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Abstract

Sparse autoencoders are often used in mechanistic interpretability as if sparse
reconstruction should recover the features represented by a model. Recent work
shows that this recovery is fragile, but it remains unclear which failures come
from the SAE architecture, the encoder, optimization, or finite data. We show
that several failures can already be incentivized by the population-level sparse-
reconstruction objective. We study by how much residual mass projects above
the sparsity threshold in a positive linear latent-ray model; merging and splitting
arise as static properties of this objective, while absorption and seed-dependent
alternatives arise sequentially as earlier selections change the residual field. We
also separate two notions often conflated in interpretability practice: recovering a
ground-truth direction and recovering the activation pattern of that feature. Neither
implies the other in general; they coincide under specific structural conditions,
such as single-feature event dominance and regular simplex structure in learned
symmetric geometries. Sparse reconstruction therefore recovers ground-truth
features only in structured event regimes; outside them, the objective can favor non-
canonical but reconstruction-useful directions, and a one-ReLLU encoder introduces
a further representability gap governed by whether the oracle gate is affine-ReL.U
approximable. Overall, our results refine the existing analysis of SAE behavior and
provide a unified perspective on ground-truth feature recovery studies.

1 Introduction

Mechanistic interpretability often studies neural representations through the lens of features: direc-
tions or low-dimensional components that correspond to meaningful computational variables [23, 17].
Sparse autoencoders (SAEs) are widely used to extract such features from dense model activations
by reconstructing activations using a sparse nonnegative code [3, 12]. This practice implicitly treats
SAE latents as candidates for the features used by the model.

Recent work shows that this interpretation is fragile. SAEs can learn non-canonical features [20], learn
different dictionaries from the same data under different random seeds [26], and exhibit pathologies
such as feature absorption [8]. Toy-model recovery studies sharpen the point: recovery is possible
only under restrictive sparsity, frequency, or hyperparameter alignment assumptions [9, 6, 11], and
high reconstruction quality or decoder recovery need not identify the latent variables [28, 31, 19].

The question of this paper is therefore not whether SAEs can sometimes recover features. They can.
The question is what the sparse-reconstruction objective incentivizes, even before finite data, encoder
amortization, and the optimization landscape enters. The central object of our study is the population
one-slot utility

U (03 ) = SEI((0, R) ~ N,
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which measures the improvement from adding a nonnegative ¢;-penalized code along direction v
against residual R. Its support-event decomposition shows that the objective scores directions by
thresholded residual mass on latent activation events. Sparse reconstruction is therefore not directly a
feature oracle; it is an event-weighted thresholded residual objective.

The analysis separates several objects that are often conflated. A teacher ray may be visible in the
data, but visibility is only raw evidence. The sparse-coding objective then decides whether that
evidence is useful enough above threshold. The SAE encoder then has to realize the corresponding
gate. Finally, even a recovered decoder direction does not always mean that feature’s activation
pattern would also be recovered. Failure modes appear when one object holds but the next one fails:

visibility # preference 7 realizability #- direction recovery % support recovery.

Each missing implication has a concrete mechanism. Mixed above-threshold events create merging
and hedging-like pressure; event families with varying residual directions create splitting; earlier
surrogate features suppress later evidence, producing absorption-like false negatives; tied or near-tied
event utilities create residual-path alternatives. The following sections establish these points and the
appendix gives the corresponding propositions and proofs.

Our contributions are:
* We identify the one-slot utility and its support-event decomposition as the population objects
controlling one-slot nonnegative sparse reconstruction.

* We show that one important recovery regime occurs when singleton rank-one events domi-
nate off-singleton contamination, forcing maximizers to localize near teacher directions.

* We identify mechanisms of the population sparse reconstruction objective that can underlie
several SAE failure modes: merging, splitting, absorption-like false negatives, and residual-
path alternatives can arise before encoder amortization or optimization dynamics.

* We separate oracle preference from one-ReLU SAE realizability, and decoder direction
recovery from support recovery.

* We provide a unified interpretation for recent toy-model recovery results, connecting their
observations under a common thresholded utility framework.

Sparse reconstruction does not ask “what are the true features?” It asks which directions reduce thresholded
residual loss. Feature recovery happens only when the data distribution makes true feature directions win
that scoring game, and when the SAE can realize the winning gate.

The paper proceeds as follows. Section 2 defines the positive latent-ray residual model. Section 3
derives the one-slot utility and support-event decomposition. Section 4 explains recovery and
objective-level failure modes in the oracle setting. Section 5 relates the oracle to one-ReLU SAE
encoders. Section 6 separates direction recovery from support recovery and points to Section L for
observer-only diagnostics when ground-truth supports are unavailable.

2 Exact positive latent-ray model setup

We write [F] := {1,...,F} as a feature index set and S9! := {v € R? : |jv|| = 1} as a unit
sphere. All probabilities and expectations are taken with respect to the population law of the random
activation vector x and the latent coefficients that generate it. We assume finite second moments, for
example E||z||? < oo, so that all squared losses and utilities below are finite.

We use the linear representation hypothesis, widely adopted in related literature [17, 7, 28, 6,9, 11, 18],
as background for our theoretical setup. Throughout, x follows the positive latent-ray model

F
=) aw, >0, (1
=1

where 2 € R? is the observed activation vector, «; are nonnegative random scalars, w; € R\ {0}
are fixed teacher directions, and the rays Ryw; := {tw; : ¢ > 0} are distinct. The latent support
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is S := {i: a; > 0} C [F]. For a context index set B C [F], chosen or given, and any remaining
subset T' C [F| \ B, write Ep(B) := {S\ B=T}. Let

Vp := span{w; : i € B}, Pg :R? = Vg, ng:=1—Pp :Rd—>V§

be the orthogonal projections onto the context subspace and its orthogonal complement. Throughout
fixed-B statements are understood on non-vacuous residual charts, i.e. dim(Vp) < d. We define the
projected residual
Rp :=mp(x) = Z o W;, w; = wp(w;).
i¢B
On {Rp # 0}, the normalized residual direction is Up := Rp/|| Rz

The context B is a way of asking a local question: after some directions have been accounted for,
what residual evidence remains? If the residual on some event points along a single ray, then that
event is clean evidence for a direction. If several support patterns produce the same or nearby residual
direction, the observed activation law can support a direction without uniquely identifying the latent
support semantics behind it.

With this residual chart fixed, visibility has a precise meaning. For j ¢ B with w; # 0, write
uj = W;/||w;||. We say that the residualized teacher ray R 10; is visible at stage B if the law of

Up has positive mass at u;: P(Up = u,;) > 0. More generally, an observable direction u € S d=1 g
visible at scale ¢ if P(L(Up,u) < ¢) > 0.

The clean regime is a rank-one event: the residual points along one ray throughout the event.

Definition 2.1 (Rank-one event). Letu € S~ ! andlet A C {Rp # 0} be measurable. A is a
rank-one event for the ray R, u if Rg = &u with probability one on A for some nonnegative
random scalar £, and P(A N {¢€ > 0}) > 0.

Singleton support events ;3 () are the canonical rank-one events: on Ey;(B), the residual is
Rp = a;w;,s0 Up = u; whenever o; > 0. Thus singleton events make teacher rays directly visible
at the population level unless another support family produces residuals on the same ray; this is
analogous to the separability condition in NMF-style dictionary learning [15].

We study a clean positive linear model so that failures cannot be blamed on nonlinearities, signs, finite
data, or bad optimization. The key observable is the residual direction after removing a context subspace.
Singleton residual events are the clean evidence for teacher rays.

3 What does ¢, sparse coding prefer?

For a residual random vector R € R with E||R||?> < oo, a unit direction v € S?~1, and sparsity
weight A > 0, we define the one-slot loss

1
L(v,a;R) :=E §||R —wva(R)||3+ Xa(R)

over nonnegative measurable scalar codes a(R) > 0 with finite second moment. Optimizing this
code gives the oracle utility.

This is the first place where the paper’s interpretation changes. The one-slot analysis says that a
direction is valuable when enough residual samples project above the sparsity threshold onto it.

Theorem 3.1 (Exact oracle utility). For fixed v € S, the optimal nonnegative one-slot code
is ay(R) = ((v, R) — \)4, and its gain over using no feature is

U (; B) = 3E[({0, B) — 3. @

The positive part in ((v, R) — \); says that a sample contributes nothing unless its projection onto
v beats the sparsity threshold. The square then makes large above-threshold residuals especially
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valuable. Thus sparse coding does not first ask whether v is a teacher atom, it asks whether projection
onto v exceeds the threshold often enough, and with enough magnitude, to pay for the ¢/ penalty.
The support-event decomposition then asks where those above-threshold projections come from:
singleton events, mixed events, or broader families of events.

Theorem 3.2 (Support-event decomposition). The utility decomposes as a sum over residual
support events E1(B). The index T = & denotes the empty event that contributes no utility:

2

1 -
Un(v;Rp)= > ZE > (v, @) = A | 1gs)
@ATC[F)\B €T o

Each term in the sum is the thresholded utility contributed by a single latent support family 7'. If
T = {j}, the term is clean singleton evidence for teacher j. If T' contains several active atoms, the
term is mixed evidence that may reward a non-teacher direction. This is the main organizing object
of the paper: recovery and non-recovery are comparisons between eventwise utility contributions.

The sparse-coding objective has a simple population score. A direction is good when many residuals
project above the threshold onto it. The decomposition says which latent support events pay for a direction.

