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Rethinking “RL Generalizes, SFT Memorizes”:
The Role of SFT Data

Anonymous Authors1

Abstract
Large language models trained with Reinforce-
ment Learning (RL) with verifiable rewards ex-
hibit strong reasoning ability and broad gener-
alization, whereas models trained with Super-
vised Fine-Tuning (SFT) are often viewed as more
prone to memorization and limited transfer. This
paper rethinks this distinction through the lens
of SFT training data. First, we study the role
of data source and show that it is critical: a care-
fully mixed SFT dataset substantially outperforms
data generated solely by a larger model. Second,
we study the role of data scale and show that
matching the number of correct rollouts between
SFT and RL greatly improves SFT generalization,
while matching the total rollout budget enables
SFT to generalize as well as RL. Combining these
two factors further enables SFT to generalize even
better than RL. Third, by using LLM annotations
to characterize the solution methods in training
rollouts, we show that larger datasets cover more
tail methods and that these tail methods provide
generalizable reasoning signals. Finally, we sup-
port these empirical findings theoretically by an-
alyzing the training dynamics of shallow trans-
formers under both RL and SFT.

1. Introduction
Large Language Models (LLMs) trained via Reinforcement
Learning (RL) or Supervised Fine-Tuning (SFT) have
achieved remarkable improvements in reasoning ability, as
exemplified by the success of DeepSeek-R1 (Guo and Oth-
ers, 2025) and s1 (Muennighoff et al., 2025). A line of work
compares the strengths and limitations of RL and SFT for
reasoning (Chen et al., 2025a; Shenfeld et al., 2025; Huan
et al., 2025). These studies suggest that “RL generalizes,
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whereas SFT memorizes” (Chu et al., 2025; Huan et al.,
2026), indicating that SFT often struggles to match RL on
reasoning tasks beyond the training domain.

However, it remains unclear whether the conclusion that
“RL generalizes, SFT memorizes” is drawn in a setting
where the full potential of SFT is realized and SFT is given
comparable data resources to RL. In this work, we re-
visit this conclusion through the lens of the training dataset.
Specifically, we study how data source and scale affect SFT
generalization, and ask:

1. What kind of data source best unlocks the generaliza-
tion potential of SFT?

2. How should we match the data consumed by SFT and
RL to compare their generalization in a fairer setting?

To answer the first question, we perform SFT using training
data from two sources and their mixtures, and evaluate the
resulting models on general reasoning tasks to assess gen-
eralization. Specifically, we construct SFT datasets from
rollouts of two models: the strong Qwen3-14B model and
the RL-tuned base model, pairing each question prompt
with one correct rollout. Although both SFT-trained mod-
els generalize worse than the RL-trained model, the RL-
tuned dataset yields much better generalization than the
Qwen3-14B dataset. Moreover, interpolating between the
two sources shows that adding an appropriate amount of
more diverse data further improves general reasoning. These
findings highlight the importance of data source for SFT
generalization.

To answer the second question, we match the SFT training
dataset size to that of RL under different criteria. Rather
than matching SFT and RL training data prompt-wise, we
scale the SFT dataset according to three criteria: (1) the
number of solvable prompts, (2) the number of correct roll-
outs, and (3) the total number of rollouts. After training and
evaluating models on these datasets, we find that matching
the number of correct rollouts used in RL greatly improves
SFT generalization, while further matching the total number
of rollouts enables SFT to achieve generalization compa-
rable to RL. Moreover, data source and data scale have a
compounding effect: SFT with a mixture of the two data
sources and a matched number of total rollouts achieves
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better generalization than RL.

To further demystify the role of data scale, we study
how scaling the SFT dataset affects the coverage of LLM-
annotated solution methods in training rollouts and, in turn,
general reasoning performance. Our analysis shows that
larger datasets cover more tail methods in the long-tailed
method distribution. By further annotating evaluation roll-
outs on general reasoning tasks, we find that these tail
methods are used more often and solve more questions
as the dataset grows. These results suggest that data scal-
ing improves the coverage of long-tailed reasoning patterns,
thereby enhancing generalization.

Finally, we theoretically justify our insights through a
training-dynamics analysis of shallow transformers. For
long-tailed SFT data, we prove that both SFT and RL
achieve high accuracy on in-distribution problems. How-
ever, with insufficient method coverage, SFT generalizes
worse than RL on out-of-distribution (OOD) problems. As
more methods are covered, potentially through a larger data
scale, SFT can match RL generalization. These results jus-
tify the importance of data scale and tail-method coverage
for SFT generalization.

In conclusion, our findings suggest that “RL generalizes,
whereas SFT memorizes” requires prerequisites on SFT
training datasets. In particular, we show that both the SFT
training data source and data scale are essential for unlock-
ing the full potential of SFT. When trained with the same
total number of samples as RL, SFT with a appropriate mix-
ture of data sources can achieve generalization comparable
to, or even better than, that of RL.

2. Preliminaries
Reinforcement Learning with Verifiable Rewards
(RLVR) fine-tunes LLMs by maximizing the expected re-
ward of model responses, where the reward is automatically
computed from verifiable outcomes (Guo and Others, 2025).
Given a set of question prompts DRL ⊆ V∗, where V∗ de-
notes the set of all finite sequences over the alphabet V , the
regularized RLVR objective for model parameter θ ∈ Θ is

JRL(θ) = E
[
r(X,Y )

]
− βE

[ log (Pθ(Y | X)

Pref(Y | X)
) ],

where the expectations are taken for
X ∼ DRL, Y ∼ Pθ(· | X) The first term is the ex-
pected reward of model rollouts Y ∼ Pθ(· | X) on
the question-prompt set, where r(X,Y ) evaluates the
correctness of the response Y to the question X , and
X ∼ DRL means that X is sampled uniformly from DRL.
The second term regularizes the model Pθ to remain close
to the reference model Pref , typically the pre-RLVR model.
Directly optimizing the model parameters with JRL(θ)

often leads to poor performance due to large gradient
variance and coverage issues (Schulman et al., 2015;
2017). Instead of maximizing JRL directly, Proximal
Policy Optimization (PPO) (Schulman et al., 2017)
and its recent powerful variant Group Relative Policy
Optimization (GRPO) (Guo and Others, 2025) maximize
the following surrogate objective at each step:

JGRPO(θ) = E
[
1

G

G∑
i=1

1

|Yi|

|Yi|∑
t=1

Ji,t

]
where

Ji,t=min
(
wi,t(θ)Ai, clipε(wi,t(θ)Ai

)
−βKL(Pθ ∥Pref).

where the expectation is taken over questions X ∼ DRL

and G rollouts {Yi}Gi=1 ∼ Pθold(· | X). Here, wi,t(θ) =
Pθ(Yi,t | X,Yi,<t)/Pθold(Yi,t | X,Yi,<t) is the importance-
sampling ratio between the current model and the previous-
step model, clipε(x) clips x to [1−ε, 1+ε], and Ai = (ri−
mean({rj}j∈[G]))/std({rj}j∈[G]) is the group-normalized
advantage of the i-th rollout. GRPO maximizes JGRPO to
update θ, typically using Adam. Empirically, Guo and Oth-
ers (2025) show that GRPO substantially improves multi-
step reasoning performance on mathematics, logical deduc-
tion, and scientific reasoning tasks. Subsequent studies
further show that RL-induced gains on the training domain,
such as mathematics, can generalize to other reasoning do-
mains, including physics and broader scientific topics (Chu
et al., 2025; Huan et al., 2026). See more related works in
Appendix A.

SFT equips pretrained LLMs with long-form reason-
ing abilities by directly minimizing the cross-entropy
loss on curated long-reasoning data (Muennighoff et al.,
2025; Wang et al., 2026a). Let DSFT denote a long-
reasoning dataset consisting of pairs (X,Y ), where X
is a question prompt and Y is the corresponding long-
reasoning answer. The objective of long-reasoning SFT
is LSFT(θ) = −E(X,Y )∼DSFT

[
∑T

t=1 logPθ(Yt | X,Y<t)].
In practice, this optimization is typically solved with first-
order optimizers such as Adam (Kingma and Ba, 2017) or
AdamW (Loshchilov and Hutter, 2019). Because dense
supervision is available at every token position, SFT is of-
ten sample-efficient (Zhao et al., 2026a). However, prior
work (Chu et al., 2025; Huan et al., 2026) suggests that
SFT mainly improves model reasoning ability on tasks that
are in distribution with respect to the training data, and
that the resulting models exhibit weaker generalization than
RLVR-trained models.

3. Experiments
In this section, we conduct extensive experiments to com-
pare the generalization ability of RL and SFT. Following
Huan et al. (2026), we train models with SFT and RL on
mathematical reasoning datasets and evaluate them on other
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general reasoning tasks to assess out-of-domain generaliza-
tion. To further understand what affects the generalization
of SFT models, we study two critical properties of the train-
ing data: (1) its source and (2) the dataset scale. We first
describe the basic training setups used throughout the exper-
iments.

Experimental Setup. We adopt Qwen2.5-7B (Qwen et al.,
2025) as the base model and train it on mathematical prob-
lems from the DAPO dataset (Yu et al., 2026). For RL, we
use the questions in the DAPO dataset with a reasoning
prompt prefix, and optimize the model with GRPO (Guo
and Others, 2025) implemented in VeRL (Sheng et al.,
2025) under the standard training setup. For SFT, we
use rollout models, Qwen3-14B (Yang et al., 2025) by de-
fault, to generate training responses for the same DAPO
prompts, and optimize the model with LlamaFactory (Zheng
et al., 2024); detailed hyperparameters are provided in Ap-
pendix B.2. We evaluate the trained models on both in-
distribution mathematical reasoning tasks and general rea-
soning tasks. For mathematical reasoning, we primarily use
the SimpleRL evaluation pipeline (Zeng et al., 2025), cover-
ing AIME24 (Jia, 2024), Minerva Math (Lewkowycz et al.,
2022), GSM8K (Cobbe et al., 2021), MATH500 (Hendrycks
et al., 2021), and OlympiadBench (He et al., 2024). For
general reasoning, we use twelve tasks from the Language
Model Evaluation Harness (Gao et al., 2024), including
GPQA-Diamond (Rein et al., 2024) and MMLU-Pro (Wang
et al., 2024), with the full list deferred to Appendix B.3.
These tasks span science, action planning, deep semantic
understanding, multilingual reasoning, and related domains
beyond mathematics. For each task, we normalize the metric
to [0, 100] and report the average score across tasks.

3.1. Training Data Source Matters for SFT
Generalization

In this section, we investigate how the training data source
influences the generalization ability of SFT. We first intro-
duce baselines and two data sources.

Baselines and Data Sources. Throughout the paper, we use
the base model, i.e., the model without RL or SFT tuning,
and the model trained by RL as baselines. We consider two
data sources for SFT. The first is constructed by rejection
sampling from a strong teacher model, Qwen3-14B (Dong
et al., 2023; Yuan et al., 2023; Xiong et al., 2025a): for each
question, we generate at most 128 rollouts and retain one
correct rollout if available. We refer to the resulting dataset,
of size 15,607, as the Qwen3-14B dataset. The second data
source uses the model trained by RL for rejection sampling
under the same protocol. Since the RL-tuned model is
obtained from the base model, its trajectories are expected
to be more aligned with the base model parameters. We refer
to this dataset, of size 14,512, as the RL-tuned dataset. We

highlight that both the Qwen3-14B and RL-tuned datasets
match the RL dataset in the number of prompts. To ablate
the effect of data source more finely, we further interpolate
between these two datasets with 5 mixing ratios. The k-th
mixed dataset, denoted by Mix-k, contains (11−2k)×10%
data from the RL-tuned dataset and (2k − 1) × 10% data
from the Qwen3-14B dataset, where k ∈ {1, . . . , 5}.

Table 1 reports results on all mathematical reasoning
datasets and a representative subset of general reasoning
datasets, with the full results deferred to Appendix B.4. Fig-
ure 1 shows the average performance over the mathematical
and general reasoning datasets.

