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Abstract

Escaping from saddle points and finding local minimum is a central problem in
nonconvex optimization. Perturbed gradient methods are perhaps the simplest
approach for this problem. However, to find (e, \/€)-approximate local minima, the

existing best stochastic gradient complexity for this type of algorithms is O(e=3-%),
which is not optimal. In this paper, we propose Pullback, a faster perturbed
stochastic gradient framework for finding local minima. We show that Pullback
with stochastic gradient estimators such as SARAH/SPIDER and STORM can
find (e, ez )-approximate local minima within O(e~3 + ¢,°) stochastic gradient
evaluations (or O(¢~3) when e = +/€). The core idea of our framework is a
step-size “pullback” scheme to control the average movement of the iterates, which
leads to faster convergence to the local minima.

1 Introduction

In this paper, we focus on the following optimization problem
min F(x) := Ee[f(x; )], (1.1)

where f(x;€) : R? — R is a stochastic function indexed by some random vector &, and it is
differentiable and possibly nonconvex. We consider the case where only the stochastic gradients
V f(x; &) are accessible. (1.1) can unify a variety of stochastic optimization problems, such as finite-
sum optimization and online optimization. Since in general, finding global minima of a nonconvex
function could be an NP-hard problem [12], one often seeks to finding an (¢, € )-approximate local
minimum x, i.e., |[VF(x)[|2 < € and Apin (V2F(x)) > —ep, where VF(x) is the gradient of F
and Apin (VQF (x)) is the smallest eigenvalue of the Hessian of F' at x. In many machine learning
applications such as matrix sensing and completion [5, 11], it suffices to find local minima due to the
fact that all local minima are global minima.

For the case where f is a deterministic function, it has been shown that vanilla gradient descent fails
to find local minima efficiently since the iterates will get stuck at saddle points for exponential time
[8]. To address this issue, the simplest idea is to add random noises as a perturbation to the stuck
iterates. Jin et al. [13] showed that the simple perturbation step is enough for gradient descent to
escape saddle points and find (e, \/€)-approximate local minima within O(1/€?) gradient evaluations,
which matches the number of gradient evaluations for gradient descent to find e-stationary points
[19]. Such matching results suggest that perturbed gradient methods can find local minima efficiently,
at least for deterministic optimization. When it comes to stochastic optimization, a natural question
arises:

Can perturbed stochastic gradient methods find local minima efficiently?

To answer this question, we first look into existing results of perturbed stochastic gradient methods
for finding local minima. Ge et al. [10] showed that perturbed Stochastic gradient descent can find
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(€, v/€)-approximate local minima within O (poly(e~1)) stochastic gradient evaluations. Daneshmand
et al. [7] showed that under a specific CNC condition, stochastic gradient descent is able to find
(€, v/€)-approximate local minima within O(1/€%) stochastic gradient evaluations. Later on, Li [17]
showed that simple stochastic recursive gradient descent (SSRGD) can find (e, /€)-approximate
local minima within O(e~3-%) stochastic gradient evaluations, which is the state-of-the-arts to date.
However, none of these results by perturbed stochastic gradient methods matches the optimal result
0(6_3) for finding e-stationary points, achieved by SPIDER [9], SNVRG [30] and STORM [6] (See
also Arjevani et al. [4] for the lower bound results). Therefore, whether perturbed stochastic gradient
methods can find local minima as efficiently as finding stationary points still remains unknown.

In this work, we give an affirmative answer to the above question. We propose a general framework
named Pullback, which works together with existing popular stochastic gradient estimators such
as SARAH/SPIDER and STORM to find approximate local minima efficiently. We summarize our
contributions as follows:

« We prove that Pullback finds (e, €57 )-approximate local minima within O(e =3 + €5;,%) stochastic
gradient evaluations. Specifically, in the classic setting where e = /€, our Pullback together

with the SARAH/SPIDER estimator enjoys an O(e~3) stochastic gradient complexity, which
outperforms previous best known complexity result O(e=3-%) achieved by Li [17]. Our result

also matches the best possible complexity result 6(673) achieved by negative curvature search
based algorithms [9, 31], which suggests that simple methods such as perturbed stochastic gradient
methods can find local minima as efficiently as the more complicated ones.

