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Abstract

Online conformal prediction (OCP) wraps around any pre-trained predictor to produce pre-
diction sets with coverage guarantees that hold irrespective of temporal dependencies or
distribution shifts. However, standard OCP faces two key limitations: it operates in the
output space using simple nonconformity (NC) scores, and it treats all historical observations
uniformly when estimating quantiles. This paper introduces attention-based feature OCP
(AFOCP), which addresses both limitations through two key innovations. First, AFOCP op-
erates in the feature space of pre-trained neural networks, leveraging learned representations
to construct more compact prediction sets by concentrating on task-relevant information
while suppressing nuisance variation. Second, AFOCP incorporates a multi-head attention
mechanism that adaptively weights historical observations based on their relevance to the
current test point, effectively handling non-stationarity and distribution shifts. We provide
theoretical guarantees showing that AFOCP maintains long-term coverage while achieving
smaller long-term time-averaged prediction sets than standard OCP under mild regularity
conditions. Extensive experiments on synthetic and real-world time series datasets demon-
strate that AFOCP consistently reduces the prediction interval lengths by as much as 88%
relative to OCP and yields shorter intervals than the online counterparts of representative
offline CP designs for time series, while maintaining target coverage levels, validating the
benefits of both feature-space calibration and attention-based adaptive weighting.

1 Introduction

1.1 Context and Motivation

Uncertainty quantification has become increasingly critical as machine learning systems are deployed in
high-stakes applications such as autonomous vehicles, medical diagnosis, financial forecasting, and telecom-
munications (Gawlikowski et al., 2023; Angelopoulos & Bates, 2021; Simeone et al., 2025). While deep
neural networks and language models have achieved remarkable predictive accuracy, they often produce
overconfident predictions without reliable uncertainty estimates (Guo et al., 2017; Kadavath et al., 2022).
Traditional approaches to uncertainty quantification, such as Bayesian methods (Gal & Ghahramani, 2016;
Simeone, 2022; Huang et al., 2024) and ensemble techniques (Lakshminarayanan et al., 2017; Abbasli et al.,
2025), either require strong distributional assumptions or significant computational overhead, limiting their
practical applicability in streaming and resource-constrained settings.

Conformal prediction (CP) (Vovk et al., 2005; Shafer & Vovk, 2008) offers an attractive alternative aiming
at calibrating the uncertainty level of existing, pre-trained, models. This is done by augmenting a model’s
output with prediction sets or intervals that meet a desired miscoverage level. Specifically, given a target
miscoverage rate α, for any given pre-trained model, CP constructs prediction sets that contain the true
label with probability at least 1−α, without making any assumptions about the underlying data distribution
beyond exchangeability. This framework has gained significant attention in recent years due to its model-
agnostic nature and rigorous theoretical foundations (Angelopoulos et al., 2024).

However, the exchangeability assumption – that data points can be reordered without changing their joint
distribution – is frequently violated in time series and sequential prediction tasks. Temporal dependencies,
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concept drift, and distribution shifts are inherent characteristics of many real-world applications, including
financial markets, weather forecasting, and sensor networks. When exchangeability fails, standard CP meth-
ods can suffer from miscalibration, leading to prediction sets that either under-cover, failing to contain the
true value, or over-cover, producing excessively large, uninformative intervals.

To address non-exchangeability, online conformal prediction (OCP) (Gibbs & Candes, 2021) adapts the con-
formal framework by continuously updating miscoverage levels, or prediction confidence thresholds, through
feedback mechanisms. Unlike CP, whose coverage guarantees are probabilistic, OCP provides deterministic
long-term coverage guarantees. However, in practice, it still faces two important limitations:

1. Processing in the output space: OCP typically leverages simple confidence scores in the output space,
such as absolute prediction errors. This approach fails to leverage the rich semantic representations
learned by modern deep neural networks, potentially leading to overly conservative prediction inter-
vals.

2. Uniform weighting: OCP treats all historical observations uniformly when producing the current
prediction set, ignoring the fact that some past data points may be more relevant than others for
predicting uncertainty at the given time step.

The goal of this work is to address these limitations while preserving the online coverage guarantees of OCP.

1.2 Related Work

Conformal prediction in non-exchangeable and time-series settings. Building on the theoretical
foundational framework of Vovk et al. (2005), the literature on CP has developed along several directions,
including extensions to inductive (Papadopoulos et al., 2002) and cross-validation-based methodologies (Lei
et al., 2018; Cohen et al., 2024). More recent advances have extended CP to non-exchangeable settings. For
example, Barber et al. (2023) developed weighted CP (WCP) methods with explicit bounds on coverage
gaps under distribution drift, while Oliveira et al. (2024) proved that inductive CP remains approximately
valid for non-exchangeable processes (see also Tibshirani et al. (2019); Bhattacharyya & Barber (2024)).

For time series, Zecchin et al. (2024) and Lindemann et al. (2023) proposed methods that obtain coverage
properties on average over time series, while Xu & Xie (2021) and Xu & Xie (2023) introduced methodologies
that can leverage existing predictors to achieve asymptotic valid conditional coverage under given technical
assumptions. A complementary line of work studies cross-sectional and longitudinal validity for time-series
regression (Lin et al., 2022). Another line developed conformalized probabilistic forecasting via quantile
regression, producing prediction intervals that adapt to heteroscedasticity while retaining validity guarantees
(Romano et al., 2019; Jensen et al., 2024).

A central question in WCP is how to assign weights to historical observations. Early designs rely on hand-
crafted weights, such as likelihood ratios (Tibshirani et al., 2019) or exponential recency decay (Barber
et al., 2023). Subsequent work has explored learning the weights from data. Auer et al. (2023) proposed a
WCP method that uses an attention mechanism based on modern Hopfield networks to identify similar error
regimes in the output space. This approach relies on attention modules pre-trained offline on a held-out
calibration set, and operates within a split-conformal framework without updating the miscoverage level
during deployment. Lee et al. (2025) adopts a kernel-based weighting scheme as an alternative to attention.
Heurich et al. (2026) considers a weighting architecture that combines sparse retrieval, a mixture-of-experts
(MoE) gate, and a hypernetwork for large-scale time-series foundation-model benchmarks. Across these
designs, the weighting module is learned offline, and calibration happens in output space.

Finally, Teng et al. (2022) introduced feature CP (FCP), which extends conventional CP to operate in
semantic feature spaces by leveraging the inductive bias of deep representation learning. They demonstrate
provable improvements over output-space methods under reasonable assumptions, such as a stable feature
space and a smooth prediction head. Building on this feature-space perspective, Chen et al. (2024) combined
FCP with attention-based weighting in the spirit of Auer et al. (2023), similarly relying on an offline-trained
attention module and a fixed miscoverage level.
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Online conformal prediction and online learning under non-stationarity. Gibbs & Candes (2021)
introduced OCP, which continuously re-estimates miscoverage parameters using gradient descent to main-
tain long-term coverage under distribution shift. Follow-up work refined the miscoverage update through
automatic step-size tuning (Gibbs & Candès, 2024; Zaffran et al., 2022), proportional-integral-derivative
mechanisms (Angelopoulos et al., 2023), localization mechanisms (Zecchin & Simeone, 2024), and strongly
adaptive properties (Bhatnagar et al., 2023).

A separate line of work extended the OCP framework along structural dimensions: multi-model selection from
a candidate pool under distribution shift (Hajihashemi & Shen, 2025), selective inference when prediction
intervals are only required at certain time steps (Sale & Ramdas, 2025), feature-augmented residual predictors
that feed intermediate representations as auxiliary inputs while keeping calibration in the output space
(Huang & Qiu, 2025), and the extension to settings with multiple parallel time series, where calibration
draws on observations from other related series at the same time step (Tu & Giesecke, 2026). Across
these directions, calibration is typically performed in the output space, and learning-based weighting, when
introduced, is trained offline rather than updated online. To our knowledge, no prior work integrates feature-
space calibration, online-trained attention weights, and online miscoverage updates within a single framework,
which is the gap addressed by AFOCP.

More broadly, adaptation under non-stationarity and distribution shift has been studied in related sequential
settings. Recent work investigated adaptation under evolving conditions for sequential and time-series prob-
lems, often by leveraging temporal structure and incoming data (Su et al., 2024; Li et al., 2024; Yang et al.,
2025). Further work analyzed degradation under evolving distributions and studied selective reuse of past
information (Talbot et al., 2025; Wang et al., 2025). These works motivate incorporating data-dependent
notions of relevance when leveraging historical observations in sequential settings.

