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Quantization is an effective approach for deploying deep learning models on
resource-constrained hardware, but maintaining accuracy and training stability at
extreme low precision remains a major challenge. In this work, we study lattice-
based vector quantization (VQ) as a practical alternative to scalar quantization
for low-bit quantization-aware training (QAT). We develop a unified quantiza-
tion pipeline that integrates structured lattice projections into both QAT and post-
training quantization (PTQ), supporting multiple lattice choices—including E8
and D4—via a fused projection operator with straight-through estimation.

Through extensive experiments across a wide range of bit-widths, lattice parame-
terizations, and training regimes, we show that lattice-based VQ consistently en-
ables stable training and meaningful accuracy below 2 bits, where scalar quanti-
zation and existing PTQ methods typically underperform or are unavailable. In
this low-bit regime, exploiting geometric structure across weight blocks improves
robustness by reducing overload and stabilizing optimization, while at moderate
and higher bit-widths, performance differences narrow and simpler quantization
schemes become sufficient. We further analyze the role of lattice choice, dynamic-
range scaling, and overload behavior, and demonstrate that explicit overload con-
trol is central to reliable low-bit performance. Finally, we show that lattice-based
QAT extends beyond binary classification and weight-only quantization, support-
ing multi-class tasks, joint weight—activation quantization, and transformer en-
coders such as BERT, achieving substantial compression with controlled accuracy
degradation.

1. Introduction

Accommodating deep learning (DL) models on edge devices is often challenging due to the high
computational requirements [1, 2]. To address the gap between current DL models and the re-
quirement of edge deployment, researchers have explored three broad directions [3]: pruning the
model, designing lightweight architectures, and employing model quantization. Together, these
approaches form the foundation of current strategies for enabling efficient DL on edge devices. In
this work, we explore this third direction of model quantization. Model quantization maps high-
precision floating-point weights and activations to lower-precision fixed or floating-point represen-
tations, offering substantial memory and compute savings.

Recent work highlights that model quantization for low-bit inference can substantially alleviate
memory bottlenecks, particularly when combined with fast lookup-table-based computation [4].
This is crucial for edge hardware, where on-chip storage and bandwidth are severely constrained.
The field has recently seen a push towards 1-bit [5] quantization, where linear layers are aggres-
sively quantized but can still maintain competitive accuracy. These advances further motivate the
exploration of low-bit scalar and vector quantization schemes, as pursued in this work.

Our Contributions. A major portion of inference cost in DL models arises from matrix-matrix or
matrix—vector multiplications of the form WX, where W denotes the model’s weight matrix and X
is the input activation. Quantizing the weights (and activations) applies a mapping @ : R — Q,
where Q; denotes the set of fixed/floating-point values representable using b-bit precision. For
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example, common b-bit formats include integer types such as int8/qint8 and low-bit floating-
point types such as float16 and bfloat16, as implemented in PyTorch!. In this work, two pop-
ular model quantization paradigms: quantization-aware training (QAT: training-time quantization)
and post-training quantization (PTQ: forward-only quantization), are explored. We develop a uni-
fied quantization framework that examines both these paradigms for low-bit deployments and can
work for multiple lattice types. Within the QAT setting, we study two families of quantizers. In scalar
quantization (SQ), each weight is treated independently and works well when the data is uniformly
spread along each coordinate. Whereas, in vector quantization (VQ), small blocks of weights (such
as 8-D vectors) are quantized jointly and are more effective when the data has a non-uniform dis-
tribution, allowing it to use bits more efficiently and achieve better rate—distortion performance. In
this work, we use structured lattices for VQ. Beyond proposing the quantization pipeline, our study
systematically examines several practical questions that arise when pushing bit-widths to extreme
limits.

e Can QAT reliably perform better than PTQ in the low-bit regime? (Section 4.1)

e Does lattice parameterization affect quantized model performance? (Section 4.2)

e Can lattice-based VQ be integrated into transformer encoders such as BERT while preserv-
ing downstream task performance? (Section 4.3)

o Can QAT be introduced without any initial FP32 warm-up phase? (Appendix)

e Does reducing overload (residual error between the original and quantized weights exceed-
ing the bit budget) lead to stable performance and mitigate degradation at low precision?
(Appendix)

e Does the proposed framework generalize to other lattice families beyond E8 (e.g., lower-
dimensional lattices)? (Appendix)

o Canjoint quantization of weights and activations be performed within the proposed frame-
work while maintaining stability at low precision? (Appendix)

o Does lattice-based QAT extend beyond binary classification to more general task settings
such as multi-class classification? (Appendix)

To affirmatively answer these questions in our study, we conduct extensive experiments across mul-
tiple datasets and architectures. Note: For clarity, quantization precision is classified here as low-bit
precision (< 4 bits), mid-bit precision (4-12 bits), and high-bit precision (> 12 bits). Our code is
available on https://github.com/mlsquare/coset.

2. Related Work

In this work, we examine model quantization in both QAT and PTQ modes.

QAT incorporates quantization into the training process via straight-through estimation, allowing
the model to adapt to the noise introduced by low-bit computation, but requires access to both the
model parameters and the training data. DoReFa-Net [6] showed that models with low-bit weights
and activations can be trained using deterministic quantization, while gradients require stochastic
quantization. [7] introduces a practical QAT approach that simulates 8-bit quantization during
training using affine (scale + zero-point) quantization, enabling accurate integer-only inference on
edge hardware.

PACT [8] proposes a learnable activation-clipping mechanism where the clipping parameter is
optimized during training to reduce quantization error, enabling stable low-bit activations and
near—full-precision accuracy in CNNs. LSQ [9] improves training-time quantization by learning
the quantizer step size directly from task loss, achieving strong results for 2—4 bits weights and ac-
tivations. LSQ+ [10] extends this framework with learnable offsets and a more robust initialization
scheme, enabling effective asymmetric activation quantization and better stability for architectures
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with non-ReLU activations. SAT [11] further examines the instability of low-bit training and intro-
duces scale-adjusted updates alongside calibrated activation-clipping gradients, resulting in more
stable optimization and competitive accuracy in the quantized mode.

Brevitas [12] is a QAT framework that implements scalar uniform quantization using STE-based
scale learning. It provides a strong and widely adopted baseline for quantization methods. To
the best of our knowledge, all existing QAT methods operate purely in the scalar domain, and VQ
has not been explored in QAT settings, largely due to the computational overhead with codebook
construction and finding the nearest codebook - referred to as Closest Vector Problem (CVP) in the
lattice literature.

On the other hand, PTQ aims to quantize a trained DL model into a low-precision version without
performing any retraining. It requires only the pretrained weights and, optionally, a small unlabeled
calibration dataset to estimate activation ranges. Early PTQ methods mainly used simple techniques
such as rounding weights to the nearest quantization level, adjusting clipping ranges [13, 14], or ap-
plying bias correction [15]. However, these heuristic approaches often suffer from large accuracy
drops, especially at 4-bit precision, because they do not consider how weight perturbations affect
the model’s output or task loss. To mitigate this, [16] introduced a data-driven rounding strategy
that learns whether each weight should round up or down, using a layer-wise reconstruction loss
to match the FP32 layer output. Building on this, BRECQ [17] showed that block-wise reconstruc-
tion optimizing quantization over blocks of consecutive layers rather than each layer independently,
further stabilizes error propagation and yields better accuracy.

More recently, QulP [18] shows that preprocessing weights using structured orthogonal transforms
improves incoherence, making weights easier to quantize and significantly reducing PTQ error.
Building on this, QuIP#[19] extends this idea with a faster Hadamard-based transform, E8-lattice
VQ, and a lightweight fine-tuning stage, achieving good 2-3 bit PTQ performance. Extending this,
CALDERA [20] builds on QuIP# by exploiting the approximate low-rank structure of LLM weight
matrices to enhance quantization quality.

Existing QAT methods are exclusively scalar because learning multidimensional codebooks and
performing lattice projections impose substantial computational and implementation burdens dur-
ing training. Even though QulP# demonstrates the benefits of structured orthogonal transforms
and E8-lattice VQ, these techniques have not been extended to the QAT setting, nor have they been
explored within a hierarchical (multi-digit) lattice decomposition. In particular, QAT for LLMs is
relatively underexplored [18]. As aresult, the field lacks a unified framework that enables the use of
lattice-based hierarchical VQ in QAT. Addressing these gaps is essential for understanding whether
the advantages of lattice-based quantization in PTQ can translate to the QAT setup.

3. Methodology

In this section, we organize the quantization work into two complementary approaches: vector and
scalar quantization.

3.1. Vector quantization

VQ originates from classical information-theoretic insights that coding vectors rather than scalars
achieves strictly better rate distortion performance [21]. It maps multi-dimensional vectors to a finite
set of codewords rather than quantizing each element independently, where each codeword repre-
sents a representative vector in the quantized space. Given a codebook C = {C]i]}, the quantizer
assigns an input vector z to the nearest codeword Q(z) = arg min; ||z —C[i]||2. Classical VQ methods
typically learn the codebook from data, whereas lattice-based VQ employs pre-determined, struc-
tured codebooks defined by the underlying lattice geometry. In this work, we focus on lattice-based
VQ, so we briefly introduce some lattice definitions.



3.1.1. Preliminaries

A lattice L C R™ is a discrete additive subgroup generated by integer linear combinations of lin-
early independent basis vectors. Formally, L = {}_}"_; z;b; | z; € Z}, where by, bs, ..., b, are linearly
independent vectors that form a basis of the lattice. L is closed under vector addition and reflection
[22], and its points are uniformly distributed in R™ according to the chosen basis. A lattice can also
be represented compactly using a generator matrix G € R"*™ whose columns are the basis vectors,
such that L = {Gz | z € Z"}.

For a point z € R”, the nearest-neighbor lattice quantizer )1, (x) maps «x to its closest lattice point
(Algorithm 3 in [23]), Q1 (z) = arg min,ey, |x — v|. Each lattice point v € L acts as a codeword in the
quantization scheme, and the quantized representation of x is given by the selected codeword.

The Voronoi region V;, of a lattice is defined as the set of points in R™ that are closer to the origin
than to any other lattice point, V;, = {x € R" : |z| < |z — v|, Vv € L\ {0}}. Each lattice point has
a corresponding Voronoi cell obtained by translating V;, to that point. These Voronoi cells tile the
space without overlap and form the fundamental domain for nearest-neighbor quantization.

Two geometric quantities play an important role in quantization: the packing radius, defined as the
radius of the largest sphere that fits inside a Voronoi cell, and the covering radius, defined as the ra-
dius of the smallest sphere that completely covers the Voronoi cell [24]. Lattices with large packing
radius and small covering radius generally yield better quantization performance.

Several classes of lattices are commonly used in quantization, including the integer lattice Z", the
D,, lattice (integer vectors with even coordinate sum), and the highly symmetric E,, lattices. The
FE lattice (also used in QulP#, but in a PTQ setting) is an even, unimodular lattice in R®, whose
points are given by Fy = {z € Z® U (Z® + 11) : Y20 2; = 0 (mod 2)} [24]. Its Voronoi cell has the
smallest known covering radius among all 8-D lattices, making Eg particularly well suited for VQ,
where inputs are projected to their nearest lattice point (codeword).

3.1.2. Prior works on Lattice quantization

Mukherjee et al. [25] introduced successive refinement in lattice VQ, where vectors are quantized
through a hierarchy of Voronoi-shaped lattice codebooks that progressively reduce distortion at
each stage. Later, Fuchs [26] proposed embedded Voronoi codes to refine lattice VQ. It combines
differently scaled Voronoi codebooks to yield a 1-bit-per-dimension progressive bitstream while
retaining the structural advantages of lattice quantization.

