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Abstract

Streaming Principal Component Analysis (PCA) without explicit matrix materialization
faces a fundamental bottleneck when sequential observations are corrupted by homogeneous
spectral offsets and unstructured errors. Traditional stochastic approximation algorithms
typically falter in this regime: their fixed-step schedules are heavily penalized by the inflated
overall operator norm, whereas adaptive scaling strategies suffer from severe deceleration due
to vanishing updates.To circumvent these limitations, we propose a discrete-time optimization
framework driven by skew-symmetric generators. By their algebraic nature, these skew-
symmetric flows completely filter out uniform diagonal perturbations, guaranteeing exact
immunity to the o] term at every discrete integration step. Consequently, both the
optimization trajectory and the algorithmic stability threshold are governed strictly by the
traceless component of the underlying covariance. By leveraging the strict-saddle property
of the objective alongside input-to-state stability tools, we establish global convergence and
robust sample efficiency against unstructured noise. Furthermore, through a rigorous analysis
of the dynamics around degenerate subspaces, we demonstrate rapid saddle-point evasion,
culminating in comprehensive finite-time performance guarantees.

1 Introduction

Matrix-free eigendecomposition is the problem of recovering the eigenbasis of a covariance operator from
sequential observations via matrix—vector products (MVP). Classical streaming methods such as Oja’s
rule (1982); PJain et al] (2016) address the dominant-subspace case (top-k PCA); this work considers full
simultaneous diagonalization [Helmke & Moore| (2012) under high isotropic noise.

However, the effectiveness of classical algorithms rests on an implicit premise: the observations have high
signal-to-noise ratio (SNR), or the background noise can be easily peeled off Mitliagkas et al| (2013)); Marinov
let al] (2018). This premise breaks down in several frontier examples, including Hessian spectrum monitoring
in LLM training [Zhang et al| (2024)); [Liao & Mahoney] (2021)) (where weight decay and damping introduce
a large I shift), differentially private PCA [Liu et al] (2022)); [Dong et al] (2022); [Balle & Wang (2018])
(where the Gaussian mechanism injects o2 noise), and non-stationary sensor arrays corrupted by thermal or
radiation backgrounds.

In these regimes, the failure of stochastic approximation is structural rather than merely numerical. As the
background intensity o2 dominates the signal A, the spectral ratio p = (Ao + 02)/(\; + 02) approaches
unity [Jain et al| (2016); [Liang] (2023), forcing the algorithm into a state of asymptotic freezing where
convergence time scales linearly with noise magnitude. Simultaneously, stability constraints dictate a passive
step size n o< 1/0? |Shamir (2016)); [Karandikar & Vidyasagar| (2024)), rendering the system unresponsive to
transients. Extrinsic remedies are computationally disqualified under the matrix-free oracle: trace-denoising
via Hutchinson estimators [Meyer et al| (2021)); Skorski (2021)); [Dharangutte & Muscol (2021) incurs a
prohibitive O(c?) oracle cost to recover a valid descent direction, while adaptive optimizers |Henriksen &|
Wardl (2019); [Demir & Dogan| (2025)) normalize the gradient magnitude without correcting its noise-biased
direction.
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We resolve this geometric deficiency by constructing a discrete state-dependent double-bracket flow
(1991)); [Helmke & Moore| (2012)); [Wegner (1994); [Glazek & Wilson| (1993); |Gluzal (2024). The core of our
approach is the generator Q(M) = [A, D], with A = M "CyM and D = diag(A). Exploiting the Lie bracket
identity [al, ] = 0, this generator enforces Qc1ar = Q¢. Unlike methods that estimate and subtract noise,
this algebraic structure renders the isotropic component O',%I invisible to the update dynamics. The discrete

trajectory depends exclusively on the trace-free covariance C., achieving exact pathwise o2-invariance.

Contributions

1. Stepwise Exact Invariance. The discrete trajectory {My} and Lyapunov values {f(Mj)} are
pointwise invariant to {o7}. The maximal stable step size depends solely on the signal energy,
Nmax X 1/||Ce||3, independent of the noise floor (Theorem iv))

2. ISS-Based Robustness. We establish input-to-state stability (2008)) for the discrete
dynamics (Theorem [4.3)). The steady-state error is governed exclusively by the trace-free perturbation
| Ee|l, decoupling convergence accuracy from o3.

3. Deterministic Saddle Escape. Using the explicit Givens-rotation structure |Golub & Van Loanl

2013) at degenerate blocks (Proposmon, we prove a theoretical O(log(1/()) escape rate, strictl
—m et al ‘01 );

1mprov1ng upon the generic O(log*(1/¢)) dependence of perturbed gradient descent |J
(2021)). In practice, the algorithm escapes saddles naturally via gradient descent; the Givens
formula provides the theoretical guarantee.

4. Dissipation Channel Condition. We characterize the geometric necessity for o-free stability
(Section[6)): any generator achieving such invariance must align with the commutator Q = [A, diag(A)].

Scope We address eigendecomposition under the MVP oracle v — Civ with observation model Cy =
Csig+ 031+ Ej,. Per-iteration cost is O(n) MVPs and O(n?) arithmetic; structured (non-isotropic) backgrounds
are outside our scope. The term “matrix-free” refers to the access model (no explicit storage of C}), not
computational speedup—our advantage lies in surviving high-noise regimes where baselines fail.

2 Related Work

Online Eigensolvers and Trace Denoising. Oja’s algorithm remains the canonical baseline for
online principal component analysis, with convergence depending critically on the spectral ratio p = Ao/
let al.| (2016);|Allen-Zhu & Li| (2017); |Shamir| (2016). When isotropic noise 021 contaminates the covariance, the
effective ratio approaches unity, inducing asymptotic freezing. Recent extensions—including Markovian data
handling [Kumar & Sarkar (2023)), heteroscedastic noise [Gilman et al) (2025)), adaptive step sizes
& Ward (2019), sparse PCA [Kumar & Sarkar| (2024), and robust formulations [Bienstock et al.| (2022);
Diakonikolas et al] (2023)—mitigate sensitivity to unknown scale or adversarial corruption but retain explicit
o-dependence in their bounds. A natural remedy is trace estimation [Skorskil (2021)); [Meyer et al) (2021));
[Woodruff et al. (2022), yet achieving sufficient precision for eigenbasis recovery incurs O(c*/A?) oracle calls
per iteration, making it the dominant cost. Our approach bypasses estimation entirely: the commutator
algebraically annihilates 021 before it enters the dynamics.

Double-Bracket Flows. The continuous double-bracket flow X = [X, [X, N]] was introduced by Brock-
ett [Brockett] (1991)) for matrix diagonalization, with comprehensive treatment in Helmke and Moore
[Moore| (2012). Recently, Gluza revived discrete approximations for variational quantum circuits.
These works focus on diagonalizing static matrices; the commutator’s shift-invariance ([al, -] = 0) is typically
inconsequential. We repurpose this property for sequential observations with time-varying, unknown isotropic
backgrounds—the shift-invariance becomes the mechanism that renders J,%I invisible to the trajectory.

Riemannian Optimization and Saddle Escape. Optimization under orthogonality constraints is
naturally formulated on Stiefel or orthogonal group manifolds [Absil et al| (2008), with the Cayley transform
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providing structure-preserving retractions [Li et al.| (2020)); |Ablin et al.| (2024). Stochastic Riemannian methods
almost surely avoid saddle points under mild conditions [Hsieh et al| (2023). Our algorithm fits this framework
but with a state-dependent generator Q = [A, diag(A)], which invalidates standard fixed-target analyses. For
saddle escape, perturbed gradient descent requires O(log*(1/¢)) iterations [Jin et al| (2017); [Zhang & Li
(2021)); our approach exploits explicit Givens-rotation escape directions at degenerate blocks [Nowak et al.
(2024), improving complexity to O(log(1/¢)) deterministically.

Jacobi Diagonalization and Plane Rotations. Classical Jacobi sweeps |Golub & Van Loan| (2013)
iterate Givens rotations that zero off-diagonal entries of A = M TCM. Each 2 x 2 rotation is shift-invariant
([alzx2, -] = 0), suggesting potential o2-immunity. However, Jacobi requires O(n?) entry accesses per sweep—
incompatible with the MVP constraint. Our commutator flow aggregates all O(n?) rotation directions into a
single MVP-based update while preserving shift-invariance.

3 Problem Setup and o-Immunity Structure

3.1 Observation Model
We consider matrix-free eigendecomposition under the observation model
Ch. chig—l—O',%I—l-Ek, (1)

where Cyie € R™*™ is the signal covariance with distinct eigenvalues A; > --- > A, the sequence {ai}kzo
represents time-varying isotropic background intensities (potentially unbounded), and E} is an anisotropic
perturbation. Access is restricted to matrix—vector products v — Cyv.

The trace-free projection tf(X) := X — wl satisfies tf(c21) = 0. Define C, := tf(Cyg) and E. := tf(E).
3.2 Diagonalization Objective on SO(n)

Let M € SO(n) be the optimization variable. Define

A(M):=M"C.M, D(M) := diag(A), (2)
= gl off (A%, off(4):=A—-D. (3)

~

—~

B
|

Then f(M) = 0 iff M diagonalizes C., i.e., M is an eigenvector matrix of Cgg (up to permutation and sign).

3.3 Commutator Generator and o2-lmmunity

Define the generator € : SO(n) — so(n) by the double-bracket (commutator) structure [Brockett| (1991);
Helmke & Moore (2012)):

Q(M) = [A(M), D(M)] = AD — DA. (4)
The entrywise expression is €;; = (A,; — A;)A;; for i # j. The Riemannian gradient of f on SO(n) is
grad f(M) = —MQ(M) |Absil et al (2008]).

The following theorem establishes the core algebraic structure that renders the dynamics immune to isotropic
noise.

Theorem 3.1 (o?-Immunity). Let the observation sequence be Cy, = Cyg + 021 + Ej, where {o2} is an
arbitrary time-varying sequence (including impulses or unbounded). Then:

(i) Algebraic Identity: For any o € R and M € SO(n):

| Qcvar(M) = Qe (M), (5)

(ii) Trajectory Invariance: The discrete trajectory { My} generated by {Ci} coincides pointwise with the
trajectory generated by {Cgsig + Ei}.
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Algorithm 1 Cayley Double-Bracket Flow (Matrix-Free)

Require: My € SO(n), step sizes {n;}, Neumann order K (default: 3-4)
1: for k=0,1,2,... do
Y« Cpy My, > n matrix—vector products

2
3 Ap +— MJY]C, Dy + diag(Ak)

4: Qp  ApDyp — DAy > Commutator
5 X LQp, SIT+X+X*4--+XK

6: M]H_l(*MkS(I‘FX)

7: end for

i) Input Bound: Define the effective input Uy, = Qc, (M) — Qc., x). Then:
i) Tnput Bound: Define th tive input Uy := Qc, (My) — Qe (My). Th
1Ukllr < 4[|Cell2]| Bekll 7 + 2] e | 7 (6)
where E, = tf(Ey). The bound is independent of 0.
i) Stability: The mazimal stable step size satisfies Nmax = c with Lc = ¢, ||Ce||3 and ¢, = 2+/n + 8,
jv) Stability: Th imal stable step size sati 1/L¢ with L C.l|3 and 2 8
independent of {o3}.

The proof follows from the bilinearity of the Lie bracket and induction on the discrete trajectory; see

Appendix [B] This invariance holds pointwise, covering impulse noise, unbounded sequences, or any time-
: 2

varying oj.

3.4 Cayley Retraction and Algorithm

The Cayley map Cay : so(n) — SO(n) [Li et al.| (2020); |Absil et al.| (2008) is
Cay(X) = (I - 3X)" (I +1iX). (7)

The discrete update is
My 11 = My - Cay(neS), Q. := Qo (Myg). (8)

By Theorem (ii), the trajectory {M}} is pointwise invariant to {o7}.

Matrix-Free Implementation. In matrix-free settings, (I — X)~! is computed via Neumann series (Golub
& Van Loan| (2013) truncated at order K € {3,4}. The truncation error satisfies ||Cay — CayX)||p = O(pK+1)
with orthogonality defect O(p?5+2) for even K (Corollary. This error is absorbed into the ISS noise ball
(Proposition and dominated by observation noise; the o-invariance is preserved since the truncation
operates on the already o-free generator Q.

Each iteration requires O(Kn?) = O(n?) operations with K € {3,4}. In practice, the step size n = ¢/||C||3
with ¢ < 1 is always valid since ||Ck|l2 > ||Ce||2; the o2-immunity ensures this does not degrade convergence.

4 Input-to-State Stability and Sample Complexity

This section establishes quantitative convergence guarantees for Algorithm [[} We adopt an input-to-state
stability (ISS) framework |[Sontag] (2008): the algorithm is viewed as a dynamical system with the perturbation
sequence {Ej} as input. All proofs appear in Appendix@l

4.1 Spectral Separation Domain

Let g := min;«; |A\;(Ce) — A;(Ce)| denote the spectral gap. For § € (0, g), define

Ns :={M € SO(n) : 6(M) > 4§}, (9)
(M) i= min [ Aa(M) ~ A3 (M) (10)

As M approaches a diagonalizer of C., we have §(M) — g.
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4.2 Spectral Sandwiching

Lemma 4.1 (Spectral Sandwiching). In Nj: 26° f(M) < [|Q(M)||% < 8||C.||3f(M).

Proof. in[C2] O
4.3 Discrete Lyapunov Descent

The Cayley retraction introduces discretization error. The following lemma shows that f remains a Lyapunov
function under appropriate step size.

Lemma 4.2 (Discrete Lyapunov Descent). Let Lo := ¢, ||Cel|3 with ¢, = 2y/n+8. Forn < 1/L¢:

F0) < 7059 - (1= T2 ) Il (1)

The step size bound fmax = 1/L¢ depends only on ||Cel|2, not on {07 }.

Proof. see[D.]] O

4.4 Discrete ISS Theorem

Combining Lemmas and yields an ISS recursion for y := \/ f(My).

Theorem 4.3 (Discrete ISS). Let U := supy, |Ux||r. Under n < 1/Lc and My, € N, there exist constants
c1,co > 0 such that:

Y1 < (1= 10n) y + c2||Cel2n U. (12)

Iterating this recursion gives the steady-state noise ball:

limsup v/ f(My) < 71 (U) := calCellz U. (13)

2
k—o0 Clé

The radius r; depends on [|Ce||2, J, and U—all trace-free quantities. The isotropic sequence {2} does not
appear.

Proof. see[D.3] and [D-4] O

4.5 Domain Radius and Non-Escape Condition

To ensure the trajectory remains in Ny, we need an explicit domain radius.
Lemma 4.4 (Domain Radius). Recall g = min;x; |X;(Ce) — X;(Ce)| from Section[f.4 For any § € (0,9):

g—29
Rs = ———— .
T 2V2||Ce |2

Moreover, §(M) > g — 2+/2f(M) for all M € SO(n).
Theorem 4.5 (Non-Escape Condition). If the initial condition and noise level satisfy:
V f(Mo) +ry(U) < Rs, (15)

where rf(U) is the steady-state radius from Theorem and Rs is the domain radius from Lemma then
the trajectory never exits Nj.

(14)

Proof. see [E3] for both O
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4.6 Sample Complexity

Theorem 4.6 (Sample Complexity). Assume E[||Ug||% | Fr] < 02. With decreasing step size n, = c/(k+ko):

u

C

E[f(M)] < 1
FO08)] < (16)
2, ENE 2
9= (LGB ELEIR)) -
0" e
All quantities are independent of {o2}; standard methods incur (o?) variance.
Proof. see[D.0] O

5 Global Convergence via Strict Saddle Geometry

The preceding analysis is local: Theorems [1.3] and [f.6 assume the trajectory remains in Aj. This section
establishes that the algorithm enters and stays in this domain from almost all initializations. Proofs appear
in Appendix [C]

5.1 Critical Point Characterization

We begin by characterizing the critical points of f on SO(n).

Lemma 5.1 (Critical Point Characterization). M € SO(n) is a critical point of f iff Q(M) = 0. Equivalently,
foralli#3j:
(Aj; — Ai)Aij =0, A= MTCEM. (18)

Lemma 5.2 (Critical Point Dichotomy). At any critical point M of f:

(a) Global Minimum: If off(A) =0, then f(M) =0 and M maps eigenvectors of Ce to the standard
basis (up to permutation and sign).

(b) Degenerate Block: If off(A) # 0, then there exist indices i < j such that A;j # 0 and A;; = Ajj.

Proof. From equation if A;; # 0 for some ¢ # j, then A;; = Aj;. If no such pair exists, then A is
diagonal. 0

5.2 Givens Escape Formula

By Lemma non-optimal critical points have degenerate blocks with A;; = A;; and A;; # 0. Such points
admit an explicit escape direction via Givens rotations |Golub & Van Loan| (2013)).

Proposition 5.3 (Givens Escape Formula). At a degenerate block with A;; = Aj; and b := A;; # 0, let

=:=FE;; — Ej; € so(n). The Lyapunov function along the geodesic Me'= satisfies:

f(Me'=) = f(M) — b*sin?(2t). (19)

Consequently:
(%) 8f‘of(MetE) = -8 <0.
(1) Amin(Hess f(M)) < —4b* < 0 (strict saddle).

(iii) Deterministic escape: A single step with t = 7 /4 reduces f by exactly b>.
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Proof. The Givens rotation G(t) = e'= acts as a 2 x 2 rotation in the (i, j)-plane. Under A;; = Aj;, the (i, j)
entry evolves as A;;(t) = beos(2t). Since only A;;(t)? changes in f =3 _ A7

f(Me™=) = f(M) — b* 4+ b? cos?(2t) = f(M) — b*sin?(2t).
The second derivative at ¢ = 0 gives (i); the eigenvalue bound (ii) follows from ||Z|% = 2. O

Remark 5.4 (Complexity Improvement). Generic perturbed Riemannian gradient descent requires O(log*(1/¢))
iterations for saddle escape [Jin et al.| (2017]). The explicit Givens structure yields O(log(1/¢)); the deterministic
strategy in Proposition (iii) achieves constant steps.

Proposition 5.5 (Strict Saddle Property). When C. has distinct eigenvalues, every critical point of f on
SO(n) is either a global minimum (f =0) or a strict saddle (Amin(Hess f) < 0). No spurious local minima
ezist. See Appendiz[Q

5.3 Morse—Bott Structure

The non-optimal critical sets have a precise geometric structure [Bott| (1954)). At a critical point, define the
block partition m = {I1,...,Ix} where i ~ j < A;; = A;;. By Lemma the critical condition equation
implies that A is block-diagonal with respect to .

Proposition 5.6 (Hessian Signature). On each non-optimal critical stratum, the Hessian decomposes on the
normal bundle:

o Cross-block directions: positive curvature (dimension Za<5 MaMmg);

« Within-block directions: negative curvature along Givens generators (dimension ) (mq —1)).
The Morse index equals ) (mq — 1) > 1 for any non-global-minimum critical point. See Appendix @

5.4 Global Convergence

Combining the strict saddle property (Proposition [5.5)) with the Y.ojasiewicz inequality [Lojasiewicz| (1963)
yields global convergence. Recent work [Tsuzuki & Ohkil (2025)) establishes similar global convergence for
Oja’s flow under general initialization; our analysis differs in the state-dependent generator and o2-invariance
structure.

Theorem 5.7 (Almost Sure Global Convergence). Assume C. has distinct eigenvalues. For Haar-distributed
My € SO(n), the iterates My, of Algorithm [ converge to the global minimum set {M : f(M) = 0} with
probability 1.

Proof sketch. The proof relies on three ingredients: (i) Lojasiewicz inequality [Lojasiewicz (1963)) for real-
analytic gradient flows ensures convergence to a single critical point; (ii) the strict saddle property (Propo-
sition implies all non-optimal critical points have negative Hessian directions; (iii) by finite Whitney
stratification [Whitney| (1992)), the center-stable manifolds of saddle strata have codimension > 1, hence Haar
measure zero. See Appendix [C] O

5.5 Finite-Time Domain Entry

The following provides an explicit bound for entering the spectrally separated domain Ny defined in Section@

Theorem 5.8 (High-Probability Finite-Time Entry). Define fenter := (9_8@2 and Yo = 32 - fj;é)f). For
any ¢ € (0,1), with probability > 1 —(:
Z(f(MO) - fenter) Cn

¢
+ log —"
7753 Moc C

Tcntcr(C) S (20)

where €4 > 0 is the gradient threshold and c,, ¢}, depend only on n. See Appendz'x
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Table 1: Baseline failure mechanisms under streaming observation Cy = Cge + 02I. Here A = \; — \g is the
spectral gap.

Method Update Failure Mechanism Iteration Complexity As o2 — 00
2 2
Subspace Iteration M1 = qf (Cr My) p= ij 1 ZQ —1 at ZU logé Q(0?)
) 14+n0%. 1
- Misr = qf (I M, =1 log = Q(o?
QR-Oja k+1 = af (I +nCr)My) 7 1T no? —0 A 08 _ (%)
Euclidean SGD M1 = qf (M —nGE) TN (G)||/IITr(Gr)|| 2 0%/8  Requires n = O(1/0?) Q(a?)
C tat Mp11 = My - Cay(nS Q =Q ||C‘3H§1 1 o1
ommutator et = My - Cay(9) it = Q0 el L 1)

The first term accounts for gradient descent phases; the second for saddle escape. Once the trajectory enters
N, the ISS analysis of Section E| applies, and the sample complexity bound equation @ governs the remaining
convergence.

Corollary 5.9 (Two-Phase Complexity). The total iteration count to reach e-accuracy with probability

>1—( is:
Oe 2 V enter
Ttotal(ga C) = Tenter(C) + @ (H 52||2 10g fg : ) . (21)
See Appendiz[EZ)

6 Baseline Limitations and Lower Bounds

We now show why the commutator structure is necessary: baselines suffer Q(o?) iteration complexity, and any
o-free algorithm must align with the commutator. Specifically, we require two properties (see Appendix
for formal definitions):

e (P1) Pathwise o-Immunity: The update map satisfies ®(-,C' + 02I) = ®(-, C) step-by-step.
o (P2) o-free ISS: The contraction rate and steady-state radius are independent of o2.

6.1 Baseline Algorithm Class

We consider algorithms of the general form M1 = qf (M) + nZi) where gf(-) is QR orthogonalization and
Zy, depends on the full observation Cj, = Cgg + o2I:

Definition 6.1 (Baseline Methods).

(i) Subspace Iteration: M1 = qf (CyMy,)
(i) QR-Oja: M1 = qf (I +nCy)My)
(iii) Euclidean SGD: M1 = qf (My — 0V f), Vuf =2C MOy

6.2 Baseline Failure Analysis

Table [[] summarizes why each baseline fails to achieve o-independent convergence.

Proposition 6.2 (Signal Vanishing [Golub & Van Loan| (2013)). For Subspace Iteration with C = Cyg + 01,
the contraction factor p = (Mo + 02)/(A1 + 0°) satisfies 1 —p = A/(A\1 +02) — 0 as 0% — co. The iteration
count to reach precision ¢ is k > log(1/€)/log(1/p) = Q(a?/A).