First, for the two baselines, our results show that RL tun-
ing improves the base model on all mathematical reasoning
tasks: the average math score increases from 42.7 to 50.9
after RL training on DAPO. Notably, this improvement also
transfers to general reasoning tasks, where the average score
increases from 33.8 to 43.8. Second, comparing SFT with
Qwen3-14B and RL-tuned data, Figure 1 shows that both
data sources improve the base model’s mathematical rea-
soning ability, reaching performance comparable to or even
higher than the model trained by RL. However, both SFT
variants perform worse than the RL-tuned model on gen-
eral reasoning tasks, while SFT with the RL-tuned dataset
still outperforms SFT with the Qwen3-14B dataset. Finally,
comparing different mixtures of Qwen3-14B and RL-tuned
data, Table 1 and Figure 1 show that pure RL-tuned data or
strong model-generated data does not always yield the best
general-reasoning performance. Instead, Mix-2, which con-
sists of 70% data from the RL-tuned model and 30% from
Qwen3-14B, achieves the highest average score on general
reasoning tasks. These lead to the following observation.

Observation 1: The training data source is crucial for
generalization: data from a model closer to the one
being fine-tuned can be more effective than data from
a stronger model, while data from a single model is
not necessarily optimal; incorporating an appropriate
amount of more diverse data can further improve general
reasoning ability.

3.2. Matched Rollout Budgets Enable SFT to Generalize
Like RL

While the previous section shows that a suitable SFT data
source improves general reasoning, the resulting model still
lags behind the model trained by RL. We next study an
orthogonal factor: how SFT training-set size affects gener-
alization.

In Section 3.1, RL and SFT are matched at the question-
prompt level, as both use questions from the DAPO dataset.
However, RL generates 8 rollouts per prompt, whereas SFT
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(a) Math benchmarks (b) General reasoning benchmarks

Figure 1. Performance comparison of the SFT-trained models with training datasets of different mixing ratios: Mix-k consists of
(11− 2k)× 10% RL-tuned dataset and (2k − 1)× 10% Qwen3-14B dataset. 70% from RL-tuned model and 30% from Qwen3-14B
yields the best performance.

Math General Reasoning

Model AIME24
(Avg@32)

Minerva
Math GSM8k MATH500 Olympiad

Bench
ACP

Bench BBH C-Eval Ground
Cocoa

MMLU
-Pro

Qwen2.5-7B 4.7 26.5 88.6 63.6 30.2 23.3 10.9 40.1 34.7 9.2
RL-tuned 14.2 34.9 90.8 74.8 39.7 50.1 42.9 43.6 34.8 45.7

SFT w/ RL-tuned 13.8 37.1 91.4 74.8 39.3 58.0 33.8 42.4 35.6 19.4
SFT w/ Mix-1 13.9 37.5 91.3 76.6 39.0 56.6 34.4 36.4 36.8 17.9
SFT w/ Mix-2 13.4 41.2 91.9 76.2 36.9 53.4 37.3 47.8 37.0 21.3
SFT w/ Mix-3 12.4 38.6 91.6 75.0 37.8 50.7 35.6 28.2 36.7 3.8
SFT w/ Mix-4 10.7 31.2 90.8 73.8 37.6 43.7 34.1 52.9 34.6 0.7
SFT w/ Mix-5 11.0 34.2 90.2 73.2 38.2 46.6 37.7 53.8 34.2 1.2
SFT w/ Qwen3-14B 13.9 33.5 90.5 75.0 38.5 45.3 42.1 36.5 33.2 1.1

Table 1. Evaluation results on math and selected general reasoning tasks of models trained from mixed data sources. The highest and
second highest number within the SFT-tuned models are highlighted in bold and underlined, respectively. SFT w/ Mix-2 achieves the
best performance among the SFT-tuned models.

observes only one correct rollout per prompt. As a result, RL
trains on 8× more rollouts than SFT. This motivates us to
increase the SFT dataset size under different rollout-budget
matching criteria.

• We first match the number of solvable prompts, defined as
prompts for which at least one correct rollout is obtained
during RL training. Under this criterion, the correspond-
ing Qwen3-14B and RL-tuned datasets each contain one
correct rollout for every solvable prompt. This yields a
training set of about 10,000 prompt–rollout pairs, fewer
than the one used in Section 3.1.

• We then match the number of correct rollouts per prompt
in the SFT training dataset to that observed during RL
training. Specifically, for each prompt, we record the
number of correct rollouts generated during RL and con-
struct the SFT dataset with the same number of correct
rollouts for that prompt. This yields a dataset with about
39,000 prompt–rollout pairs.

• Lastly, we match the total number of rollouts for each
prompt. Since RL training uses both correct and incorrect
rollouts, we augment the 39,000 correct training samples
with about 98,000 incorrect-rollouts. This criterion also

matches the gradient computation cost of SFT to that of
RL. The resulting SFT datasets contain about 138,000
prompt–rollout pairs.

More details of constructing these SFT datasets are defered
to Appendix B.2. Evaluation results are presented in Fig-
ure 2. First, comparing the prompt-matched and solvable-
prompt-matched SFT datasets shows that the solvable-
prompt-matched dataset achieves comparable mathematical
reasoning ability but better general reasoning ability. One
possible explanation is that forcing the model to learn from
prompts that are not solvable during RL training can hurt
generalization. Second, comparing the prompt-matched
and correct-rollout-matched datasets shows that matching
the number of correct rollouts substantially improves SFT
generalization, yielding general reasoning performance only
slightly below that of the RL-trained model. Finally, compar-
ing the correct-rollout-matched and rollout-matched datasets
shows that including rollouts with incorrect final answers
can further improve SFT generalization. This may be be-
cause such rollouts still contain correct intermediate reason-
ing steps that can benefit SFT (Tian et al., 2026). Moreover,
SFT with the rollout-matched dataset achieves comparable
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(a) Math benchmarks (b) General reasoning benchmarks

Figure 2. Performance comparisons of the SFT-trained model on math and general reasoning benchmarks when different factors during
training are aligned with RL training. SFT with the same amount of training data as RL substantially improves general reasoning
performance.

or better mathematical and general reasoning ability than
the RL-trained model. These results lead to the following
observation.

Observation 2: The amount of training data substan-
tially influences SFT generalization: matching the num-
ber of correct rollouts greatly improves SFT general-
ization, while further matching the total rollout budget
enables SFT to achieve comparable generalization to
RL.

We also conducted an ablation study to exclude the effect of
the compute in Appendix B.5, which further supports our
observations on the training-set size.

Compounding Effects of Data Source and Scale. Observa-
tions 1 and 2 show that choosing an appropriate data source
and increasing the training-set size can each improve the
generalization of SFT. We next investigate whether combin-
ing these two factors enables SFT to generalize even better
than RL. Specifically, we mix the rollout-matched train-
ing dataset across different data sources. Since Section 3.1
suggests that the best mixture ratio is around 70% from the
RL-tuned model and 30% from Qwen3-14B, we focus on
ratios near this setting to reduce computation. We consider
mixture ratios (11−2k)×10% of the RL-tuned dataset and
(2k−1)×10% of the Qwen3-14B dataset for k ∈ {1, 2, 3},
yielding three training datasets, each with about 138,000
prompt–rollout pairs.

The experimental results are reported in Figure 3, It
shows that the best SFT performance is achieved by the
dataset mixing 90% RL-tuned dataset with 10% Qwen3-
14B dataset, which yields better generalization than the
RL-trained model. We reach the following observation.

Observation 3: With a carefully mixed dataset and
a rollout budget matched to RL, SFT achieves better
general reasoning ability than RL, qualifying “RL gen-
eralizes, SFT memorizes.”

3.3. Long-Tailed Rollouts Provide Generalizable
Reasoning Signals

Our experiments in Section 3.2 show that training-set size
plays a critical role in enabling SFT to match RL gener-
alization. In this section, we investigate what additional
information in larger datasets drives this effect. As the train-
ing set scales, it naturally includes more diverse rollouts,
including rare tail rollouts that are less likely to appear in
smaller datasets. We conjecture that these rare but informa-
tive rollouts are essential for SFT generalization, and we
verify this hypothesis below.

We first characterize the rollout distribution by the methods
used to solve each math problem. To study how dataset size
changes the contained information, we construct training
datasets with k ∈ {1, 2, 4, 8} rollouts per prompt, where
k = 8 matches the total rollout budget of RL. We then
prompt Qwen3-32B to annotate the methods used in each
rollout, allowing multiple labels per rollout. After consoli-
dating the annotations, we identify 138 unique methods for
solving math problems. More experimental details are in
Appendix B.6. In the following, for robustness, we say that
a method is covered by a dataset if it appears at least 100
times in that dataset.

Figure 4(a) plots the top-50 method frequencies in the
datasets with k = 8, with methods ranked by their fre-
quencies in the Qwen3-14B dataset. The figure reveals a
clear long tail: many methods appear only infrequently. For
each dataset, we define tail methods as those in the bottom
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(a) Math benchmarks (b) General reasoning benchmarks

Figure 3. Performance comparison of the SFT-trained model with scaled training datasets of different mixing ratios. When the training
data is scaled, 90% from RL-tuned model and 10% from Qwen3-14B yields the best performance.

20% by frequency among all identified methods. Figure 4(b)
further plots the number of covered tail methods as k varies.
For both the Qwen3-14B and RL-tuned datasets, larger
datasets cover more tail methods, exposing SFT models to a
broader set of rare but potentially generalizable reasoning
patterns.

Tail Method Helps. To investigate how tail methods in the
training dataset influence generalization to general reason-
ing tasks, we collect the reasoning rollouts during evalua-
tion from models SFT-tuned on the four datasets. We then
prompt Qwen3-32B to identify the methods employed in
each rollout and compute the usage statistics on these tasks.
Figure 5 shows the usage frequency of the tail methods on
two representative tasks, MMLU-Pro (Wang et al., 2024)
and MMLU-Pro+ (excluding math) (Asgari et al., 2024), for
the models trained on datasets with different k. We report
the usage counts both over all evaluation rollouts and over
correct rollouts only.

We observe that tail methods are used more frequently as
the training-set size scales. Furthermore, these tail methods
are capable of solving more questions as the tail-method
coverage increases. We arrive at the following observation.

Observation 4: One benefit of increasing the training
samples is improved coverage of long-tailed patterns.
Training on these rare but informative samples can en-
hance performance on downstream general reasoning
tasks.

4. A Case Study of Shallow Transformers
Section 3 shows that SFT generalization depends critically
on training-data scale, especially the coverage of long-tailed
methods. We now provide theoretical grounding for these
findings by analyzing the training dynamics of shallow trans-
formers with a simplified data model.

Data model. We first introduce our simplified data model.
The question dataset contains L questions. For the l-th
question, the prompt consists of N + 1 token embeddings,
P = (X⊤

1 , . . . , X⊤
N , X⊤

q )⊤ ∈ R(N+1)×d, with the first N
token denoted as Pin = (X⊤

1 , . . . , X⊤
N ). The row-wise

last token embedding Xq = ul represents the query, where
U = {u1, . . . , uL} ⊂ R1×d denotes the set of query em-
beddings and d is the embedding dimension. The first N
tokens are sampled from two types of embeddings: informa-
tive embeddings Il = {il,1, . . . , il,K} ⊂ R1×d and context
embeddings C = {c1, . . . , cJ} ⊂ R1×d. The informative
embeddings represent solution cues in the question, while
the context embeddings represent connecting words. For
the l-th question, each Xi is sampled independently by first
choosing Il or C with equal probability, and then sampling
uniformly from the selected set. Thus, prompts across all
questions contain tokens from I = ∪L

l=1Il, C, and U . For
simplicity, we assume that all embeddings in I ∪ C ∪ U
are orthonormal (Huang et al., 2023a; Nichani et al., 2024).
We denote by Ppt the distribution over sampled questions
and their corresponding prompt embeddings, induced by
the uniform distribution over questions. Each question has
K correct answers, Al = {al,1, . . . , al,K} ⊂ R1×(LK+1),
where al,k corresponds to the informative token il,k. Here,
al,k represents both the final answer and the solving steps
implied by the solution cue in il,k. Let A = ∪L

l=1Al de-
note the set of all correct answers. The full answer space
is Ā = A ∪ {ã}, where ã represents all possible wrong
answers. Similar to prompt embeddings, we assume that the
embeddings in Ā are orthonormal.

Further, we assume that answers presented in the SFT train-
ing dataset is long-tailedly distributed.