Hierarchical Nested Lattice Quantization (HNLQ) [4] extends classical nested-lattice VQ by de-
composing a fine-lattice projection into M radix-q stages. Rather than directly representing = € R?
using a single large Voronoi codebook, HNLQ expresses the projection Q7 (x) as a sum of hier-
archical correction terms & = Enj\;tol gm(x), where each digit ¢,,,(x) belongs to a scaled Voronoi
codebook ¢ A, with A, = LN (¢Vy). The digits arise from recursive nested projections defined
by gm(z) = QY™ (z) — QOL(mH) (x), where Q9™ denotes m successive applications of the scaled lat-
tice quantizers. By telescoping, & = Qp(z) — QZ(M) (x), and thus & = Q,(z) whenever the M-fold
nested projection vanishes, i.e., Q%M (x) = 0, which corresponds to the no-overload regime. Be-
cause each digit is represented using dlog,(q) bits, the total rate is dM log,(g) bits, replacing a sin-
gle exponentially large codebook with M compact sub-codebooks that admit efficient lookup-table
implementations. Here, we state a lemma from [4].

Lemma 1 (Correctness of Hierarchical Reconstruction [4]). HNLQ reconstructs as & = Z%;OI gm (),
and & = Qr(z) <= Q%M (x) = 0 Thus, overload occurs precisely when the M~fold coarse projection
does not vanish.

When overload does not occur, i.e., QOLM (x) = 0, the telescoping sum reduces to & = Q(z). In
this regime, the hierarchical refinement perfectly reconstructs the nearest lattice point of L. More-

over, because each digit ¢,,,(x) lies in a scaled sub-codebook ¢ A,, the overall representation uses



only dM log,(gq) bits. This structure enables efficient lookup-table-based inner-product computa-
tion with table size scaling as 224/ (compared to 22?7 for flat vector quantization).

3.1.3. Our approach

A common limitation of traditional VQ approaches is that they rely on arbitrarily learned code-
books, which lack geometric structure and are difficult to integrate uniformly across neural network
layers. Our method instead incorporates a fixed, geometry-derived FEjy lattice into MLP and BERT
linear layers via the fused HNLQ operator in Algorithm 1, combining (i) dynamic-range normal-
ization, (ii) blockwise Eg lattice projection, and (iii) an optional STE for QAT.

A key novelty of our work is extending HNLQ to a full QAT regime. Unlike traditional VQ, whose
codebook is to be learnt from data, lattice VQ uses a fixed geometric codebook with strong dis-
tance properties. This enables a unified, architecture-agnostic quantizer that operates consistently
across both PTQ and QAT. However, controlling the dynamic range of the input to operate HNLQ
effectively is very critical.

Dynamic-range calibration. Given a weight matrix Woiginal € RO*!I we normalize the dynamic
range of each row using a row-wise heuristic scale By ,i- FOr row i, we estimate its empirical standard
deviation ¢; and define Srow,i = Ymax/Cro; where Cy is a safety constant and Yinax = Ao(gM —1)/2
is a lattice-controlled range parameter. The normalized weights are \7\7} = Brow,i Wi,.. Derivation
of normalization constant, under scalar quantization regime, is present in [27]. In principle, 5 may
be applied per row or per block after tiling into n-D vectors. While block-wise scaling provides finer
local control, it requires storing additional scaling factors. We therefore adopt per-row scaling in all
experiments.

Unlike learnable quantization methods such as LSQ+ [10], which optimize scale and offset parame-
ters via backpropagation, our dynamic-range calibration is entirely fixed and heuristic, derived solely
from weight statistics and lattice geometry. In addition, we employ an exponential moving-average
estimate of feature means for centering, which improves training stability without introducing extra
trainable parameters.

Blockwise Eg quantization. Since the Ejy lattice operates in RS, each row of W is reshaped into
8-D blocks. For a block vector w € R®, we compute its nearest lattice point (CVP) through the
projection operator (detailed in Appendix: Algorithm 3) W = Qgs (w) which evaluates candidates in
both Ds and its coset Ds + (0.5)® with parity correction, guaranteeing that w lies exactly in A, . The
operator Qgs used in Algorithm 1 can be instantiated either as the exact nearest-neighbor (Appendix
Algorithm 3) or as the Babai nearest-plane approximation (Appendix Algorithm 4). Exact computes
the true closest lattice point, while the Babai method provides a faster but approximate projection.
After quantizing all blocks, the matrix is reconstructed as unam and rescaled; optionally, element-
wise clipping is applied for numerical stability during training.

Lattice QAT via a fused STE approximation. Unlike HNLQ, which performs full hierarchical en-
coding and decoding (Algorithms 1 and 3 of [4]), our method implements Lemma 1 [4] and col-
lapses the entire lattice quantizer into one fused operator that is sufficient for QAT. During the for-
ward pass, each 8-D block is simply mapped to its nearest E8 lattice point, and during the backward
pass, we apply an STE of the form & = 2 + SG(Qgs(x) — x)), where SG(-) is the stop-gradient oper-
ator. This treats the projection as identity in the gradient path. This fused design removes the need
for explicit encoding and residual loops that are only necessary for storage or communication, not
for learning. The fused nearest-point operator alone is enough for stable QAT, even at varied ¢ and
M, making the approach significantly simpler and more efficient than the original HNLQ pipeline.

Relation to HNLQ and the role of (¢, M ). Our method is a simpler adaptation of HNLQ where the
fine lattice is Eg, and the hierarchical digits are implicitly produced through the fused projection
with flexibility and minimal overhead. In HNLQ), the nearest lattice point is expressed through radix
q digits across M nested layers. In our QAT setup, (g, M) still determines the effective representable
radius Y.« and the trade-off between quantization accuracy and overload risk.



Reconstruction and optional clipping. After all blocks are projected, the normalized matrix is
rescaled via 6;“1% ;- An optional elementwise clipping stabilizes the early QAT phase by preventing

large outlier weights from destabilizing the lattice projection.

Algorithm 1 Fused E8 vector quantization

Input: Weights W € RO*1; radix q; digits M ; projection Qgs; block size 8; clip 7.

Output: W.
fori =1..0 do .

‘ Bi=Ymax/(Coo(W;..)), Wi . =B W; .
end

Split W into 8-D blocks W,
for each block k do
| Wi = Qrs(Wy)
end
Assemble W and invert scaling: /1/177',; = Wi,;/,@i.
Clip: W = clip(ﬁ/\, -7, 7).

3.2. Scalar quantization

SQ depicted in Algorithm 2 follows the same normalization approach used in the VQ, but quantizes

each weight independently rather than operating on n-D blocks. Here, scaling factor 8; = 2;)1(7:1

maps the dynamic range of that row into the representable interval of a b-bit signed uniform quan-

tizer. The rest things remain the same. For a unified framework and to make it comparable to VQ, W
is partitioned into contiguous 8-D blocks, but unlike VQ, no inter-component structure is exploited.
Each block wy, is quantized elementwise using the scalar operator Wi, = Qsq(Wy) where Qsq(+)
(detailed in Appendix Algorithm 5) is a uniform rounding quantizer.

Although SQ treats each weight independently, it can be viewed as a special case of VQ. In the VQ
formulation, quantization is performed by projecting each 8-D block onto the lattice generated by a
basis matrix G. When the generator matrix is chosen as the identity, G = I, the lattice reduces to Z8,
and the nearest-lattice projection becomes simple element-wise rounding. Thus, SQ corresponds
exactly to VQ with an identity lattice, and the two differ only in the structure of the underlying
quantizer. Because the weights are still grouped into 8-D blocks for implementation consistency, SQ
remains architecturally comparable to VQ. This demonstrates that our QAT framework is generic
and extensible: the same normalization, row-wise scaling, and fused STE machinery seamlessly
handle both structured lattice-based VQ and unstructured SQ under a unified formulation.

Existing SQ-QAT methods primarily differ in how quantization ranges are determined. Brevitas
[12] adopts an empirical approach with fixed design choices, while LSQ+ [10] employs learnable,
data-driven scaling parameters optimized during training. In contrast, ACIQ [27] derives clipping
thresholds analytically based on assumed weight or activation distributions. Our SQ follows an
empirical but adaptive scaling strategy based on simple heuristics without any learnable parameters.
Implementation details of integrating SQ into the framework are provided in the Appendix.

Algorithm 2 Scalar quantization
Input: Weights W; bit-width b; scalar quantizer Qsq; block size 8; clip 7.

Output: Ww.
for: =1..0 do s

| B =" = 1)/ (Coo (W), Wi, = BiWi,,
end

Split W into 8-D blocks W,
for each block k do
| Wk =Qsq(Wk)
end
Assemble W and invert scaling: /V[?i,: = VV\i,;/ﬂi.
Clip: W = clip(ﬁ/\, —7,7T).




Table 1: PTQ vs. QAT (A = 1.5 for all VQ settings; Ay = 0.3 for Babai PTQ). E and B denote Exact
and Babai, respectively; M-Bits(s) represent MLP bits.

M-Bit(s) QAT I PTQ QAT I PTQ
Brevitas [ VQ-E | VQ-B | Brevitas] VQ-E | VO-B [ QulIP Brevitas[ VQ-E [ VQ-B [ Brevitas| VQ-E [ VOQ-B | QulP
ReCon IMDB
1.00 Error 69.46 87.92 Error 8.27 12.91 57.03 Error 67.22 80.60 Error 31.35 41.94 79.11
1.58 - 92.87 89.55 - 47.20 10.19 - - 82.97 81.84 - 7891 55.36 -
2.00 92.19 92.87 92.30 32.08 46.39 16.21 87.91 84.75 84.05 82.28 63.06 83.72 63.46 85.88
232 - 92.90 91.39 - 66.45 14.71 - - 83.19 81.93 - 78.67 68.81 -
2.58 - 92.93 91.81 - 71.39 19.78 - - 82.59 81.28 - 83.59 77.78
2.81 - 93.44 91.53 - 63.12 40.60 - - 82.79 82.88 - 81.15 77.60 -
3.00 93.38 93.23 93.13 48.42 66.12 45.31 92.24 85.49 83.12 82.73 82.19 83.03 80.16 85.93
317 - 93.24 91.72 - 65.02 44.28 - - 84.43 82.55 - 84.38 82.32 -
4.00 92.95 93.13 92.22 90.90 65.25 56.50 92.89 85.14 84.03 82.03 84.89 82.75 84.81 85.63
AntShield SMS Spam
1.00 Error 68.04 87.91 Error 0.97 29.68 71.74 Error 78.10 90.55 Error 0.00 13.61 84.62
158 - 92.09 91.23 - 33.14 23.21 - - 93.65 95.24 - 86.55 44.14 -
2.00 91.67 92.59 91.31 17.45 52.18 27.97 83.28 97.30 94.95 95.95 0.00 74.31 75.95 96.60
2.32 - 92.48 90.55 - 61.14 34.98 - - 96.00 94.52 - 76.41 83.85 -
2.58 - 92.73 92.06 - 57.06 39.35 - - 95.36 95.33 - 65.21 85.29
281 - 92.82 91.46 - 59.10 33.25 - - 97.28 95.02 - 65.49 77.04 -
3.00 92.92 92.33 92.11 72.79 56.73 24.40 71.75 96.30 96.95 95.62 96.00 68.98 85.30 95.68
3.17 - 92.25 90.66 - 29.86 15.13 - - 96.64 92.51 - 66.67 76.36 -
4.00 93.12 92.83 91.90 77.88 52.68 54.24 92.34 96.32 94.59 95.21 96.62 62.08 67.42 96.00

4. Experiments and Results

We evaluate our quantization framework on MLP and pre-trained BERT, comparing SQ and VQ
under both PTQ and QAT across multiple bit-widths. Experiments span four text-classification
datasets: ReCon and AntShield (PII detection [2, 28-31]), IMDB sentiment, and SMS Spam. Only
weights are quantized; activations remain FP32. We study two base scales, Ay € {0.3,1.5}, with g €
[2,8] and M € [1,4]. Additional results for higher bit budgets (> 4) are provided in the Appendix.
Additional results, including (i) higher-bit settings (> 4 bits), (ii) another PTQ baseline (QuiP#)
(ili) experiments on alternative lattice structure, (iv) multi-class classification, and (v) activation
quantization using ACIQ, are reported in the Appendix to assess the generality of the proposed
approach, with encouraging results and new insights. Note: M-Bit(s) refer to bit-width of MLP.

