

8 Hy(2") —ﬁ{a Hy(z,p') + 0p pHa (2! p’)})
b) Jac,/ 71’ 21%:p ) DD 5 ’
( ) ac g} : Id + %5’x,pH2($’p/)

c) Jac,] z
© gh aaf LHQ € p) —1

Z(
2=

(9po2(332?) 0 ) .

Therefore, we obtain

| detJac[¢] (2)]
h h 1 h
- dEt( ax pHZ(Z())) det({Id - §aa:,pH2(ZO)}{Id + §ax,pH2(x7p())}) det(Id + §8x,pH2(x7p0)) =1 9
which concludes the proof. O

Lemma 26. Let h > 0. We recall that the set-valued map ¥y, is defined in Section 3.1. Let z € T*M.
Assume that there exist (2, 2") € T*M x T*M such that
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(a) 2’ € Fp(z),
(b) 2" € Fp(z), and
(c) 2/ =",

Then, we have p' = p", and thus 2’ = 2".

Proof. Let h > 0. Let z € T*M. We consider (2',2"”) € Fj(z) x Fj(2) such that 2’ = 2" = 7.
By using the last two aligns from (6) with 2’ and 2", we have p’ = —p1/?) + Lg(3)~1p(l/2) = p”,
where p(1/2) = 2(g(z)~! 4 g(Z)~')~!(Z — z), which concludes the proof. O

Under the assumption A2, we define, for any z(9) € T*M, h*(2(?)) = h(s(2(9),r%, a), where o

is given by A2, and r};, and h are respectively defined in (33) and (50). Note that h* appears in
Proposition 2, for which we derive the proof below.

Proof of Proposition 2. We recall that maps G, g, and Gy, are respectively defined in (29), (30) and

(31). Assume A1, A2. Let 2(0) € T*M. We define (9 = 5(2(9)). Let h € (0, h*(2(?)). By using

Lemma 24 on 2(°), we obtain the existence of z,(Ll/ ) € T*M with the following properties:

(a) Z}(l1/2) € G, (20), i'e‘,gh(g(0)7zi(ll/2)) =0,
(b) Jac, [gh](i(o), z}(lll/Q)) and Jac[@h](zgl/z)) are invertible,

(©) JaC[Gth)](xg/z)) is invertible.

We then define z,(Ll) = Ch(z,(ll/z)). In particular, z,gl) € Gr(2), ie., zél) € Fr(2©) and
Jac[Gh@(m](xg)) = Jac[Gh’gE(m](sz)) is invertible. By combining the properties of z,(Ll/Q) and
with Lemma 25, we also obtain the existence of a neighbourhood U’ ¢ T*M of 2(?) and a C'-
diffeomorphism &, : U’ — &,(U’) € T*M such that (i) &,(2(%) = z}(Ll), (ii) for any z € U/,
&n(2) € Gp(2) and (iii) |det Jac &, | = 1. Therefore, we can define the subset U and the map ~;, of
Proposition 2 by

(a) U= s(U’), neighbourhood of 2(0) in T*M,

() v = & o s, such that (i) 7, (2®) = 2, (i) for any z € U, y4(2) € Fu(2) and (i)
det Jaclvy,] = 1.

We now prove that U can be reduced to a smaller subset such that -y, (z) is the only element of F(z)
in v, (U) for any z € U. Motivated by Lemma 22, we first define, for any (z,2') € M x M, F}, ,(2')
as the only element p € TiM such that (z/,p") € Fj(z,p) for any p’ € T M. It is clear that
Fp2(2") = =Gz (2'), where Gy, ,, is defined in (32). We also define Z;, : M x M — T*M by

Zh(mvx/) = ($7Fh,x($/)) = (l‘, _Ghﬂv(xl)) )

which is continuously differentiable since g € C?(M, R4*4). Besides this, we obtain by Lemma 22

that Jac[Gy, ;o] (20, xg)) is invertible, and then Jac[Zp] (le)) is invertible. Therefore, by applying
the inverse function theorem on Zj, at (z(%), 33511)), it comes that Zj, is a C!-diffeomorphism in a
neighbourhood of (z(%), :cgll)). We are now going to prove the result by contradiction. Assume for
now that there is no neighbourhood U of 2(%) such that +;,(2) is the only element of Fy,(2) in 75, (U),
for any z € U. Then, we can find a sequence (z;);eny Which converges to 2(9) such that for any
i € N, there exist two different elements z; 1 € F(2;) and z; o € Fj(2;). Therefore, for any i € N,

Z;1 7# T;,2 and by Lemma 26, we have

Fraz(@i1) =Fpa(xi2) =0,
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and thus
Zn(xi, 2i1) = Zp(xi, i) = 2 - (5D

Moreover, by continuity of v, the sequences (2;.1);en and (2;,2);en converge to z}(ll), and therefore,

(z:1)ien and (7 2);en also converge to 2(1). Combined with (51), this result of convergence is in
contradiction with the fact that Zj, is a diffeomorphism in a neighbourhood of (z(°), :cgll)). Therefore,

we can reduce U to a smaller subset such that 7 (z) is the only element of F,(z) in y;,(U) for any
z € U, which concludes the proof of Proposition 2.