1.3 Main Contributions

In this paper, we aim to calibrate a pre-trained machine learning model to generate a prediction set that
includes the ground-truth label for a sufficiently large fraction of time. Specifically, as shown in Figure 1, we
consider an online setting in which input-label pairs {(Xt, Yt)}t=1,2,... arrive sequentially as a time series over
discrete time t. At time t = 1, 2, . . ., given a test input Xt, a pre-trained model µ(·), and the historical data
pairs {(Xτ , Yτ )}t−1

τ=1, our goal is to construct a prediction set that contains the true label Yt for a fraction at
least 100(1− α)% of the time.

As reviewed above, this goal can be attained by leveraging OCP and variants. This paper introduces
attention-based feature OCP (AFOCP), a novel framework that enhances OCP through two key innovations:

1. Feature-space OCP for compact prediction sets: We extend OCP to construct prediction sets in
the feature space of pre-trained neural networks. By computing confidence scores using learned
representations rather than output-space predictions, AFOCP exploits the inductive bias of deep
learning models to construct more informative prediction sets. Specifically, the feature extractor
allows AFOCP to concentrate on task-relevant information, while suppressing nuisance variation.

2. Attention-based adaptive weighting for non-stationary data: We incorporate an attention mecha-
nism that learns to assign relevance weights to historical observations based on their similarity to
the current test point in feature space. Unlike standard OCP, which treats all data in the calibration
window uniformly, our attention-based approach emphasizes past observations from similar distri-
butional regimes. The attention weights are learned online through an autoregressive prediction
task, where the model minimizes the error in predicting current nonconformity (NC) scores from
past scores, weighted by feature similarity. This enables AFOCP to adapt to distribution shifts and
temporal dependencies without requiring explicit change-point detection or regime identification.

Overall, our main contributions are as follows:
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• We propose FOCP, an online calibration approach operating in the learned feature space of a pre-
trained predictor. We further generalize FOCP to AFOCP by replacing uniform score aggregation
with multi-head attention-based weighting over recent observations.

• We establish deterministic long-term coverage guarantees in the online setting and show that FOCP
and AFOCP can attain smaller long-term time-averaged prediction sets than output-space OCP, or
its attention-based counterpart, AOCP, under some regularity assumptions.

• On synthetic and real-world time-series benchmarks, AFOCP consistently achieves the target cov-
erage, while markedly reducing the prediction interval length relative to OCP and to the online
counterparts of representative offline CP designs for time series. Ablations are provided to disentan-
gle the roles of feature-space calibration and attention-based weighting, showing how their relative
gains vary with the feature dimension and calibration window length.

The remainder of this paper is organized as follows. Section 2 reviews OCP. Section 3 introduces the AFOCP
framework, including feature-based NC scores, attention-based weighting, and theoretical guarantees. Sec-
tion 4 presents experimental results on synthetic and real-world datasets. Section 5 concludes with discussion
and future directions.

2 Online Conformal Prediction

OCP (Gibbs & Candes, 2021) extends the traditional CP framework (Vovk et al., 2005) by incorporating an
online update mechanism. In this setting, CP defines an NC score to measure the dissimilarity between the
model’s prediction µ(X) for an input X ∈ X ⊆ RDin and any candidate label Y ∈ Y ⊆ RDout , where Din
and Dout denote the dimensions of input and output variables, respectively. For regression tasks, a common
choice for the NC score is the absolute error, i.e.,

s(X, Y ) = ∥Y − µ(X)∥ . (1)

To adapt the method for streaming data, at time t, we calculate the (1−αt)-quantile of the NC scores using
a sliding window of the most recent L observations {(Xt−τ , Yt−τ )}L

τ=1. The prediction set for input Xt is
then constructed as

ΓOCP
t (Xt) =

{
Y ∈ Y : s (Xt, Y ) ≤ Q1−αt

(
L∑

τ=1

1
L + 1δs(Xt−τ ,Yt−τ ) + 1

L + 1δ+∞

)}
, (2)

where Qa(·) denotes the a-quantile of its argument and δb represents the Dirac delta function centered at b.
We assume that α1 ∈ [0, 1] and that the quantile function Qa is non-decreasing, with Qa = −∞ for a < 0
and Qa =∞ for a > 1.

For each prediction set ΓOCP
t (Xt) to achieve coverage probability 1 − α, i.e., P

(
Yt ∈ ΓOCP

t (Xt)
)
≥ 1 − α,

the data {(Xτ , Yτ )}t
τ=1 must be exchangeable, and we assume a fixed αt = α (Vovk et al., 2005). However,

this exchangeability assumption typically does not hold for time-series data. To address this, OCP further
updates the unreliability level αt in the quantile in (2) using the online rule (Gibbs & Candes, 2021),

αt+1 = αt + γ(α− errt), (3)

where γ denotes the step size, and the discrete error errt is defined as

errt =
{

1 if Yt /∈ ΓOCP
t (Xt),

0 otherwise.
(4)

This online update rule ensures that the predicted coverage probability converges to the desired level in the
long run. The following theorem provides a reliability guarantee for OCP.
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Figure 1: Overview of AFOCP and related baselines. (a) The goal of this work is to calibrate pre-trained
predictors by augmenting their outputs with prediction sets that contain the true label Y for a fraction
at least 100(1 − α)% of the time. (b) For any input X, the pre-trained model µ(X) = g ◦ f(X) maps
inputs X through the feature extractor f(·) and the prediction head g(·). (c) Nonconformity (NC) scores
can be evaluated in the output or feature spaces. (d) The NC scores can be combined to evaluate empirical
distributions and quantiles using either uniform weights or attention-based weights. (e) OCP (Gibbs &
Candes, 2021) uses output scores with uniform weights; feature OCP (FOCP) uses feature scores, while
retaining uniform weights; attention-based OCP (AOCP) keeps output scores but learns data-dependent
weights via attention; and attention-based feature OCP (AFOCP) combines feature scores with attention-
based weights. FOCP, AOCP, and AFOCP are introduced in this work, with AFOCP being the most general
of the three. (f) The attention mechanism in AOCP and AFOCP compares the current model feature with
past features to produce similarity-based weights that serve as data-dependent weights for calibration.

Theorem 1 (Proposition 4.1 (Gibbs & Candes, 2021)). The average error over time T ∈ N satisfies
the equality

1
T

T∑
t=1

errt = α + α1 − αT +1

Tγ
. (5)

In particular, as T →∞, the error converges to the desired level α, i.e.,

lim
T →∞

1
T

T∑
t=1

errt = α. (6)
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Proof: Expanding the recursion in (3) leads to (5). Since αt ∈ [−γ, 1 + γ] according to Lemma 4.1 in Gibbs
& Candes (2021), the long-term coverage in (6) holds.

3 Attention-based Feature Online Conformal Prediction

In this paper, we introduce AFOCP, a novel variant of OCP that leverages compact data representations
in the feature space in order to obtain more compact prediction sets and to learn relevance weights over
historical data to inform an attention-based quantile estimate.

3.1 Feature Online Conformal Prediction

As done in Teng et al. (2022) to introduce feature (offline) CP, we focus on pre-trained prediction models
µ(·), kept fixed throughout the online procedure, that can be decomposed as

µ(·) = g ◦ f(·), (7)

where the feature extractor f(·) maps the input X to the latent feature V̂ = f(X) ∈ RD with D denoting
the dimension of the feature, and the prediction head g(·) transforms these features into output predictions
Ŷ = g(V̂ ).

To any data pair (X, Y ) ∈ X × Y, we can thus associate two, generally different, features:

1) Model feature: The model feature is obtained by running the model in inference mode through the
feature extractor f(·) as

V̂ = f(X) (8)

2) Supervised feature: The supervised feature is obtained by running the model backward, starting
from the label Y through the inverse of the prediction head g(·) as

V ∈ g−1 (Y ) . (9)

Since function g(·) is generally many-to-one, any vector V in the inverse image g−1(Y ) can be
selected in (9).

The NC score function in the feature space is then defined as the difference between model feature and
supervised feature as (Teng et al., 2022)

sf(X, Y ) = inf
V ∈g−1(Y )

∥∥∥V − V̂
∥∥∥ , (10)

where the infimum operator is over all feature vectors in the inverse image (9) of the prediction head. We
discuss in Section 3.3 how to evaluate the scores (10) in practice.