4 When does sparse-coding preference recover teacher directions?

The support-event decomposition turns feature recovery into an eventwise dominance question. A
teacher direction is preferred in the clean regime where rank-one singleton events dominate all
competing residual events. When this dominance fails, the objective can prefer alternatives to atom
recovery that are analogous to known SAE failure modes in gradient descent training regimes.

The theorem below gives the positive case: if clean singleton evidence has a margin over everything
else, the objective localizes near the teacher direction. The following subsections explain what re-
places recovery when that margin is absent. Mixed events create merge pressure, heterogeneous event
families create split pressure, and sequential residual subtraction creates holes and path dependence.

4.1 The positive case: rank-one event dominance

Let u; = W,/ ||w;||. For an angular scale ¢ > 0, define the singleton dominance gap

1 - - 1
M\ (e) == §E[((%‘ ;]| = N2 = (e [[a]| cos e — A)i)lEm(B)] - QE[HRBH2 1g,(B)] -

Af 1 (€) singleton angular margin C’]B off-singleton load

Af 1 (€) is the singleton utility lost by rotating at least ¢ away from the teacher direction u,;. C']B isa
deliberately crude budget for everything outside the singleton event that could compensate for that
loss. If the singleton loss is larger than the off-singleton budget, then no far-away direction can win.

Theorem 4.1 (Singleton dominance implies directional localization). If sz \(€) > 0, then
every global maximizer of v — Uy (v; Rp) lies inside the spherical e-ball around ;.

Thus ground-truth direction preference is a dominance regime: singleton rank-one evidence must
exceed the total off-singleton competition budget. This gives an eventwise interpretation of extreme-
sparsity recovery results such as [11]: when singleton events dominate, sparse reconstruction can
recover teacher directions. Uniform-margin, low-coherence, support-fragility, random-geometry, and
learned-teacher refinements are collected in Sections F and G.

4.2 Merging: one direction compresses several events

In the utility field, merging means that one direction receives high utility because it compresses several
support events, or several atoms within a mixed event. The sparse-reconstruction objective can then
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prefer a reconstruction-useful mixed direction over an individual teacher direction. The formal local
certificate is a positive tangent derivative away from a teacher direction, stated in Proposition E.1.
Singleton-only populations do not strictly favor merges (Proposition E.2), while independent co-
occurrence can favor a merge once the joint projection crosses threshold (Proposition E.3).

The point is not that co-occurrence must be correlated or hierarchical. Correlation is one empirical
source of above-threshold mixed events, but the oracle condition is eventwise thresholded transverse
residual mass. Put differently, samples that already pay for one direction may also contain residual
mass in another direction, so the objective can improve reconstruction by rotating toward a mixture.
This is the population version of feature hedging: a learned latent carries a mixture because the
mixture improves sparse reconstruction [5].

4.3 Splitting: several directions compress one broad family

Feature splitting can arise at the objective level when a broad event family does not have a fixed
residual direction. No single direction compresses all subevents as well as specialized child directions.
Proposition E.7 gives the general event-partition certificate, and Proposition E.8 gives a two-subevent
angle-and-threshold specialization.

This is distinct from encoder-induced splitting. Objective-level splitting says different subevents
prefer different directions even with unrestricted sample-wise gates. Encoder-induced splitting,
treated in Section 5, says a single direction may be oracle-preferred while a one-ReLLU encoder cannot
realize its gate, so several SAE slots may partition the behavior.

The nontechnical picture is that a broad feature can be too geometrically heterogeneous for one
direction to represent efficiently. The objective then rewards children not because the semantic feature
is false, but because its residual evidence arrives through several different rays.

4.4 Residual suppression and absorption-like false negatives

Merging and splitting are properties of a fixed residual utility field. Absorption-like behavior is
different: earlier selections change the residual field. We view absorption as a support-level false-
negative pattern where an earlier learned surrogate fires on a subevent, carries part of a broader teacher
direction, and suppresses later residual evidence for that direction [8]. The residual-suppression
theorem is stated in Theorem E.4; the independent-support construction in Proposition E.5 shows
that the same signature can arise without a parent—child generative hierarchy. For an event A, the
localized utility used in the formal statement is U 4 (v; R) := $E[((v, R) — A)314]. This is the
first mechanism where order matters. In a fixed residual field, a teacher direction may have evidence.
After a surrogate is selected and subtracted, the same teacher direction may no longer cross threshold
on part of its support. The learned feature can then be direction-aligned but have systematic holes in
recall.

4.5 Residual-path alternatives and seed sensitivity

Empirical seed instability refers to SAEs trained on the same data with different random seeds
learning different feature sets [26]. We isolate a population residual-path non-identifiability that
can serve as an objective-level substrate for this sensitivity. When the oracle utility has multiple
tied or near-tied maximizers, residual suppression makes early selections persistent: the selected
direction removes its event from the above-threshold residual field, so later utilities depend on the
earlier choice. Proposition E.6 constructs an exact population model where tied pair directions give
inequivalent non-teacher residual paths.

This is not a convergence theorem for SGD. A seed need not create a bad local optimum; in such
regimes it can act as a tie-breaker, or near-tie breaker, among residual paths already present in the
population objective. Related sparse dictionary learning non-identifiability and multiple-minima
phenomena are discussed in [28].

Table 1 summarizes the section. Merging and splitting are fixed-field mechanisms; absorption-like
holes and residual-path sensitivity require earlier choices because the residual field itself changes.

Additional oracle-level material is deferred to the appendix; see Proposition D.3, Theorem E.9,
and section E.
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Table 1: Mechanism map for the oracle sparse-coding framework. Oracle mechanisms are properties
of a fixed residual utility field. Sequential mechanisms arise because earlier learned directions change
the residual field.

Mechanism When it appears Result
Oracle utility: fixed residual field
Atom recovery Singleton rank-one events dominate off-singleton contami- Theorem 4.1

nation at an angular margin, so oracle maximizers localize
near a teacher direction.

Merging Mixed support events yield larger utility than singleton  Proposition E.1 and
teacher events; locally, samples above threshold along one  Proposition E.3
direction also contain transverse residual mass.

Splitting A broad event family decomposes into rank-one subevents  Proposition E.7 and
with different residual directions, and specialized children  Proposition E.8
beat any shared direction.

Sequential residual path: earlier choices change later utility

Residual suppression A learned surrogate fires on an event supporting another ~ Theorem E.4 and
direction and suppresses that event’s above-threshold pro-  Proposition E.5
jection for the original direction.

Residual-path Several directions are tied or nearly tied; selecting one  Proposition E.6
sensitivity removes its associated event from later above-threshold
utility fields.

Together, these cases show the shape of the recovery regime. Teacher directions win when rank-one
events dominate contamination in thresholded utility. Outside that regime, sparse reconstruction can
prefer non-teacher directions that compress mixed events, allocate directions to subevents, or persist
by suppressing residual evidence for the original atom. These mechanisms are population oracle and
residual-greedy mechanisms, before encoder amortization or optimization dynamics.

Teacher features win only when their clean rank-one events dominate the other support events. If mixed
or heterogeneous events carry more above-threshold residual mass, the same objective prefers merged,
split, or path-dependent alternatives.

5 Does an SAE realize the oracle preference?

The oracle in Section 3 was allowed to choose a fresh nonnegative code for every sample. A SAE
slot is more constrained: its activation must be produced by one encoder row. This adds a new layer
to the implication chain. A direction can be preferred by sparse coding, yet fail to be realized by a
one-ReL.U SAE gate.

Let K be the number of SAE slots. Let D = [dy,...,dk] € R K have unit-norm columns, let
E € R¥*4 pe the encoder matrix, let bene € R¥ and bgee € R be encoder and decoder biases, and
let o(t) = ty act coordinatewise. The encoder is untied: E is not constrained to be equal to D T.
The encoder input is v = & — byec, the code is z = o (EvV + bepnc) € RE | and the reconstruction is

T = Dz + bgec. For slot r, write R_, := v — Z#T dszsand y, :=d] R_, — \.

The blockwise algebra is simple but important. Once the other slots and the decoder direction are
fixed, the encoder row is just trying to imitate the oracle threshold target i, = d,) R_, — \, with a
nonnegative one-ReLU output.

Theorem 5.1 (Block decomposition). For a fixed unit decoder direction, fixed other slots, and
a fixed sample value of the leave-one-out residual, the slot loss satisfies the pointwise identity
1 1 1 1
“NR-y —dezr|® + Xzp = S| Ro | — 292 + 2 (2 — yn)2
2” r rzr| r 2” rll Zyr 2( r = Yr)
Under this conditioning, optimizing one encoder row is squared-error regression onto v, with
a nonnegative one-ReLU output; the unrestricted pointwise nonnegative optimum is (yy ).
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Thus the sample-wise sparse-coding gate for direction d and residual R is g; = (d"R— \),.
The SAE row can match this oracle only if the same random function can be written as a single
affine-ReL.U of the encoder input. To state this precisely, define

A, ={(e"v+by:ecR, beR}CL2(Q)
and, for square-integrable random variable gate z € L2 ,
1
a(d,z;R) :==E|z(d"R—\) — 522 , Ax(d; R,v) := sup T'x(d, z; R).
z€EA,

Here A, is the one-row SAE version of the oracle utility: same decoder direction, same residual, but
the gate must be a single affine-ReL.U of v. The full envelope identity is deferred to Theorem H.2;
the main consequence is the closure criterion below.

Theorem 5.2 (Exact one-ReLU realizability and closure criterion). Assume R, v € L?, and fix
2
de St Let A, " denote the closure of A, in L*(2). Then

2

AN(d; R, v) =Us(d;R) < gieA " .