* Besides, we also show that Pullback with a recent proposed STORM estimator is also able to find
(€, ex7)-approximate local minima within O(e =3 + €5,°) stochastic gradient evaluations.

* Atthe core of our Pullback is a novel step-size "pullback” scheme to control the average movement
of the iterates, which may be of independent interest to other related nonconvex optimization
algorithm design.

To compare with, we summarized related results of stochastic first-order methods for finding local
minima in Table 1.

Table 1: Comparison of of different optimization algorithm for find approximate local minima of non
convex online problems.

Algorithm Gradient complexity Classic Setting  Neon2
Neon2+Natasha2 [1] O3 4 edeq +erd) O(e3?) needed
Neon2+SCSG [3] 9(6710/3 +e e +er) (2(5’3'5) needed
SNVRG™*+Neon2 [31] O +e e + ) O(e™>?) needed
SPIDER-SFO T (+Neon2)[9]  O(e ® + ¢ 2¢;,> + ¢5°) O(e™®) needed
Perturbed SGD [10] Poly(d,e ', ;") @(Poly(e—l)) No
CNC-SGD [7] O™ + 5" O(e™®) No
SSRGD [17] OB +e e +ete') O(e29) No
Pullback (This paper) O(e® +¢e3°) O(e™?) No

Notations We use lower case letters to denote scalars, lower and upper case bold letters to denote
vectors and matrices. We use || - || to indicate Euclidean norm. We use By () to denote a Euclidean
ball center at x with radius r.We also use the standard O and 2 notations. We use A, (M) to denote
the minimum eigenvalue of matrix M. We say a,, = O(b,,) if and only if 3C > 0, N > 0,Vn >

N, a, < Cby; ay, = Q(by) if a, > Cb,. The notation O is used to hide logarithmic factors.

2 Related Work

In this section, we review some important related works.

Variance reduction methods for finding stationary points. Our algorithm takes stochastic gradient
estimators as its subroutine. In specific, Johnson and Zhang [14], Xiao and Zhang [28] proposed
Stochastic Variance Reduced Gradient (SVRG) for convex optimization in the finite-sum setting.
Reddi et al. [25], Allen-Zhu and Hazan [2] analyzed SVRG for nonconvex optimization. Lei et al. [16]
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proposed a new variance reduction algorithm, dubbed stochastically controlled stochastic gradient
(SCSG) algorithm, which finds a e-stationary point within O(e~1%/3) stochastic gradient evaluations.
Nguyen et al. [21] proposed a SARAH algorithm which uses a recursive gradient estimator for convex
optimization, and it was extended to nonconvex optimization in [22]. Fang et al. [9] proposed a
SPIDER algorithm with a recursive gradient estimator and proved an O(e~?) stochastic gradient
evaluations to find a e-stationary point, which matches a corresponding lower bound. Concurrently,
Zhou et al. [30] proposed an SNVRG algorithm with a nested gradient estimator and proved an O (e~3)
stochastic gradient evaluations to find a e-stationary point. Wang et al. [27] proposed a Spiderboost
algorithm with a constant step size, achieves the same O(e~3) gradlent complexity. Pham et al.
[23] extended SARAH [22] to proximal optimization and proved O(e~3) gradient complexity for
finding stationary points. Recently, Cutkosky and Orabona [6] proposed a recursive momentum-based
algorithm called STORM and proved an O(e~3) gradient complexity to find e-stationary points.
Tran-Dinh et al. [26] proposed a SARAH-SGD algorithm which hybrids both SGD and SARAH

algorithm with an 6(6_3) gradient complexity when € is small. Li et al. [18] proposed a PAGE

algorithm with probabilistic gradient estimator which also attains an 9] (e?) gradient complexity.
In our work, we employ SARAH/SPIDER and STORM as the gradient estimator in our Pullback
framework since they are most representative and simple to use.