Proposition 6.3 (Gradient Contamination [Edelman et al.| (1998);|Absil et al.| (2008))). The Fuclidean gradient
Gg =2CMO has tangent-normal decomposition Nl (Gg) = —MQ (o-free) and Iy (Gg) = M{A, O} with
0N |l = O(c?||O||F). Algorithms using G directly require step size n = O(1/a?) for stability, yielding
Q(0?) iterations.
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Remark 6.4 (Trace Estimation is Not a Remedy). One might attempt to recover Cy;s via C=C- (tT(E)/ n)I

using Hutchinson’s estimator |[Skorskil (2021)). However, to achieve error [tr(C) — tr(C)| < e with probability
> 1—(, the estimator requires m > 20 /(ne?¢) MVP queries per iteration (Appendix|F.2.3). The commutator
achieves exact o2-elimination algebraically at zero additional cost.

6.3 Dissipation Channel Necessity

The ISS analysis reveals that o-free convergence requires the generator to be aligned with the commutator.
We formalize this as the dissipation channel condition.

Definition 6.5 (Dissipation Channel). A tangent generator K (M) € so(n) is a dissipation channel for

the Lyapunov function f(M) = 1| off(M TCM)||% if there exists v > 0 such that:

(M), K(M))p 2 AIQM) |7 VM € Ns. (22)

The condition equationensures that the generator K is uniformly aligned with the commutator Q = [4, D],
which is the negative Riemannian gradient direction of f.

Proposition 6.6 (Necessity of Dissipation Channel Alignment). Consider a Lie-group algorithm M1 =
My, - R(ni K (My, Ck)), where R is any first-order retraction (Cayley/polar/exp) and K € so(n) is a continuous
generator. If there exist constants a,b > 0 independent of o such that for all sufficiently small n:

F(My) = f(Mys1) > anll|7 = onl| Q|2 | UsllF — O(?), (23)

then K must be a dissipation channel: (M), K(M, Csg)) > al|Q(M)||3% for all M € Nj.

Proof. The first-order descent of f along direction K is:
F(My) = f(Mye41) = n(QUMy), K) + O(n?),

where we used grad f(M) = —MQ(M). Achieving the o-free descent rate an|€||? requires (Q, K) >
al| Q[ H

Corollary 6.7 (Structural Implication). If at any M € N5 we have (M), K(M)) =0 (i.e., K L Q), then
no uniform a > 0 exists, and o-free ISS is impossible. Consequently, achieving properties (P1) o?-immunity
and (P2) o-free 1SS requires the generator to be aligned with the commutator Q = [A, D).

Remark 6.8 (Uniqueness of the Dissipation Direction). The necessity result does not claim that the generator
formula is unique, but that the dissipation direction must lie in the cone aligned with = [A, D]. The
natural choice is K = Q itself, which defines our commutator-Cayley method. Any other valid generator
must satisfy equation 22] and is therefore structurally equivalent.

6.4 Minimax Lower Bound

We formalize the iteration complexity gap as a minimax statement over the class of non-filtering algorithms.

Definition 6.9 (Non-Filtering Algorithm Class). An algorithm A belongs to the non-filtering class Axg
if its update direction depends on the full observation Cy = Cjq + 021 rather than a o-invariant projection.
Equivalently, A does not satisfy the o2-immunity property (Theorem [3.1]).

Theorem 6.10 (Minimax Lower Bound [Tsybakov| (2009)); [Yu (1997)). For target precision € on the n = 2
instance Cgig = diag(A1, A2) with gap A = A — Aa:

o2 1
. f L2 >c. 1 — 24
Juf s Qale;0%) > ¢ A log -, (24)

where Q A(g;02) is the iteration count required by A to achieve precision €, and ¢ > 0 is an absolute constant.
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(a) All methods: Signal vanishing in baselines b) Commutator methods: o-immunity verified
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Figure 1: Iterations to convergence vs. o2 (n = 10, 5 seeds). Left: All methods. Commutator methods
remain flat at ~ 1600 iterations; Raw Oja fails for ¢ > 10. Right: Commutator only, confirming O(1)
complexity.

Proof sketch. The n = 2 diagonal case provides a hard instance. For Subspace Iteration, the exact recursion
tan 01 = p - tan Oy, with p = (\a + 02)/(\1 + 02) yields k = Q((\; + 02)/A) -log(1/¢). Since the adversary
can choose o2 arbitrarily large, the bound follows. See Appendix O

Corollary 6.11 (Complexity Separation). The commutator method achieves Qecomm(g) = O(]|C.||3/ A% -
log(1/¢)) independent of o2. For o® > ||C.||3/A, the separation factor is:

Qbaseline -0 ( U2A ) )

_vbaselne — 25
Qoo AL (25)

2

In high-noise regimes where 0* = a||Cyigll2 with o >> 1, the commutator method is faster by a factor of Q(a).

7 Experiments

We empirically validate three claims: (1) the algebraic o2-immunity translates into identical trajectories and
constant iteration complexity; (2) baseline methods exhibit the predicted 2(c?) degradation; (3) practical

regimes favor commutator-based methods. Full experimental protocols and additional results appear in
Appendix [H]

7.1 Setup and Baselines
Signal Model. We construct Cgis = QAQ T with Q ~ Haar(SO(n)) and A = diag(n,n —1,..., 1), yielding

spectral gap g = 1. Observations are C' = Cgjg + o2l with o2 € {0,1,10,100,500,1000}. Convergence is
declared when f(Mj) < 1076,

Baselines. (i) Cayley: our method with L = 3 Neumann terms; (ii) Riem-Polar/QR: commutator
direction with alternative retractions; (iii) TF-Oja: Oja on tf(C); (iv) Raw Qja: standard Oja |Ojal (1982);
(v) Subspace Iteration (SI) (Golub & Van Loan| (2013)). All commutator methods use n = 0.1/[|C||3;
baselines use n = 0.1/||C/|2.

7.2 Summary of Findings

Appendix [H| reports 14 experiments (E1-E14) validating our theoretical predictions. We highlight the main
empirical conclusions:

10
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Figure 2: Mechanism diagnostics. (a) Oja and commutator directions are uncorrelated: P(cos€ < 0) = 0.50.
(b) SI contraction ratio p — 1 as 02 — co. (c) Haar-distributed My yields E[6(Mj)] =~ 0.016g. (d) Wall-clock
crossover at o2 & 300.

Algebraic Properties (Theorem [3.1). (E1) Trajectory difference between o2 = 0 and o2 = 10° remains
< 10712, confirming exact pathwise invariance. (E2) Under 108-magnitude pulses, Cayley displacement ratio
= 1.0; SI/Oja diverge.

Convergence (Theorems 4.6). (E3) ISS steady-state error scales as ||E.|r (R* > 0.99). (E4)
Convergence rate matches O(1/k): log-log slope = —0.98 £+ 0.03. (E5) Lyapunov descent holds for 7 < nmax;
ascent observed at 11 > 1.2nax.

Global Convergence (Theorems 5.8). (E6) Haar initialization yields E[0(Mp)/g] = O(1/n). (E9)
No escape for ||E.||r < 0.05. (E11) 100% success from Haar initialization (100 seeds). (E12) Domain entry
in 247 £ 89 iterations.

Technical Validation. (ET7) Lipschitz bound Lo < ¢,||C.||3 verified (ratio ~ 3%). (E8) Direction alignment
P(cosf < 0) = 0.50: commutator # Oja. (E10) QR vs Polar retractions differ by < 0.4%.

Baseline Degradation (Table . (E13) Wall-clock crossover at o2 ~ 3-10; baselines fail for o2 > 100.
(E14) SI contraction p = 0.990 at o2 = 100; Raw Oja fails for o2 > 10.

7.3 lteration Complexity

Figure [1| presents the primary result. The left panel shows iterations versus o2 on log-log axes. Cayley
requires 1594 + 97 iterations regardless of o2—a flat line spanning four orders of magnitude. Riem-Polar
and Riem-QR are statistically indistinguishable (< 0.4% difference, p > 0.8), confirming that the generator
direction dominates over retraction choice.

Raw Oja exhibits the predicted O(0?) degradation: from 9,372 iterations at o = 0 to complete failure at
02 > 10. TF-Oja achieves immunity by manually removing trace, but incurs 18% higher iteration count than
Cayley—reflecting the gap between Euclidean and Riemannian gradients.

11
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The near-constant profiles across o2 € [0,1000] empirically confirm Theorem (ii).

7.4 Mechanism Verification

Figure ] provides diagnostic evidence for the theoretical mechanisms:

(a) Direction Independence. Oja’s direction CM and commutator M[A, D] are essentially orthogonal:
P(cosf < 0) =0.498 £ 0.016. The commutator is not a “better Oja” but a fundamentally different descent
direction that happens to be o-invariant.

(b) Baseline Signal Vanishing. SI contraction ratio p = (A2 + 02)/(A\1 + 0?) matches theory: p = 0.981
at 02 = 100, requiring O(100) times more iterations than at o2 = 0.

(c) Imitialization Safety. Haar-distributed M, places 6(My)/g ~ 0.016, well within the domain of
attraction for § = 0.01g. Combined with E11 (100% convergence), this justifies random initialization.

(d) Practical Crossover. At n = 20, Cayley maintains 2.3s wall-clock across all 02; Raw Oja degrades
from 0.18s to 11.2s and fails at o2 > 500. The crossover at o2 ~ 300 lies within DP-PCA and Hessian
monitoring regimes.

8 Conclusion and Broader Impact Statement

We introduced a discrete double-bracket flow for matrix-free eigendecomposition that achieves exact o2-
immunity. The algorithm attains global convergence from strict-saddle geometry and ISS analysis. Experi-
ments across 14 configurations validate all theoretical predictions.

Limitations and When to Use. The O(n?) per-iteration arithmetic (vs. O(n?) for power iteration) limits
scalability to n < 103. The method’s value lies in surviving regimes where baselines fail (6 > ||Cyig[|2), not
in outperforming them when o2 ~ 0. When the MVP oracle is expensive (implicit covariance, distributed
systems), arithmetic overhead becomes negligible. Immunity applies only to isotropic noise; structured
perturbations require separate treatment.

Stiefel Extension. The shift-invariance extends to the Stiefel manifold St(k, n) for top-k subspace tracking.
The Brockett-type objective f(M) = tr(M T CM N) with antisymmetric N has Riemannian gradient satisfying
Vufletar = Vufle (Proposition . This reduces per-iteration cost from O(n?) to O(kn), enabling
scalability to n ~ 10 with k < n.

As a fundamental algorithmic contribution, this work does not target specific societal applications. While
the improved robustness could theoretically be used in surveillance or adversarial settings dependent on
spectral tracking, the algorithm itself is general-purpose. We are not aware of any immediate negative societal
consequences or ethical concerns specific to this theoretical work beyond the general risks associated with
advancing machine learning capabilities.
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Notation and Problem Setting

Throughout the appendices, we use the following unified notation.

Observation Model
We consider matrix-free streaming eigendecomposition with observation sequence:
Cr = Osig + U]%I + L, (26)

where:

o Csg € R™": true signal covariance (symmetric, with distinct eigenvalues A\ > --- > \,,);
¢ 07 > 0: isotropic noise variance (time-varying, potentially unbounded);
o Ej: anisotropic perturbation (zero-mean, bounded ||E||r < ).

This setting imposes two independent constraints:

1. Matrix-Free: Only matrix-vector products v — Cjv are accessible; explicit matrix entries are
unavailable.

2. Streaming: Observations arrive sequentially; precomputing tf(C) or tr(C) over the full dataset is
unavailable.

The trace-free projection eliminates the isotropic component:

tr(X)

tf(X) == X — I, C. :=tf(C), C58 :=tf(Cyy), E.:=tf(E). (27)

Optimization on SO(n)

o M € SO(n): rotation matrix (optimization variable);
o A(M):= MTC.M: rotated covariance;

D(M) := diag(A): diagonal part of A;

off(A) :== A — D: off-diagonal part;
o QM) = [ D] = AD — DA: commutator generator;
F(M) =

ff(A)||%: Lyapunov function (diagonalization objective).

sllo

Spectral Parameters

o g :=min;; |A(Csig) — Aj(Csig)|: spectral gap of signal;

o O(M):=min;x; |A;;(M) — Aj;(M)|: local diagonal separation;
o J > 0: target separation threshold (typically § = g/4);

o N;:={M € SO(n):6(M) > d}: spectrally separated domain.

Input-to-State Stability (ISS) Parameters
e )\ := 6% local PL parameter (from Lemma;
o Yu:=V2||C.||2: input gain coefficient;
o Lc = ¢,||Ce||3: Lipschitz constant of grad f;
e ¢, = O(y/n): dimension-dependent constant (¢, < 24/n + 8, see §G.2));
o Tfi= %ﬁ : steady-state noise ball radius.

Discrete Algorithm

e 17, Mi: step size (constant or decaying);

o Cay(X):=(I—%)"'(I+%): Cayley map (structure-preserving retraction);

o U := QA+ &) — Q(Ag): tangent—space perturbation from observation error;
o T*:=inf{k>0:M; ¢ N;s}: first exit time from Ns.
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The Cayley iteration is:
M}c+1 = Mk . Cay(nkﬂk), Qk = [M,;I—C’e,kMk,diag(M,;rCe’kMk)]. (28)

A Proof Roadmap for the Main Theorem

This appendix provides a consolidated statement of the Main Theorem and a proof roadmap linking results
from Appendices [BHGl

A.1 Statement of the Main Theorem

Theorem A.1 (o-free Non-asymptotic Convergence). Under Assumptions 1-2, consider the Cayley itera-
tion equation [28 with decaying step size

c 16 16¢,||Ce |3
= — = — ko i= —— 29
Nk L n k07 c 92 ’ 0 92 ’ ( )
where g is the spectral gap and ¢, = O(y/n) is a dimension-dependent constant (see Appendix .
Define the local separation threshold ¢ := g/4 and the domain radius
— 26
Ryi= 9 -0 _ 9 (30)

- 2\/§HCS||2 a 4\/§||Ce”2'
Suppose the non-escape condition holds:
VI (Mg) + r§®°(U) < Rs, (31)

where r‘}iSC(U) = Cz‘cll%‘lzlj and (c1,ca) are geometric constants depending only on n.

Then the algorithm satisfies:

(i) (Pathwise o-Invariance) The discrete trajectory { My} and Lyapunov values {f(My)} are point-
wise invariant to any time-varying sequence {oi}. That is, trajectories generated by {Ci} and
{C) — 031} coincide exactly.

(ii) (Exzpected Convergence Rate) Under finite variance condition E[|Ug||% | Fi] < 02:

C
B (M) € (32)
where C' = max {7160"9”206”2 f(My), 28enlCellzon ‘L%HW“ }
(iii) (Sample Complexity) To achieve E[f(My)] < e:
2 2
k*(E) :O <Cn||ce”§2 ]E[”EEHF]) (33)
9 €

With § = g/4 and E[||E.||%] < 6%, this simplifies to k* = O(c,||C.||36%/(g%€)).
(iv) (High-Probability Bound) With probability > 1 — (:

sup VM) < e 8k /F(Mo) + \/il(lgellz (tiger + (C)) (34)

where for sub-exponential noise: ®(¢) = oy, /g—gx/log(l/g) + byuno log(1/¢).
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(v) (Noise Ball Entry Time) The iteration count to enter the noise ball satisfies:

1 Yo HCeH% Yo
Tonter(€) < log 22 = O =250 20 35
o) < —mtog 2 = 0 (12 10 (3)

with steady-state radius limsupy,_, . \/f(M}) < r?iSC(U),

A.2 Proof Roadmap

Proof of Theorem[A . (i) o-Invariance. By the scalar shift invariance of the Lie bracket (Lemma
Appendix :
[X +al,Y +al] =[X,Y],

we have Q¢ o271 (M) = Qc(M). The discrete update My1 = My Cay(n,Q) is thus pointwise invariant to
0,%] . By induction, the entire trajectory and Lyapunov values are o-independent.

(ii)—(v) Convergence Analysis. Under the non-escape condition equation the trajectory remains in
the spectrally separated domain N. Within this domain:

o The local PL condition (Lemma Appendix [C) gives || Q]|% > 202 fr.
o The discrete descent lemma (Theorem @ Appendix IEI) with Lipschitz constant Lo = ¢, ||C.|3

gives the recursion:
2 2

L
Elfusr | Fil < (1= 28°n) fi + =2,

o Standard analysis of this recursion with 7, = ¢/(k + ko) yields the O(1/k) rate.

A.3 Proof Component Index

The complete proofs are organized across the appendices as follows:

Finite-Time Domain Entry Appendix Theorem [E.13

Component Location Key Result
Core Results
(i) o-Invariance Appendix [B| Lemma [B.1} Prop. EE
(ii)—(iii) Convergence Rate Appendix|[D| Theorem
(iv) High-Probability Bound Appendix|[E] Theorem
(v) Noise Ball Entry Appendix [D| Theorem
Global Convergence
Asymptotic Convergence Appendix Theorem
Strict Saddle Property Appendix Proposition |[C.12
Almost-Sure Global Min Appendix Theorem |C.24
D

Baseline Comparison

Baseline Lower Bounds Appendix Theorem
Baseline Failure Analysis Appendix Lemmas [F.16HF.18

Technical Tools

Lipschitz Constant ¢, Appendix
Eigenvector Perturbation Appendix Theorem (OVW)
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A.4 Key Remarks

Remark A.2 (Why All Constants Are o-free). The trace-free matrix C, = C' — 2tr(C)I allows the generator
to be written as Q(M) = [M TC. M, diag(M " C.M)]. Since the Lie bracket is insensitive to scalar shifts, 021
is structurally eliminated at each step. Consequently:

o Lipschitz constant Lo = ¢, [|C.||3 (no o?)
« Contraction factor (1 — ¢16%1) (no o2)

o ISS radius r?ise (no o?)

« Sample complexity k* (no o2)

All quantities are controlled solely by [|Ce||2, g, and the trace-free noise E..
Remark A.3 (Geometric Constants). The constants (¢, ¢1,¢2) depend only on dimension n:

Constant  Source Order  Explicit Bound
Cn Lipschitz constant of O(y/n) <2yn+8

e Local PL to discrete descent  O(1) See Appendix [Df
ca Perturbation-to-output gain  O(1) See Appendix |DJ

For explicit derivations, see Appendix [G} §G.2

A.5 Recent Enhancements

The following improvements over the basic framework are established in the appendices:

Remark A.4 (Improved Saddle Escape). Appendix@ provides improvements over generic perturbed Rieman-
nian gradient descent (PRGD):

(i) Explicit Givens direction: The escape direction at degenerate blocks is E = E;; — Ej;
(Lemma [C.11]).

(ii) Single-log complexity: Escape time is O(log(1/¢)) instead of O(log*(1/¢)) in generic PRGD.

(iii) Deterministic option: A single step with ¢t = 7/4 along = reduces f by exactly b> = A2, requiring

17
no randomness (Remark [E.15]).

Remark A.5 (Modern Perturbation Bounds). Appendix[G]incorporates the O’Rourke-Vu-Wang (2018) theorem
(Theorem , which provides:

o Weaker gap condition: Does not require |E||z < g/2 as in classical Davis-Kahan.
e« Improved bounds: Exploits skewness between signal eigenvectors and random perturbations.
This is relevant when the trace-free perturbation ||E,||2 is comparable to or larger than the spectral gap g.

Remark A.6 (Baseline Structural Limitations). Appendix [F] establishes that baselines (Subspace Iteration,
QR-Oja, Euclidean SGD+QR) cannot achieve o-free ISS due to:

« Signal vanishing: Contraction factors approach 1 as 02 — oc.
« Normal-space contamination: Euclidean gradients have ©(¢?) normal components.

e Direction misalignment: Under sign-symmetric distributions, baseline directions have exactly
50% probability of opposing the optimal descent direction (Theorem [F.25)).

The commutator structure is both sufficient and (conditionally) necessary for exact o2-elimination.
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B Proofs for Algebraic Filtering

This appendix provides proofs for the algebraic properties of the commutator dynamics, corresponding to
Theorem 1 in the main text. Throughout, we work with the rotated covariance A = M " C%% M, where C5'8
is the trace-free signal covariance. At convergence (M ~ M™*), the local spectral separation § equals the
spectral gap ¢ := min;»; |A;(Csig) — Aj(Csig)| of the signal covariance.

B.1 Proof of Lemma 1.1: Scalar Shift Invariance

Lemma B.1 (Scalar Shift Invariance). For any a € R and M € SO(n),
Qorar (M) = Qc(M). (36)

Proof. Let A= MTCM and D = diag(A). Then

Qctar(M) = [MT(C + al)M,diag(M " (C + aI)M)] (37)
=[A+al,D+all. (38)
By the bilinearity of the Lie bracket and [I, X] = 0 for any X:
[A+al, D+ al]l=[A,D]+a[A I+ oI, D] + o*[I, ] (39)
= [A, D] = Qc(M). O

Corollary B.2 (Discrete Pointwise Invariance). For any observation sequence Ci = Cgig + 0,%[ + E}
where {3} is an arbitrary time-varying sequence, the discrete trajectory {My} generated by the Cayley
iteration equation@ coincides pointwise with the trajectory generated by {Csig + Er}.

Proof. By induction. The base case My is given. Suppose M} is identical for both observation sequences.

Then by Lemma [B.1}
Q(Cblg+U%I+Ek) _ Q(Csig"’Ek)
k =3

)

hence My11 = My, - Cay(ni€)) is identical. The induction is complete. O

B.2 Proof of Lemma 1.2: Input Mapping Bound

Lemma B.3 (Input Mapping Bound). Let A = M'C%8M, D = diag(A), and &€ = MTE.M where
E. =t{(E). Define the effective input as:

U:=QA+¢&)-QA).
Then '
[UIlr < 4(|C28||2 || Ee || 7 + 2| Ee % (40)

Proof. Expanding the difference using bilinearity of the Lie bracket:

U=[A+¢&,D+ diag(€)] — [A, D] (41)
= [A, diag(&)] + [, D] + [€, diag(&)] . (42)
——— — T N————

M (1) (i)

We bound each term using the commutator norm inequality ||[X,Y]||r < 2||X||2]|Y ]| F:
Term (I): |[[4, diag(E)][|» < 2[|All2[| diag(€)[|F < 2[|All2[[€] 7.

Term (II): ||[€, D]||r < 2[I€][r[|D]2 < 2[|All2[€]|F-

Term (III): [[[€, diag(E)]l|F < 2[E]|2[€]lF < 2[€]I%.

By orthogonal invariance, || Al = ||CS8]]2 and ||€]|F = || Ee|| . Summing:

Ul < 4ICEE]|2]| Bellp + 21| Ee 7 N
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B.3 Proof of Theorem 1: Structural Filtering Theorem

Proof of Theorem 1. The theorem combines Lemma 1.1, Corollary [B:2] and Lemma 1.2:
(i) Trajectory Invariance: Direct consequence of Corollary

(ii) Lyapunov Invariance: Since f(Mj) = 3| off (M, CcMy)||% depends only on C, = tf(C), and tf(C +

02I) = tf(C), the Lyapunov values are o-invariant.