Given a new test input Xt at time t, the proposed AFOCP scheme constructs a prediction set ΓAFOCP
t (Xt)

based on scores in the feature space for the latest observed L data pairs {(Xt−τ , Yt−τ )}L
τ=1. Specifically, the

prediction set for input Xt is constructed as

ΓAFOCP
t (Xt) =

{
Y ∈ Y : sf (Xt, Y ) ≤ Q1−αt

(
L∑

τ=1
wτ

t δsf(Xt−τ ,Yt−τ ) + wL+1
t δ+∞

)}
, (11)

where the quantile function Qa(·) and point mass δb are defined as in (2), while the weights {wτ
t }

L+1
τ=1 are

discussed next. Compared to the conventional OCP predictor in (2), AFOCP has the following distinguishing
characteristics:
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1) It leverages feature-based NC scores to evaluate the prediction set (11). This typically yields shorter
prediction sets because the learned representation f(X) concentrates task-relevant information and
suppresses nuisance variation, which reduces the dispersion of feature-based NC scores (Teng et al.,
2022). A smooth prediction head g maps this reduction to the output, while preserving the target
coverage. See Theorem 2 for a rigorous justification.

2) It introduces normalized weights {wτ
t }

L+1
τ=1 , with weight wτ

t assigned to the data point Xt−τ for
τ = 1, . . . , L. Ideally, a larger weight wτ

t should be assigned to a data point Xt−τ that is likely to
share a similar data distribution with the current test point Xt, thereby improving the accuracy of
the quantile estimation (Tibshirani et al., 2019; Barber et al., 2023; Auer et al., 2023; Chen et al.,
2024). The weights {wτ

t }
L+1
τ=1 satisfy the normalization condition

∑L+1
τ=1 wτ

t = 1 with each wτ
t ∈ [0, 1].

AFOCP applies a weight assignment strategy that follows an attention mechanism detailed in Section
3.2.

To maintain the long-term reliability, the unreliability level αt in (11) is updated via an online update rule
similar to (3), i.e.,

αt+1 = αt + λ(α− errf
t), (12)

where λ denotes the step size and the discrete error errf
t is defined as

errf
t =

{
1 if Yt /∈ ΓAFOCP

t (Xt),
0 otherwise.

(13)

3.2 Online Update of Weights via Multi-Head Attention

In AFOCP, the weights {wτ
t }

L+1
τ=1 in (11) are obtained via a multi-head attention mechanism based on an

MoE architecture, which aims at capturing the feature-space similarity between the current feature vector
f(Xt) and the feature vectors of the L most recent observations, i.e.,

V̂t−1:t−L = [f(Xt−1), . . . , f(Xt−L)]T . (14)

The mechanism is parameterized by a number M ≥ 1 of experts.

For each expert m ∈ {1, . . . , M}, we compute a per-expert, i.e., per-head, attention vector[
a

(m),1
t , . . . , a

(m),L
t

]T
= attention(m)(f(Xt), V̂t−1:t−L

)
∈ R1×L, (15)

where each attention coefficient a
(m),l
t quantifies the similarity of the feature vectors f(Xt) and f(Xt−l) under

expert m. Specifically, given two sequences
{

U1, . . . , ULq

}
and {V1, . . . , VLk

} with Ui ∈ RD and Vj ∈ RD,
the per-expert attention operator returns the RLq×Lk matrix whose (i, j)-th entry is

attention(m)( {U1, . . . , ULq

}
, {V1, . . . , VLk

}
)

(i,j) =
exp

(
β⟨UiW

(m)
q , VjW

(m)
k ⟩+ ∆(m)

ij

)∑Lk

j′=1 exp
(
β⟨UiW

(m)
q , Vj′W

(m)
k ⟩+ ∆(m)

ij′

)
, (16)

where W
(m)
q ∈ RD×D′ and W

(m)
k ∈ RD×D′ are the per-expert learned query and key embedding matrices

with latent dimension D′; β > 0 is a scaling factor; and ⟨·, ·⟩ denotes the standard Euclidean inner product
on RD′ . Here N (m)

i ⊆ {1, . . . , Lk} indexes the K keys most similar to query i,

N (m)
i = Top-K

j∈{1,...,Lk}

〈
UiW

(m)
q , VjW

(m)
k

〉
, (17)

that is, the indices of the K largest similarity scores, recomputed at every step so that different experts may
attend to different keys. The mask ∆(m)

ij equals 0 for j ∈ N (m)
i and −∞ otherwise, and the −∞ entries
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vanish under the softmax, so each query distributes its attention only over N (m)
i . In (15), these keys are the

L previous feature vectors, so N (m)
i is the set of lags l that expert m attends to.

The M per-expert attention vectors are then combined through a softmax gate

πm

(
f(Xt)

)
=

exp
(
⟨θm, f(Xt)⟩

)∑M
m′=1 exp

(
⟨θm′ , f(Xt)⟩

) , m = 1, . . . , M, (18)

parameterized by vector {θm}M
m=1 ⊆ RD, yielding a single attention vector

aτ
t =

M∑
m=1

πm

(
f(Xt)

)
a

(m),τ
t , τ = 1, . . . , L. (19)

In the output space, the multi-expert case (M > 1) of this mechanism corresponds to a lightweight instance
of Heurich et al. (2026), using its sparse retrieval and MoE gate but without the hypernetwork.

The combined attention coefficients are then re-normalized to obtain the weights used in (11) as[
w1

t , . . . , wL
t

]T = L

L + 1 ·
[
a1

t , . . . , aL
t

]T
, (20a)

and wL+1
t = 1

L + 1 , (20b)

where weight wL+1
t is assigned to the +∞ point mass in (11). A larger weight wτ

t indicates greater relevance
of the τ -th latest historical feature V̂t−τ to f(Xt).

The attention mechanism (16) depends on the per-expert embedding matrices {W (m)
q , W

(m)
k }M

m=1 together
with the gate parameters {θm}M

m=1 in (18). We propose to optimize these parameters in an online fashion.
To elaborate, for each time t, denote the NC scores evaluated on the most recent L pairs {(Xt−τ , Yt−τ )}L

τ=1
as

Sf
t−1:t−L =

[
sf(Xt−1, Yt−1), . . . , sf(Xt−L, Yt−L)

]T
,

with Sf
t = sf(Xt, Yt). (21)

The training loss takes the general form

Lt = ℓt

(
Sf

t, {wτ
t }L+1

τ=1
)
− κH

(
π(f(Xt))

)
, (22)

combining a data-fitting term ℓt dependent on the current NC score Sf
t and on the attention weights {wτ

t }L+1
τ=1

with an entropy regularizer of strength κ ≥ 0 on the combining distribution π used in (19). This term, given
by the Shannon entropy H(π) = −

∑M
m=1 πm log πm, discourages the combination (19) from collapsing onto

a single expert. The loss ℓt may be chosen as the squared prediction error (Auer et al., 2023; Chen et al.,
2024)

ℓsq
t =

(
Sf

t − Ŝf
t

)2
, with Ŝf

t =
L∑

τ=1
aτ

t Sf
t−τ , (23)

or as the pinball loss (Heurich et al., 2026)

ℓpb
t = ρ

(
Sf

t − q̂f
t

)
, with ρ(u) = max{(1− α)u, −αu} and q̂f

t = Q1−α

( L∑
τ=1

wτ
t δSf

t−τ
+ wL+1

t δ+∞

)
. (24)

The former encourages the weighted mean of past NC scores to predict the current score, while the lat-
ter directly targets the weighted quantile used in (11) at prediction time. The attention parameters
{W (m)

q , W
(m)
k }M

m=1 and {θm}M
m=1 are updated online by gradient descent to minimize the objective (22).
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Algorithm 1 AFOCP
Input: Data stream {(Xt, Yt)}t∈N; pre-trained machine learning model µ (·) = g ◦ f(·); target long-term
miscoverage α; step sizes λ and η; scaling factor β; number of gradient steps N

1: for each time step t do
2: Compute weights {wτ

t }
L+1
τ=1 via the attention mechanism (15)

3: Calculate the feature-based NC scores
{

sf (Xt−τ , Yt−τ )
}L

τ=1 using (25)
4: Form the weighted empirical distribution in (11) and compute its (1− αt)-quantile
5: Construct the prediction set ΓAFOCP

t (Xt) in (11) (see Section 3.1)
6: Update the miscoverage level αt using (12)
7: Train the attention mechanism attention(·, ·) online by minimizing the loss (22) over {W (m)

q , W
(m)
k }M

m=1
and {θm}M

m=1

3.3 Construction of the Prediction Set

A practical challenge in constructing the prediction set ΓAFOCP
t (Xt) in (11) lies in evaluating the feature-

based NC score sf(X, Y ) in (10) due to the need to evaluate the infimum operator. Following Teng et al.
(2022), we approximate the score sf(X, Y ) using gradient descent in the feature space. Initializing the
solution V at the model feature f(X) and using a step size η > 0 yields the update

V ← V − η∇V ∥g(V )− Y ∥2. (25)

We stop the gradient descent after a fixed number N of iterations, and denote the final iterate by V̄ . The
NC score is then approximated as Sf ≈ ∥V̄ − f(X)∥. Note that this is an upper bound on the true NC score
sf(X, Y ).