Utilizing negative curvature descent to escape from saddle points. To escape saddle points, a
widely used approach is to first compute the direction of the negative curvature of the saddle point and
move away along that direction. In stochastic optimization, to find (¢, €z )-approximate local minima,
[1] proposed a Natasha algorithm using Hessian-vector product to compute the negative curvature

direction with the total computation cost of O( 325 4 e 36, + € %). Later, Xu et al. [29] proposed
a Neon method which computes the negative curvature dlrectlon with perturbed stochastic gradients,

whose total computational cost is 5( —10/3 4 € ey —l— € 6). [3] proposed a Neon2 negative

curvature computation subroutine with O( —10/3 4 6_2 2+ e;[’) stochastic gradient evaluations.
Fang et al. [9] then showed that SPIDER equipped with Ne0n2 can find (¢, €7 )-approximate local

minima within (5( =34 6’261_{ + 61_1 ) stochastic gradient evaluations, while independently Zhou
et al. [31] proved that SNVRG equipped with Neon2 can find (e, e )-approximate local minima

within (’)( B e e = %) stochastic gradient evaluations. In contrast to this line of works, our
algorithm is simpler smce it does not need to use the negative curvature search routine.

3 Preliminaries

In this section, we present assumptions and definitions that will be used throughout our analysis.
We first introduce the standard smoothness and Hessian Lipschitz assumptions.

Assumption 3.1. For all £, f(-; &) is L-smooth and its Hessian is p-Lipschitz continuous w.r.t. x,
i.e., for any x1, X2, we have that

[V f(x15€) = Vf(x2;€)ll2 < Lllx1 — xall2, [[V2f(x15€) = V2 f(x2:€)ll2 < pllx1 — %22

This assumption directly implies that the expected objective function F'(x) is also L-smooth and its
Hessian is p-Lipschitz continuous. This assumption is standard for finding approximate local minima
in all the results presented in Table 1.

Assumption 3.2. The squared difference between the stochastic gradient and full gradient is bounded
by 0% < oo, i.e., forany x, £ € (x;€) — VF(x)|3 < 02

Assumption 3.2 is standard in online/stochastic optimization for finding second-order stationary
points [9, 17], and immediately implies that the variance of the stochastic gradient is bounded by o2
It can be relaxed to be |V f(x; &) — VF(x)]|2 has a o-Sub-Gaussian tail.

Let xo € R be the starting point of the algorithm. We assume the gap between the initial function
value and the optimal value is bounded.

Assumption 3.3. We have A = F(xg) — infx F(x) < +00.

Next, we give the formal definition of approximate local minima (a.k.a., second-order stationary
points).
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Definition 3.4. We call x € R? an (e, e )-approximate local minimum, if

”VF(X)”Q < 67)\min(v2-F(X)) > —€p.

The definition of (¢, € )-approximate local minima is a generalization of the classical (e, \/¢€)-
approximate local minima studied by Nesterov and Polyak [20], Jin et al. [13].

4 The Pullback Framework

In this section, we present our main algorithm Pullback. We begin with reviewing the mechanism
of perturbed gradient descent in deterministic optimization, and then we discuss the main difficulty of
extending it to the stochastic optimization case. Finally, we show how we overcome such a difficulty
by presenting our Pullback framework.

How does perturbed gradient descent escape from saddle points? We review the perturbed
gradient descent [13] (PGD for short) with its proof roadmap, which shows how PGD finds (e, 1/€)-
approximate local minima efficiently. In general, the whole process of perturbed gradient descent
can be decomposed into several epochs, and each epoch consists of two non-overlapping phases: the
gradient descent phase (GD phase for short) and the Escape from saddle point phase (Escape phase
for short). In each epoch, PGD starts with the GD phase by default. In the GD phase, PGD performs
vanilla gradient descent to update its iterate, until at some iterate X, the norm of the gradient
[IVF(X)|l2 is less than the target accuracy O(e). Then PGD switches to the Escape phase. In the
Escape phase, PGD first adds a uniform random noise (or Gaussian noise) to the current iterate X,
then it runs fyes = O(eil/ 2) steps of vanilla gradient descent. PGD then compares the function
value gap between the current iterate and the beginning iterate of Escape phase X. If the gap is less
than a threshold 7 = O(e!-%), then PGD outputs X as the targeted local minimum. Otherwise, PGD
starts a new epoch and performs gradient descent again.