H Modification of n-BHMC algorithm with step-size conditioning
In the rest of the paper, for any z(*) € T*M, we will denote by &, (2(?)) the value of h, given by A3.

Beyond n-BHMC. A crucial part of the proof of reversibility in BHMC, as much for c-BHMC
as for n-BHMC, relies on local symplectic properties of the integrator of the Hamiltonian dynamics.
Although Algorithm 1 can be implemented without any practical limitation, it is hard to state such
properties for its numerical integrator ®;, under A1, A2 and A3, given any value of h. Indeed,
we know from A3 that ®, is a local involution around z(®) € T*M when h < h,(2(?)); however,
we cannot ensure this result when h > h,(2(?))... To circumvent this issue, we propose to study
Theoretical n-BHMC (Tn-BHMC), presented in Algorithm 3. In this modified version of n-BHMC,
we actually enforce a condition on h to be small enough. We now get into the details of this new
algorithm and assume A3 for the rest of this section.

Theoretical motivations. Let 2 > 0. We recall the definition of the set A;, introduced in Section 4.2
Ay = {Z eT*M : h< min;eBH.”z(Z’l) h*(é)} .

It is clear that A;, C domg, : indeed, if 2(%) € A}, we have in particular that b < h,(2(?)), and
therefore 2(?) € domg, by A3. Let (9 € A,. By A3, we know that ®, is an involution on a
neighbourhood of z(9); in particular, it comes that (&}, o ®},)(2(?) = 2(9). Hence, the condition (b)
of the “involution checking step” in Algorithm 1 is de facto satisfied. This naturally leads to replace
the condition “z € domg, ” by the more restrictive condition “z € Ap”.

Algorithm 3: Tn-BHMC with Momentum Refreshment

Input: (z9,p0) € T*M, 8 € (0,1], N € N, h > 0, 5 > 0, @}, with domain domg, , Ap,
Output: (X, P)nen

forn=1,..., N do .

Step 1: Gn~Ng(0,14),Pn + 1= BPr_1+VBGr

Step 2: solving a discretized version of ODE (3)
X0, Py Xno1, Pui X P (50S50)(Xn, Pn)
it ¥ =(x,P”)eA, then

2z = on(21”)

it Z( € A, then

| XL, P (s0Sh)(ZY)

end
end
Step 3: A, + min(1,exp[—H (X}, P.) + H(X,—1, P))])
U, ~U[0,1]
if U, <A, then X,,P, « X, P,
else X, P, + X,_1,P,
Step 4: X, P, « s(Xn, Pp)
Step 5: Gl ~N.(0,14), Py < 1= BP, + BGL
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Implementation of Tn-BHMC. In Algorithm 3, we highlight in yellow the modifications of
Tn-BHMC in contrast to n-BHMC. Namely, we replace

(@) “Z” € dome, * (Line 5 in Algorithm 1) by “Z{” € A, (Line 5 in Algorithm 3).
(b) “ZS) € domg, “ (Line 8 in Algorithm 1) by “Zfll) € Ay (Line 7 in Algorithm 3).

Note that there is no need to maintain the “involution checking step" of Algorithm 1, since it is

automatically verified once Z,(LO) € Ay. On the whole, these new conditions are more restrictive
than the conditions of Algorithm 1 since A;, C domg, ; moreover, they can be thought as conditions
directly applied on the step-size h. The specific choice of Ay, instead of another subset of domg, , is
actually sufficient to derive the proof of reversibility of Tn-BHMC (see Section 4.2).

I Proofs of Section 4.2

I.1 Expression and properties of r*

Given a Riemannian manifold (M, g), we define r*(z) for any = € M by

r(x) = min([la(@) 132 o)1) - (52)

Note that 7* is used in A3 and that r*(z) = 1/C,, where C,, is defined in Lemma 12. We prove
below that r* has a smooth behaviour on M under our main assumptions.

Lemma 27. Assume Al, A2. Also assume that x € M — ||g=1()||2 is bounded from above. As
defined in (52), r* : M — (0, +00) satisfies the following properties:

(a) r*(z) » 0asz — OM.

(b) There exists L > 0 such that r* is L-Lipschitz-continuous on M with respect to || - ||2.

(c) There exists M > 0 such that r*(x) <M for any x € M.

Proof. Assume A1, A2. Also assume that v € M — ||g~*(z)]|2 is bounded from above. We first

definer; :z € M — ||g(a7)||2_1/2 andrg :z € M — ||g(:v)*1||2_1/2, such that r* = min(ry,rs).
Since g € C2(M,R?*4), it is clear that r; and 75 are continuously differentiable on M. We have:

(@ 71(z) — 0 as & — OM by Lemma 8, and

(b) r2(z) 4 0asz — OM, since 1/73 : z +— ||g(z) |2 is bounded on M.

Combining the fact that o (x) > 0 for any = € M and item (a), we obtain item (a) of Lemma 27. We
denote by d the distance induced by || - ||2 and now define, for any € > 0,

) He = inf{yGM: d(y,0M)<e} 7"2(:(]).
(i) M =Int({z € M : d(xz,0M) <e,r1(z) < uc}), open set in M.
(iii) M_. = M\M,, closed and bounded (and thus, compact) set in M.