(iii) Steady-State Radius: Follows from Lemma 1.2 combined with the ISS analysis in Theorem 2, yielding
a radius depending only on ||Cp||2/87 - supy, || ek || r- O

B.4 Corollary: Impulse Immunity

Corollary B.4 (Impulse Immunity). Let 02(t) be an arbitrary sample path, possibly containing impulses or
tending to infinity. As long as the anisotropic perturbation E.(t) remains bounded:

sup [ Ee(t)[r <e,
t€[0,T)

the transient response satisfies:

Ry := sup ||M(t)— M@)|r < Ke'TTe,
t€[0,T]

where M(t) is the ideal trajectory with E =0, and K, L depend only on Cg;g.

Proof. By Lemma Qeurow2i+e@) (M) = Qe+ 50t (M), so the vector field is independent of o(-).
Moreover, since only the trace-free part affects the commutator, we have Q¢ 4 g (M) = Qc, 4+ B. 1) (M).
Decompose:

M = MQc,,, (M) + M[Qc,, +E.) (M) = Qo (M)].

Let £(t) = MTE.(t)M, A= M"Cy4gM, D = diag(A). Then:
Qcprb. — Qo = [A+E,D + diag(€)] — [A, D].
By bilinearity and orthogonal invariance ||£]|p = || Ee||F:
12c.,+ 5. (M) = Qo (M) < K[[Ee(t)|F,

where K depends only on ||Cigl|2. Since M +— MQc,, (M) is globally Lipschitz on compact SO(n), Gronwall
yields:

T
Ry < KeLT/ |E.(s)||p ds < KeX ' Te. O
0

B.5 Unified o2-lmmunity Statement

Proposition B.5 (UZ—Immunity). Let the observation sequence be Cy = Cgig + U,%I + Ey, where 0‘]% s an
arbitrary time-varying sequence (including impulses or unbounded), and Ey, is the perturbation. Then:

(i) Trajectory Invariance: {My} generated by {Cy} is pointwise identical to that generated by {Csig+ Ey }.
(ii) Lyapunov Invariance: f(My) = 3| off(M,] CsigMy)||% does not depend on {o7}.
(i) Input Invariance: |Uy||r < 4|C5®|\o||Eck||F + 2| Ee k||%, where B, = tf(Ey), independent of o3.

() Steady-State Invariance: r; o ||Ce||a - supy, || Ee. k|| /9%, independent of o2.
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Proof. (i)—(ii): By Lemma and Corollary the algebraic identity [X + ol,Y] = [X,Y] directly
guarantees trajectory and Lyapunov invariance.

(iii): By Lemma|[B.2] the effective input decomposition is:
U=[A+¢&,D+ diag(€)] — [A, D],
where A = M TCS8M, D = diag(A), and € = M T E.M. Neither A nor £ contains o2.

(iv): By the ISS analysis (Theorem 2, Appendix , the radius is given by r; = %U, where U is
controlled by (iii). O
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C Proofs for Geometric ISS

This appendix provides proofs for the Input-to-State Stability (ISS) [Sontag| (2008) analysis on SO(n),
corresponding to Theorem 2 in the main text.

C.1 Proof of Lemma 2.1: Local Dissipation (PL Condition)

Lemma C.1 (Local Dissipation). In the spectrally separated domain Ny = {M € SO(n) : 6(M) > &}:
1M > 267 f(M). (43)
Proof. Let A= MTC.M with diagonal entries A;;. The commutator has entries:
Qij = (Aj; — Au)Aij, 1],

while €;; = 0. Therefore:

I1Q01F =2 (Au — 45;)° A3, (44)
1<j
o fHoff e =A% (45)
1<J

In N, we have (A;; — A;;)? > 6° for all i # j, hence:

Q% > 262 A7 = 267 f(M). O

1<j

C.2 Proof of Lemma 2.2: Operator Spectral Sandwiching

Lemma C.2 (Operator Spectral Sandwiching). For A= M TC,M, D = diag(A), and X = off(A), define
the commutator operator La(X) := [X, D]. Then:

AX[r < ILa(X)]lp < 2[|Ce|l2] X]] 7. (46)
Equivalently, in terms of f and Q:

26°f(M) < M) < 8IICc]3f(M). (47)

Proof. Lower bound: By component-wise computation:
[off (A), D]ij = (Dj; — Dii) - oft (A)i; = (Aj5 — Aii) Aij.
Hence:
ILAONF =2 (Ais — Aj5)°AF; > 8% -2 AY = 8% X%
i<j i<j

Upper bound: We have |A;; — A;j;| < |Aiu| + |4;5] < 2||All2 = 2||Ce]|2, thus:

ILAXF < 2lCell2)? -2 AL = 4| Cel31X |17 O

1<J
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C.3 Proof of Lemma 2.3: ISS Differential Inequality
Lemma C.3 (ISS Differential Inequality). Let y(t) := +/f . In Ny, the Dini derivative satisfies:
Dy(t) < —8%y(t) + V2| Cell2 - uer (¢), (48)

where ueg () == [[U(t)||F + m and p := |C(t)||r is the drift rate.

Proof. Step 1: Perturbed f expansion. For the perturbed system M = M(Q + U) with drift ||C||r < p:
f= =193 + (2, U) + (off (A), off (M T CM)).

By Cauchy-Schwarz: ' ]
f <=z +IQlUlF + o (Al IClle-

Step 2: Substitution. Using || off(A)|r = v2f = v2y and ||C||r < p:
f<=lQlE + 121U F +V2py.
Step 3: Apply Lemmas 2.1 and 2.2. Substituting ||||% > 26%? and [|Q||r < 2v/2||Ce|l2y:
f < =28%% + 2V2(|Cell2y[|U | + V2py.
Step 4: Convert to §. When f > 0, § = f/(2y). Dividing by 2y:

\f
§ < 8%+ VRl U + Y22

Combining with ueg := ||U||r + m:
§ < =0y + V2||Cell2 - uesr- m

C.4 Proof of Theorem 2: Geometric ISS Theorem

Proof of Theorem 2. Integrating Lemma 2.3 via Gronwall’s inequality with A := §%:

(i) Exponential convergence:

t
y(t) < e Ny(0) + / N3 Colly - et (s) ds
0

If sup, ueg(t) < u:

—52 2(|Cel|2 _
y(t) <e J ‘y(0) + w1 )
(ii) Steady-state ball: Taking t — oo:
3 _ \ﬁ Cella _
h?lsup f(M(t)) < Tf(u) = %“_

C.5 Tightness: A 2 x 2 Lower Bound Construction

Proposition C.4 (Tightness of § % Dependence). There exist constants ¢ > 0 and configurations (Cy, My, U)

such that: C’
limsup +/ f H ”2

t—o0
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Proof. Consider n = 2 with C, = diag(A1,A2), § := A1 — Ay > 0. Then ||C.|l2 = §/2.

0 —dz
Q_<5as O>'

At steady state under constant input U, balancing ||Q||r = |U||r yields:

The commutator for A = (Al z) is:
x )\2

1Ullr _ v
|7 oo | \@5 ) \/foo—|='1700| 5

Comparing with the upper bound ry < c- %—g =c- %, the bounds match in order. O

C.6 Explicit Radius Expansion

Corollary C.5 (Explicit Noise Ball Radius). Expanding u = sup, ueg(t) in terms of verifiable quantities:
No drift case (p=0): If sup, ||Ec+||F < €, then by Lemma 1.2:

sup [U(t)|[r < 4]|C|l2e + 262
t
Substituting into Theorem 2 gives:
_ V2| Cll2
R

rs(e): (4|\C’§ig||25 + 252) . (49)

With drift (p > 0):

V2[|Cell2 ( ; p )
re(e, p) < c 4||CE'8 |2 + 262 + . 50
f( p) é2 || ||2 2”0@”2 ( )

C.7 Distinction from Gronwall Bounds

Remark C.6 (ISS vs. Gronwall). The differential inequality § < —3%y + yueg has dissipative structure: the
negative feedback term —d%y ensures exponential decay of initial error and bounded steady state. In contrast,
classical Gronwall 57 < Ly + b yields y(t) < eX*(y(0) + bt), which grows monotonically.

C.8 Global Convergence: Asymptotic Analysis

This subsection establishes asymptotic global convergence from almost all initial conditions, filling the
gap noted in Remark G.4.

C.8.1 Continuous-Time: Convergence to Critical Points

Theorem C.7 (Asymptotic Convergence of Commutator Flow). Consider the ODE M (t) = M (t)QU(M (t))
with M(0) € SO(n). Then:

(i) The solution M(t) exists globally and remains in SO(n);
(ii) t — f(M(t)) is monotonically non-increasing and converges to some limit foo;
(iti) Every w-limit point My, satisfies Q(Mo) =0 (i.e., is a critical point of f);

(iv) Since f is real-analytic (polynomial in matriz entries), M(t) converges to a single critical point My, .

25



Under review as submission to TMLR

Proof. (i) SO(n) is a compact smooth manifold. The vector field M — MQ(M) is smooth (composition of
matrix multiplication and commutator), hence bounded on compact sets. By standard ODE theory, solutions
exist globally and cannot escape SO(n).

ii) The flow equals (up to constant ¢y > 0) the negative Riemannian gradient flow of f:
2 g
d
f (M) = —col| QUM ()] < 0.

Since f > 0 is bounded below, f(M(t)) converges.

(iii) From (ii): [;° |(M(t))||% dt < oo, so there exists t; — oo with |[|[Q(M (t¢))||r — 0. By compactness of
SO(n), {M(t;)} has a convergent subsequence to some M. Continuity of £ implies Q(M,) = 0.

(iv) This is the classical Lojasiewicz gradient inequality result: on compact manifolds, real-analytic functions
satisfy ||grad f|| > c|f — fo|? for some @ € (0,1). This implies finite trajectory length, hence convergence to
a single point. See Simon (1983) or Absil-Mahony—Sepulchre (2008). O

C.8.2 From Critical Points to Global Minima: Strict Saddle Analysis

This subsection provides a self-contained proof of the strict saddle property for f(M) = | off(M T C.M)||%
on SO(n).

Lemma C.8 (Critical Point Characterization). A matrizx M € SO(n) is a critical point of f if and only if
Q(M) = 0. Equivalently, for all i # j:
(Ajj - A“)A” = 0, A = MTCEM. (51)

Proof. By the gradient representation grad f(M) = —coMQ(M) for some c¢g > 0, we have grad f(M) = 0
ifft MQ(M) = 0. Since M is invertible, this holds iff Q(M) = 0. The entrywise condition follows from

Lemma C.9 (Critical Point Dichotomy). At any critical point M of f:
(a) Global Minimum: If off(A) =0, then f(M) =0 and M maps eigenvectors of C, to the standard
basis (up to permutation and sign).

(b) Degenerate Block: If oft(A) # 0, then there exist indices i < j such that A;; # 0 and A;; = Ajj.
Proof. From equation |5_Tt if A;; # 0 for some i # j, then A;; = Aj;. If no such pair exists, then A is
diagonal. ]
Lemma C.10 (Second Variation Formula along Geodesics). Let M € SO(n), A:= M "C.M, and Z € so(n).
Define the geodesic M (t) := M exp(tZ) and A(t) :== M(t)T C.M(t). Then:

At) = e = A=, (52)
A(t) = [A(t), =], At) = A()Z2 + Z2A(t) — 22A(1)=. (53)

The Riemannian Hessian quadratic form satisfies:

| = % 7Of(MetE) = [loff([A, ZD) % + (off (A4), off (A(0))). (54)

Hess f(M)[MZ, ME

Proof. Step 1 (Conjugation): Since M(t) = Me'= and €= € SO(n), we have M (¢)T = e **M ", hence
A(t) = e = A=,

Step 2 (Derivatives of A(t)): Differentiating equation [52}

Alt) = —Ee A= 4 e EATE = —ZA(t) + A(t)E = [A(t),E].
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Differentiating again: A(t) = [A(t),Z] = [[A(t),E],E] = A(t)Z2 + Z2A(t) — 22A(t)E.
Step 3 (Second variation of f): Let X(t) := off(A(t)). Since f(M(t)) = 1| X(#)||%:

%f(M(t)) = [IX(@)IIF + (X (1), X (2)).

Evaluating at ¢ = 0 with X (0) = off([A, Z]) and X (0) = off(4(0)) yields equation

Step 4 (Identification): Under the bi-invariant metric on SO(n), t — M exp(tZ) is a geodesic with
M(0) = MZ, so the second derivative equals Hess f(M)[MZ, ME]. O

Lemma C.11 (Negative Curvature at Degenerate Blocks). Let M € SO(n) and A := M TC.M. Suppose
there exist i # j with A;; = Ajj and b:= A;; #0. Let 2 := E;; — Ej;; € so(n). Then:

f(Me'=) = f(M) — b*sin®(2t), (55)
and consequently:

Hess f(M)[MZ, MZ] = —8b* < 0, Amin (Hess f(M)) < —4b%. (56)

Proof. Step 1 (Givens rotation): With = = E;; — Ej;, the matrix G(t) := e!= acts as a 2 x 2 rotation in
the (4, j)-plane:
cost —sint
GOlag) = (sint cost > ‘

Step 2 (Invariance of other entries): For k ¢ {i,j}, the pair (A;,(t), Ajx(t)) is rotated orthogonally, so
Aip(t)? + Ajp(1)? = A% + A?k. Entries A, with {p,q} N {4, j} = 0 are unchanged.
Step 3 (The (i,j) entry): Standard Givens conjugation gives:
A;jj(t) = (cos®t —sin®t) A;; + (costsint)(Aj; — Ay).
Under A;; = A;;, this simplifies to A;;(t) = bcos(2t).
Step 4 (Reduction to 1D profile): Since only A4;;(¢)? changes in f = > op<a A2

F(Me'=) = f(M) — b + b% cos?(2t) = f(M) — b*(1 — cos?(2t)) = f(M) — b*sin’(2t).

Step 5 (Second derivative): Since sin?(2t) = 4t2 + O(t*):

d2

= f(Me'=) = —8b% < 0.

t=0
The eigenvalue bound follows from ||Z||% = 2. O
Proposition C.12 (Strict Saddle Property). When C. has distinct eigenvalues, every critical point of f on
SO(n) is either:

o A global minimum (f =0, complete diagonalization), or

o A strict saddle (Hessian has at least one negative eigenvalue).
No spurious local minima exist.

Proof. Let M be a critical point with Q(M) = 0.

Case 1: If off(A) = 0, then A = M TC.M is diagonal. Since C,. has distinct eigenvalues and A shares
these eigenvalues, M maps eigenvectors of C, to standard basis vectors (up to permutation and sign). Thus
f(M) = 0: global minimum.
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Case 2: If off(A) # 0, then by Lemma there exists (4,7) with A;; # 0 and A;; = Aj;. By Lemma
Amin (Hess f(M)) < —4A7; < 0.
Hence M is a strict saddle. O

Remark C.13 (Historical Context). The strict saddle property for matrix diagonalization objectives is classical
in the theory of isospectral manifolds and double-bracket flows; see Brockett (1991), Helmke & Moore (1994),
and Ge, Jin & Zheng (2017). The proof above provides a self-contained derivation using only the commutator
structure already established in this paper.

C.8.3 Morse—Bott Structure of the Critical Set

This subsection establishes that non-optimal critical sets are smooth embedded submanifolds and
that the Hessian is non-degenerate on the normal bundle (Morse-Bott completeness).

Definition C.14 (Block Partition at Critical Points). At a critical point M with A := M TC.M, define the
equivalence relation i ~ j < A;; = Aj;. Let m = {I1,...,Ix} denote the resulting partition with |I| = ma.

By the critical condition equation ifi € I, and j € Ig with o # 3, then A;; # A;; implies A;; = 0. Hence
A is block-diagonal with respect to 7 at any critical point.

Definition C.15 (Regular Stratum). Given a partition 7 = {I1, ..., Ix} and spanning trees {7, } for each
block (with m, — 1 edges), define the regular stratum:

S(’IT, {Ta}) = {M S SO(H) : Q(M) =0, Ay 7& Ajj Vi€ l,,j€ Iﬁ,a 7& B, Aij 7é OV(’L,]) S Ta}.

Lemma C.16 (Tree Laplacian Rank). Let T = (V, E) be a tree with m vertices and m — 1 edges. Assign
positive weights w, > 0 to each edge. Let B € R™* (=1 pe the (oriented) incidence matriz and W = diag(w.).
Then the weighted Laplacian L := BW BT satisfies:

rank(L) =m — 1, ker(L) = span{1}. (57)
Proof. By direct computation: ' Lz = 2" BWB Tz = Do {u) We(Tu — x,)%. Since T is connected and
we > 0, this equals zero iff x is constant. Hence ker(L) = span{1} and rank(L) = m — 1. O

Lemma C.17 (Linearization of the Commutator Map). For ME € Ty SO(n) with = € so(n), the differential
of Q satisfies:
DQ(M)[ME] = [6A, D] + [A,6D],

where A = [A,E] and 6D = diag(d6A). In components (for i # j):
(D)ij = (Dj;j — Dii) - (0A)i; + (6Dj; — 6Dii) - Agj. (58)
Furthermore, the diagonal perturbation satisfies:

6Dy = ([A,E])u = —QZAz‘kEik~ (59)
ki

Proof. The formula §A = [A, Z] follows from Lemma Expanding Q = [A, D] bilinearly and using A
symmetric, = skew-symmetric yields equation [58 and equation [59} O

Lemma C.18 (Within-Block Rank via Incidence Matrix). Fiz a block I, with spanning tree T,. Let
B, € Rmex(ma=1) pe the incidence matriz and S, = diag(Ayy) for tree edges (u,v) € T,. For edge
coordinates ¥ € R™1 (with 2y = Te, Zpu = —Te):

0dy :=6D|;, = —2B,Sax, (60)
Swa = (6|1, = —2S,B. B, S, . (61)

Under the regular stratum assumption (Ay, # 0 for tree edges), both maps have rank mq — 1.
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Proof. Equation equation [60| follows from equation each tree edge (u — v) contributes +2A4,,,2¢ to0 0Dy,
and 6D,,. Equation equation follows from the within-block linearization (DQ),;; = (6D;; — 0D;;)Ai;.

Since S, is invertible (tree edge weights A, # 0), rank(B,Ss) = rank(Ba) = ma — 1 by Lemma[C.16, O

Proposition C.19 (Constant Rank and Explicit Dimensions). Let M € SO(n) be a critical point with block
partition m = {1, }5_, satisfying the regular stratum assumptions. Then:

(i) Normal bundle dimension (= rank of DS)):

K
dim Nj;S = rank DQ(M) = Zmamﬁ+2(ma—1)- (62)
a<f a=1
cross-block within-block

(ii) Tangent space dimension (= nullity of Hessian):

K
. (mg — 1)(ma —2)
dim TS = ; 5 . (63)
(iii) Hessian signature on normal bundle:
K
index(M) =Y (ma —1),  #{A>0} =Y mams. (64)
a=1 a<f

Before the proof, we establish the key link between the Hessian and linearization:

Lemma C.20 (Hessian—Linearization Link). At a critical point M (where Q(M) = 0), the Hessian quadratic
form relates to the linearization DY via the gradient flow structure. Since grad f(M) = —coMQ(M) for
co > 0:

Hess f(M)[MZ, ME] = —co(DQ(M)[ME], QUM)) + (second-order terms). (65)

At critical points where Q(M) = 0, the sign of the Hessian is determined entirely by the second variation
formula equation [57), which we compute explicitly below.

Proof of Proposition[C-19 Step A (Cross-block: rank and positive curvature).
Givens parameterization: For ¢ € I, j € Ig with o # 3, define the Givens generator:
Eij = Eij — Eji €s0(n),  (Eij)pq = dipbjqg — Gigljp-

The geodesic M(t) = Me'Sii acts as a rotation in the (4, j)-plane with angle ¢.
Rank contribution: At critical points, A;; = 0 (cross-block) and D;; = do # dg = Dj;. From equation

(DQ);j = (dg — do) - (6A)45.
Using 0A = [A,E”] and Computing (514)” = (A“ — Ajj)(Eij)ij = (da — dﬁ) - 1:
(DQ)U - (dB —do)(do — dﬁ) - _(dﬁ - da)2 # 0.

Each cross-block pair contributes independently, giving r¢oss = Za < MaMg.

Positive curvature: Since A;; = 0 at the critical point, the Givens conjugation formula gives:

Aij(t) = cos(2t) - Ay +Lin2e)- (Aj; — Ai) = s — a1 (21,
- 2 2

=0
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Thus:

(dﬁ _'da)2

F(Me=0) = f(M) + Ay(t)* = f(M) + sin®(2t).

The second derivative at ¢ = 0:

d2

Hess f(M)[MEU7 MEZJ] = ﬁ

f(Me'=i5) = 42(dg — dy)? > 0.
t=0

Hence positive definite on all cross-block directions.
Step B (Within-block: rank and negative curvature).

Givens parameterization on tree edges: For a block I, with spanning tree T, parameterize perturbations by
edge coordinates * = (x,)cer, € R™~1. For each directed tree edge e = (u — v):

Ea = Z xe(Euv - Evu)y (E(x)uv = Te, (Ea)vu = —Te-
e€Ty

Rank contribution via Laplacian: Within block I, Dy = D;; = d, for all ¢,j € I,. From equation the
first term vanishes:
(D)ij = (6D;j; — 0Dyi) - Ayj.

By Lemma with incidence matrix B, and weight matrix S, = diag(A,):
6dy = —2BySam,  we = —2S4B, BaSat.

The matrix M, := S, B, B,S, is positive definite (congruent to the graph Laplacian B! B, >~ 0 on trees,
with invertible S,). Thus rank(z — dw,) = mq — 1.

Negative curvature: For any tree edge (,j) € T, we have A;; = Aj; = do and b:= A;; # 0 (regular stratum
assumption). By Lemma

f(Me=ii) = f(M) — b?sin?(2t), Hess f(M)[MZ;;, MZ;;] = —8b* < 0.

For the full within-block subspace, the Hessian restricted to tree-edge directions has matrix representation
(up to positive constant):
H, = —diag(8A2,)cer, < 0.

Since M,, = 0 and each diagonal entry —8A2, < 0, the restricted Hessian is negative definite. Each block
contributes exactly m, — 1 negative eigenvalues.

Step C (Dimension computation).

The identity dim SO(n) = % =>. w + 2 aep Mamg yields:
dim TS = dim SO(n) — rank DQU(M)

0 M LIED SRS S

a<fp a<f e

:;<W_(ma_1)>zz<ma1)2@%2). .

[e3%

Theorem C.21 (Morse-Bott Non-Degeneracy). On each regular stratum S:
ker Hess f(M) = Ty S. (66)

The Hessian has no zero eigenvalues on the normal bundle. Specifically, the normal bundle decomposes
as NyS = Nt & N~ where:
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o N7 (cross-block): dim N* =37 _;mamg, Hessian positive definite;
o N~ (within-block): dim N~ = %" _(mq — 1), Hessian negative definite.

Proof. Since grad f(M) = —coMQ(M) for some ¢o > 0, the Hessian at critical points satisfies ker Hess f(M) =
ker DQU(M) = TS. The signature decomposition follows from Proposition Steps A and B. O

Corollary C.22 (Non-Optimal Strata are Morse-Bott Saddles). For any non-optimal critical stratum (where
f>0), the Morse indez is index(M) =) (mq — 1) > 1. Hence all non-optimal critical points are strict
saddles.

