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Abstract

Causal discovery from observational data holds great promise, but existing methods
rely on strong assumptions about the underlying causal structure, often requiring
full observability of all relevant variables. We tackle these challenges by leveraging
the score function V logp(X) of observed variables for causal discovery and
propose the following contributions. First, we generalize the existing results of
identifiability with the score to additive noise models with minimal requirements
on the causal mechanisms. Second, we establish conditions for inferring causal
relations from the score even in the presence of hidden variables; this result is
two-faced: we demonstrate the score’s potential as an alternative to conditional
independence tests to infer the equivalence class of causal graphs with hidden
variables, and we provide the necessary conditions for identifying direct causes in
latent variable models. Building on these insights, we propose a flexible algorithm
for causal discovery across linear, nonlinear, and latent variable models, which we
empirically validate.

1 Introduction

The inference of causal effects from observations holds the potential for great impact arguably in any
domain of science, where it is crucial to be able to answer interventional and counterfactual queries
from observational data [[1, 2} 3]]. Existing causal discovery methods can be categorized based on
the information they can extract from the data [4], and the assumptions they rely on. Traditional
causal discovery methods (e.g. PC, GES [556]) are general in their applicability but limited to the
inference of an equivalence class. Additional assumptions on the structural equations generating
effects from the cause are, in fact, imposed to ensure the identifiability of a causal order [7} 8} 9, [10].
As a consequence, existing methods for causal discovery require specialized and often untestable
assumptions, preventing their application to real-world scenarios.

Further, the majority of existing approaches are hindered by the assumption that all relevant causes
of the measured data are observed, which is necessary to interpret associations in the data as causal
relationships. Despite the convenience of this hypothesis, it is often not met in practice, and the solu-
tions relaxing this requirement face substantial limitations. The FCI algorithm [11]] can only return an
equivalence class from the data. Appealing to additional restrictions ensures the identifiability of some
direct causal effects in the presence of latent variables: RCD [[12] relies on the linear non-Gaussian
additive noise model, whereas CAM-UV [13] requires nonlinear additive mechanisms. Nevertheless,
the strict conditions on the structural equations hold back their applicability to more general settings.

Our paper tackles these challenges and can be put in the context of a recent line of work that
derives a connection between the score function V log p(X) and the causal graph underlying the
data-generating process [14} 15, 116} [17, [18), [19]. The use of the score for causal discovery is
practically appealing, as it yields advantages in terms of scalability to high dimensional graphs [16]
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and guarantees of finite sample complexity bounds [20]. Instead of imposing assumptions that ensure
strong, though often impractical, theoretical guarantees, we organically demonstrate different levels of
identifiability based on the strength of the modeling hypotheses, always relying on the score function
to encode all the causal information in the data. Starting from results of Spantini et al. [21] and Lin
[22]], we show how constraints on the Jacobian of the score V2 log p(X ) can be used as an alternative
to conditional independence testing to identify the Markov equivalence class of causal models with
hidden variables. Further, we prove that the score function identifies the causal direction of additive
noise models, with minimal assumptions on the causal mechanisms. This extends the previous findings
of Montagna et al. [[17], limited by the assumption of nonlinearity of the causal effects, and Ghoshal
and Honorio [14]], limited to linear mechanisms. On these results, we build the main contributions
of our work, enabling the identification of direct causal effects in hidden variables models.

Our main contributions are as follows: (i) We present the necessary conditions for the identifiability
of direct causal effects and the presence of hidden variables with the score in the case of latent
variables models. (ii) We propose AdaScore (Adaptive Score-based causal discovery), a flexible
algorithm for causal discovery based on score matching estimation of V log p(X) [23]]. Based on the
user’s belief about the plausibility of several modeling assumptions on the data, AdaScore can output
a Markov equivalence class, a directed acyclic graph, or a mixed graph, accounting for the presence
of unobserved variables. To the best of our knowledge, the broad class of causal models handled by
our method is unmatched by other approaches in the literature.

2 Model definition and related works

In this section, we introduce the formalism of structural causal models (SCMs), separately for the the
cases with and without hidden variables.

2.1 Causal model with observed variables

Let X be a set of random variables in R defined according to the set of structural equations
Xi = fi(Xppo,Ni), Vi=1,... k. €))

N, € R are mutually independent random variables with strictly positive density, known as noise
or error terms. The function f; is the causal mechanism mapping the set of direct causes Xpo
of X; and the noise term N;, to X;’s value. A structural causal model (SCM) is defined as the
tuple (X, N, F,Py), where F = (fi)k_, is the set of causal mechanisms, and Py is the joint
distribution relative to the density py over the noise terms N € R*. We define the causal graph G
as a directed acyclic graph (DAG) with nodes X = {X,..., X}, and the set of edges defined as
{X; - X, : X, € Xp A;;}, such that PAY are the indices of the parent nodes of X; in the graph

G. (In the remainder of the paper, we adopt the following notation: given a set of random variables
Y ={Y1,...,Y,} and aset of indices Z C N, thenY; = {Y;li € Z,Y; € Y})

Under this model, the probability density of X satisfies the Markov factorization (e.g. Peters et al.
[L] Proposition 6.31):

k
p(z) = [ [ p(ilwpa0), )
i=1

where we adopt the convention of lowercase letters referring to realized random variables, and use p
to denote the density of different random objects, when the distinction is clear from the argument.
This factorization is equivalent to the global Markov condition (e.g. Peters et al. [1] Proposition 6.22)
that demands that for all {X;, X,;} € X, Xz C X \ {X;, X}, then

X, L EX5|1X7 = X; 1L X;| X7,

where (- _IL_ - |-) denotes probabilistic conditional independence of X;, X given Xz, and (- IL ¢ - |)
is the notation for d-separation, a criterion of conditional independence defined on the graph G
(Definition [3] of the appendix). As it is commonly done, we assume that the reverse direction
X, 1 XX, = X, LéXﬂXZ hold, and we say that the density p is faithful to the graph G
[2 24] (hence the faithfulness assumption). Together with the global Markov condition, faithfulness
implies an equivalence between the probabilistic and graphical notions of conditional independence:

X I Xj| Xz = X; LEX;]X 7. A3)
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In general, several DAGs may entail the same set of d-separations: graphs sharing such common
structure form a Markov equivalence class (see Definition [6]in the appendix).

The above model assumes that there aren’t any unobserved causes of variables in X, other than the
noise terms in N. As we are interested in distributions with potential hidden variables, we will now
generalize our model to represent data-generating processes that may involve latent causes.

Definitions on graphs. As graphs play a central role in our work, Appendix provides a
detailed overview of the fundamental notation and definitions that we rely on in the remainder of
the paper. For the next section, we advise the reader to be comfortable with the notions of ancestors
(Definition [2)) and inducing paths (Definition [3) in DAGs.

Closely related works. Several methods for the causal discovery of fully observable models using
the score have been recently proposed. Ghoshal and Honorio [14] demonstrates the identifiability of
the linear non-Gaussian model from the score, and it is complemented by Rolland et al. [15], which
shows the connection between score matching estimation of V log p(X) and the inference of causal
graphs underlying nonlinear additive noise models with Gaussian noise terms, also allowing for
sample complexity bounds [20]. Montagna et al. [17] provides identifiability results in the nonlinear
setting, without posing any restriction on the distribution of the noise terms. Montagna et al. [16]
is the first to show that the Jacobian of the score provides information equivalent to conditional
independence testing in the context of causal discovery, limited to the case of additive noise models.
All of these studies make specialized assumptions to find theoretical guarantees of identifiability,
whereas our paper provides a unifying view of causal discovery with the score function, which
generalizes and expands the existing results.

2.2 Causal model with unobserved variables

Under the model (TJ), we consider the case where the set of variables X is partitioned into the disjoint

subsets of observed random variables V' = {V, ..., V;} and unobserved (or latent) random variables
U ={Ui,...,U,}. We assume that the following set of structural equations is satisfied:
Vi = fi(Vpps, U N;), Vi=1,....d, )

where U’ stands for the set of unobserved parents of V;, and Vo = {Vi|k € PAY V. € V} are
the observed direct causes of V;. Some of the causal relations and the conditional independencies

implied by the set of equations (@) can be summarized in a graph obtained as a marginalization of the
DAG @ onto the observable nodes V.

Definition 1 (Marginal graph, Zhang [23]]). Let X = VUU and G be a DAG over X. The following
construction gives the marginal graph MY,, with nodes V and edges found as follows:

* pair of nodes V;, V; are adjacent in the graph M‘g, if and only if there is an inducing path
between them relative to U in G;

» for each pair of adjacent nodes V;, V; in M‘g/, orient the edge as V; — V; if V; is an ancestor
of V; in G, else orient it as V; <> V.

We define the map G — M% as the marginalization of the DAG G onto V/, the observable nodes.

The graph resulting from the above construction is a maximal ancestral graph (MAG, Definition [4)),
hence we will often refer to it as the marginal MAG of G. Intuitively, a directed edge denotes the
presence of an ancestorship relation, whereas bidirected edges represent dependencies that can not be
removed by conditioning on any of the variables in the graph.

