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Abstract
As LLM-based agents are increasingly deployed in sequential delegation chains, each handoff can
obscure accountability for the final output, leading to context loss, audit overhead, and diffusion
of responsibility. We formulate this governance problem as a Stackelberg game: a regulator sets
a liability share, and developers choose a workflow partition via a boundary-insertion game on a
sequential workflow DAG. The induced game is an exact potential game for every liability share
γ ∈ (0, 1], and under a continuous relaxation admits a unique interior equilibrium. We prove an
over-fragmentation theorem: when developers only partially internalize handoff externalities (γ <
1), the equilibrium delegation depth strictly exceeds the social optimum, and the resulting welfare
loss admits a scale-free closed-form expression independent of workflow size, agent productivity,
and handoff-cost scale. We characterize the optimal liability share γ∗ via a first-order condition that
balances the marginal welfare gain against the marginal enforcement cost, and derive comparative
statics. Under optimal regulation, residual welfare loss scales quadratically with enforcement cost,
suggesting that reductions in enforcement costs yield more-than-proportional welfare gains.

1. Introduction

As LLM-based agents are increasingly deployed in sequential delegation chains, handoffs can ob-
scure accountability for final outputs, causing context loss and audit overhead [4, 12, 14]. Unlike
human organizations, where responsibility allocation is typically designed ex ante, agentic AI sys-
tems may extend delegation chains autonomously at runtime, raising the question of who should
bear handoff externalities. Prior work studies Stackelberg-style AI governance [16], accountability
limits in human–agent collectives [13], and specialization–coordination trade-offs in organizations
and AI task chains [1, 5]. However, these works do not characterize equilibrium distortions under
partial liability internalization or the associated governance design problem (Section 2).

We provide a tractable benchmark by formulating the developers’ partition choice as a boundary-
insertion game on a sequential DAG with homogeneous developers. The induced game is an exact
potential game [9] for every liability share γ ∈ (0, 1], and the regulator sets γ as a Stackelberg
leader. Our contributions are:

1. We formulate handoffs in multi-agent AI workflows as a Stackelberg governance problem
and show that the developers’ partition choice induces an exact potential game.

2. We prove an over-fragmentation theorem: when γ < 1, equilibrium delegation depth strictly
exceeds the social optimum, with a scale-free closed-form welfare loss independent of work-
flow size, agent productivity, and handoff-cost scale.
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3. We characterize the optimal γ∗ via a first-order condition and comparative statics, and show
that residual welfare loss scales quadratically with enforcement cost.

2. Related Work

Game-theoretic AI governance. Stackelberg formulations of AI governance [16], simulation-
based evaluations of multi-agent governance [3, 15], and impossibility results for accountability
in human–agent collectives [13] advance the field but leave open the characterization of equilib-
rium distortions under partial liability internalization and optimal regulatory design for structured
workflows. We address this gap for handoff externalities on workflow DAGs.

Organizational economics. The specialization–coordination trade-off is classical [1, 7], and Demirer
et al. [5] extend this analysis to AI task chaining. These works study single-planner optimization; we
analyze the strategic setting in which multiple developers choose partitions based on decentralized
incentives, producing systematic over-fragmentation in Nash equilibrium.

Congestion games and price of anarchy. Our boundary-insertion game is a Rosenthal-type con-
gestion game [10] that admits an exact potential [9]. Unlike smoothness-based price-of-anarchy
bounds [11], which yield worst-case results over broad game classes, we exploit the structure of
handoff externalities to derive an exact, scale-free welfare-loss expression that depends only on γ
and α.

3. Model

We assume a sequential workflow (line DAG), homogeneous developers, and a continuous relax-
ation.1

3.1. Workflow and Agents

A workflow of m sequential subtasks forms a line DAG H = (1, . . . ,m). It is partitioned among k
agents into contiguous intervals {S1, . . . , Sk}, where k is endogenous and chosen by developers.2

Under homogeneity, each agent’s scope is |Si| = m/k.3 Agent i produces output a · |Si|1−α, where
a > 0 is a productivity scale and α ∈ (0, 1) governs the specialization gain, yielding aggregate
output am1−αkα. We model the effective coordination overhead as ωk (ω > 0); a literal chain of k
agents has k − 1 handoffs, but using ω(k − 1) leaves the first-order conditions unchanged.4 Social
welfare is

W (k) = am1−αkα − ωk. (1)

3.2. Handoff Externality and Boundary-Insertion Game

Each developer internalizes only a fraction γ ∈ (0, 1] (the liability share) of the social cost of a
handoff; the remainder (1 − γ) is externalized. The parameter γ is set by the regulator through

1. Homogeneity abstracts away differences in agent capability but preserves the fragmentation bias. Relaxations are
discussed in Section 6.