If the supremum defining Ay (d; R, v) is attained by some z.j, = (eTv + b)y, then equality
holds if and only if (e"v + b), = g a.s. Thus exact one-ReLU realizability is the attained
case of the L?-closure criterion.

2
This is the encoder-realizability gap. If g} ¢ ./T,,L , the one-row SAE value is strictly below the
sample-wise oracle value even when its decoder direction is correct. If g7 lies in the closure but is not
exactly affine-ReLU realizable, the oracle value can be approached but is not attained by a single row.
Several slots may then partition a single oracle gate and reduce this gap, producing an architectural
splitting mechanism distinct from the event-level splitting in Section 4.3.

Appendix M gives a small sanity check for the realizability layer. We first train SAE1 on the ground-
truth generator, then train SAE2 either directly on SAE1’s code or on SAE1’s reconstructed hidden
states. Direct code training is the easy endpoint: SAE2 receives a nonnegative coordinate repre-
sentation and recovers SAE1 features with support F1 0.937, compared with 0.583 for GT—SAE1
and 0.600 for GT—SAE?2. Training on reconstructed hidden states is harder, but the representation-
relative pattern remains: SAE1—SAE?2 support F1 is 0.804 with learned decoders and 0.592 in the
fixed-decoder output-student ablation, compared to the GT—SAEI values 0.583 and 0.571.

5.1 Transfer from latent residuals to SAE slots

There is one more transfer step. The latent sparse-coding score uses Rp = mpx, while slot 7 sees
R_,. Define the perturbation scale n(R, S) := 3||R — S| z2(||R||r2 + ||S]||£2), with the full bound
stated in Lemma 1.2. Let ng,_, := n(Rp, R_,) and define the amortization gap

Gap, (u; R—p,v) := Un(u; R—;) — Ax(u; R_p, ),

the utility lost at direction u because the gate must be a single affine-ReL.U of v. For a competitor set
C, the corresponding amortized SAE margin is

Margg F (u) := Ax(u; R_,,v) — sup Ax(v; R_,., v).
veC

The latent margin -y is the amount by which a direction beats its competitors in the clean residual field
Rp. Two costs spend that margin before it reaches an SAE: residual mismatch and gate amortization.

Theorem 5.3 (Residual-field transfer). Let C C S9! be a set of competitor directions, and
suppose u € S91 has latent margin v = Ux(u; Rp) — sup,ce Un(v; Rp) > 0. Then
Margg™F(u) > v — 2np,_, — Gap, (u; R_,, ). Hence the ranking transfers whenever this

lower bound is positive.
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The factor 2np _, is the cost of changing residual fields; the gap term is the cost of restricting the
gate to one affine-ReLU. Exact residual compatibility is

R_,=Rp <= bgec+ Z dszs = Ppx almost surely.
s#T

A decoder bias inside Vg leaves the projected residual component unchanged, but a nonzero projected
bias shifts thresholds and can create utility on empty residual-support events. Amortization can
reverse an oracle ranking only through direction-dependent gaps; affine residual regimes eliminate
those gaps, while pair-only worlds provide stress tests where both oracle and exact sparse coding
prefer non-ground-truth directions (Sections H.7 and I).

Even if the oracle prefers a direction, an SAE slot still has to realize the right gate using a one-ReLU
encoder row and the leave-one-out residual. Oracle preference and SAE realization are separate layers.

6 Do recovered directions imply support semantics?

The previous section separated oracle preference from encoder realizability. The next separation
is semantic: even if a decoder direction is recovered, this need not mean that its gate fires on the
intended latent examples. Direction recovery and support recovery are different objects.

The reason is visible in one moment equation. Let a(x) > 0 be an activation such that E[|| Rg||a] <
oo and E[a;a] < oo for every i ¢ B. Define p(a; B) := E[Rpa] = >, Elovia] w;.

When the decoder is fit by least squares to the gate, and in the corresponding stationary condition
for the SAE decoder, the decoder direction aligns with this gated residual moment. The decoder
therefore sees an average vector weighted by the gate. If the gate also fires when other atoms are
active, their residual directions enter the average; if it fires on only a tiny but geometrically pure
subset, the direction can look correct while support recall is poor.

Theorem 6.1 (Moment characterization of direction alignment). For j ¢ B with w; # 0, let
a > 0 satisfy E[||Rp|la] < oo and E|aia] < oo for every i ¢ B, and suppose ji(a; B) # 0.
Then p(a; B) € span(w;) iff the off-j gated moment lies in span(w;). If the residualized
atoms are linearly independent, this is equivalent to a;a = 0 a.s. for every i ¢ B, i # j.

Under linear independence, exact nonzero decoder alignment with a teacher ray is equivalent to zero
gated co-activation with every other residualized atom. This is stronger than “the gate fires when
the atom is present.” It is also different from support recovery. The minimal counterexamples in
Propositions J.1 and J.2 show both directions of failure: a gate can recover direction with arbitrarily
poor support recall, and a support-faithful gate can yield a rotated decoder direction.

The claim that direction recovery implies support recovery is also disproven in [31]; here we isolate
the population event-geometry behind this separation. Below, we show that the two objects coincide
in the clean regime already used for oracle recovery: rank-one event structure.

Theorem 6.2 (Coincidence on rank-one events). If A is a rank-one event with Rg = £u and
the gate a > 0 is supported on A with 0 < E[€al 4] < oo, then p(a; B) is parallel to u.

This is only a sufficient coincidence regime: event support plus positive gated amplitude on a rank-one
residual event yields direction alignment. It does not say that arbitrary gates aligned with u recover A.
The robust moment bound and support-fragility refinements are in Section J; learned-teacher simplex
symmetry gives another special coincidence regime by cancelling exchangeable off-target moments
(Section G). These are structured exceptions, not generic consequences of sparse reconstruction.

6.1 Sparsity matching is not support-event matching

Recent toy-model work emphasizes sparsity-level and firing-frequency alignment as recovery-relevant
quantities [6, 9]. In our framework these quantities are real necessary shadows of support recovery,
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but they are not the support-event law itself. Let Z; := 14,50y, S := {i : Z; = 1}, N := [S],
p; :=P(Z; = 1), and s, := EN. Exact support recovery implies samplewise sparsity recovery,
which implies expected sparsity matching: § = S as. = |S| = |S| as. = E|S| = s,. The
converses fail because expected sparsity fixes only > . p;, and marginal-frequency matching fixes
only the one-feature marginals. The sparse-reconstruction objective decomposes over full support
events E(B), so it depends on joint probabilities P(S = T'), eventwise amplitudes, and residual
geometry. The missing information already appears at second order:

Var(N) =Y pi(1—pi)+2)_ Cov(Z;, Z)), E(J2V> => P(Z;=2;=1).

i i<j i<y
Pairwise co-activation events are exactly the lowest-order mixed support events in Theorem 3.2.
They can be invisible to a global sparsity target while still dominating the thresholded utility. Thus
sparsity and frequency matching can remove one mismatch between teacher and learned codes,
but they do not replace support-event dominance. Section K gives the exact two-feature marginal-
frequency separation, amplitude-threshold mismatch under the correct orthogonal dictionary, power-
law asymptotics, load transitions, and pairwise-only support constructions.

Appendix M also illustrates the direction/support distinction. In fixed-decoder ablations, decoder
rows are correct by construction. Nevertheless, GT support recovery remains poor: direction-matched
GT—SAE?2 support F1 is 0.569 when SAE2 is trained on SAE1’s code, and 0.391 when SAE2 is
trained on SAEI1 reconstructed hidden states with the GT decoder fixed. In the latter case, L is also
closely matched to the teacher target (1.153 versus 1.175) and explained variance is high (0.968),
so the failure is not just a gross sparsity or reconstruction mismatch. The closest support-matched
features are geometrically nearby, about 0.94; the issue is that their support events do not match.
Also, while GT supports are independend, learned supports have substantial off-diagonal correlations.

The observer-level version is even weaker. In real activations the latent support S is not observed,
so hidden states alone cannot identify latent support semantics. What can be certified is residual
geometry: observable residual-direction atoms or caps, directional preference of the observed sparse-
coding utility field, and whether learned features match those caps by direction, precision, recall,
intrinsic ambiguity, and gate consistency. Section L gives the formal observer-only diagnostics.

A decoder direction and a feature’s firing pattern are different semantic objects. Direction alignment
is a gated-moment condition; support recovery is an event condition. Sparsity and frequency matching
preserve useful low-order statistics, but the objective depends on the full support-event law.

7 Conclusion

This paper isolates what nonnegative sparse reconstruction prefers before an SAE encoder, finite
data, or gradient dynamics enter. The one-slot utility U (v; R) = E[((v, R) — A)2] is a population
thresholded gain, and its support-event decomposition shows which latent events make a direction
valuable. Teacher directions win only in structured dominance regimes, where rank-one or single-
feature events dominate off-target contamination above threshold. When this dominance fails, the
same objective can prefer non-canonical but reconstruction-useful directions: mixed events create
merging, heterogeneous event families create splitting, earlier surrogates create absorption-like false
negatives, and near-tied event utilities create residual-path alternatives.

The claims fit together through the implication chain
visibility #- preference # realizability 7 direction recovery # support recovery.

Each missing implication is witnessed by an explicit construction in Section C. Thus sparse recon-
struction can recover ground-truth features, but only when the data distribution, threshold, geometry,
and encoder class align; outside those regimes, such failures should not be attributed only to bad
optimization or architecture, because population objectives can already incentivize them.