In the case of DAGs, d-separation encodes the probabilistic conditional independence relations
between the variables of X in the graph G, as explicit by Equation (3). Such notion of graphical sepa-
ration has a natural generalization to maximal ancestral graphs, known as m-separation (Definition 3]
of the appendix). Zhang [25]] shows that m-separation and d-separation are in fact equivalent (see
Lemma 1|of the appendix), such that given Vz C V and {V;, V;} C V/, the following holds:

Vi L§ViIVz \ {Vi, Vi} = Vi Lo ViIVZ \ {Vi, Vi), Q)
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where (- IL'0 ¢ - | -) denotes m-separation relative to the graph M. Just like with DAGs, MAGs
\%4

that imply the same set of conditional independencies define an equivalence class. Usually, the
common structure of these graphs is represented by partial ancestral graphs (PAGs, Definition [7]of
the appendix). We use P Mmé, 10 denote the PAG relative to ./\/l‘g/

Problem definition. In this work, our goal is to provide theoretical guarantees for the
identifiability of the Markov equivalence class of the marginal graph M‘g/ and its direct causal
effects with the score, where variables V; are defined according to Equation (@).

Without further assumptions on the data-generating process, we can identify the graph M‘g/ only up
to its partial ancestral graph, as discussed in the next section.

Closely related works. Causal discovery with latent variables have been first studied in the context
of constraint-based approaches with the FCI algorithm [11]], which shows the identifiability of the
equivalence class of a marginalized graph via conditional independence testing. The RCD and
CAM-UV [12, 13] approaches instead demonstrate the inferrability of directed causal edges via
regression and residuals independence testing. Both methods rely on strong assumptions on the
causal mechanisms: their theoretical guarantees apply to models where the effects are generated by a
linear (RCD) or nonlinear (CAM-UV) additive contribution of each cause. Our work demonstrates
that using the score function for causal discovery unifies and generalizes these results, presenting
an alternative to conditional independence testing for constraint-based methods, and being agnostic
about the class of causal mechanisms of the observed variables, under the weaker requirement of
additivity of the noise terms.

3 Theory for a score-based test of separation

In this section, we show that for V' C X generated according to Equation (@) the Hessian matrix of
log p(V') identifies the equivalence class of the marginal MAG M%/ It has already been proven that
cross-partial derivatives of the log-likelihood are informative about a set of conditional independence
relationships between random variables: Spantini et al. [21] (Lemma 4.1) shows that, given V; C X
such that {V;, V;} C Vz, then

82
Wlogp(‘/z)zo = VilLV;|Vz \{V;, V;}. (6)
Equation (3) resulting from faithfulness and the directed global Markov property immediately
implies that this expression can be used as a test of conditional independence to identify the Markov
equivalence class of the graph MY, as commonly done in constraint-based causal discovery (for
reference, see e.g. Section 3 in Glymour et al. [4]]). This result generalizes Lemma 1 of Montagna et al.
[L6], where it is used to define constraints to infer edges in the causal structure without latent variables.

Proposition 1 (Adapte from [21]). Let V be a set of random variables with strictly positive density
generated according to model [@)). For each set V; C V of nodes in M‘g, such that {V;,V;} C Vg,
the following holds for each supported value vz :

2
The result of Proposition|[I] presents an alternative to conditional independence testing in constraint-
based approaches to causal discovery, showing that the equivalence class of the graph M‘g/ can be

identified using the cross partial derivatives of the log-likelihood as a test of conditional independence
between variables, much in the spirit of the Fast Causal Inference algorithm [11]. Identifying the

'In their Lemma 4.1 Spantini et al. [21]] provides the connection between vanishing cross-partial derivatives
of the log-likelihood and conditional independence of random variables. Note that this result does not depend on
the assumption of a generative model, thus holding beyond the set of structural equations ({@). Our result adapts
their finding to the case when observations are generated according to a fully observable causal model.
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Markov equivalence class is the most we can hope to achieve without further hypotheses. As we will
see in the next section, the score function can also help leverage additional restrictive assumptions on
the causal mechanisms of Equation (@) to identify direct causal effects.

4 A theory of identifiability from the score

In this section, we show that, under additional assumptions on the data-generating process, we can
identify the direct causal relations that are not influenced by unobserved variables, as well as the
presence of unobserved active paths (Definition [S) between nodes in the marginalized graph M%}

As a preliminary step before diving into causal discovery with latent variables, we show how the
properties of the score function identify edges in directed acyclic graphs, that is in the absence of
latent variables (when U = () and G = M‘g/). The goal of the next section is two-sided: first, it
introduces the fundamental ideas connecting the score function to causal discovery that also apply to
hidden variable models, second, it extends the existing theory of causal discovery with score matching
to additive noise models with both linear and nonlinear mechanisms.

4.1 Warm up: identifiability without latent confounders

In this section, we summarise and extend the theoretical findings presented in Montagna et al. [[17]],
where the authors show how to derive constraints on the score function that identify the causal order of
the DAG G where all the variables in the set X are observed. Define the structural relations of @) as:

X, = hi(XPAg;)+Ni,i:1,...,k, 7
with three times continuously differentiable mechanisms f;, noise terms centered at zero, and strictly

positive density px. Given the Markov factorization of Equation (2)), the components of the score
function V log p(x) are:

Ox, logp(x) = Ox, log plwilapas) + Y Ox, logp(a;lzpas)
jECHY

= O, logp(ni) — Y Ox,hj(wpae)dn, logp(ny),
jECHY

®

where CHig denotes the set of children of node X;. We observe that if a node X is a sink, i.e. a
node satisfying CHf = (, then the summation over the children vanishes, implying that:

Ox, logp(x) = O, log p(ns). )

The key point is that the score component of a sink node is a function of its structural equation noise
term, such that one could learn a consistent estimator of Ox_ log px from a set of observations of the
noise term [V,. Given that, in general, one has access to X samples rather than observations of the
noise random variables, authors in Montagna et al. [[17] show that N of a sink node can be consistently
estimated from i.i.d. realizations of X. For each node X7, ..., X}, we define the quantity:

where X\ x, are the random variables in the set X \ {X;}. E[X;|X\ x,] is the optimal least squares
predictor of X; from all the remaining nodes in the graph, and R; is the regression residual. For
a sink node X, the residual satisfies:

Rs = N, (11)
which can be seen by rewriting E[X;|X\x,] = hs(Xpps) + E[Ns|Xpge, Xnpe] =
hs(Xpag) + E[N;], where Xppg and Xypo denotes the descendants and non-descendants of X,
respectively. Equations (@) and together imply that the score Oy, log p(N;) is a function of Ry,
such that it is possible to find a consistent approximator of the score of a sink from observations of R;.
Proposition 2 (Generalization of Lemma 1 in Montagna et al. [[17]). Let X be a set of random
variables, generated by a restricted additive noise model (Definition[9) with structural equations (),
and let X; € X. Consider r; in the support of R;. Then:

Xjisasink <= E {(E [0x, logp(X) | R; = r;] — Ox, logp(X))Q] =0. 12)
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Our result generalizes Lemma 1 in Montagna et al. [[17], as they assume X generated by an
identifiable additive noise model with nonlinear mechanisms. Instead, we remove the nonlinearity
assumption and make the weaker hypothesis of a restricted additive noise model, which is provably
identifiable [9]], in the formal sense defined in the appendix (Definition 8)). This result doesn’t come
as a surprise, given the previous findings of Ghoshal and Honorio [14] showing that the score infers
linear non-Gaussian additive noise models: Proposition 2] provides a unifying and general theory
for the identifiability of models with potentially mixed linear and nonlinear mechanisms.

Based on these insights, Montagna et al. [17]] propose the NoGAM algorithm to exploit the con-
dition in for identifying the causal order of the graph: being E [0x, logp(X) | R;] the opti-
mal least squares estimator of the score of node X; from R;, a sink node is characterized as the
argmin; E [E [0x, log p(X) | R;] — dx, log p(X)]?, where in practice the residuals R;, the score
components and the least squares estimators are replaced by their empirical counterparts. After a
sink node is identified, it is removed from the graph and assigned a position in the order, and the
procedure is iteratively repeated up to the source nodes. Being the score estimated by score matching
techniques [23], we usually make reference to score matching-based causal discovery.

In the next section, we show how we can generalize these results to identify direct causal effects
between a pair of variables in the marginal MAG M‘g, when U # ()

4.2 Identifiability in the presence of latent confounders

‘We now introduce the last of our main theoretical results, that is: given a pair of nodes V;, V; that
are adjacent in the graph M% with U # (), we can use the score function to identify the presence
of a direct causal effect between V; and Vj, or that of an active path that is influenced by unobserved
variables. Given that the causal model of Equation (@) ensures identifiability only up to the equivalence
class, we need additional restrictive assumptions. In particular, we enforce an additive noise model
with respect to both the observed and unobserved noise variables. This corresponds to an additive
noise model on the observed variables with the noise terms recentered by the latent causal effects.