2. Shorthand for orchestrators, deployers, and other actors who design the workflow partition.
3. We relax integrality and analyze k ∈ R>0; the qualitative results are preserved in the discrete case.
4. The ωk convention shifts W (k) by a constant −ω relative to ω(k−1). This affects neither the optimality/equilibrium

conditions nor the relative welfare loss L (Corollary 4), since the constant cancels in the normalization.
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logging mandates, audit requirements, and similar instruments; γ = 1 implements the first-best
partition absent enforcement costs.

We formulate the partition choice as a boundary-insertion game: a player at each position ℓ ∈
{1, . . . ,m−1} chooses sℓ ∈ {0, 1} (insert a handoff or not). These boundary players are analytical
devices, not additional economic actors; they decompose the aggregate partition decision into local
choices. The resulting number of agents is k(s) = 1 +

∑
ℓ sℓ, and the payoff of player ℓ is

uℓ(s) = sℓ ·
[
αam1−αk(s)α−1 − γω

]
, (2)

i.e., the marginal specialization benefit minus the internalized handoff cost (zero if sℓ = 0).

Proposition 1 (Potential Structure) For every γ ∈ (0, 1], the following hold:

1. The discrete boundary-insertion game is a Rosenthal-type exact potential game [9, 10]. Be-
cause the strategy space is finite, a pure-strategy Nash equilibrium exists.

2. Under the continuous relaxation, the potential is Φγ(k) = am1−α(kα−1)−γω(k−1). Since
Φγ is strictly concave, any interior equilibrium is unique and coincides with the maximizer of
Φγ .

The proof is given in Appendix A.2.

The first-order condition Φ′
γ(k) = 0 yields the equilibrium delegation depth

k̂(γ) =

(
αam1−α

γω

) 1
1−α

= k∗ · γ−
1

1−α , (3)

where k∗ is the social optimum (Theorem 2). When γ < 1, we have k̂(γ) > k∗: developers
underweight handoff costs and fragment the workflow excessively.

3.3. Regulator as Stackelberg Leader

The regulator commits to γ ∈ [γ0, 1] ex ante; developers then choose the equilibrium partition
k̂(γ); the workflow executes and welfare is realized. The baseline γ0 ∈ (0, 1) reflects nonregulatory
internalization (reputation, market discipline). Raising γ above γ0 requires costly enforcement, so
the regulator solves

max
γ∈[γ0,1]

R(γ) = W
(
k̂(γ)

)
− C(γ − γ0), (4)

where C : [0, 1 − γ0] → R≥0 is the enforcement cost (C(0) = 0, C ′ > 0, C ′′ ≥ 0). We focus
on the linear case C(∆) = c0∆. Raising γ from γ0 is equivalent to a per-handoff Pigouvian levy
t = (γ − γ0)ω; when enforcement is costly, the full correction need not be optimal (Appendix B).

4. Main Results

4.1. Social Optimum

As a benchmark, we characterize the delegation depth that maximizes social welfare W (k) (Eq. (1)).

Theorem 2 (Optimal Delegation Depth) Under the continuous relaxation, the socially optimal
delegation depth is k∗ =

(
αam1−α/ω

)1/(1−α).

The optimum k∗ balances the specialization gain α against the handoff cost ω. The proof is
given in Appendix A.1.
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4.2. Over-Fragmentation

Our first main result shows that partial liability internalization systematically produces over-fragmentation.

Theorem 3 (Over-Fragmentation) For any liability share γ ∈ (0, 1), the equilibrium delegation
depth (Proposition 1(ii)) strictly exceeds the social optimum:

k̂(γ) = k∗ · γ−
1

1−α > k∗. (5)

Over the extended domain γ ∈ (0, 1], equality holds if and only if γ = 1 (full internalization).