To see why PGD can find (e, v/€)-approximate local minima within O(e~2) gradient evaluations, we

do the following calculation. First, when PGD is in the GD phase, the function value decreases 6(62)
per step (following the standard gradient descent analysis). When PGD is in the Escape phase, the

function value decreases F /lipres = 0(62) per step on average. Therefore, the total number of steps
will be bounded by O(e~2), which is in the same order as GD for finding e-stationary points.

Limitation of existing methods. However, extending the two-phase PGD algorithm from determinis-
tic optimization to stochastic optimization with a competative gradient complexity is very challenging.
We take the SSRGD algorithm proposed by Li [17] as an example, which uses SARAH/SPIDER [9] as
its gradient estimator. Unlike deterministic optimization where we can access the exact function value
F(x) and gradient V F'(x) defined in (1.1), in the stochastic optimization case we can only access
the stochastic function f(x; &) and the stochastic gradient V f(x; &). Therefore, in order to estimate
the gradient norm ||V F'(x)||2 (which is required at the beginning of Escape phase), a naive approach
(adapted by Li [17]) is to sample a big batch of stochastic gradient V f(x; &1), ..., Vf(x;&p) and
uses their mean to approximate V F'(x). Standard concentration analysis suggests that in order to

achieve an e-accuracy, the batch size B should be in the order O(e~2). Thus, each Escape phase
leads to a F = O(e!®) function value decrease with at least O(e~2) number of stochastic gradient

evaluations, which contributes O(1/€!® - ¢=2) = O(e3-%) gradient complexity in the end. This is
already worse than the O(e~?) gradient complexity of SPIDER for finding e-stationary points.

Our approach. Here we propose our Pullback framework in Algorithm 1, which overcomes the
aforementioned limitation. In detail, Pullback inherits the two-phase structure of PGD and SSRGD,
and it takes either SARAH/SPIDER or STORM [6] as its gradient estimator. The two gradient
estimators are summarized as subroutines GradEst-SPIDER and GradEst-STORM in Algorithms 2
and 3 respectively, and we use d, to denote their estimated gradient at iterate x;. The key improvement
of Pullback is that, it directly takes the output of the gradient estimator GradEst to estimate the
true gradient VF'(x), which avoids sampling a big batch of stochastic gradients as in Li [17] and
thus saves the total gradient complexity. A similar strategy has also been adapted in [9], but for the
negative curvature search subroutine. However, such a strategy leads to a new problem to be solved.

Since we use d; to directly estimate V F'(x;), in order to make such an estimation valid, we need to
guarantee that the error between d; and V F'(x;) is small enough, e.g., up to O(¢) accuracy. Notice
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Algorithm 1 Pullback

Input: Initial point x1, step size 1 and 1y, perturbation radius 7, threshold parameter fy,.s, average
movement D.
1: dy + GradEst(0,0,0,x1), s < 0, ¢ < 1, FIND+false
2: while FIND = false do

3:  s< s+ 1,ts < t, FIND<true

4:  while ||d;|2 > edo

5: N < n/||d¢||2, {"PullBack"}

6: Xpy1 ¢ X¢ — pdy, dygg < GradEst (¢, dy, x4, X¢a1), 6 t+ 1

7:  end while

8:  my < t, & ~ Uniform By(r), x; 41 < Xt + &, dgr1 + GradEst(t, dg, x¢, Xpp1), t < t+1
9: fork=0,...,lhes — 1do

10: me 0. D 3, n?ldil3

11: if D > (t — mg + 1)D then

12: Set 7, such that 3, n?||d;[|3 = (t — ms + 1)D {"PullBack"}

13: X1 < X — ntdt9 dt+1 < GradEst(t, dt,Xh Xt+1)7 t < t + 1, FIND < false, break
14: end if

15: X1 < Xp — ntdt7 dt+1 — GradEst(t, dt, Xt, Xt-i—l)’ t—t+1

16:  end for

17: end while
Output: x,,,

Algorithm 2 GradEst-SPIDER(Z, d¢, X, X¢41, 0, ¢, B)
Input: Big batch size B, mini-batch size b, loop length ¢
1: if t mod ¢ = O then