The limitations are structural. The nonnegative cone in Equation (1) is essential for the residual-ray
and support-semantics interpretation of Theorem 3.2. Signed activations, nonlinear mixing, SAE
optimization dynamics and prediction of SAE preferences, finite-sample observer diagnostics, and
empirical validation in pretrained-model SAEs remain open. The fixed-B analysis applies only on
non-vacuous residual charts with dim(Vp) < d, and target-feature claims require 7gw; # 0.
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A Appendix roadmap

The appendix collects the formal material behind the main claims. It preserves the deferred theorem
and proposition statements, gives complete derivations, includes refinements that clarify positive
regimes, and gives stress tests for the boundary between oracle preference and amortized realization.

Section C gives the counterexamples behind the implication chain. Sections D to F contain the
oracle derivations, mechanisms, and positive recovery refinements. Section G studies structured
learned-teacher geometries. Sections H and I give the SAE bridge and residual-transfer details.
Sections J and K contain the direction-support and sparsity-frequency branches. Section L contains
observer-only audit refinements. Section M gives synthetic two-stage SAE illustrations for the
realizability layer and the direction/support separation.

B Related work

The related literature gives the recovery side of the story and the pathology side of the story. The
point of comparison here is the population sparse-reconstruction objective: when the assumptions
behind recovery guarantees weaken, which residual events does that objective reward?

Prior recovery work asks when sparse methods recover features. The complementary question here is
what the population sparse-reconstruction objective rewards when recovery conditions do not dominate.

Sparse recovery and dictionary learning. Classical sparse recovery studies when sparse codes or
dictionaries are identifiable from data, typically under incoherence, restricted-isometry, separability,
or sparse-use assumptions [14, 4, 27, 2]. Classical dictionary-learning algorithms such as sparse
coding, K-SVD, and online dictionary learning optimize reconstruction with sparsity constraints and
alternate between code inference and dictionary updates [24, 1, 21]. This literature primarily gives
sufficient conditions for recovery. Our question is complementary: when recovery conditions do not
dominate the population objective, which residual support events does sparse reconstruction reward,
and what non-teacher directions can become optimal?

Matching pursuit and greedy sparse approximation. The one-slot oracle in Section 3 is the pop-
ulation analogue of a nonnegative, /1 -thresholded matching-pursuit step. Classical matching pursuit
selects atoms by greedy residual reconstruction gain [22]; OMP and related analyses characterize
when greedy residual correlations recover the correct support under dictionary assumptions [30, 16].
Simultaneous matching pursuit extends this logic to multiple signals and common-support recovery
[13]. Our setting differs in two ways. First, the direction ranges over the sphere rather than over a
fixed dictionary. Second, latent supports vary across samples, so the relevant object is not a single
support to recover but the support-event decomposition of the population gain. This decomposi-
tion identifies when greedy sparse reconstruction favors teacher directions, merged directions, split
subevents, absorption-like false negatives, or residual-path alternatives.

Sparse autoencoders and feature recovery. SAEs are widely used to extract interpretable features
from neural activations [12, 3, 29]. Recent theory studies when such features recover known ground
truth in toy latent models. Recovery can hold under restrictive sparsity, frequency, or hyperparameter
alignment assumptions [9, 6, 11, 7]. These results align with our positive regimes: extreme sparsity,
matched firing frequencies, and correct sparsity levels are ways of making thresholded support events
identify teacher directions. Our contribution is not another recovery guarantee for a specific SAE
algorithm; it is an event-level explanation of why the same sparse-reconstruction objective can either
support recovery or prefer non-canonical directions.

Non-canonical features and SAE pathologies. Empirical and theoretical work has documented
non-canonical SAE features, feature absorption, feature hedging, seed-dependent feature sets, and
other failures [20, 8, 5, 26]. We do not claim priority for observing these phenomena. We isolate
objective-level mechanisms for a central subset of them. Mixed above-threshold events create
merge and hedging-like pressure; variable rank-one subevents create event-partition splitting; earlier
surrogates create absorption-like false negatives by suppressing residual evidence; and tied or near-
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tied event utilities create residual-path non-identifiability. These mechanisms occur before finite
samples, encoder amortization, gradient dynamics, or local minima.

Direction recovery versus code or support recovery. Several recent works emphasize that recon-
struction quality or dictionary recovery does not imply recovery of latent variables [28, 31]. Zhu et
al. [31] are especially close to our direction/support separation: they show that decoder recovery
does not guarantee latent-code recovery. The work [25] also argues that standard SAE encoders
cannot optimally represent the underlying code, and that expressivity of encoder class is important
for recovery. We refine this distinction for interpretability semantics. Decoder direction recovery is
a gated-moment condition, while support recovery is an event-level condition; neither implies the
other in general. They coincide only under additional structure, such as rank-one event support or
symmetric cancellation in learned geometries.

Matching-pursuit SAEs and broader SDL theory. Recent MP-SAE work uses residual-guided
matching-pursuit inference inside SAE architectures to better handle correlated, hierarchical, or
conditionally orthogonal features [? 10]. This is architecturally adjacent to our oracle, but our use
is diagnostic rather than constructive: residual-guided sparse reconstruction can itself prefer non-
canonical directions at the population level. This also complements unified SDL theory, which studies
optimization landscapes, non-identifiability, and spurious minima for sparse dictionary learning
methods [28]. Our analysis is orthogonal: we study the population thresholded sparse-coding gain
first, then separately track encoder representability and direction/support semantics.

C Separation witnesses

The implication chain in the introduction needs exact witnesses. Each construction below shows that
one semantic object can hold without the next one in the chain, so none of the missing implications is
silently assumed.

Each witness breaks one tempting implication: visibility, preference, realizability, direction recovery, and
support recovery are different objects.

Proposition C.1 (Separation witnesses). The implication chain separated in the introduction
cannot be collapsed: visibility need not imply oracle preference; oracle preference need not
imply one-ReLU realizability; one-ReLU realizability need not imply teacher-direction recovery;
teacher-direction recovery need not imply support recovery, and support recovery need not
imply teacher-direction recovery.

Proof. Visibility need not imply preference: in Proposition E.3, with p € (0,1) and A < X\ < v/24,
the singleton event for u has positive probability, so u is visible, but Uy (u;z) = 0 < Ux((u +

0)/V2 ).

Preference need not imply one-ReLU realizability with respect to the encoder input: take the encoder
input to be a scalar random variable v with E[*] < oo and support containing an interval, set
R(v) = v?u, and take \ = 0.

One-ReLU realizability need not imply teacher-direction recovery: in the same independent two-atom
affine model used in Proposition E.3, the merged direction m = (u + ¢)/+/2 has affine-ReLU gate
(mTz — \)4 and is oracle-preferred in the threshold regime, but m is not a teacher ray.

Teacher-direction recovery without support recovery is Proposition J.1. Support recovery without
teacher-direction recovery is Proposition J.2. O

D Core oracle derivations

These derivations support Sections 2-3. They establish what the oracle utility measures, why residual
support events decompose its utility, and how marginal insertion relates the one-slot calculation to
sparse-coding improvement.
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The central algebra is: singleton events create residual-ray atoms, one-slot sparse coding gives the
thresholded utility, and support events split that utility into interpretable pieces.

Proposition D.1 (Residual-ray observability from singleton witnesses). Fix j ¢ B. Assume
@y #0,  P(S\B={j})>0.
Then the law of Ug := Rp/||Rg| on {Rg # 0} has an atom at
- W;

Ui = ——.
T |yl

Moreover, suppose that for every family T C [F|\ B with P(Ex(B)) > 0, the following hold:
j ¢ T7 T # @ - RJ,—'(I}] N COHe_;'_{’LDi ) (= T} = {0}’

and

JeT, T#{j} = Rw;jnconej{w;:ieT\{j}}={0}.
Then no other positive residual support family generates the same ray, so the atom is semanti-
cally unambiguous relative to the assumed latent factorization.

D.1 Proof of Proposition D.1

On the singleton event F¢;1(B), one has
RB = Oéjwj,
soon Eg;3(B) N{a; > 0},

Wi

Ug

= = u;.
lwgll
Thus the law of Up assigns at least the positive mass P(Ey;1(B) N {a; > 0}) to the singleton
direction ;. This is residual-ray observability, not latent-support identifiability from x alone. The
cone-separation condition
Riw; N coEe{wi 1 €T} ={0}

for every other support family 7" rules out semantic collisions with other positive support families
under the assumed latent factorization.
For T Z j, the first cone condition rules out Rp € Ryw; on Ep(B). ForT > j, T # {j}, write
Rp = Oéjﬁ]j + Z oW .
i€T\{j}
If Rp € Ry, then
Z Q;W; € R’LD]‘,
i€T\{5}
contradicting the second cone condition.

D.2 Proof of Theorem 3.1

For fixed R = r,
1 1 1
3 lr — va||§ + Xa = 3 ||7’||§ —av,r)+ §a2 + Aa.

This is a strictly convex quadratic in ¢ > 0. The unconstrained minimizer is (v,7) — A, so the
constrained minimizer is ({(v,r) — \);. Substituting back yields the gain

RV

Taking expectations gives the stated utility.
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st D.3  Proof of Theorem 3.2
st9 The support events { E7(B) }rc(r)\ g form a measurable partition. On E7(B),
R B — Z Oéﬂf/i
i€T
520 Substitute this into Theorem 3.1 and sum over the partition. Thus

(Z a; (v, ;) — )\)j_ 1ET(B)] )

i€l

1
U)\B7T('U) = 5 E

s21 and the empty event contributes zero for the projected residual Rp.

Proposition D.2 (utility gradient). Let R € L%(R%). Then
Volhr(v; R) = E[((v, R) — A) 1 R],
and the Riemannian gradient on the sphere is

%E§§UA(U; R) = P,LE[((v, R) — A)+R].