Remark C.23 (Disconnected Blocks). If the within-block graph G, has ¢, connected components instead of be-
ing connected, replace mq — 1 with mq — ¢, throughout. The proof is identical: ker(L) = span{1c,,...,1¢c,_ }
for components C1,...,C.,.

Theorem C.24 (Almost Sure Global Convergence). Assume C. has distinct eigenvalues. Let M(0) be
sampled from Haar measure on SO(n). Then with probability 1, the limit point My, from Theorem
satisfies f(Mso) = 0.

Proof. We provide a complete proof using finite stratification to handle the potential issue of uncountable
unions of measure-zero sets.

Step 1: Critical set is a real-analytic variety. The critical set Crit(f) = {M : Q(M) = 0} is defined by
polynomial equations in matrix entries, hence is a real-analytic (semi-algebraic) subset of SO(n).

Step 2: Finite Whitney stratification. By standard results in real-analytic geometry, Crit(f) admits a
finite Whitney stratification into smooth embedded submanifolds {Sg}l%:l, where L depends only on n. Each
stratum corresponds to a block partition structure (Definition [C.14]).

Step 3: Center-stable manifold for each saddle stratum. For each non-optimal stratum S, (where

f >0), by Lemma and Corollary [C.22] there exists at least one negative Hessian direction in the normal

bundle. Applying the center-stable manifold theorem to the gradient flow:

n(n—1)
2

Hence each center-stable manifold W°*(Sy) has codimension > 1 in SO(n), and thus has Haar measure
Z€ro.

dim We(Sy) < dim SO(n) — 1 = —1.

Step 4: Finite union remains measure zero. The basin of attraction for all saddle-type critical sets is

contained in:
U wes).
Z:f|5£>0

Since this is a finite union of measure-zero sets, the total basin has Haar measure zero.

Step 5: Conclusion. Since Theorem [C.7] guarantees convergence to some critical point, and the basin of all
non-optimal critical sets has measure zero, Haar initialization converges to the global minimum set (f = 0)
with probability 1. O

Remark C.25 (State-Dependent D(M) Does Not Affect Convergence). Classical double-bracket flow theory

(Brockett 1991) assumes X = [X, [X, N]| with fixed N. Our flow uses D = diag(A(M)), which varies with
state. This prevents direct application of Brockett’s Morse-Bott framework. However, our convergence proof

(Theorem |C.24)) relies only on:
(i) Lojasiewicz inequality for real-analytic gradient flows (convergence to single critical point);
(ii) Strict saddle property (negative curvature at non-optimal critical points);

(iii) Finite stratification (center-stable manifolds have codimension > 1).

None of these require D to be state-independent. The analysis is intrinsic to the function f and manifold

SO(n).
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C.8.4 Discrete-Time: Cayley Iteration

Corollary C.26 (Discrete Global Convergence). Under the assumptions of Theorem consider the
discrete iteration My, = MCay(nQy) with n € (0,1/L¢). Then:

(i) f(My) is monotonically decreasing and converges;

(i) For Haar initialization, My, converges to the global minimum set (f = 0) with probability 1.

Proof. The descent lemma (Lemma [D.1)) gives f(Myy1) < f(My) —n(1 — ’7L7C)||Qk||% With n < 1/L¢, this
implies monotone decrease and Y, [[Q]|? < co. Standard Riemannian optimization arguments show every
accumulation point is critical. The saddle avoidance argument from Theorem [C.24] applies identically. [

Remark C.27 (When Discrete Cayley Fails). The discrete convergence crucially requires n € (0,1/L¢). Three
failure mechanisms arise outside this regime:

i ayley singularity: Cay =U—-35X)" + = ails when det(I — 2{2) = 0, destroying loca
Cayley singularity: Cay(X) = (I — 1X)~}(I + 3 X) fails when det(I — 29) = 0, destroying local
diffeomorphism structure;

(ii) Loss of descent: The descent lemma coefficient 1 — "LTC becomes negative, and f is no longer a

Lyapunov function—oscillation or divergence may occur;

(iii) Saddle avoidance breakdown: The stable manifold arguments require the iteration map to be a
local diffeomorphism; Cayley singularities break this chain.

Within the valid regime, the rational structure of Cayley poses no obstruction.

C.8.5 Explicit Escape Rate Analysis

This subsection provides explicit bounds for saddle escape using the Givens structure from Lemma [C.11}
replacing the generic PRGD log? complexity with a single logarithm.

Lemma C.28 (Explicit Negative Curvature Constant). Let fenter := (g — 8)?/8 be the Lyapunov-to-domain
threshold. At any saddle-type critical point M with f(M) > fenter:

— )2
Amin(HeSS f(M)> < —Yenter» VYenter ‘= 7(7:%”)1)7 (67)

where g is the spectral gap of Cl.
Proof. At a critical point with f(M) > fenter, using f(M) = ZKJ. A?j:

Qf(M) > 2fcntcr o (g_é)z

b, = AZ > = .
max *= AKX e = nn—1) " nn-1) 4n(n—1)
By Lemma >\min S _4br2nax S —Yenter- O

Lemma C.29 (Directional Second Derivative along Givens). For any M € SO(n), A := MTC.M, and
Givens direction = = E;j — Ej;:
d2

ﬁ f(MetE) =2 ((AJJ — Aii)Z — 4A12]) . (68)

t=0

At degenerate blocks (Ai; = Ajj), this reduces to —8A?; (consistent with Lemma .

Proof. From Lemma A;;(t) = beos(2t) + %A sin(2t) where b := A;; and A := A;; — A;;. Direct
differentiation gives the result. O
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Proposition C.30 (Tubular Neighborhood and Escape Time). Define the negative-curvature preserving

radius:
g—29

Tne = . (69)
32/[Cellzv/n(n — 1)
Within B(M ,ry.) around any saddle center M, the local negative curvature satisfies:
_ 15 (9-9)°
Toe =39 na(n— 1)
For the discrete Cayley iteration with n < 1/(2L¢), the escape time from the saddle neighborhood is:
T
Tese < log —, (70)
Yoc w

where 1, := min{ryc, Yoc/(16Lc)} and w is the initial distance from the stable manifold.
Proof Sketch. Step 1 (Lipschitz control): Along geodesics, |A;j| < 2[|Ce|2||Z||r. Within radius ryc,
diagonal separation changes by < 4[|C.||27nc, ensuring the degenerate block structure persists with |b] > by /2.

Step 2 (Exponential growth): In local exponential coordinates £ = au + S (where u is the unstable
Givens direction), the unstable component satisfies:

lokt1] > (1 + m;“) ok

Step 3 (Escape time): Growth to |a| ~ 7, requires:

2 « 2 .
Tcsc S —_ log . S IOg L 0
Moc |l = MMoe  — w

Remark C.31 (Comparison with Generic PRGD). The escape time equation [70] depends only logarithmically
on the failure probability (via w o (), eliminating the log? factor in generic perturbed gradient descent
analyses. This improvement stems from the explicit Givens direction (Lemma and the exact sin?
profile equation which bypass the need for Hessian-Lipschitz constants and multi-stage perturbation
protocols.

C.8.6 Distinction from Brockett’s Double-Bracket Flow

Remark C.32 (Key Difference from Classical Theory). Brockett’s (1991) double-bracket flow is X = [X, [X, N]]
where N is a fixed diagonal matrix. This flow diagonalizes X on the isospectral manifold.

Our flow M = M[A, D] where A= M TC.M and D = diag(A) has D varying with M. This is not a direct
application of Brockett’s fixed-IN theory.

However, the key insight is that our flow is still a gradient-type system on the compact manifold SO(n)

for the analytic function f(M) = 3loff(M "C.M)||%. The global convergence proof uses:

1. Analytic gradient flow = convergence to single critical point (Lojasiewicz)
2. Strict saddle landscape = random init avoids saddles (measure-zero stable manifolds)

This route is insensitive to whether D is fixed or varies—it depends only on the landscape structure of f.

C.9 Stiefel Manifold Extension

Proposition C.33 (Shift-Invariance on Stiefel Manifolds). Let St(k,n) = {M € R"** : MTM = I;,} be the
Stiefel manifold. Consider the Brockett-type objective:

f(M)=te(MTCMN), (71)
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where C € R™" s symmetric and N € R*** is a fived antisymmetric matriv (N7 = —N). Then the
Riemannian gradient is exactly shift-invariant:
Vsiflotar = Vsifle, VaeR. (72)

Consequently, any retraction-based update My1 = Ry, (—mVsef) produces trajectories that are stepwise
o?-invariant.

Proof sketch. The Euclidean gradient is Vg f = CM(N + NT)+CTM(NT + N). For antisymmetric N, we
have N + NT = 0, so the Euclidean gradient simplifies to:

Vef=CM-0+C"M-0=0 (naively).

This is incorrect; the correct Euclidean gradient for trace objective is:

Vef=(C+CT)MN =2CMN (for symmetric C).
The Riemannian gradient on Stiefel is the tangent projection:

Vsif =(I —MM")Vgf+ M -skew(M'Vgf).

Under the shift C' — C' + al:

Veflotar =2(C+al)MN =2CMN + 2aM N, (73)

(I = MMT)(2aMN) = 2aMN — 2aM(M"M)N = 2aMN —2aMN =0, (74)
where we used M T M = I;,. The skew part also vanishes:
skew(M" - 2aMN) = skew(2aN) = 2aN  (since N is already skew).

This contributes M - 2aN to the tangent, but this represents rotation within the subspace spanned by M,
not a change in the subspace itself. For top-k subspace tracking where only the column space of M matters
(not the specific basis), this term can be absorbed into the equivalence class [M] € Gr(k,n).

More directly: the objective f(M) = tr(M TCMN) under C — C + al becomes:
flotar = tr(MTCMN) + atr(M"MN) = f|c + atr(N).

Since N is antisymmetric, tr(N) =0, so flotar = f|co exactly. The gradients coincide because the objectives
differ by at most a constant (which is zero here). O

Remark C.34 (Practical Implications). For top-k eigenspace tracking with k < n:

o Per-iteration cost reduces from O(n?) to O(kn), enabling scalability to n ~ 10%.
e The matrix-free property is preserved: only k matrix-vector products per iteration.

o The o?-immunity extends directly from the algebraic identity tr(N) = 0.

Full implementation details are deferred to future work.

D Discrete Algorithm and Stability Analysis

D.1 Proof of Lemma 3.1: Discrete Lyapunov Descent

Lemma D.1 (Discrete Lyapunov Descent). Consider the update M1 = My, - Cay(nQy). There exists a
constant Lo = ¢, ||Ce||3 (where ¢, depends only on n) such that when n < 1/L¢:

i) < 1046) = (1- 22 fon . (75)
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Proof. Step 1: Taylor expansion of the Cayley map. The Cayley map satisfies Cay(nX) = I 4+ nX +
O(n?|| X ||?) for small . Hence:

Mip1 = Mi(I + 09 + O [l |))-

Step 2: Expansion of f(Mj1). By Taylor expansion around Mj:

F(Miy1) = f(My) + (Vf(My), M1 — M) + O(|| My 41 — My|?).

The Riemannian gradient satisfies grad f (M) = —co My, for some ¢y > 0 (see Appendix, so the gradient
flow M = — grad f corresponds to M = coMS). Since My 1 — My, = MpnS + O(n?):

(grad f(My), My41 — M) = —conl| Q%17 + O(%).
Combined with the continuous-time energy dissipation f = —co]|Q|%, we obtain:

f(Myi1) = f(My) = nl|%]1% + O 1% I7).-

Step 3: Lipschitz constant. By the smoothness analysis in Appendix [C] the Riemannian gradient has
Lipschitz constant Lo = ¢,||C.||3 with ¢, = O(y/n). This gives:

2
F(Me) < P8 = bl + ZST 10l = 50) = 0 (1= 222 ) .

O
D.2 Corollary: Step Size Condition
Corollary D.2 (Step Size Condition). To ensure the trajectory remains in Ns, a sufficient condition is:
52
n<c-— s (76)
[reA

where ¢ > 0 is a geometric constant.

Proof. Combining Lemma 3.1 with the local PL condition (Lemma 2.1), monotonic descent of f is guaranteed
when n < 1/L¢. The domain invariance follows from the non-escape condition (Theorem @ in AppendixE)[).

O
D.3 Theorem 3: Discrete ISS (Summary)
Theorem D.3 (Discrete ISS). With step size n < 1/L¢c and input bound supy, |Ug||lr < U:
2 . C2HC l2 77
yie1 < (1= e s + e[ Cellanl, - limsup /f (77)

See Section [D-4] for the complete pathwise analysis.

D.4 Discrete ISS: Pathwise Analysis

This subsection extends the continuous-time ISS analysis to discrete Cayley iteration, providing a deterministic
(pathwise) ultimate bound.
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D.4.1 DA4.1 Problem Setup
Consider the perturbed discrete update:
Mk+1 = M, ~Cay(n$~)k), Qk = Qk+Uk,

where Q) = [Ak, Dy] is the ideal generator and Uy, € so(n) is the tangent perturbation (from observation
error Ey).

Assumptions:
1. Local spectral separation: Trajectory stays in N5 := {M : §(M) > §};

2. Bounded input: sup,, ||Ux|r < U (verifiable via Lemma 1.2);

3. Step size condition: n < 1/L¢, where Lo = ¢, ||C.||3 (Lemma 3.1).

D.4.2 DA4.2 Discrete ISS Recursion Inequality

Lemma D.4 (Discrete ISS Recursion). Under the above assumptions, let yr := +/f(My). There exist
constants c1,c2 > 0 (depending only on n) such that:

Yer1 < (1 — c10°n)yx + cal|Cell2nU. (78)

Proof. Step 1 (Perturbed descent lemma): Extend Lemma 3.1 to the perturbed case. By the Cayley
map’s local smoothness, when n < 1/L¢:

L
F(Mioin) < (M) — (1 - ”C) 1%l + sl e [Uslle + can? U3,

where c3, ¢4 are geometric constants.
Step 2 (Apply local PL): By Lemma 2.1, ||Q% > 202 f1, = 2§2y,%. By Lemma 2.2, ||l r < 2v2|Ce|l2ys-
Step 3 (Substitute and simplify): Substituting into Step 1, for small #:

fri1 < fo — 487y + | Cell2nynU + O(n?).

Step 4 (\/f recursion): Using 47,1 — yi = frt1 — fx and (Yrs1 — yk) (Wkt1 + Yk) = fos1 — fr, when g > 0:
Jer1 — i

Yk+1 — Yk =
Yk+1 + Yk

When fri1 < fr (descent regime), we have yp+1 < Yg, S0 Yr+1 + Y < 2yk, giving:

k k
Yk+1 — Yk = > +21 f —c18°nyk + 2| Cell2nU.
Yk
The second inequality follows from Step 3. Rearranging gives yr+1 < (1 — ¢167n)yx + c2||Ce|l2anU. O

D.4.3 DA4.3 Ultimate Noise Ball (Pathwise)

Theorem D.5 (Discrete Pathwise Noise Ball). Under Dj.1’s assumptions, if step size satisfies n <
min{1/L¢,1/(c10°)}:
(i) Exponential convergence to noise ball:

2||C H2
2

yr < (1 — c18°n)*y
19
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(ii) Ultimate noise ball radius:

limsup +/ f d‘“C = 2l|Ce ||2 U. (79)

T2
k—o0 C1 6

(iii) Conversion to M-distance: Using V < ;—gf,

4 L
limsup ||My, — M*||p < —- r}hSC(U).
k—o00 g

Proof. ITterate the recursion inequality:

k—1

yr < (1= c16”n) yo + cal | CellanU Z(l —c18%n)’.

§=0
Geometric series sum: Z;:é (1- c10°n)7 < ﬁrn' Substituting gives the result. O
Remark D.6 (Consistency with Continuous Case). Both discrete radius r?isc = C2L|C:;2“2U and continuous

cont _ \fHC Iz -~

radius 7§ v2ICell2 4 share identical structure: numerator ||Cel|l2, denominator 6%, with oI absent.

Corollary D.7 (Exphmt Noise Ball Radius). By Lemma 1.2, if supy, || Eei||F < €, then U < 4| C58||ge + 2¢2,
giving:
CzHC 2

T}ﬁsc(s) < (4||C“g\| e+ 2 )

D.5 Convergence Rate Analysis
D.5.1 Additional Assumptions

Assumption D.8 (Finite Variance). The random input Uy, is conditionally zero-mean with bounded variance:
E[|U|% | Fe] <o

By Theorem 2 (Appendix , in the spectrally separated domain Nj:
1(M)|[7 > 28° f(M).

This is equivalent to a local Polyak-Lojasiewicz (PL) condition with parameter p = 5%

D.5.2 Convergence Rate Theorem

Corollary D.9 (O(1/k) Convergence Rate) Suppose My € N and the trajectory remains in this domain
with probability 1 (guaranteed by Lemma E.0 in Appendz:v@) Using decaying step size ny, = ¢/(k + ko) with
¢ > 1/(20%) and ko large enough to ensure 9 < 1/L¢:

C
k+ ko

)] < —C . €= max {koﬂMo), LC“} . (80)

2¢6% — 1

Proof. Step 1 (Recursion inequality): Using the smoothness from Theorem 3 (Lc = ¢,||C.||3) and taking
conditional expectation:

L
Elfu+1 | Fil < fo = mell T + Cn'“ (19117 + o7)- (81)

37



Under review as submission to TMLR

When 7, is small enough that 1 — Lemy /2 > 0, applying the local PL condition ||Qg|% > 262 fi:
2 2

L
Elfirt | Fi) < (1—28m) fi + =722,

Step 2 (Recursive solution): Substitute ny = ¢/(k + ko) and use mathematical induction to prove
E[fx] < C/(k + ko). The key is choosing ¢ > 1/(25?) so that the linear descent term dominates the quadratic
noise term. O]

D.5.3 Constant Advantage

Although the O(1/k) rate matches standard SGD, the leading constant has an essential advantage.

Standard SGD constant: Convergence bounds typically depend on the total gradient variance:

aéGD o ]E[HC;CH%] > a,% -n (when Cy = C, + a,%[ + Ag).

This algorithm’s constant: By Lemma 1.2 (Appendix , the effective noise Uy satisfies:

[UkllF < 4 C28|2 )| Ee.kllF + 2] e k|l 7

where E,;, = Ej — %tr(Ek)I is the trace-free part of the noise matrix. Since the trace-free operator
completely eliminates scalar matrices:

tf(o?I) = 01 — 0?1 = 0.
Therefore, the variance constant o2 in Corollary satisfies:

7 % E[l| Ee k| 7] < E[[|CillE]-

In high-noise environments, the effective variance o2 o E[||E, |%] < E[||Ck||%] gives a significant constant
improvement over baselines.

D.5.4 Sample Complexity and Trace Independence

Corollary D.10 (Sample Complexity). To achieve target precision e (i.e., E[f(My)] < €), the required
discrete sampling count k satisfies:

C Lgo? C.||% - E[||E.|?
2 0o (kg2) — o (ICE:BIEITY )

Remark D.11 (Trace Independence). The complexity bound contains no o2

any isotropic noise level.

; sample efficiency is identical for

D.6 Sample Complexity

Corollary D.12 (Sample Complexity). Using decaying step size n, = ¢/(k + ko) with ¢ > 1/(28°) and
ko > ¢ cnl|Ce|l3, to achieve E[f(My)] < &:

k*(s) O<|Ce||%E[Ee”%‘}> ) (83)

8-

All quantities are independent of o2.

D.7 Diffusion Limit and Noise-Induced Drift

This subsection analyzes the continuous-time limit of discrete Cayley iteration under stochastic perturbations,
establishing that Cayley’s nonlinearity does not introduce steady-state bias.
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D.7.1 Cayley Map Second-Order Expansion
For small X € so(n), the Cayley map expands as:

Cay(X)=(I—-1X)""(I+iX) =T+ X+ 1X*+O(|X|]?). (84)
This matches the exponential map to second order, so diffusion scaling produces identical limits.

D.7.2 Noise Covariance and It6 Correction
Consider stochastic perturbations with so(n)-valued Brownian motion B; satisfying:
E[dB;; dBp) = v (dik0;; — 0:;1) dt. (85)
Lemma D.13 (Quadratic Covariance). Under the above covariance structure:
E[(dB;)?] = —vw (n — 1)1 dt. (86)
Proof. Direct computation: E[(dB)?]ix = >, E[dBi; dBj] = 3=, vw (8i;0j5 — dix) dt = —vw (n —1)dy, dt. O

D.7.3 Stratonovich vs I1t6 Formulation

The continuous limit of discrete Cayley iteration with noise € dB; is:
Stratonovich (intrinsic):
th = MtQ(Mt) dt+€Mt OdBt. (87)

Equivalent It6 form:

2vw(n —1)

th = MtQ(Mt) dt+€Mt dBt - Mt dt. (88)

2
Remark D.14 (Geometric Interpretation). The Itd correction —vwn=b ar is a normal (symmetric)

direction: M - (—«I) with k > 0. It does not enter the tangent space Ty, SO(n) = {MZ: E € so(n)}, hence
does not affect the intrinsic rotational dynamics or introduce steady-state bias.

D.7.4 Steady-State Ball from Diffusion Analysis

Using the Stratonovich generator Lf = (grad f, MQ) + %A f with Laplace—Beltrami Af < d- Lo (where
d=n(n—-1)/2):

Proposition D.15 (Diffusion Steady-State Bound). In the spectrally separated domain Nj:

5277/ n — C 2
L upa) < 29[ () 4 220 Denl OIS (59)
Hence: 5 ) o
lim sup E[f ()] < = VenllCellz (90)

t—o00 - 8@2

Remark D.16 (Consistency with Discrete ISS). The steady-state radius scales as O(g||Cel|2/d), matching the
discrete ISS bound structure. Crucially, no o2 appears: the noise enters only through & (observation error
amplitude) and [|C;||2 (trace-free signal norm).

D.8 Efficient Matrix-Free Implementation via Neumann Series

In the matrix-free setting, explicit computation of the Cayley inverse (I — #Q)~! is prohibitive (O(n?)
complexity). This section establishes that a low-order Neumann series truncation (3—4 terms) provides
sufficient accuracy relative to the statistical noise floor, preserving the O(n?) complexity claim.
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D.8.1 Neumann Series Expansion

The Cayley map Cay(X) = (I — 5 )~ (I + ) can be approximated via Neumann series. For X = nQ with

(-9 £ -5

=0 =0

spectral radius p(%) <1:

The truncated Cayley update becomes:

D.8.2 Convergence Factor Bound

Lemma D.17 (Neumann Convergence under Step Size Constraint). Under the step size condition n < 1/L¢
with Lo = ¢, ||Ce||3 (Lemma 3.1), the Neumann series convergence factor satisfies:

121F _ 2V2|Cell2vF :O( i )
2Lc — ZCnHCeH% [Cell2

E

<
2

In particular, when f < r}“SC (within the ISS noise ball), the convergence factor is bounded by a constant less
than 1, ensuring Neumann series convergence.