4.1. QAT vs. PTQ

Table 1 compares QAT and PTQ in the 14 bit regime, reporting the best score when multiple con-
figurations match a given bit budget in case of VQ (eg, 2b has (2,2) and (4,1)). A key advantage of
lattice-based VQ is its ability to operate at fractional bit-widths, yielding performance comparable
to or better than integer-bit baselines. For example, at 1.58 bits, VQ-QAT achieves 92.87 on ReCon
and 82.97 on IMDB, closely matching or exceeding the corresponding 2-bit performance, while no
PTQ baseline achieves reliable accuracy at these bit-widths.

At 1bit, PTQ methods largely fail across datasets, whereas VQ-QAT remains stable, achieving 87.92
on ReCon, 87.91 on AntShield, and 90.55 on SMS Spam. In the 2-4bit range, QAT either closely
matches or exceeds strong PTQ baselines in majority of cases. On IMDB, QulP remains competitive,
but QAT closely matches its performance (e.g., 85.49 vs. 85.93 at 3 bits).

Overall, except on IMDB where QulP is strong, QAT in majority of cases matches or outperforms
PTQ across datasets. Allowing fractional bit-widths enables VQ-QAT to achieve near-integer-bit
performance at lower effective precision, making lattice-based QAT a more flexible and reliable
choice in the low-bit regime.

4.2. Scalar vs. Vector Quantization

Table 2 compares SQ and lattice-based VQ across datasets. In the 1-1.58 bits regime, SQ consis-
tently fails to train, whereas VQ remains stable and achieves strong performance across all datasets,
establishing VQ as the only viable option under such constraints.

At 2 bits, overload plays a critical role. Configurations with ¢=2 suffer from very high overload
(=~ 60-80%) and reduced performance for VQ-Exact. In contrast, VQ configurations with reduced
overload consistently achieve high F1 scores (~92-93 on ReCon and AntShield), indicating that



Table 2: Comparison of SQ and VQ with Ay=1.5. Here, OL represents overload. Here, M-Bits(s)
represent MLP bits.

M-Bit(s) SQ [ VQ-Exact [ VQ-Babai SQ [ VQ-Exact [ VQ-Babai
[Fi__[ Ol% | F__| OL% [Fi___ [ OL% [ F__ | OL%
ReCon (EP93.93) IMDB (FP-85.59)
1.00b(2,1) Error 69.46 0.02 87.92 0 Error 67.22 0.00 80.60 0
1.58b(3,1) 92.87 225 89.55 0 82.97 2.62 81.84 0
2.00b(2,2) 78.79 60.81 92.30 0 83.03 61.42 82.28 0
2.00b(4,1) 92.87 0.02 92.30 0 84.05 0.02 82.28 0
2.32b(5,1) 90.87 92.90 0.00 91.39 0 83.23 83.19 0.01 81.93 0
2.58b(6,1) 92.93 0.01 91.81 6.98 82.59 0.01 81.28 6.60
2.81b(7,1) 93.44 0.00 91.53 0 82.79 0.01 82.88 0
3.00b(2,3) 79.56 79.14 93.13 0 83.12 79.88 82.73 0
3.00b(8,1) 93.49 93.23 0.00 91.25 0 83.98 83.12 0.00 81.92 0
3.17b(3,2) 93.24 1.00 91.72 0 84.43 1.28 82.55 0
4.00b(2,4) 92.84 80.82 83.71 92.22 0 83.86 84.03 84.97 82.03 0
4.00b(4,2) ) 93.13 0.40 92.22 0 ) 83.42 0.39 82.03 0
AntShield (FP: 93.22) SMS Spam (FP: 95.65)
1.00b(2,1) Error 68.04 0.04 87.91 0 Error 78.10 0.01 90.55 0
1.58b(3,1) 92.09 2.38 91.23 0 93.65 225 95.24 0
2.00b(2,2) 78.25 60.68 91.31 0 90.41 59.01 95.95 0
2.00b(4,1) 92.59 0.01 91.31 0 94.95 0.01 95.95 0
2.32b(5,1) 90.83 92.48 0.00 90.55 0 95.59 96.00 0.01 94.52 0
2.58b(6,1) 92.73 0.01 92.06 6.716 95.36 0.02 95.33 6.333
2.81b(7,1) 92.82 0.00 91.46 0 97.28 0.01 95.02 0
3.00b(2,3) 77.21 78.64 92.11 0 90.10 76.70 94.31 0
3.00b(8,1) 91.93 92.33 0.01 91.77 0 94.98 96.95 0.01 95.62 0
3.17b(3,2) 92.25 1.14 90.66 0 96.64 1.42 92.51 0
4.00b(2,4) 9251 79.12 84.03 91.90 0 95.62 92.36 81.96 95.21 0
4.00b(4,2) ) 92.83 0.35 91.90 0 ) 94.59 0.30 95.21 0

accuracy improves as overload is controlled. In this regime, VQ variants match or exceed SQ in
most cases. At 3 bits, SQ becomes competitive. Beyond 3 bits, performance differences narrow
further, but VQ continues to exhibit more consistent behavior across configurations due to superior
overload control. Overall, lattice-based VQ under QAT outperforms SQ in the majority of settings,
particularly below 4 bits, highlighting that effective overload control—especially avoiding ¢=2—is
crucial for robust low-bit quantization.

Role of (¢, M) in VQ: We observe trends consistent with the geometric behavior described in [4]:
for a fixed bit budget, configurations with larger ¢ and smaller M are more stable and accurate. For
example, at 4 bits, (2,4) attains only 80.82 F1, whereas (4,2) reaches 93.13 in VQ Exact (ReCon).
When M is large, and ¢ is small, residual corrections accumulate error rather than reducing it, de-
grading performance. From an implementation standpoint, (4, 2) is also attractive as it fits into a
compact LUT, unlike alternatives such as (16, 1), which trade higher memory for minimal compute.
At higher bit-widths, very large ¢ offers diminishing returns as performance saturates. Overall, ac-
curacy favors larger ¢ and smaller M, while the final choice reflects a trade-off between memory
and compute.

4.3. BERT quantization

We extend our study to linear layers of BERT (in our case 73 layers in bert-base-uncased). In all ex-
periments, we start from the standard pretrained checkpoint and perform end-to-end QAT, rather
than training BERT from scratch. This approach is computationally feasible while still allowing the
quantizer and model to co-adapt during fine-tuning. We adopt mixed-precision training, meaning
attention softmax, layer norms, and non-linearities remain in FP16/FP32, while the linear projec-
tions are quantized using VQ.

Table 3 reports results for four settings: (i) end-to-end QAT of both BERT and MLP
(BQE/QBMQE/QB) - (ji) FP32 BERT with PTQ (BFMFE/PB) and (iii) FP32 BERT with QAT MLP
(BFMQF/QB) FP32 BERT with PTQ MLP suffers severe degradation, collapsing to near-random
performance on ReCon and AntShield, but catches up at 3 bits for IMDB and SMS Spam datasets.
End-to-end QAT significantly mitigates this degradation, and performance recovers substantially
across all bit-widths. At 2-3 bits, QAT achieves F1 scores close to FP32 in the majority of datasets,
demonstrating that the lattice-based quantizer can be stably integrated into BERT when co-adapted
during training.



Table 3: Comparison of BERT FP32 and quantization performance. Here, E:PTQ with Exact, "®:PTQ
with Babai, @€:QAT with Exact, ®:QAT with Babai, f*: FP32. For Exact Ay=1.5 and for babai
Ay=0.3. Here, Config represent Bert and MLP bits.

Config | FP32 | BOEMPE[ M| pFMPE | BFMFP | BFMPE| BFMPB[ Fps2 | BOEMOE[ BOBMOPE[ B*MPE [ BFMPE [ BFMOF [ BFMOE
ReCon IMDB

b(2,1) 68.25 38.88 827 1291 | 6946 | 7022 8237 82.35 3135 | 4194 | 6722 | 7239

2b(41) | 93.93 | 8529 6732 4639 | 1621 | 9287 | 8170 | 8559 | 7854 66.67 8372 | 6232 | 8405 | 8332

3b(8,1) 87.65 68.02 6612 | 4531 | 9323 | 9143 87.12 78.33 83.03 | 8016 | 8312 | 8137
AntShield MS Spam

1b(2,1) 7133 6351 097 2968 | 6804 | 7272 0 23.05 0.00 1361 | 7810 | 73.08

2b(41) | 9322 | 89.17 57.06 5218 | 2172 | 9259 | 8486 | 95.65 | 96.05 7.55 7431 | 7595 | 9495 | 93.65

3b(8,1) 9095 27.85 5673 | 2440 | 9233 | 91.90 98.65 26,57 6898 | 8338 | 9695 | 9420

If we quantize the entire model end-to-end, it results in a substantial reduction in memory foot-
print. This trade-off is particularly attractive in practice, as the accuracy drop remains modest rel-
ative to the significant compression gains achieved. Since quantization is introduced only during
fine-tuning, the approach remains compatible with standard training pipelines and avoids the pro-
hibitive cost of quantization-aware pretraining. Methods such as QLoRA-style quantized pretrain-
ing may further improve alignment between the model and the quantizer; is part of future work.

5. Conclusion

This work studied lattice-based VQ as a mechanism for enabling stable QAT at extremely low bit-
widths. Across both PTQ and QAT settings, our results demonstrate that structured lattice pro-
jections offer a decisive advantage over SQ when operating under aggressive compression. In par-
ticular, our experiments show that <2 bits, lattice-based VQ is the only approach that consistently
trains successfully and preserves meaningful task performance. In this regime, SQ and existing
PTQ methods frequently collapse or exhibit severe instability, whereas lattice-based QAT remains
robust. This advantage arises from exploiting geometric structure across weight blocks, which en-
ables more efficient use of the limited bit budget and substantially reduces overload. We further
demonstrate that quantization behavior is governed not only by nominal bit-width but by lattice
parameters, including the choice of (q, M), base scale A, and decoding strategy. These parame-
ters directly control overload frequency and effective dynamic range, providing practitioners with
explicit levers to balance accuracy, compression, and compute. When overload is kept negligible,
the fused lattice projection effectively collapses to a single nearest-lattice operation, and hierarchical
refinement can be omitted without loss of fidelity. We also explored several extensions to assess the
generality of the proposed framework, including exploring D lattice in addition to Eg, preliminary
studies on activation quantization, and evaluations on a multi-class classification dataset. While
these results are encouraging, they are not exhaustive and are therefore reported in the Appendix.

Finally, we show that lattice-based QAT extends beyond small models and can be applied to trans-
formers such as BERT, where direct PTQ at very low precision is highly unstable. End-to-end QAT
enables substantial recovery of accuracy with controlled degradation, making lattice-based VQ a
practical and scalable tool for deploying deep learning models at extremely low precision.