522

523 D.4 Proof of Proposition D.2
s24 Let ¢(t) = 5(t — A)%, s0 ¢/(t) = (t — \);. Differentiate under the expectation:
DU (v)[6] = E[¢'({v, R)) (6, B)] = (E[((v, R) — A)+R], 9).

s25 This gives the Euclidean gradient. Project onto v to obtain the sphere gradient.

Proposition D.3 (marginal insertion bound). Let

1 2
®,(D):=E I;12151§||x7Dz||2+/\1Tz .

526
Fix a (K — 1)-slot dictionary D_, and let R* . be the corresponding leave-one-out exact
residual. Then for every unit vector v,

(D)\(D,r) = (I))\(D,T U {’U}) > u,\(’l}; Rir)

s27 D.5  Proof of Proposition D.3

528 For each sample , start from the exact (K — 1)-slot optimum and optimize only the new coefficient
529 a > 0 along v. By Theorem 3.1, the gain from this restricted reoptimization is exactly

1

S (0. B (@) = M2

530 The full K-slot optimum may further reoptimize the old coefficients, so the true improvement is at
531 least this large. Take expectations.

s22 E  Ideal sparse-coding mechanism details

533 The mechanism claims from Section 4 are made precise below: first-order merge pressure, event-
534 partition splitting, active-set maxima, and residual suppression. These are the exact formal statements
535 and proofs behind the mechanism narrative.

The same utility field creates merge pressure, split pressure, absorption-like residual suppression, and

5%6 path-dependent alternatives.
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Deferred merge-pressure statement. For v € S9! and h € u™ N S9!, define the great-circle
perturbation vy := cos 8 u + sin 8 h.

Proposition E.1 (first-order merge pressure). Let u € S ' and h € ut N S?1. Then

Lo R)|  =E[(u, B) — X (. BY].
0=0

Consequently, if E[((u, R) — X)4 (h, R)| > 0, then u is not a local maximizer of Uy (v; R) on
SEa

E.1 Proof of Proposition E.1

By Proposition D.2,
VUU)\(’U; R) = E[(<’U7 R> - /\)+R]

Since vy is a great-circle perturbation through u with tangent h,

diel/{,\(vg; R) = (V,Ux(u; R), h) = E[({(u, R) — A)+ (h, R)].
0=0

If the derivative is positive, utility increases along that tangent direction, so u is not a local maximizer.

Deferred singleton-only statement. The proposition below shows that merging is a mixed-event
phenomenon, when higher-order support events are present.

Proposition E.2 (singleton-only populations do not strictly favor merges). Let xt = AZyu +
AZsc, wherew L ¢, A >0, Z1,Z5 € {0,1}, and Z1Z5 = 0 a.s. Write m; :=P(Z; = 1). If
0 < X< A, then )
sup Uy(v;z) = = max{m,m}(A — ).
1)65‘17 1 2
A teacher direction with maximal singleton probability is globally optimal. If w1 = o, both u
and c are global maximizers, and no mixed direction strictly improves on them. If A\ = 0, then

1
sup Up(v;x) = = A> max{m;,ma}.
veSd-1 2

When w1 = o, every unit direction v = au + bc with a,b > 0 and a® + b*> = 1 is globally
optimal, so mixed directions in the positive quadrant can tie but cannot strictly improve over
teacher directions. Directions with a negative coordinate in the (u, c) basis are not optimal. If
A > A, then Uy (v; z) = 0 for every v.

E.2 Proof of Proposition E.2

For v € S, write
a:= (v,u), b:= (v,c), 7=\ A.

Since u L ¢, we have
a® + b <1.

Because 71 Z5 = 0 almost surely,
1
U(v;x) = §A2 mi(a—1)2 +m(b—1)%|.

Assume first that 0 < 7 < 1. Set

y1:=(a—17)4, Y2 == (b—7)4.
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If y1 = y2 = 0, the desired upper bound is immediate. Otherwise, on the active coordinates
I:={i:y; >0}, wehave a; = y; + 7, where a; = a and ay = b. Hence

Z(yz +T)2 <a’+bh <1
1€l
Therefore
lyll3 + 27 llylly + 1|72 < 1.
Since 1] > 1and [ly[l; > [lyll..

2
Ilyllz + 27 llyll, + 72 < 1,

SO
lylly <1 -7
Thus
(a—mi+0b-7}=yi+y <(1-7)>°
It follows that

1 1
Ur(v;z) < §A2 max{ry, m}((a —7)3 + (b—7)%) < §A2 max{my, (1 —7)%
Since A%(1 — 7)% = (A — \)?, this gives
1
Uy (v;x) < 3 max{7y, o} (A — \)%.

The bound is attained by v = w if 71 = max{m, 72}, and by v = ¢ if 73 = max{m1,72}. This
proves the claim for 0 < \ < A.

If A =0, then

1
A% max{my, m}(a® + b*) < §A2 max{7y, ma}.

N | =

Uo(v;x) = %AQ [mai + ngﬂ <
The upper bound is attained by a highest-probability teacher direction. If m; = 79, equality requires
a,b > 0and a® + b? = 1, which gives exactly the positive-quadrant unit directions in span{u, c}.
If A > A, then for every unit v,
Afv,u) <A<, Av,ey <A<,

so both positive parts vanish and U (v; ) = 0.

Angle dependence of the merge mechanism. The orthogonal construction isolates the threshold
effect. If the same independent co-occurrence model is used with nonorthogonal unit directions u, ¢
and

p = (u,c) =cosf € (—1,1),
then the normalized bisector is

__ut+c u+c
T Tl T VRt
On singleton events,
1+p

(m, Au) = (m, Ac) = A —

(m, A(u+¢c)) = A/2(1 + p).

Thus the threshold-only merge regime in which singleton teacher projections of size A are suppressed
while the joint bisector projection remains active is

A< A< AV21 4+ p).

This interval is nonempty exactly when

whereas on the joint event,

> 1 — 0 < —
=73 3
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Hence, for fixed amplitude and threshold, more aligned features create stronger merge pressure, while
sufficiently opposed features do not produce this threshold-only merge regime.

The local derivative also depends explicitly on the angle. Let
c—pu
V1—=p?

the unit tangent at v pointing toward ¢, and define

h:=

Vyp = cos @ u + sinp h.
For -
x = Asju+ Assc, 81, 89 b Bernoulli(p),
the tangent derivative is
d
Gt wae)| = AT [P(1=p)(Ap = )4+ P2(A(L+ p) = Ny
=0

For p = 0, this reduces to
Ap2 (A - >‘)+7

the orthogonal formula in Proposition E.3.

Deferred independent co-occurrence statement. The proposition below shows that strict correla-
tion is not necessary for merging to happen, since higher-order support events drive it.

Proposition E.3 (independent co-occurrence can favor a merge). Let x = Asyu+ Asoc, where
ulec A>0 and sy, sy B Bernoulli(p). Letm = (u + ¢)/vV2. If A < X\ < \/2A, then

Ur(u;2) =0 while Ur(m;z) >0
foreveryp > 0. If A < A, then

d
—Ux(cosOu + sinf c;x) = Ap*(A—)) > 0.
do g

E.3 Proof of Proposition E.3

The support events are {1}, {2}, and {1, 2} with probabilities p(1 — p), p(1 — p), and p*. For u, only
the events containing atom 1 matter, so

1
Ur(u;x) = §p(A - A3

For m = (u + ¢)/v/2, singleton events contribute overlap A/+/2 and the pair event contributes

overlap v/2A, yielding the stated formula by direct substitution into Theorem 3.1. The derivative
toward c follows from Proposition E.1: only the joint event has nonzero tangent projection, giving

d
—Ux(cosOu +sinb c;x) = Ap*(A—)\),.
do 0—0

Deferred absorption statements. For an event A, write Uy 4 (v; R) := $E[((v, R) — A)214].

Theorem E.4 (post-learning residual suppression on a rank-one event). Let A be an event
on which R = &u, with ||lul| = 1 and € > 0. Let v € S be a previously selected feature
with overlap p := (u,v) € [0,1] and define R,(R) := R — v((v, R) — ) 4. If p§ > X almost
surely on A, then

s (s Ru(R)) = (1= p)E[((1 4 )€ — N)La].
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Proposition E.5 (absorption-like false negatives from independent support intersections). Let

u,w € S satisfy u L w, and let v = A(syu + sqw), 51, S2 big Bernoulli(p), with A > 0.
Let m = (u + w)/\/2, and assume % < % < L. Then there exists p.(\/A) < 1 such that,
Sor every p > p.(\/A), m is the unique global maximizer of v — U (v; x). After subtracting
the oracle code along m, R™ := x — m({m,x) — \) 1, we have

() = Zp(A= NP, Us(u;R*) = Lp(1— p)(A— N2

Eventwise, the later oracle gate for u fires on {s; = 1,52 = 0} and not on {s1 = sy = 1}.
Hence, conditional on the teacher event {s1 = 1}, its recall is 1 — p.

E.4 Proofs for Section 4.4

Proof of Theorem E.4. On A, we have R = £u, and therefore
(v, R) = §(v,u) = pg.
By assumption, p€ > A almost surely on A, so
(<U7R> - )‘)Jr = p£ - A
Hence, on A,
Ro(R) = &u—v(p§ — A).
Taking the inner product with u gives
(u, Ro(R)) =& = p(p€ = A)
= (1= p*)E+ pA.
Thus )
(u, Ro(R)) = A= (1—=p7)6 = (1= p)A
=1 =p)((1+p)E—=A).
Since p€ > X on A, we have (1 + p)§ — A > 0 on A. Taking the positive part and squaring yields
(0, Ro(R)) = N1 =(1-p*((L+p€—-N)? onA
Multiplying by 1 4, taking expectation, and dividing by 2 proves the claim. O

Proof of Proposition E.5. Write

t:= T a = (v,u), b= (v,w).
Only the projection of v onto span{u, w} affects the utility, so (a, b) ranges over the closed unit disk
D :={(a,b) : a* + b* < 1}.