2 Generate &},;,...,&F . Setdy1 = 3.0, Vf(xi15€044)/B

3: else

4 Generate &} ,,..., &0, Setdyy < do + 0 [V (xes1:€0 1) — VF(xe:€041)] /b
5: end if

Output: d;

that the recursive structure of SARAH/SPIDER and STORM suggests the following error bound:

t—1
¥, [ds = VF)IE = O 3 I~ xi13) @.1)

1=8¢

where s; is some reference index only related to ¢. Therefore, in order to make the error
[d: — VF(x¢)]||2 small, it suffices to make the movement of the iterates ||x;+1 — X;||2 small either
individually or on average. We achieve this goal by our proposed step-size “Pullback” scheme. In de-
tail, in the GD phase, when the norm of the estimated gradient ||d;||> is large, we pull the step-size 7;
back to a smaller value via normalization, which forces the movement ||x;+1 — x;|l2 = ne||de]l2 =7
to be small. Such an approach is also adapted by Fang et al. [9] as a normalized gradient de-
scent for finding first-order stationary points. In the Escape phase, which starts at mg-th step, we

record the accumulative squared movement starting from x,,,, 1 (after the perturbation step) as
t t

D=3 X =xil13 = 355, 41 n7lldi|3. When the average movement D/ (t —m, + 1)

is large, we pull the last step size 7, back to a smaller value, which forces the average movement

D/(t — mg + 1) to be small. Fortunately, such a simple step-size calibration scheme allows us to
well-control the error between d; and V F'(x;), and to reduce the gradient complexity.

5 Main Results

In this section, we present the main theoretical results. We first present the convergence guarantee of
Pullback-SPIDER, which uses GradEst-SPIDER to estimate the gradient d; in Algorithm 1.

Theorem 5.1. Under Assumptions 3.1, 3.2 and 3.3, choose batch size B = 6(0’26_2 +
o?p*ey'), b = q = VB, set step size n = o/(2VBL), ny = O(L™!), perturbation ra-
dius 7 < min {o/(2VBL),log(4/8)nro?/(2Be), \/21og(4/8)nyo?/(BL)}, threshold lyes =
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Algorithm 3 GradEst-STORM(¢, d;, X4, X¢+1, a, b, B)
Input: Initial batch size B, mini batch size b and weight parameter a.

1: if ¢ = 0 then B '

2 Generate £}, 4,..., &5 1. Setdy1 + > iy Vf(xe41;€l,1)/B

3: else

4:  Generate £t1+1, .. ,ff-u

s Setdien = (1= s = S VS G €h)/8] + S Vi Gereni )
6: end i

Olltpllt: dt+ 1

O(1/(ngen)) and D = 02/(ABL?). Then with high probability, Pullback-SPIDER can find
(€, e )-approximate local minima within O((ILA(3 + 0p3LAeI_1,6) stochastic gradient evaluations.

Remark 5.2. In the classical setting € = /e, our result gives 5(6_3) gradient complexity, which
outperforms the best existing result O(e~3-5) for perturbed stochastic gradient methods achieved
by SSRGD [17]. For sufficiently small ¢, Arjevani et al. [4] proved the lower bound of gradient
complexity Q(e~% + ¢;”) for any first-order stochastic methods to find (e, ¢ 7 )-approximate local
minima. Our results matches the lower bound O(e~3) when e < €%/°. For the general case, there is
still a gap in the dependency of ey between our result and the lower bound, and we leave to close it

as future work.

Next, we present the convergence guarantee of Pullback-STORM, which uses GradEst-STORM to
estimate the gradient d; in Algorithm 1.

Theorem 5.3. Under Assumptions 3.1, 3.2 and 3.3, choose the mini batch size b = 6(0’6_1 +
ope?), and initial batch size B = b% set step size n = o/(2bL), ny = O(L™'),
weight a = 56%log(4/8)/b, threshold fpes = O(1/(nger)), perturbation radius r <
min {o/(2bL),log(4/8)*no?/(eb?), /21og(4/6)2nmo?/(b2L)}, and D = o%/(4b?L?). Then
with high probability, Pullback-STORM can find (e, ey )-approximate local minima within
6(0LA6*3 + JpSLAe;Iﬁ) stochastic gradient evaluations.