Using items (a) and (b), we can ensure the existence of some ¢ € (0, diam(M)) such that (i) g > 0
and (ii) M. and M__ are not empty. We consider such ¢ for the rest of the proof.

Smoothness of 7;.  We define § = d(M°,M__) and Ms = M® + B(0, §/4). Note that

(i) 6 >0sinceM_. C M,
(ii) My is closed since the ball B(0,§/4) is compact, and
(iii) My N\ M__ = 0.
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According to the smooth version Urysohn’s lemma applied to M; and M_., there exists x €
CY(R?,[0,1]) such that x(M_.) = 1 and x(Ms) = 0. We then define 7, : R¢ — (0, +00) by
79 = xr2 + (1 — X)pe. In particular, (i) there exists Ly > 0 such that 75 is Ly-Lipschitz-continuous
on M with respect to || - ||, since 7o € C*(R?, [0, 1]), and (ii) for any = € M, 7o (x) > pe.

Smoothness of 1. 'We now prove that 7 is 1-Lipschitz continuous on M with respect to || - ||2. Let
x € M. Note that 1 () = (]|g(2)||3)~'/* and we thus have

Vri(e) = (~1/4)|g(@)]ly**h(z) : Dg(z)

where h(z) = Oy lla(@)]I3 = 2[g(x)||l2u(z)u(x)", u(x) being a normal eigenvector of g(x)
corresponding to the eigenvalue ||g(x)||2. Hence,

Vri(@)2 < (1/2)]l9(2) ;> [u(@)u(@) T : Dg(z)|l2
< (1/2)lla(@)ll; > [u(z)u(z) T |l2| Dg(@)] 2
< (1/2)]lg()[3*? x 2llg(z)ll3* < 1 (Definition 1-(c))

which proves the result on 7.

Smoothness of r. Let x € M. We can face two cases: either, x € M_,, then ro(x) = 72(x); or,
x € Mg, then 7o(x) > pe > r1(x) and ro(x) > r1(x) by definition of M. Thus, we have for any
x € M, r*(x) = min(ry(x), 72(x)) where 71 and 75 are respectively 1 and Ly Lipschitz-continuous
on M with respect to || - ||2. By observing that 2min(ry, 7y) = 71 4+ 72 — |r1 — |, we setL = 14+ Lo
and thus obtain item (b) of Lemma 27. Finally, item (c) of Lemma 27 directly derives from item (b),
since M is bounded. O

Note that the extra-assumption on g~ ! used in Lemma 27 is not directly ensured by self-concordance
but can be proved when M is a polytope, as shown below.

Lemma 28. Consider a polytope M defined by m constraints with m > d such that M = {z :
Az < b}, where A € R™*? js a full-rank matrix and b € R™. We endow M with the Riemannian
metric g(x) = D?¢(z) where ¢ : M — R is the logarithmic barrier given for any x € M by
dz) = =Y, In (bi — A;rm) In particular, M and g verify Al and A2. Then, the function
r: M — (0,+00) defined by r(z) = ||g~* ()

9, for any x € M, is bounded from above.

Proof. Consider such manifold M and metric g. We aim to show that the smallest eigenvalue of g(x)
is bounded from below for any x € M by a constant ¢ > 0, which does not depend on z, i.e., for any
h € R? and any = € M, g(z)[h, h] > c||h||3.

Since A is full-ranked, A" A is positive-definite. In particular, for any » € RY, (ATA)[h, h] >
Amin(ATA)||R||%, where Apin(ATA) > 0 is the smallest eigenvalue of AT A. We recall that we
have for any 2 € M, g(z) = AT S(x) %A, where S(z) = Diag(b; — A #);c[m)- Leti € [m]. The
functionr; :x € M—= S (x);f has the following properties: (i) 7; is continuous on M, (ii) r;(x) > 0
for any € M and (iii) (z) N 400 as & — OM. Thus, there exists ¢; > 0 such that for any x € M,
ri(x) > ¢;. We define ¢ = min;e(,,) ¢; and we have for any z € M, S(x)~? = ¢l;. We now define
¢ = EAmin(ATA) and we have for any z € M

a(x)[h,h] > &- (ATA)[h,h] > cl|h]3 .

In particular, g(x) =% < (1/c)1g, i.e., ||g(x)~Y|l2 < (1/c), which concludes the proof. O

I.2 Markov kernels of Algorithm 1

Based on the model of E;, defined in (24), we define the set E;‘IL’ C T*M, which will ensure that the
maps derived from implicit integrators of n-BHMC are properly expressed

EP = (s08y/2) ! (domg, N @, (doms,)) = (50 Sy/2)(doms, NP} ' (doms,)) . (53)
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For any (z,2') € E} x T*M, we define the acceptance probability a(z’|z) to move from z to 2’ by
@(2/\2) =a(Z | Z)]1(soSh/g)(z):(<1>ho<l>hososh/2)(z) =a(? | Z)]lz:(RgoRg’)(z) )

where a(z’ | z) is the acceptance probability defined in (9). We denote by Q,, : T*M x B(T*M) —
[0, 1], the transition kernel of the (homogeneous) Markov chain (z,,, pn)ne|n] generated by Algo-
rithm 1. We also denote by:

(@ Qo : T*M x B(T*M) — [0,1], the transition kernel referring to Step 1 (also Step 5) in
Algorithm 1, defined in (25).