Because developers internalize only a fraction γ of handoff costs, they fragment the workflow
excessively. This formalizes one mechanism by which partial liability internalization leads to re-
sponsibility diffusion in agentic AI. The proof is given in Appendix A.2.

Corollary 4 (Equilibrium Welfare Loss) Let r ≡ γ−1/(1−α) > 1. The relative welfare loss,
normalized by first-best welfare, is

L(γ) ≡ W (k∗)−W (k̂(γ))

W (k∗)
=

(1− α) + α r − rα

1− α
. (6)

L depends only on γ and α and is independent of m, a, and ω (scale-free).5

The scale-free property means that over-fragmentation severity is determined entirely by the lia-
bility share and the specialization gain, making L a design diagnostic comparable across workflows
of different scales. For instance, with α = 0.3 and γ = 0.4, L ≈ 0.47: roughly half of first-best
welfare is lost.6

4.3. Optimal Liability Regulation

The equilibrium welfare WR(γ) ≡ W (k̂(γ)) is strictly increasing and strictly concave on (0, 1)
(Appendix A.3), so R(γ) = WR(γ)− C(γ − γ0) has a unique maximizer.

Theorem 5 (Optimal Liability Regulation) Let C : [0, 1 − γ0] → R≥0 be an enforcement cost
function with C(0) = 0, C ′ > 0, and C ′′ ≥ 0. The following hold for the regulator’s problem (4):

(a) The optimal liability share γ∗ exists and is unique, possibly at the boundary of [γ0, 1].
(b) If W ′

R(γ0) > C ′(0), then γ∗ ∈ (γ0, 1) and is characterized by

ωk∗

1− α
(1− γ∗) (γ∗)−η = C ′(γ∗ − γ0), (7)

where η ≡ 2−α
1−α > 2.

(c) For an interior solution under the linear cost C(∆) = c0∆, the comparative statics are:

∂γ∗

∂c0
< 0,

∂γ∗

∂m
> 0,

∂γ∗

∂a
> 0,

∂γ∗

∂ω
< 0. (8)

5. When γ is sufficiently small, W (k̂(γ)) can become negative, in which case L exceeds one.
6. Since L = 1 − 1/PoA, Corollary 4 also provides an exact closed-form PoA, unlike worst-case smoothness-based

bounds [11]. The PoA ratio requires W (k̂) > 0, i.e., γ > α; L remains well-defined on (0, 1].
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Figure 1: First-order condition for optimal liability regulation. The intersection of W ′
R(γ) (solid)

and c0 (dashed) determines γ∗ = 0.863 (L ≈ 0.007). Parameters: m = 10, α = 0.3,
a = ω = 1.0, γ0 = 0.1, c0 = 0.5.

Part (b) characterizes optimal regulation as the point where the marginal welfare gain W ′
R(γ)

equals the marginal enforcement cost. Part (c) implies that longer workflows and higher-productivity
tasks are associated with higher optimal liability shares. The counterintuitive sign ∂γ∗/∂ω < 0 is
discussed in Appendix C.4. The proof is given in Appendix A.4.

Corollary 6 (Low-Cost Regime) When c0 ≪ ωk∗/(1 − α), the optimal liability share satisfies
γ∗ ≈ 1− c0(1− α)/(ωk∗), and the residual welfare loss is

∆W ≡ W (k∗)−WR(γ
∗) ≈ c20 (1− α)

2ω k∗
. (9)

The quadratic scaling ∆W ∝ c20 implies that reductions in enforcement costs yield more-than-
proportional welfare gains (Appendix A.5).

5. Numerical Illustration

We illustrate the regulatory-design results using baseline parameters m = 10, α = 0.3, a = ω =
1.0, and γ0 = 0.1.

Figure 1 plots both sides of the first-order condition (7) under linear enforcement cost (c0 =
0.5). The intersection determines γ∗ = 0.863, with relative welfare loss L ≈ 0.007, illustrating that
optimal regulation achieves a near-first-best outcome while neither full internalization (γ = 1) nor
the baseline (γ = γ0) is optimal.

Figure 2 maps γ∗ over workflow length m and enforcement cost c0. For long workflows and
low c0, γ∗ approaches 1; for short workflows and high c0, it approaches γ0, consistent with the
comparative statics of Theorem 5(c). The quadratic scaling ∆W ∝ c20 (Corollary 6) is verified
numerically in Appendix C.
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Figure 2: Regulator’s design map: γ∗ as a function of m and c0. Contours mark γ∗ =
0.3, 0.5, 0.7, 0.9. Parameters: α = 0.3, a = ω = 1.0, γ0 = 0.1.