Limitations and Future Scope. Despite encouraging results, several limitations remain. The pro-
posed lattice-based VQ framework is not well suited to PTQ-only scenarios, where methods such
as QUIP and QUIP# are more appropriate. Broader validation across larger benchmarks (e.g.,
MMLU), regression tasks, and additional modalities is required to more comprehensively assess
generality. Moreover, aggressive joint quantization, particularly combinations of low weight and
low activation precision, exhibits instability and warrants deeper analysis. Several BERT compo-
nents, including attention softmax, LayerNorm, and embedding layers, are currently kept in full
precision, leaving further opportunities for end-to-end compression. In addition, the current imple-
mentation focused on correctness over efficiency, and the investigation prioritized scientific inquiry
over performance engineering; key components such as lattice operations and LUT-based support
remain unaddressed as a result.
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6. LLM usage

LLMs were used as co-pilots during various stages of this work, including code generation, improv-
ing the clarity of the write-up, and assisting in the development and refinement of theoretical ideas.
These tools supported the research process but did not replace the authors” own technical contribu-
tions or judgment. The authors take full responsibility for the accuracy, correctness, and originality
of all content in this paper.

A. Appendix

Algorithm 3 Nearest-neighbor projection Qgs|(-)

Input: z € R® (or batch 2 € RE*8)
Output: y € Eg
).

Leth=(3,...,
f <+ custom_round(z); yo {

Nl=

g if (55, fi) mod2=0

g(z), otherwise

f'+h, i (3, /) mod 2 =0
g(xz —h) +h, otherwise

return y = arg min{[|z — yoll2, |z — 1|2}

f’ + custom_round(z — h); y1 +

Helper-1: custom_round(-) defined as custom_round(v) = |v — sign(v)e + 3 |, where &£ > 0 is a tiny constant.
Helper-2: Let f(z) = custom_round(z) and k = arg max; |x; — f(z);|. Then g(x) equals f(x) except at coordinate k, which is changed
by +£1, so that the parity of >, f(x); flips and ties are resolved consistently.

Algorithm 4 Babai projection onto Eg

Input: generator matrix G € R®*8 inverse G~ 1; input x € R® (orbatch z € RBXS).
Output: § = Il g4 (2).

Lattice coordinates z +— z(G™
Integer rounding 2 <— round(z). // standard rounding
Map back to R® § + 2G .

I)T.

Algorithm 5 Scalar quantization Qsq (+)

Input: pre-scaled tensor x; radix g; levels M.

Output: x4 (quantized tensor).

Effective bit-width b = | M log,(q) .

Integer limits gmax = 2b—1 1, Gmin = —¢max-
Round and clip. 4 = clip(round(z), gmin, max)-

A.1. Nearest-neighbor projection and scalar quantization

The exact nearest-neighbor projection onto the s lattice (Algorithm 3) is computed by explicitly
evaluating candidates from its two structured cosets, Dg and Ds + (0.5)%. For each coset, a rounded
candidate is constructed and corrected to satisfy the even-parity constraint via a minimal coordinate
adjustment, and the candidate with the smallest Euclidean distance to the input is selected, guaran-
teeing the true nearest lattice point. As a lower-complexity alternative, we also consider the Babai
projection (Algorithm 4), which operates in the coordinate system induced by a non-orthogonal
generator matrix, applies integer rounding in that basis, and maps back to R®.

Note: Exact and Babai quantization techniques rely on two fundamentally different mechanisms.
Exact searches over the two structured cosets of Eg (Ds and Dg + (0.5)%) guarantee the true nearest
lattice point for Eg. Babai instead works in the coordinate system of a non-orthogonal generator
matrix G and applies the nearest-plane rule. Because G is not orthogonal, Babai’s decision regions
do not match the true Voronoi regions of Es, so it provides a faster but approximate alternative.
It can be considered a different quantizer altogether. When G is orthogonal, and no overloading
occurs, both Exact and Babai are equivalent.
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Algorithm 6 Overload detection via hierarchical Eg encoding

Input: quantized blocks from vector quantization Whlocks ¢ RN x38 (Step 5 of Alg. 1);
radix ¢ € N, levels M € N;
(optional) scale 3 > 0 used in the encoder; overload tolerance ¢ > 0.

Output: number of overloaded blocks Nqyer and overload flags o, € {0,1} fork =1,..., N.
(w7
Block indexing WP1oks — |: : :| , wk) ¢ RS,
CEON
fork=1,...,Ndo
x(()k) —w®/g // Match encoder input scaling
form = 1to M do
ul® — Q ( (k) . .
N BS xm_l) // Nearest Eg lattice point
ZSS) — encode_coords(ugf),q) // Lattice coords (base-q digits)
bg,’:) — zﬁ,’? mod ¢ // Stored base-q digits in [0,q — 1]8
xsf) — ug,’f)/q // Hierarchical state for next level
end
r® « Qps (xy;)) // Residual after M levels
O I[Hr(k)”2 > E} // Overload if final residual is non-zero
end
Nover < Yop_; Ok // Aggregate overload statistics

Algorithm 5 describes SQ, which can be viewed as a special case of VQ operating independently on
each coordinate. Given a radix g and M hierarchical levels, the effective bit-widthis b = | M log,(q) |,
and quantization is performed by element-wise rounding followed by clipping to the representable
integer range. Unlike lattice-based VQ, SQ does not exploit inter-dimensional structure, but it pro-
vides a useful baseline for isolating the gains from structured VQ.

A.2. Overload detection

To detect overload, we apply the hierarchical Es encoder to the quantized blocks Whlocks - Each
block is recursively projected and rescaled across M levels, producing a final residual vector. If this
residual is non-zero (or exceeds a small tolerance), the block is marked as overloaded, indicating
that its magnitude exceeds the dynamic range supported by (¢, M). Algorithm 6 summarizes this
process and returns both per-block overload flags and aggregate overload statistics. This post-hoc
overload analysis is used only for evaluation and characterization; it does not affect forward or
backward passes during training.

A.3. Heuristics for dynamic range of quantizer:

Let L C R? be a full-rank lattice and consider a hierarchical nested lattice quantizer (HNLQ) with
radix ¢ > 2, M digit levels, and finest step size Ay > 0. Each scalar codeword generated by the

HNLQ can be written as ycode = Ao ZM71 dmq™, dm € D, where D is a finite digit set. If

m=0
the digits are chosen so that the scalar hierarchy covers a symmetric interval around zero, then the
effective representable range can be approximated as ycode € [—Ymaxs Ymax) Yiax ~ % (qM —

1).
A.4. Experimental Details

For all the results, we use four datasets: i) ReCon [28], ii) AntShield [29], iii) IMDB, and iv) SMS
Spam. We construct 80/10/10 train/validation/test splits with stratification over the binary label.

A.4.1. Experimental Setup

We evaluate our unified quantization framework on two architectures: MLP and BERT.

MLP pipeline: We first extract fixed full-precision (FP32) sentence embeddings using the pre-
trained bert-base-uncased encoder and then train a shallow quantized MLP on top of these 768-
dimensional embeddings. The MLP consists of a mean-centering layer, a fully connected layer with
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512 hidden units followed by a ReLU activation, and a final linear layer that outputs a single logit
for binary classification. Only the MLP weights are quantized by replacing the first fully connected
linear layer with a quantized version using the fused setup explained in Section 3.1.3; the BERT
encoder remains frozen in FP32 throughout.

We train the MLP with the Adam optimizer (learning rate 10~3), batch size 64, and binary cross-
entropy with logits loss. The model is trained for up to 200 epochs. This simple architecture isolates
the effect of lattice-based quantization on the classifier while keeping the upstream BERT represen-
tations fixed.

BERT end-to-end pipeline. We start from the pretrained bert-base-uncased encoder and attach
the same shallow MLP head used in above pipeline. All nn.Linear layers inside BERT and in the
MLP head are replaced with our fused setup explained in Section 3.1.3.

Input texts are tokenized with a maximum sequence length of 128. The entire model (quantized
BERT encoder plus MLP head) is trained end-to-end using AdamW with a learning rate of 2 x
1075, a batch size of 32, and a binary cross-entropy with logits loss. We train for up to 25 epochs,
selecting the best checkpoint according to validation F1. This setting directly tests whether lattice-
based VQ can be pushed into all linear layers of a transformer while preserving downstream binary
classification performance.

A.4.2. Integration into the Quantization Pipeline

The proposed scalar and vector quantizers are integrated into the MLP classifier and BERT through
a fused quantized linear operator. Each fully connected layer FC(z) = Wa + b is replaced by a
quantized operator FCq(z) = W 2 +bwhere W is obtained using either fused Eg VQ (Algorithm 1)
or SQ (Algorithm 2). In both PTQ and QAT settings, only the weights are quantized.

In PTQ setting, W is computed once using the learned full-precision weights, and the network
is evaluated without any further training. Dynamic ranges are estimated from the trained model,
and no gradient updates are involved. Whereas in QAT setting, quantization is applied on every
forward pass. The network uses W for inference, but gradients are applied to the underlying full-
precision parameters W through STE.

In VQ, the fused implementation ensures that scaling, block partitioning, projection, reconstruc-
tion, and clipping occur within a single differentiable operator, improving numerical stability and
reducing memory transfers during training.

A.4.3. Hyperparameter Choice

Lattice quantizer is controlled by the hierarchical parameters (g, M), the base radius A, and the
row-safety constant C},. As discussed in Section 3.1.3, (¢, M) determine the effective representable
radius Yinax = Ao(¢ —1)/2 and hence the nominal bit budget. In practice, Ag and C}, act as coarse
and fine controls on how aggressively each row is scaled before Iz projection. Row-safety constant
is fixed to Cj, = 5, which roughly corresponds to mapping weights into a 50 range per row. This
choice limits overload events while avoiding overly conservative scaling. The base radius Ay is set
to 1.5 and 0.3.

A.4.4. Additional Experimental Results

a) PTQ vs. QAT. Table 4 presents a comparison across 1-12 bits, while Table 5 reports fractional
bit-width results for VQ variants. At >4 bits, the performance gap between QAT and PTQ narrows.
QulIP is strongest in most configurations on IMDB and ReCon, while Brevitas remains competitive
on ReCon, AntShield, and SMS Spam. In contrast, at ultra-low precision (1 and 1.5 bits), PTQ meth-
ods either fail or degrade significantly across datasets, whereas our lattice-based VQ-QAT variants
consistently achieve strong and stable performance, establishing them as the most effective approach
in this regime.
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Table 4: PTQ vs. QAT (Ag = 1.5 for all settings and 0.3 for Babai PTQ). For each bit-width, we
use the nearest (¢, M) setting and report the best score when multiple configurations match the bit
budget.