(b) Qn.1: T*M x B(T*M) — [0, 1], the transition kernel referring to Step 2-3-4 in Algorithm 1.

We provide below details on Markov kernels Q,, and Q,, 1.

Kernel Q,, 1. This kernel is deterministic and corresponds to the numerical integration of the
Hamiltonian up until time h. For any (z, z’) € T*M x T*M, we have

Qn,1(2,d2") = Lgs (2) (5 Qn2) (2, d2") + Lgp)e (2)0s(5) (d2) (54)
where
Qua(z,d2') = a(Ry (2) | 2)8ra (2 (d2) + [1 = (R} (2) | 2)]8:(d2') . (55)
Kernel Q,,. This kernel corresponds to one step of Algorithm 1 (i.e., comprising Steps 1 to 5). For
any (z,2') € T*M x T*M, we have
Qn(2,d2") = [reperem Qo2 d21)Qn 1 (21, d22)Qo(22,d2") .

L.3 Proof of reversibility in Algorithm 3

Let h > 0. Using notation from A3, we recall definition of the set A;, introduced in Section 4.2
Ap={2 € T*M : h <minzep  (-,1)h«(2)} C dome, . (56)

We also recall that 7, as defined in (2), admits a density with respect to the product Lebesgue measure
given for any z = (x,p) € T*M by

(d7/(dzdp))(z,p) = (1/Z) exp[—(1/2)[Ipll} (z)-1] det(g()) /% exp[~V ()] .

Since Algorithm 3 can be thought as a restrictive version of Algorithm 1, the Markov kernels from
Tn-BHMC are similar to the kernels from n-BHMC, defined in Appendix 1.2. In particular, the
transition kernel corresponding to the Gaussian momentum update (Step 1 and 5 in Algorithm 3, Step
1 and 5 in Algorithm 1) is the same and is reversible (up to momentum reversal) with respect to 7
(see Lemma 17). Namely, we replace

(a) the set EP, defined in (53), by E®,
(b) the kernels Q,, ; and Q,, 2, respectively defined in (54) and (55), by Q; and Q2,

where
EP = (s0Sh2) L (An N @, (Ar)) = (50 Sh/2) (AN ®;,H(AL)) (57)
Ql(z7 dzl) = ]]'E;IL’ (Z) (S#QQ)(Z7 dzl) =+ ]]'(E%’)C (2)55(2) (dzl) ) (58)
Qa(2,d2") = a(Ry (2) | 2)8ga (d2) + [1 — (R} (2) | 2)]6-(d2") . (59)

We denote by Q : T*M x B(T*M) — [0, 1], the transition kernel of the (homogeneous) Markov
chain (., pr ) e[y generated by Algorithm 3. For any (z, ') € T*M x T*M, we have

Q(Zvdzl) = fT*MXT*M QO(Z7 le)Ql(zladZQ)Q(](227 dzl) . (60)

We first turn to the reversibility up to momentum reversal of QQ; with respect to 7. We start with the
following lemma which is key to establish this result.
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Lemma 29. Assume A1, A2, A3. Then, for any compact set G C T*M, for any g € C(T*M x
T*M,R) such that supp(g) C G x G, we have

Jo, 9(z,@n(2))dz = [ g(Pn(z),2)dz,
where G, = F, NG N @; (G), Fr, = AL N <I>;1(Ah), Ay, being defined in (56).
Proof. Assume Al, A2, A3. Let G C T*M be a compact set, g € C(T*M x T*M, R) such that

supp(g) C G x G. We first define the sets Fj, = A, N1 ®;, ' (Ay), G, = F, N1 GN @, (G) and the
integrals I’ and J'

fG} 2, ®(2))dz , fG ,z)dz . (61)
We recall the existence under A1 and A2 of L > 0 and M > 0 such that r*, given by A3 and defined
in (52), is L-Lipschitz-continuous on M with respect to || - ||2 and bounded from above by M (see

Lemma 27).

We define » : T*M — (0,400) by r(z,p) = r*(z)/m for any (x,p) € T*M, where m =
max{1/\,4M, 4L} and A is given by A3. Using the properties of r*, it comes that

(a) ris L-Lipschitz on T*M with respect to || - |2
(b) r(z,p) <1/(4LC,) for any (x,p) € T*M, where C,, is defined in Lemma 12,
(c) r<1/4,and

(d r < A r~.

Note that G C U.egBy.|, (2,7(2)). Since G is a compact set, there exist K € N and (z;);e[x] €
T*M¥ such that G C Uszl Bi. where B; = By (21, 7(2:)).