6. Discussion and Conclusion

We introduced a Stackelberg boundary-insertion game to study handoff externalities under partial
liability internalization in sequential AI workflows. The exact potential structure yields an over-
fragmentation theorem, a scale-free welfare-loss characterization, and a closed-form optimal liabil-
ity share, providing a tractable theoretical foundation for accountability design in delegation chains.

Policy implications. The quadratic scaling ∆W ∝ c20 (Corollary 6) suggests that reductions in en-
forcement costs—through audit logging, compliance tooling, and related infrastructure—can yield
more-than-proportional reductions in residual welfare loss, consistent with regulatory moves toward
log retention for high-risk AI systems [6]. The comparative statics and Figure 2 suggest that longer
workflows and higher-productivity tasks are natural candidates for stronger liability internalization.

Scope and extensions. This paper provides a stylized benchmark under a line DAG, homoge-
neous developers, and a static setting. Extensions to tree DAGs may remain tractable via dynamic
programming; heterogeneous developers could lead to Bayesian Stackelberg formulations; dynamic
settings could exploit the potential structure for convergence analysis. Model diversity within the
delegation chain [2, 8] and simulation-based evaluation [15] are important complementary direc-
tions.
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Appendix A. Proofs

A.1. Proof of Theorem 2 (Optimal Delegation Depth)

The first-order condition of W (k) = am1−αkα − ωk is

W ′(k) = αam1−αkα−1 − ω = 0.

Solving for k gives

k∗ =

(
αam1−α

ω

) 1
1−α

.

Since W ′′(k) = α(α− 1)am1−αkα−2 < 0 for α ∈ (0, 1), k∗ is the global maximizer of W .
Using the first-order condition αam1−α(k∗)α−1 = ω, the optimal welfare is

W (k∗) = am1−α(k∗)α − ωk∗ =
ωk∗

α
− ωk∗ =

ωk∗(1− α)

α
. □

A.2. Proof of Proposition 1, Theorem 3, and Corollary 4

Proof of Proposition 1 (Potential Structure). In the boundary-insertion game (Eq. (2)), consider
a deviation by player ℓ from sℓ = 0 to sℓ = 1. Let κ−ℓ ≡

∑
j ̸=ℓ sj . The number of agents before

and after the deviation is k0 = 1 + κ−ℓ and k1 = k0 + 1, respectively. The change in player ℓ’s
payoff is

∆uℓ = R(k1)− γω,

where R(k) = αam1−αkα−1. Define the discrete Rosenthal potential as

Φdisc
γ (s) =

k(s)−1∑
i=1

[
R(1 + i)− γω

]
.

Its change under the deviation is

∆Φdisc
γ =

[
R(k1)− γω

]
= ∆uℓ.

Since ∆uℓ = ∆Φdisc
γ holds for every player ℓ and every strategy profile s−ℓ, the game satisfies the

definition of an exact potential game [9, 10]. Because γ affects only the coefficient of the cost term
in the potential, this structure holds for all γ ∈ (0, 1].

Under the continuous relaxation k ∈ R>0, we define the continuous analogue of the discrete
potential by integrating the marginal private gain:

Φγ(k) ≡
∫ k

1

[
αam1−αuα−1 − γω

]
du = am1−α(kα − 1)− γω(k − 1).

Since Φ′′
γ(k) = α(α − 1)am1−αkα−2 < 0, Φγ is strictly concave. Thus, if the unconstrained

maximizer lies in the interior of the feasible interval, the continuous relaxation admits a unique
interior equilibrium, which coincides with the maximizer of Φγ . Otherwise, the solution is the
corresponding boundary solution. □

9
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Proof of Theorem 3 (Over-Fragmentation). By Proposition 1, the equilibrium is characterized
by the first-order condition of the potential Φγ(k):

Φ′
γ(k) = αam1−αkα−1 − γω = 0.

Solving for k̂ yields

k̂(γ) =

(
αam1−α

γω

) 1
1−α

= k∗ · γ−
1

1−α .