Proof. By Lemma 2.2 (Appendix , 12F < 2v2||Ce|l2v/f. Substituting into the step size constraint
n<1/Le¢:
Q Q Q
<Ml 9le __[[9r .
9 2 2Lc 2¢,||Cell3

e
2

For practical convergence (initialization and during optimization), when /f < ||Ce||2, the factor is O(1/c,) <
1. O

D.8.3 Truncation Order Analysis

Proposition D.18 (Truncation Error Bound). Let p := ||%}||2 < 1 be the convergence factor. The K-th
order truncation error satisfies:

K+1
(), (94)

HCaY(nQ) — Cay™ (nﬂ)HF <=

Under the step size constraint n < 1/L¢c with p < 1:

Order K Truncation Error Relative to Noise Floor

2 0(273) =~ 0.125 Marginal
3 0(27%) =~ 0.06 Acceptable
4 0(275) =~ 0.03 Sufficient
5 0(27%) = 0.015 Conservative

Proof. The Neumann series remainder is Zj’; K41 P = ”1}:)1. Multiplying by (I + ?) contributes at most a

factor (1 + p). O
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D.8.4 Closed-Form Truncation ldentity

The following lemma provides a more precise characterization of the truncation error.
Lemma D.19 (Closed-Form Truncation Error). Let X = 2Q with p := || X|2 < 1. Then:

Cay(X) — Cay™)(X) = XK+ . Cay(X). (95)
Consequently, since Cay(X) € SO(n) for skew-symmetric X :
ICay(X) — Cay "™ (X)[|lr = | X" |[p < Vnp"th. (96)

Proof. Using the Neumann remainder identity (I — X)~! = Sk (X) + XEH(I — X)~! where Sg(X) =
Zj{:o X7, we have:

Cay(X) = (I — X) "I+ X) = S (X)(I + X) + XK — X)"Y (I + X) = Cay®)(X) + XK' Cay(X).
The norm bound follows from ||Cay(X)||r = v/n (orthogonal matrix) and || XE+1(|; < p&+L. O

Corollary D.20 (Orthogonality Defect under Truncation). Let Qi := Cay(K)(X) and @ = Cay(X) €
SO(n). Then Qx = (I — XE+1)Q, and the orthogonality defect satisfies:

QK Qxc — Tl < 20/ 4 n 2552 o)
Moreover, if M,] My, = I, then ||M,§ﬁTM,g2 —I||F = O(pE+1).

Refinement for even K: When K is even, K + 1 is odd, so X5+ remains skew-symmetric (since X is
skew-symmetric). Thus (XE+1)T = — XK+ qnd:

IQKkQK — Illr = [IX*FE = O(p* ), (98)

upgrading the orthogonality defect from O(p"X*1) to the stronger O(p?5+2).

Proof. From Lemma Qx = Q — XK+ Q = (I - XX+1)Q. Thus:
Q};QK — QT(I _ XK-‘rl)T(I _ XK+1)Q . (XK+1 + (XK-FI)T) + (XK+1)TXK+1.

The bound equation [97 follows from || X5+ 4+ (XEK+1)T || < 2| XK +1||p. For even K, skew-symmetry of
XE+1 implies the linear term vanishes. O

Proposition D.21 (ISS Stability under Truncation). Suppose the exact Cayley update satisfies the ISS

recursion (Theorem [{.3):
Yk+1 < (1 - an) Yr + ﬁn Ua Yr = f(Mk)7

where o, B, U are o2-independent. For the Neumann-truncated update M,gﬂ = MkCay(K)(Xk), define:
ex = || Cay(Xy) — Cay™ (Xp) | r = IXS [ < Vipf
Then there exists a constant cy > 0 depending only on (n,||Ce||2) such that:

i) < (0 —an) ™ + U +csep, (99)

Consequently, the steady-state radius becomes:
- c
lim sup y,EK) <ryU)+ L supey, (100)
k—oo arn g

where all terms remain o?-independent (since € depends only on the o-free generator Q).
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Proof sketch. Write the truncated update as exact update plus perturbation:
M) = My = Mi(Cay™ () = Cay(X,)) = =M X[ Cay(Xy),
SO ||M,§IJ2 — My41||F = ek. By Lipschitz continuity of f in the controlled region Nj:

|f(M15ﬁ) — [(My11)| < cyen,

where ¢y bounds ||V f||r and depends only on ||Ce||2 and n. Adding this to the exact recursion yields equa-
tion O

Remark D.22 (o2-Invariance under Truncation). The truncated update Cay(K) takes as input only Q =
[A, diag(A)]. Since [A + 021, diag(A + 02I)] = [A, diag(A)] for any 02 € R, the generator (2 is exactly o-free.
The truncation is a deterministic function of this o-free input, so trajectories remain stepwise o2-invariant.
Remark D.23 (Statistical Irrelevance of Higher-Order Terms). In stochastic settings, the observation noise
E). contributes perturbations of order O(||E.||r) to each step. When || E.||r 2 0.01, truncation errors below
1072 are statistically dominated by observation noise. Thus, computing exact inverses or high-order
approximations provides no statistical benefit—it is “computational waste” in the sense that the additional
precision is masked by inherent randomness.

D.8.5 Matrix-Free Algorithm

Algorithm 2 Matrix-Free Cayley Update via Neumann Series

Require: Current iterate My, observation Cy, step size 1, Neumann order K (default: 3-4)
Ensure: Next iterate My, € SO(n)
Ay < M C My, {O(n) MVPs + O(n?) arithmetic}
Dy + d1ag(Ak)
Q) + ArDy — DAy {Commutator, O(n?) (diagonal scaling)}
X gﬂk
P+ I,, S + I, {Power accumulator and sum}
for j =1to K do
P <+ P- X {O(n®) matrix multiplication}
S+ S+P
end for
Myq1 + My - S+ (I + X) {O(n?®) matrix multiplications}
: Optional: QR re-orthogonalization every T' ~ 50-100 steps {Maintains SO(n); o?-immunity preserved}
: return M

== e

D.8.6 Complexity Comparison

Method MVPs Arithmetic Matrix-Free? Exact?
Direct Cayley (LU/Cholesky)  O(n) O(n?) No Yes
Neumann-K Cayley O(n) O(n?) Yes O(p*) error
QR Retraction O(n) O(n?) No Yes
Polar Retraction (SVD) O(n) O(n?) No Yes

Remark D.24 (Complexity Summary). All methods require O(n) MVPs and O(n?) arithmetic per iteration.
The Neumann approximation’s advantage is matrix-free operation: it avoids explicit construction or
factorization of Cj, requiring only MVP oracle access. With K = 3-4 and step size n < 1/L¢, truncation
error is dominated by statistical noise.
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E Proofs for Statistical Analysis

E.1 Lemma D.1: Weight Norm Bounds

The Lyapunov function yy := +/f(Mj) satisfies the integral inequality:
N-1
yv < e Mg+, Z Q;jug,
j=0
where the convolution weights are:

(G+1) “XN=Dn( A7 _
j A

i
Lemma E.1 (Weight Norm Bounds). As N — oo:

1—e M
(i) Mazimum norm: max o = ——— <.
N—-1 A 2
eM —1) 7
(ii) Squared sum (energy gain) JE:O a; (BT —1) = 2

Proof. (i) The weights are maximized at j = N — 1:

e MM —1) 1—e

= = <n.
AN-1 b\ \ =1
(ii) Let B:= e < 1. Then o = %, and:
N e (-5 Niﬁzm Now, (1-8)° _ (1-8)
J 2 2(1 _ 32 2 :
2 P XA N+ 5)
Substituting 8 = e~ and using (1 — e™%)/z < 1:

1—e M An n
2 _ < = O
zj:aﬂ N(I+e ) = A2 2X

E.2 Lemma D.2: Probabilistic Error Bounds
E.2.1 Scenario I: Sub-Exponential Noise (Bernstein Regime) Vershynin| (2018

Assumption E.2 (IND-SE). The sequence {u — py} is mutually independent and sub-exponential with
parameters (o, b, ) [Vershynin| (2018):

E[ef(us—r4)] < 7uf*/2 0] < 1/b,,.

Theorem E.3 (Exponential Concentration). Under Assumption (IND-SE), for any ¢ € (0, 1), the steady-state
error satisfies with probability > 1 — (:

o < 2+ oL VORI + b og(1/0). (101)

Proof. Apply Bernstein’s inequality to the weighted sum Sy := Z;V:_Ol aj(uj — pj):

P(Sy >1t) <exp <— t'/2 ) .

2 2 .y
0% >0 o + byt max; a;

Substituting the bounds from Lemma D.1: 3, a? <n/(2X) and max; a;; < 7. Setting the RHS equal to ¢
and solving for ¢ yields the bound. O
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E.2.2 Scenario Il: Heavy-Tailed Noise (Chebyshev Regime)

Assumption E.4 (UNC-L2). The sequence {ur — py} is pairwise uncorrelated with bounded variance
Var(uy) < o2.

Theorem E.5 (L? Energy Bound). Under Assumption (UNC-L2), for any tolerance e > 0:

2
Yu — oy
P(Vie> Jite) < 5im (102)

Proof. By uncorrelatedness:
N-1 o2n
_ 2
Var(Sy) = jioa\/ar uj) <0 Ej ajgi.

Apply Chebyshev’s inequality: P(Sy — E[Sn] > €) < Var(Sy) /€. O]
pPply Yy q y

E.3 Lemma D.3: Non-Escape Condition and Domain Radius
Lemma E.6 (Domain Radius). Let g = min;«; |A;(Csig) — Aj(Csig)|. For any 6 < g:
g—29
5 >
2V2|Cell2”

Proof. Step 1 (Diagonal perturbation bound). Let A = MTC.M and A* = (M*)TC.M* =
diag(Aq, ..., An) where \; are the eigenvalues of C, in decreasing order. At the target M*: §(M*) = g and
J(M*) = 0.

For general M, write A = A* + (A — A*). Since A and A* share the same eigenvalues (both are orthogonally
similar to C,), the diagonal entries satisfy:

R (103)

[Aii = M| < |A— A% F.
By the triangle inequality and Hoffman—Wielandt-type bounds for diagonal entries, we have:
1A= A%||lp < 2[|off(A)|[r = 2¢/2f (M).
Step 2 (Diagonal separation bound). For any i # j:

[Aii = Ajj| = | = Al = [Ai = Ml = [Ag; = Al = [Ai = Al = 20/2F(M).
Taking the minimum over all i # j:

S(M) =H;§D|Az‘i—14jj| >g—2v2f(M).
i#]

Step 3 (Domain radius). Setting §(M) > § gives \/f(M) < (g — 6)/(2v/2). Combined with the
Lyapunov-to-distance relation v/f < ||Cel|2 - d(M, M*), we obtain Rs = (g — 8)/(2v/2||Ce||2). O

Theorem E.7 (Non-Escape Sufficient Condition). If the initial condition and noise level satisfy:
f(Mo) + r?iSC(U) < Rs. (104)

then the trajectory never exits Nj.

Proof. By Theorem 3 (Appendix EI), limsupy, /f(My) < r?iSC(U ). The monotonic convergence to the

noise ball (after transient) combined with the domain radius bound ensures \/ f(M},) < R; for all k, hence
M, € ./\/'é. O
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E.4 High-Probability Finite-Time Entry into N

This subsection addresses the gap identified in Remark G.4: providing a high-probability finite-time
bound for entering the spectrally separated domain ANs from arbitrary (Haar) initialization.

E.4.1 From Lyapunov Value to Domain Entry

Lemma E.8 (Lyapunov-to-Domain Threshold). Let g = min;«; |A\;(Csig) — Aj(Csig)| be the spectral gap. For
any target threshold § € (0, g):

_ 52
f(M) S fenter = (g 87) — M S Né (105)
In particular, for 6 = g/4: fonter = %.

Proof. By Lemma S(M) > g —2,/2f(M). Setting this > § and solving: \/f(M) < (g — 9)/(2v/2), i.e.,
f(M) < (g-9)%/8. D

E.4.2 Level Set Separation Lemma

The key to finite-time guarantees is converting the “strict saddle” property into quantitative (g, v)-detectability:

Lemma E.9 (Level Set Separation). Assume C has distinct eigenvalues and Proposz'tz'on holds (all
non-global-minimum critical points are strict saddles). For any fenter > 0, there exist constants €., 7, > 0

(depending on C' and fenter) such that for all M € SO(n):

F(M) > fenter = Jlgrad f(M)||F > ex or Amin(Hess f(M)) < —~,. (106)

Proof. By contradiction. Suppose no such (e, ) exists. Then for each k € N, there exists My, € SO(n)
with:

f(Mk) Z fcntcr; ||gradf(Mk)HF S ]-/ka )\min(HeSSf(Mk)) 2 *1/k

Since SO(n) is compact, extract a convergent subsequence My, — M. By continuity of f, grad f, and Hess f:
f(M) > fonter >0, grad f(M) =0, Hessf(M)>0.

This means M is a second-order stationary point (local minimum candidate) with f(A) > 0. But Proposi-
tion states no such point exists: non-global-minimum critical points are strict saddles (have negative
Hessian eigenvalue). Contradiction. O

E.4.3 Explicit Negative Curvature Constant

The Level Set Separation Lemma guarantees existence of (e4,7,) via compactness. Using the Givens
structure from Appendix [C} we make v, explicit.

Lemma E.10 (Explicit Negative Curvature at Entry Threshold). For any saddle critical point M with
f(M) > fenter = (g - §)2/8

A (Hess F) < —eaers Yenter 1= I (107)
min = enter enter n(n _ 1)

Proof. At any non-minimal critical point, there exists (4, j) with A;; = A;; and b := A;; # 0. By averaging:

b2 . > 2f(M)/(n(n—1)). By Lemma(Appendix: Amin < =402, < =8f(M)/(n(n—1)). Substituting
F(M) > fenter gives the result. O
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E.4.4 Tubular Neighborhood and Escape Radius

Lemma E.11 (Negative Curvature Preservation Radius). Define

9-9 by = — 22— (108)

e S Culla/n(n = 1) o /nn—1)

Within geodesic distance . of any saddle critical point M, the negative curvature direction Z = E;j — Ej;
satisfies:
d2

= 15
=3 f(Me=) < —gbg. (109)

t=0

Proof. Along geodesics, |A,,| < 2||Ce||2]|Z]F. Within radius r,, diagonal separation changes by at most:

g—2a g—2o bo
4||Ce||2mne = 4[| Ce]2 - = =20
|Cel R TA BV e R ey B

At the saddle center M, we have A = 0 and |b]| = by for the degenerate block. Within radius ry:
|b] > bo — by/4 = 3by/4 and |A| < by/4. By the exact second variation formula (Lemma [C.11)):

d? b2 92 ~3563 35 15

— Me=)=2(A? —4p*)<2( 2 —4-—2 | =2, by < ——b. O
aez|,_ S e =2 <2 16 T 16 go="738"
E.4.5 Discrete Escape Time Bound
Proposition E.12 (Escape Steps from Saddle Region). Let 7oc 5, (97§)2 and r. =
32 n(n—1)

min{rne, Moc/(16Lc)}. If the iterate enters a tubular neighborhood of width w around a saddle’s center-stable
manifold, the escape time satisfies:

log —. (110)

Proof. In local exponential coordinates & € so(n) around M, let a := (£, u) be the unstable coordinate (along
the Givens direction u). By Lemma [E.11] the gradient component satisfies g, (€) < —(710c/2)a for [£] < r..

The Cayley-GD update gives:

Qgy1 2> (1 + %) Qg

Exponential growth from initial displacement || 2 w to |a| ~ 7. takes the stated number of steps. O

E.4.6 Main Result: Finite-Time Domain Entry

Theorem E.13 (High-Probability Finite-Time Entry into Ns). Assume C has distinct eigenvalues and
Proposition holds. Fiz § € (0,g) and define:

(g —9)? (g —9)?

= = 111
fenter 8 9 VYenter n(n — 1) ) ( )

15 (9-9)° g—29
oc ‘T oot T The ‘— . 112
T8 n(n— 1) 32| Cell2y/n(n — 1) .

Then for any ¢ € (0,1), with probability > 1 — ¢, My € Ns and the entry time satisfies:
Q(f(MO) - fenter) Cn c

Tenter(C) < + log =, 113
ente; (C) 7753 MMoc g C ( )

where €4 > 0 is the gradient threshold for saddle detection and cy,c|, depend only on n.
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Proof. Phase 1 (Gradient descent): When [||p > 4, Lemma 3.1 (Appendix [D)) gives f(Mp41) <
f(My) — 3&2. This phase contributes at most 2(f(Mo) — fenter)/(ne2) iterations.

Phase 2 (Saddle escape): When [|Q|lr < &4 but f(Mg) > fenter, by Lemma [E.10] the Hessian has a
negative eigenvalue < —7epnter along a Givens direction. Within geodesic radius ry., the negative curvature is
preserved with constant vioc (Lemma. A random perturbation lands outside the “dangerous tube” with
probability > 1 — (. The unstable coordinate grows as |ax+1] > (1 +7V0c/2)|u|, escaping in O(y;.1 log(1/¢))
iterations. O

Remark E.14 (Improvement over Generic PRGD). The bound has only single logarithmic dependence on
the failure probability, compared to log*(1/¢) in generic PRGD (e.g., Sun et al.). This comes from the explicit
Givens structure: the function profile along the unstable direction is exactly f(Me!=) = f(M) — b?sin?(2t).
Remark E.15 (Deterministic Givens Escape—Avoiding Randomness Entirely). The explicit Givens structure
enables a deterministic saddle escape strategy. At a saddle point M with degenerate block (4,j) where
A;; = Aj; and b= A;; # 0, taking the exact step ¢t = 7/4 along = = E;; — E;; yields:

F(MeT=) = (M) — B2 -sin®(w/2) = f(M) - V.

This single deterministic step reduces f by b? with no randomness required. In practice, this requires
detecting degenerate blocks (small |A;; — A;;| with large |A;;]), which can be done via Hessian probing or
explicit eigenvalue gap monitoring. This transforms saddle escape from a probabilistic O(log(1/¢)) complexity
to a constant-step deterministic operation.

Corollary E.16 (Total Complexity). Combining Theorems and the total complezity to reach
e-accuracy with probability > 1 — ( is:

Ttotal(&—’C) = Tenter(C) + O <||Ce||% 10g \/@) -

A

E.5 Theorem D.4: High-Probability Long-Term Uniform Bound

Theorem E.17 (High-Probability Long-Term Uniform Bound). Suppose My € N, observation noise satisfies

supy || Eekllr < €, and covariance drift |C||r < p. For any confidence level ¢ € (0,1), if the non-escape
condition (Theorem holds, then with probability > 1 — (:

sup \/f (My) < e~k /F(Mo) + ﬂ'('s%”z (et + ©(C)) (114)

where:

o Deterministic drift term: g, = 4| C582e + 22 + ﬁ;

o High-probability fluctuation term ®(():

Noise Type Assumption o(Q)
Sub-exponential Independent + Bernstein our/T\/1og(1/¢) + bunlog(1/¢)
Heavy-tailed Uncorrelated + Finite variance oy, /&

As k — oo, this yields the steady-state radius r?mb = %(ﬂdet + ®(Q)).

E.6 Proof of Theorem 5: Statistical Robustness
Proof of Theorem 5. (i) The O(1/k) rate follows from Appendix with decaying step size. (ii) Sample

complexity: solving C/(k + ko) < € gives k*(g) = O(||C.||3E[|| E.||%]/(Ae)). (iii) Combining Lemma D.2 with
Theorem 3 (Appendix yields the high-probability bound. O
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F Baseline Limitations and Lower Bounds: Extended Analysis

This appendix establishes the structural advantages of the commutator method over standard baselines. We
focus on the following practically important setting:

F.1 Problem Setting and Main Results

F.1.1 Matrix-Free Streaming Setting

We operate under the observation model equation [26] (see Appendix E[) with additional constraints:

Streaming Matrix-Free Constraints

o Streaming: Observations arrive sequentially; precomputing tf(C) or tr(C') over the full
dataset is unavailable.

e Matrix-free: Only matrix-vector products v — Cjv are accessible; explicit matrix entries
are unavailable.

Main conclusion: In this setting, baselines suffer from signal vanishing—their iteration complexity grows
as Q(0?), rendering them “alive but frozen.” The commutator structure provides O(1) complexity without
requiring trace estimation or noise-level knowledge.

F.1.2 Properties (P1) and (P2): Formal Definitions
Consider a general discrete iteration (encompassing Cayley/QR/polar retractions):
My = ®(My,, Cy), My € SO(n), C) =Cy® + 02l (115)

Definition F.1 ((P1) Pathwise o-Immunity (Trajectory-Level Invariance)). For any scalar sequence {07}
and any signal sequence {C}'®}, we require:

(-, Czig +oil) = o, Czig) step-by-step. (116)

Our method satisfies (P1) at the generator level via the commutator identity Qe yqor(M) = Qo (M).

Definition F.2 ((P2) Discrete ISS (for the Core Lyapunov Function)). Let Ay = M, CY8M; and f; =
1||off(Ay)||%. Within the spectrally separated domain N, we require the existence of constants ¢y, ca > 0

independent of {¢2} such that for bounded input ||Uy|r < U:

fra1 < (1= c18®m)V/ fi + c2l|Cellami T, (117)
which implies the asymptotic bound:

C _
limsup v/ fx < c | 62”2 -U. (118)
k—o00 C1 )

Our method achieves (P2) via the continuous ISS (Theorem and discrete descent lemma (Theorem [D.3).
Goal: Prove that standard baselines cannot achieve o-independent convergence rates. Specifically:

(a) Baselines fail (P1): trajectories depend on o2.

(b) Baselines fail (P2): iteration complexity grows as Q(o?) (signal vanishing).

(¢) The commutator structure is both sufficient (our method) and necessary (up to structural
equivalence) for achieving O(1) complexity.
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F.1.3 Main Theorem: Conditional Irreplaceability

We state the main result upfront; detailed proofs of the supporting lemmas appear in subsequent sections.

Definition F.3 (Exact o?-Immunity). In the observation model Cj = Csig + 0%] + Ej) with arbitrary
time-varying {U,%} and trace-free perturbation Ej, an algorithm is exactly o2-immune if, for the same
initialization Mj:

(i) The discrete trajectory is pointwise invariant:

{M}} generated from {Cyig + 021 + Ex} = {M},} generated from {Cyis + Ej }.
(ii) The Lyapunov evolution {f(Mj; Csig)} does not depend on {o7}.

This is precisely the content of Proposition [B. in Appendix

Theorem F.4 (Conditional Irreplaceability of the Commutator Geometry for Exact o2-Immunity). Consider
the Lyapunov function f(M;Csg) = % ||off (M T CsgM)||% and define (M) := [A(M), D(M)] with A(M) =
MTC4gM, D(M) = diag(A(M)). Assume the streaming observation sequence is Cy, = Cyig + 021 + E,.

(A) Sufficiency: Exact Noise Dissipation. The commutator Lie-group integrator (e.g. Cayley update)
Mi41 = My, - Cay(ni Qc, (My))

is exactly o2-immune in the sense of Definition : (i) the full trajectory {My} is pointwise invariant to
{02}, and (ii) the Lyapunov evolution {f(My; Csg)} is independent of {0} }.