Another practical challenge is the composition of the set (11) given the most recent L feature-based NC scores{
sf(Xt−τ , Yt−τ )

}L

τ=1. In fact, when the label space Y is discrete and finite, as in classification tasks, one can
construct the set (11) by enumerating the possible labels Y ∈ Y. In contrast, when Y is continuous, as in
regression tasks, it is not generally feasible to calculate the NC scores sf (Xt, Y ) across all candidates Y ∈ Y.
Following Teng et al. (2022), we instead adopt a band estimation strategy based on linear relaxation based
perturbation analysis (LiRPA) (Xu et al., 2020). This scheme provides a certified upper-bound approximation
of prediction set (11) via linear relaxation. The resulting interval is then a computationally efficient outer
approximation of ΓAFOCP

t (Xt). We refer to Teng et al. (2022) for details.

3.4 Special Cases of AFOCP

In order to isolate and evaluate the effectiveness of feature-based NC scores and attention-based weights,
we also introduce two intermediate variants of OCP, namely, AOCP and FOCP, as illustrated in Figure 1.
These intermediate variants also serve as online counterparts of representative offline CP methods recently
developed for time series (Auer et al., 2023; Teng et al., 2022; Chen et al., 2024), as elaborated below.

3.4.1 AOCP

NC scores are computed in the output space as in OCP, but uniform weights are replaced by attention-based
adaptive weights. The prediction set is defined as

ΓAOCP
t (Xt) =

{
Y ∈ Y : s (Xt, Y ) ≤ Q1−αt

(
L∑

τ=1
wτ

t δs(Xt−τ ,Yt−τ ) + wL+1
t δ+∞

)}
. (26)

Unlike OCP, which uses uniform weights for the last L NC scores in (2), AOCP assigns data-dependent
weights via an attention mechanism. The weight generation follows the same procedure as AFOCP described
in Section 3.2, except that the NC scores in the loss function (22) are computed using (1) in the output
space instead of the feature space. AOCP can thus be regarded as an online version of the output-space
attention-based WCP method of Auer et al. (2023), in which the attention module is updated online instead
of being pre-trained, and the miscoverage level is updated via (3).
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3.4.2 FOCP

The weighting scheme remains uniform as in OCP, but NC scores are evaluated in the semantic feature
space. The prediction set is given by

ΓFOCP
t (Xt) =

{
Y ∈ Y : sf (Xt, Y ) ≤ Q1−αt

(
L∑

τ=1

1
L + 1δsf(Xt−τ ,Yt−τ ) + 1

L + 1δ+∞

)}
. (27)

That is, FOCP replaces the output-level NC score calculation in (1) with the feature-level counterpart defined
in (10). Following the same perspective, FOCP corresponds to an online version of feature-space CP (Teng
et al., 2022), with the fixed split-conformal calibration set replaced by a sliding window and the miscoverage
level updated via (3).

The full AFOCP scheme accordingly corresponds to an online version of the feature-space attention-based
WCP method of Chen et al. (2024), with the attention module updated online via (22) rather than pre-
trained, and the miscoverage level updated via (3). The resulting online procedure admits both a long-term
coverage guarantee and a time-averaged interval-length improvement, analyzed in Section 3.5.

3.5 Theoretical Guarantees

We now demonstrate that the proposed AFOCP scheme, summarized in Algorithm 1, ensures the desired
long-term coverage, while being provably more efficient in the long run than the vanilla OCP reviewed in
Section 2. First, similar to Theorem 1, we have the following reliability guarantee.
Corollary 1. The average error over T ∈ N obtained by FOCP and AFOCP satisfies the equality

1
T

T∑
t=1

errf
t = α + α1 − αT +1

Tλ
. (28)

In particular, we have the limit

lim
T →∞

1
T

T∑
t=1

errf
t = α. (29)

Proof: The proof follows directly from Theorem 1.

Second, to compare efficiency in terms of prediction interval length, we proceed under informal assumptions
analogous to those underlying Theorem 4 in Teng et al. (2022), together with a mild temporal-dependence
condition on the data stream. While a formal statement can be found in Appendix A, these assumptions
essentially require that: (i) the output-space quantiles induced by the feature-space construction remain
close to those based directly on output-space lengths; (ii) the mapping from feature space to output space
amplifies deviations between individual lengths and their quantiles; and (iii) the resulting output-space
quantiles are stable across calibration windows, with fluctuations diminishing as the window grows. This
yields the following result.
Theorem 2. Under the regularity conditions of Teng et al. (2022); Chen et al. (2024) together with a mild
condition on the temporal dependence of the data stream (see Appendix A), the time-averaged prediction set
sizes of FOCP and AFOCP over T ∈ N can be upper bounded by those of OCP and AOCP, respectively, as

1
T

T∑
t=1

∣∣∣ΓAFOCP/FOCP
t (Xt)

∣∣∣ ≤ 1
T

T∑
t=1

∣∣∣ΓAOCP/OCP
t (Xt)

∣∣∣+ ∆(T ), (30)

where ∆(T ) = O(T −1/2). In particular, we have the long-term limit

lim sup
T →∞

1
T

T∑
t=1

∣∣∣ΓAFOCP/FOCP
t (Xt)

∣∣∣ ≤ lim sup
T →∞

1
T

T∑
t=1

∣∣∣ΓAOCP/OCP
t (Xt)

∣∣∣ . (31)

Proof: Appendix A.
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3.6 Computational Complexity

We analyze the per-step computational complexity of AFOCP relative to OCP. Both methods share a
forward pass of the base predictor µ in (7) on the test point and an O(L log L) quantile computation over
the calibration window. Following the shallow two-layer architecture of Teng et al. (2022) and Chen et al.
(2024), one forward-backward pass through the prediction head g costs O(D2), and one LiRPA call on g
incurs the same order of complexity. Beyond the shared cost, AFOCP introduces three additional steps:
(i) for each of the L historical samples, N gradient descent iterations through the prediction head g to
approximate the feature-space NC score in (25), contributing O(LND2); (ii) a single LiRPA-based band
estimation step (Xu et al., 2020) per test point, which maps the feature-space quantile back to the output
space, as detailed in Section 3.3, contributing O(D2); and (iii) one online gradient update of the attention
parameters {W (m)

q , W
(m)
k }M

m=1 in (16) and {θm}M
m=1 in (18) on the loss (22), which is dominated by ML

similarity computations of cost O(DD′) each, contributing O(MLDD′). The update of αt in (3) is O(1).

Summing these contributions, the per-step complexity of AFOCP scales as

O
(
L log L + LND2 + MLDD′) , (32)

i.e., linearly in the window length L, the number of inner gradient steps N for NC score approximation,
the number of experts M , and the embedding dimension D′, and quadratically in the feature dimension D.
In exchange, AFOCP yields tighter prediction intervals as established in Theorem 2 and confirmed by the
experiments in Section 4.