Remark 5.4. Different from Pullback-SPIDER, the estimation error ||d; — VF(x;)||2 of

Pullback-STORM is controlled by the weight parameter a. This allows us to come up with a
simpler single-loop algorithm instead of a double-loop algorithm.

6 Proof Outline of the Main Results

Due to the page limit, we only outline the proof of Theorem 5.1 and leave the proof of Theorem 5.3
to the appendix.

Let €; denote the difference between true gradient VF(x;) and the estimated gradient d;, which is
€: := d; — VF(x;). The following lemma suggests that the estimation error ||€;||2 can be bounded.

Lemma 6.1. Under Assumptions 3.1 and 3.2, setb = ¢ = VB, n < 0/(2V/BL),r < ¢/(2V/BL)
and D < 02 /(4BL?), then with probability at least 1 — §, for all ¢ we have

lecllz < V/Blog(4/8)a/VB.

Specifically, by the choice of B in Theorem 5.1 we have that ||€;||2 < €/2.

Proof of Lemma 6.1. By GradEst-SPIDER presented in Algorithm 2 we have
B

1 ,
€+1= 5 Zl [Vf(xt+1§£z+1) - VF(Xt+1)]> tmod g =0,

b
1 P .
€41 = € + 3 E [Vf(xe1:€041) — VI (xe:€011) — VF(x¢41) + VF(x¢)], tmod g # 0.
i=1

By the L-smoothness in Assumption 3.1 we have
[V f (%415 €011) = V(x5 €811) = VE(xe11) + VF(x0) ||, < 2L1x1 41 — x¢fo-
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Then by Assumption 3.2 and Azuma—Hoeffding inequality (See Lemma D.1 for details), with
probability at least 1 — §, we have

) o2 AL? )
Yt >0, ||€s1]3 < 4log(4/6) 5T | L%:J xip1 — xi]|% ). 6.1)
1= q]q

Notice that GradEst-SPIDER is parallel with Pullback. Thus we need to further bound (6.1) by
considering iterates in three different cases: (1) for step 4 in the GD phase, we have ||x;11—x;(|3 < n?
due to the "Pullback” scheme; (2) for i = m for some s in the Escape phase, we have ||x;11—x;[|5 <
r2; and (3) for the other steps in Escape phase, we have on average, ||x;1 — x;||3 < D. Therefore
we have

8log(4/5)c?

b B

lersa 2 < 4log(4/6) ( T

5 -q-max{n® r?, D}) <

O
Lemma 6.1 guarantees that with high probability |VF (x¢)||2 < |[/d¢]|]2 + € which ensures

[VF(%xm,)ll2 < 2¢ when the algorithm terminates. Next lemma bounds the function value de-
crease in the GD phase, which is also valid for Pullback-STORM.

Lemma 6.2. Suppose the event in Lemma 6.1 holds, n < €/(2L), then for any s, we have

Fx,) = Fln,) 2 e L

The choice of 7 in Theorem 5.1 further implies that the loss decreases by at least o¢/ (16\/§L) per
step on average.

Proof of Lemma 6.2. For any t5 <t < mg, we can show the following property (See Lemma D.2),

L
Fxi1) < F(xe) = o [del3 + Fllecll3 + 5 xees —x[3- 62)
Plugging the update rule x;4; = x; — n;d; into (6.2) gives,
1 L €3
F(xe41) = F(x¢) = [|x¢41 — Xt%(%t - 2) + %
1 L ne€?
<F(x) - — -2 ) + 25
€
where the first inequality holds due to the fact that n; = 7/||d¢||2 and ||e:||2 < €/2, and the second
inequality is by 1, = n/||d¢||2 < n/e < 1/(2L). O

Following Lemma shows that if x,,,, is a saddle point, then with high probability, the algorithm will
break during the Escape phase and set FIND<—false. Thus, whenever x,, is not a local minima, the
algorithm cannot terminate.