(B) Baseline Failure: Why Extrinsic Methods Cannot Achieve o-free ISS. For baselines of the
form My 1 = of (M}, — nGg(My,)) where Gg = 2CM off(MTCM) is the Buclidean gradient:

(i) Exact tangent-normal geometry: Il7(Gg) = —MSQ is o-free, but |y (GEg)| = ©(c2||O||) exzplodes
with o.

(ii) QR retraction sensitivity: The retraction residual satisfies |R| = ©(no?||O||) (first-order in o2, not
second-order).

(i#) Direction reversal: The contamination ratio |P(S)|| /|| F = 02/3. For 02 > ¢, direction reversal
(V,MQ) <0 occurs.

(iv) Structural remedy: The only way to restore o-free descent is to use M = —IIp(Gg) = MK, which is
the commutator dynamics.

(C) Necessity: Alignment with the Commutator Dissipation Channel. Let an algorithm have
the general Lie-group form My = My - R(nx K(My, Cyk)), where R is any first-order structure-preserving
retraction (Cayley/polar/exp) and K(-,-) € so(n) is continuous. If there exist constants a,b > 0 independent
of tr(Cy) such that for all sufficiently small n:

F(My) = f(My41) 2 an [|QM) |7 = b 1M || 10k — O(0?),
then there exists v > 0 such that (M), K(M,Csg)) > v [|QUM)||% for all M.

Conclusion: Any algorithm achieving (P1)+(P2) on f must have its generator K aligned with Q = [A, D].
If K is orthogonal to Q at some M, no uniform v > 0 exists and o-free 1SS is impossible.

Remark F.5 (Scope of Theorem [F.4]). The irreplaceability claim is conditioned on the matrix-free streaming
regime. With full matrix access or known o2, baselines can precompute tf(C') and match o-elimination.
Additionally: (i) o-immunity applies only to isotropic noise o2; (ii) the claim is specific to the Lyapunov
F(M) = 5lloff(MTCM)|3.

The proof of Theorem [F4] relies on results established in subsequent sections: gradient decomposition
(Section [F-3)), baseline failure analysis (Section [F-4), and the dissipation channel formalism (Section [F.5)).
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F.2 Baseline Class and Access Trilemma

F.2.1 Baseline Algorithm Class

We consider algorithms of the form:
Mi11 = of (My, +nZ(My, C)), (119)

where gf(+) is the Q-factor of QR decomposition (with positive diagonal R), and Zj is an extrinsic search
direction depending on the full observation Cj, = Cgig + o?1.

Specific instances include:

o Subspace Iteration: Z, = (Cy — I) My, i.e., Mpy1 = of (Cr M)

e QR-Oja: Zy, = Cy My, i.e., M1 = qf (I + nCy)Mjy)

o Euclidean SGD+QR (for f): Z, = —Ggr(M}) = —2C; Myoff(Ag), the Euclidean gradient of
FM) = 3o (MTCM)|%

o Euclidean SGD+QR (for PCA): Z; = C,Mj, the (negated) Euclidean gradient of g(M) =
—tr(MTCM)

F.2.2 Information-Theoretic Access Trilemma

The scalar component o2 acts as a nuisance parameter in the sense of semiparametric statistics: it does
not affect the parameter of interest (eigenspace structure) but dominates the observation. Any algorithm
must address this nuisance through one of three mechanisms:

Proposition F.6 (Access Trilemma). Under the streaming matriz-free MVP oracle with observation C =
Csig + 021 where o2 is unknown and potentially unbounded:

(i) No structural filtering: Algorithms using C directly require step size n = O(1/]|C|2) = O(1/0?)
for stability, yielding iteration complexity Q(o?/A).

(ii) Explicit trace estimation: Computing t{(C) = C — SO T via Hutchinson’s estimator |Skorski

(2021); |Meyer et al| (2021) requires "
21Cl%  20°
> > 120
= n2e2( ~ ne?C (120)
MVP queries per iteration to achieve |7 — 7| < € with probability > 1 — (.
(iii) Algebraic filtering (commutator): The commutator generator Qo (M) = [MTCM, diag(M T CM)]
satisfies Qoyar = Qc, achieving exact o2-elimination with 0 additional MVP cost.

Proof. Part (i): By Lemmas below, non-filtering baselines exhibit signal vanishing. Specifically,
subspace iteration has contraction factor p = (\y + 02)/(A\1 + 02) — 1, requiring & = Q((\; + 02)/A)
iterations.

Part (ii): Hutchinson’s estimator with m Rademacher vectors has variance Var(?) < 2||C||%/(mn?). Since
C]|% = ||Csigl|% + 20%tr(Cyig) + no* > no?*, Chebyshev’s inequality gives the stated bound.

Part (iii): By Lemma Qcsar(M)=[A+al,D+al] =[A D]+ a[l,D] +al[A, I| +a?[I,I] = [A,D] =
Qc (M), where the last step uses [I, X] = 0. O

Remark F.7 (Nuisance Tangent Space Interpretation). From a semiparametric perspective, 7 = tr(C)/n is a
nuisance parameter with tangent space Tnuis = span{I}. Property (P1) requires the update to be orthogonal

to 7;1uis: d

dt lt=o
The commutator achieves this via the algebraic identity [I, X] = 0, while baselines must estimate and subtract
the nuisance at cost Q(o?).

O(-,C +tI) = 0.
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F.2.3 Trace Estimation Complexity (Hutchinson)

Lemma F.8 (Trace Estimation Complexity). In matriz-free settings where only matriz-vector products
v = Crv are available, estimating tr(Cy) via Hutchinson’s estimator requires:

samples to achieve |ey| := |1, — 71| < € with probability > 1 — (.

Proof. For Hutchinson’s estimator with m Rademacher vectors:

_2CHE
m

Var(tr(Cy))

When Cy, = Cyig + 021
ICkIF = [|Cig||F + 20%t1(Caig) + no* > na®.
By Chebyshev: P(|ex| > €) < Var(7x)/€2. Setting this < ¢ gives the bound. O

Corollary F.9. In matriz-free settings, the trace estimation overhead grows as O(c*). The residual error ey,
reintroduces o-dependence through the effective step size n’ = n/(1+ ney).

F.3 Euclidean Gradient Analysis

This section establishes the exact tangent-normal geometry of the Euclidean gradient, showing why extrinsic
methods fail (P1) and (P2).

F.3.1 Tangent-Normal Decomposition

Lemma F.10 (Gradient Decomposition). Let Agg = MTCsigM, A= Asig+021, and O = off (A) = off (Asg).
The Euclidean gradient Gy = 2CM - O admits the decomposition:

7 (Gp) = —M|[Agg, Dyg) = —MQc (M), (121)
Iy (Gp)=M-8, S=/{Ag,0}+ 2020, (122)

where Dge = diag(Asig), Qc(M) = [A, D] is the commutator generator, and {X,Y} := XY +Y X is the
anti-commutator.

Proof. Define H := M '"Gg = 2(Asig + o210 = 24,0 + 2020.

Skew-symmetric part:

K := skew(H) = skew(2A4;30) + skew(2020) (123)
= AgigO — OAgig + 0 (since O is symmetric) (124)
= [Asig; O] = 7[Asig7 Dsig} (125)
The last equality uses Agig = Dgig + O and [Dgiq, O] = —[O, Dyig].
Symmetric part:
S = sym(H) = sym(2A440) + 20°0 (126)
AgigO + OAgig + 2020 = {Agg, O} + 25°0. (127)

Since TI7(Gg) = Mskew(MTGg) = MK and TIx(Gg) = Msym(M'Gg) = MS, the decomposition
follows. =
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Corollary F.11 (Tangent Component is o-free). The tangent component r(Gg) = —MQc(M) is an exzact
identity independent of 0. This follows from the scalar shift invariance Qcyo21(M) = Qo (M).

Corollary F.12 (Explicit 02 Decomposition of Euclidean Gradient). The Fuclidean gradient Gg = Vi f =
2C MO admits the explicit separation:

Vuf =2C"8MO+ 26°MO, . (128)

signal term  noise term

The noise term 202MO is:

o Entirely in the normal direction: Ny (20°MO) = 202MO (since MO is symmetric in the
pullback: MT(MO) = O).

e Proportional to 0?: The magnitude scales linearly with the noise variance.
Hence, any algorithm using G directly has its update direction contaminated by o>.

F.3.2 Gradient Explosion Bound
Corollary F.13 (Gradient Explosion Lower Bound). When o2 > ||Cyig|l2:

IGElF = 2(0* = ||Caigll2) O] - (129)

Proof. From Lemma [F.10}
NN (Gr)llr = SIF > [120°0]r — [[{Asig, O} || -
Since [[{Asig, O}|r < 2||Asigll2[|OllF = 2[|Csig|2]|O|| -
N (GE) P 2= (20% — 2| Csigll2) 1O] -

The result follows from |Ggllr > |INn(GE)| - O

F.3.3 Normal-Space Contamination

Lemma F.14 (Normal-Space Contamination). For the diagonalization objective f(M) = L|joff(M T CM)||%,
the Euclidean gradient Gg = 2CMO has a o-dependent normal component. Even when step size is scaled as
n = O(1/0?), the actual update direction V := qf (M —nGg) — M and the ideal descent direction M satisfy:

IP(S)]r -, 20>
ol ~ 73

When o2 > §, the contamination dominates, and cos(V, M) can become negative (direction reversal).

Proof. The first-order expansion gives:
V = -—nMQ—nMP(S) + On*|Ge|?).
The ratio of contamination to signal (recalling IIr(Gg) = —MQ):

IP)le , 20%Ollr
2] 1€

By Lemma[C.1] Q]2 > 26%f = 62|02, so || # > 8[|O]|#. Hence:

[PS)r - 20°Ollr _ 20°
12l ~ dO|F J

When this ratio exceeds 1, direction reversal (cos(V, MQ) < 0) becomes possible. O
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Remark F.15 (Riemannian Gradient and Descent Flow). For the objective f(M) = i|joff (M TCM)|%., the
relationship between gradients is:

I (Gg) = —MQc(M), where Q¢ (M) = [A4, diag(A4)]. (130)

The descent flow is M = —II1(Gg) = MQc(M), which is the commutator dynamics. This direction is
shift-invariant by Lemma (Qcro2r = Qo).

Hence, “FEuclidean SGD with Riemannian projection” recovers the commutator direction and joins our method
family. This completes the structural necessity argument: to achieve (P1)+(P2) on f, baselines must use the
commutator generator (2.

F.4 Baseline Failure Analysis

This section provides quantitative analysis of why each baseline algorithm fails (P1) and (P2).

F.4.1 Subspace lteration: o-Dependent Contraction

Lemma F.16 (Subspace Iteration Analysis |Golub & Van Loan| (2013)). For Mi+1 = qf (CpMy) with
Ck = Csig + 021 and Csig = diag()\l, .. .,)\n), AL > > Ay

(a) Exact recursion (n=2):

o )\2+0'2
- )\1-‘1-(72.

tan 641 = psi(0?) - tan by, psi(o?) :

(b) (P1) failure: The trajectory depends on o unless tan 6y = 0.

(c) o-free contraction impossible: For any q < 1 independent of o*:

A
PSI(UQ) <q — o? < ﬁ — A1,

where A = XAy — \y. When o2 > o2

max

(q), the contraction factor exceeds q.

(d) Complexity lower bound:
2
k Z Al + 0o log tanHO.
A €

Proof. Let xj = cosfy e + sin g eo. Then:
Crrr = (M + %) cos Oy e1 + (Ay + %) sin Oy, es.
After normalization:

(A2 + 02) sin O A + 02
(A +02)cosl, A + 02

tan Oy 41 = tan ;.

Parts (b)-(d) follow from this exact recursion. O

F.4.2 QR-Oja: Effective Step Size Shrinkage
Lemma F.17 (QR-Oja Analysis). For Mj11 = qf (I +nCl)My):

(a) Effective step size:
n
1+no}

Me = =0 (0% = 00).
(b) (P1) failure: The trajectory depends on o through m},.
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(c) o-free progress impossible: For any nmin > 0:

min — 1
Yo > i = o7 < Wmin =1
n
(d) Complexity lower bound:
2
k> 14+no log tanHO.
nA €
Proof. Using qf (aX) = qf(X) for a > 0:
I My, = (14 no2) [ My, + —1— CgM, 131
(I +nCy) My = ( ‘Hlak)( k+1+naicsg k> (131)
= (14 n0}) (Mj, + 1}, CsigMy) - (132)
Hence Mj41 = qf (My + 1, CsigMy,) with 0, = n/(1 +no}). O

F.4.3 QR Retraction Sensitivity

Lemma F.18 (QR Retraction Sensitivity |Absil et al.| (2008)). Let R := qf (M + E) — M — I (E) be the
retraction residual. Then:

o For purely tangent perturbations E = Er € TyySO(n): | R||r = O(||Er|%).

o For perturbations with normal component E = Er + En: ||R|lr = O(||En||lr) (first-order sensi-
tive!).

Proof. By left equivariance qf (M X) = M - gf(X), it suffices to analyze M = I.
Let X =1 4+ E with QR decomposition X = QR. The first-order expansion gives:
Q=I1+K+O(|E|*), R=I+U+O(|E|?),
where K is skew-symmetric, U is upper triangular, and E = K + U (first-order matching).
Key observation: The lower triangular part of E must be absorbed entirely by K:
Kij=Eij, Kj=-Ey (i>}]).

Define the operator P : Sym(n) — so(n) that maps a symmetric matrix to a skew-symmetric matrix by:

S,;j 1> 7
P(S)ij = —Sij 7 <j
0 i=3j

Then the first-order expansion of () is:

Q — I = skew(E) + P(sym(E)) + O(|| E||?).
For the tangent projection:
IIp(E) = skew(E),
hence the residual satisfies:

R =P(sym(E)) + O(| E||*)-

Since ||P(S)||r = ||off(S)||F for symmetric S, and sym(F) = Ey when E = Er + Eyn (tangent-normal
decomposition):
IRlF = O(|EN|F) O
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Corollary F.19 (Substituting 02). For E = —nGg, the retraction residual satisfies:
IR = nlP(S)llF Z n-202|0]|r-
Hence ||R|| = ©(no?), not O(n?a?).

F.4.4 SRHT and Sketching

A natural question is whether randomized dimensionality reduction (e.g., SRHT, CountSketch [Woodruff et al.
(2022))) can circumvent the signal vanishing problem by compressing C before optimization. We show that
sketching inherits the noise passively and compresses the spectral gap, leading to the same Q(c?)
iteration complexity.

Lemma F.20 (Spectral Gap Compression under Sketching). Let C = Cgg + 021 € R™™ with signal
eigenvalues A\; > Ao > ---. Let S € R™** be a sketching matriz (SRHT, Gaussian, etc.) and define the sketch
Y =S8TCS € RF*F,

(a) Noise inheritance: The sketch decomposes as
Y = STC4eS +0%STS. (133)
For orthonormal S (ideal case), Y = ST CggS + 021),. The noise oI is exactly preserved.

(b) Relative gap compression: Let A1, Ao be the top eigenvalues of Y. The relative spectral ratio satisfies:

—1 aso® — oo, (134)

where N{, Ny are the projected signal eigenvalues.
(c) Iteration complexity: Any ilerative method (power iteration, Oja, etc.) applied to'Y requires
o2

kiter = © (A’) iterations, (135)

where A" = X} — X, is the projected spectral gap.

Proof. (a) Direct computation: Y = ST (Cyig + 021)S = ST CgigS + 02STS.

(b) For orthonormal S, the eigenvalues of Y are those of ST Cy,S shifted by 0. As 02 — oo, the ratio
(N +0%)/(MNy+0?) = 1.

(c) Follows from Lemma applied to Y. O
Remark F.21 (Sketching Relocates but Does Not Solve the Problem). SRHT achieves O(nlogn) complexity
per matrix-vector product, but:

o The sketch Y inherits 021 exactly (no algebraic cancellation).

o Post-sketch eigensolvers face the same compressed spectral gap.

o The O(c?) iteration overhead remains, now in the reduced k-dimensional space.

o In matrix-free streaming settings, one cannot pre-subtract o2 from Y without O(c?) trace estimation

cost.

Conclusion: Sketching accelerates each iteration but does not reduce iteration count. The total cost remains

Q(o? -nlogn/A), versus O(||Ce||3n%/A?) for the commutator method with no dependence on o2.

Proposition F.22 (Comparison: Sketching vs. Commutator in High-Noise Regime). For target precision €
with 0* = a||Cygll2 (> 1):
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Method Cost per Iteration Total Iterations
SRHT + Power Iteration O(nlogn) Q(a/A) -log(1/e)
Direct Power Iteration O(n?) Q(a/A) -log(1/e)
Commutator (ours) O(n?) O(||Ce||3/A%) - log(1/e)

When o > ||C.||3/A, the commutator method is faster despite higher per-iteration cost.

F.4.5 Polar vs. QR Retraction: First-Order Behavior

Proposition F.23 (Polar Retraction is First-Order Insensitive to Normal Components [Higham| (1986)). For
the polar retraction polar(X) := X(XTX)*l/Q:

polar(I 4+ E) = I + skew(E) + O(|| E||?).

Unlike QR, the polar retraction has no first-order sensitivity to the symmetric (normal) part of E.

Proof. Let X =+ E. Then XX =TI+ E+ ET + O(|E||?) = I + 2sym(E) + O(||E||?).
Using (I + A)~Y2 =1 — A+ O(||A]?):

(XTX)"2 =1 —sym(E) + O(|| B|*).

Hence:
polar(X) = (I + E)(I —sym(E) + O(||E||?)) (136)
=1+ FE—sym(E)+O(|E|?) (137)
= I +skew(E) + O(||E||?). O

Remark F.24 (Methodological Implication). This difference has significant implications:

« QR retraction: First-order contamination ||P(sym(E))|r = ©(no?) from normal components.

e Polar retraction: Only second-order contamination from normal components.

However, polar retraction still suffers from (P1) failure because the direction itself (before retraction)
depends on o2. The structural remedy is to use the commutator direction (tangent projection), after
which QR/polar/Cayley all yield equivalent results.

F.4.6 Direction Misalignment Probability

Theorem F.25 (Exact 1/2 Probability under Sign Symmetry). Let Vgi(C, M) := qf (CM) — M (Subspace
Iteration direction) and Veomm(C, M) := MQ = M[A, D] (commutator direction). Define:

Z(C7 M) = <VSI7 ‘/Comm>F~

If C has a sign-symmetric distribution (C < —C) and P(Z = 0) =0, then:

1
P(cosf < 0) =P(Z < 0) = 7

Proof. Step 1 (QR sign equivariance): qf(—X) = —qf(X) for standard QR with positive diagonal R.
Step 2 (Odd symmetry of Z):

Va1(—=C, M) = of (~-CM) — M = —qf(CM) — M = —Vg(C, M) — 2M. (138)
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Meanwhile, the commutator is even in C:
‘/comm(_cv M) = M[_A, _D] = M[A; D] - chomm(cv M)

Since Veomm € TarSO(n) is tangent, (M, Veomm)r = tr(M T MQ) = tr(2) = 0.
Therefore:

Z(—C,M) = (=Vs1 — 2M, Veornm)r = —Z(C, M).
Step 3 (Probability conclusion): Since Z is an odd function of C' and C L _c:

ZL_7 — P(Z<0)=P(—Z <0)=P(Z > 0).
Combined with P(Z = 0) = 0, we get P(Z < 0) = 1/2. O
Remark F.26 (Scope and Practical Interpretation). This theorem applies to the idealized case where C' has

a sign-symmetric distribution. In practice:

o The actual observation C' = Cg;g + 021 does not satisfy C 4 —C because 2] > 0.

« However, for zero-mean signal Cy;, (e.g., centered covariance e trace-free part C, = C — ==
H , f ignal Cy;, (e.g., centered iance), the trace-free part C, = €' — M1
can satisfy the symmetry condition.

o The 1/2 probability serves as a worst-case reference: even under favorable symmetry, Subspace
Iteration has 50% chance of moving opposite to the commutator direction.

o When symmetry is broken (e.g., C — C + al with « > 0), the probability deviates from 1/2 by at

most %HPC — P_c|lrv.

The key message is that baseline directions can be systematically misaligned with the optimal descent
direction for f.

F.5 Dissipation Channel and Necessity

The ISS analysis in Appendix [C] reveals the two key coefficients controlling convergence:

« Dissipation rate §%: From local PL (Lemma |C.1)), [|Q(M)||% > 26%f(M).
« Input gain v/2||C.||2: From spectral sandwiching (Lemma7 QM) ||F < 2V2||Cell2+/f(M).

Both coefficients are o-free because they depend on C, (not C) and on spectral separation § (which comes
from the signal). The “dissipation channel” concept formalizes why this structure is necessary.

F.5.1 Dissipation Channel Definition

Definition F.27 (Dissipation Channel for f). A tangent generator K (M, C) € so(n) is a dissipation
channel for the Lyapunov function f(M) = 3|off(M "CM)||3 if there exists v > 0 such that:

(QM), K(M, Csig)) > 7[|QM)|E VM € N;. (139)
This condition ensures that the generator K is uniformly aligned with the commutator direction 2 =
[A, diag(A)], which is the gradient direction of f (up to sign).

Remark F.28 (Why Dissipation Channel Matters for ISS). The ISS differential inequality (Lemma [C.3)) has
the form:

D*y(t) < —8%y(t) + V2||Cellz - uegt (1)

The negative feedback term —§°y comes from the local PL condition [|2||% > 26 f, which in turn
requires that the descent direction is aligned with Q. If the generator K is not a dissipation channel (i.e.,
violates equation [139)), then:
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(i) The first-order descent term (2, K) may be sublinear in [|]|?;
(ii) The ISS recursion loses its linear contraction factor;

(iii) The steady-state ball radius becomes o-dependent (or unbounded).
Thus, satisfying the dissipation channel condition is necessary for o-free ISS.

F.5.2 Angle Condition for o-free ISS

Proposition F.29 (Angle Condition for o-free ISS). Let the algorithm be Myy1 = My - R(np K (Mg, Cy)),
where R is any first-order structure-preserving retraction (Cayley/polar/exp) and K € so(n) is a continuous
map. If there exist constants a,b > 0 independent of tr(C) such that for all small n:

F(My) = f(Me41) > an| QM) |7 = bnllU M) | 2| Ukl e — O(?),
then there exists v > 0 such that:

(QM), K(M,Csig)) 2 7|QUM)|7 VM € Ns.

Proof. The first-order descent of f along direction K is:
F(My) = f(My41) = —n{grad; (My), MK) + O(n).
Since grad ;(M) = —MQ(M), this becomes:

F(Mi) = f(Mii1) = n{Q(Mz), K) + O(1%).
To achieve the required dissipation anl|Q2||?, we need:
(0, K) > a| Q%
This is exactly the angle condition with v = a. O

Corollary F.30 (Dissipation Channel Uniqueness). If at some M € N5 we have (Q(M), K(M,Cyg)) =0,
then no uniform v > 0 exists, and the generator K cannot be a dissipation channel. Consequently, o-free
1SS (P2) is impossible for that algorithm.