Assumption 1 (SCM assumptions). The set of structural equations of the observable variables
specified in @) is now defined as:

Vi = fi(Vppo) + gi(U") + NiyWi=1,....d, (13)

. . Veag ! ) . .
assuming the mechanisms f; to be of class C3(R pAf ), and mutually independent noise terms with
strictly positive density function. The N;’s are assumed to be non-Gaussian when f; is linear in some
of its arguments.

Crucially, our hypothesis is weaker than those required by two state-of-the-art approaches, CAM-UV
(13 and RCD [12]]: CAM-UV assumes a Causal Additive Model (CAM) with structural equations
with nonlinear mechanisms in the form V; := >, _pao fir (Vi) + ZUZ 9ik(U}) + N;, and RCD

requires an additive noise model with linear effects of both the latent and observed causes. Thus,
our model encompasses and extends the nonlinear and linear settings of CAM-UV and RCD, such
that the theory developed in the remainder of the section is valid for a broader class of causal models.

Our first step is rewriting the structural relations in (T3) as:

Vvi = iV +Nz>
o= £iVeag) (14)
N; =g(U")+ N,¥Vi=1,...,d,

which provides an additive noise model in the form of (7). Next, we define the following regression
residuals for any node V}, in the graph ./\/l‘g/:

Ri(Vz) = Vi — E[Vi | V(i3] (15)

where V\ (1} denotes the set of random variables V7 \ {V}}.

Given these definitions, we are ready to show how directed edges, and the presence of unobserved
variables can be identified from the score of linear and nonlinear additive noise models.
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4.2.1 Identifiability of directed edges

Consider V;, V; adjacent nodes in the PAG P Mg We want to investigate when a direct causal
effect V; € Vp,o can be identified from the score. We make the following observations: for
J

Vz = VPAJQ U{V;} and VPAJQ 1 §U7, by Equation (T3) it follows
R;(Vz) = N; - E[N;], (16)

where we use Vp,o 1L U7 to write E[V; Vo] = E[N,]. Moreover, we note that V; is a sink node
J

relative to M‘g/z, the marginalization of G onto V. In analogy to the case without latent variables, we

can show that dy;, log p(Vz) is a function of N j» the error term in the additive noise model of Equation
(I4), such that the score of V; can be consistently predicted from observations of the residual R, (V7).

Proposition 3. Let X be generated by a restricted additive noise model with structural equations (7)),
and causal graph G. Consider V;, V; adjacent in M., marginalization of G. Further, assume that
the score component Oy, log p(Vz) is not constant for uncountable values of V.

(i) Let Vz = Vppao U{V;, V;}, and rj € R in the support of R;(Vz). Then:

VPAJg lng ANV, € VPA? <~ E[avj logp(VZ) — E[({)\/J 1ng(VZ)‘Rj(VZ) = Tj]]Q =0.

(ii) Let Vg CV, such that {V;,V;} C V. Then:
Vons S 4UTV Vi & Voo <= Eldy, logp(Vz) — Eloy, logp(Va)| Ry (Vz) = )12 0.

Intuitively, the proposition has two essential implications. Part (i) provides the condition for the
identifiability of the potential direct causal effect between a pair V;, V}, that is, when the association
between V; and its observed parents is not influenced by active paths that involve latent variables.
This condition is necessary: given an active path such that V, A9 _Ll/_ng 7, the score could not identify

a direct causal effect V; — V;, which is the content of the second part of the proposition.

We have established theoretical guarantees of identifiability for linear and nonlinear additive noise
models, even in the presence of hidden variables: we find that the score function is a means for the
identifiability of all direct parental relations that are not influenced by unobserved variables; all the
remaining arrowheads of the edges in the graph M%, are identified no better than in the equivalence
class. Based on these insights, we propose AdaScore, a score matching-based algorithm for the
inference of Markov equivalence classes, direct causal effects, and the presence of latent variables.

4.3 A score-based algorithm for causal discovery

Building on our theory, we propose AdaScore, a generalization of NoGAM to linear and nonlinear
additive noise models with latent variables. The main strength of our approach is its adaptivity
with respect to structural assumptions: based on the user’s belief about the plausibility of several
modeling assumptions on the data, AdaScore can output an equivalence class (using the condition
of Proposition [I]instead of conditional independence testing in an FCI-like algorithm), a directed
acyclic graph (as in NoGAM), or a mixed graph, accounting for the presence of unobserved variables.
We now describe the version of our algorithm whose output is a mixed graph, where we rely on score
matching estimation of the score and its Jacobian (Appendix [C.2). At an intuitive level, we find
unoriented edges using Proposition[] i.e. checking for dependencies in the form of non-zero entries
in the Jacobian of the score via hypothesis testing on the mean, and find the edges’ directions via the
condition of Proposition[3] i.e. by estimating residuals of each node X; and checking whether they can
correctly predict the -th score entry (the vanishing mean squared errors are verified by hypothesis test
of zero mean). It would be tempting to simply find the skeleton (i.e. the graphical representation of
the constraints of an equivalence class) first via the well-known adjacency search of the FCI algorithm
and then iterate through all neighborhoods of all nodes to orient edges using Proposition[3] This
would be prohibitively expensive, as finding the skeleton is well-known to have super-exponential
computational complexity [[11]. Instead, we propose an alternative solution: exploiting the fact that
some nodes may not be influenced by latent variables, we first use Proposition 2]to find sink nodes
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that are not affected by latents (using hypothesis testing to find vanishing mean squared error in the
score predictions from the residuals), in the spirit of the NoGAM algorithm. If there is such a sink,
we search all its adjacent nodes via Proposition [T] (plus an optional pruning step for better accuracy,
Appendix[C.2), and orient the inferred edges towards the sink. Else, if no sink can be found, we pick
a node in the graph and find its neighbors by Proposition[I} orienting its edges using the condition in
Proposition 3] (score estimation by residuals under latent effects). This way, we get an algorithm that
is polynomial in the best case (Appendix [C.3)). Details on AdaScore are provided in Appendix [C}
while a pseudo-code summary is provided in the Algorithm [T|box.

Algorithm 1 Simplified pseudo-code of AdaScore

while nodes remain do
if Proposition [3]finds a sink with all parents observed then
add edges from adjacent nodes to sink
else
pick some remaining node V; € V
prune neighbourhood of V; using Proposition I]
orient edges adjacent to V; using Proposition
if V; has outgoing directed edge to some V; € V' then
continue with V;
else
remove V; form remaining nodes

prune remaining bidirected edges using Proposition I]

S Experiments

We use the causallyE] Python library [26] to generate synthetic data with known ground truths,
created as Erdos-Rényi sparse and dense graphs, respectively with probability of edge between pair
of nodes equals 0.3 and 0.5. We sample the data according to linear and nonlinear mechanisms with
additive noise, where the nonlinear functions are parametrized by a neural network with random
weights, a common approach in the literature [18} 26} 27, 28} |29]]. Noise terms are sampled from a
uniform distribution in the [—2, 2] range. Hidden causal effects are obtained by randomly picking
two nodes and dropping the corresponding column from the data matrix. See Appendix for
further details on the data generation. As metric, we consider the structural Hamming distance (SHD)
[30, 31]], a simple count of the number of incorrect edges, where missing and wrongly directed
edges count as one error. We fix the level of the hypothesis tests of AdaScore to 0.05, which is a
common choice in the absence of prior knowledge. We compare AdaScore to NoGAM, CAM-UYV,
RCD, and DirectLiNGAM, whose assumptions are detailed in Table[I] In the main manuscript, we
comment on the results on datasets of 1000 observations from dense graphs, with and without latent
variables. Additional experiments including those on sparse networks are presented in Appendix [E]
Our synthetic data are standardized by their empirical variance to remove shortcuts in the data [[18}[32].

Discussion. Our experimental results on models without latent variables of Figure[Ia|show that when
causal relations are linear, AdaScore can recover the causal graph with accuracy that is comparable
with all the other benchmarks, with the exception of DirectLiNGAM. On nonlinear data AdaScore
presents better performance than CAM-UV, RCD, and DirectLiNGAM while being comparable
to NoGAM in accuracy. This is in line with our expectations: in the absence of finite sample
errors and in the fully observable setting, NoGAM and AdaScore are indeed the same algorithms.
When inferring under latent causal effects, Figure [Ib] our method performs comparably to CAM-
UV and RCD on graphs up to seven nodes while slightly degrading on nine nodes. Additionally,
AdaScore outperforms NoGAM in this setting, as we would expect according to our theory. Overall,
we observe that our method is robust to a variety of structural assumptions, with accuracy that is
often comparable and sometimes better than competitors (as in nonlinear observable settings). We
remark that although AdaScore does not clearly outperform the other baselines, its broad theoretical
guarantees of identifiability are not matched by any available method in the literature; this makes it
an appealing option for inference in realistic scenarios that are hard to investigate with synthetic data,
where the structural assumptions of the causal model underlying the observations are unknown.