M- QAT PTQ QAT PTQ
Bit(s)
Brevitas] VQ-E [ VOQ-B | Brevitas] VQ-E | VQ-B | QuIP Brevitas] VQ-E [ VQ-B [ Brevitas] VQ-E | VQ-B | QuIP
ReCon IMDB
1 Error 69.46 87.92 Error 8.27 1291 57.03 Error 67.22 80.60 Error 31.35 41.94 79.11
2 92.19 92.87 92.30 32.08 46.39 16.21 87.91 84.75 84.05 82.28 63.06 83.72 63.46 85.88
3 93.38 93.23 93.13 48.42 66.12 45.31 9224 85.49 83.12 8273 82.19 83.03 80.16 85.93
4 92.95 93.13 9222 90.90 65.25 56.50 92.89 85.14 84.03 82.03 84.89 82.75 84.81 85.63
5 93.32 93.54 90.47 92.58 59.40 52.09 93.67 85.10 82.83 81.27 85.61 83.84 8343 85.53
6 94.32 93.46 92.65 93.90 69.42 71.01 94.16 85.47 83.06 83.08 85.76 82.76 83.47 85.59
7 93.20 92.71 91.11 93.56 53.06 59.16 93.95 85.40 83.12 80.64 85.38 83.40 83.91 85.57
8 92.37 93.23 92.83 93.99 64.27 64.85 93.93 84.77 83.82 83.32 85.54 78.32 8276 85.64
9 93.96 93.23 91.92 93.84 60.45 52.65 93.96 85.53 82.14 81.22 85.57 84.00 81.15 85.54
10 93.91 93.22 91.65 93.86 74.80 41.45 93.91 84.94 83.16 81.49 85.54 68.67 85.29 85.59
11 93.56 92.99 91.10 93.93 43.38 45.97 93.91 85.34 82.52 80.84 85.59 84.62 80.11 85.59
12 93.82 93.06 92.12 93.94 41.65 58.59 93.96 85.34 81.67 82.87 85.59 80.58 82.97 85.59
AntShield SMS Spam

1 Error 68.04 87.91 Error 0.97 29.68 71.74 Error 78.10 90.55 Error 0.00 13.61 84.62
2 91.67 92.59 91.31 17.45 52.18 27.97 83.28 97.30 94.95 95.95 0.00 74.31 75.95 96.60
3 92.92 92.33 92.11 72.79 56.73 24.40 71.75 96.30 96.95 95.62 96.00 68.98 85.30 95.68
4 93.12 92.83 91.90 77.88 52.68 54.24 92.34 96.32 94.59 95.21 96.62 62.08 67.42 96.00
5 93.60 92.62 91.38 90.90 61.70 55.87 92.80 96.64 96.32 96.27 96.00 70.62 81.99 96.00
6 93.38 9222 92.39 92.95 53.27 53.98 93.42 96.64 96.97 94.88 95.97 78.01 79.89 95.97
7 93.38 92.73 90.77 93.10 49.13 44.15 93.30 96.64 96.30 94.67 95.65 69.46 66.07 96.00
8 93.51 91.96 91.96 93.20 47.22 59.10 93.14 96.64 97.63 94.88 95.65 73.40 68.04 95.65
9 93.22 91.78 91.77 93.22 52.35 50.97 93.25 96.64 96.60 94.00 95.65 78.84 77.49 95.65
10 93.33 92.05 91.02 93.22 57.52 54.24 93.25 96.64 95.65 93.65 95.65 70.28 75.90 95.65
11 93.61 91.97 91.11 93.20 56.59 51.27 93.15 96.32 95.68 93.33 95.65 76.68 82.86 95.65
12 93.02 92.03 91.78 93.20 56.45 51.01 93.18 96.64 94.70 93.24 95.65 80.00 66.82 95.65

b) VQ vs. SQ. Table 5 reports a detailed comparison of SQ and lattice-based VQ across integer
and fractional bit-widths. At 1-1.5 bits precision, SQ fails to train on both datasets, whereas VQ
remains stable. As bit-width increases beyond 3 bits, the performance gap between SQ and VQ
narrows. In Table 5, results are summarized by bit-ranges (e.g., 1-1.58,b, 2.x,b, 3.x,b), and for each
range we report the best-performing configuration across both SQ and VQ, rather than restricting
comparisons to exact integer bit-widths. On ReCon, VQ-Exact achieves the best performance in most
configurations, with SQ surpassing VQ only in a few isolated cases. On IMDB, VQ-Exact remains
superior across nearly all bit-widths, except for a single configuration around 7.75 bits. In AntShield,
SQ begins to outperform VQ at higher precisions (> 8, bits), while on SMS Spam, this trend appears
only beyond 10, bits. Overall, VQ—particularly Exact projection—remains the dominant approach
across the majority of datasets and bit-widths.

¢) Computational overhead of QAT: To quantify the training-time cost introduced by QAT, we mea-
sure the per-epoch wall-clock overhead of our fused QAT relative to a full-precision (FP32) baseline.
Figures 1 show results for all four datasets. Across all experiments, VQ incurs additional computa-
tion during the forward pass due to block partitioning, scaling, and lattice projection. However, the
overhead remains modest at roughly 1.31-1.50x the speed of FP32 for VQ Babai setting but is 4-5x
for VQ Exact.

The trend is similar across all datasets, demonstrating that lattice projection dominates the addi-
tional cost, while dataset size and model depth have minimal impact. These results show that
although QAT with structured VQ introduces measurable overhead, the cost remains practically
manageable, especially considering the accuracy gains achieved at low precision.

d)Effect of warm-up

Since lattice-based PTQ exhibits poor performance at low bit-widths due to the absence of gradient
adaptation, we examine whether an initial FP32 warm-up can mitigate this instability. Specifically,
the model is first trained in full precision for 5 epochs and then switched to quantized training.
As shown in Figure 2, the transition from FP32 to quantized weights causes a sharp loss spike, as
this switch is effectively equivalent to applying PTQ at the transition point—a sudden projection
of weights onto the quantization lattice. This PTQ-like shock explains why VQ-PTQ without fine-
tuning performs poorly and why QAT is required for recovery.
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Table 5: Comparison of SQ and VQ with Ay=1.5.

M-Bit(s) SQ [ VQ-Exact [ VQ-Babai SQ [ VQ-Exact [ VQ-Babai
[Fi [ O% | Fi__ | OlL% Fi_ [ OL% | Fi__ | OL%
ReCon (FP-93.93) IMDB (EP-85.59)
1.00b(2,1) Error 69.46 0.02 87.92 0 Error 67.22 0.00 80.60 0
1.58b(3,1) 92.87 225 89.55 0 82.97 2.62 81.84 0
2.00b(2,2) 78.79 60.81 92.30 0 83.03 61.42 82.28 0
2.00b(4,1) 92.87 0.02 92.30 0 84.05 0.02 82.28 0
2.32b(5,1) 90.87 92.90 0.00 91.39 0 83.23 83.19 0.01 81.93 0
2.58b(6,1) 92.93 0.01 91.81 6.98 82.59 0.01 81.28 6.60
2.81b(7,1) 93.44 0.00 91.53 0 82.79 0.01 82.88 0
3.00b(2,3) 79.56 79.14 93.13 0 83.12 79.88 82.73 0
3.00b(8,1) 93.49 93.23 0.00 91.25 0 83.98 83.12 0.00 81.92 0
3.17b(3,2) 93.24 1.00 91.72 0 84.43 1.28 82.55 0
4.00b(2,4) 80.82 83.71 92.22 0 84.03 84.97 82.03 0
4.00b(4,2) 93.13 0.40 92.22 0 83.42 0.39 82.03 0
4.64b(5,2) 92.84 92.94 0.20 91.50 0 83.86 82.14 0.24 81.36 0
4.75b(3,3) 92.54 3.52 90.80 0 82.92 4.46 81.55 0
5.17b(6,2) 93.05 93.54 0.19 90.47 7.62 82.79 82.83 0.22 81.27 7.58
5.61b(7,2) ) 92.88 0.17 90.10 0 ) 82.49 0.20 82.04 0
6.00b(4,3) 92.84 0.78 92.65 0 83.06 0.78 83.08 0
6.00b(8,2) 9291 93.46 0.08 92.48 0 8238 82.28 0.10 82.13 0
6.34b(3,4) ) 93.24 5.04 90.44 0 ) 83.81 6.14 81.80 0
6.97b(5,3) 92.71 0.36 91.11 0 83.12 0.37 80.64 0
7.75b(6,3) 93.69 93.29 0.36 91.93 8.08 82.70 82.68 0.34 82.21 8.06
8.00b(4,4) 93.12 93.23 0.76 92.83 0 83.37 83.82 0.80 83.32 0
8.42b(7,3) ) 92.67 0.26 91.19 0 ) 81.34 0.26 81.79 0
9.00b(8,3) 93.17 93.23 0.14 91.92 0 82.85 82.14 0.13 81.22 0
9.29b(5,4) ) 93.63 042 90.27 0 ) 83.60 0.44 81.36 0
10.34b(6,4) 93.11 93.22 0.36 91.65 8.10 81.32 83.16 0.39 81.49 8.18
11.23b(7,4) 92.90 92.99 0.27 91.10 0 82.25 82.52 0.28 80.84 0
12.00b(8,4) 93.16 93.06 0.13 92.12 0 82.46 81.67 0.13 82.87 0
AntShield SMS Spam
1.00b(2,1) Error 68.04 0.04 87.91 0 Error 78.10 0.01 90.55 0
1.58b(3,1) 92.09 2.38 91.23 0 93.65 225 95.24 0
2.00b(2,2) 78.25 60.68 91.31 0 90.41 59.01 95.95 0
2.00b(4,1) 92.59 0.01 91.31 0 94.95 0.01 95.95 0
2.32b(5,1) 90.83 92.48 0.00 90.55 0 95.59 96.00 0.01 94.52 0
2.58b(6,1) 92.73 0.01 92.06 6.716 95.36 0.02 95.33 6.333
2.81b(7,1) 92.82 0.00 91.46 0 97.28 0.01 95.02 0
3.00b(2,3) 77.21 78.64 92.11 0 90.10 76.70 94.31 0
3.00b(8,1) 91.93 92.33 0.01 91.77 0 94.98 96.95 0.01 95.62 0
3.17b(3,2) 92.25 1.14 90.66 0 96.64 1.42 92.51 0
4.00b(2,4) 79.12 84.03 91.90 0 92.36 81.96 95.21 0
4.00b(4,2) 92.83 0.35 91.90 0 94.59 0.30 95.21 0
4.64b(5,2) 92.51 92.69 0.15 91.40 0 95.62 96.64 0.25 94.98 0
4.75b(3,3) 92.52 3.42 90.89 0 96.62 4.49 94.00 0
5.17b(6,2) 92.62 92.62 0.19 91.38 7.741 94.39 96.32 0.23 96.27 7.467
5.61b(7,2) : 92.12 0.16 90.88 0 ) 94.43 0.18 93.02 0
6.00b(4,3) 92.22 0.67 92.39 0 96.30 0.70 92.31 0
6.00b(8,2) 9.6 92.10 0.08 91.36 0 9% 96.97 0.10 94.88 0
6.34b(3,4) . 92.29 471 90.33 0 96.93 6.32 93.11 0
6.97b(5,3) 92.73 0.42 90.77 0 96.30 0.46 94.67 0
7.75b(6,3) 92.27 92.45 0.35 91.24 8.134 95.33 95.97 0.39 94.31 7.642
8.00b(4,4) 92.54 91.96 0.78 91.96 0 95.30 97.63 0.81 94.88 0
8.42b(7,3) ) 92.51 0.24 90.89 0 ) 95.97 0.25 93.07 0
9.00b(8,3) 91.98 91.78 0.13 91.77 0 95.33 96.60 0.12 94.00 0
9.29b(5,4) . 92.51 0.43 91.67 0 ) 95.68 0.48 92.93 0
10.34b(6,4) 92.29 92.05 0.34 91.02 8.331 96.30 95.65 0.41 93.65 7.678
11.23b(7,4) 92.13 91.97 0.24 91.11 0 96.32 95.68 0.28 93.33 0
12.00b(8,4) 92.29 92.03 0.12 91.78 0 95.97 94.70 0.13 93.24 0

While QAT follows the warm-up phase gradually stabilizes training and reduces loss. Figure 2
shows that warm-up delays convergence and introduces additional training overhead, without
yielding clear accuracy gains. Consequently, although warm-up can partially alleviate PTQ insta-
bility, it does not offer a practical advantage, and training directly with low-bit lattice-based QAT
from the outset is both simpler and more effective.

e) Overload behavior and effect of Ay In hierarchical lattice quantization, Ay controls the size of
the coarse quantizer and thus directly governs overload. A vector overloads when it falls outside
the Ag-scaled Voronoi cell of the coarse lattice, which triggers additional residual digits through
gm(z) = ¢~™ (QOLm(g:) - QE(T”H) (as)), thereby requiring deeper traversal through the M-level hi-
erarchy. Thus, overload is simply a signal that the hierarchy must use more digits to represent the
vector; it is not an error condition.

When A is small, the effective coarse cell becomes large, so fewer vectors fall outside it, and over-
load frequency decreases. However, a very small A, compresses the dynamic range, and the most
significant digits may not be fully utilized. When A, is large, the coarse cell becomes tight, making it
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Figure 1: Comparison of quantization time of FP32 vs VQ for ReCon and AntShield in the first row
and IMDB and SMS Spam in the second row, respectively.
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Figure 2: Effect of warm-up on the 3.00b(2,3) configuration for ReCon. Left: without warm-up;
right: with warm-up.

more likely that vectors exceed it, and thus, overload frequency increases. In such regimes, one may
need to increase ¢, M, or both to ensure that the representation can encode the required variation
through deeper hierarchical digits.