Remark F.31 (Uniqueness of the Dissipation Direction). The corollary does not claim that the formula for
K is unique, but rather that the dissipation direction must collapse into the cone aligned with
Q = [A, D]. Any generator achieving (P1)+(P2) must satisfy Definition [F.27, which forces alignment with
the commutator.

This is the precise sense in which the commutator is the “unique geometric solution”: it is unique up to
alignment, not unique in literal form.

Conclusion: Any algorithm achieving (P1) + (P2) on f = $||off(M T CM)||% must have its generator K be
a dissipation channel (Definition [F.27), hence aligned with € = [A, D]. The natural choice is K =  itself,
which defines the commutator—Lie-group-integrator family of this paper.

F.5.3 Semiparametric Perspective

We provide an alternative theoretical interpretation of (P1) using the language of semiparametric statistics.

Parameter Decomposition. The observation C' = Cg, + o2I admits a canonical decomposition:

C=r7rI+0C,, T = trEﬁLC)’ C.=C-r1l. (140)

The eigenspace structure (parameter of interest) depends only on C., while 7 (nuisance parameter) captures
the trace/scalar component.
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Nuisance Tangent Space. Consider the local perturbation path that changes only the nuisance:
C(t)=C +1tI, c0)=1.
The nuisance tangent space is therefore:
Touis = span{I}.
Under the Frobenius inner product (X,Y)r = tr(X 'Y), the orthogonal complement is:
Tosis = {X © t2(X) = 0},
the space of trace-free matrices.

(P1) as Nuisance Orthogonality. Property (P1) requires the update map to be insensitive to the
nuisance path:

O(-,C+tl)=(-,C) VteR.
Equivalently, the Gateaux derivative along T,uis vanishes:

d

— P(- I)=0. 141
S| et.crm=o (141)

This is the discrete-time analog of orthogonal estimating equations in semiparametric theory: the update
direction does not incorporate information from the nuisance tangent space.

Proposition F.32 (Two Routes to Nuisance Orthogonality). Any algorithm achieving equation must
employ one of:

(i) Structural orthogonality: The generator satisfies Kotor(M) = Ko (M) for all « € R. This is
achieved by the commutator via Lemma[B1: Qctar = Qc.

(i) Estimate-and-subtract: FEzplicitly compute 7 and work with C. =C—#I. By Lemma
achieving |7 — 7| < € with probability > 1 — { requires m > 20*/(ne?¢) MVP queries.

Proof. Part (i): By Lemma Qcrar(M) = [A+ al, D + ol] = [A, D] since [I, X] = 0. Hence the
commutator generator is structurally orthogonal to Tpuis-

Part (ii): If the generator does not satisfy structural orthogonality, then nuisance elimination requires
explicit projection C' +— C.. In matrix-free settings, this requires estimating 7 = tr(C')/n. Hutchinson’s
estimator has variance Var(7) < 2||C||%/(mn?) > 20%/(mn). Chebyshev’s inequality gives the stated sample
complexity. O

Remark F.33 (Commutator as Efficient Score). In semiparametric language, the commutator Q2 = [A, D]
can be viewed as an efficient score: it extracts all information about the eigenspace structure while being
exactly orthogonal to the nuisance tangent space. This orthogonality is algebraic (via [I, X] = 0) rather
than statistical, which explains why it achieves zero estimation cost.

F.6 Unified Complexity and Lower Bounds

We now synthesize the individual lemmas into unified statements.

F.6.1 Iteration Complexity Comparison

Theorem F.34 (Iteration Complexity: Baselines vs. Commutator). For convergence to precision € with
spectral gap A = min;»; |\, — Aj|:
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Method Objective  Iteration Complexity o2 — oo
Subspace Iteration Rayleigh M 202 logé Q(c?)
QR-Oja (adaptive n) Rayleigh L 4;7202 logé Q(0?)
Euclidean SGD+QR PCA (g) HC% log% Q(c?)
Commutator (ours) Diag. (f) ”iiei‘glogé o(1)

Note: “Rayleigh” = maxtr(WTCW); “PCA (g9)” = g(M) = —tr(MTCM); “Diag. (f)” = f(M) =
3lloff (M T CM)|[5.

Proof. Direct application of Lemmas [F.16[d), [F-17(d), and the Lipschitz analysis. The commutator bound
follows from Theorem With o?-independent step size n = O(1/||C.||3). O

F.6.2 Minimax Lower Bound

We formalize the iteration complexity lower bound as a minimax statement over the class of algorithms that
do not employ algebraic structural filtering.

Definition F.35 (Filtering vs Non-Filtering Algorithm Class). Consider algorithms of the form My, =
My, - R(ng, K(My, Ck)), where R is a retraction and K : SO(n) x S™ — so(n) is the generator.

o Filtering: K(M,C + ol) = K(M,C) for all « € R, and 7, depends only on o-invariant quantities (e.g.,
[[Cell2, I6£(Ck)ll2). Equivalently, A satisfies (P1).
o Non-Filtering (Axr): Either K or 1, depends on tr(Cy), ||Ck||2, or other o-dependent quantities.

Theorem F.36 (Minimax Lower Bound). For target precision € on the n = 2 hard instance Cs;g = diag(A1, A2)
with gap A = A1 — Ao
inf sup Qa(e0%) > e- o log - (142)
inf su g;0°) > c- ——log —,
A€ Anr (,2>po A A & €
where Q a(e;02) is the number of iterations required by A to achieve precision €, and ¢ > 0 is an absolute
constant.

Proof. The n = 2 diagonal case provides a hard instance that any algorithm must handle. We show that
each baseline class achieves the lower bound on this instance:

Step 1 (Subspace Iteration): By Lemma d)7 with C = diag(\; + 02, A2 + 0?), the exact angle

recursion gives:

To achieve tan 8, < e, we need:

E> log(tan 6y /<) _ Mt o? . log(tan 6y /¢)
~ log((M +02)/(A2 +02)) A 1+0(A/(M +02)

As 02 — o0, this gives k = Q(0?/A) - log(1/e).

Step 2 (QR-Oja): By Lemma d), the effective step size satisfies ' = n/(1 + no?) — 0 as 02 — <.
The iteration count satisfies:

1 2 1 2 141 2 1 2 1
> 1no 1Og_0.+/(770>10g29(0>10g_
g

~ A e A 1 A
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Step 3 (Euclidean SGD): The gradient Vg = —CW has Lipschitz constant L = [|Cll2 = A\ + o
Stability requires n < 2/L, so effective progress per iteration is O(nA) = O(A/o?). Total iterations:
k=Q(c?/A) -log(1/e).

Step 4 (Minimax conclusion): Since all baselines in Definition achieve the lower bound on the n = 2
diagonal instance, and the adversary can choose o? arbitrarily large, the minimax bound equation follows
with ¢ = 1/(2\1). O

Corollary F.37 (Complexity Separation). The commutator method achieves Qcomm(€) = O(||Ce||3/A% -
log(1/¢)) independent of 0. For o > ||C.||3/A, the separation factor is:

QnF Q( o?A >
Qcomm ||C€||§ '

F.6.3 Numerical Counterexamples

Even when 021 is completely removed via tf(C'), baselines can still increase f in a single step. The following
are explicit counterexamples with traceless C' (i.e., tr(C) = 0).

Ezample F.38 (Subspace Iteration with Traceless C'). Let:

0.11537 1.77881  —0.52963 —0.18742  0.73430 0.65244
C=| 177881 —0.44274 0.09983 |, My= | —0.84085 —0.46329 0.27987
—0.52963 0.09983  0.32737 0.50778  —0.49616 0.70427

Then M; = qf (CM)y) gives:
f(My) =3.212, f(M;) =3.489 (increase).

Ezample F.39 (QR-Oja with Traceless C). Let n = 0.2:

0.81739  0.78860 —0.87209 —0.50527 0.73623 —0.45018
C=1 07860 0.27574 0.73028 |, My= | —-0.86296 —0.43194 0.26216
—0.87209 0.73028 —1.09313 —0.00144  0.52095 0.85359

Then M; = of ((I +nC)My) gives:
f(Mop) = 1.411, f(M;) =1.730 (increase).

Ezample F.40 (Euclidean Gradient of f: Direction Reversal under Noise). This example demonstrates that
using the Euclidean gradient (not the Riemannian gradient) for the diagonalization objective f can cause
direction reversal when noise o1 is added.

Setup: Let n =2, n = 0.5, and define:

coie _ (035377 0.35731\ (077485 0.63214
~\0.35731 1.12382)° 07 (—0.63214 0.77485 )

Numerical results: One step of Euclidean SGD+QR: M7 = qf (Mo — nVar f)-

o f(M;) Change Direction
0 0.00450 —96.5% Strong descent
5 0.15477  +20.7% Ascent

Conclusion: Merely adding 021 to the observation (without changing C*'8) can reverse the update direction.
This directly contradicts both (P1) and any o-free discrete ISS (P2).

Summary of counterexamples:
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o Subspace Iteration / QR-Oja: Even with tf(C), these methods cannot establish ISS for f =
2|loff (M TCM)||% because their update directions are not aligned with the dissipation channel of f.
They optimize different objectives (Rayleigh quotient).

o Euclidean gradient of f: The explicit 02 term shows that (P1) fails—the Euclidean gradient
depends on 2. However, the Riemannian gradient grad §=—MQ is o-free.

o Conclusion: For f, the structural remedy is to use the Riemannian gradient (= commutator), not
the Euclidean gradient. This is the content of Remark [F.15}

F.7 Scope and Limitations

Our claims are conditional on the streaming matrix-free setting. For completeness, we document when
baselines can match our method and when our claims do not apply.

F.7.1 When Baselines Can Match

(B-1) Batch setting with full matrix access: If C is fully observable, baselines can precompute
tf(C) =C — %I in O(n) time, eliminating the 021 component. In this case, baseline iteration complexity
matches ours.

(B-2) Known noise level: If o2 is known a priori, baselines can subtract o1 directly without estimation.
This is the “o-oracle” assumption.

(B-3) Low-noise regime: When 02 = O(||Csigl|2), the signal vanishing effect is mild (O(1) slowdown), and
baselines remain competitive.

(SB-1) Already in invariant subspace: If M, is already an eigenvector matrix of Csg, then (Cysig +02I) M,
is collinear with Cgg M}, after QR, so (P1) holds trivially. But this is the fixed point, not the convergence
phase.

(SB-2) Different objective: Subspace iteration naturally targets the Rayleigh quotient, not f. If the
comparison objective changes, the counterexamples do not apply.

(QO-1) o-oracle available: If the baseline can access o7 and adaptively set n, = n9/(1 —nooz), the effective
step size drift is cancelled. This requires stronger information access.

(QO-2) Baseline adopts commutator structure: If QR-Oja is modified to use the generator K = [4, D]
instead of CM, it joins our method family.

(EG-1) Proper descent direction: If Euclidean SGD uses the descent direction —II7(Gg) = MS instead
of —Gg, then (P1) is restored and the baseline becomes structurally equivalent to our method.

F.7.2 When Our Claims Do Not Apply

(Fo-1) Non-isotropic noise: If the noise is Dy, (diagonal but not al) or general anisotropic, the commutator
does not annihilate it. The o-immunity only applies to scalar multiples of I.

(Fo-2) Algorithm uses o elsewhere: If step size or thresholds depend on ||Ckl|2 or tr(Cy) instead of
IC¢l|2, algorithmic o-immunity is compromised.

(F-ISS-1) Spectral separation fails: When § — 0 or the trajectory leaves N, the dissipation lower bound
€| > 25 f vanishes.

(F-ISS-2) Input bound fails: If tf(E) has unbounded peaks (heavy tails), only high-probability /expectation
ISS is possible, not pathwise.

(F-ISS-3) Step size too large: If n > 1/L¢, the descent lemma fails and single-step increases can push the
trajectory out of Nj.
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G Technical Lemmas
This appendix contains technical lemmas that support the main theorems.

G.1 Commutator Norm Inequality

Lemma G.1 (Commutator Norm Bound). For any X,Y € R"*" the following equivalent bounds hold:

11X Ye < 2 X2/Y ]I 7, (143)
11X Y[ < 201X | e [[Y]]2- (144)

Proof. By triangle inequality and the mixed submultiplicativity ||[AB||r < ||All2||Bllr and ||AB|F
Al 7| Bll2:

IA

IXY Y X[k < |IXY]p + [YX]r < 20XV 5
The second bound equation[144]follows by symmetry (swapping X <+ Y and using ||[X,Y]|r = [|[Y, X]||r). O

G.2 Explicit Derivation of ¢,

This section derives the Lipschitz constant Lo = ¢,]|Ce||3 for the Riemannian gradient of f(M) =
3l off (M T C M) 5

G.2.1 Gradient Expression

Let A(M):=M"C.M, D(M) := diag(A(M)), Q(M) := [A(M), D(M)]. The directional derivative satisfies:
Df(M)[ME] = —(QM),E)r, E €so(n).

Hence grad f(M) = —MQ(M), consistent with the Riemannian gradient Gg = —M$2 derived in Section

G.2.2 Global Upper Bound on ||QQ(M)||
Using the commutator bound:

12(M)]| 7 = [I[AM), D(M)]||r < 2[|[A(M)]| 7| D(M)]]2- (145)
Since [A(M)[|r = [|Cellr < v/n[|Cell2 and [[D(M)]|2 < [|A(M)[[2 = [|C]2:

[1200)]1F < 2vm]Cel (146)
G.2.3 Lipschitz Bound on Q(M)
Step 1: Lipschitz bound on A:
AM)—A(N)=M"Co(M -~ N)+(M" —NT)C,.N. (147)

Using [[M ||z = [[Nllz = 1:
[A(M) — A(N)||F < 2([Cell2]|M — N||p.

Step 2: Lipschitz bound on D:
[ID(M) = D(N)|[r < |A(M) = A(N)||r < 2[|Cell2||M — N||£-

Step 3: Lipschitz bound on Q:

QM) - QN) = [A(M) — A(N), D(M)] + [A(N), D(M) — D(N)]. (148)
Applying the commutator bound:
12(M) = QN)|[r < 2[|AM) = AAN)[[P[ICell2 + 2[|Cell2 | D(M) = D(N)|| r (149)
<A Cell2llA(M) = A(N) [ (150)
< 8||Ce|3IM — N|p. (151)
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G.2.4 Combined Lipschitz Constant

| grad (M) — grad (V)¢ = [|-MQM) — (~NQN)) [ = [MOAM) — NON)|r  (152)
< (M = N)Q(M)||p + [N QM) — Q(N))| (153)
< ||M = Nlp[[2(M)]|2 + (M) — QN) | r (154)
< (2vn +8)|Ce[3I1M — NJ|p. (155)
Theorem G.2 (Lipschitz Constant).
Lo < @Va+8)|Cel},  cn=2vn+8.] (156)

G.2.5 Numerical Values

n | 5 10 100
cn < [ 1247 1432 28.00

G.3 Distribution of §(M;) under Haar Initialization

This section analyzes the spectral separation §(My) when My is drawn from the Haar measure on SO(n).

G.3.1 Normalization and Random Variable Representation

Let C, = UAU T with A = diag(\1,...,\n), A1 > -+ > A,,. By Haar invariance:
A(Mo) = My CeMy £ QTAQ,  Q ~ Haar(SO(n)).

Define X; := (Q"AQ):; = ¢;' Ag;, where g; is the i-th column of Q. Then:

§(Mp) = mln\X X;l.

G.3.2 Mean and Variance of X;

Lemma G.3 (Spherical Quadratic Form Moments). For ¢ ~ Unif(S"~1):

Elq"Ag] = Z)\k, (157)

2
Var(g" Ag) = eSS (158)

where Vy := > 01 (A — A)2.

Proof. Using spherical moments E[¢?] = 1/n, Elql] = 3/(n(n + 2)), Elgiq?] = 1/(n(n + 2)) for k # £

=D MEg] = A, (159)
k
255 + 57
Z ME[g] + > MAeElgRa7] ﬁ (160)
k0

where S1 =", Ap, So = )\i. Hence:

2 2V

Var(X) = E[X?] — (E[X])* = W(SQ ~ Si/n) = n(n+2)°
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G.3.3 Concentration via Lévy’s Lemma

The function f(q) := q' Aq on S*~! has Lipschitz constant Lip(f) < 2||A|l2 = 2||C.]|2-
Lemma G.4 (Lévy Concentration). There exists ¢ > 0 such that for any t > 0:

2
P(IX: — B[X,]| > ) < 2exp (Hgf”) . (161)
ell2

G.3.4 Upper Tail Bound on ¢(My)

Theorem G.5 (Spectral Separation Upper Tail). There exists ¢ > 0 such that for any u > 0:

P(5(Mp) > u) < 2nexp (—dW) . (162)

In particular, with probability > 1 — &:

2 1 2n log(n/¢)
6(Mo) < 1 1Cell2y/ oy les— = @ <C€||2n?,/2 - (163)

Proof. If min,; | X; — X;| > u, then range(X) := max; X; — min; X; > (n — 1)u.

By the pigeonhole principle, if max; |X; — A| < s, then range(X) < 2s and:
25

mln‘Xl—X”S .
i) n—1

Hence {6(Mpy) > u} implies {max; | X; — A| > (n — 1)u/2}. By union bound and Lévy’s lemma:

- - n—1)u nin — 1)%2u?
P(6>wu) < ZP (|X7 — Al > (2)> < 2nexp <C(4||C’e|)§) . O
i=1

G.3.5 Implications for Algorithm Initialization

The typical scale of §(My) under Haar initialization is O(n~3/2). This implies:

e If § = O(g) (constant-level), then P(5(My) > §) < 2ne=©").
e Haar initialization almost surely starts outside a constant-level spectrally separated domain.

o A “global phase” is needed to drive f(Mj) down until the domain entry condition §(M) > g —
24/2f(M) is met.

G.4 Eigenvector Perturbation Bounds

We present eigenvector perturbation bounds relevant to our setting. The classical Davis-Kahan theorem
requires ||All2 < g/2, which can be restrictive. Modern extensions by O’Rourke, Vu & Wang provide improved
bounds under weaker conditions.

G.4.1 Classical Davis-Kahan Theorem

Theorem G.6 (Davis-Kahan sin © Theorem). Let C, be symmetric with eigenvalues A\ > --- > A, and
eigenvectors vi, ..., v,. Let g = min;z; |A\; — ;| be the spectral gap. For a perturbation A with ||All2 < g/2,
the eigenvectors v; of Cy + A satisfy:

N

sin Z(Ui, ’lAjl) <
9

(164)
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G.4.2 Improved Bounds for Low-Rank Signal with Random Perturbation

The following theorem, due to O’Rourke, Vu & Wang (2018), provides significantly improved bounds when
the signal matrix has low rank and the perturbation is random.

Theorem G.7 (O’Rourke-Vu-Wang, 2018). Let A be a rank-r symmetric matriz with eigenvalues Ay >
2 A > 0= Aj1 =+ =\, and corresponding eigenvectors vi,...,v,. Let E be a random symmetric
perturbation (e.g., Wigner matriz with i.i.d. entries). Define A = A+ E with eigenvectors ¥y, . .., Uy.

(a) Weaker gap condition: Unlike classical Davis-Kahan, we do not require ||E||2 < g/2.

(b) Improved eigenvector bound: For the leading r eigenvectors, with high probability:

FE B2
sin Z(v;,9;) < C (H /\J|2 + ﬂl Li) ) (165)

where g; = minj»; |A; — A;| and C > 0 is an absolute constant.

(¢) Frobenius norm bound: For the leading r-dimensional eigenspace spanned by V. = [v1,...,v.]:
-~ E
AANS A AN g”z, (166)

where g = miny<ij<,(Ai — A\i11) @s the gap between signal and noise eigenvalues.
Remark G.8 (Relevance to Our Setting). In our matrix-free eigendecomposition setting with observation
Cr = Csig + 021 + Ey:

o The signal Cg;, is often effectively low-rank (few dominant eigenvalues).
o The perturbation Ej (after trace removal) is random with zero mean.
« The isotropic component o2I does not affect eigenvectors (only shifts eigenvalues uniformly).

Theorem applies with A = Cyy and E = tf(E}), yielding tighter bounds than classical Davis-Kahan
when || Eg||2 is comparable to or larger than the spectral gap g.

Remark G.9 (Key Insight: Skewness Exploitation). The improvement in Theorem comes from exploiting
the skewness between the signal eigenvectors v; and the random perturbation E. Specifically, for random E:

1B
n

E[||Ev;|3] = < ||E|l3 (for incoherent v;).

This is fundamentally different from the worst-case analysis in classical Davis-Kahan, where the perturbation
could be aligned with the eigenvectors.

References:

e Davis & Kahan, “The rotation of eigenvectors by a perturbation. III,” SIAM J. Numer. Anal.
7(1):1-46, 1970.

2

e O’Rourke, Vu & Wang, “Random perturbation of low rank matrices: Improving classical bounds,
Linear Algebra Appl. 540:26-59, 2018.

o Fan, Wang & Zhong, “An ¢, eigenvector perturbation bound and its application to robust covariance
estimation,” J. Mach. Learn. Res. 18(207):1-42, 2018.
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H Experimental Details

This appendix provides comprehensive experimental protocols, additional results, and reproducibility details for
all experiments referenced in the main text. All experiments are implemented in Python using NumPy [Harris
et al| (2020 and are available in the supplementary material.

H.1 Experimental Protocol
H.1.1 Signal Model and Noise Generation
We construct the signal covariance matrix as
Csg = QAQT, Q ~ Haar(SO(n)), (167)

where A = diag(Aq1,...,A,) with A; = n+1 — 4, yielding spectral gap g = 1. The Haar-distributed orthogonal
matrix @ is generated via QR decomposition of a standard Gaussian matrix with sign correction to ensure
det(Q) = +1.

The observation model follows equation [T}
Cr = C1sig + UI%I + Ekv (168)

where the anisotropic perturbation Fj is generated as a symmetric, trace-free matrix with controlled Frobenius
norm:

.
Ek:tf<G+2G )E’ﬁ . Gy ~N(0,1). (169)
| F

Default Parameters. Table [2] summarizes the default experimental parameters used throughout this
appendix unless otherwise specified.

Table 2: Default experimental parameters.

Parameter Symbol Default Value
Dimension n 10, 20

Eigenvalues Ai nn—1,...,1

Spectral gap g 1

Isotropic noise range o? {0, 1,10, 100, 500, 1000}
Step size n 0.1/||C.|3

Convergence threshold  fio 10-6

Maximum iterations Koax 106

Random seeds - 5-20 per configuration
Neumann order L 3

H.1.2 Algorithm Implementations
We implement five algorithms for comparison:
Cayley (Our Method). The discrete double-bracket flow with Cayley retraction (Algorithm:
Miy = My - Cay(nu), Qi = [Ar, Dil,  Ar = My CuM. (170)
The Cayley map is computed via Neumann series truncated at order L:

Cay (nQ) ~ <§L: (7729>£> : <I+ ”29) . (171)

£=0
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Riemannian QR (Riem-QR). Commutator direction with QR retraction |Absil et al. (2008):
Mii1 = af (Mg + nMiQx), (172)

where qf(-) denotes the Q-factor of QR decomposition with positive diagonal in R.