“https://causally.readthedocs.io/en/latest/
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Figure 1: Empirical results on dense graphs with different numbers of nodes, on fully observable (no hidden
variables) and latent variable models. We report the SHD accuracy (the lower, the better). We note that
DirectLiNGAM is surprisingly robust to different structural assumptions, and AdaScore is generally comparable
or better (as in nonlinear observable data) than the other benchmarks.

Table 1: Experiments causal discovery algorithms. The content of the cells denotes whether the method supports
(v') or not (X) the condition specified in the corresponding row.

CAM-UV RCD NoGAM DirectLiNGAM AdaScore

Linear additive noise model X v X v v
Nonlinear additive noise model X X v X v
Nonlinear CAM v X v X v
Latent variables effects v v X X v
Output Mixed Mixed DAG DAG Mixed

6 Conclusion

The existing literature on causal discovery shows a connection between score matching and structure
learning in the context of nonlinear ANMs: in this paper, (i) we formalize and extend these results
to linear SCMs, and (ii) we show that the score retains information on the causal structure even in the
presence of unobserved variables. Additionally, while previous works posit the accent on finding the
causal order through the score, we study its potential to identify the Markov equivalence class with a
constraint-based strategy that does not explicitly require tests of conditional independence, as well as
to identify direct causal effects. Our theoretical insights result in AdaScore: unlike existing approaches
for the estimation of causal directions, our algorithm provides theoretical guarantees for a broad class
of identifiable models, namely linear and nonlinear, with additive noise, in the presence of latent
variables. Even though AdaScore does not clearly outperform the existing baselines on our synthetic
benchmark, its adaptivity to different structural hypotheses is a step towards causal discovery that is
less reliant on prior assumptions, which are often untestable and thus hindering reliable inference in
real-world problems. While we do not touch on the task of causal representation learning [33]], where
causal variables are learned from data, we believe this is a promising research direction in relation
to our work due to the specific interplay between score-matching estimation and generative models.
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A Useful results

In this section, we provide a collection of results and definitions relevant to the theory of this paper.

A.1 Definitions over graphs

Let X = Xy,..., Xy aset of random variables. A graph G = (X, E) consists of finitely many nodes
or vertices X and edges F. We now provide additional definitions, separately for directed acyclic
and mixed graphs.

Directed acyclic graph. In a directed graph, nodes can be connected by a directed edge (—), and
between each pair of nodes there is at most one directed edge. We say that X is a parent of X if
X; — X; € E, in which case we also say that X is a child of X;. Two nodes are adjacent if they
are connected by an edge. Three nodes are called a v-structure if one node is a child of the other
two, e.g. as X; — X, < X is a collider. A path in G is a sequence of at least two distinct vertices
Xiy -, X, such that there is an edge between X;, and X;, . If X;, — X for every node
in the path, we speak of a directed path, and call X;, an ancestor of X;, , , X;, | a descendant of

X, . Given the set DE? of descendants of a node X;, we define the set of non-descendants of X; as

NDY = X \ (DEY U{X;}). A node without parents is called a source node. A node without children
is called a sink node. A directed acyclic graph is a directed graph with no cycles.

Th+1

Mixed graph. In a mixed graph nodes can be connected by a directed edge (—) or a bidirected
edge (<), and between each pair of nodes there is at most one directed edge. Two vertices are said
to be adjacent in a graph if there is an edge (of any kind) between them. The definitions of parent,
child, ancestor, descendant, path provided for directed acyclic graph also apply in the case of mixed
graphs. Additionally, X; is a spouse of X; (and vice-versa) if X; <+ X; € E. An almost directed
cycle occurs when X; <+ X; € E and Xj; is an ancestor of X in G.

For ease of reference from the main text, we separately provide the definition of inducing paths and
ancestors in directed acyclic graphs.

Definition 2 (Ancestor). Consider a DAG G with set of nodes X, and X;, X; elements of X. We
say that X; is an ancestor of X; if there is a directed path from X; to X; in the graph, as in

Definition 3 (Inducing path). Consider a DAG G with set of nodes X, and Y, Z disjoint subsets such
that X = YUZ. We say that there is an inducing path relative to Z between the nodes Y;, Y; if every
node on the path that is not in Z U {Y;, Y} } is a collider on the path (i.e. for each Y}, € Y on the path
the sequence Y; ... — Y} < ... Y; appears) and every collider on the path is an ancestor of Y; or Y;.

One natural way to encode inducing paths and ancestral relationships between variables is represented
by maximal ancestral graphs.

Definition 4 (MAG). A maximal ancestral graph (MAG) is a mixed graph such that:

1. there are no directed cycles and no almost directed cycles;

2. there are no inducing paths between two non-adjacent nodes.

Next, we define conditional independence in the context of graphs.

Definition 5 (m-separation). Let M be a mixed graph with nodes X . A path 7 in M between X;, X;
elements of X is active w.rt. Z C X \ {X;, X, } if:

1. every non-collider on 7 is not in Z
2. every collider on 7 is an ancestors of a node in Z.

X; and X are said to be m-separated by Z if there is no active path between X; and X; relative to Z.
Two disjoint sets of variables W and Y are m-separated by Z if every variable in W is m-separated
from every variable in Y by Z.

If m-separation is applied to DAGs, it is called d-separation.
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The set of directed acyclic graphs that satisfy the same set of conditional independencies form an
equivalence class, known as the Markov equivalence class.

Definition 6 (Markov equivalence class of a DAG). Let G be a DAG with nodes X. We denote with
[G] the Markov equivalence class of G. A DAG G with nodes X is in [G] if the following conditions
are satisfied for each pair X;, X; of distinct nodes in X:

« there is an edge between X;, X; in G if and only if there is an edge between X;, X in g ;
 let Z C X\ {X;, X;}. Then X, IL{ X;|Z = X; 1 1X,|Z;

* let  be a path between X; and X;. X}, is a collider in the path 7 in G if and only if it is a
collider in the path 7 in G.

In summary, graphs in the same equivalence class share the edges up to direction, the set of d-
separations, and the set of colliders.

Just as for DAGs, there may be several MAGs that imply the same conditional independence
statements. Denote the Markov-equivalence class of a MAG M with [M]: this is represented by a
partial mixed graph, the class of graphs that can contain four kinds of edges: —, <>, o—o and o—,
and hence three kinds of end marks for edges: arrowhead (>), tail (—) and circle (o).

Definition 7 (PAG, Definition 3 of Zhang [25]]). Let [M] be the Markov equivalence class of an
arbitrary MAG M . The partial ancestral graph (PAG) for [M], Py, is a partial mixed graph such
that:

* Py has the same adjacencies as M (and any member of [M]) does;
* A mark of arrowhead is in Py if and only if it is shared by all MAGs in [M]; and
* A mark of tail is in Py if and only if it is shared by all MAGs in [M].

Intuitively, a PAG represents an equivalence class of MAGs by displaying all common edge marks
shared by all members of the class and displaying circles for those marks that are not in common.

A.2 Equivalence between m-separation and d-separation

In this section, we provide a proof for equation (5), stating the equivalence between m-separation and
d-separation in a formal sense.

Lemma 1 (Adapted from Zhang [25])). Let G be a DAG with nodes X =V U U, with V and U
disjoint sets, and M, the marginalization of G onto V. For any {V;,V;} € V and V; C V\{V;,V;},
the following equivalence holds:

Vi IL¢V|Vy = Vidl %o VilVa.

Proof. The implication V; JI_‘éV] V, = V; J_%% V;|Vz is a direct consequence of Lemma 18

from Spirtes and Richardson [34]], where we set S = (), since we do not consider selection bias. The
implication V; _Il ng|VZ — V; 1L ;&g V;|Vz follows from Lemma 17 by Spirtes and Richardson
v

[34], again with S = (). Note, that in their terminology “d-separation in MAGs” is what we call
m-separation. O

A.3 Additive noise model identifiability

We study the identifiability of the additive noise model, reporting results from Peters et al. [9]. We
start with a formal definition of identifiability in the context of causal discovery.

Definition 8 (Identifiable causal model). Let (X, N, F,py) be an SCM with underlying graph G and
px joint density function of the variables of X. We say that the model is identifiable from observa-
tional data if the distribution px can not be generated by a structural causal model with graph G # G.

First, we consider the case of models of two random variables
Xo=f(X1)+N, X;IN. (17)
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Condition 1 (Condition 19 of Peters et al. [9]]). Consider an additive noise model with structural
equations (T7). The triple (f, px,, pn) does not solve the following differential equation for all pairs

x1, wp with f'(z2)1" (z2 — f(21)) # O:
e LII V///f/ + V///V/f//f/ l//(f//)Q
£ =¢ 1 T Y - Iz
Here, ¢ = logpx,, v := logpn, the logarithms of the strictly positive densities. The arguments
29 — f(x1), 21, and 21 of v, € and f respectively, have been removed to improve readability.