For v € S9!, the utility equals
1 1
Un(v;z) = 5p(1 = p)(Aa = V)i + 5p(1 = p)(Ab— V)3

1
+ 5102(141(@ +b) — M.

Equivalently, up to the positive factor A%/2, define
Fyp(a,0) :==p(1 =p)(a—1)3 +p(1 =p)(b— )7 +p*(a+b—1)%.

Atp=1,
Fi(a,b) = (a+b—1t)3.

Over D, the linear functional a + b is uniquely maximized at
1 1
a, b = =y = |
() (\@ V2 )
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corresponding to v = m = (u + w)/+/2. Hence m is the unique maximizer of F}.

Because D is compact and F}, — F uniformly as p — 1, strict uniqueness of the maximizer of F;
implies that, for every sufficiently small neighborhood N of (1/ V2,1 / \/5), all maximizers of F), lie
in N for p sufficiently close to 1. Since ¢t > 1/ V/2, choose N small enough that

a <t b<t for all (a,b) € N.
On this neighborhood the singleton terms vanish, and
Fy(a,b) = p(a+b—t)2.

This function is uniquely maximized over D at

1 1
- (357)

Therefore there exists p, (t) < 1 such that, for every p € (p4(t), 1], m is the unique global maximizer
of v — Ux(v; ).
It remains to compute the effect of subtracting the oracle code along m. Before subtraction,

(u, ) = Asq,
so, since A > ),

Un (s ) = %P(sl ) (A—A)2 = %p(A )2
Now define
Rt =2 —m((m,z) — \) .

Because t > 1/\/5,

(m, Au) = (m, Aw) = \%

so the m-code is inactive on the singleton events. Because ¢ < 1,
(m, A(u+w)) = AV2 > \,

so the m-code is active on the coactivation event C' = {s1 = so = 1}.

<A

Thus on {s; = 1, s2 = 0}, the residual remains
R™ = Au,
and the later u-gate fires with value A — A. On C,

RY = A(u+w) — m(AV2 = \)
=Alu+w
A

U+ w
Y B L

= —(u+w).

V2

Therefore \

<U7R+>ZE<A OHC,
so the later u-gate is zero on the coactivation event. On all remaining events, either s; = 0 or the
u-gate is also zero. Hence

1 1
Un(u; RT) = 5]}”(31 =1,8=0)(A—-)\)?*= §p(1 —p)(A— N~
Finally, conditional on the teacher event {s; = 1}, the later u-gate fires exactly when s = 0. Since
s1 and sg are independent,
P(sg=0]s1=1)=1—p.

This proves the recall statement. O

20



632
6!

@
w

634

635

636

638

639

640

641

642

643

644

645

646
647

648

649
650

651

652

653

Deferred residual-path statement. The proposition below shows a mechanism analogous to seed
instability in our framework.

Proposition E.6 (population residual-path non-identifiability). Let ui,uo, us be orthonormal
and define q;; := (u; +u;)//2. Suppose the residual takes values \/2Aq12,vV/2Aq13, V2 Aqa3
with probabilities 12,713, T2z > 0. If B := A/\/?A € (\/?7)/27 1), then the global maximizers
of v — Ux(v; R) are exactly the pair directions q;; whose probabilities m;; are maximal. In
particular, tied probabilities give multiple inequivalent non-teacher population maximizers.

E.5 Proof of Proposition E.6

Let
P = {12,13,23}.

For a € P, write g, for the corresponding pair direction and 7, for its probability. For any unit vector
v, set

to :={v,qq)-
The pair directions satisfy

<Qa7 Qb> = (Cl # b)

We first show that at most one ¢, can exceed 3. If t, > [ and t;, > 3 for a # b, then

N | =

28 <tq+ty = (v,qa + ®) < |1ga + @l = V2 + 2(¢a, 1) = V3
contradicting 5 > v/3 /2.
Therefore at most one event contributes positive utility for any v. The utility is

Us(v; R) = % D ma(V2At, — N = A% malta — B3

a€P a€P

Since at most one term can be active and ¢, < 1,

;R) < A%(1 - B)? :
Ur(v; R) < A%( B) Igleagwa

This bound is attained by v = g, for every a with

Ty = MAax mp.
C7 bep

Indeed, for v = q,,

1
ta:]., tb:§<ﬂ (b#a%

so only the a-event contributes. Hence the global maximizers are exactly the most probable pair
directions.

The utility gap between two pair directions is explicit:
Un(qas R) —Un(g; R) = A*(1 = B)* (70 — )

Thus exact ties give exact population non-identifiability, and near ties give proportionally small
population gaps.

Teacher directions have zero utility. For example,

(u1, V2Aqi2) = A, (u1, V2Aqi3) = A, (u1, V2Agqa3) = 0.

)\>\g§\/§A:\/§A>A,

all projections are below threshold. Thus

u)\(ul; R) = Oa

Since
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and similarly for ug, us.

Now suppose ¢, is selected first and the oracle code

za(R) == ({¢as R) — N+
is subtracted. On the a-event,
R = \/iAqav RZa = \/iA_)H
so the new residual is
R" = \q,.
For every unit direction v,
(v, RT) = A= Mv,qa) = A <0.

Thus the selected event contributes no future above-threshold utility to any direction. On every other
pair event b # a, the code is inactive because

2A
<qa7 \/EAQb> = f? < )‘7

where the last inequality follows from 3 > 1/3/2 > 1/2. Hence all unselected pair events are
unchanged. The later population utility field is therefore the original pair-event utility with the
selected event removed.

At = V3 /2, the strict exclusion argument becomes non-strict: two pair directions can reach the
threshold simultaneously, so the winner-takes-one proof no longer applies. Below this threshold,
simultaneous active pair events are possible.

Deferred splitting statement. The proposition below shows a role of event partition in splitting.

Proposition E.7 (event-partition splitting certificate). Suppose an event family A decomposes
into m disjoint rank-one subevents A1, ..., Am, with Rg = pug on Ay, where each uy, €
S9=1 and each &, is a nonnegative random scalar. If the best one-direction utility on A is
strictly smaller than the utility achieved by the specialized directions u, . .., Uy, then the
oracle objective strictly favors allocating separate directions to the subevents.

E.6 Proof of Proposition E.7

The exact sufficient condition used by Proposition E.7 is

m

sup > E[(&k (v ur) = N)31a,] < D E[(& = N3la,],

vesd—1 .7 k=1

where A = | |"| Ay, Rp = &uk as. on A, & > 0, and |lug|| = 1. This is the formal version of
event-partition splitting: one broad direction is worse than specialized children when no single v can
match the eventwise rank-one gains.

On each subevent Ay, the residual is {xuy. A single direction v therefore achieves eventwise gain

m

5 D Bl (o) ~ ML)
k=1

By contrast, the child family {uy} achieves gain at least

N =

S El(6 — N2 1a,]
k=1

by the feasible code z = (£ — A)1+14,. If the former is strictly smaller than the latter uniformly
over v, then splitting is oracle-preferred.
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676 Deferred two-subevent splitting statement. Proposition below nuances the viewpoint above.

Proposition E.8 (two-subevent splitting regime). Let A = A; U Ay, with P(A1) = P(As) =
q/2. Suppose Rp = Aguy, on Ay, where Ag > 0, uy,us € S, and Z(uy,uz) =6 > 0. If
0 < X\ < Ay, then the two specialized directions uy, us achieve strictly larger eventwise oracle
utility on A than any single shared direction. With T = )/ Ay, their guaranteed eventwise

678 | advantage is at least

943 [(1—7)% = (cos(8/2) — 7)2] > 0.

N[

2
(Ag— N2 — sup Z;(Ao(v,uk>—)\)iz

veSI-—1

680 E.7 Proof of Proposition E.8
681 The specialized directions w1, us achieve at least the eventwise utility
2

E[(Ao = A)14,] =

=1

(Ao — N2

N

1
2

es2 For a single shared direction v, write t;, = (v, ux) and 7 = A/Ag. The eventwise utility is

Q
S
S

[(tl —7')3_—|—(t2 —T)i_} .
ess  For every unit v, at least one of 1, 5 is at most cos(6/2). Otherwise
(v,u1 + ug) > 2co0s(0/2) = ||uy + usl| ,

684 which contradicts Cauchy—Schwarz. Since also £, < 1, we have

(t1—7)% 4+ (ta —7)% < (1 —7)% + (cos(/2) — 7)7.
685 Subtracting this upper bound from the specialized utility gives the displayed margin. The margin is
ess  strictly positive because 0 < 7 < 1 and cos(6/2) < 1.
687 For the optional active-set characterization below, specialize to an atomic residual law

R = Au; with probability p;, i=1,...., M,

ese where A > 0, u; € S4 1, p; > 0, and >, pi = 1. Write 8 := A/A. For S C [M], define the active
689 cell

Cs:={ve ga-1. (v,u;) > P if and only if ¢ € S},

690 and the weighted active-set moments

Gg = Zpiuiu;r, bs 1= Zplu2

i€S €S
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Theorem E.9 (exact active-set characterization of nonboundary strict local maxima). Assume
d > 2 and the atomic residual law

]P’(R:Aul):pl, iil,...7M7

where A > 0, u; € St p; > 0, and Ef\il p; = 1. Set
A
6 = Z

For S C [M)], define the strict active cell

Cyi={vesS¥t:(v,u;) >BViel, (vu)<pBVigS}.