Lemma 6.3. Under Assumptions 3.1 and 3.2, set perturbation radius r < Lngey/(Cp),step
size ng < min{1/(16L log(nHeH\/&LC_lp_lé_lr_l)), 1/(8CL10g lyres)} = O(L™Y), lipres =
2log(nrerVALC p~ 6 =Y /(nmen) = O(ng'ey'), and D < C2L2n%1e%; /(0?02 ) Where
C = O(log(dlures/d) = O(1). We also set b = ¢ = VB > 161log(4/8)/(n%€%). Then for
any s, when Apin(V2F (X)) < —ep, with probability at least 1 — 24 algorithm breaks in the
Escape phase.

Proof of Lemma 6.3. Let {x;}, {x}} be two coupled sequences by running Pullback-SPIDER from
Xrmy 415 Xy 41 With X, 11 — X0, 1 = g€y, where X, 41,X,, 1 € By, (r). Here rg = ér/v/d
and e; denotes the smallest eigenvector direction of Hessian V2F(x,,. ).
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When Apin(V2F(X,,,)) < —ep, under the parameter choice in Lemma 6.3, we can show that
at least one of two sequence will escape the saddle point (See Lemma D.3). To be specific, with
probability at least 1 — 4,

Lnpgen
Cp

(6.3) suggests that for any two points X, +1, x;nsﬂ satisfying X, ,+1 — xjmﬂ = rgey, at least one
of them will generate a sequence of iterates which finally move more than Lngeg /(Cp). Thus, let
S C B,,,, () be the set of x,,,_+1 which will not generate a sequence of iterates moving more than

L”g;H , then in the direction ey, the "thickness" of S is smaller than . Simple integration shows that

. (6.3)

ms<t137%)§+élhres{HXt = Xm,+1ll2, wa/f - X:n3+1|‘2} >

the ratio between the volume of S and B,;,_(r) is bounded by §. Therefore, since x,,,, 41 is generated
from x,,_ by adding a uniform random noise in ball B,,_(r), we conclude that the probability for
Xm,+1 locating in S is less than J. Applying union bound, we get with probability at least 1 — 24,

Lnuen
Cp
Denote £ as the event that the algorithm does not break in the Escape phase. Then under &, for any

mg < t < mg + Lipres, We have

Elms <t< msg + ‘ethresa ||Xt - Xms+1||2 2 . (64)

t—1 t—1
¢t = Xm,salla < D lIxipr = xilla < (| (E=m) D %1 = x[13 < (¢ = my) VD,
i=ms+1 i=ms

where the first inequality is due to the triangle inequality and the second inequality is due to Cauchy-
Schwarz inequality. Thus, by the choice of #y,s and D, we have

= = L
||Xt - Xms+1||2 S (t - ms)\/B S gthres\/B <C- n;IeH .

Then by (6.4), we know that P(€) < 26. Therefore when Apyin (V2 F (X, )) < —ep, with probability
at least 1 — 29, Pullback breaks in the Escape phase. O

Next lemma bounds the decreasing value of the function during the Escape phase if the algorithm
breaks in the Escape phase(i.e. FIND is false).

Lemma 6.4 (localization). Suppose the result of Lemma 6.1 holds, and
set the step size ny < 1/(L/128log(4/6)), perturbation radius r = <
min { log(4/8)nro?/(2Be), \/2log(4/0)nyo?/(BL)}, and D = o2/(4BL?). Suppose the
algorithm breaks in the Escape phase starting at x,,,_, then we have
log(4/8)nr o

B .