_ 2V//f//f/ + V/f”l7 (18)

Next, we show that a structural causal model satisfying Condition[I]is identifiable, as in Definition §]

Theorem 1 (Theorem 20 of Peters et al. [9]]). Let px, x, the joint distribution of a pair of random
variables generated according to the model of equation that satisfies Condition[I} with graph G.
Then, G is identifiable from the joint distribution.

Finally, we show an important fact, holding for identifiable bivariate models, which is that the score
6LX1 log p(x1, x2) is nonlinear in z1.

Lemma 2 (Sufficient variability of the score). Let px, x, the joint distribution of a pair of random
variables generated according to a structural causal model that satisfies Condition[l} with graph G.
Then: 5

37(1(5’(%1) = i)V (w2 = f(21))) # 0,

Sor all pairs (x1, x2).

Proof. By contradiction, assume that there exists (z1, z2) such that 6—)‘9(1(5’(321) — fx)V (x2 —
f(z1))) = 0. Then:

2
8 aaT%W(l'l,ZL'Q)

0X1 78)(‘?2)(2 (21, 22)

)

where 7(z1,22) = log p(z1,x2). By explicitly computing all the partial derivatives of the above
equation, we obtain that equation [I8]is satisfied, which violates Condition O

These results guaranteeing the identifiability of the bivariate additive noise model can be generalized
to the multivariable case, with a set of random variables X = { X7, ..., X} that satisfy:

X; = fi(Xppao) + Niyi=1,... k, (19)

where G is the resulting causal graph directed and acyclic. The intuition is that, rather than studying
the multivariate model as a whole, we need to ensure that Condition E] is satisfied for each pair of
nodes, adding restrictions on their marginal conditional distribution.

Definition 9 (Definition 27 of Peters et al. [9]). Consider an additive noise model with structural
equations (19). We call this SCM a restricted additive noise model if for all X; € X, X; € Xp,o,
J

and all sets Xg C X, S C N, with Xp,,0 \ {X;} C Xg C Xlngj \ {Xi, X;}, there is a value =g
with p(xg) > 0, such that the triplet

(fi (xPAf\{i}v ')’pxi\xs:zs,pNj)

satisfies Condition (I} Here, f;(2pao\(;},-) denotes the mechanism function x; +— f;(zpyo).
J J

Additionally, we require the noise variables to have positive densities and the functions f; to be
continuous and three times continuously differentiable.

Then, for a restricted additive noise model, we can identify the graph from the distribution.

Theorem 2 (Theorem 28 of Peters et al. [9]). Let X be generated by a restricted additive noise

model with graph G, and assume that the causal mechanisms f; are not constant in any of the input

arguments, i.e. for X; € Xpyo, there exist x; # x such that fj(xppo\ 1y, %i) # fi(Tpaoy (iy- 7)-
J J J

Then, G is identifiable.
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A.4 Other auxiliary results

We state several results that hold for a pair of random variables that are not connected by an active path
that includes unobserved variables (active paths are introduced in Definition 5. For the remainder of
the section, let V, U be a pair of disjoint sets of random variables, X = V U U generated according
to the structural causal model defined by the set of equations (I)), G the associated causal graph, and
MY, the marginalization onto V.

The first statement provides under which condition the unobserved parents of two variables in the
marginal MAG are mutually independent random vectors.

Lemma 3. Let V; € V, and Z C N such that V; = Vppo U{V;}. Assume Vo 1L GU?. Then
Ujj_‘éUZ’“ for each index Zy, # j.

Proof. The assumption Vp,o Il gU 7 implies that there is no active path in G between nodes in Vp,o
J J

and nodes in U7. Given that for each Z, € Z, Z;, # Z, nodes in U Zk are direct causes of at least
one node in Vp, ¢, any active path between nodes in U#* and nodes in U7 would also be an active
J

path between Vp,, o and U7, which is a contradiction. Hence U7 Il $U %+, O
J

The previous lemmas allow proving the following result, which will be fundamental to demonstrate
the theory of Proposition 3]

Lemmad. Let V; € V, and Z C N such that V = Vppyo U {V;}. Assume Vpyo I U7 Wlo.g.,
let the j-th element of Vz be V7, = V;. Denote as U Z the set of unobserved parents of nodes in V,
and U?\U} the unobserved parents of nodes in Vo = Vz \ V. Then, the following holds for

each vy, u? values:
logp(vz) = log p(vjlvpag) +log Q(vz),

where .
z

Qvz) = Z p(u?\1) HP(UZk|Uzu Vg Uk,
w?\13} k#j

Proof. By the law of total probability and the chain rule, we can write p(vy) as:

p(vz) = ZP(UZ\U)Z)(U)
“ (20)
= pwp(vz, [u, v 1PV Gy )

By Lemma3| U% 1L U%*, k # j, where U%* denotes unobserved parents of the node V, . Then,
we can factorize p(u) = p (uZJ' ) P (uZ W }). Plugging the factorization in equation (20) we find

p(vz) = 30 (u) p () p(oz, Ju, 07 (3)p(02 3y )

=30 (%) p (W) p(oz, 0% vprg (v 3 lu),
u J
where the latter equation comes from the global Markov property on the graph G. Further, by assump-

tion of Vpyo I $U7, we know that U2/ Il Vy, , k # j, such that p(v (1 ]u) = p(vz 3 [u? Mo},
J
Then:

p(Uz) = Zp (uZJ ) D (UZ\{J}> p(,UZj ‘,U/ZJ , ’UPA%J_ )p(vz\{]}|uZ\{]})

= Zp (qu) p(vzj |qu’UPAgZ;_) Z P (uZ\{j}) p(UZ\{j}|’U,Z\{j})
u”s T un\Uy

= p(’l)zj ‘UPA%) Z p (UZ\{j}) p(vz\{j}|uz\{j}),
w2\t

which proves the claim. O
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Intuitively, Lemma [4] shows that given a node V; without children and bidirected edges in a marginal-
ized graph /\/lgz, the kernel of node V; in the Markov factorization of p(v) is equal to the kernel of
the same node in the Markov factorization of p(x) of equation (2)), relative to the graph without latent
confounders G.

B Proofs of theoretical results

B.1 Proof of Proposition ]

Proof of Proposition[l] Observe that
82 d m
Wlogl’(vz) =0 < Vil gV;|Vz\{Vi,V}} <= ViJ-LM‘Q/Vj“/Z \{Vi, Vi},

where the first equivalence holds by a combination of the faithfulness assumption with the global
Markov property, as explicit in equation (3)), and the second due to Lemmal([l] Then, the claim is
proven. O

B.2  Proof of Proposition 2]

Proof. The forward direction is immediate from equation (9) and R; = N;, when X is a sink
(equation (TT)). Thus, we focus on the backward direction. Given

E [(E [0x, logp(X) | B; = ;] - 0x, logp(X))"] =0,

we want to show that X; has no children, which we prove by contradiction.
Let us introduce a function ¢ : R — R such that:

E [0x, logp(X) | R; = ;] = q(r)),
and s; : RIXI 5 R,

sj(z) = Ox, log p(z).
The mean squared error equal to zero implies that s, (X) is a constant, once R; is observed. Formally,
under the assumption of p(z) > 0 for each € R¥, this implies that
p(sj(@) # a(R;)|R; = ;) = 0,Vz € R,

By contradiction, we assume that X; is not a leaf, and want to show that s; (X) is not constant in X,
given I; fixed. Let X; such that X; € X},,¢. Being the structural causal model identifiable, there

is no model with distribution px whose grzfph has a backward edge X; — X: thus, the Markov
factorization of equation (2)) is unique and implies:

Ox, log p(X) = O, logp(N;) = > Ox,hi(Xpa,)ONy log p(N).
keCHY

We note that, by definition of residual in equation (I0), R; = r; fixes the following distance:
Rj = Nj — E[N;|X\x].

Hence, conditioning on R; doesn’t restrict the support of X: given R; = r;, for any x\ x; (value
of the vector of elements in X \ {X;}), In; with p(n; > 0) (by the hypothesis of strictly positive
densities of the noise terms) that satisfies

’I’j = nj — E[Nj|x\x7]
Next, we condition on all the parents of X;, except for X, to reduce our problem to the simpler
bivariate case. Let S C N and Xg C X such that Xp,0 \ {X,;} € Xg C Xypo \ {Xi, X,},
and consider xg such that p(xg > 0). Let Xp o = l’;Ag hold under Xg = x; We define
Xj = X;|(Xs = xg), and similarly X, = X|(Xs = xg). Being the SCM a restricted

|z

17



596

598

599

600

601
602

603

605

606

607

608

609

610

611

612
613

additive noise model, by Deﬁnmonﬂ the triplet (g;,px; i pn,) satisfies Condition I where

9i(x;) = hi(zppe\(x,}, ;). Consider X; = z;, and the pair “of values (zj,2}) such that x; # 7
and

v, (@i = gi(2;))gi(x;) # 0,
v, (i — gi(27))gi(x) # 0,
where we resort to the usual notation vy, = log py,. By Lemma (zi,2;) and (z;, z7) satisfy:
Ox, (' (x5) — vy, (zi — gi(x;))gi(x;)) # 0,
Ox, (§'(z3) — vy, (i — gi(2]))gi(2F)) # 0,

where & := logp X, Thus, we can fix z; and x7 (which are arbitrarily chosen) such that

Ts

Ox, (&' (x;) — v, (@i — gi(2;))gi(x;)) — Ox, (€' (2]) — v, (xi — gi(2]))gi(2])) # 0. (2D)
Fixing X sz, =T and X oot = x*, where the two values differ only in their j-th component, we

find the following difference:

sj(w) = 55(2") = 0x; (€' () — vy, (i = 9i(2))gi () = Ox, (€' () — vy, (@i — 9:(})) i (7)),
which is different from 0 by equation (ZI)). This contradicts the fact that the score s; is constant once
R; is fixed, which proves our claim. O

B.3  Proof of Proposition[3]

In this proof, we use several ideas from the demonstration of Proposition[2] We demonstrate the
forward and the backward parts of the two statements separately.