For S # @, define
Gs = Zl)iuiu;, bs := szuz
€S €S
Let S # @ and v € CZ. Then, on a neighborhood of v in S%~1, the active set is fixed and

2
Ur(v; R) = Af (vTGsv — 2ﬁb—srv + 52 Zpl> .

2 :
i€S
Moreover, v is a spherical critical point if and only if there exists n € R such that
Ggsv — Bbs = nu.

At such a critical point, v is a strict local maximizer of Uy on S~ if and only if

£'Gse <nlgl”  veEewt\ {0}

Equivalently,
7 > Amax (P,UJ_ GsP,. ’vi) 5

Thus every nonboundary strict local maximizer is a threshold-consistent stable solution of the
shifted active-set eigenproblem

Ggsv — Bbs = no.

E.8 Proof of Theorem E.9

Since v € Cg, the active inequalities are strict. Hence, on a neighborhood of v in .S d-1 the active set

is fixed and

A2
U(v; R) = 5 Zpi«v,ui} - B)2.
€S
Expanding gives
A2
Ur(v;R) = -5 (vTGsv —2B8blv + B2 Zm) .
€S
Thus, inside the active cell,
VU (v; R) = A%(Ggv — Bbg).

The spherical critical-point condition is
P, .V, Ux(v; R) =0,
which is equivalent to the existence of 77 € R such that

Ggsv — Bbs = nu.

At such a critical point, the Euclidean Hessian inside the active cell is A%Gg. Therefore the

Riemannian Hessian on S¢~ 1, restricted to v, is

HeSSSd—l L{,\(U) = A2 (Pvi Gsva - ’r][v¢) .
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Hence the Riemannian Hessian is negative definite if and only if

2
e'Gse<mlel”  veevt\ {0},
Negative definiteness is sufficient for v to be a strict local maximizer.

It remains to show necessity. Suppose v is a strict local maximizer. Then the Riemannian Hessian is
negative semidefinite, so

eTase<nlel?  ve et

Assume, for contradiction, that equality holds for some ¢ € v* with ||| = 1. Consider the spherical
geodesic
v(t) =wvcost+ Esint.

For sufficiently small |¢|, v(t) € CZ. Define the rescaled active-cell objective, up to an irrelevant
additive constant, by

f(w) :=w'Gsw — 2Bbiw.
Using Gsv — 8bs = nw, € L v, and £ T Gg€ = 7, a direct expansion gives

fw() = f(v) = B(b&v)(1 — cost)? — 28(b&€) sint(1 — cost).
If bl & # 0, the second term has leading order

which changes sign with ¢. Hence v cannot be a local maximizer.

If Bbl & = 0, then either 8 = 0 or b & = 0. If 3 = 0, the expression above is identically zero along
this geodesic, so v cannot be a strict local maximizer. If 5 > 0, then bgﬁ =0, and

f(t)) = f(v) = B(bgv)(1 — cost)?.
Since v € Cg,

b—Srv:Zpi (v, u;) >5Zpi > 0.

i€S i€S
Therefore f(v(t)) — f(v) > 0 for all sufficiently small ¢ # 0, again contradicting local maximality.

Thus equality cannot occur in any nonzero tangent direction. The Hessian is negative definite, proving
the strict inequality and completing the characterization.

E.9 Singleton-cell and pairwise-exclusion lemmas
If max;z; (u;, u;) < B, then at u; one has (u;, u;) = 1 > B and (u;,u;) < B for every j # i. These
inequalities persist in a neighborhood, so u; lies in the interior of the singleton cell.

For pairwise exclusion, suppose two atoms u;, u; were simultaneously active at some v, so that
(v,u;) > B and (v,u;) > (. Then
(v, u; +uy) > 20.

(wyui +uy) < lug +ujll =4/2+ 2 (w, uj) <2,

contradicting 5 > v, where

But

b = max 1] LT ()
i#£j 2

E.10 Split rank as an architectural refinement

The oracle mechanisms above interact with an architectural mechanism specific to amortized SAEs:
the oracle gate associated with a decoder direction may fail to lie in the single affine-ReL.U class.
This motivates a simple complexity notion.
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Definition E.10 (split rank). For a nonnegative measurable target g : R? — R, define

m

srank(g) := min{m eN:gv) = Z(egy + b))+ a.s.}7
k=1

when such an m exists, and set srank(g) = oo otherwise.

If the oracle gate of a decoder direction has split rank greater than one, then a standard one-ReLU
feature must either incur amortization error or factor the target across several slots. This mechanism is
distinct from oracle event-partition splitting, which concerns which support partition is reward-optimal
even with unrestricted activations.

The split-rank definition is therefore an architectural refinement, not another primitive oracle mecha-
nism. It explains why the same oracle direction can appear as several learned slots when a single
affine-ReL.U gate cannot express the event rule.

F Positive and robust recovery refinements

The counterexamples are complemented by sufficient conditions: singleton mass can dominate
contamination, directional moments can remain stable under small support errors, and low coherence
can control off-target signal. These results delimit the regimes in which the usual feature-recovery
intuition is scientifically justified.

Singleton dominance can survive margins, perturbations, low coherence, and random or learned geometry
assumptions.

F.1 Proof of Theorem 4.1

The quantities used in the theorem are

1 - -
AP5(e) = 5[ ((ay 1]l = M3 = (@ [[d5]] cose = M%) Ly, 1)

and
CF = LE[IRsI 1, 5]
On E{j}(B),
Rp = ojwy,
so for every v with Z(v, u;) > ¢,
(uj, Rp) = o lw;|l, (v, Rp) < aj [|w,]| cose.

Therefore the utility difference restricted to Fy;y(B) is at least Af,\ (€). On the complement
E¢;y(B)¢, competitor utility is bounded by

1 2
SEURBI e, 5)] = CF,
while the utility of u; is nonnegative. Subtracting the two bounds yields the claim.

Sharper threshold-aware competitor load. The proof above uses the threshold-blind off-singleton
load CJB . A sharper but less explicit quantity is

1
Ch(e) = swp  SE[((v,Rp) = N31p,, ).
Z(v,uj)>e

The same argument proves localization under the weaker condition

Afk(a) > C’f/\(e).
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Indeed, for every v with Z(v,u;) > ¢, the singleton-event contribution to
Ur(uj; Rp) — Ux(v; RB)

is at least Af 1 (€), while the off-singleton contribution of v is at most C JB/\(a), and the off-singleton
contribution of u; is nonnegative. Hence

Un(uj; Rp) —Ux(v; Rp) > AP\ () — CFy(e) > 0.
Thus no maximizer can lie outside the e-ball around u;.

The simpler load C’JB used in the main theorem is a conservative upper bound on Cf/\ (¢). For every
unit v,

((v, Rp) = N3 < (v, Rp))3 < (v, Rp)” < | Rp|”,
and therefore

CP\(e) < SE[|Rs|* 1e,,, 5):] = CF.

N |

Thus the main-text condition
B B
A7 A () > C;
is a simple sufficient condition for the sharper threshold-aware condition.

Corollary F.1 (uniform singleton-margin criterion). Suppose that on E¢;,(B),
aj |lw;ll >a; >A  as.,

and write 5
qj = ]P)(E{]}(B))
Then
9 2 2
ISNOEE [(aj — )2 — (aj cose — A)+].
Hence the sufficient condition
g% [(a; — )2 = (a; cose — A)i} > E[|Rz)% 15, 5]

localizes all global maximizers near u;.

F.2 Proof of Corollary F.1

On Ey;1(B), the quantity «; ||[w,|| is bounded below by a; > A almost surely. Therefore the
integrand defining Af 1 (€) is bounded below by

(a; — A\)? — (ajcose — \)2.

Multiplying by the event probability qf and the prefactor 1/2 gives the stated lower bound. The
localization condition then follows by combining this lower bound with Theorem 4.1.

Proposition F.2 (robust witness-concentration moment bound). Let A be a measurable event
and suppose that for some unit v and activation a > 0 with E[|| Rg|| a] < oo,

w(a; B) = E[Rpa] = Ba(a)u+na(a),  nala) €ut,  Bala) >0.

Then
tan Z(u(a; B),u) = W.

1f Ba(a) > 2 [na(a)], then

HHMEB) _“H < 2@l
pla;

B Ba(a)
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F.3 Proof of Proposition F.2

Write

pa; B) = Ba(a)u +na(a).

Since n4(a) € u™,

| Pyrpi(a; B)|| = [[nala)l, (u, u(a; B)) = Bala).

Taking the ratio of the transverse norm and the longitudinal component gives the tangent identity.
The normalized-vector bound follows from the assumption 84(a) > 2||na(a)| and a standard
perturbation estimate.

F.4 Support is non-robust while direction is robust

Proposition F.3 (support is non-robust while direction is robust). Let A be a rank-one event
Sfor the ray Ry u, and let a > 0, with E[|| Rp|| a] < oo, satisfy

a=0 as. onA°, u(a; B) # 0.

Let h > 0 be any measurable function supported on A° and nonzero on a positive-probability
subset of A, with E[|| Rg|| h] < co. Define

ac = a + ¢h, e>0.
Then for every € > 0, the activation a. no longer fires exactly on A. However,

p(ae; B) = p(a; B) + eE[Rph],

and if
1
eE[|RplIA] < 5 lln(a; B,
then
H (ac; B) H 4eE[|| Rp|| h]
l[1(ac; B)|| Hu B)|| lu(a; B)||

Proof. Exact support recovery fails immediately because h is supported on A€ and is nonzero there.
The moment identity is linear in the activation. The perturbation satisfies

|eE[RBR]|| < E[||R]| hl.