Assumption 4.1 (Long-Tailed Distribution in SFT Data).
For each l ∈ [L], we index the candidate answers so that
al,1 is the unique head answer and {al,2, . . . , al,K} are tail
answers. Let PSFT(A = al,k | Xq = ul) = pl,k be the
conditional answer distribution of the SFT data. We assume
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(a) Distribution of method usage (top-50). (b) Method coverage

Figure 4. Characterization of the method distribution and coverage. (a) The method distribution is long-tailed; (b) Method coverage
increases as training data scales.

(a) MMLU-Pro (b) MMLU-Pro+

Figure 5. Tail method usage statistics. Tail methods are used more frequently (light bars) and can correctly solve more questions (dark
bars) in general reasoning tasks (e.g., MMLU-Pro, MMLU-Pro+), as the training dataset encompasses a broader range of methods.

for every l ∈ [L], pl,1 = Θ(1) and pl,k = o(1) for k ̸= 1.

This assumption captures long-tailedness under mild require-
ments. Specifically, we only require the head probability to
be O(1) and the tail probabilities to be o(1), mimicking the
empirical pattern in Figure 4(a).

Model architecture. We next introduce the model
structure. Specifically, we consider the model with
a one-layer attention module: F (Pin, Xq;W ) =
soft(soft(XqWP⊤

in )PinWlm) ∈ R1×(LK+1), where
soft(·) denotes the softmax operator applied to a row vec-
tor. The inner softmax gives the attention weights, with the
query embedding Xq as the query and the prompt embed-
dings P as both keys and values. The parameter W ∈ Rd×d

is optimized to capture the correlation between the query
and the keys. The attention output is then mapped by the
language-model head Wlm ∈ Rd×(LK+1) to answer-token
logits, and the outer softmax converts these logits into an-
swer probabilities. We assume that Wlm is fixed and inher-

ited from prior knowledge in the pretrained model. Specifi-
cally, Wlm stores associative memories between informative
tokens and their corresponding answers, as commonly ob-
served in pretrained models (Fang et al., 2024; Meng et al.,
2022a;b). We model this as

Wlm=clm log(K)
( L∑

l=1

K∑
k=1

i⊤l,k(al,k −
∑
l′ ̸=l

K∑
k′=1

al′,k′ − ã)

+

J∑
j=1

c⊤j ã
)
∈ Rd×(LK+1), where clm > 0.

This construction encodes one-to-one associations between
informative tokens and correct answers, while associating
context tokens with the incorrect answer ã. We index the
k-th answer of the l-th question in Ā by the global index
(l − 1)K + k. For simplicity, when there is no ambiguity,
we omit the dependence on P , Xq, and W , and write Fl,k,
or equivalently F(l−1)K+k, for the predicted probability of
this answer in Ā.
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Training recipes. SFT and RL update the attention parame-
ter W according to their respective training recipes. Both
start from zero initialization, i.e., W (0)

SFT = W
(0)
RL = 0d×d.

SFT optimizes W with the following loss:

LSFT(W ) = −
L∑

l=1

K∑
k=1

E
[
1{Xq = ul, A = al,k} log(F (Pin, Xq;W )(l−1)K+k)

]
.

The expectation E = EPin,Xq,A∼DSFT is taken with re-
spect to the joint distribution induced by the prompt-
embedding distribution Ppt and the conditional answer dis-
tribution in Assumption 4.1. With learning rate ηSFT >

0, SFT updates the parameter by W
(t+1)
SFT = W

(t)
SFT −

ηSFT∇WLSFT(W
(t)
SFT). As introduced in Section 2, RL

updates the model by maximizing the expected reward of
model rollouts. For theoretical simplicity, we let RL directly
optimize the unregularized expected reward, i.e.,
JRL(W ) =

L∑
l=1

K∑
k=1

EPin,Xq

[
1{Xq = ul}F (Pin, Xq;W )(l−1)K+k

]
.

For each question prompt P , the reward is defined as the
total probability mass assigned to all correct answers, i.e.,∑K

k=1 F (Pin, Xq;W )k. The parameter is then optimized
by gradient ascent: W (t+1)

RL = W
(t)
RL + ηRL∇WLRL(W

(t)
RL).

For simplicity, we consider only a one-step RL update,
which suffices for the shallow model to reach optimality.
This simplification is standard in the learning-dynamics lit-
erature (Huang et al., 2026; Wang et al., 2025; Ba et al.,
2022).
Theorem 4.2 (In-Distribution Convergence of SFT and RL).
Consider the regime N ≫ poly(K) ≫ polylog(N), N ≫
d, K ≫ L. Let ϵ = L/K2 > 0 denote the error threshold.
Then the following results hold with probability at least
1− exp(−Ω(poly(K))).

• Under Assumption 4.1, when SFT tunes the parameter
with a learning rate large enough in the first iteration
and satisfying ηSFT = O(L/(ϵ log2 K)) for the follow-
ing O(Lpoly(K)/ηSFT+L/(ηSFTϵ)) steps, the learned
model achieves high accuracy on the training dataset.
Specifically, for the l-th question, the wrong answer prob-
ability of the learned model is upper-bounded as follows:
1−

∑K
k=1 F(l−1)K+k ≤ ϵ.

• When RL tunes the parameter with learning rates ηRL =
O
(
poly(K, log(1/ϵ))

)
, the learned model achieves high

accuracy on the training dataset, i.e., for the l-th ques-
tion, the model learns all the correct answers equally,
i.e., |F(l−1)K+k − 1/K| ≤ ϵ/K, ∀k ∈ [K]. The wrong
answer probability is also upper bounded by ϵ.

These results theoretically show that both SFT and RL can
achieve high accuracy on in-distribution problems, i.e., prob-

lems covered by the training dataset. This is consistent with
our experimental results in Section 3, where SFT achieves
math reasoning ability comparable to RL when the two
methods are matched by the number of question prompts.
This finding is also consistent with Chu et al. (2025); Lu et al.
(2026). Additionally, we also show that RL-trained mod-
els explore and learn a more balanced distribution across
answers, which supports its generalization ability.

To assess the generalization ability of models learned by
SFT and RL, we evaluate them on OOD prompts. For each
query Xq = ul, an OOD prompt, denoted by POOD

l,k , con-
tains a single informative token type il,k repeated N/2 times,
with the remaining N/2 positions filled by context tokens,
where k ∈ [K]. Thus, al,k is the unique correct answer
for this prompt. For each l ∈ [L], the OOD test distribu-
tion mixes over k ∈ [K] with weights {ρl,k}Kk=1, where∑K

k=1 ρl,k = 1 and ρl,k ≥ 0. We evaluate a model by its
probability of outputting the correct answer: Eval(W ) =
1
L

∑L
l=1

∑K
k=1 ρl,kF (POOD

l,k , ul;W )(l−1)K+k.

Theorem 4.3 (OOD Generalization). Denote the trained
weights of SFT and RL as WSFT and WRL, respectively. Let
EvalSFT=Eval(WSFT),EvalRL=Eval(WRL). We have

• (RL always generalizes.) For any OOD mixture
{ρl,k}Kk=1, we have 1− EvalRL = O(K−3).

• (SFT generalizes on covered methods.) If the OOD mix-
ture distribution is supported on answers whose training
probabilities satisfy pl,k ≥ 1/ logK, then 1−EvalSFT =
O(K−3). In contrast, if it is supported on answers
whose training probabilities satisfy pl,k ≤ 1/K, then
EvalSFT ≤ 1/2.

First, we show that RL generalizes to OOD prompts, which
serve as a stylized analogue of the general reasoning tasks in
our experiments. This is consistent with the strong general-
ization of RL observed in prior work (Chu et al., 2025). Sec-
ond, we show that SFT generalizes to well-covered methods,
characterized by pl,k ≥ 1/ logK. This explains Observa-
tions 2 and 4: increasing the data scale covers more methods
and raises the empirical frequencies of tail methods in the
dataset, as shown in Figure 5.

5. Conclusion
This work rethinks the claim that “RL generalizes, whereas
SFT memorizes” from the perspective of SFT training data.
Specifically, we show that both data source and data scale
substantially influence SFT generalization. With a carefully
mixed dataset and a rollout budget matched to RL, SFT
can even generalize better than RL. We further show that
this improvement is supported by increased coverage of tail
methods, and provide theoretical analysis to justify these
insights. A limitation of our work is that we focus on LLMs;
extending our analysis to other generative models, such as
diffusion models, is left for future work.
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Impact Statement
This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.
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A. Related Works
Reinforcement Learning with Verifiable Rewards has substantially improved the reasoning ability of LLMs, as exemplified
by the success of DeepSeek-R1 (Guo and Others, 2025). A central component of this training pipeline is GRPO (Shao et al.,
2024), a group-based policy optimization method that normalizes advantages by the within-group standard deviation. Beyond
the original DeepSeek-R1 results (Guo and Others, 2025), the effectiveness of GRPO has been reproduced across models
of different scales (Zeng et al., 2025; Luo et al., 2025a; He et al., 2025). Subsequent works improve GRPO from several
perspectives, including bias correction (Liu et al., 2025; Yang et al., 2026; Yu et al., 2026), sample selection (Xiong et al.,
2025b; Yu et al., 2026), reward design (Tuyls et al., 2026; Zhu et al., 2026), and entropy regularization (Wang et al., 2026b).
A parallel line of work studies the mechanisms and limits of vanilla GRPO and RLVR. One central question is whether
RL-tuned models acquire genuinely new skills or mainly refine existing reasoning trajectories. Yue et al. (2026) argues that
RLVR sharpens correct reasoning trajectories on math and coding tasks without expanding the model’s skill boundary. In
contrast, Wen et al. (2025) show that, under CoT-Pass@K, which evaluates both final answers and intermediate reasoning
steps, RLVR can extend the reasoning ability of the base model. Relatedly, Sun et al. (2026) find that RLVR-trained models
can solve tasks requiring recombination of learned skills but remain weak on transformative tasks, while Liu et al. (2026)
show that prolonged RL training can uncover reasoning strategies inaccessible to the base model. Other works investigate
the generalization of RLVR beyond the training topics, with evidence that RL-tuned models can transfer learned abilities to
unseen domains (Huan et al., 2026; Fu et al., 2025; Chu et al., 2025). Finally, Tan et al. (2026) studies the scaling behavior
of GRPO on math tasks, while Cui et al. (2025); Shao et al. (2026); Chen et al. (2026a) show that reasoning performance
can improve even without verifiable rewards, for example, through random rewards or entropy minimization under suitable
conditions. See Wang et al. (2026a); Li et al. (2025a); Xu et al. (2025) for the comprehensive surveys.

Long-Reasoning SFT has recently emerged as a simple and effective paradigm for transferring explicit reasoning procedures
to LLMs via supervised learning on long chain-of-thought trajectories. Early rationale-supervision methods such as STaR
bootstrap reasoning by generating rationales, filtering correct ones, and fine-tuning on the retained traces (Zelikman et al.,
2022). Instruction-tuning and explanation-distillation studies further show that chain-of-thought demonstrations or teacher-
generated explanations improve reasoning, as in FLAN-CoT (Chung et al., 2024), Orca (Mukherjee et al., 2023), and
Orca 2 (Mitra et al., 2023). In mathematical reasoning, specialized SFT datasets with intermediate derivations or program-
aided traces have been developed by MAmmoTH (Yue et al., 2023), ToRA (Gou et al., 2023), and NuminaMath (Li et al.,
2024). More recent o1-style studies show that long reasoning can be elicited from small but carefully curated SFT datasets:
s1 uses 1,000 examples (Muennighoff et al., 2025), LIMO reports strong reasoning from 817 examples (Ye et al., 2025), and
Li et al. (2025b) transfer long-chain reasoning through data-efficient SFT or LoRA on long-CoT demonstrations. Recent
work also studies efficiency and length control, including O1-Pruner for reducing redundant reasoning (Luo et al., 2025b)
and long-short mixture SFT for mitigating overthinking (Yu et al., 2025). Together, these works show that long-reasoning
SFT effectively transfers reasoning behaviors from demonstrations, while its success depends on trace quality, reasoning
structure, data curation, and inference-length control.