Proof of part (i), forward direction. Given Vz = Vo U{V;,V;} and r; € R in the image of R;,
we want to show:

Voag ILGUY A V; € Vpyo = Efdy; logp(Vz) — Eldv, log p(Vz)|R;(Vz) = 1;])* = 0.
By Lemma 4} the score of V; is
Ov; logp(Vz) = Ov; log p(V;[Vpag) + v, log Q(Vz)
= log p(NV;),

for some () map acting on Vz. The latter equality holds because all variables in V are non-
descendants of Vj, such that dy, Q(Vz) = 0. Further, by equation (T6) we know that

Rj(Vz) = Nj +c,

where ¢ = —E[N,] is a constant. It follows that the least square estimator of the score of V; from
R;(V7) satisfies the following equation:

E[dv, log p(Vz)|R;(Vz)] = E[dv, log p(N;)|N;] = v, log p(N;),
where the first equality holds because E[-|N;] = E[-|N; + ¢]. Then, we find
E[0y, log p(Vz) — E[0y, log p(Vz)|R;(Vz) = r;]]* = E[dy, log p(N;) — dv, log p(N;)]? = 0,
which is exactly our claim. O

Proof of part (i), backward direction. Given Vz = PAg U{V;,V;},7; € Rin the image of R;, and

E[dv, log p(Vz) — E[dv, log p(Vz)|R;(Vz) = r;]]* = 0, (22)

we want to show that Vp,o Il éU I A'V; € Vpao, meaning that there is a direct causal effect that
J J

is not biased by unobserved variables. We provide the proof by contradiction, in analogy to the
demonstration of the backward direction of Proposition 2]
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Let us introduce s; : RIVZl = R,
s5j(vz) = Oy, logp(Vz).
The mean squared error equal to zero implies that s;(V) is constant in V, once R; is observed.

By contradiction, we assume that V}, A9 j_éUj VVi€Vp A9 and want to show that s, (V) is not

constant in Vz, given R; fixed. In this regard, we make the following observation: by definition of
residual in equation (13)), R;(Vz) = r; fixes the following distance:

R;(Vz) = N; — E[N;|Va ().

Hence, conditioning on R;(V7) doesn’t restrict the support of Vz: given R;(Vz) = r;, 3n; with
p(7;) > 0 (by assumption of strictly positive densities p; and px), that satisfies

ry =i — B[Njloz ),

for all vz ¢;;. Hence, the random variable V7| R;(Vz) = r; has strictly positive density on all points
vz where py, (vz) > 0. Now, consider vz and v, taken from the set of uncountable values such that
the score s; function is not a constant, meaning that s;(vz) # s;(v}), where V is sampled given
R;(Vz) = r;. Given that different v and v}, are selected from an uncountable subset of the support,
we conclude that the score s;|(R;(Vyz) = r;) = Oy, logp(Vz|R;(Vz) = r;) is not a constant for at
least an uncountable set of points, which contradicts equation 22). O

Proof of part (ii), forward direction. Given that V; is connected to V; in the marginal MAG and that
Voas ALEUIV Vi € Vpae, we want to show that for each V; C V with {V;,V;} C Vy, the
following holds:

E[0v, logp(Vz) — E[0v, logp(Vz)|R;(Vz) = r;]]* # 0. (23)
Let us introduce i : R — R such that:
E[0y, logp(Vz)|R;(Vz) = ;] = h(r;),
and further define:
Sj(Vz) = 8\/j logp(VZ).

Having the mean squared error in equation (23) equals zero implies that s, (V) is a constant, once
R;(Vz) is observed. Thus, the goal of the proof is to show that there are values of V such that the
score is not a constant once R; is fixed. By definition of residual in equation (I3), R;(Vz) = r; fixes
the following distance:

R;j(Vz) = Nj — E[N;|Vz\(]-
Hence, conditioning on R;(V7) doesn’t restrict the support of Vz: given R;(Vz) = r;, 3n; with
p(nj) > 0 (by assumption of positive density of the noise /V; on the support R), that satisfies

rj = iy — B[Njlvz (),

for all vz ¢;3. Hence, the random variable V7| R; (V) = r; has strictly positive density on all points
vz where py, (vz) > 0. Now, consider vz and v, taken from the set of uncountable values such that
the score s; function is not a constant, meaning that s;(vz) # s;(v}), where V is sampled given
R;(Vz) = r;. Given that different vz and v}, are selected from an uncountable subset of the support,
we conclude that the score s;[(R;(Vz) = r;) = Oy, logp(Vz|R;(Vz) = r;) is not a constant for at
least an uncountable set of points, such that the claim follows. O

Proof of part (ii), backward direction. Given that E[0y, logp(Vz) — E[0y, logp(Vz)|R;(Vz) =
r;]]? # 0 for all Vz C V such that {V;,V;} € Vy, and given V; and V; adjacent in the marginal
MAG, we want to show that ‘
Vbag J—ZU] V Vi & Vpyo.
J J
The prove comes easily by contradiction: say that V¢ JJ_CglUj A Vi € Vpag. Then, by the forward
J J
direction of part (i) of Proposition we know that Vz = V0 U {V}} satisfies E[0y, logp(Vz) —
E[0v, logp(Vz)|R;(Vz) = r;]]* = 0, leading to a contradiction. O
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C Algorithm

C.1 Detailed description of our algorithm

In Proposition[I| we have seen that score matching can detect m-separations and therefore the skeleton
of the PAG describing the data. If one is willing to make the assumptions required for Proposition 3|
it could be desirable to use this to orient edges, since the interpretation of PAG edges might be
cumbersome for people not familiar with ancestral models. Therefore, one could simply find the
skeleton of the PAG using the fast adjacency search [5] and then orient the edges by applying
Proposition [3|on every subset of the neighbourhood of every node. This would yield a very costly
algorithm. But if we make the assumptions required to orient edges with Proposition 3] we can do a
bit better. In Algorithm [2]we present an algorithm that still has the same worst case runtime but runs
polynomially in the best case. The main intuition is that we iteratively remove irrelevant nodes in the
spirit of the original SCORE algorithm [15]]. To this end, we first check if the is any unconfounded
sink if we consider the set of all remaining variables. If there is one, we can orient its parents and
ignore it afterwards. If there is no such set, we need to fall back to the procedure proposed above, i.e.
we need to check the condition of Proposition [3]on all subsets of the neighbourhood of a node, until
we find no node with a direct outgoing edge. In Proposition ] we show that this way we do not fail
orient edge or fail to remove any adjacency. In the following discussion, we will use the notation

§;(X7) = E[dvy, log p(Vz) — E[dy, log p(Vz)|R; (V) = 7517,
for the second residual from Proposition [3|and also
2
0;(Xz) = W
for the cross-partial derivative, where X;, X; € Vand Z C V.

Proposition 4 (Correctness of algorithm). Let X = VUU be generated by the SCM in Equation @)
with non-constant scores for uncountably many values. Let Gx be the causal DAG of X and Gy be
the marginal MAG of Gx. Then Algorithm E]outputs a directed edge from X; € V to X; € V iff
there is a direct edge in Gx between them and no unobserved backdoor path w.r.t. U. Further, the
output of Algorithm[2) has the same skeleton as Gy .

log p(vz)

Proof. We proof the statement by induction over the steps of the algorithm. Let S be the set of
remaining nodes in an arbitrary step of the algorithm. Our induction hypothesis is that for X;, X; € S
and X, € B; we have

1. X, is an unconfounded sink w.r.t. to some set S’ C S iff X, is an unconfounded sink w.r.t.
some S”" CV

2. ifthereisno S" C V'\ {X;, X;} such that X; Il X, |S’then X; € B;

Clearly, this holds in the initial step as S = V.