We consider the sequence {V; }X | constructed as follows: Vi = GN B; and forany i € {2,..., K},
V; = (GNB;) N (UZ]V;)°. Then, we have that, forany i € {1,..., N}, Ui_,V; = GN (Ui, B;),
and that for any iy,i2 € {1,...,K}, Vs, NV,, = 0 if iy # is. Therefore, we get that G = LE | V;
and @, '(G) = UL, ®, 1 (V;). In particular, for any A € B(T*M) and any ¢ € C.(T*M,R)

meA ((z)dz = Zfil fva ¢(z)dz, (62)
and for any A € B(T*M) and any € C.(T*M,R)
f@;l(G)OA g(Z)dZ = 211(21 f@;l(vi)m& CN(Z)dZ . (63)

Using (62) and (61), we obtain I’ = E I, where I] = fv_myl(G)th g(z, ®p(2))dz for any
NP, ,

i=1"%

i € [K]. We are now going to show that, for any ¢ € [K]
I = ftb;l(vi)meFh 9(Pp(z),2)dz . (64)

Let i € [K]. We proceed by making the following case disjunction:

(a) Either V; N ®;'(G) NF;, = 0, and then I/ = 0. We prove by contradiction in this case that

@;1(Vi) NGNF;, = 0. Assume that there exists z € @;1(Vi) NGNFy,. By definition of Fy, z € Ay,
Dy (2) € Ap, and we get that D, (Pp(2)) = z using A3. Hence, we have:

Dp(2) €V,

D), (Pr(2)) =2z €G,
. (Z) € Ay,

B, (Dn(2)) = 2 € An.

L]

Therefore, we get D5,(2) € V; N @;I(G) N Fy, = 0, which is absurd. Finally, (64) holds since

II=0= fq:‘;l(vi)meFh 9(Pr(2),2)dz .

43



(b) Either, there exists some Z € V; N @;1(G) such that Z € Fj,. In particular, Z € B;, and thus
12— zll2, < r(zi) < 1. Inthis case, by combining A3 with Lemma 9-(c), we have for any z’ € T*M

12z < (=112 = zll=) 712" < (1= r(20) 7|2

Zi *
By considering 2’ = z; — Z, it comes that
L < (L =r(z) tr(z) .

lzi = Zll: < (1= 7(2)) 7|2 — 2
By combining properties (a) and (b) of » with Lemma 12, we have the following upper bound of
r(2;)
r(zi) <r(Z)+ L2 — zill2 < 7(2) + LC,,
and thus

Z— zills; <7(2) +LCy7r(z) <r(2)+1/4,

lzi = 2|l: < (1 —=7(2) = 1/4) 7 (r(5) +1/4) < 1,
using property (c) of r. Hence, z; € BHAHE(Z, 1). Moreover, Z € Fj, C Ay, and then it comes that
h < hy(z;). Therefore, by combining property (d) of r with A3, we have

i V; CB; C BH'quv (zi, \r*(z;)) C domsg, ,
(i) the restriction of @y, to V; is a C!-diffeomorphism such that ®;, o ®;, = Id.

This last result provides proper assumptions on ®, to operate a change of variable in 1. We now
define Gy 5, = @5 (V; N @;I(G) NFy) and Go ), = égl(Vi) N G N Fp, and prove that Gy, = Go
in two steps.

(i) We first prove that Gy ,, C Ga 5. Let z € Gy p,. Then, there exists 2/ € V; N @;1(G) N Fj, such
that z = ®@;,(2’). Since P, is an involution on V;, we have ®,(z) = 2’. Since 2z’ € V; N Ay, it comes
that z € @, *(V;) N ®, ' (Ay,). Moreover, 2’ € ®,'(G) N ®; ' (A), and thus, z € GN Ay,. Then, we
have z € Gg p,, which proves this first result.

(i) We now prove that Gg, C G; ;. Let 2 € Ggj. In particular, z € G. Then, there exists
J € [K] such that z € V;. Therefore, z € B; and thus ||z — z;[|., < r(z;) < 1. Since z € Ay,
we obtain that b < h,(z;) with the same computations as those written above. In particular, this
proves with A3 that ®), is an involution on V. Then, z = &), (P (2)), with ®;,(z) € V; N Ay, and
Pp(z) € ;,1(G) N @, ' (Ay), since 2 € G N Ay,. Therefore, we have z € Gy 5, which proves this
last result.

Given the fact that @y, is an involution on V,, we operate the change of variable z — ®j(z) in I/ and
obtain

i = o, vinay t@nr) 9(2r(2): 2042 = Jor v, nene, 9(Bn(2), 2)dz
which gives (64).

Therefore, combining (62), (63) and (64), we get
K K
I'=3%7 fvm@;l(c)nm 9(z,®p(2))dz =325, f@;l(vi)meFh 9(Pn(2),2)dz=J",

which concludes the proof. O

We are now ready to establish the reversibility up to momentum reversal of 31, defined in (58), with
respect to 7.

Lemma 30. Assume Al, A2, A3. Then, for any h > 0, the Markov kernel Qy with step-size h,
defined in (58), is reversible up to momentum reversal with respect to T.