For γ ∈ (0, 1), γ−1/(1−α) > 1, so k̂(γ) > k∗. Over the extended domain γ ∈ (0, 1], equality holds
if and only if γ = 1. □

Derivation of Corollary 4 (Equilibrium Welfare Loss). Let r ≡ γ−1/(1−α) = k̂(γ)/k∗. The
equilibrium welfare is

W (k̂(γ)) = am1−α(k∗r)α − ω(k∗r)

= ωk∗
(
rα

α
− r

)
,

where the last line uses am1−α(k∗)α = ωk∗/α (from the first-order condition). Since W (k∗) =
ωk∗(1− α)/α, the relative welfare loss is

L(γ) = W (k∗)−W (k̂(γ))

W (k∗)

=
(1− α)/α− (rα/α− r)

(1− α)/α

=
(1− α) + α r − rα

1− α
.

Since r depends only on γ and α, L is independent of m, a, and ω. At γ = 1, r = 1 and
L(1) = [(1 − α) + α − 1]/(1 − α) = 0. Monotonicity of L in γ follows from dL/dγ < 0, since
dr/dγ < 0 and dL/dr = (α− αrα−1)/(1− α) > 0 for r > 1. □

A.3. Properties of Equilibrium Welfare

We show that the equilibrium welfare WR(γ) ≡ W (k̂(γ)) is strictly increasing and strictly concave
on (0, 1).

First derivative. By the chain rule,

W ′
R(γ) = W ′(k̂(γ)) · k̂′(γ).

We compute each factor. From k̂(γ) = k∗γ−1/(1−α),

k̂′(γ) = − k∗

1− α
· γ−

2−α
1−α .

Substituting k = k̂(γ) into W ′(k) = αam1−αkα−1 − ω and noting that k̂(γ)α−1 = (k∗)α−1 ·
γ−(α−1)/(1−α) = (k∗)α−1 · γ (since −(α − 1)/(1 − α) = 1), we use the first-order condition
αam1−α(k∗)α−1 = ω to obtain

W ′(k̂(γ)) = ωγ − ω = ω(γ − 1).

10
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Therefore,

W ′
R(γ) = ω(γ − 1) ·

(
− k∗

1− α

)
γ−η =

ωk∗

1− α
(1− γ)γ−η,

where η ≡ (2−α)/(1−α). For γ ∈ (0, 1), (1− γ) > 0 and γ−η > 0, so W ′
R(γ) > 0, establishing

strict monotonicity.

Strict concavity. Differentiating W ′
R(γ) again:

W ′′
R(γ) =

ωk∗

1− α

d

dγ

[
(1− γ)γ−η

]
=

ωk∗

1− α

[
−γ−η − η(1− γ)γ−η−1

]
=

ωk∗

1− α
· γ−η−1[(η − 1)γ − η] .

For γ ∈ (0, 1) and η > 2, (η − 1)γ ≤ η − 1 < η, so the bracketed term is strictly negative. Hence
W ′′

R(γ) < 0 for all γ ∈ (0, 1), establishing strict concavity.

Boundary behavior. As γ → 0+, γ−η → +∞ and (1 − γ) → 1, so W ′
R(γ) → +∞. At γ = 1,

(1− γ) = 0, so W ′
R(1) = 0. Moreover, WR(1) = W (k̂(1)) = W (k∗) since k̂(1) = k∗. □

A.4. Proof of Theorem 5 (Optimal Liability Regulation)

Part (a): Existence and uniqueness. Let R(γ) = WR(γ) − C(γ − γ0). Since WR is strictly
concave (Appendix A.3) and −C is concave (C being convex), R is strictly concave on [γ0, 1].
The interval [γ0, 1] is compact and R is continuous, so a maximizer exists; strict concavity implies
uniqueness. The maximizer may lie at a boundary of [γ0, 1].

Part (b): Interior solution and FOC. We have R′(γ) = W ′
R(γ) − C ′(γ − γ0). At γ = γ0,

R′(γ0) = W ′
R(γ0)− C ′(0) > 0 by assumption, so γ∗ > γ0. At γ = 1, R′(1) = W ′

R(1)− C ′(1−
γ0) = −C ′(1− γ0) < 0 since C ′ > 0, so γ∗ < 1. Since R is strictly concave with R′(γ0) > 0 and
R′(1) < 0, the equation R′(γ∗) = 0 has a unique solution in (γ0, 1).