If a vector exceeds the base cell only slightly, the resulting residual can still have a very small norm,
meaning the quantization error at the base level remains low. In such cases typically when overload
rates are < 1%, one may deliberately omit residual correction to gain compute and time savings.
This is a designer’s choice: skipping residual refinement may slightly inflate measured accuracy
but does not meaningfully harm fidelity when overload is negligible. Conversely, once overload
> 1%, the base projection alone is no longer faithful, and residual correction becomes essential.
Configurations with high accuracy and low overload are ideal, whereas high accuracy and high
overload remain acceptable but require residual correction, increasing compute cost. In contrast,
regimes with low accuracy, regardless of overload, indicate unsuitable quantization settings.

Our experiments show that when overload is reduced either by choosing an appropriate Aj or
by selecting ¢, M pairs that avoid excessive residuals, the quantizer behaves more stably, and per-
formance at low precision improves. Thus, reducing overload reliably mitigates degradation and
restores stable behavior in the low-bit regime.
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f) Comparing Ag: We study the sensitivity of lattice-based quantization to the choice of the base
scaling parameter Ay by comparing a smaller Ay = 0.3 against a higher setting of Ay = 1.5 across
datasets and decoding strategies as shown in Figure 3.

Across all datasets, Ag = 1.5 yields consistently stable performance for both Exact and Babai, with
F1 scores closely matching those achieved at moderate and high bit-widths. In contrast, Ay = 0.3
exhibits pronounced instability, particularly for Exact projection at low bit-widths. This is most
evident on AntShield and SMS Spam datasets, where Exact with Ay = 0.3 collapses at 1-2 bits and
only recovers once sufficient precision is available.

Babai is markedly more robust to aggressive scaling. Even with Ay = 0.3, Babai maintains compet-
itive performance at low bit-widths. This robustness is consistent across datasets, indicating that
approximate decoding mitigates the sensitivity to scaling mismatch.

As bit-width increases, the impact of Ay diminishes. Beyond approximately 4-5 bits, both A, set-
tings converge to similar performance levels, and differences between Exact and Babai decoding
become marginal. This suggests that A, primarily governs behavior in the low-bit regime, where
quantization noise and overload effects dominate. Overall, these results highlight a trade-off be-
tween aggressiveness and stability: a smaller Ay can be effective when combined with robust de-
coding (Babai), but Exact decoding requires a more conservative scale to avoid overload.

g) QUIP# results

While OPTQ[32] (also referred to as GPTQ ) is a widely used PTQ method — particularly within the
Hugging Face ecosystem and LLM-focused workflows — we selected QulP as a baseline because it is
amore recent and strictly stronger method than OPTQ. As noted by the QulIP authors, GPTQ/OPTQ
can be viewed as a special case of QulP: in the absence of incoherence-inducing preprocessing, QulP
reduces to OPTQ. In this sense, the inclusion of QuIP already subsumes GPTQ-style approaches for
the regimes considered in this paper. QulP# [19] from the same authors improved QulP by incor-
porating E8 lattice-based vector quantization codebooks, enabling more expressive and structured
quantization. In this sense, QulP#, with its incoherent preconditioning and lattice quantization,
subsumes GPTQ-style approaches for our target settings and is a more relevant baseline for our
setting.

For the aforementioned reasons, we additionally evaluate QulP# for quantizing the BERT encoder
and keep the MLP head quantized/trained using our existing E8-QAT setup. We run a two-pass
procedure over the BERT’s linear layers: (i) compute and cache a layer-wise Hessian using forward
hooks on training batches, and (ii) quantize each layer using the cached Hessian and a chosen
codebook. For efficiency and stability, we skip attention projection layers (query/key/value and
attention output projection) and optionally exclude embeddings/LayerNorm. After replacing the
corresponding BERT linear modules with quantized ones, we freeze all BERT parameters (PTQ
mode) and train only the MLP parameters. We repeat this for multiple matched-precision settings
by selecting the codebook and MLP configuration per bit-width (e.g., 2/3/4-bit: BERT codebook
— MLP (g, M)). Table 6 shows that 2-bit PTQ benefits from Babai decoding in all datasets except
AntShield, while 3—4 bits yield better performance in the Exact setting across datasets.

Table 6: QUIP# on BERT and QAT on MLP.

VQ-Exact | VQ-Babai VQ-Exact | VQ-Babai

B-bits | M-Bits FT¥ [ OL%" | T [ OL% | FI* [ OL%” | T [ OL%"

ReCon IMDB

2.00 2.00b(4,1) | 56.53/85.29 | 0.016/0.04,0.02 | 64.26/67.32 | 0/0,0 44.58/78.54 | 0.008/0.04,0.01 | 64.85/66.67 | 0/0,0
3.00 3.00b(8,1) | 60.48/87.65 | 0.016/0.06,0.01 | 58.55/68.02 | 0/0,0 64.61/87.12 | 0.018/0.06,0.02 | 62.76/78.33 | 0/0,0
4.00 4.00b(16,1) | 61.94/NA 0.031/NA 64.08/NA 0/NA 51.96/NA 0.031/NA 55.16/NA 0/NA

AntShield SMS Spam

2.00 2.00b(4,1) | 47.30/89.17 | 0.014/0.03,0.01 | 37.10/57.06 | 0/0,0 63.44/96.05 | 0.014/0.03,0.01 | 73.00/7.55 0/0,0
3.00 3.00b(8,1) | 62.35/90.95 | 0.012/0.06,0.01 | 56.18/27.85 | 0/0,0 84.21/98.65 | 0.012/0.05,0.01 | 81.18/26.57 | 0/0,0
4.00 4.00b(16,1) | 60.63/NA 0.020/NA 62.22/NA 0/NA 89.87/NA 0.022/NA 75.26/NA 0/NA

* Comparing F1- score of QUIP# on BERT + QAT on MLP / BERT+MLP end-to-end QAT (Refer Table 3).
*Comparing OL% of QUIP# on BERT + QAT on MLP (MLP overload)/ BERT+MLP end-to-end QAT (BERT overload, MLP overload).

18



3233
PRI
# S853

82543
IR RN

=| &

3| ¢

8

2

2

H

5 S S S 3

8 = 8 S 8

=]

(%) ®400s 14

~k

3

8

2

2
iRt gt |
RO
3532
o+.+

s & s o S o

g 8 8 = <

(%) @403s 14

(r'8)aoo”
[CACT=4
(v'9)ave"
(v's)aez’
(€£'8)d00"
(e°L)azy"
(+')900"
(g'9)ass’
(£°5)AL6"
(re)ave"
(z'8)q00"
(£'¢)900"
(z'2)ato"
(z'9)ast”
(e'€)ass:
(z's)avo-
(z'%)q00"
(¥'2)q00"
(z'e)ast:
(1'8)900°
(€'2)a00"
(T')ats’
(1'9)ass’
(T's)aze’
(T'¥)a00°
(z'2)900"
(T'€)ass
(1'2)900

(r*8)a00"
(v'2)agz’
(r'9)ave"
(v's)aez
(£°8)300"
(e L)azy"
(r‘v)aoo-
(g°9)aszs”
(£°5)AL6"
(v'€)ave"
(z'8)aoo"
(£'¢)900"
(z')at9’
(z'9)ast”
(g'€)asz:
(z's)avo"
(z‘v)ao00-
(¥'2)q00"
(z'e)ast:
(1'8)900"
(€£'2)900"
(t'z)ats”
(1'9)ass’
(T's)aze’
(T'¥)a00"
(z'z)q00"
(T'€)ass
(T'2)ao0

AdNNNNNMMMeSSSUNnooooNd 00

AdNANNNMMmMesSSSUBGoooOoNd D0

o0 dN
oA

zt
it
ot

o

Bit-width (g, M)

it-width (g, M)

B

IMDB

03
15

4 Babai Ay
—+— Babai &y

Exact8,=0.3
—+— ExactBp=15

(v‘8)aoo'zt
(p'2)agz’ 1T
(v'9)are 0T
(v's)aez'e
(£'8)a00°6
(€L)azv'8
(v'¥)q00'8
(€'9)ass L
(£'5)as6'9
(r'e)ave'o
(z'8)a00°9
(€'¥)d00°9
(z')ato's
(z'9)art:
(e'€)asL
(z's)avo
(z'v)900
(v'2)900
(z'e)ast
(1'8)400
(€'2)a00"
(t's)ats”
(1'9)ags"
(T's)aze’
(T'¥)a00"
(z'2)q00"
(T'€)ass’
(1'2)q00"

AAdNNNNNMMM T E T

00
00

=) S
S

(%) @400s T4

70

60

IMDB

135 850%

i

260 614%

03

—— Babaify=15

4 Babai Ay

Exact =03

—— Exact 8y

15

(v8)qoo'zt
(pL)agz'tt
(r'o)ave:
(r's)aez
(£°8)q00"
(€°L)azy
(r‘v)aoo
(g°9)aszs
(€°5)ase
(r'e)ave
(z'8)aoo
(£')a00
(z'2)at9
(z'9)arst
(e'€)asL”
(z's)ar9
(z'v)aoo
(r'2)900
(z'e)ast
(1'8)900"
(£'2)900
(T'2)ats8
(1'9)ass
(T's)aze
(1'¥)a00
(z'z)a00"
(T'€)9a8s
(T°2)a00

o o
~

AANNNNNMMMTETSFTNHNGGO6G6NGD O

=)
S
=2

=)
=

=) =)
3 F

(%) ®400s T4

20

Bit-width (g, M)

width (g, M)

Bit:

ANTS

=03

15

4 Babai iy
—— Babai Ay

Exactfy=0.3
—— Exactlo=15

.

100

90
0
70

(%) @100s 14

(¥

ANTS

2t

67%

xS

03
15

4 Babai by
—— Babai &y

ExactAy=0.3
—— Exactdo=15

-

100

P=)
=

=) =)
3 =3

(%) @400s 14

<
&

(v'8)aoo'zt
(r'L)agz 1T
(r'9)ave 0T
(r's)aez’'e
(£'8)900°6
(e'L)azv'8
(r'v)a00°'8
(€'9)ass s
(€'5)aL6°'9
(r'e)ave'9
(z'8)a00°9
(€£'¢)900°9
(z'L)ato's
(z'9)arst’'s
(€'€)ass'y
(z's)avo'v
(Z'¥)a00°v
(+'2)a00'v
(z'e)aste
(1'8)d00°€
(£'2)q00°€
(t'2)at8'z
(T'9)ags'z
(T's)aze’z
(T'v)q00°'z
(z'2)q00°z
(T'e)ass't
(1'2)900°T

(v'8)qoo'zt
(r'r)agz' 1t
(r'9)are ot
(r's)a6z'6
(£'8)900°6
(e'L)azv'8
(r'v)aoo's
(g'9)ass L
(€'5)as6'9
(r'e)ave'o
(z’8)qo0'9
(€'v)900°9
(z'z)ato's
(z'9)arst's
(g'€)assv
(z's)aro'v
(z'v)aoo'v
(r'2)a00°v
(z'e)aste
(1°8)d00°€
(£'2)q00°€
(t'2)at8'z
(T'9)agsz
(T's)aze’z
(1T'v)a00°z
(z‘z)ao0'z
(T'e)ass't
(T'2)qo00'1

it-width (g, M)

B

it-width (g, M)

B

15

Exact4,=03

03
—+— Bxactfo=15

+ Babaily

—— Babai Ay

SPAN:

4%

00
90

8
(%) ®100s 14

03
15

4 Babai &y

—— Babai
Exact 8=0.3

—— ExactAy=1.5

63%

SPAM,

143

S =) =)
= 3

<
(%) ®400s T4

100
80
60

=) =) o
&

(r‘8)aoo'zt
(v'£)agz 1T
(v'9)are 0T
(v's)aez'e
(£'8)300°6
(€°L)azv'8
(v'v)a00'8
(g'9)ass s
(€'5)as6'9
(r'E)ave'o
(z'8)a00°9
(£'¥)d00°9
(z')ato's
(z'9)ast”
(g'€)ass
(z's)aro
(z'v)900
(v'2)900
(z'e)ast
(1'8)900°
(€'2)a00"
(T'2)ats’
(1'9)ass”
(T's)aze’
(T'¥)a00"
(z'2)900"
(T'€)ass’
(1'2)q00"

Bit-width (g, M)

AAdNNNNNOMSSETE A

(r‘8)aoo'zt
(r'r)agz' 1t
(r'9)ave"
(v's)aez
(£'8)400
(€°2)azy
(r‘v)aoo
(€°9)ass
(€'5)ase
(v'E)ave"
(z‘8)aoo
(€'¥)a00
(z')ato
(z'9)arst
(g'€)ases’
(z's)ar9
(z'v)aoo
(v'2)900
(z'e)ast
(1'8)900
(€'2)900
(t'z)ats
(1'9)ass
(T's)aze
(1'¥)a00
(z'z)q00"
(T'€)a8s
(T'2)aoo0

-width (g, M)

AN ANANNNMMMYISSTSTHNO66ONGOE0 G O
2
Bit:

Comparison of VQ for A (full and zoomed version of left and right, respectively).