Understanding SFT and RL has been an active topic, as both SFT and RL can improve model reasoning but appear to do
so through different mechanisms. A central finding is that SFT often imitates or memorizes supervised demonstrations,
whereas RL can better elicit generalizable behavior (Chu et al., 2025; Chen et al., 2025a; Shenfeld et al., 2025; Huan
et al., 2025). In particular, Huan et al. (2025) compare models trained on math tasks and evaluated on other reasoning
tasks, showing that SFT is less effective than RL in improving general reasoning ability. Mechanistically, GRPO appears to
amplify existing capabilities with milder parameter changes, while SFT can overwrite prior skills and degrade out-of-domain
performance (Rajani et al., 2025). This distinction is refined by works showing that RL can recover out-of-distribution
capability forgotten during SFT (Jin et al., 2025), mitigate forgetting through on-policy, mode-seeking data (Chen et al.,
2025b), and reshape reasoning trajectories by compressing incorrect paths rather than homogenizing correct ones (Matsutani
et al., 2025). Other studies qualify the advantage of RL, attributing it partly to implicit medium-difficulty data filtering (Lu
et al., 2026), showing its dependence on model scale and task difficulty (Lu et al., 2025), and questioning whether RLVR
creates new reasoning patterns beyond those already present in the base model (Yue et al., 2026). High SFT scores may
also poorly predict post-RL gains (Kang et al., 2025), while broader surveys organize SFT, RL, and hybrid post-training
methods under a unified comparison framework (Jiang et al., 2026). More recently, on-policy distillation has emerged as
an SFT-style alternative that uses on-policy data to mitigate the forgetting issues of conventional SFT while improving
sample and compute efficiency relative to RL (Lu and Thinking Machines Lab, 2025; Chen et al., 2025c). Subsequent
self-distillation methods further allow the same model to act as both teacher and student (Zhao et al., 2026b; Hübotter et al.,
2026).
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Table 2. Hyperparameters for RL training with verl.trainer.main ppo.

Hyperparameter Value

Training batch size 128
PPO mini-batch size 64
PPO micro-batch size per GPU 1
Prompt length 1024
Response length 8192
Rollout sample number (n) 8
Learning rate 10−6

Clip ratio high 0.28
Use KL loss False
Use KL in reward False
Entropy coefficient 0
Temperature 1.0
Top-p 1.0
Enable chunked prefill False
Enforce eager execution False
Free cache engine False
Use remove padding True
Enable gradient checkpointing True
Ulysses sequence parallel size 1
Actor parameter offload True
Actor optimizer offload True
Reference parameter offload True
Critic warmup 0

B. More Experimental Details
B.1. RL Training Details

As the original DAPO dataset duplicates each prompt 100 times due to reproduction concerns, we pre-process the dataset
and obtain 17391 unique prompts. We add the following prompt suffix to the input question, as per the standard procedure
in the literature (Liu et al., 2025; Chen et al., 2026b) to encourage reasoning:

“Please reason step by step, and put your final answer within \\boxed{}.”

The parameter used in RL training is listed in Table 2.

B.2. SFT Training Details

B.2.1. GENERAL SFT TRAINING CONFIGURATIONS

The parameter used in SFT training is listed in Table 3.

B.2.2. DETAILS OF THE SFT TRAINING DATASET SIZE

In Section 3.2, we match the SFT training dataset size with those during RL training. Specifically,

• When the number of solvable prompts is matched, the corresponding Qwen3-14B dataset contains 9963 prompt–rollout
pairs; and the RL-tuned dataset contains 10020 prompt–rollout pairs.

• When the number of correct rollouts per prompt in the SFT training dataset is matched to that observed during RL
training, both Qwen3-14B dataset and the RL-tuned dataset consist of 39623 prompt-rollout pairs, respectively.

• When the total number of rollouts for each prompt is matched, each of the two datasets contains 39623 correct training
samples with 98641 prompt-wrong rollout pairs.
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Table 3. Hyperparameters for supervised fine-tuning (SFT).

Hyperparameter Value

DeepSpeed config deepspeed z3
Template qwen
Cutoff length 16000
Per-device train batch size 1
Gradient accumulation steps 8
Learning rate 1.0× 10−5

Number of training epochs 1.0
Learning rate scheduler cosine
Warmup ratio 0.1
BF16 True

B.3. Evaluation Setup Details

For the math ability evaluation, we adopt Avg@32 for AIME24 due to the small sample size, and Pass@1 for the rest of
the tasks. To evaluate the generalization ability of the trained models, we evaluate on the following reasoning benchmarks,
which are accessible via Gao et al. (2024):

• GPQA-Diamond (Rein et al., 2024): a challenging dataset of 448 high-quality and difficult multiple-choice questions
written by domain experts in biology, physics, and chemistry.

• HEAD-QA (Vilares and Gómez-Rodrı́guez, 2019): a healthcare dataset for complex reasoning, which contains
questions covering medicine, nursing, psychology, chemistry, pharmacology and biology.

• ACPBench (Kokel et al., 2025): a benchmark for evaluating the reasoning tasks in the field of planning, consisting of 7
reasoning tasks over 13 planning domains.

• ARC (Clark et al., 2018): it consists of 7787 science exam questions drawn from a variety of sources, including science
questions provided under license by a research partner affiliated with AI2. The questions are sorted into a Challenge set
of “hard” problems and a Easy set of “easy” problems. We adopt the challenge set.

• BIG-Bench Hard (BBH) (Suzgun et al., 2023): a suit of 23 challenging BIG-Bench tasks, where the language models
usually perform worse than human-raters.

• C-Eval (Huang et al., 2023b): a comprehensive Chinese evaluation suite, targeting at the knowledge and reasoning
abilities of LLMs within the context of Chinese language and culture.

• COPAL-ID (Wibowo et al., 2024): an Indonesian causal commonsense reasoning dataset that captures local nuances.

• GroundCocoa (Kohli et al., 2025): a lexically diverse benchmark connecting compositional and conditional reasoning
skills to the real-world problem of flight booking.

• MMLU-Pro (Wang et al., 2024): an enhanced dataset which incorporates more challenging, reasoning-focused questions
than the well-known MMLU dataset, and expands the choice set from four to ten options.

• MMLU-Pro+ (Asgari et al., 2024): an enchanced benchmark building upon MMLU-Pro, which is used to assess
shortcut learning and higher-order reasoning in LLMs.

• OpenBookQA (Mihaylov et al., 2018): a question-answering dataset which models open book exams and requires
external knowledge and reasoning.

• PIQA (Bisk et al., 2020): a physical commonsense reasoning and a corresponding benchmark dataset.

As post-training usually is done with templates, we apply the default chat template in Gao et al. (2024) during evaluation.
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(a) Math benchmarks (b) General reasoning benchmarks

Figure 6. Ablation study on the components of the training dataset with the training compute budget fixed. When the training dataset
shrinks, the performance also downgrades.

B.4. More Evaluation Results for the Data Source Experiment

We provide more detailed evaluation results on the general reasoning tasks of the models trained via mixed dataset in
Section 3.1 in Table.

Benchmark Qwen2.5-7B RL SFT w/
RL-tuned

Mix
model 1

Mix
model 2

Mix
model 3

Mix
model 4

Mix
model 5

SFT w/
Qwen3-14B

GPQA-Diamond 22.7 30.3 21.7 23.7 25.3 21.7 28.8 27.3 27.3
HEAD-QA 33.6 33.6 32.9 33.3 33.1 33.0 32.1 31.6 31.4
ARC 42.1 42.0 40.3 40.8 41.6 42.9 40.3 40.0 37.8
ACPBench 23.3 50.1 58.0 56.6 53.4 50.7 43.7 46.6 45.3
BIG-Bench Hard 10.9 42.9 33.8 34.4 37.3 35.6 34.1 37.7 42.1
C-Eval 40.1 43.6 42.4 36.4 47.8 28.2 52.9 53.8 36.5
COPAL-ID 61.7 60.8 60.1 59.7 60.3 61.4 59.0 59.4 59.0
GroundCocoa 34.7 34.8 35.6 36.8 37.0 36.7 34.6 34.2 33.2
MMLU-Pro 9.2 45.7 19.4 17.9 21.3 3.8 0.7 1.2 1.1
MMLU-Pro+ 21.0 31.8 13.8 15.1 15.1 2.5 1.6 1.1 0.8
OpenBookQA 28.6 33.2 30.6 32.8 32.4 32.2 30.2 30.0 27.2
PIQA 77.1 76.1 76.2 76.3 76.7 76.5 77.3 77.1 77.5

Average 33.8 43.8 38.7 38.7 40.1 35.4 36.3 36.7 34.9

Table 4. Performance Comparison Across General Reasoning Benchmarks

B.5. Ablation Study on the Dataset Scale with Fixed Compute

In Section 3.2, we have studied the effect of the SFT training data scale on the generalization ability of the SFT-tuned model.
The training compute also scales as more training data is introduced. To dig out the true workhorse behind data scale and
compute, we carry out an ablation study.

Specifically, we fix the total compute used for SFT and vary the composition of the training data. In the first ablation study,
we train the model with SFT using all 39623 prompt-correct rollout pairs for 3 epochs. In this setting, the total compute
is approximately aligned (118869 vs. 138264), while the number of unique training samples differs. In the second set of
experiments, we randomly sample 1/k fraction of the 8 rollouts for each prompt, and train the base models via SFT for k
epochs for k = 2, 4, 8. In this case, the compute is aligned, but less training data is used.

The experimental results are presented in Figure 6. It indicates using fewer training samples but with the same compute as in
RL training, the final performance on general reasoning tasks decreases compared to that of using the whole dataset.

We conclude that the training data scale, i.e., the number of unique rollouts, matters more than compute for SFT training
given the same gradient compute budget as RL training.
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B.6. Rollout Analysis

We list the classified 138 consolidated methods in Table 5.

C. Notations of Proof

Notations Descriptions

Pin = (X⊤
1 , X⊤

2 , . . . , X⊤
N )⊤ The input informative and context tokens.

Sn = soft(XqWP⊤
in )n The attention score from query Xq to token Xn at position n.

Sl,k =
∑N

n=1 1{Xn = il,k}Sn The attention score from query ul to informative token il,k.

S̃m =
∑N

n=1 1{Xn = cj}Sn The attention score from query Xq to context token cj .

S̃ =
∑J

j=1 S̃m The attention score from query Xq to all context token.

Bl,k = ulWi⊤l,k The attention logit from query ul to informative token il,k.

B̃l,j = ulWc⊤j The attention logit from query ul to context token cj .

βl,k = −ul∇WLSFT i⊤l,k Update of logit from query ul to informative token il,k.

β̃l,j = −ul∇WLSFT c⊤j Update of attention logit from query ul to context token cj .

E∗
P (Lemma D.7) High probability event for token concentration.

Al =
∑K

k=1 e(l−1)K+k Class-specific correct-answer indicator vector.

A−l =
∑

l′ ̸=l

∑K
k′=1 al′,k′ Class-specific incorrect-answer indicator vector.

Φl = FA⊤
l Probability assigned to correct answers of class l

Φ−l = FA⊤
−l Probability assigned to incorrect answers of class l

Table 6. Summary of frequently used notations in proof. We omit (t) here for simplicity.

The pre-trained knowledge

Wlm = clm log(K)
( L∑

l=1

K∑
k=1

i⊤l,k(al,k −A−l − ã) +

J∑
j=1

c⊤j ã
)
,

where A−l =
∑

l′ ̸=l

∑K
k′=1 al′,k′ ∈ RLK+1. In addition, we have for the output,

F = soft(clm log(K)(

K∑
k=1

Sl,ka
⊤
l,k + (2S̃ − 1)ã⊤ − (1− S̃)A−l).

D. Proofs of SFT
D.1. Gradient Computations

In this section, we first calculate the gradient with respect to WSFT in Lemma D.1 and characterize the key variables: logits
and their updates in Definition D.2 and Lemma D.3. We omit (t) and the subscript SFT in this section when there is no
ambiguity and write LSFT(WSFT) as LSFT here for simplicity.