Using the expression for W ′
R(γ) derived in Appendix A.3, the first-order condition R′(γ∗) = 0

becomes
ωk∗

1− α
(1− γ∗) (γ∗)−η = C ′(γ∗ − γ0),

where η = (2− α)/(1− α). □

Part (c): Comparative statics. Write the first-order condition as G(γ∗, θ) ≡ W ′
R(γ

∗)−C ′(γ∗−
γ0) = 0. By the implicit function theorem,

∂γ∗

∂θ
= − ∂G/∂θ

∂G/∂γ∗
.

Since ∂G/∂γ∗ = W ′′
R(γ

∗)−C ′′(γ∗−γ0) < 0 (WR strictly concave, C convex), the sign of ∂γ∗/∂θ
coincides with the sign of ∂G/∂θ.

11
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Writing W ′
R(γ) = Λ · (1 − γ)γ−η with scalar coefficient Λ ≡ ωk∗/(1 − α), and using k∗ =

(αam1−α/ω)1/(1−α), we obtain

Λ =
ω

1− α

(
αam1−α

ω

) 1
1−α

=
(αa)

1
1−α ·m · ω− α

1−α

1− α
.

(i) For C(∆) = c0 · f(∆), ∂G/∂c0 = −f ′(γ∗ − γ0) < 0, so ∂γ∗/∂c0 < 0.
(ii) Since Λ ∝ m, ∂Λ/∂m = Λ/m > 0, so ∂W ′

R/∂m > 0 and ∂γ∗/∂m > 0.
(iii) Since Λ ∝ a1/(1−α), ∂Λ/∂a > 0, so ∂W ′

R/∂a > 0 and ∂γ∗/∂a > 0.
(iv) Since Λ ∝ ω−α/(1−α) and the exponent −α/(1 − α) < 0, ∂Λ/∂ω < 0, so ∂W ′

R/∂ω < 0
and ∂γ∗/∂ω < 0.

Economic intuition: When the handoff cost ω is large, the first-best delegation depth k∗ is itself
small (k∗ ∝ ω−1/(1−α)). The magnitude of over-fragmentation k̂ − k∗ is also proportional to
ω−1/(1−α), so the absolute extent of excessive fragmentation shrinks as ω increases, reducing the
marginal benefit of regulatory correction. □

A.5. Derivation of Corollary 6 (Low-Cost Regime)

Optimal liability approximation. Under linear enforcement cost C(∆) = c0∆, the first-order
condition is

ωk∗

1− α
(1− γ∗)(γ∗)−η = c0.

Assuming γ∗ is close to 1, let ϵ = 1− γ∗. A Taylor expansion (γ∗)−η = (1− ϵ)−η ≈ 1 + ηϵ gives

ωk∗

1− α
· ϵ · (1 + ηϵ) ≈ c0.

Retaining only terms of order ϵ,

ϵ ≈ c0(1− α)

ωk∗
,

that is, γ∗ ≈ 1− c0(1− α)/(ωk∗). This approximation is valid when c0 ≪ ωk∗/(1− α). □

Quadratic welfare loss. Since WR(1) = W (k∗) and W ′
R(1) = 0 (Appendix A.3),

∆W = W (k∗)−WR(γ
∗) =

∫ 1

γ∗
W ′

R(γ) dγ.

In the low-cost regime where γ∗ is close to 1, we Taylor-expand W ′
R(γ) around γ = 1. Since

W ′
R(1) = 0,

W ′
R(γ) ≈ W ′′

R(1)(γ − 1) = |W ′′
R(1)|(1− γ),

where the last equality uses W ′′
R(1) < 0 and γ − 1 < 0. Substituting γ = 1 into the general

expression for the second derivative from Appendix A.3,

W ′′
R(1) =

ωk∗

1− α
[(η − 1)− η] = − ωk∗

1− α
.

12
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Hence |W ′′
R(1)| = ωk∗/(1− α), and

∆W ≈
∫ 1

γ∗
|W ′′

R(1)|(1− γ) dγ =
|W ′′

R(1)|
2

(1− γ∗)2

=
ωk∗

2(1− α)

(
c0(1− α)

ωk∗

)2

=
c20(1− α)

2ω k∗
.