4 Experimental Results

In this section, we empirically evaluate AFOCP and the baselines OCP, FOCP, and AOCP on one synthetic
and four real-world time-series datasets. As noted in Section 3, these four schemes correspond to online
versions of four representative CP designs for time series, namely (i) OCP (Gibbs & Candes, 2021); (ii)
feature-space CP (Teng et al., 2022) as FOCP; (iii) output-space attention-based WCP (Auer et al., 2023)
as AOCP; and (iv) feature-space attention-based WCP (Chen et al., 2024) as AFOCP. Their comparison
thus simultaneously isolates the contributions of feature-space calibration and attention-based weighting,
and benchmarks AFOCP against the online versions of these existing designs. We report time-averaged
coverage and time-averaged prediction interval length to verify the long-term coverage guarantees and to
assess the efficiency of the resulting prediction sets. By varying the calibration window length and feature
dimension, we also isolate the impact of attention-based adaptive weighting and feature-space calibration.

4.1 Setting

4.1.1 Datasets

Following the evaluation setting in Chen et al. (2024), we analyze the performance of OCP, FOCP, AOCP
and AFOCP (see Section 3) on synthetic data and four real-world benchmark time-series datasets:

• Synthetic data (Auer et al., 2023): We generate a multivariate time series of length 1500 with
alternating segments of variable lengths with different inputs and noise distributions. In particular,
at each time step t, the input Xt ∈ R50 and target Yt ∈ R50 are related as Yt = 10+HXt +εt, where
H ∈ R50×50 has i.i.d. entries drawn from N (0, 1/50). Each segment length is drawn uniformly from
the set {40, 41, 42, . . . , 80}. In a segment, the input Xt is a vector of all entries equal to 3 and the
noise is εt ∼ N (0, Xt/2I50); in the next segment, the next input Xt is a vector of all entries equal
to 21 and the noise εt has i.i.d. entries sampled from U(−Xt, Xt).

• Air quality (Zhang et al., 2017; Auer et al., 2023): This dataset provides hourly air quality
and meteorological measurements from the Tiantan station in Beijing from March 2013 to February
2017, totaling 35064 timestamps. At each time step t, we predict the current particulate-matter
concentration from an 11-dimensional input Xt built from other pollutant indicators, temperature,
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pressure, dew point, precipitation, wind speed, and wind direction encoded as two orthogonal com-
ponents scaled to [−1, 1]. The scalar target Yt alternates by contiguous segments between PM10
and PM2.5, with segment lengths uniformly sampled from the set {40, 41, 42, . . . , 80}, modeling a
single sensor that intermittently measures the two particulate indicators in separate intervals.

• Electricity (Harries et al., 1999; Barber et al., 2023): This dataset comprises half-hourly
records of electricity price, demand, and transfer for New South Wales and Victoria from 7 May
1996 to December 1998. Inputs Xt are given by the state-level electricity prices and demands. The
prediction target Yt is transfer, defined as the amount of electricity exchanged between the two
states. We retain observations in the time slot 09: 00–12: 00 and discard an initial transient period
with constant transfer, yielding 3444 time points.

• Bike-sharing (Teng et al., 2022): This dataset contains daily records from an urban bike-sharing
system from 2011 to 2012, comprising 731 days. At each time step t, the input Xt has 16 features
capturing calendar context, such as year, month, weekday, holiday status, working day status, as
well as weather conditions, such as air temperature, perceived temperature, humidity, wind speed,
and a coarse weather category. The target Yt is the total number of rentals per day.

• Wind speed (Xu & Xie, 2021; Dong et al., 2021): This dataset contains wind speed measure-
ments from wind farms operated by the Midcontinent Independent System Operator in the United
States, sampled every 15 minutes over one week in September 2020 and comprising 764 timestamps.
At each time step t, we use ten input features Xt and a two-component target Yt, with the in-
puts capturing contemporaneous values and short-term lags, and the targets describing future wind
conditions.

For datasets exceeding 2000 samples, we deterministically downsample to 2000 evenly spaced observations
while preserving temporal order, keeping the sequential online evaluation computationally tractable. We use
an 85%/15% train/test split and report results averaged over five random seeds for robustness.

4.1.2 Model training

We train a two-stage neural network (7) for regression, where both the feature extractor f(·) and the
prediction head g(·) are two-layer fully connected networks with ReLU activations and hidden size D. The
model is trained using the mean squared error (MSE) loss, optimized by Adam with a learning rate of
5× 10−4, a weight decay of 10−6, and a batch size of 64 for 10 epochs.

We further pre-train an attention module that assigns dynamic weights to historical observations based on
feature similarity. The input embeddings, produced by f(·), have dimension D and are mapped into query
and key vectors of dimension D′ = 32 with scaling β = 1/

√
D′, as in (16). The module is pre-trained on

the training set over a sliding window of length L by optimizing (22) with Adam (learning rate 10−3, weight
decay 10−6) for 80 epochs. During deployment, after each prediction the window slides forward by one
step and the module is fine-tuned online on the updated window (learning rate 10−4), enabling real-time
adaptation to distribution shifts. The miscoverage level is updated online with step size γ = λ = 0.05, and
each feature-space NC score (25) is approximated by N = 80 gradient steps of step size η = 10−3.

Unless otherwise specified, AOCP and AFOCP use single-head attention (M = 1). We additionally report
results for M = 5 experts. Each expert uses a top-K = 15 sparse support set N (m)

i and ℓ2-normalized
query and key projections measuring cosine similarity, with an entropy coefficient κ = 0.01 in (22) following
Heurich et al. (2026). We train M = 1 with the squared error (23) and M = 5 with the pinball loss (24).

4.1.3 Evaluation metrics

We adopt two standard metrics in OCP: time-averaged coverage and time-averaged prediction interval length,
which assess reliability and efficiency, respectively.

Consider a multi-dimensional response Yt = (Y (1)
t , . . . , Y

(i)
t , . . . , Y

(I)
t ) ∈ RI and its prediction set

Γ∗
t (Xt) ⊆ RI , where the length along each dimension forms a vector |Γ∗

t (Xt)| ∈ RI , with ∗ ∈
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Table 1: Time-averaged coverage (%) and time-averaged interval length at the end of the test sequence under
the default settings L = 100, D = 50, α = 0.1, averaged over five random seeds. The shortest length within
each of the output-space and feature-space methods is highlighted in bold.

Output-space methods Feature-space methods
OCP AOCP AOCP (M = 5) FOCP AFOCP AFOCP (M = 5)

Dataset Cov Len Cov Len Cov Len Cov Len Cov Len Cov Len
Synthetic 90.67 8.277 90.54 5.969 89.96 7.342 89.69 2.749 89.79 2.130 89.96 2.125
Electricity 91.34 2.022 90.67 1.651 90.54 1.971 91.07 0.205 90.54 0.169 90.54 0.154
Air quality 90.54 4.200 89.93 3.318 90.40 2.820 90.67 0.547 89.87 0.443 90.47 0.541
Bike sharing 98.15 3.022 91.30 2.729 93.52 2.678 96.85 0.313 89.63 0.283 91.67 0.314
Wind 93.10 4.805 90.17 3.910 89.20 4.347 92.21 0.499 90.73 0.418 90.62 0.400

{OCP, AOCP, FOCP, AFOCP}. The two metrics are defined as

Time-averaged coverage = 1
T

T∑
t=1

1 {Yt ∈ Γ∗
t (Xt)} , (33a)

Time-averaged interval length = 1
T

T∑
t=1

1
I

I∑
i=1
|Γ∗

t (Xt)|(i) , (33b)

where the subscript (i) in (33b) denotes the i-th dimension of vector Γ∗
t (Xt), i.e., the prediction interval

corresponding to response Y
(i)

t . The indicator function 1 {·} in (33a) takes 1 if all I entries of Yt lie within
the prediction interval, and (33b) also averages interval length across dimensions.

4.2 Performance Evaluation

We first compare the four methods OCP, FOCP, AOCP, and AFOCP, with AOCP and AFOCP additionally
evaluated at M = 5 experts, choosing the window length as L = 100, the feature dimension as D = 50, and
the target miscoverage rate as α = 0.1. Table 1 reports the time-averaged coverage and interval length at
the end of the test sequence, averaged over five random seeds, with the shortest length within each space in
bold. Across datasets, the long-term coverage of all methods remains close to the target level, as predicted
by Corollary 1. In terms of efficiency, the attention-based schemes consistently produce substantially shorter
intervals than OCP and FOCP at comparable coverage. Within each space, however, M = 1 and M = 5 do
not dominate each other. AOCP is shortest on three datasets versus two for AOCP (M = 5) in the output
space, and AFOCP (M = 5) is shortest on three versus two for AFOCP in the feature space. All pairwise
gaps between M = 1 and M = 5 remain within a factor of 1.3 across the five datasets.