Figure 3

19



We also apply QulP# in a pure PTQ setting to the MLP classifier operating on fixed BERT embed-
dings. Specifically, we quantize only the first MLP layer (768—512) using QulP#, while keeping
activations and the classification head in FP32. The Hessian for the quantized layer is computed
from training embeddings, cached, and reused across runs. This setting isolates the effect of QulP#
weight-only PTQ on downstream classification performance. In contrast to end-to-end quantization,
weight-only PTQ of the MLP using QulP# (Table 7) shows minimal accuracy degradation even at
low precision, confirming that most sensitivity arises from encoder quantization rather than the
classifier head.

Table 7: QulP# on MLP after training FP32 BERT+MLP

M- ReCon* IMDB* AntShield* SMS Spam”*
Bit(s)

2.00 93.63/92.87,92.30 85.26/84.05, 82.28 92.93/92.59, 91.31 97.28/94.95, 95.95
3.00 93.99/93.23, 91.25 85.70/83.12,91.92 93.44/92.33,92.11 96.95/96.95, 95.62
4.00 93.93/93.13, 92.22 86.02/84.03, 82.03 92.97/92.83,91.90 96.95/94.59, 95.21

* Comparing F1- score of QUIP# on FP32 MLP trained on FP32 BERT embeddings / QAT (Exact, Babai)on MLP trained on FP32 BERT
embeddings (Refer Table 2).

Overall, the results show that BERT+MLP end-to-end QAT beats PTQ on BERT and QAT on MLP.
Whereas, in setting wherein only MLP is quantized and BERT remains full precision, QUIP# is
comparable or better than QAT on MLP.

B. Exploring D, Lattice

To assess the generality of the proposed VQ framework beyond FEj lattice, we additionally explore
Dy lattice. This allows us to verify that the core design is not specific to Eg, but extends naturally to
other lattice families.

B.1. Nearest-neighbor projection of D, lattice

The D, lattice consists of integer vectors with even coordinate sum, enabling a simple parity-based
correction rule. Algorithm 7 implements exact nearest-neighbor projection onto D, by first round-
ing to Z* and, when the parity constraint is violated, flipping the coordinate with the largest round-
ing residual to obtain the closest valid lattice point.

Algorithm 7 Nearest-neighbor projection @ p, ()

Input: z € R* (or batch z € RE*%)
Output: y € Dy
£, if (32, fi) mod 2 =10

<+ custom_round(x); y +
! - @)y {g(:z:), otherwise

Helper-1: custom_round(v) = |v — sign(v)e + % |, where e > 0 s tiny (ties at 0.5 resolved toward 0).
Helper-2: Let f(z) = custom_round(z) and k = arg max; |x; — f(z);|. Then g(x) equals f(x) except at coordinate k, which is changed
by %1, so that the parity of 3, f(x); flips and ties are resolved consistently.

B.2. Quantization of only MLP

Table 8 reports results for quantizing only the MLP classifier while keeping the BERT in FP32, com-
paring Exact VQ based on the Eg and Dy lattices. At 1.0 bits, both lattices exhibit lower F1 score than
higher bid-widths, but still are stable. As the effective bit-rate increases to ~1.58 bits and beyond,
there is a significant lift in performance, maintaining negligible overload. These results indicate that
the proposed VQ framework applies consistently across lattice choices in a setting where only MLP
is quantized.
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Table 8: VQ Exact results using D4 Lattice for FP32 BERT and QAT on MLP.

N F1* [ OL%* F1* [ OL%* F1* [ OL%~ F1* [ OL%*
ReCon IMDB AntShield SMS Spam
1.00b(2,1) 69.46/70.58 | 0.02/0 67.22/67.41 | 0/0 68.04/66.77 | 0.04/0 78.10/49.03 | 0.01/0
1.58b(3,1) 92.87/88.31 | 2.25/6.96 | 82.97/82.80 | 2.62/7.27 | 92.09/86.64 | 2.38/7.53 | 93.65/94.39 | 2.25/13.31
2.00b(2,2) 78.79/93.60 | 60.81/0 83.03/83.79 | 61.42/0 78.25/92.65 | 60.68/0 90.41/95.59 | 59.01/0
2.00b(4,1) 92.87/93.37 | 0.02/0.04 | 84.05/83.04 | 0.02/0.03 | 92.59/92.85 | 0.01/0.02 | 94.95/96.27 | 0.01/0.03
2.32b(5,1) 92.90/93.08 | 0/0.46 83.19/83.23 | 0.01/0.56 | 92.48/92.03 | 0/0.48 96.00/97.30 | 0.01/0.63
2.58b(6,1) 92.93/93.20 | 0.01/0.01 | 82.59/82.58 | 0.01/0.09 | 92.73/92.59 | 0.01/0.02 | 95.36/96.95 | 0.02/0.04
2.81b(7,1) 93.44/93.30 | 0/0.09 82.79/81.76 | 0.01/0.13 | 92.82/92.75 | 0/0.10 97.28/95.92 | 0.01/0.19
3.00b(2,3) 79.56/93.26 | 79.14/0 83.12/84.18 | 79.88/0 77.21/92.89 | 78.64/0 90.10/96.97 | 76.70/0
3.00b(8,1) 93.23/93.26 | 0/0.01 83.12/82.77 | 0/0.01 92.33/92.34 | 0.01/0 96.95/95.33 | 0.01/0.04
3.17b(3,2) 93.24/93.25 | 1.00/4.54 | 84.43/83.34 | 1.28/4.89 | 92.25/92.53 | 1.14/4.45 | 96.64/92.11 | 1.42/4.84
4.00b(2,4) 80.82/93.11 | 83.71/0 84.03/84.44 | 84.97/0 79.12/92.66 | 84.03/0 92.36/96.35 | 81.96/0
4.00b(4,2) 93.13/93.48 | 0.40/0.02 | 83.42/82.39 | 0.39/0.04 | 92.83/92.96 | 0.35/0.01 | 94.59/95.39 | 0.30/0.08

* Comparing F1- score and overload of QAT (Exact) on MLP trained on FP32 BERT embeddings (E8/D4) (Refer Table 2 for E8).

Table 9: VQ Exact results using D4 Lattice for BERT(B)+MLP (M) end-to-end QAT.

Config

ReCon

IMDB

Ant

Shield

SMS Spam

F1*

OL%(BM)"

F1*

OL% (B,M)~

F1*

OL%(BM)"

F1*

OL%(B,M)"

T.006(2,1)
2.00b(4,1)
3.00b(8,1)

68.25/78.56
85.29/86.43
87.65/87.57

0.41,0.27/0,0
0.04,0.02/0.05,0.03
0.06,0.01/0.07,0.04

82.37/81.56
78.54/84.09
87.12/85.42

0.44,0.27/0,0
0.04,0.01/0.04,0.02
0.06,0.02/0.08,0.03

71.33/81.41
89.17/87.27
90.95/90.47

0.41,0.28/0,0
0.03,0.01/0.04,0.02
0.06,0.01/0.07,0.03

0/95.36
96.05/95.42
98.65/97.33

0.48,0/0.27,0
0.03,0.01/0.05,0.02
0.05,0.01/0.08,0.03

* Comparing F1- score of QAT (Exact) BERT+MLP trained end-to-end (E8/D4) (Refer Table 2 for E8).
* Comparing overload (Bert overload, MLP overload) of QAT (Exact) BERT+MLP trained end-to-end (E8/D4) (Refer Table 3 for E8)

B.3. Quantization of both BERT and MLP

Table 9 reports end-to-end QAT results when both the BERT and MLP classifier are quantized us-
ing Exact VQ, for D, lattice (comparing to Eg). At 1 bit, model is unstable for SMS Spam dataset
while gives descent performance at such low precision for other datasets, accompanied by minimal
overload in both BERT and MLP layers.

As the weight precision increases to 2-3 bits, accuracy improves substantially, with both lattices
yielding comparable trends. Overall, the results indicate that the proposed VQ framework extends
naturally to end-to-end quantization of both BERT and MLP across different lattices.

C. Activation quantization

While the main paper focuses on weight-only quantization (activations kept in FP32), we addi-
tionally study whether activation quantization can be combined with the proposed weight VQ. We
evaluate QAT for weight quantization with ACIQ-based[27] activation in two settings: (i) quantiz-
ing only the MLP and keeping BERT in full precision, and (ii) end-to-end BERT+MLP QAT.

In our implementation, each quantized linear layer applies ACIQ after the linear output. Run-
ning activation statistics are tracked using EMA, and a symmetric clipping threshold « is com-
puted analytically. We use the mixed ACIQ variant, which selects between Laplace and Gaussian-
based thresholds by minimizing estimated MSE. Activations are uniformly quantized with step size
A= /201

C.1. Quantization of only MLP

Across datasets, the results in Table 10 suggest the presence of multiple operating regimes depend-
ing on the relative precision of weights and activations. Configurations with higher weight preci-
sion and higher activation precision (e.g., 3-bit weight with 8-bit activation) tend to exhibit com-
paratively stable performance across datasets, with lower overload. In contrast, configurations with
similar weight precision (e.g., 3-bit) but reduced activation precision (<2 bits) mostly show bit-
reduced performance in ReCon and AntShield datasets.

When both weights and activations are quantized aggressively (<2 weight and < 8 activation bits),
training becomes unstable. In contrast, maintaining high activation precision while moderately
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quantizing weights appears to be a safe choice. These observations indicate that, for a fixed weight
precision (e.g., < 3 bits), higher activation precision (8 bits) represents a safer operating region,
while reducing activation bits introduces a more challenging regime that requires careful handling.

Table 10: Results of FP32 BERT and MLP-QAT using E8 VQ-Exact with fixed clipping=2.0 on
weights and for activations using ACIQ. Here, ‘W’ means weight bit and ‘A’ means activation bit.
FP-A means full precision activation (without ACIQ).