The welfare loss scales quadratically with the enforcement cost c0. □

Appendix B. Pigouvian Tax Equivalence

We state the equivalence noted in Section 3.3 formally.

Proposition 7 (Pigouvian Tax Equivalence) Consider a regime in which the regulator imposes a
per-handoff levy t ∈ [0, (1 − γ0)ω]. The developer’s effective handoff cost becomes γ0ω + t, and
the equilibrium delegation depth is

k̂(t) =

(
αam1−α

γ0ω + t

) 1
1−α

.

Defining the effective liability share as γeff = γ0 + t/ω, we have γeff ∈ [γ0, 1] and k̂(t) = k̂(γeff).
That is, raising the liability share from γ0 to γ is equivalent to imposing a per-handoff levy of

t = (γ − γ0)ω. In particular, t∗ = (γ∗ − γ0)ω is the optimal levy corresponding to the solution of
the regulator’s problem (4), consistent with the first-order condition of Theorem 5.

Proof Substituting γeff = γ0 + t/ω into the equilibrium delegation-depth formula (3) gives the
stated equality.

Appendix C. Supplementary Numerical Results

This appendix presents supplementary numerical results that complement the analysis in Section 5.
All figures use the baseline parameters m = 10, α = 0.3, a = ω = 1.0, γ0 = 0.1.

C.1. Quadratic Welfare-Loss Scaling

Corollary 6 establishes that the residual welfare loss under optimal regulation scales as ∆W ∝ c20
in the low-cost regime. Figure 3 provides numerical verification of this result.

The figure plots ∆W = W (k∗) − WR(γ
∗) against the enforcement cost c0 on a log-log scale

over the range c0 ∈ [10−3, 103]. The exact solution (solid blue) is computed by numerically solv-
ing the first-order condition (7) for each value of c0 and evaluating WR(γ

∗). The leading-term
approximation c20(1− α)/(2ωk∗) (dashed red) is overlaid for comparison.

In the low-cost regime (c0 ≪ ωk∗/(1−α)), the two curves are nearly indistinguishable. A linear
fit on the log-log scale yields a slope of ≈ 1.98, close to the theoretical value of 2.0. Deviations
become visible only for c0 ≳ 1, where higher-order terms in the Taylor expansion of W ′

R(γ) become
non-negligible.

13
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Figure 3: Welfare loss ∆W = W (k∗) − WR(γ
∗) versus enforcement cost c0 (log-log scale).

The exact solution (solid blue) closely matches the leading-term approximation c20(1 −
α)/(2ωk∗) (dashed red) in the low-cost regime, with a fitted slope of ≈ 1.98 (theoretical
value 2.0; Corollary 6). Parameters: m = 10, α = 0.3, a = ω = 1.0, γ0 = 0.1.

The quadratic scaling has a concrete policy implication: halving the enforcement cost c0 reduces
the residual welfare loss by roughly a factor of four. This suggests that investments in enforcement
infrastructure—such as audit logging, compliance tooling, and standardized handoff protocols—
can yield superlinear returns in welfare terms. Here c0 is a reduced-form parameter capturing the
marginal cost of raising the effective liability share; the result is consistent with recent regulatory
trends requiring log retention and transparency for high-risk AI systems [6].

C.2. Approximation Accuracy of Optimal Regulation

Corollary 6 provides a closed-form approximation γ∗ ≈ 1 − c0(1 − α)/(ωk∗) that is valid when
c0 ≪ ωk∗/(1 − α). Figure 4 assesses the accuracy of this approximation across the full range of
enforcement costs.

The figure plots the optimal liability share γ∗ as a function of the normalized enforcement
cost ρ ≡ c0/Λ0, where Λ0 ≡ ωk∗/(1 − α). This normalization is chosen so that the first-order
condition (7) under linear cost reduces to (1− γ∗)(γ∗)−η = ρ, making ρ the natural dimensionless
measure of enforcement cost.

Three regimes are visible in the figure:

• Low-cost regime (ρ ≪ 1): γ∗ → 1, corresponding to near-complete liability internalization.
The low-cost approximation (dashed orange) is accurate in this region.
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Figure 4: Optimal liability share γ∗ as a function of the normalized enforcement cost ρ ≡ c0/Λ0.
The low-cost approximation (dashed orange; Corollary 6) is accurate for small ρ. As
ρ increases toward ρmax = (1 − γ0)γ

−η
0 , γ∗ approaches the baseline liability level γ0.