The additional sparse top-K support and MoE gate introduce further trainable parameters whose benefit is
reported to scale with the size of the calibration stream (Heurich et al., 2026). The calibration windows used
here (at most 2000 points) are too small for these components to bring stable gains over single-head attention.
The two attention designs therefore yield comparable interval lengths in both spaces. Given that AFOCP
with M = 5 offers no consistent length advantage over AFOCP with M = 1 while requiring substantially
more trainable parameters and higher per-step inference cost (Section 3.6), the subsequent analyses focus
on AOCP and AFOCP under the default M = 1. The conclusions on window length and feature dimension
below concern the attention mechanism and apply equally to M = 5.

We evaluate OCP, AOCP, FOCP, and AFOCP on the five datasets described in Section 4.1.1 by showing
the time-averaged coverage in (33a) and the time-averaged interval length in (33b) as a function of time
T in Figure 2. For all datasets, we choose window length as L = 100, the feature dimension as D = 50,
and the target miscoverage rate as α = 0.1 (dashed line). Across datasets, the long-term coverage of all
methods converges to the target level, confirming the theoretical results in Corollary 1. In terms of efficiency,
feature-space calibration (FOCP and AFOCP) yields substantially shorter time-averaged interval lengths
than output-space calibration (OCP and AOCP), highlighting the advantage of operating in the space of
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Figure 2: Time-averaged coverage (left) and time-averaged interval length (right) of OCP, FOCP, AOCP,
and AFOCP versus time T across various datasets, with window length L = 100, feature dimension D = 50,
and target miscoverage rate α = 0.1.
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Figure 3: Time-averaged coverage (left) and time-averaged interval length (right) of OCP, FOCP, AOCP,
and AFOCP versus window length L for synthetic data and air quality datasets with feature dimension
D = 50 and target miscoverage rate α = 0.1.

task-aligned representations. Incorporating attention for adaptive weighting (AOCP and AFOCP) further
reduces interval lengths compared to uniform weighting (OCP and FOCP). The latter gain is particularly
pronounced for the synthetic dataset, which presents a higher degree of non-stationarity as compared to the
other datasets.

Figure 3 and Figure 4 report the performance at time T equal to the test sequence length for each dataset
of OCP, AOCP, FOCP, and AFOCP versus the window length L with D = 50 and α = 0.1, and versus
the feature dimension D with L = 100 and α = 0.1. For the window-length analysis, we include only
the synthetic and air-quality datasets, which share a similar structure in alternating segments, making the
results easier to interpret (see Section 4.1.1). As seen in the figures, coverage remains close to the nominal
level across all settings. Furthermore, feature-space calibration (FOCP and AFOCP) consistently achieves
shorter converged intervals than output-space calibration (OCP and AOCP), while attention-based weighting
(AOCP and AFOCP) provides additional reductions over each uniform weighting baseline (OCP and FOCP).

As also shown in Figure 3, increasing the window size L decreases the time-averaged interval length for
AOCP and AFOCP up to L = 80, after which further gains are negligible. This threshold coincides with the
maximum segment length over which the process is approximately stationary, as defined in Section 4.1.1.
Once the window covers a full segment, adding more history provides minimal gains. The use of attention
is particularly important when the window tends to contain a mix of different segments, i.e., when L > 80,
as in this case, attention can learn to assign larger weights to features within the same segment.

Finally, as shown in Figure 4, increasing the feature space dimension D widens the intervals for feature-space
calibration (FOCP and AFOCP), but narrows them for output-space calibration (OCP and AOCP). In the
former case, a larger dimension D has the dominant effect of introducing additional nuisance variations and
amplifying the approximation error in the inverse mapping used for feature-level NC scores, thus increasing
score dispersion and the resulting quantiles. In the latter case, a larger dimension D benefits performance
due to improved predictive fit of the underlying model, reducing residual errors and thus the output-level
quantiles.
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Figure 4: Time-averaged coverage (left) and time-averaged interval length (right) of OCP, FOCP, AOCP,
and AFOCP versus feature dimension D across various datasets with window length L = 100 and target
miscoverage rate α = 0.1.
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Complementary analyses are provided in the Appendix, covering the effect of different choices of training
loss (Appendix B), per-seed variability of the long-term metrics (Appendix C), rolling-window local behavior
(Appendix D), coverage behavior around regime changes (Appendix E), and a comparison of AFOCP with
its offline feature-space CP counterpart (Appendix F)

5 Conclusions

This work introduced AFOCP, a principled extension of OCP that calibrates uncertainty in the learned
feature space and adaptively reweights historical observations via an attention mechanism. By shifting
calibration from the output space to task-aligned representations and replacing uniform aggregation with
relevance weights, AFOCP reduces nuisance variation to concentrate NC scores in feature space and adapts
the quantile to the current test point. The result is a simple, modular, and effective approach to reliable
and efficient uncertainty quantification for non-stationary time series.

We established two guarantees. First, AFOCP attains the target long-term coverage. Second, under mild
regularity conditions, AFOCP yields smaller long-term time-averaged prediction sets than its output-space
counterpart. Experiments on synthetic and real-world time series support the theory: AFOCP maintains
nominal coverage while substantially reducing the prediction interval length relative to OCP and to the
online counterparts of representative offline CP designs for time series. The intermediate variants FOCP
and AOCP further isolate the contributions of feature-space calibration and attention-based weighting.

Future work includes richer attention architectures such as cross-attention and multi-scale designs (Vaswani
et al., 2017), adaptive selection of calibration history, and more efficient streaming implementations. Be-
yond attention, the proposed framework can in principle accommodate alternative weight-learning schemes,
including kernel-based reweighting (Lee et al., 2025) and query-conditioned retrieval metrics in the spirit of
Heurich et al. (2026), while the OCP-style update in (3) may be replaced by proportional-integral-derivative
controllers (Angelopoulos et al., 2023) for improved responsiveness under sudden distribution shifts. Fur-
thermore, extending the analysis to broader model classes, weaker assumptions, higher-dimensional inputs
such as images and video, panel data with multiple correlated time series (Tu & Giesecke, 2026), structured
outputs, and multivariate coverage criteria (Principato et al., 2026) is a promising direction.
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A Formal Description and Proof of Theorem 2

Our analysis builds on Theorem 6 in Teng et al. (2022) and Theorem 1 in Chen et al. (2024), with the
offline-to-online translation made rigorous via a concentration argument on the data stream. We start by
presenting key definitions for AOCP and AFOCP.

At time t, we use the most recent L observed data pairs {(Xτ , Yτ )}t−1
τ=t−L to compute NC scores, together

with non-negative normalized weights {wτ
t }

L+1
τ=1 for weighted quantile calculation.

AOCP. Let Mt−L:t−1 = {Mτ}t−1
τ=t−L denote the individual lengths in the output space for the latest L

data pairs, where Mτ = 2s(Xτ , Yτ ) and s(Xτ , Yτ ) is the NC score defined in (1). Thus, the prediction
interval length is Q1−αt

(Mt−L:t−1), where Q1−αt
(Mt−L:t−1) is the (1−αt)-quantile of the weighted empirical

distribution
∑L

τ=1 wτ
t δMt−τ

+ wL+1
t δ+∞, where δb is the point mass as in (2).

AFOCP. Let M f
t−L:t−1 =

{
M f

τ

}t−1
τ=t−L

denote the individual lengths in the feature space for the latest
L data pairs, where M f

τ = 2sf(Xτ , Yτ ) and sf(Xτ , Yτ ) is the feature-based NC score defined in (10). To
characterize the prediction length in the output space, we define H (M, X) as the individual output-space
length associated with input X given feature-space length M . Specifically, H (M, X) represents the length of
the set {g(U) : ∥U − f(X)∥ ≤M/2}, which maps the diameter M , centered at f(X), through the prediction
head g(·) and returns the maximal spread of the resulting outputs. Accordingly, the prediction interval
length of AFOCP is H

(
Q1−αt(M f

t−L:t−1), Xt

)
, where Q1−αt(M f

t−L:t−1) calculates the (1 − αt)-quantile of
the weighted empirical distribution

∑L
τ=1 wτ

t δM f
t−τ

+wL+1
t δ+∞. Without abuse of notations, operatingH on a

dataset means operating H on each data point in the set, e.g., H(M f
t−L:t−1, Xt−L:t−1) =

{
H(M f

τ , Xτ )
}t−1

τ=t−L
.