. ReCon IMDB AntShield SMS Spam
M-Bits(W/A) FP-A F1 OL% FP-A F1 OL% FP-A F1 OL% FP-A F1 OL%
3.00(2,3)/2 70.42 1.82 75.66 2.11 72.89 2.10 76.64 2.13
oot | 7% | a1 |13 | 2 [ 7e |1 |72 | 7is |15 | 010 | 751 | 1es
3.00(2,3)/8 73.25 1.51 77.76 1.63 72.23 1.65 70.24 2.00
3.00(8,1)/2 80.13 0.00 78.67 0.00 80.39 0.00 91.33 0.00
aoena | BB sz |00 | 12 [ on oo | 20 | west |om | %5 | e | 00
3.00(8,1)/8 83.73 0.00 80.31 0.00 83.98 0.00 92.11 0.00
3.17(3,2)/2 83.74 1.67 79.34 1.40 84.41 1.78 92.47 1.29
3.17(3,2)/3 86.61 1.51 80.00 1.49 86.68 1.66 95.02 1.32
3.17(3,2)/4 93.24 87.08 1.44 8443 80.08 1.38 92.25 88.06 1.61 96.64 94.63 1.30
3.17(3,2)/8 86.61 151 80.00 1.49 86.68 1.66 95.02 1.32
4.00(2,4)/2 76.17 82.75 71.83 79.42 75.30 83.80 66.09 78.74
MENR | o | 20| 8D |y | DR |80 |, |02 | 25|, | s |
4.00(24)/8 75.71 89.99 75.96 86.22 79.79 91.14 77.22 84.89
4.00(4,2)/2 89.04 0.00 79.19 0.00 88.76 0.00 92.93 0.00
4.00(4,2)/3 90.23 0.00 81.13 0.00 90.16 0.00 92.31 0.00
4.00(4,2)/4 93.13 90.53 0.00 83.42 80.48 0.00 92.83 89.65 0.00 9459 93.92 0.00
4.00(4,2)/8 90.53 0.00 80.48 0.00 89.65 0.00 93.92 0.00

Table 11: Results of end-to-end QAT of both BERT and MLP using E8 VQ with fixed clipping=2.0
on weights and for activations using ACIQ. Here, ‘W’ means weight bit and ‘A’ means activation
bit. FP-A(QE/QB) means full precision activation (without ACIQ) in end-to-end Exact and Babai
settings, respectively (referring to Table 3).

Config(W/A)| FP-A ‘ VQ-E ‘ VQ-B FP-A ‘ VQ-E ‘ VQ-B FP-A ‘ VQ-E VQ-B FP-A ‘ VQ-E VQ-B
(QE/QB) (QE/QB) (QE/QB) (QE/QB)
ReCon IMDB AntShield SMS Spam

2.00(4,1)/2 85.29/67.32 | 52.79 53.56 78.54/66.67 | 51.82 52.88 89.17/57.06 | 45.86 45.00 96.05/7.55 | 96.55 16.35
2.00(4,1)/3 71.92 36.19 82.35 52.80 82.27 33.38 97.99 12.27
2.00(4,1)/4 58.60 53.83 1.18 62.42 84.78 35.48 97.33 25.27
2.00(4,1)/8 70.80 56.09 85.07 1.19 76.11 57.15 96.05 233
3.00(8,1)/2 87.65/68.02 | 70.43 58.50 87.12/78.33 | 50.67 58.06 90.95/27.85| 59.20 46.70 98.65/26.57 | 97.99 20.85
3.00(8,1)/3 85.07 38.43 84.57 65.36 88.61 40.00 97.99 23.53
3.00(8,1)/4 87.14 64.48 85.77 66.42 91.11 39.91 99.33 24.24
3.00(8,1)/8 86.94 64.44 86.03 66.67 91.04 67.32 97.96 23.93

C.2. Quantization of both BERT and MLP

Table 11 reports results for end-to-end QAT. Similar to the MLP-only setting, the results indicate
distinct operating regions depending on the joint precision of weights and activations. Configura-
tions with moderate-to-high weight precision (e.g., 3 bits) and higher activation precision (4-8 bits)
tend to show more stable behavior across datasets, with performance closer to the FP-activation ref-
erence.

When activation precision is reduced while keeping weights fixed (e.g., 3-bit weights with <3-bit
activations), performance becomes more variable, and the gap relative to FP-A widens. More ag-
gressive joint quantization of both weights and activations (e.g., 2-bit activations combined with
lower-weight precision) exhibits larger degradation and instability, particularly in the end-to-end
setting. Overall, the results suggest that, for end-to-end BERT+MLP QAT, operating with moder-
ately quantized weights and comparatively higher activation precision represents a safer regime,
whereas lowering activation precision introduces a more challenging region that requires careful
tuning.

Overall, these results indicate that incorporating activation quantization alongside weight quanti-
zation can be effective, achieving performance close to the corresponding weight-only configura-
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tions with full-precision activations (FP-A column in Table 10 and 11). Therefore, the proposed
framework naturally extends to joint quantization of both weights and activations within a model.
However, when activation quantization is extreme, we need to switch to higher weight bits.

D. Experiments on multi-class classification dataset

We additionally evaluate the proposed quantization framework on AG’s News, a four-class news
topic classification benchmark, to assess behavior beyond binary classification. The model setup
follows the same pipeline, with experiments covering PTQ and QAT, Exact and Babai settings, both
SQ and VQ schemes, and D4 and FEg lattices.

Table 12: PTQ vs. QAT (A = 1.5 for all VQ settings; Ag = 0.3 for Babai PTQ). E and B denote
Exact and Babai, respectively.

M-Bit(s) QAT | PTQ

Brevitas | VO-E [ VQ-B | Brevitas] VQ-E | VO-B [ QulP

AG’S News

1.00 Error 53.39 88.59 Error 16.59 23.02 86.13
1.58 - 90.76 89.68 - 84.24 32.99 -
2.00 90.69 90.87 90.54 74.26 87.12 43.72 89.25
2.32 - 91.13 89.26 - 88.13 54.55 -
2.58 - 90.62 90.45 - 88.45 67.32
2.81 - 91.08 89.84 - 88.51 69.06 -
3.00 90.62 91.06 90.55 89.28 86.97 74.14 90.91
3.17 - 90.96 89.76 - 88.26 78.86 -
4.00 91.20 91.09 90.94 90.52 87.66 85.25 91.29

PTQ vs. QAT. As seen in Table 12, different regimes emerge across bit-widths on the multi-class
dataset. At 1 bit, VQ with Babai under QAT achieves strong performance, whereas PTQ methods
largely fail or severely degrade. At 1.58 bits, most QAT variants (VQ-Exact and VQ-Babai) converge
to comparable accuracy, whereas PTQ with Babai remains unstable. Beyond 1.58 bits, QAT with VQ-
Exact consistently delivers the best performance, while PTQ, particularly Babai, continues to exhibit
instability and under-performance below 3 bits. These results highlight the advantage of QAT over
PTQ in low-precision multi-class settings.

Table 13: Comparison of SQ and VQ with Ay=1.5. Here, OL represents overload.

M-Bits(s) SQ [ VQ-Exact [ VQ-Babai
[Fi__[ OL% [ F__ | OL%
AG’s-News (FP: 91.25)
1.00b(2,1) Error 53.39 0.01 88.59 0
1.58b(3,1) 90.76 2.59 89.68 0
2.00b(2,2) 83.96 58.00 90.54 0
2.00b(4,1) 90.87 0.02 90.54 0
2.32b(5,1) 89.46 91.13 0 89.26 0
2.58b(6,1) 90.62 0 90.45 7.58
2.81b(7,1) 91.08 0 89.84 0
3.00b(2,3) 84.25 73.90 90.55 0
3.00b(8,1) 88.90 90.96 047 89.76 0
317b(3.2) 91.06 | 0 9034 | 0
4.00b(2,4) 88.80 86.18 82.67 90.94 0
4.00b(4,2) ) 91.09 0.20 90.94 0

SQ vs. VQ Table 13 shows that at 1 bit, SQ fails to produce a valid model, whereas VQ with Babai
achieves strong performance, highlighting the advantage of lattice structure in the 1-bit regime.
For bit-widths >1.58, all methods begin to recover accuracy; however, VQ, particularly VQ-Exact,
consistently matches or outperforms SQ at the same effective bit-rate, while maintaining negligible
overload. Overall, these results indicate that VQ provides a more robust and scalable alternative to
SQ, especially at low and intermediate precision levels.

End-to-end BERT quantization. Table 14 reports end-to-end BERT+MLP quantization results un-
der PTQ and QAT. Across all bit-widths, PTQ-based approaches (both Exact and Babai) exhibit the
weakest performance. At 1 bit, QAT with VQ-Exact remains stable when activations are kept in full
precision, whereas introducing aggressive activation quantization leads to instability. Higher acti-
vation precision (8 bits) consistently yields safer and more reliable behavior across configurations.
At > 8 bits it should remain the same.
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Table 14: Comparison of BERT FP32 and quantization performance. Here, "E:PTQ with Exact,
PB.PTQ with Babai, @®:QAT with Exact, ®B:QAT with Babai, A: ACIQ on activations with (bits),
FP. FP32. For Exact Ag=1.5 and for babai Ay=0.3

Config FP32] BEMZT| B¥MPT-A [ B'M™ [ B'M™ | B'M% [ BPM¥ |
AG News

T.00b(2,1) 90.64 - 1659 | 2302 | 5339 | 8859

2.00b(4,1) | 91.25| 91.66 92.61(8) 8712 | 4224 | 90.87 | 90.54

3.00b(8,1) 93.48 93.16(8) 86.97 | 7333 | 91.06 | 90.34

Table 15: VQ Exact results using D4 Lattice for FP32 BERT and QAT on MLP.

M-Bit(s) 1 OL%~
T00b(2,1) | 53.39/83.99 0.014/0.000
158b(3,1) | 90.76/87.58 2.588/6.230
2.00b(22) | 83.96/91.09 57.998/0.000
2.00b(4,1) | 90.87/91.20 0.020/0.022
2.32b(51) | 91.13/90.60 0.002/0.196
258b(6,1) | 90.62/91.08 0.008/0.000
2.81b(7,1) | 91.08/91.30 0.004/0.005
3.00b(2,3) | 84.25/91.29 73.903/0.000
3.00b(8,1) | 91.06/90.86 0.000/0.000
3.17b(3,2) | 90.96/91.00 0.466/2.206
400b(2,4) | 86.18/90.89 82.674/0.000
400b(42) | 91.09/90.57 0.199/0.000
400b(16,1) | 91.20/91.01 0.004/0.000

* Comparing F1- score and overload of QAT (Exact) on MLP trained on FP32 BERT embeddings (E8/D4).

Using D, Lattice. To assess whether the proposed VQ framework generalizes beyond the Eg lat-
tice, we additionally evaluate a D4-based VQ-Exact variant. Table 15 and 16 show results of us-
ing D, lattice in VQ-Exact setup for MLP-only QAT and end-to-end BERT+MLP QAT, respectively.
Across bit-widths, the performance and overload behavior obtained with D, are comparable to
those achieved with Es, with similar accuracy trends and low overload in stable operating regimes.
These observations indicate that the proposed quantization framework is not tied to a specific lattice
choice and can be extended to alternative lattices.

Overall, the AG’s News experiments confirm that the observed trends on binary datasets extend to
multi-class classification: VQ offers improved robustness over SQ, QAT mitigates low-bit degrada-
tion, and Exact setup remains more stable than Babai at lower precision.

Table 16: VQ Exact results using D4 Lattice for BERT(B)+MLP(M) end-to-end QAT.

Config AG News

Fi OL%(B,M)
1.00(2,1) 90.64/90.79 0.62,0.23/0,0
2.00(4,1) 91.66/90.89 0.03, 0.01/0.04,0.03
3.00(8,1) 93.48/90.78 0.05, 0.01/0.08,0.04

* Comparing F1- score of QAT (Exact) BERT+MLP trained end-to-end (E8/D4).
* Comparing overload (Bert overload, MLP overload) of QAT (Exact) BERT+MLP trained end-to-end (E8/D4).
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