F(xm,) — F(th+1) > (ts+1 —ms)

Proof of Lemma 6.4. For any mg < @ < ts41, we can show the following property (See Lemma D.2),
Ui i L

F(xit1) < F(xi) — §||di||§ + 5\\61'”3 + 5l — xil[3- (6.5)

Plugging the update rule x;4; = x; — n;d; into (6.5) gives,

Ni 2 1 L 2
F(xit1) < F(xi) + S llells = ( 5= — 5 ) %41 —xi
(xesr) < FOx) + 2l = (5 = 5 ) =il
ne 8log(4/68)o? 1
< F(x) + > 5 4777H||Xi+1 — x5 (6.6)

where the the second inequality holds due to Lemma 6.1 and ; < ng < 1/(2L) for any ms < i <
ts+1. Telescoping (6.6) from ¢ = mg + 1to t441 — 1, we have
o? 1 bt 9
F(xt,,,) < F(Xm,41) + 405 10g(4/8) (tapr —ms = 1) — — — Y |[xit1 — x[3.
B A i=mgt1



276 Finally, we have
tsp1—1

F(Xm,1) = F(x,,) > > Eﬁilﬁﬁ_4b(u®a —mg—1) <
ms+1 ts41) = e 477H g s+1 S ne B
D 4log(4/8)nuo?
= — —1 [ = S A o,
(Fo1 = s )<47;H B
o2 4log(4/8)npo?
= ts — Ms — 1 -
(torr —m )<16nHBL2 B )
4log(4/8)ngo?
> (tosr —my — 1)%7 ©6.7)

277 where the last inequality is by the choice of ny < 1/(L+/1281log(4/4)). For i = m,, we have (See
278 Lemma D.2)

F(xm,+1) < F(xm,) + ([dm, |2 + [|€m, [l2 + Lr/2)r. (6.8)
279 Plugging ||d,,, ||2 < e and ||€;,, |2 < €/2 into (6.8) gives,
2log(4/6)nmo?
F(xm.41) < F(%m,) + (4 + Lr/2)r < F(xm.) + M, (6.9)

280 where the last inequality is by the choice r < min { log(4/8)ngo?/(2Be€), \/2log(4/8)nro?/(BL)}.
281 Combining (6.7) and (6.9) and applying ts11 — ms > 2 gives,

F(xm,) = F(xt,,) > [A(tsss —m, — 1) - 2]W > (farr — ) W |

282 O

s+1 )

283 Now, we can provide the proof of Theorem 5.1 .

284 Proof of Theorem 5.1. The analysis can be divided into two phases, i.e., GD phase and Escape phase.
285 The function value will decrease at different rates in different phases.

286 GD phase: In this phase, ||d¢||2 > € and ||€]|2 < ¢/2 due to Lemma 6.1. Thus the gradients of the
287 function are large | VF(x)||2 > €/2. Lemma 6.2 further shows that the loss decreases by at least

288 0¢/(16v/BL) on average.

289 Escape phase: In this phase, the starting point x,,,_ satisfies |V F(xp,_)|l2 < ||dum, ||2 + ||€:]]2 < 2e.
290 If x,,, is a saddle point with Ao (V2F (X)) < —€p, then by Lemma 6.3, with high probability
291 Pullback-SPIDER will break Escape phase, set FIND<—False and begin a new GD phase. Further
292 by Lemma 6.4, the loss will decrease by at least log(4/8)n 02/ B per step on average.

293 Sample Complexity: Note that the total amount for function value can decrease is at most A =
204 F(x0) — infx F'(x) < +o00. So the algorithm must end and find an (e, ey )-approximate local

205 minimum within 5(\/ELA071€71 + BLAo~?2) iterations. Notice that on average we sample
206 max{b, B/q} = /B examples per iteration, so the total sample complexity is 6(BLA071€71 +
297 B32LAc~?). Plugging in the choice of B = 6(02672 + 0'2[)26]__14) in Theorem 5.1, we have the
298 total gradient complexity

~(oLA LA SLA ~(oLA SLA
O<U3 + 22 I >=0(03 7w )
€ €€y €y € €y
299 where the equation is due to the Young’s inequality.
300 O

sot 7 Conclusions

s02 In this paper, we propose a perturbed stochastic gradient framework named Pullback for finding

303 local minima. Pullback can find (e, e 7 )-approximate local minima within O(e =3 + ¢;°) stochastic
s+ gradient evaluations, which matches the best possible complexity results in the classical e = /€
305 setting. Our results show that simple perturbed gradient methods can be as efficient as more
306 sophisticated algorithms for finding local minima.
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