Riemannian Polar (Riem-Polar). Commutator direction with polar retraction [Higham| (1986)):
M1 = polar(My, + nMgQy), (173)
where polar(X) = U from the polar decomposition X = UP.
Trace-Free Oja (tf-Oja). Oja’s algorithm |Ojal (1982) applied to trace-free observation:
Raw Oja. Standard Oja’s algorithm |Ojal (1982); |Jain et al. (2016)) without trace removal:

M1 = af (I +nCr)My), 1 = 0.1/[|Cll2- (175)

Remark H.1 (Step Size Selection). The step size asymmetry (||C.||3 for our method vs ||Ck|2 for Raw Oja)
reflects a fundamental structural difference, not an unfair comparison. Raw Oja requires n = O(1/||Cx||2)
for stability—using ||Ce||2 would cause divergence when o2 > ||C.||2. Our method’s o?-immunity allows the
use of o-independent step sizes, which is precisely the claimed advantage.

H.1.3 Evaluation Metrics
Diagonalization Objective. The primary metric is the Lyapunov function:

F(M) = §loff(M T CgM)||- (176)

Convergence is declared when f(My) < fio1 = 1076,

Trajectory Difference. For o2-immunity verification:

Doy o (k) o= | MY — M. (177)

Incremental Displacement. For transient response analysis:

di = || Myq1 — M| (178)

Spectral Separation. For domain stability analysis:

S(M) = min |Ai — Ay, A= MTC4M. (179)
7]

H.2 Core Property Verification

H.2.1 Pathwise Trace-Shift Invariance (E1)

Objective. Verify Theorem i)—(ii): the commutator-based iteration is exactly invariant to trace shifts
C — C+o?l.

Protocol.

1. Fix Cyg, A, My with deterministic seed (seed=42).
2. For each o2 € {0,10%,10°}: run Cayley method with use_trace_free=True.

3. Compute pairwise trajectory differences maxy, HM,gUl) - M,ggg) | g

4. Run baselines (Orthogonal Iteration, Oja) for comparison.
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Results. Table [3| shows trajectory differences for Cayley method. All differences are at machine precision
(~ 10712), confirming exact pathwise invariance.

Table 3: El: Trajectory differences for Cayley method (n = 20, K = 5000).

Pair (0? vs 03) Max |[AM;|r Mean |AMy|r

0 vs 10° 2.1 x 10712 1.8 x 10712
0 vs 108 3.5 x 10712 2.9 x 10712
103 vs 109 2.8 x 10712 2.4 x 10712

In contrast, baselines show o?-dependent behavior:

« Orthogonal Iteration: Convergence rate degrades as p = (A2 + 02)/(A1 + 02) — 1.

« Raw Oja: Effective step size n’ = n/(1 + no?) — 0, causing convergence failure at o> > 10.

E1: Pathwise o2-Invariance

B \\ — 0’2:0

- N\

! \\ o =10’

N\
I \ cenne g2 =108
\

i \\

_—
N\,

= \

- \\
= ‘\\\

N\
~
~
-1 \\
10 B ~.
~
.
o .
n \\
\\.
[ ] ] ] ] ]

0 1000 2000 3000 4000 5000
Iteration &k

Figure 3: E1: Convergence trajectories for o2 € {0,10%,10}. All three curves overlap exactly (within machine

precision), demonstrating pathwise o2-invariance.

H.2.2 Impulse Immunity (E2)

Objective. Verify Theorem ii): massive isotropic pulses produce zero transient response in Cayley
method.
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Protocol. Define the pulse schedule:

0 k<200
of =<{108 200 <k <220 (180)
0 k>220

Record incremental displacement dy, = ||My41 — My||F for each method.

Results. Table fl] shows the maximum displacement during the pulse window (k € [200,220)) relative to
baseline displacement.

Table 4: E2: Pulse response comparison (n = 20, pulse magnitude 108, 10 seeds).

Method Max dj (pulse) Baseline d; Ratio

Cayley 0.012 £ 0.002 0.011 £0.002  1.1x
Orth. Iter. 89.3 £12.1 0.015+£0.003 5950
QR-Oja 452+ 8.7 0.018 £ 0.004 2510x

Eucl. SGD 67.8 £15.3 0.022 £0.005 3080x

Conclusion: Cayley shows no measurable response to the 108 pulse, while baselines exhibit displacement
spikes ~ 103-10% times larger than baseline.

H.2.3 o2-Independent Iteration Complexity (E14)

Objective. Verify that commutator-based methods achieve O(1) iteration complexity independent of o2,
while baselines suffer O(c?) degradation.

Protocol. For o2 € {0,1,5,10, 50, 100, 500, 1000}

1. Run each method to convergence (f < 10_6) or until K. = 30000.
2. Record iterations to convergence and convergence success rate.
3. Repeat with 5 random seeds.

Results. Table [§] presents the mean iterations to convergence.

Table 5: E14: Iterations to convergence vs o2 (n = 10, 5 seeds).

0? Cayley Riem-Polar Riem-QR tf-Oja Raw Oja

0 1594 1594 1600 1880 9372

1 1594 1594 1600 1880 11317

) 1594 1594 1600 1880 20939

10 1594 1594 1600 1880 FAIL
100 1594 1594 1600 1880 FAIL
1000 1594 1594 1600 1880 FAIL

Key Observations:

1. Commutator methods (Cayley, Polar, QR): Constant ~ 1600 iterations across o2 € [0, 1000].
2. tf-Oja: Achieves immunity via trace removal but requires 18% more iterations than Cayley.

3. Raw QOja: Iterations grow linearly with o; fails for o2 > 10.
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E14: o2-Independence (Structural Necessity)

| —@— Cayley (Ours) TF-Oja
—— Riem-Polar Raw Oja
8 Riem-QR
S 4
20 10"
o [
=]
5]
[&]
8
72}
=
.2
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10° 10' 10” 10°

Isotropic noise o2

Figure 4: E14: Iterations to convergence vs o?. Commutator methods achieve O(1) complexity (flat line);
Raw Oja exhibits O(0?) degradation and fails for o2 > 10.

H.3 Convergence Analysis

H.3.1 ISS Steady-State Error Ball (E3)

Objective. Verify Theorem .3} steady-state error ball radius scales linearly with trace-free noise amplitude
€g, independent of 2.

Protocol.
1. For each (¢, 0?) pair with eg € {0.1,0.2,0.5,1.0,2.0} and o2 € {0,10%,10%}:
2. Run K = 5000 iterations with i.i.d. trace-free noise Ej at each step.
3. Compute steady-state estimate limsup \/ f(M}) from last 10% of trajectory.
4. Repeat with 10 seeds per configuration.

Results. Table |§| shows linear regression fits for limsup+/f vs eg.

Table 6: E3: Linear regression of steady-state error vs noise amplitude (n = 20).

02 Slope Intercept R?

0 0.206  —0.001  0.998
102 0.207  —0.002  0.997
10° 0.205  —0.001  0.998

Conclusion: The slopes are nearly identical across o2 values (coefficient of variation < 1%), confirming
o2-independent ISS gain v ~ 0.21.

H.3.2 O(1/k) Convergence Rate (E4)

Objective. Verify Theorem (Non-Asymptotic Rate): with decaying step size n;, = ¢/(k + ko), the
algorithm achieves O(1/k) convergence rate.
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E3: ISS Error Ball

0216 F & o2=0 T
o?=10°

0.214 ; 0.2:106
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0.206 o -
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Figure 5: E3: ISS steady-state error scales linearly with noise amplitude €, independent of o2. All three o2

curves overlap with R? > 0.93.

Protocol. Two variants distinguish dynamics-level vs sampling-level 02 dependence:

o Variant A (Matrix noise): Cy = Csiz + 0?I + Ej, with fixed Ej, distribution.

 Variant B (Sample covariance): C}, is sample covariance from z; ~ N(0, Csig + 021).
Use ¢ = 0.5, kg = 100, K = 50000.
Results. Log-log regression of E[f(M})] vs k yields:

e Variant A: Slope ~ —1.02 4 0.03 for all ¢2; curves overlap.

e Variant B: Slope ~ —1.0, but intercepts increase with ¢ due to variance inflation.

H.3.3 Monotone Descent Threshold (E5)

Objective. Verify Lemma (Discrete Lyapunov Descent): for n < fmax = 1/Le, f(My) decreases
monotonically; above threshold, non-monotone behavior appears.

Protocol. For € {0.001,0.002,0.005,0.01,0.015,0.02, 0.03,0.05}:

1. Run deterministic Cayley flow (no noise) with fixed step size.
2. Count non-monotone events: #{k : f(Myy1) > f(My)(1+107%)}.

3. Compute monotone fraction across 10 seeds.

72



Under review as submission to TMLR

E4: O(1/k) Convergence
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Figure 6: E4: Log-log convergence plot. The slope matches the theoretical O(1/k) rate (dashed line).

Results. With n =20 and ||C.||2 = 0.95, theoretical .y & 0.03.

Table 7: E5: Monotonicity vs step size (n = 20, K = 1000, 10 seeds).

n Monotone Fraction Mean Non-Monotone Count
0.001 1.00 0

0.005 1.00 0

0.01 1.00 0

0.02 1.00 0

0.03 0.90 2.3

0.05 0.00 47.8

Conclusion: Sharp phase transition near n = 0.03 matches theoretical prediction.

H.3.4 Global Convergence from Haar Initialization (E11)

Objective. Verify Theorem (Almost Sure Global Convergence): from Haar-random initialization,
almost all trajectories converge to the global minimum.

Protocol.

1. Sample My ~ Haar(SO(n)) for 100 independent seeds.

2. Run Cayley iteration until f(M;) < 1078 or K = 10000.
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3. Record convergence rate and iteration count distribution.
Results (n =10, K = 5000, 50 seeds):

« Convergence rate: 100% (50/50 trajectories reached f < 10~%)
e Mean iterations: 2847 + 412
e Max final f: 3.2 x 10710

Conclusion: No trajectory was trapped at a saddle point, consistent with the measure-zero stable manifold
of strict saddles.

H.4 Domain Stability
H.4.1 Non-Escape Condition (E9)

Objective. Verify Theorem (Non-Escape Sufficient Condition): under bounded noise, the trajectory
remains in the spectrally separated domain Nj.

Protocol.

1. Initialize near eigenbasis: My = Qrue - Cay(eK) with small skew-symmetric K, so §(Mp) =~ g.
2. For noise levels e € {0.01,0.02,0.05,0.1,0.2,0.5}:
3. Run K = 5000 iterations with bounded trace-free noise.

4. Track §(Mj) and detect escape events (§ < g/4).

Table 8: E9: Escape probability vs noise level (20 seeds per level).

Noise e P(escape) Mean 6min Mean final §

0.01 0.00 0.0996 + 0.0001  0.0999 £ 0.0001
0.02 0.00 0.0991 + 0.0002  0.0999 £ 0.0001
0.05 0.00 0.0982 4 0.0005 0.0998 = 0.0002
0.1 0.05 0.0721 £ 0.0183  0.0987 £ 0.0051
0.2 0.35 0.0412 +0.0287 0.0891 =+ 0.0234
0.5 0.95 0.0089 £+ 0.0067 0.0234 £ 0.0189

Results (n =20, g = 0.1, escape threshold § = 0.025):

Conclusion: For e < 0.05, trajectories remain

safely within Ns. Escape probability increases sharply beyond ep = 0.1.

H.4.2 Finite-Time Domain Entry (E12)

Objective. Verify Theorem (High-Probability Finite-Time Entry): from Haar initialization, PRGD
reaches N in finite time with high probability.

Protocol.

1. Sample My ~ Haar(SO(n)) for 20 seeds.
2. Track first iteration Toper Wwhere f(Myg) < fonter = (g — 8)?/8.

3. Compare to theoretical bound.
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E9: Domain Stability
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Figure 7: E9: Spectral separation §(Mjy) trajectories for different noise levels. Low noise (eg < 0.05) stays
above the escape threshold; high noise crosses it.

Results (n =5, K = 1000, 10 seeds):

o Entry success rate: 100%
e Mean Toer: 247 £ 89 iterations
o Theoretical upper bound: O(n - poly(log(1/4)))

H.5 Baseline Failure Analysis
H.5.1 Counterexample Verification
We verify that baseline methods fail both (P1) pathwise o-immunity and (P2) discrete Lyapunov descent.

(P1) Failure: Trajectory Dependence on o2. Subspace Iteration. The contraction ratio is ps; =

(M2 +02)/(M\1 + 0?). Verification with \; = 2, Ay = 1:

QR-Oja. The effective step size is 0’ = n/(1 + no?). With n = 0.1:

(P2) Failure: Lyapunov Ascent on Traceless C. We exhibit concrete counterexamples where f(M7) >
f(My) even for traceless C:

Subspace Iteration (n = 3):

0115 1779 —0.530
C=| 1779 —0443 0.100 |, tx(C)=0.
~0.530 0.100  0.327
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Table 9: Subspace Iteration: contraction ratio vs o2.

02 Theoretical p Measured p

0 0.500 0.500

1 0.667 0.667
10 0.917 0.917
100 0.990 0.990

Table 10: QR-Oja: effective step size degradation.

0% Effective ¥ Ratio n'/n

0 0.100 100%

10 0.050 50%
100 0.009 9%
1000 0.001 1%

With appropriate My: f(Mg) = 3.21, f(My) = 3.49 (8.7% increase).

QR-Oja (n = 3, n = 0.2): With appropriate traceless C and My: f(My) = 1.41, f(M;) = 1.73 (22.6%
increase).

H.5.2 Quantitative Failure Criteria

Subspace Iteration. For target contraction constant ¢ < 1, the maximum tolerable o is:
T (@) = —— — A1 (181)
q
With Ay =3, Ao =1, A =2:

e ¢q=09: 02, =17
e ¢q=05:02,, =1

max

QR-Oja. For minimum effective step 7min, the maximum tolerable o2 is:

2 1/ Nmin — 1
Jmax(nmin) = .
n

(182)
With n = 0.1:

o Nmin = 0.05 (50% of n): 02, =10

o Nmin = 0.01 (10% of n): 02, =90
H.5.3 Signal Vanishing Mechanism

The fundamental cause of baseline failure is signal vanishing: the informative gradient component is
overwhelmed by o2-dependent terms.

Euclidean Gradient Decomposition. From Section [f] the Euclidean gradient decomposes as:

Gg =20M - off(A) = 2C. M - off(A) +20%M - off (A). (183)

signal noise

The signal-to-noise ratio is ||C.||2/0% — 0 as 02 — .
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Commutator Immunity. The commutator generator satisfies:
Qcyo2r = [A+0%I,D + %I = [A, D] = Qc, (184)

completely eliminating the o2 term algebraically rather than asymptotically.

H.5.4 Comprehensive Algorithm Comparison (E13)

Objective. Verify that baselines exhibit wall-clock time degradation (“signal vanishing”) while commutator-
2

based methods maintain constant performance across o<.
Methods Compared.

e o’-immune: Cayley-Neumann, Riemannian-QR, Riemannian-Polar

o o2-sensitive: Raw Oja, Subspace Iteration, Euclidean SGD-PCA

Protocol.

1. Fix n = 20, g = 1, convergence threshold f(M;) < 1076.

2. Sweep o2 € {0,1, 10,100,500, 1000}.

3. Measure wall-clock time and iteration count for each method.

4. Declare “FAIL” if convergence not reached within 10° iterations.

Table 11: Wall-clock time (seconds) across methods. “— indicates failure (> 10° iterations).
Method a2=0 1 10 100 500 1000
Cayley-Neumann 2.3 23 23 23 23 23
Riem-QR 2.4 24 24 24 24 24
Riem-Polar 2.5 25 25 25 25 25
Raw Oja 0.18 052 — —  — —

Subspace Iter 0.21 089 47 — — —

Eucl SGD-PCA 0.15 041 — — — -

Results.

Key Observations.

(a) o?-immune methods maintain constant wall-clock time (= 2.3-2.5s) across four orders of magnitude

in o2,

(b) o2-sensitive methods degrade rapidly: Raw Oja fails for 0 > 10; Subspace Iteration fails for o > 100.
(c) The crossover point (where Cayley becomes faster than baselines) occurs at o2 ~ 3-10, well within
practical regimes (DP-PCA, Hessian monitoring).

H.6 Additional Results

H.6.1 Retraction Comparison (E10)

Objective. Compare QR and Polar retractions’ sensitivity to normal (symmetric) perturbations.
Result. For pure normal perturbation M — M + M S with symmetric S:

e QR: ||qf (M +eMS) — M||p = O(e) (first-order sensitive)
« Polar: ||polar(M +eMS) — M||r = O(g?) (second-order insensitive)

This explains the slight performance advantage of Polar over QR retraction when the commutator direction
has small normal component errors.
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H.6.2 Sensitivity Analysis

Neumann Order. Table [[2] shows convergence with varying Neumann truncation order L.

Table 12: Effect of Neumann order L on iterations (n = 10, o2 = 100).

L TIterations Final f Truncation Error
1 1847 9.8 x 1077 0(1072)
2 1623 9.2 x 1077 0(107%)
3 1594 8.9 x 1077 0(1079)
4 1594 8.9 x 1077 0(1078)

Recommendation: L = 3 provides optimal trade-off between accuracy and computational cost.

Dimension Scaling. Iteration count scales mildly with dimension:

Table 13: Dimension scaling for Cayley method (02 = 100, g = 1).

n Iterations Wall-clock (s)

5 892 0.12
10 1594 0.31
20 3247 1.42
50 8934 12.8

The iteration count grows as O(n) due to the scaling of eigenvalue gaps with dimension under our construction
N=n+1-—i.

H.6.3 Haar Initialization §(M,) Distribution (E6)

Objective. Characterize the distribution of initial spectral separation §(Mg) = min;»; |A; — A;;| under

Haar-distributed initialization.

Protocol.

1. Sample My ~ Haar(SO(n)) for n € {5, 10, 20, 50}.
2. Compute §(Mp)/g where g =1 is the true spectral gap.
3. Repeat 1000 times per dimension; estimate mean and 5th percentile.

Table 14: Haar initialization: 6(My)/g statistics.

n  E[6(My)/g] 5th Percentile

) 0.031 0.008
10 0.016 0.004
20 0.008 0.002
50 0.003 0.0007

Results.

Interpretation. The ratio E[6(My)/g] ~ O(1/n) confirms that random initialization places M far from
eigenbasis (small §). Combined with E11 (100% global convergence) and E12 (finite-time domain entry), this
validates the safety of Haar initialization.
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E6: Haar Initialization § Distribution
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Figure 8: E6: Normalized initial spectral separation E[6(Mj)]/g across eigenvalue gaps. The ratio is nearly
constant (= 0.016), confirming linear scaling.

H.6.4 Lipschitz Constant Verification (E7)
Objective. Verify the gradient Lipschitz bound Lo < ¢,||Ce||3 with ¢, = 2y/n + 8 (Appendix |G.2).

Protocol.

1. For n € {5,10,20}, sample 1000 pairs of nearby matrices M, M’ € SO(n) with |M — M'||p = =10"%
2. Estimate Legt = max [|[Vf(M) — Vf(M')||g/||M — M'||F.
3. Compare to theoretical bound Lpound = ¢n||Cel|3-

Table 15: Lipschitz constant: empirical vs. theoretical bound.

n  Lest  Lpouna Ratio

5 18.3 494 0.037
10 42.7 1421  0.030
20 127 3782  0.034

Results.

Interpretation. The theoretical bound is conservative (ratio = 3%), but crucially it remains valid across
all tested dimensions. The conservativeness arises from worst-case analysis; practical Lipschitz constants are
much smaller.
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H.6.5 Direction Alignment Analysis (E8)

Objective. Verify that Oja’s direction CM and commutator direction M[A, D] are essentially uncorrelated:
P(cosf < 0) = 0.5.

Protocol.

1. Sample C from symmetric distribution (Wishart) and M ~ Haar(SO(n)).

2. Compute Oja direction Gojo = CM and commutator direction Go = MQ where 2 = [4, D].
3. Compute cos§ = (Goja, Go) r/(|Gojall FlIGal 7).

4. Repeat 10000 times; estimate P(cos6 < 0).

Table 16: Direction alignment: P(cosf < 0) across dimensions.

n  P(cosf < 0) 95% CI

5 0.498 [0.488, 0.508]
10 0.501 0.491,0.511]
20 0.499 [0.489, 0.509)]

Results.

Interpretation. The probability is statistically indistinguishable from 0.5 (p > 0.8 for all n), confirming
that the commutator is not a “better Oja” but a fundamentally different descent direction. The two directions
are essentially orthogonal in expectation.

H.7 MVP Cost Analysis: TF-Oja 4+ Hutchinson

A reviewer raised an important concern: the TF-Oja baseline “presumes access to trace per-iteration; this is
not matrix-free unless one pays extra oracle cost.” We address this by comparing three approaches:

(i) Cayley (Our Method): n MVPs per iteration (for CyM}). No trace estimation required due to
commutator structure.
(ii) TF-Oja (Oracle): n MVPs per iteration, but requires O(n) diagonal entry access to compute tr(Cf).
Not truly matriz-free.
(iii) TF-Oja + Hutchinson: Estimates trace via m probe vectors [Skorski| (2021)), requiring n + m MVPs
per iteration. Truly matrix-free.

Experimental Setup. We set n = 20, o2 € {0, 1,10, 100,500, 1000}, and use m = 10 Rademacher probe
vectors for Hutchinson estimation (achieving O(1/m) = 10% relative variance in trace estimate).

Results. Table [T summarizes the MVP costs.

Table 17: MVP cost comparison. TF-Oja (Oracle) requires diagonal entry access, violating the matrix-free
constraint. TF-Oja + Hutchinson is truly matrix-free but incurs additional MVPs for trace estimation.

Method MVPs/iter = Matrix-free? Overhead
Cayley (Ours) n v 1.0x
TF-Oja (Oracle) n + O(n) entry X —
TF-Oja 4+ Hutchinson (m = 10) n+m v 1.5%

Hutchinson Probe Count Sensitivity. Table [L8]shows the effect of varying m on total MVP budget.
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E8: Direction Alignment
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Figure 9: E8: Distribution of cosf between Oja and commutator directions. The symmetric distribution
centered at 0 confirms P(cosf < 0) =~ 0.5.

Table 18: Effect of Hutchinson probe count m on total MVP cost (n = 20, o2 = 100, 5000 iterations).

m  MVPs/iter Total MVPs Overhead

1 21 105k 1.05%
3 23 115k 1.15x
5 25 125k 1.25x
10 30 150k 1.50x
20 40 200k 2.00x
50 70 350k 3.50%

Key Findings.

(a) TF-Oja (Oracle) achieves o2-immunity but violates the matrix-free constraint: computing tr(Cy) requires
O(n) diagonal entry access, which is not available under the MVP-only oracle.

(b) TF-Oja + Hutchinson is truly matrix-free but incurs significant MVP overhead: with m = 10 probes
(standard for O(1/m) = 10% relative variance), the overhead is 50%.

(c) Our Cayley method is both o?-immune and optimally MVP-efficient: the commutator [A, D]
algebraically annihilates 021 without any trace estimation, achieving the same iteration count with zero
additional MVPs.

This analysis confirms that among truly matrix-free methods, the commutator approach provides the best
MVP efficiency.
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