Lemma D.1 (SFT Gradient). Recall that Pin = (X⊤
1 , X⊤

2 , . . . , X⊤
N )⊤, the gradient of the SFT loss function with respect to

W is given by

∇WLSFT = EPin,Xq,A∼DSFT

[
Xq

(
(F −A)W⊤

lmP
⊤
in

(
diag(S)− S⊤S

))
Pin

]
.
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Table 5. Alphabetical Classification of Mathematical Methods

Method Method Method

3D geometry & volumes equation solving partial fractions
absolute value methods estimation & bounding partitions
algebraic manipulation Euler’s formula pattern recognition
angle properties expected value percentages
area & perimeter exponents & powers perfect powers
arithmetic operations extremal principle periodicity
asymptotic analysis factoring permutations
averages Fermat’s & Euler’s theorems pigeonhole principle
bijection & double counting Fibonacci & special sequences polygons
binomial expansion floor & ceiling functions polynomial methods
calculation & computation fractions & ratios prime numbers
calculus (general) function analysis probability
case analysis functional equations problem reformulation
centroid & triangle centers game theory & strategy proof by contradiction
characteristic equation GCD & LCM proof by induction
Chinese Remainder Theorem generating functions Pythagorean theorem
circles & circle theorems geometry (general) quadratic methods
classical geometry theorems graph theory random walks & Markov chains
coefficient comparison greedy algorithms range & domain analysis
coloring & tiling arguments grid & lattice methods rational root theorem
combinations & binomial coefficients group theory rationalization
combinatorial identities inclusion-exclusion recurrence relations
combinatorics (general) inequalities rings & fields
completing the square integer methods root analysis
complex numbers integration search & traversal
conic sections interval analysis sequence analysis
constraint analysis invariants series & convergence
construction iterative methods set theory
coordinate geometry known results & formulas similarity & congruence
counting (general) limits simplification & expansion
counting principles linear algebra simulation & enumeration
critical points & optimization (calculus) lines & slopes sorting
degree analysis logarithms squaring both sides
derivatives logical deduction statistics
determinants magnitude & norm substitution
difference of squares matrices summation techniques
differential equations midpoint methods symmetry
digits & number representation modular arithmetic systems of equations
Diophantine equations multivariable calculus transformations
discriminant analysis number theory (general) triangle geometry
distance formulas number-theoretic functions trigonometric identities
distributions optimization trigonometry
divisibility & divisors other unit conversion
dot product & cross product p-adic valuations vectors
dynamic programming parametric methods verification & checking
eigenvalues & eigenvectors parity arguments Vieta’s formulas
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Proof. We first define the following intermediate variables for a single sample (Pin, Xq, A),

s = X⊤
q WP⊤

in ∈ R1×N ,

S = soft(s) ∈ R1×N ,

z = SPWlm ∈ R1×(LK+1),

F = soft(z) ∈ R1×(LK+1).

Here N is the prompt length, Pin ∈ RN×d, Xq ∈ Rd×1, W ∈ Rd×d, and Wlm ∈ Rd×(LK+1).

And the single-sample loss is

ℓSFT(W ;Pin, Xq, A) = −
L∑

l=1

K∑
k=1

1{A = al,k} logF(l−1)K+k.

Then
LSFT(W ) = EPin,Xq,A∼DSFT

[
ℓSFT(W ;Pin, Xq, A)

]
.

Then we solve the gradient as follows.

Step 1: derivative with respect to the output logits z. Using the standard cross-entropy gradient for softmax,

gz = ∇zℓSFT =

L∑
l=1

K∑
k=1

1{A = al,k}(F − e(l−1)K+k) ∈ R1×(LK+1).

Step 2: derivative with respect to the inner softmax output S. Since z = SPWlm, we have

gS = ∇SℓSFT = gzW
⊤
lmP

⊤
in ∈ R1×N .

Step 3: derivative through the inner softmax. Since S = soft(s), the Jacobian of the row-softmax is

Jsoft(s) = diag(S)− S⊤S ∈ RN×N .

Therefore,

gs = ∇sℓSFT = gSJsoft(s)

= gS
(
diag(S)− S⊤S

)
=

L∑
l=1

K∑
k=1

1{A = al,k}(F − e(l−1)K+k)W
⊤
lmP

⊤
in

(
diag(S)− S⊤S

)
∈ R1×N .

Step 4: derivative with respect to W . Recall s = X⊤
q WP⊤

in , and its differential is ds = X⊤
q dW P⊤

in . Hence

dℓSFT = gs ds

= gsX
⊤
q dW P⊤

in

= tr
(
P⊤
in gsX

⊤
q dW

)
= tr

(
(XqgsP )⊤dW

)
.

Therefore,
∇W ℓSFT = Xq gs P ∈ Rd×d.

Substituting the expression for gs, we obtain

∇W ℓSFT

=

L∑
l=1

K∑
k=1

1{A = al,k}Xq

[
(F − e(l−1)K+k)W

⊤
lmP

⊤
in

(
diag(S)−S⊤S

)]
Pin, S = soft(X⊤

q WP⊤
in ).
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Final expression for ∇WLSFT. Taking expectation, we get

∇WLSFT(W )

= EPin,Xq,A∼DSFT

[
L∑

l=1

K∑
k=1

1{A = al,k}Xq

(
(F − e(l−1)K+k)W

⊤
lmP

⊤
in

(
diag(S)− S⊤S

))
Pin

]
= EPin,Xq,A∼DSFT

[
Xq

(
(F −A)W⊤

lmP
⊤
in

(
diag(S)− S⊤S

))
Pin

]
,

where
S = soft(X⊤

q WP⊤
in ), F = soft(SPinWlm).

We finish the proof.

Suppose the question type is classified as l. We next define the important logits during training. Since only informative
tokens from Il and context tokens from C will occur in the prompt of question class l, we only need to consider the following
variables.

Definition D.2 (Important Logits and Their Update Rate in SFT). For any l ∈ [L], k ∈ [K] and j ∈ [J ], for iteration t ≥ 0,
we denote the weight as W (t) and the loss as L(t)

SFT = LSFT(W
(t)). We define the following quantities

B
(t)
l,k = ulW

(t)i⊤l,k β
(t)
l,k = −ul∇WL

(t)
SFT i⊤l,k;

B̃
(t)
l,j = ulW

(t)c⊤j β̃
(t)
l,j = −ul∇WL

(t)
SFT c⊤j .

By the GD update, we have

B
(t+1)
l,k = B

(t)
l,k + ηβ

(t)
l,k

B̃
(t+1)
l,j = B̃

(t)
l,j + ηβ̃

(t)
l,j

Moreover, by our initialization of W (0) = 0d×d, we have B
(0)
l,k = B̃

(0)
l,j = 0.

In the remainder of the proof, for simplicity, we omit the dependence on the iteration t when it is clear from the context.

Lemma D.3 (Logits Update Rate). For any l ∈ [L], k ∈ [K] and j ∈ [J ], the update rate of logits can be written as

βl,k = −clm log(K)

L
EPin

[
Sl,k

(
(F(l−1)K+k − pl,k)−

K∑
k′=1

Sl,k′(F(l−1)K+k′ − pl,k′)

− (2FLK+1 +Φ−l)S̃
)∣∣∣Xq = ul

]
,

β̃l,j = −clm log(K)

L
EPin

[
S̃j

(
(2FLK+1 +Φ−l)(1− S̃)−

K∑
k′=1

Sl,k′(F(l−1)K+k′ − pl,k′)
)∣∣∣Xq = ul

]
.

Proof. We first consider simplifying the gradients as follows.

P⊤
in diag(S)Pin =

N∑
n=1

SnXnX
⊤
n ,

and

P⊤
inS

⊤SP =

N∑
n=1

N∑
m=1

SnSm XnX
⊤
m =

(
N∑

n=1

SnXn

)(
N∑

m=1

SmXm

)⊤

.

Hence

P⊤
in (diag(S)− S⊤S)Pin =

N∑
n=1

SnXnX
⊤
n −

N∑
n=1

N∑
m=1

SnSm XnX
⊤
m
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=

N∑
n=1

Sn

(
Xn −

N∑
m=1

SmXm

)
X⊤

n .

Then substitute Wlm = clm log(K)
(∑L

l=1

∑K
k=1 i

⊤
l,k(al,k −A−l − ã) +

∑J
j=1 c

⊤
j ã
)
∈ Rd×(LK+1), we have

W⊤
lmP

⊤
in (diag(S)− S⊤S)Pin

= clm log(K)
( L∑

l=1

K∑
k=1

Sl,k(al,k −A−l − ã)⊤il,k + ã⊤
N∑

n=1

1{Xn ∈ C}SnXn

)
− clm log(K)

( L∑
l=1

K∑
k=1

Sl,k(al,k −A−l − ã)⊤ + S̃ã⊤
)( N∑

n=1

SnXn

)
(1)

Then

βl,k = −ul∇WLSFT i⊤l,k

= −EPin,Xq,A∼DSFT

[
1{Xq = ul}

(
(F −A)W⊤

lmP
⊤
in

(
diag(S)− S⊤S

))
Pi⊤l,k

]
= − 1

L
EPin,A∼DSFT

[(
(F −A)W⊤

lmP
⊤
in

(
diag(S)− S⊤S

))
Pi⊤l,k

∣∣∣Xq = ul

]
where the last equation follows from that P(Xq = ul) = 1/L for all l ∈ [L]. Using Equation (1), we have

W⊤
lmP

⊤
in

(
diag(S)− S⊤S

)
Pin i

⊤
l,k

= clm log(K)(Sl,k(al,k −A−l − ã)⊤ − Sl,k

L∑
l′=1

K∑
k′=1

Sl′,k′(al′,k′ −A−l′ − ã)⊤ − Sl,kS̃ ã⊤)

= clm log(K)Sl,k

(
(al,k −A−l − ã)⊤ −

L∑
l′=1

K∑
k′=1

Sl′,k′(al′,k′ −A−l′ − ã)⊤ − S̃ ã⊤

)
.

By definition, when Xq = ul, we have Sl′,k′ = 0 for all l′ ̸= l, since question class l contains informative tokens only from
Il. Therefore,

βl,k

= −clm log(K)

L
EPin,A∼DSFT

[
(F −A)Sl,k(

(al,k −A−l − ã)⊤ −
K∑

k′=1

Sl,k′(al,k′ −A−l − ã)⊤ − S̃ ã⊤

)∣∣∣Xq = ul

]
(i)
= −clm log(K)

L
EPin

[
Sl,k

EA∼DSFT

[
(F −A)

(
a⊤l,k −

K∑
k′=1

Sl,k′a⊤l,k′ − S̃ (2ã+A−l)
⊤

)∣∣∣Pin

] ∣∣∣Xq = ul

]
(ii)
= −clm log(K)

L
EPin

[
Sl,k(

(F(l−1)K+k − pl,k)−
K∑

k′=1

Sl,k′(F(l−1)K+k′ − pl,k′)− (2FLK+1 +Φ−l)S̃
)∣∣∣Xq = ul

]
,

where (i) follows from applying the tower property, and (ii) follows from taking expectation on A. Using Equation (1), we
have

W⊤
lmP

⊤
in

(
diag(S)− S⊤S

)
Pin c

⊤
j
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= clm log(K)(S̃j ã
⊤ − S̃j

L∑
l′=1

K∑
k′=1

Sl′,k′(al′,k′ −A−l′ − ã)⊤ − S̃jS̃ ã⊤)

= clm log(K)S̃j

(
ã⊤ −

L∑
l′=1

K∑
k′=1

Sl′,k′(al′,k′ −A−l′ − ã)⊤ − S̃ ã⊤
)
.

Then similarly to βl,k, we have

β̃l,j = −ul∇WLSFT c⊤j

= −clm log(K)

L
EPin

[
S̃j

(
(2FLK+1 +Φ−l)(1−S̃)−

K∑
k′=1

Sl,k′(F(l−1)K+k′ − pl,k′)
)∣∣∣Xq = ul

]
.

We finish the proof.

D.2. Learning Dynamics of SFT

With the gradient expressions derived in Section D.1, we analyze the training dynamics of SFT in this section. For each
question class l ∈ [L], we fix l and condition on the event {Xq = ul}, and then study the corresponding training dynamics.
It is worth noting that, when Xq = ul, we have Sl′,k′ = 0 for all l′ ̸= l, since question class l contains informative tokens
only from Il.

For simplicity, we consider only one step, which is sufficient for the model to output a correct answer with high probability.
We take a relatively large learning rate

η
(0)
SFT =

KLc(I)

pl,1
,

where c(I) > 0 is a sufficiently large constant and pl,1 denotes the probability of the head answer under the SFT teacher
distribution. Since pl,1 = Ω(1) ≫ L/K, the head-answer token receives the dominant update. Tail answers receive smaller
positive updates.