Suppose we find 6;(Xg) = 0 for X; € S. If X; has at least one adjacent node in M%, by
Proposition 3] we know that X; does not have any children and is also not connected to any other
node in S via a hidden mediator or unobserved confounder. This means, all nodes that are not
separable from X; must be direct parents of X;, which are by our induction hypothesis 2) the nodes
in B;. Since X; does not have children, it also suffices to check X; Il X;|S\ {X;, X;} for X; € B,
(instead of conditioning on all subsets of B;). So we can already add these direct edges to the output.
If, on the other hand, X; has no adjacent nodes in M‘g/, we have X; 1 X;|S\{X;, X;}for X; € B;,
so in both cases we add the correct set of parents. Since X; is not an ancestor of any of the nodes in
S\ {X;}, X; cannot be a hidden mediator or hidden confounder between nodes in S \ {X;} and
conditioning on X; cannot block an open path. Thus, the induction hypothesis still holds in the next
step.

Suppose now there is no unconfounded sink and we explore X;. By our induction hypothesis 2), B;
contains the parents of X; and by Proposition [3]it suffices to only look at subsets of B; to orient direct
edges. And also due to the induction hypothesis 2) B; contains all nodes that are not separable from
X;. So by adding bidirected edges to all nodes in B; can only add too many edges but not miss some.
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Algorithm 2 AdaScore Algorithm
procedure ADASCORE(p, X1,...,X3)

S+ {Xy,...,Xq} > Remaining nodes
E+~{} > Edges
for X; € Sdo
B, + {X1,..., X4} > Neighbourhoods
while S # () do > While nodes remain
if 3X; € 5:6;(Xs) =0 then > If there is an unconfounded sink
E+ FU{X; > X, :6;,;(Xg) #0} > Add edges like DAS
else
for X; € Sdo
for X; € B; do > Prune neighbourhoods

if 5i,j (Xs) = ( then
Bj « B; \ {Xi}
for X; € B; do > Orient edges in B;
m; = ming/cp, 6;(Xsru(x,})
m; =mingcp; 0;(Xsrugx;1))
ifm; =0Am; # 0 then
else if m; # 0 A m; = 0 then
EF+ EFU {Xl — XJ}
else
EF+— FEU {Xz < X]}
le'Xj € B;: (Xz — XJ) € FE then
continue with X;

else > X, has no unconfounded outgoing edge
S« S\ {X;} > Remove X;
break
for X; «+» X; € Edo > Prune bidirected edges

ifminS,gAdj(Xj) 6i,j(XS'U{X,i}) =0V minS/gAdj(Xj) (Si,j(XS’U{Xj}) = 0 then

return F

Now it remains to show that the induction hypothesis holds if we set .S to S\ {X;}. For 1) we need
to show that X; cannot be a hidden mediator or hidden confounder w.r.t. S\ {X;} (since ignoring
X; won’t change whether there is a direct edge or not). Suppose X is on a unobserved causal path
X — = U™ = Xy with X, X; € S\ {X;}and U™ € X \ (S\ {X;}). This path must have
been a unobserved causal path before, unless X; = U™. But then there is a direct edge X; — X;.
We would not remove X; from .S if this edge was unconfounded, so there must a hidden confounder
between X; and X;. But in this case, Proposition[3|wouldn’t allow us to direct the edge anyway, since
Vea, LgUl. Suppose there is confounding path X « --- — U™ — X, with X, X; € S\ {X,}
and U™ € X \ (S\ {X;}). If X; # U™ the path was already been a confounding path without X;
being unobserved. So again, there must be a confounder between X; and X, as otherwise we would
not remove X;. And analogously to before, we could not have oriented the edge even with X; € S
since Vpa, ,M_‘éUl. For 2) we only have to see that we just remove nodes from B; if we found an
independence.

For |S| < 2, the algorithm enters the final pruning stage. From the discussion above it is clear,
that we already have the correct result, up to potentially too many bidirected edges. In the final
step we certainly remove all these edges X; <+ X, as we check m-separation for all subsets of the
neighbourhoods Adj(X;) and Adj(X;), which are supersets of the true neighbourhoods.

O
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C.2 Finite sample version of AdaScore

All theoretical results in the paper have assumed that we know the density of our data. Obviously, in
practise we have to deal with a finite sample instead. Especially, in Proposition [T]and Proposition
we derived criteria that compare random variables with zero. Clearly, this condition is never met in
practise. Therefore, we need find ways to reasonably set thresholds for these random quantities.

First note, that we use the Stein gradient estimator [35]] to estimate the score function. This means
especially that for a node V; we get a vector

(G roenn) 24)

=1,....m
i.e. an estimate of the score for every one of the m samples. Analogously, we get am X d X d tensor
. 82
for the estimates of 77757~ log p(v).

In Proposition[T] we showed that
2

VoV,

In the finite sample version, we use a one sample t-test on the vector of estimated cross-partial
derivatives with the null-hypothesis that the means is zero. Due to the central limit theorem, the
sample mean follows approximately a Gaussian distribution, regardless of the true distribution of the
observations.

logp(vz) =0 <= X 1T V;IVz \ {Vi, Vj}.

For Proposition 3| we need to do some additional steps. Recall, that the relevant quantity in Propo-
sition [3|is the mean squared error of a regression, which is always positive. Therefore, a test for
mean zero is highly likely to reject in any case. We decided to employ a two-sample test in a similar
(but different) manner as Montagna et al. [[17]. As test, we used the Mann-Whitney U-test. Note,
that Algorithm [2]employs Proposition [3]in two different ways: first, to decide whether there is an
unconfounded sink and second, to orient edges in case there is no unconfounded sink. We pick a
different sample as second sample of the Mann-Whitney U-test.

Analogously to before, this is a vector with m entries, one for every sample.

Note, that in the case where we want to check if there is an unconfounded sink, we do not make any
mistake by rejecting too few hypotheses, i.e. if we miss some unconfounded sinks (instead, we only
lose efficiency, as we do the costly iteration over all possible sets of parents). Therefore, for this test
we chose a a second sample that yields a “conservative” test result.

As candidate sink for set S C V, we pick the node X; = min; mean(d;(Xg)). In fact, we want to
know whether the mean of §; is significantly lower than all other means. But we empirically observed
that choosing the concatenated Js of all nodes as second sample makes the test reject with very high
probability, which would lead our algorithm to falsely assume the existence of an unconfoudned sink.
Instead, we then pick as second “reference node” X; = min;.; mean(d;(Xz)). We then do the two
sample test between d; (X z) and §,(X 7). The intuition is that the test will reject the hypothesis of
identical means, if X; is an unconfounded sink but X; is not.

In the case where we use Proposition [3] to orient edges, we only need to decide whether an not
previsouly directed edge X; — X; needs to be oriented one way, the other way, or not at all. Instead,
here the issue lies in the fact that we need to iterate over possible sets of parents of the nodes. Let
B; be the set of nodes that have not been m-separated from X; by any test so far. We pick the
subset Z; = minz/cp, mean(diz /), i.e. the set with the lowest mean error. We then conduct the test
with §;(Xz,) and ;(Xz,). If there is a directed edge between them, one of the residuals will be
significantly lower than the other.

Just like Montagna et al. [17] we use a cross-validation scheme to generate the residuals, in order to
prevent overfitting. We split the dataset into several equally sized, disjoint subsamples. For every
residual we fit the regression on all subsamples that don’t contain the respective target.

Also, just like in the NoGAM algorithm Montagna et al. [[17] we add a pruning step for the directed
edges to the end. The idea is to use a feature selection method to remove insignificant edges. Just like
Montagna et al. [17], we use the CAM-based pruning step proposed by Bithlmann et al. [36], which
fits a generalised additive regression model from the parents to a child and test whether one of the
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additive components is significantly non-zero. All parents for which the test rejects this hypothesis
are removed.

C.3 Complexity

Proposition 5. Complexity Let n be the number of samples and d the number of observable nodes.
Algorithm[2)runs in

Q ((d2 —d) - (r(n,d) + s(n,d))) and O (d2 -24(r(n, d) + s(n, d))) ,

where 1(n, d) is the time required to solve a regression problem and s(n, d) is the time for calculating
the score. With e.g. kernel-ridge regression and the Stein-estimator, both run in O(n?).

Proof. Algorithm 2]runs its main loop d times. It first checks for the existence of an unconfounded
sink, which involves solving 2d regression problems (including cross-validation prediction) and
calculating the score, adding up to (2d? — d) regressions and d score evaluations. In the worst case,
we detect no unconfounded sink and iterate through all subsets of the neighbourhood of a node
(which is in the worst case of size d — 1) and for all other nodes in the neighbourhood we solve 2d
regression problems and evaluate the score. For each subset we calculate two regression functions,
the score and calculate the entries in the Hessian of the log-density, i.e. d - 2¢ regressions, d - 2471
scores and additionally 2¢~! Hessians. If we are unlucky, this node has a directed outgoing edge
and we continue with this node (with the same size of nodes). This can happen d — 1 times. So we
get (d? — d) - 2% regressions and (d? — d) - 2971 scores and Hessians. In the final pruning step we
calculate for every bidirected edge (of which there can be (d? — d)/2) a Hessian for all subsets of the
neighbourhoods, which can again be 2¢~! subsets. Using the pruning procedure from CAM for the
directed edges we also spend at most O (nd?) steps.