We assume the data stream {(Xt, Yt)}t≥1 is stationary and α-mixing with summable mixing rate∑∞
k=1 α(k) < ∞, a standard weak-dependence condition satisfied by common time-series models such as

AR, ARMA, and stationary Markov processes (Bradley, 2005; Rio, 2017). Let P denote the joint distribu-
tion of L + 1 consecutive observations under this regime, and let P L denote the marginal distribution of L
consecutive observations. We write (D, X0) ∼ P to denote a window D of L data pairs together with the
subsequent test point X0, and D ∼ P L to denote D alone. We use MD, M f

D, XD to denote the analogs of
Mt−L:t−1, M f

t−L:t−1, Xt−L:t−1 defined on D. Following Teng et al. (2022) and Chen et al. (2024), we then
present the formal description of Theorem 2.
Theorem 3. Assume the inequality that there exist constants β > 0 and R > 0 satisfying

|H(M, X)−H(M ′, X)| ≤ R |M −M ′|β (34)

for all X. Additionally, assume that there exist constants ϵ > 0, C > 0 such that for all α ∈ [0, 1], the
following regularity conditions hold:

1) Length Preservation: The output-space quantiles induced by the feature-space construction are
not significantly larger than the corresponding quantiles based directly on the output-space lengths,
namely,

ED∼P L

[
Q1−α(H(M f

D, XD))
]

< ED∼P L

[
Q1−α(MD)

]
+ ϵ. (35)

2) Expansion: The operator H (M, X) expands the differences between individual lengths and their
quantiles, namely,

R · ED∼P L

[
M
[ ∣∣Q1−α(M f

D)−M f
D

∣∣β ]]
< ED∼P L

[
M
[
Q1−α(H(M f

D, XD))−H(M f
D, XD)

]]
− ϵ− 2 max {R, 1}

(
C√
L

)min{β,1}

, (36)

where M[·] denotes the mean of a set.
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3) Quantile Stability: The quantile of the individual length is stable between a typical window D and
a realized window W of L data pairs from the stream, namely,

ED∼P L

∣∣Q1−α(M f
D)−Q1−α(M f

W )
∣∣ ≤ C√

L
, (37a)

ED∼P L

∣∣Q1−α(MD)−Q1−α(MW )
∣∣ ≤ C√

L
. (37b)

Finally, assume that |Γ∗
t (Xt)| is uniformly bounded for ∗ ∈ {OCP, FOCP, AOCP, AFOCP}.

Then there exists a non-negative correction ∆(T ) = O(T −1/2) such that, for all T ∈ N,

1
T

T∑
t=1

∣∣ΓAFOCP/FOCP
t (Xt)

∣∣ ≤ 1
T

T∑
t=1

∣∣ΓAOCP/OCP
t (Xt)

∣∣+ ∆(T ), (38)

with ∆(T )→ 0 as T →∞.

Proof: The proof proceeds in two steps. We first derive a population-level inequality from the regularity
conditions (35)–(37a). We then apply a concentration argument based on the mixing assumption to extend
this population result to the time-averaged inequality (38).

Step 1. Following the algebraic argument of Theorem 6 in Teng et al. (2022) and its weighted extension
Theorem 1 in Chen et al. (2024), we aim to establish the population-level inequality

E(D,X0)∼P
[
H(Q1−α(M f

D), X0)
]
≤ ED∼P L

[
Q1−α(MD)

]
. (39)

First, we rearrange the expansion condition (36) using the identity M[Q1−α(·)− ·] = Q1−α(·)−M[·], which
gives

ED∼P L

[
M[H(M f

D, XD)]
]

+ R · ED∼P L

[
M
[
|Q1−α(M f

D)−M f
D|β
]]

< ED∼P L

[
Q1−α(H(M f

D, XD))
]
− ϵ− 2 max{R, 1}

(
C√
L

)min{β,1}

. (40)

Next, we apply the Hölder condition (34) with M = Q1−α(M f
D) and M ′ = M f

D, and take the mean M and
expectation ED∼P L on both sides, which yields

ED∼P L

[
M[H(Q1−α(M f

D), XD)]
]
≤ ED∼P L

[
M[H(M f

D, XD)]
]

+ R · ED∼P L

[
M
[
|Q1−α(M f

D)−M f
D|β
]]

. (41)

Combining (40) and (41) eliminates the common terms and gives

ED∼P L

[
M[H(Q1−α(M f

D), XD)]
]

< ED∼P L

[
Q1−α(H(M f

D, XD))
]
− ϵ− 2 max{R, 1}

(
C√
L

)min{β,1}

. (42)

Applying the length preservation condition (35) to (42) cancels the ϵ term and gives

ED∼P L

[
M[H(Q1−α(M f

D), XD)]
]

< ED∼P L

[
Q1−α(MD)

]
− 2 max{R, 1}

(
C√
L

)min{β,1}

. (43)

Finally, by combining the quantile stability condition (37a), the Hölder condition (34), and stationarity of
the data stream, we have

E(D,X0)∼P
[
H(Q1−α(M f

D), X0)
]
≤ ED∼P L

[
M[H(Q1−α(M f

D), XD)]
]

+ R

(
C√
L

)β

+ C√
L

. (44)
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Substituting (43) into (44) yields

E(D,X0)∼P
[
H(Q1−α(M f

D), X0)
]

< ED∼P L

[
Q1−α(MD)

]
− 2 max{R, 1}

(
C√
L

)min{β,1}

+ R

(
C√
L

)β

+ C√
L

≤ ED∼P L

[
Q1−α(MD)

]
. (45)

Step 2. We introduce the bounded functionals

f1(W, X) = H(Q1−α(M f
W ), X), (46a)

f2(W ) = Q1−α(MW ), (46b)

so that the time-averaged interval lengths of AFOCP and AOCP can be written as

1
T

T∑
t=1

∣∣ΓAFOCP
t (Xt)

∣∣ = 1
T

T∑
t=1

f1(Wt, Xt), (47a)

1
T

T∑
t=1

∣∣ΓAOCP
t (Xt)

∣∣ = 1
T

T∑
t=1

f2(Wt), (47b)

where Wt = {(Xτ , Yτ )}t−1
τ=t−L. The joint sequence {(Wt, Xt)}t≥1 inherits the α-mixing property from the data

stream, so by standard concentration inequalities for bounded functionals of α-mixing sequences (Bradley,
2005; Rio, 2017), there exists a constant C ′ > 0 such that for i = 1, 2,∣∣∣∣ 1

T

T∑
t=1

fi(Wt, Xt)− E(D,X0)∼P [fi(D, X0)]
∣∣∣∣ ≤ C ′
√

T
. (48)

That is, the time average
∑T

t=1 fi(Wt, Xt)/T converges to the population expectation E(D,X0)∼P [fi(D, X0)]
at the standard O(T −1/2) rate.

Combining (47), (48), and the population-level inequality (39) yields

1
T

T∑
t=1

∣∣ΓAFOCP
t (Xt)

∣∣− 1
T

T∑
t=1

∣∣ΓAOCP
t (Xt)

∣∣ ≤ E(D,X0)∼P [f1(D, X0)]− ED∼P L [f2(D)] + 2C ′
√

T

≤ 2C ′
√

T
. (49)

Setting

∆(T ) = 2C ′
√

T
= O(T −1/2) (50)

yields the time-averaged inequality (38), with ∆(T ) → 0 as T → ∞. Taking {wτ
t }L+1

τ=1 uniform reduces
AOCP and AFOCP to OCP and FOCP, and the same argument applies.

B Effect of the Training Loss

Table 2 compares the two losses for each method, with M = 1 above the line and M = 5 below. At M = 1
the two losses are close, and the squared error gives the shorter interval on most datasets. At M = 5 the
pinball loss is shorter on all datasets for AOCP and on three of five for AFOCP, at comparable or closer-
to-target coverage. A plausible reason is that the pinball loss targets the deployed quantile directly, which
the higher-capacity M = 5 model can exploit, while the lower-capacity single-head model benefits from the
smoother squared error. The differences are modest, and AFOCP at M = 5 runs counter to this trend on
synthetic and electricity. We use the squared error at M = 1 and the pinball loss at M = 5.
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Table 2: Interval length under the squared error (23) and the pinball loss (24) for the attention-based
methods, with L = 100, D = 50, α = 0.1, over five seeds. For each method and dataset the shorter length
is in bold. The default M = 1 methods and the M = 5 methods are separated by the middle line.