Proof. Assume A1, A2, A3. Let h > 0. We recall that the kernels Q; and Q5 are respectively defined
in (58) and (59). We define the transition kernel Q3 : T*M x B(T*M) — [0, 1] by
Q3(z,d2') = ]l,::% (2)Qa(z,d2") + ]l(EE)C(z)éz(dz') , (65)

such that Q; = 54 Qs. The rest of the proof is divided into two parts. First, we prove that Qg is
reversible with respect to 7. Then, we prove that Q; is reversible up to momentum reversal with
respect to 7.
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(a) Let f € C(T*M x T*M, R) with compact support. We consider a compact set K with respect
to the topology induced by the set {Bj .. (z,7),z € T*M,r € (0,1)} such that supp(f) C K x K.
According to Definition 4, we aim to show that

fT*MxT*M f(2,2)Qs(z,d2")7(dz) = fT*MxT*M (2, 2)Qs(z,d2")7(dz) . (66)

We denote by I the left integral of (66). By combining (59) and (65), we have I = I} + I + I3
where

= Jer 7(2)a(R} (2) | 2) f (2, R} (2))dz
= Jee T(2)[1 — a(Rq)( ) [ 2)1f (2, 2)dz
I; = f(E}IL’)C 7(2)f(z,2)dz .

Since supp(f) C K x K, we have for any z € K¢, f(z,-) = 0 and f(-,zqz = 0. Note also that for
any z € ((R?)71(K)), RP(2) ¢ K, and thus f(R}(2),-) = 0 and f(-, Ry (2)) = 0. By combining
these preliminary results with (9), we get

L = ffifﬂKﬁ(Rf)*l(K) 7(2)a(RE(2) | 2)f(2,RE(2))dz
= (12) fepencningy 1 minfe O, e RO 1 RE(2)dz
I = fey g 72— a(RE(2) | D] f (2. 2)dz
I3 = f(E?j)“ 7(2)f(z,2)dz .
We denote by J the right integral of (66). By symmetry, we have J = J; + Ja 4 J3 where
Jp = fEEﬁKﬂ(R’}:)*l(K) 7(2)a(RE(2) | 2) f(RE(2), 2)dz
= (1/2) Jeo ey ) minfe ), e HERYEDY F(RE(2), 2)dz
o = Jer T~ a(RE() | 2)]f (7. 2)d
J3 = f(Eg)c 7(2)f(z,2)dz .

We directly have I = J5 and I3 = Js. Let us now prove that [; = Jj.

We recall that s Sy, /5 is a symplectic C!-diffeomorphism (see Section 3.1) and E® = (s08Sk/2)(Fr)
where Fj, = A,N®;, ' (Ay), using (57). We define K, = F,N(50Sy,/2) (K)N®;, " ((s0Sp/2)(K)), such

that EP NKN(RE) ™1 (K) = (s0Sy/2)(Ky), and we operate the change of variable z + (s0Sj,/2)(2)
in I; and J;

L =(1/2) th min{e=H(5981/2)(2) ¢=H((s08n/20@) ()} £((s 0 Sh/2)(2), (50 Sp /0 0 p)(2))d2 ,
= (1/2) Jy, min{e™ H{(s5n2)() o= H{(s0Sn202m) DY f((5 0. Sy,/9 0 @) (2), (50 Sny2)(2))dz -
We now define the map g : T*M x T*M — R and the set G C T*M by
g(2, %) = min{e” (52D = H (52 EDY f((5 08y, 19)(2), (5 0 Sny2) ()

G = (s0Sp/2)(K) .
Note that G is a compact set of T*M by continuity of s o Sj, /5 and g is a continuous function by
continuity of H and s oSy, /5. Then, we obtain I; = Ji, by applying Lemma 29 with g and G. Finally,
we obtain I = .J and thus prove (66) for any continuous function f with compact support.

(b) Let f: T*M x T*M — R be a continuous function with compact support. We have
Jremserem £(2:2)Qu (2, d2")7(dz)
= fT*MxT*M f(z,2")(54Q3)(2,dz")7(d2)
= Jromxrem f(2:8(2'))Qs (2, d2")7(d2) (momentum reversal on z')
= Jremxrem F(258(2))Qa(2,d2")7(d2) (using (66))
= Jremxrem f(5(2),5(2)
= Jpemxrem £ (8(27), 8(2))Qu (2, d2)7(d

which concludes the proof.

2))(s4Qs3)(z, dz")w(dz) (momentum reversal on 2')
z)
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We are now ready to prove Theorem 3, which states that Q) is reversible up to momentum reversal
with respect to 7.