In the best case, we always find an unconfounded sink. Then our algorithm reduces to NoGAM.
O

D Experimental details

In this section, we present the details of our experiments in terms of synthetic data generation and
algorithms hyperparameters.

D.1 Synthetic data generation

In this work, we rely on synthetic data to benchmark AdaScore’s finite samples performance. For
each dataset, we first sample the ground truth graph and then generate the observations according to
the causal graph.

Erdos-Renyi graphs. The ground truth graphs are generated according to the Erdos-Renyi model.
It allows specifying the number of nodes and the probability of connecting each pair of nodes). In ER
graphs, a pair of nodes has the same probability of being connected.

Nonlinear causal mechanisms. Nonlinear causal mechanisms are parametrized by a neural network
with random weights. We create a fully connected neural network with one hidden layer with 10
units, Parametric ReLU activation function, followed by one normalizing layer before the final fully
connected layer. The weights of the neural network are sampled from a standard Gaussian distribution.
This strategy for synthetic data generation is commonly adopted in the literature [26} 18, [28| 29| 27].

Linear causal mechanisms. For the linear mechanisms, we define a simple linear regression model
predicting the effects from their causes and noise terms, weighted by randomly sampled coefficients.
Coefficients are generated as samples from a Uniform distribution supported in the range [—3, —0.5]U
[0.5, 3]. We avoid too small coefficients to avoid close to unfaithful datasets Uhler et al. [24].
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Noise terms distribution. The noise terms are sampled from a Uniform distribution supported
between —2 and 2.

Finally, we remark that we standardize the data by their empirical data. This is known to remove
shortcuts that allow finding a correct causal order sorting variables by their marginal variance, as in
varsortability, described in Reisach et al. [32], or sorting variables by the magnitude of their score
|0x, log p(X)|, a phenomenon known as scoresortability analyzed by Montagna et al. [18].

D.2 AdaScore hyperparameters

For AdaScore, we set the « level for the required hypothesis testing at 0.05. For the CAM-pruning
step, the level is instead set at 0.001, the default value of the dodidscover Python implementation of
the method, and commonly found in all papers using CAM-pruning for edge selection [[15 16} 17} 36].
For the remaining parameters. The regression hyperparameters for the estimation of the residuals are
found via cross-validation during inference: tuning is done minimizing the generalization error on
the estimated residuals, without using the performance on the causal graph ground truth. Finally, for
the score matching estimation, the regularization coefficients are set to 0.001.

D.3 Computer resources

All experiments have been run on an AWS EC2 instance of type p3.2xlarge. These machines
contain Intel Xeon E5-2686-v4 processors with 2.3 GHz and 8 virtual cores as well as 61 GB RAM.
All experiments can be run within a day.

E Additional Experiments

In this section, we provide additional experimental results. All synthetic data has been generated as
described in Appendix [D.1]

E.1 Non-additive mechanisms

In Figure[T] we have demonstrated the performance of our proposed method on data generated by
linear SCMs and non-linear SCMs with additive noise. But Proposition [T]also holds for any faithful
distribution generated by an acyclic model. Thus, we employed as mechanism a neural network-based
approach similar to the non-linear mechanism described in Appendix |D} Instead of adding the noise
term, we feed it as additional input into the neural network. Results in this setting are reported in
Figure[2] As neither AdaScore nor any of the baseline algorithms has theoretical guarantees for the
orientation of edges in this scenario, we report the F-score (popular in classification problems) w.r.t.
to the existence of an edge, regardless of orientation. Our experiments show that AdaScore can, in
general, correctly recover the graph’s skeleton in all the scenarios, with an F} score median between
1 and ~ 0.75, respectively for small and large numbers of nodes.

E.2 Sparse graphs

In this section, we present the experiments on sparse Erdos-Renyi graphs where each pair of nodes
is connected by an edge with probability 0.3. The results are illustrated in Figure [3] For sparse
graphs, recovery results are similar to the dense case, with AdaScore generally providing comparable
performance to the other methods.

E.3 Increasing number of samples

In the following series of plots we demonstrate the scaling behaviour of our method w.r.t. to the
number of samples. Figure [5] shows results with edge probability 0.5 and Figure f] with 0.3. All
graphs contain seven observable nodes. As before we observe that AdaScore performs comparably to
other methods. E.g. in Figures fa and [5b] we can see that the median error AdaScore improves with
additional samples and in all plots we see that no other algorithm seems to gain an advantage over
AdaScore with increasing sample size.
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Figure 2: Empirical results for non-additive causal mechanisms on sparse graphs with different numbers of
nodes, on fully observable (no hidden variables) and latent variable models. We report the F; score w.r.t. the
existence of edges (the higher, the better).
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Figure 3: Empirical results on sparse graphs with different numbers of nodes, on fully observable (no hidden
variables) and latent variable models. We report the SHD accuracy (the lower, the better).

25



adascore === camuv nogam rcd lingam

linear nonlinear
14 : 20.0 :
12 . . 175
10 15.0 o o
- . - 125 .
< 8 - - <
7] ©® 10.0
6 75
4 R : 50 -
2 . : 25
0 = 0.0 =
500 1000 1500 2000 : 500 1000 1500 2000
number of samples number of samples

(a) Fully observable model

linear nonlinear
20.0 : 20.0
17.5 175
15.0 ce e 15.0 .
o 12,5 . T 125 ¢ ° g
©® 10.0 o o ©10.0 °
75 ¢ 7.5
5.0 5.0
25 é 25
00 = 0.0 -
500 1000 1500 2000 500 1000 1500 2000
number of samples number of samples

(b) Latent variables model
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Figure 5: Empirical results on dense graphs with different numbers of samples and seven nodes, on fully
observable (no hidden variables) and latent variable models. We report the SHD accuracy (the lower, the better).
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E.4 Limitations

In this section, we remark the limitations of our empirical study. It is well known that causal discovery
lacks meaningful, multivariate benchmark datasets with known ground truth. For this reason, it is
common to rely on synthetically generated datasets. We believe that results on synthetic graphs should
be taken with care, as there is no strong reason to believe that they should mirror the benchmarked
algorithms’ behaviors in real-world settings, where often there is no prior knowledge about the
structural causal model underlying available observations.
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NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and precede the (optional) supplemental material. The checklist does NOT
count towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

* You should answer [Yes], ,or [NA].

* [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to " ", itis perfectly acceptable to answer " " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
" "or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: In the abstract, we claim that we connect the properties of the score function
to causal structure learning. In the paper, particularly sections [3| and [ we present the
theoretical results supporting our claim. Further, in the abstract we mention that based on
our theory we propose an algorithm for causal discovery from score matching estimation,
algorithm that we define in Section {.3] and we empirically validate in Section [5] and

Appendix [E]
Guidelines:
¢ The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The main limitation of our work is on the experimental side: our experiments
are limited to synthetic data, which are not an ideal probing ground. Additionally, our
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method does not provide performance that clearly improves on the existing literature. These
limitations of our work are discussed in the discussion of the experiments in Section 5] as
well as in the "Limitations" appendix section[E.4] Concerning the assumptions required by
our method, we thoroughly discuss them in the theoretical sections of the paper, where we
define the results that are later used for the definition of the AdaScore. Finally, computational
complexity is discussed in Appendix [C.3]

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

 The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to

address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: All our theoretical results make explicit the assumptions for which they are
valid. Plus, we in section Appendix [B|we provide the proofs of our theoretical results.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?
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Answer: [Yes]

Justification: In Appendix [D] we provide all the details to reproduce the data generation of
our experiments and the hyperparameters used in AdaScore for our experimental runs.

Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We provide the code for the experiments and the data generation in a zip file.
Further, we describe all the details for reproducing our experimental results in Appendix

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
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* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

 Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: In our experiments section [5] we present all the necessary details on the
data generation procedure and a description of the empirical results that are necessary for
understanding our findings. Additionally, a comprehensive overview of our experimental
design is presented in Appendix

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: We report all our experimental results in the form of boxplots.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
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10.

Answer: [Yes]

Justification: Details on the computer resources required for the experiments can be found
in Appendix [D.3]
Guidelines:

» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We do not believe any of the concerns in the Code of Ethics apply to our work.
Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: In this work, we present a novel causal discovery method from observational
data. We believe there are no specific negative societal impacts, while positive impacts are
those generally recognized to causal discovery, as discussed in the Introduction section [I]

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).
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11.

12.

13.

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: We release a causal discovery model from observational data which does not
poses such risks.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We use our proprietary assets, as well as public assets available under MIT
license, which we correctly cite in our work.

Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

¢ For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: We release the code for AdaScore, submitted in the form of a zip file containing
the necessary documentation for usage. Moreover, an extensive description of the data
generation is provided in the paper, as well as a description of the method itself.

Guidelines:

* The answer NA means that the paper does not release new assets.
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* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects

15.

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: We do not work with human subjects or crowdsourcing.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: We do not work with human subjects or crowdsourcing.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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