After one step update, the attention score concentrates on the informative token corresponding to the correct answer, namely
il,1, · · · , il,K .
Lemma D.4 (Initialization Variable). At initialization t = 0, for all k ∈ [K] and j ∈ [J ], the key variables satisfy the
following estimates.

• Attention Logits.
B

(0)
l,k = B̃

(0)
l,j = 0.

• Attention Scores. Suppose Pin ∈ E∗
P satisfies the high-probability event in Lemma D.7. Then

S
(0)
l,k =

1

2K

(
1 +O

(
(K + J)3

N

))
,

S̃
(0)
j =

1

2J

(
1 +O

(
(K + J)3

N

))
,

S̃(0) =
1

2

(
1 +O

(
(K + J)3

N

))
. (2)

• Outputs. Suppose Pin ∈ E∗
P satisfies the high-probability event in Lemma D.7. Under the modified output layer

Wlm = 2 log(K)

 L∑
l′=1

K∑
k′=1

i⊤l′,k′(al′,k′ −A−l′ − ã) +

J∑
j=1

c⊤j ã

 ,

we have, for any l′ ̸= l,

F
(0)
(l−1)K+k =

1

K + L

(
1 +O

(
logK

K

))
, (3)
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F
(0)
LK+1 =

1

K + L

(
1 +O

(
logK

K

))
, (4)

F
(0)
(l′−1)K+k =

1

K(K + L)

(
1 +O

(
logK

K

))
. (5)

Consequently,

Φ
(0)
l =

K

K + L

(
1 +O

(
logK

K

))
, Φ

(0)
−l =

L− 1

K + L

(
1 +O

(
logK

K

))
.

• Attention Logits Update. For every k ∈ [K],

β
(0)
l,k =

logK

LK

[
pl,k +

L− 1

2(K + L)
− L

2K(K + L)
+ o

(
1

K

)]
.

In particular,

β
(0)
l,1 =

pl,1 logK

LK
(1 + o(1)).

For covered tails 2 ≤ k ≤ KSFT,

β
(0)
l,k =

logK

LK

[
Θ

(
1

KSFT

)
+O

(
L

K

)]
.

For uncovered answers KSFT < k ≤ K,

β
(0)
l,k =

logK

LK

[
O

(
L

K

)
+ o

(
1

K

)]
.

Moreover,

β̃
(0)
l,j = − logK

LJ

[
L+ 1

2(K + L)
+

L

2K(K + L)
+ o

(
1

K

)]
≤ 0.

Proof. The attention-logit result follows directly from the initialization W (0) = 0d×d. The attention-score estimates follow
from Lemma D.7.

We next compute the output probabilities. Conditional on Xq = ul, the output logits are

2 logK

(
K∑

k=1

Sl,ka
⊤
l,k + (2S̃ − 1)ã⊤ − (1− S̃)A−l

)
,

where A−l =
∑

l′ ̸=l

∑K
k′=1 al′,k′ . At initialization,

S
(0)
l,k =

1

2K
(1 + o(1)), S̃(0) =

1

2
(1 + o(1)).

Therefore,

K2S
(0)
l,k = 1 +O

(
logK

K

)
, K2(2S̃(0)−1) = 1 + o(1),

and
K−2(1−S̃(0)) = K−1(1 + o(1)).

Thus, the softmax denominator is

K(1 + o(1)) + 1 + (L− 1)K ·K−1(1 + o(1)) = K + L+ o(K).

This gives Equations (3) to (5). The estimates for Φ(0)
l and Φ

(0)
−l follow by summing the corresponding output probabilities.

It remains to compute the logit updates. From Lemma D.3, with clm = 2, we have

β
(0)
l,k = −2 logK

L
EPin

[
S
(0)
l,k

(
F

(0)
(l−1)K+k − pl,k −

K∑
k′=1

S
(0)
l,k′

(
F

(0)
(l−1)K+k′ − pl,k′

)
25
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−
(
2F

(0)
LK+1 +Φ

(0)
−l

)
S̃(0)

)∣∣∣∣∣Xq = ul

]
.

Using

S
(0)
l,k =

1

2K
(1 + o(1)), S̃(0) =

1

2
(1 + o(1)),

and

F
(0)
(l−1)K+k = F

(0)
LK+1 =

1

K + L
(1 + o(1)),

we have
K∑

k′=1

S
(0)
l,k′

(
F

(0)
(l−1)K+k′ − pl,k′

)
=

1

2K

(
K

K + L
− 1

)
(1 + o(1)) = − L

2K(K + L)
(1 + o(1)).

Moreover, (
2F

(0)
LK+1 +Φ

(0)
−l

)
S̃(0) =

L+ 1

2(K + L)
(1 + o(1)).

Substituting these estimates gives

β
(0)
l,k = −2 logK

L
· 1

2K

[
1

K + L
− pl,k +

L

2K(K + L)
− L+ 1

2(K + L)
+ o

(
1

K

)]
=

logK

LK

[
pl,k +

L− 1

2(K + L)
− L

2K(K + L)
+ o

(
1

K

)]
.

The displayed estimates for the head, covered tails, and uncovered answers follow by substituting the corresponding values
of pl,k.

Similarly, from Lemma D.3,

β̃
(0)
l,j = −2 logK

L
EPin

[
S̃
(0)
j

((
2F

(0)
LK+1 +Φ

(0)
−l

)
(1− S̃(0))

−
K∑

k′=1

S
(0)
l,k′

(
F

(0)
(l−1)K+k′ − pl,k′

))∣∣∣∣∣Xq = ul

]

= − logK

LJ

[
L+ 1

2(K + L)
+

L

2K(K + L)
+ o

(
1

K

)]
.

This completes the proof.

Then, after one step of gradient descent, we have the following lemma.

Lemma D.5 (Variables after Phase I). Under the same condition as Lemma D.4, suppose Pin ∈ E∗
P and choose the first-step

learning rate

η
(0)
SFT =

KLc(I)

pl,1
.

Further assume c(I) is large enough so that

c(I)
K

Jpl,1

[
L+ 1

2(K + L)
+

L

2K(K + L)

]
≥ 2, c(I)(1− maxk≥2 pl,k

pl,1
) ≫ 1.

Then, after one gradient-descent update, the key variables satisfy the following estimates.

• Attention Logits.
B

(1)
l,1 = c(I) logK(1 + o(1)).
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For tails 2 ≤ k ≤ K,

B
(1)
l,k =

c(I) logK

pl,1

(
pl,k +

L− 2

2(K + L)
+ o

(
1

K

))
.

Moreover,

B̃
(1)
l,j = −c(I)K logK

Jpl,1

[
L+ 2

2(K + L)
+ o

(
1

K

)]
.

• Attention Scores. Under the above context-suppression condition, the context contribution is lower order. Hence,

S
(1)
l,1 =

K
c(I)(1−

maxk≥2 pl,k
pl,1

)+o(1)

K
c(I)(1−

maxk≥2 pl,k
pl,1

)+o(1)
+K

,

and for every k ≥ 2,

S
(1)
l,k =

1 + o(1)

K
c(I)(1−

maxk≥2 pl,k
pl,1

)+o(1)
+K

.

In particular, when c(I) > 1,

S
(1)
l,1 = 1−O

(
K

1−c(I)(1−
maxk≥2 pl,k

pl,1
)
)
, S

(1)
l,k = K

−c(I)(1−
maxk≥2 pl,k

pl,1
)+o(1)

, k ≥ 2.

The context attention satisfies
S̃
(1)
j = o(S

(1)
l,k ), S̃(1) = o(1).

• Outputs. Under the modified output layer with clm = 2,

1− F
(1)
(l−1)K+1 =

1

K
(1 + o(1)).

For every non-head same-class answer k ≥ 2, including both covered tails and uncovered answers,

F
(1)
(l−1)K+k = K−2+o(1).

Moreover,
F

(1)
LK+1 = K−4+o(1), F

(1)
(l′−1)K+k = K−4+o(1), ∀l′ ̸= l, k ∈ [K].

Proof. From Lemma D.4 and the choice η
(0)
SFT = KLc(I)/pl,1, we have

B
(1)
l,1 = B

(0)
l,1 + η

(0)
SFTβ

(0)
l,1 = c(I) logK(1 + o(1)).

For covered tails 2 ≤ k ≤ K, we obtain

B
(1)
l,k =

c(I) logK

pl,1

(
pl,k +

L− 2

2(K + L)
+ o

(
1

K

))
.

The estimate for B̃(1)
l,j follows from Lemma D.4.

Because pl,1 ≫ L/K, the non-head logits are lower order compared with B
(1)
l,1 . Hence

B
(1)
l,1 −max

k≥2
B

(1)
l,k = c(I) logK(1− maxk≥2 pl,k

pl,1
+ o(1)).

Moreover, by the context-suppression condition, the context contribution to the attention denominator is lower order than
the non-head informative contribution. Using the high-probability count bounds in Lemma D.7, we obtain

S
(1)
l,1 =

K
c(I)(1−

maxk≥2 pl,k
pl,1

)+o(1)

K
c(I)(1−

maxk≥2 pl,k
pl,1

)+o(1)
+K

,

27



1485
1486
1487
1488
1489
1490
1491
1492
1493
1494
1495
1496
1497
1498
1499
1500
1501
1502
1503
1504
1505
1506
1507
1508
1509
1510
1511
1512
1513
1514
1515
1516
1517
1518
1519
1520
1521
1522
1523
1524
1525
1526
1527
1528
1529
1530
1531
1532
1533
1534
1535
1536
1537
1538
1539

Submission and Formatting Instructions for FoGen Workshop at ICML 2026

and for every k ≥ 2,

S
(1)
l,k =

1 + o(1)

K
c(I)(1−

maxk≥2 pl,k
pl,1

)+o(1)
+K

.

The remaining output estimates follow from the same softmax calculation as in Phase I of the fully supported case. In
particular,

K2S
(1)
l,1 = K2−o(1), K2S

(1)
l,k = 1 + o(1), k ≥ 2,

and
K2(2S̃(1)−1) = K−2+o(1), K−2(1−S̃(1)) = K−2+o(1).

Thus
F

(1)
(l−1)K+1 = 1− 1

K
(1 + o(1)),

and for every k ≥ 2,
F

(1)
(l−1)K+k = K−2+o(1).

The wrong-answer and other-class estimates follow similarly.

Proof of Theorem 4.2. As a direct result of Lemma D.5, we have

1− Φ
(1)
l = 1−

K∑
k=1

F
(1)
(l−1)K+k = K−4+o(1) +O

(
L

K3

)
.

We finish the proof of SFT.

D.3. Useful Concentration Bound

Recall that given a prompt Pin = (X⊤
1 , X⊤

2 , . . . , X⊤
N )⊤, the distribution of Xn is identical independent. Similar to (Huang

et al., 2024; Cheng et al., 2026), it is worth noting that, for any question class l ∈ [L], the occurrence count of the l, k-th
informative and j-th context tokens in Pin, denoted as |Vl,k| and |Ṽj |, follows a multinomial distribution. Leveraging the
concentration property inherent to multinomial distributions, we can identify a high-probability event to which P belongs.

We first introduce the following tail bound for multinomial distributions.
Lemma D.6 (Tail Bound of Multinomial Distribution (Devroye, 1983)). Let (X1, · · · , XK) be a multinomial
(N, p1, · · · , pK) random vector. For all ε ∈ (0, 1) and all K satisfying K/N ≤ ε2/20, we have

P

(
K∑
i=1

|Xi − E (Xi)| > Nε

)
≤ 3 exp

(
−Nε2/25

)
.

Lemma D.7 (High-probability Event for Pin). For any question class l ∈ [L], suppose that the probability of l, k-th
informative token pl,k = Θ(1/2K) for any k ∈ [K], and the probability of context token p̃j = Θ(1/2J) for any j ∈ [J ]

and (K + J)3 ≪ N . For some constant
√
40(K + J)3/N ≥ c ≥

√
20(K + J)3/N , define

E∗
P =

{
Pin|Xq = ul : for all l ∈ [L], |Vl,k| ∈

[
pl,kN − cN

K + J
, pl,kN +

cN

K + J

]
for k ∈ [K]

|Ṽj | ∈
[
p̃jN − cN

K + J
, p̃jN +

cN

K + J

]
for j ∈ [J ]

}
.