Proof of Theorem 3. Assume A1, A2, A3. This proof is very similar to the proof of Theorem 15 (see
Appendix E.2). Let f : T*M x T*M — R be a continuous function with compact support. We have

Jremsrem £(2,2)Q(2, d2")7(d2)

= f(T* 2 f(2,2)Qo(2,d21) Q1 (21, d22)Qo(22, d2")7(d2) (see (60))
= f(T* 4 f(s(21),2")Qo(z,d21)Q1(s(2),d22)Qo(22,d2")T(dz) (Lemma 17)
= f(T* 4 f(s(21),2")Qo(s(2),dz1)Q1(z,d22)Qo(22,d2’)T(dz) (momentum reversal on z)
= f(T* 2 f(5(21),2")Qo(22,d21)Qu1(2,d22)Qo(s(2),d2")7(dz) (Lemma 30)
= f(T* 4 f(8(21),2)Qo(22,d21)Q1(8(2),d22)Qo(z,dz")T(dz) (momentum reversal on z)
= f(T* 4f(s(zl),s(z))Q (22,d21)Q1(2',d22)Qo(z,d2")7(dz) (Lemma 17)

(

= Jremxrem f(5(2'),8(2))Q(2,d2")7(d2) .
Moreover, sy7m = 7. Hence, by combining Definition 4 and Lemma 5, we obtain the result of
Theorem 3. 2

J Comparison with Kook et al. (2022a).

In this section, we provide a precise comparison between our work and the results stated in Kook
et al. (2022a). We first dwell on the differences related to the general setting and the algorithms, and
then explain how our methodology may solve the limitations of Kook et al. (2022a).

J.1 General framework

Given a convex body K C R and a function ¢ : R? — R™, consider

M={zeK:c(z)=0}. (67)
In their paper, Kook et al. (2022a) aim at sampling from a target distribution 7, with density given for
x € M by

dn(z)/dx = exp[-V (2)]/Z ,
where V € C?(M,R), Z = [, exp[—V (z)]dz. They make the following assumptions:

(a) Kis provided with a self-concordant barrier ¢.

(b) The differential of ¢ at «, Dc¢(x), is full-ranked for any = € M.

Although this setting might be more general than ours (consider for instance the case where K is a

polytope and c is a non-trivial function), Kook et al. (2022a) focus on the case
K={zecR¥: ¢ <zx<u}, clz)=Az—b (68)

where £, u € R? with £ < u, b € R™, and A € R*™_ Combined with assumptions (a) and (b), A
must have independent rows and the Hessian of ¢ at = given by g(x) = D?¢(x) is a diagonal positive
matrix for any x. Moreover, M defined by (67)-(68) is a polytope. However, not any polytope can
be rewritten in a manner akin to (68), and therefore, the setting chosen by Kook et al. (2022a) can
actually be considered as a special case of our setting, see Section 2.

Then, they consider the extended state-space M = {(z,p) € R? x R? : z € M, p € Ker(Dc(z))}
and define on M a constrained Hamiltonian H, given by

H(z,p) = H(z,p) + Mz, p) "¢c(z) ,
with H(z,p) = V(x) + %log pdet M (z) + %pTM(z)Tp ,
and M (z) = Q(z) "9(2)Q(2) .
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where Q) is the orthogonal projection into Ker(Dc(z)), implying that M is semi-definite positive,
and A(zx, p) is a Lagrangian term given by

Mz, p) = (De(z)De(x) ")~ H{D?e(x)[p, du/dt] — De(x)H (x,p)/dz} .

Remark that A simplifies when c is chosen as in (68), but may not be well suited for higher order
constraints. Then, Kook et al. (2022a) provide simplifications of H for the setting (68) based on
formulas for pdet M and M.

Finally, they consider the joint distribution 7 given for any (z,p) € M by
d7 = (1/Z) exp[—H (z, p)|dzdp,

where Z = [, exp[—H (x,p)]dzdp, for which the first marginal is 7. They naturally propose to
sample from 7 by implementing a version of RMHMC relying on the constrained Hamiltonian H,
which they call CRHMC.

Similarly to our approach, they consider two cases.

(a) First, Kook et al. (2022a) assume that the Hamiltonian dynamics given by H can be explicitly
computed in continuous time (which is not the case in practice). They present the continuous version
of RMHMC which incorporates the simplified constrained Hamiltonian H, see Algorithm 1. We
refer to this algorithm as c-CRHMC. This algorithm is identical to our algorithm c-BHMC provided
in Appendix D, apart from the involution checking step (see Line 4 in Algorithm 2). They state in
Theorem 6 that the Markov kernel corresponding to one iteration of c-CRHMC satisfies detailed
balance with respect to 7, thus ensuring that it preserves 7.

(b) Then, Kook et al. (2022a) provide a practical implementation of CRHMC, which is similar
to n-BHMC, based on a time-discretization of the Hamiltonian dynamics for a given time-step
h > 0. They first split the simplified constrained Hamiltonian H into H; and Ho, by leveraging the
non-separable aspect of H in Hs, as we do in Section 3.1. Then, they propose to use the first-order
Euler method to solve the discretized ODE associated to H;, as we also suggest, and the Implicit
Midpoint Integrator (IMI) to solve the discretized ODE associated with H,, while we implement the
Generalized Leapfrog Integrator (GLI). We insist on the fact that these two second-order methods
share the same theoretical properties (Hairer et al., 2006). Since IMI is implicit, they propose to
approximate it with a numerical integrator ®;, which is computed with a fixed-point method (as
we do) detailed in Algorithm 3. Finally, they implement CRHMC which contains the same steps
as n-BHMC apart from the involution checking step (see Line 8 in Algorithm 1): (i) refreshing
the momentum with a symplectic scheme (Step 1 in both algorithms), (ii) solving the discretized
ODE associated to H in three steps according to the splitting given by H; and Hs (Step 2 in both
algorithms), (iii) applying a Metropolis-Hastings filter (Step 3 in both algorithms), and (iv) operating
a final momentum reversal (Step 4 in n-BHMC). They state in Theorem 8 that the Markov kernel
corresponding to one iteration of CRHMC satisfies detailed balance with respect to 7, thus ensuring
that it preserves 7.