Synthetic Electricity Air quality Bike sharing Wind
Method sq pb sq pb sq pb sq pb sq pb
AOCP 5.969 5.968 1.651 1.659 3.318 3.140 2.729 2.775 3.910 4.380
AFOCP 2.130 2.130 0.169 0.169 0.443 0.424 0.283 0.288 0.418 0.464
AOCP (M=5) 7.742 7.342 1.989 1.971 2.919 2.820 2.813 2.678 4.395 4.347
AFOCP (M=5) 2.008 2.125 0.153 0.154 0.554 0.541 0.330 0.314 0.406 0.400

Table 3: Time-averaged coverage and prediction interval length on the five datasets, with L = 100, D = 50,
α = 0.1. Each entry reports mean ± standard deviation over five random seeds, evaluated at the final time
step T . The smallest interval length on each dataset is shown in bold.

Dataset Method Coverage (%) Interval length

Synthetic

OCP 90.67± 0.80 8.28± 1.04
AOCP 90.54± 0.74 5.97± 0.76
FOCP 89.69± 0.63 2.75± 0.72
AFOCP 89.79± 0.45 2.13± 0.64

Air quality

OCP 90.54± 0.28 4.20± 0.39
AOCP 89.93± 0.24 3.32± 0.17
FOCP 90.67± 0.28 0.55± 0.09
AFOCP 89.87± 0.28 0.44± 0.10

Electricity

OCP 91.34± 0.60 2.02± 0.30
AOCP 90.67± 0.60 1.65± 0.25
FOCP 91.07± 0.74 0.21± 0.05
AFOCP 90.54± 0.65 0.17± 0.04

Bike-sharing

OCP 98.15± 0.93 3.02± 0.24
AOCP 91.30± 1.40 2.73± 0.25
FOCP 96.85± 1.06 0.31± 0.04
AFOCP 89.63± 1.78 0.28± 0.03

Wind

OCP 93.10± 0.40 4.81± 0.15
AOCP 90.17± 0.40 3.91± 0.11
FOCP 92.21± 2.02 0.50± 0.09
AFOCP 90.73± 1.48 0.42± 0.08

C Per-Seed Variability of Long-term Metrics

This section supplements Figure 2 by reporting the final time-averaged coverage and time-averaged prediction
interval length, together with their per-seed standard deviations over five random seeds.

Table 3 shows that all four methods attain the target coverage level 1 − α = 90% on every dataset, with
standard deviations below 2 percentage points on most datasets. AFOCP yields the smallest prediction
interval length on every dataset, with feature-space calibration providing the dominant reduction relative
to output-space methods and attention-based weighting yielding a further refinement. Moreover, the mean
± standard deviation ranges of FOCP and AFOCP do not overlap with those of OCP and AOCP on any
dataset, demonstrating that the efficiency advantage of feature-space calibration is statistically robust under
random initialization and consistent across the heterogeneous benchmarks considered.
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D Local Behavior under Rolling Windows

Long-term metrics can conceal local deviations from the target coverage, particularly around regime changes.
Let

ct = 1
W

t∑
τ=t−W +1

1{Yτ ∈ Γτ (Xτ )}

denote the rolling coverage at time t, with window size W = 50. This section visualizes ct and the corre-
sponding rolling interval length on the five datasets in Figure 5.

Figure 5 (left) shows the rolling coverage of the four methods on the five datasets. All four methods stay
close to the target 1−α = 0.9 throughout the trajectory. The attention-based methods AOCP and AFOCP
fluctuate less around the target than their uniform-weight counterparts, reflecting the ability of attention-
based weighting to adaptively reweight historical observations under local distribution changes. The effect is
most clearly visible on the synthetic, bike-sharing, and wind benchmarks. On the air-quality and electricity
benchmarks, the four methods are closer together, although AOCP and AFOCP still appear to track the
target slightly more closely.

Figure 5 (right) shows the rolling interval length on the same datasets. On every dataset, OCP yields
the largest rolling interval length, followed by AOCP, then FOCP, with AFOCP yielding the smallest. A
substantial gap appears between AOCP and FOCP, reflecting the transition from output-space to feature-
space calibration. The rolling length fluctuates more than the cumulative time-averaged length of Figure 2,
as expected, but this ordering is consistent across the entire trajectory. AFOCP therefore attains the smallest
interval length throughout, demonstrating that its efficiency advantage is sustained at the local time scale.

E Coverage Behavior around Regime Changes

This section examines the local coverage behavior around regime changes, complementing the trajectory-
wide view of Section D. We focus on the synthetic benchmark, whose regime changes are explicitly designed
and more pronounced than those in the real-world datasets.

For each regime change in the synthetic data, we extract the per-step coverage indicator 1{Yt ∈ Γt(Xt)}
within a window of ±15 time steps centered at the change point. We then average these aligned windows
across all regime changes and the five random seeds, and smooth the resulting curve by a moving average of
size five.

At the change point (offset 0), all four methods exhibit a coverage drop below the target. The uniform-weight
baselines OCP and FOCP drop more deeply, to approximately 70% and 76%. The attention-based methods
AOCP and AFOCP drop more shallowly, to approximately 84% and 82%, and remain closer to the target
throughout the recovery period. This complements the rolling-window observation in Section D, confirming
that attention-based weighting reduces the transient coverage drop following a regime change.

F Comparison with Offline Feature-Space CP

To isolate the contribution of online recalibration, we compare AFOCP against the feature-space attention-
based offline CP method of Chen et al. (2024), which shares the feature-space NC score construction with
AFOCP but pre-trains the attention module on a fixed calibration split and does not update αt online.
The two methods therefore differ primarily in whether {wτ

t }L+1
τ=1 and αt are updated online. Table 4 reports

empirical coverage and average interval length on the five datasets from Section 4, averaged over five seeds
at target α = 0.1.

AFOCP holds coverage within ±1% of the target on all five datasets, while the offline baseline deviates by up
to 3.15%. The interval-length comparison falls into three categories. First, on synthetic and bike sharing the
baseline produces shorter intervals than AFOCP but under-covers by 2.41% to 2.83%, reflecting the standard
coverage-length trade-off in CP. Second, on electricity AFOCP achieves both better-targeted coverage and
shorter intervals than the baseline (0.169 vs 0.208), and on wind the two methods produce nearly identical
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(d) Bike-sharing
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Figure 5: Rolling-window coverage (left) and rolling-window prediction interval length (right) versus time
step T across various datasets, with rolling window W = 50, calibration window length L = 100, feature
dimension D = 50, and target miscoverage rate α = 0.1.
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Figure 6: Coverage behavior of OCP, AOCP, FOCP, and AFOCP around regime changes on the synthetic
benchmark, with calibration window length L = 100, feature dimension D = 50, and target miscoverage
rate α = 0.1. The horizontal axis is the time offset relative to a regime change at offset 0, indicated by
the vertical dotted line. The dashed black line marks the target coverage 1 − α = 0.9. Curves report the
empirical coverage averaged over all regime-change windows and five random seeds, smoothed by a moving
average of size five.

Table 4: Empirical coverage (%) and average interval length at target coverage 90%, averaged over five seeds.
The offline baseline of Chen et al. (2024) deviates from the target by up to 3.15%; AFOCP holds coverage
within ±1% on all five datasets.

Offline (Chen et al., 2024) AFOCP (this work)
Dataset Coverage Length Coverage Length
Synthetic 87.17 1.626 89.79 2.130
Electricity 93.15 0.208 90.54 0.169
Air quality 92.28 0.319 89.87 0.443
Bike sharing 87.59 0.250 89.63 0.283
Wind 89.03 0.424 90.73 0.418

lengths (0.418 vs 0.424). Third, on air quality the baseline produces shorter intervals than AFOCP despite
over-covering by 2.28%; this is the only dataset where AFOCP’s improved coverage tracking does not also
translate to a length advantage, reflecting the trade-off between online adaptivity and length efficiency on
datasets where a fixed calibration is already well-aligned with the test distribution. Since the two methods
share the feature-space NC score, the differences in coverage tracking are attributable to the online update
of {wτ

t }L+1
τ=1 and αt.
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