Then , we have

P(Pin ∈ E∗
P) ≥ 1− 3 exp

(
− c2N

25L(K + J)2

)
.

Let us denote Ll,k = pl,kK − cK
K+J , Ul,k = pl,kK + cK

K+J , L̃j = p̃jJ − cJ
K+J , Ũj = p̃jJ + cJ

K+J . Note that Ll,k, Ul,k are

at the order of the constant level since pl,k = Θ(1/K), L̃j , Ũj are at the order of the constant level since p̃j = Θ(1/J).
Then for any P belonging to E∗

P, |Vl,k| ∈ [Ll,kN/K,Ul,kN/K] = Θ(N/K) and |Ṽj | ∈ [L̃jN/J, ŨjN/J ] = Θ(N/J).
Note that we can properly choose c to guarantee Ll,k > 0 for k ∈ [K], l ∈ [L] and L̃j > 0 for j ∈ [J ].
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E. Proofs of RL
E.1. Gradient Computation for RL

In this section, we analyze the training dynamics of RL. The proof follows a similar structure to the SFT analysis in
Section D, but the dynamics are different in an important way. In SFT, the teacher distribution is long-tailed, and therefore,
the head answer receives a much larger initial positive update. In contrast, the RL objective rewards every correct answer
symmetrically. As a result, all informative tokens receive nearly the same positive update, while the context tokens, which
correspond to the incorrect answer, receive a negative update.

Throughout this section, we fix a question class l ∈ [L] and condition on Xq = ul. Similar to SFT, we write

Pin = (X1, . . . , XN ) ∈ RN×d

for the prompt tokens, and define

S = soft(X⊤
q WP⊤

in ) ∈ R1×N , F = soft(SPinWlm) ∈ R1×(LK+1).

When Xq = ul, only informative tokens from Il and context tokens from C appear in the prompt. Hence we define

Sl,k =
N∑

n=1

1{Xn = il,k}Sn, S̃j =

N∑
n=1

1{Xn = cj}Sn, S̃ =

J∑
j=1

S̃j .

For the output layer, we use the same fixed matrix as in the SFT analysis:

Wlm = clm log(K)
( L∑

l=1

K∑
k=1

i⊤l,k(al,k −A−l) +

J∑
j=1

c⊤j ã
)
.

Therefore, conditional on Xq = ul, the output can be written as

F = soft

clm logK

 K∑
k=1

Sl,ka
⊤
l,k + S̃ã⊤ − (1− S̃)

∑
l′ ̸=l

K∑
k′=1

a⊤l′,k′

 .

Lemma E.1 (RL Gradient). The gradient of the RL objective with respect to W is

∇WJRL = EPin,Xq

[
L∑

l=1

1{Xq = ul}Xq

((
F ⊙ (Al − Φl1)

)
W⊤

lmP
⊤
in

(
diag(S)− S⊤S

))
Pin

]
,

where 1 ∈ R1×(LK+1) is the all-one vector and ⊙ denotes entrywise product.

Proof. For a single sample (Pin, Xq), define

s = X⊤
q WP⊤

in ∈ R1×N , S = soft(s) ∈ R1×N ,

z = SPinWlm ∈ R1×(LK+1), F = soft(z) ∈ R1×(LK+1).

Here Pin ∈ RN×d, Xq ∈ Rd×1, W ∈ Rd×d, and Wlm ∈ Rd×(LK+1).

For each question class l ∈ [L], define the class-specific correct-answer indicator vector

Al =

K∑
k=1

e(l−1)K+k ∈ R1×(LK+1).

Then the total probability assigned to correct answers of class l is

Φl =

K∑
k=1

F(l−1)K+k = FA⊤
l .
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Conditional on Xq = ul, the single-sample RL objective is

jRL(W ;Pin, Xq) = Φl =

K∑
k=1

F(l−1)K+k.

Therefore,

JRL(W ) = EPin,Xq

[
L∑

l=1

1{Xq = ul}Φl

]
.

We compute the gradient for one sample (Pin, Xq) conditional on Xq = ul. The unconditional gradient follows by
multiplying by 1{Xq = ul} and taking expectation over l.

Step 1: derivative with respect to the output logits z. Recall that

F = soft(z), Φl =

K∑
k=1

F(l−1)K+k.

For any coordinate m ∈ [LK + 1], the softmax derivative gives

∂Fr

∂zm
= Fr

(
1{r = m} − Fm

)
.

Therefore,
∂Φl

∂zm
=

K∑
k=1

∂F(l−1)K+k

∂zm

=

K∑
k=1

F(l−1)K+k

(
1{(l − 1)K + k = m} − Fm

)
= Fm1{m ∈ {(l − 1)K + 1, . . . , lK}} − Fm

K∑
k=1

F(l−1)K+k

= Fm ((Al)m − Φl) .

Thus, in row-vector form,
gz = ∇zjRL = F ⊙ (Al − Φl1) ∈ R1×(LK+1).

Step 2: derivative with respect to the attention vector S. Since

z = SPinWlm,

we have
dz = dS PinWlm.

Hence
djRL = ⟨gz, dz⟩ = ⟨gz, dS PinWlm⟩.

Therefore,
gS = ∇SjRL = gzW

⊤
lmP

⊤
in ∈ R1×N .

Step 3: derivative through the inner softmax. Since

S = soft(s),

the Jacobian of the row-softmax is
Lsoft(s) = diag(S)− S⊤S ∈ RN×N .

Therefore,
gs = ∇sjRL = gS

(
diag(S)− S⊤S

)
∈ R1×N .

Substituting the expression for gS , we obtain

gs =
(
F ⊙ (Al − Φl1)

)
W⊤

lmP
⊤
in

(
diag(S)− S⊤S

)
.
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Step 4: derivative with respect to W . Recall that

s = X⊤
q WP⊤

in .

Taking differential gives
ds = X⊤

q dW P⊤
in .

Therefore,
∇W jRL = XqgsPin.

Substituting the expression for gs, we get

∇W jRL = Xq

((
F ⊙ (Al − Φl1)

)
W⊤

lmP
⊤
in

(
diag(S)− S⊤S

))
Pin.

Finally, taking expectation over (Pin, Xq) and summing over the possible question classes gives

∇WJRL(W ) = EPin,Xq

[
L∑

l=1

1{Xq = ul}Xq

((
F ⊙ (Al − Φl1)

)
W⊤

lmP
⊤
in

(
diag(S)− S⊤S

))
Pin

]
.

This completes the proof.

Similar to the SFT analysis, we overload the notation and define the important logits and their corresponding update rates
for RL.

Definition E.2 (Important Logits and Their Update Rate in RL). For any l ∈ [L], k ∈ [K] and j ∈ [J ], for iteration t ≥ 0,
we denote the weight as W (t) and the loss as J (t)

RL = JRL(W
(t)). We define the following quantities

B
(t)
l,k = ulW

(t)i⊤l,k β
(t)
l,k = ul∇WJ

(t)
RL i

⊤
l,k;

B̃
(t)
l,j = ulW

(t)c⊤j β̃
(t)
l,j = ul∇WJ

(t)
RL c

⊤
j .

By the GD update, we have

B
(t+1)
l,k = B

(t)
l,k + ηRLβ

(t)
l,k

B̃
(t+1)
l,j = B̃

(t)
l,j + ηRLβ̃

(t)
l,j

Moreover, by our initialization of W (0) = 0d×d, we have B
(0)
l,k = B̃

(0)
l,j = 0.

Lemma E.3 (Logits Update Rate for RL). For any l ∈ [L], k ∈ [K] and j ∈ [J ], the RL update rates of the attention logits
can be written as

βl,k =
clm log(K)

L
EPin

[
Sl,k

(
(1− Φl)

(
F(l−1)K+k −

K∑
k′=1

Sl,k′F(l−1)K+k′

)
+Φl(2FLK+1 +Φ−l)S̃

)∣∣∣Xq = ul

]
,

β̃l,j = −clm log(K)

L
EPin

[
S̃j

(
(1− Φl)

K∑
k′=1

Sl,k′F(l−1)K+k′

+Φl(2FLK+1 +Φ−l)(1− S̃)
)∣∣∣Xq = ul

]
.

Proof. The proof follows the same calculation as Lemma D.3, but with the RL output-gradient vector

gz = F ⊙ (Al − Φl1).

Recall from Lemma E.1 that, conditional on Xq = ul,

∇WJRL =
1

L
EPin

[
u⊤
l

(
gzW

⊤
lmP

⊤
in (diag(S)− S⊤S)

)
Pin

∣∣∣Xq = ul

]
.
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Since

Wlm = clm log(K)

 L∑
l′=1

K∑
k′=1

i⊤l′,k′(al′,k′ −A−l′ − ã) +

J∑
j=1

c⊤j ã

 ,

we have

W⊤
lmP

⊤
in (diag(S)− S⊤S)Pin

= clm log(K)

(
L∑

l′=1

K∑
k′=1

Sl′,k′(al′,k′ −A−l′ − ã)⊤il′,k′ + ã⊤
N∑

n=1

1{Xn ∈ C}SnXn

)

− clm log(K)

(
L∑

l′=1

K∑
k′=1

Sl′,k′(al′,k′ −A−l′ − ã)⊤ + S̃ã⊤

)(
N∑

n=1

SnXn

)
. (6)

When Xq = ul, we have Sl′,k′ = 0 for all l′ ̸= l. Hence,

W⊤
lmP

⊤
in (diag(S)− S⊤S)Pin i

⊤
l,k

= clm log(K)Sl,k

(
(al,k −A−l − ã)⊤ −

K∑
k′=1

Sl,k′(al,k′ −A−l − ã)⊤ − S̃ã⊤

)
.

Using
∑K

k′=1 Sl,k′ = 1− S̃, this becomes

clm log(K)Sl,k

(
a⊤l,k −

K∑
k′=1

Sl,k′a⊤l,k′ − S̃A⊤
−l − 2S̃ã⊤

)
.

Moreover,
gza

⊤
l,k = (1− Φl)F(l−1)K+k, gzA

⊤
−l = −ΦlΦ−l, gzã

⊤ = −ΦlFLK+1.

Therefore,

βl,k =
clm log(K)

L
EPin

[
Sl,k

(
(1− Φl)

(
F(l−1)K+k −

K∑
k′=1

Sl,k′F(l−1)K+k′

)
+Φl(2FLK+1 +Φ−l)S̃

)∣∣∣Xq = ul

]
.

Similarly, for the context token cj ,

W⊤
lmP

⊤
in (diag(S)− S⊤S)Pin c

⊤
j

= clm log(K)S̃j

(
ã⊤ −

K∑
k′=1

Sl,k′(al,k′ −A−l − ã)⊤ − S̃ã⊤

)

= clm log(K)S̃j

(
−

K∑
k′=1

Sl,k′a⊤l,k′ + (1− S̃)A⊤
−l + 2(1− S̃)ã⊤

)
.

Taking inner product with gz gives

β̃l,j = −clm log(K)

L
EPin

[
S̃j

(
(1− Φl)

K∑
k′=1

Sl,k′F(l−1)K+k′

+Φl(2FLK+1 +Φ−l)(1− S̃)
)∣∣∣Xq = ul

]
.

This proves the lemma.
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E.2. Learning Dynamics of RL

With the gradient expressions derived in Section E.1, we analyze the training dynamics of RL in this section. For each
question class l ∈ [L], we fix l and condition on {Xq = ul}. As before, when Xq = ul, only informative tokens from Il
and context tokens from C appear in the prompt, so Sl′,k′ = 0 for all l′ ̸= l.

Different from SFT, the RL objective is symmetric over all correct answers in the same question class. Thus, all informative
tokens receive the same leading positive update, while context tokens receive a negative update. Consequently, RL does not
concentrate attention on the head answer; instead, it learns all correct informative tokens nearly uniformly.

E.2.1. PHASE I: SYMMETRIC LEARNING OF CORRECT ANSWERS

We follow the SFT analysis and take clm = 2 in the dynamics. Under the language model head,

Wlm = 2 log(K)

 L∑
l′=1

K∑
k′=1

i⊤l′,k′(al′,k′ −A−l′ − ã) +

J∑
j=1

c⊤j ã

 ,

conditional on Xq = ul, the output can be written as

F = soft

(
2 logK

(
K∑

k=1

Sl,ka
⊤
l,k + (2S̃ − 1)ã⊤ − (1− S̃)A−l

))
,

where

A−l =
∑
l′ ̸=l

K∑
k′=1

al′,k′ .