J.2 Theoretical gaps in the reversibility of CRHMC Kook et al. (2022a)

First, we call into question the proof of the reversibility of c-CRHMC stated in (Kook et al., 2022a,
Theorem 6). Indeed, Kook et al. (2022a) implicitly assume that the time-continuous Hamiltonian
dynamics have a solution at any time, but do not provide any proof of this result. We emphasize here
that this result is not trivial and possibly may not hold due to the pathological behaviour of the barrier
at the border of M, see Proposition 14. In contrast, the involution checking step implemented in
c-BHMC verifies this condition for the forward and the reversed dynamics after momentum reversal,
which then allows us to derive the reversibility of c-BHMC, see Theorem 15.

Finally, we report some gaps in the proof of reversibility of CRHMC provided in (Kook et al., 2022a,
Theorem 8). Indeed, while Kook et al. (2022a) claim that (Hairer et al., 2006, Theorem VI1.3.5.)
applies to CRHMC which contains the numerical integrator detailed in (Kook et al., 2022a, Algorithm
3), in fact (Hairer et al., 2006, Theorem VI1.3.5.) only applies to the implicit integrator (IMI). This is
a fundamental limitation of their theory. This theoretical confusion thus leads to numerical errors, as
we detail in Section 6. In contrast, we present in Section 4 theoretical results on the implicit integrator
(GLI), which allows us to derive reasonable assumptions on the numerical integrator ®;, to obtain
reversibility of n-BHMC in Theorem 3. Contrary to Kook et al. (2022a), our proof relies on the
properties of ®;, and highlights the critical role of the involution checking step.
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K Experimental details

The numerical experiments presented in Section 6 are based on the MATLAB implementation of
CRHMC provided by Kook et al. (2022a). We adapt this code for n-BHMC for sake of fairness.
In particular, our implementation differs from CRHMC by the use of the Generalized Leapfrog
integrator and the “involution checking” mechanism.

Details on experiments with synthetic data. In these experiments, the hypercube refers to the
set [-1/2,1/2]¢ where d € {5,10}. We recall that the ground truth on the quantities we estimate is
given by the Metropolis Adjusted Langevin Algorithm (MALA) (Roberts & Stramer, 2002) for the
hypercube and the Independent Metropolis Hastings (IMH) sampler (Liu, 1996) for the simplex. We
now give details on how the parameters of these two algorithms are chosen. For MALA, we use a
constant step-size h = 0.05 for both dimensions, which results in an average acceptance probability
equal to 0.55 for d = 5 and 0.44 for d = 10. For IMH, we use as proposal the uniform distribution,
which is simply a Dirichlet distribution, resulting in an average acceptance probability of order 0.36.
We recall that we use an adaptive step-size h in CRHMC and n-BHMC such that we obtain an average
acceptance probability of order 0.5 in the MH filter. We now discuss the setting of the tolerance
parameter 7 in n-BHMC. We choose 7 so that (i) the step-size h is at least greater than 10~2 over the
iterations of the algorithm and (ii) the average acceptance probability is roundly equal to 0.5. This
heuristic results in defining (a) for the hypercube, n = 5 if d = 5 and = 10 if d = 10 and (b) for
the simplex, n = 10 if d = 5 and n = 200 if d = 10.

Details on experiments with real-world data. For these experiments, we consider the exact same
setting as in Kook et al. (2022a). In particular, we use the same adaptation strategies to update the
step-size and the barrier functions.

Influence of the norm in (8). The norm chosen for the “involution checking step” is arbitrary and
many options are available. In particular, one could design ||z(®) — ®;,(2()))||5 > 7, and thus pick
the Euclidean norm in (8). However, while this approach should theoretically also reduce the bias in
the method, we remark that the obtained Markov chains have very poor mixing time. This is due to

the fact that in practice the update on the momentum is of order ||g(z) Hé/ ? while the update on the

position is of order ||g(x) ™! Hé/ ?. Hence the Euclidean norm is ill-suited for the “involution checking
step”” and the proposal states are rejected a lot more near the boundaries, see Figure 3.

1.0 1 Y » 1.0 { wmes gy 2 2 G S0
05 T ¢ ‘f 2 05 b ‘ é
0.01 BN 0.0 1 .
' $
0.5 | —051 g 3
: e § - §
104" —1.0{ Beew CuEn "“ﬁ’“
-1 1

-1 0 1 0
Figure 3: Outputs of n-BHMC after 25k iterations to sample from the uniform distribution over
[~1,1]2 with n = 1073, h = 0.8, using in (8) the “self-concordant” norm (left) or the Euclidean
norm (right). Red samples are rejected and blue samples are accepted.
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