Parameters: α = 0.3, a = ω = 1.0, γ0 = 0.1.

• Intermediate regime: γ∗ decreases smoothly, and the low-cost approximation begins to devi-
ate from the exact solution.

• High-cost regime (ρ → ρmax ≡ (1− γ0)γ
−η
0 ): γ∗ approaches the baseline γ0. For ρ ≥ ρmax,

the marginal welfare gain W ′
R(γ0) is dominated by the marginal enforcement cost c0, so

additional regulation is not cost-effective and the constrained optimum is γ∗ = γ0.

The transition from the low-cost to the high-cost regime is governed by the exponent η =
(2 − α)/(1 − α), which controls the curvature of W ′

R(γ) near γ = 1. For α = 0.3, η ≈ 2.43, so
the marginal welfare gain decays rapidly as γ moves away from 1, creating a sharp transition in the
γ∗(ρ) curve.

C.3. Scale-Free Structure of Welfare Loss

The relative welfare loss L(γ) from Corollary 4 depends only on γ and α, and is independent of
the workflow size m, agent productivity a, and handoff cost ω. This scale-free property has several
implications worth elaborating.

First, L serves as a design diagnostic that allows direct comparison of over-delegation severity
across workflows of different scales. A liability share of γ = 0.4 under α = 0.3 yields L ≈ 0.47
regardless of whether the workflow has m = 5 or m = 500 subtasks, or whether agent productivity
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is high or low. This means that the proportional welfare loss from over-fragmentation is a universal
function of the governance parameters alone.

Second, the scale-free property clarifies the relationship to the classical Price of Anarchy (PoA).
Since L = 1 − 1/PoA, Corollary 4 provides a closed-form characterization of the PoA under
partial liability internalization. Unlike smoothness-based PoA bounds [11], which yield worst-case
guarantees over broad classes of games, our expression is exact for the handoff-externality model.
The PoA ratio W (k∗)/W (k̂(γ)) is defined only when W (k̂) > 0, which requires γ > α. By
contrast, L remains well-defined on the full domain (0, 1]: when γ is sufficiently small, W (k̂(γ))
becomes negative (the coordination costs exceed the output), and L exceeds one.

Third, L grows rapidly in the region where α is large and γ is small. Workflows with strong
specialization gains (large α) are especially sensitive to weak liability internalization: the marginal
benefit of each additional agent is high, encouraging excessive fragmentation when handoff costs
are only partially borne. Under the baseline α = 0.3 and γ0 = 0.1, for example, L ≈ 8.66,
indicating that the equilibrium welfare is not merely below the first-best but in fact negative—the
coordination costs of the excessively fragmented workflow overwhelm the aggregate output. At the
optimal γ∗ = 0.863, the residual welfare loss falls to L ≈ 0.007, demonstrating that even partial
regulatory correction can recover nearly all of the first-best welfare.

C.4. Counterintuitive Comparative Static: ∂γ∗/∂ω < 0

The sign ∂γ∗/∂ω < 0 in Theorem 5(c) may appear counterintuitive: one might expect that higher
handoff costs would call for stricter regulation to curb fragmentation. The opposite holds because
the effect operates through the scale of the problem, not the severity of the externality.

When ω is large, the first-best delegation depth k∗ is itself small (k∗ ∝ ω−1/(1−α)), because
the planner also responds to high handoff costs by using fewer agents. The equilibrium over-
shoot k̂(γ) − k∗ = k∗(γ−1/(1−α) − 1) is proportional to k∗, so the absolute magnitude of over-
fragmentation shrinks as ω increases. Concretely, writing Λ ≡ ωk∗/(1 − α), we have Λ ∝
ω−α/(1−α) with a negative exponent. Since W ′

R(γ) = Λ · (1 − γ)γ−η, a higher ω reduces the
marginal welfare gain from raising γ at every point, shifting the optimal balance toward less costly
regulation.

This can be summarized as follows: high handoff costs make the first-best itself frugal, so there
is less over-fragmentation to correct and less marginal benefit from regulatory intervention. The
result is consistent with the intuition that regulation is most valuable when the gap between private
and social incentives is large in absolute terms—which occurs when ω is moderate, not when it is
extreme.
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