We use a one-step RL learning rate

η
(0)
RL = Θ

(
LK2

L+ 1
c(I)
)
,

where c(I) > 0 is a sufficiently large constant. More precisely, we choose η
(0)
RL so that

η
(0)
RLβ

(0)
l,k = c(I) logK(1 + o(1)).

At the end of this initial phase, the attention weights on context tokens become negligible, while the attention weights on the
K informative tokens remain nearly uniform.

Lemma E.4 (Initialization Variable for RL). At initialization t = 0, for all k ∈ [K] and j ∈ [J ], the key variables satisfy
the following estimates.

• Attention Logits.
B

(0)
l,k = B̃

(0)
l,j = 0.

• Attention Scores. Suppose Pin ∈ E∗
P satisfies the high-probability event in Lemma D.7. Then

S
(0)
l,k =

1

2K

(
1 +O

(
(K + J)3

N

))
, S̃

(0)
j =

1

2J

(
1 +O

(
(K + J)3

N

))
,

and

S̃(0) =
1

2

(
1 +O

(
(K + J)3

N

))
.

• Outputs. Suppose Pin ∈ E∗
P. Then

F
(0)
(l−1)K+k =

1

K + L

(
1 +O

(
logK

K

))
, F

(0)
LK+1 =

1

K + L

(
1 +O

(
logK

K

))
,
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and for every l′ ̸= l,

F
(0)
(l′−1)K+k =

1

K(K + L)

(
1 +O

(
logK

K

))
.

Consequently,

Φ
(0)
l =

K

K + L

(
1 +O

(
logK

K

))
= 1−O

(
L

K

)
,

and

Φ
(0)
−l =

L− 1

K + L

(
1 +O

(
logK

K

))
= O

(
L

K

)
.

• Attention Logits Update. For every k ∈ [K] and j ∈ [J ],

β
(0)
l,k = Θ

(
(L+ 1) logK

LK2

)
> 0, β̃

(0)
l,j = −Θ

(
(L+ 1) logK

LJK

)
< 0.

Proof. The estimates for attention logits and attention scores follow from W (0) = 0d×d and Lemma D.7. It remains to
compute the output probabilities under the modified Wlm.

Conditional on Xq = ul, the output is

F = soft

(
2 logK

(
K∑

k=1

Sl,ka
⊤
l,k + (2S̃ − 1)ã⊤ − (1− S̃)A−l

))
.

At initialization, S(0)
l,k = 1/(2K)(1 + o(1)) and S̃(0) = 1/2(1 + o(1)). Hence

K2S
(0)
l,k = 1 +O

(
logK

K

)
, K2(2S̃(0)−1) = 1 + o(1),

and
K−2(1−S̃(0)) = K−1(1 + o(1)).

Therefore, the softmax denominator is

K(1 + o(1)) + 1 + (L− 1)K ·K−1(1 + o(1)) = K + L+ o(K).

This gives

F
(0)
(l−1)K+k =

1

K + L

(
1 +O

(
logK

K

))
,

F
(0)
LK+1 =

1

K + L

(
1 +O

(
logK

K

))
,

and for l′ ̸= l,

F
(0)
(l′−1)K+k =

1

K(K + L)

(
1 +O

(
logK

K

))
.

The estimates for Φ(0)
l and Φ

(0)
−l follow by summing over the corresponding answer sets.

Finally, applying Lemma E.3, we obtain

β
(0)
l,k = Θ

(
(L+ 1) logK

LK2

)
> 0, β̃

(0)
l,j = −Θ

(
(L+ 1) logK

LJK

)
< 0.

This completes the proof.
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Lemma E.5 (Variables after Phase I for RL). Under the same condition as Lemma E.4, set bK = (L+1) logK
LK2 , then from

Lemma E.4 β
(0)
l,k = bK(1 + o(1)), β̃

(0)
l,j = −K

J bK(1 + o(1)). For any target accuracy ϵ ∈ (0, 1/4), choose

cϵ ≥
J

K
· log(C0 logK/ϵ)

logK
,

where C0 > 0 is a sufficiently large universal constant, and set

η
(0)
RL =

2cϵ logK

bK
=

2LK2

L+ 1
cϵ.

Then, after one RL update, for every k ∈ [K] and j ∈ [J ], we have the following estimates.

• Attention Logits.

B
(1)
l,k = cϵ logK(1 + o(1)), B̃

(1)
l,j = −K

J
cϵ logK(1 + o(1)).

• Attention Scores.

max
k∈[K]

∣∣∣∣S(1)
l,k − 1

K

∣∣∣∣ ≤ ϵ

K
,

and

S̃
(1)
j = O

(
1

J
K−cϵK/J

)
, S̃(1) ≤ ϵ

C0 logK
.

• Outputs.

max
k∈[K]

∣∣∣∣F (1)
(l−1)K+k − 1

K

∣∣∣∣ ≤ C

K

(
ϵ+

L

K2
+

1

K3

)
,

for some universal constant C > 0. Moreover,

F
(1)
LK+1 = O(K−3), Φ

(1)
−l = O

(
L

K2

)
,

and

Φ
(1)
l ≥ 1− C

(
ϵ+

L

K2
+

1

K3

)
.

Proof. By Lemma E.4 and Lemma E.3, at initialization,

β
(0)
l,k = bK(1 + o(1)), β̃

(0)
l,j = −K

J
bK(1 + o(1)),

where

bK =
(L+ 1) logK

LK2
.

With the learning rate

η
(0)
RL =

2cϵ logK

bK
,

the informative logits satisfy

B
(1)
l,k = B

(0)
l,k + η

(0)
RLβ

(0)
l,k = cϵ logK(1 + o(1)), ∀k ∈ [K].

Similarly, the context logits satisfy

B̃
(1)
l,j = B̃

(0)
l,j + η

(0)
RLβ̃

(0)
l,j = −K

J
cϵ logK(1 + o(1)), ∀j ∈ [J ].

35



1925
1926
1927
1928
1929
1930
1931
1932
1933
1934
1935
1936
1937
1938
1939
1940
1941
1942
1943
1944
1945
1946
1947
1948
1949
1950
1951
1952
1953
1954
1955
1956
1957
1958
1959
1960
1961
1962
1963
1964
1965
1966
1967
1968
1969
1970
1971
1972
1973
1974
1975
1976
1977
1978
1979

Submission and Formatting Instructions for FoGen Workshop at ICML 2026

We next control the attention scores. Since all informative logits are equal up to lower-order terms and every context logit is
smaller than the informative logits by order (

1 +
K

J

)
cϵ logK,

the total context attention mass satisfies
S̃(1) = O

(
K−cϵK/J

)
.

More explicitly, there exists a universal constant C1 > 0 such that

S̃(1) ≤ C1K
−cϵK/J .

By the choice of cϵ,
K−cϵK/J ≤ ϵ

C0 logK
.

Taking C0 sufficiently large gives
S̃(1) ≤ ϵ

C0 logK
.

Since the remaining attention mass is distributed symmetrically over the K informative tokens, we have

S
(1)
l,k =

1− S̃(1)

K
(1 + o(1)), ∀k ∈ [K].

Hence, after increasing C0 if necessary,

max
k∈[K]

∣∣∣∣S(1)
l,k − 1

K

∣∣∣∣ ≤ ϵ

K
.

It remains to control the output probabilities. Under the modified Wlm with clm = 2,

F
(1)
(l−1)K+k =

K2S
(1)
l,k∑K

k′=1 K
2S

(1)

l,k′ +K2(2S̃(1)−1) +
∑

l′ ̸=l

∑K
k′=1 K

−2(1−S̃(1))
.

From the attention bound,

S
(1)
l,k =

1

K
+O

( ϵ

K

)
, S̃(1) ≤ ϵ

C0 logK
.

Therefore,

K2S
(1)
l,k = exp

(
2S

(1)
l,k logK

)
= 1 +O

(
logK

K

)
+O(ϵ),

where the last step uses ϵ ∈ (0, 1/4) and absorbs constants into the O(·) term. Also,

K2(2S̃(1)−1) = K−2 exp
(
4S̃(1) logK

)
= O(K−2),

and
K−2(1−S̃(1)) = K−2 exp

(
2S̃(1) logK

)
= O(K−2).

Thus, the softmax denominator is

K∑
k′=1

K
2S

(1)

l,k′ +K2(2S̃(1)−1) +
∑
l′ ̸=l

K∑
k′=1

K−2(1−S̃(1))

= K(1 +O(ϵ)) +O(K−2) +O

(
L

K

)
.

Therefore,

F
(1)
(l−1)K+k =

1

K

(
1 +O

(
ϵ+

L

K2
+

1

K3

))
.
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This implies

max
k∈[K]

∣∣∣∣F (1)
(l−1)K+k − 1

K

∣∣∣∣ ≤ C

K

(
ϵ+

L

K2
+

1

K3

)
.

Moreover, due to the term L
K2 + 1

K3 , we can choose ϵ = O( L
K2 ) at most.

F
(1)
LK+1 =

K2(2S̃(1)−1)

K(1 +O(ϵ)) +O(K−2) +O(L/K)
= O(K−3).

For answers from other question classes, each output probability is also O(K−3). Since there are (L− 1)K such answers,

Φ
(1)
−l = O

(
L

K2

)
.

Finally,

Φ
(1)
l = 1− F

(1)
LK+1 − Φ

(1)
−l ≥ 1− C

(
ϵ+

L

K2
+

1

K3

)
,

where we enlarge C > 0 if necessary. This completes the proof.

Proof of Theorem 4.2. Following from Lemma E.5, we prove Theorem 4.2 immediately.

F. Proof of Theorem 4.3
Proof. From the proof of Lemma D.5, for any k ∈ [K],

BSFT
l,k =

c(I) logK

pl,1

(
pl,k +

L− 2

2(K + L)
+ o

(
1

K

))
,

B̃SFT
l,j = −c(I)K logK

Jpl,1

(
L+ 2

2(K + L)
+ o

(
1

K

))
.

If pl,k ≥ 1/ logK, then

SSFT
l,k =

(N/2) exp(BSFT
l,k )

(N/2) exp(BSFT
l,k ) +

∑J
j=1 |Ṽj | exp(B̃SFT

l,j )

≥
exp
(
c(I)/pl,1

)
exp
(
c(I)/pl,1

)
+ 1

, S̃SFT ≤ 1

exp
(
c(I)/pl,1

)
+ 1

.

Therefore,

F SFT
l,k =

K2SSFT
l,k

K2SSFT
l,k + (L− 1)K ·K−2SSFT

l,k +K2(2S̃SFT−1)

=
K4SSFT

l,k −1

K4SSFT
l,k −1 + (L− 1) +K1−2SSFT

l,k

.

It follows that

1− F SFT
l,k ≤ L

K4SSFT
l,k −1

= O

(
K

1−
4 exp(c(I)/pl,1)

exp(c(I)/pl,1)+1

)
= O

(
1

K3

)
,

where the last step follows from c(I) can be sufficiently large.

If pl,k ≤ 1/K, then similarly,

SSFT
l,k = S̃SFT =

1

2
.
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Hence,

F SFT
l,k =

K2SSFT
l,k

K2SSFT
l,k + (L− 1)K ·K−2SSFT

l,k +K2(2S̃SFT−1)

=
K

K + (L− 1) +K
≤ 1

2
.

For RL, from Lemma E.5, for all k ∈ [K],

BRL
l,k = cϵ logK(1 + o(1)),

B̃RL
l,j = −K

J
cϵ logK(1 + o(1)).

Thus,

SRL
l,k =

Kcϵ

K−K
J cϵ +Kcϵ

.

Therefore,

FRL
l,k =

K2SRL
l,k

K2SRL
l,k + (L− 1)K ·K−2SRL

l,k +K2(2S̃RL−1)

=
K4SRL

l,k−1

K4SRL
l,k−1 + (L− 1) +K1−2SRL

l,k

.

It follows that

1− FRL
l,k ≤ L

K4SRL
l,k−1

= O

(
K

1− 4Kcϵ

K
−K

J
cϵ+Kcϵ

)
= O

(
1

K3

)
,

where the last step follows from cϵ can be sufficiently large. Taking the sum on k, l, we complete the proof.
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