Under the assumed bound, this perturbation has norm at most ||u(a; B)|| /2, so the standard
normalized-vector perturbation inequality yields the stated estimate.
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F.5 Low coherence controls off-target contamination

Proposition F.4 (low coherence controls off-target contamination). Let w5, ..., wh € 471
be teacher directions with coherence

v i= max | (wf, wj)l

Assume
F
x:Zfzwz*, leOa |{2f1>0}|§53 ngigammv
=1

Then for every j,

Z (w},w}) fi| < (s — 1)amax,
i#£j
and therefore
<w;, :v> > fi —v(s — 1)max-

Proof. For every 7,

Z<wjvw:>fz < Z|<w;awf>|fz < 'YZfi < (s — 1)amax-

i#] i#] i#]

Since

(wi ey = f;+ > (w},w}) fi,
i#j
the lower bound follows.

Proposition F.5 (random learned geometry is low-coherence with high probability). Let
w}, ..., wh be i.i.d. uniform on S4=1. Then there exists a universal constant ¢ > 0 such that,
with probability at least 1 — 6,

log(F'/6)
d

max | (wf, wj)| < e

Proof. For a fixed pair (i, j), rotational invariance and spherical concentration imply
P (|(uf,wj)| > ) < 200"
for a universal constant ¢y > 0 and all 0 < ¢ < 1. Choose

log(F/9)

t=C 7

with C large enough that 2(5)e =% < §. A union bound over the (%) pairs yields

- log(F/d)
max [(wf, wj)| < C\/ ==

with probability at least 1 — §. Absorbing C' into the universal constant ¢ gives the claim.

This is a standard concentration fact included only to make the low-coherence positive regime explicit.
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793 G Learned teacher geometry

794 If the teacher dictionary is itself learned by an upstream sparse-superposition objective, the oracle
795 picture gains one useful nuance: upstream geometry can make support-to-direction alignment easier
796 in special symmetric regimes, but exact reconstruction of rich support families forces strong Gram-
797 structure constraints.

Symmetry and simplex-like learned geometry can cancel off-target moments, so support-faithful gates

7 o 9 9 o 9 9
% can recover directions even outside literal singleton-only settings.

799 Let
fery
goo be drawn from a sparse generator, and consider the tied feature autoencoder

f=0(Gf+b), ot)=ty, G=WW' =0, rank(G)<d,
so1 trained with
J(G,b) =E[||lf — o(Gf +b)|I3].
so2 The learned teacher directions are the rows of W, denoted
wt, ..., wp € RY,

803 SO that
Gij = (Wi, wj).

go4 Downstream, the hidden state is
F
x = Z fiw}.
i=1

sos  For a support family 7' C [F], write

Er := {supp(f) =T},

sos and let Q7 C (0,00)” be the topological support of fr conditional on Ex. We say that Er is
go7 full-dimensional if Q7 contains a nonempty open subset of R”".

Theorem G.1 (active-block rigidity of the learned teacher). Assume Er is full-dimensional
and the feature autoencoder reconstructs it exactly:

o(Gf+b)=f a.s. on Ep.

Then
Grr =1, by = 0.

808 Moreover, for every j ¢ T,
Girs+b; <0 Vs € Qrp.
Consequently, if every pair support Ey; ;y is full-dimensional and reconstructed exactly, then
Gij =0 Vi # j.

If this holds for all pairs and rank(G) < d < F, exact reconstruction is impossible.

8o Proof. On the support event Ep, one has fre = 0. Exact reconstruction gives
o(Grr fr +br) = fr, o(Grer fr +bpe) =0
gto almost surely conditional on E7.

811 Because fr € (0,00)” on Er, the first identity implies

Grrfr +br = fr
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almost surely on E7. The map

s+ (Gpp —I)s + br

is continuous. Since the conditional topological support 21 contains a nonempty open set, and the
continuous map vanishes almost surely, it vanishes on {27, hence on a nonempty open set. An affine
map that vanishes on a nonempty open set is identically zero. Therefore

Grr =1, by = 0.

For j ¢ T, exact inactivity gives
Girfr+b; <0
almost surely on E. By the same continuity and support argument,

GjTS + bj <0 Vs € Qr.

If every pair event E'y; ;y is full-dimensional and reconstructed exactly, applying the first part with
T ={i,j} gives

Glightigy = Iz,
o)

Gi; =G =0.

If this holds for all pairs, then G = I. But rank(Ir) = F, contradicting rank(G) < d < F. Hence
exact reconstruction is impossible in the undercomplete regime. O

Lemma G.2 (singleton sign constraint). Assume each singleton event E;, has at least two
positive amplitudes in its conditional support and is reconstructed exactly. Then

Gii =1, b; =0, Gji <0 (j#1).

Proof of Lemma G.2. Assume each singleton event E;y has at least two positive amplitudes in
its conditional support and is reconstructed exactly. On E';y, exact reconstruction of the active
coordinate gives

(Giifi +bi)+ = fi.
Since f; > 0, this implies
Giifi +bi = fi
on at least two distinct positive values of f;. Hence
Gii =1, b; = 0.
Now fix j # 4. Exact inactivity of coordinate j on E;y gives
Gjifi +b; <0.
Since the previous argument applied to singleton j gives b; = 0, and since f; > 0, we obtain
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Theorem G.3 (permutation symmetry induces equiangular Gram blocks). Let T C [F],
|T'| = k. Assume the law of f is invariant under all permutations of the coordinates in T, and
let (G, b) be a teacher solution with the same symmetry:

PGP' =G, Pb=b VPecG&r.
Then
GTT:OéI—f—B].].T, br =711

for some scalars o, 3, T.
If, in addition, all singleton events E;y, i € T, are nondegenerate and reconstructed exactly,
then

br =0, Grr=(1—p)I+p117

Sor some p < 0. If also rank(Grr) < k, then
_ 1
p - k _ 1a

so G is the Gram matrix of a regular simplex.

Proof. A matrix commuting with every permutation matrix on 7" lies in the commutant of the
permutation representation of G7. This commutant consists exactly of matrices of the form

ol + 5117,
Similarly, the only vectors fixed by all permutations of 1" are constant vectors, so

bT:T]_.

If all singleton events F;y, ¢ € T, are nondegenerate and reconstructed exactly, Lemma G.2 gives
Gii =1, b; =0, Gij <0 (i # ).
By symmetry, all off-diagonal entries in G are equal. Denote their common value by p < 0. Then

Grr=(1—-p)I+p117,  br=0.

The eigenvalues of this matrix are
1—p with multiplicity £ — 1,

and

14 (k—1)p with multiplicity 1.

Since G > 0, these eigenvalues are nonnegative. Because p < 0, the eigenvalue 1 — p is strictly
positive. Therefore rank(Grr) < k can only occur when

1+ (k—-1)p=0,

i.e.

This is the regular-simplex Gram matrix. O
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Proposition G.4 (effective threshold in an equiangular learned block). Let T C [F)] be a
cluster of size k satisfying

|lwill=1,  (wj,wj)=p (i#], i,j€T),
with

1
- <p<l
Suppose the oracle nonnegative Lasso with fixed decoder W* has active support exactly T, and
there is no active off-cluster contribution into T, meaning (W2x)"x = G4, fr on the event
under consideration. Then, for everyi € T,

A
*x i
ik Ly
Thus the effective threshold inside the block is
A
Aett(k, p) = ——————.
eff( ap) 1+(k'—1)P

Proof. On active support 7', the KKT equations for the nonnegative Lasso are
Frer = (W) e — AL,
Under the assumption that there is no active off-cluster contribution into 7',
T
Wz) = Grrfr.

7 = fr = MGrr) 1.

Therefore

For an equiangular block,
Fr=(—pI+p11".
The vector 1 is an eigenvector with eigenvalue

1+ (k—=1)p.
Thus 1
) Ml ——————1
( TT) 1+(k— 1)p )
and hence \
Z=f - — Viel.
i=/ 1+(k—1)p

Proposition G.5 (simplex cancellation restores direction recovery). Assume

e

forms a regular simplex, so
m
* _
E w; = 0.
i=1

Fix j € [m), and let a(x) > 0 be a learned activation satisfying

La>op = Lyg;>0p @
Assume the off-target mixed moments are exchangeable:
Elfia =8  Vi#j,  Elfja] =1.
Then
p(a) := Elza] = (y — B)uwj.

In particular, if v # B, then the decoder moment is parallel to w3, if v > B, it lies on the
positive ray R wy.
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Proof. By definition,

Using the exchangeability assumption,

p(a) =ywl + 8w}
iz

2: * *

i#]

Since the simplex relation gives

we obtain
ula) = (v - B)w.

Remark G.6 (symmetry and multiplicity). If a finite orthogonal group I' C O(d) preserves
both the learned teacher dictionary and the distribution of f, then the induced residual law is
T'-invariant. Therefore

Un(gv; R) =Ur(v; R) Vg eT.

Every local or global maximizer of the oracle utility field then comes with its symmetry orbit.
Symmetric learned geometries can restore support-to-direction alignment while simultaneously
increasing multiplicity.

H Amortized bridge proofs and stress tests

The bridge between SAE gradient dynamics, oracle one-slot utility, and one-ReL.U realizability has
two sides. First, decoder updates follow a gated residual moment and one encoder row tries to realize
the oracle gate. Second, amortization gaps and pair-only worlds can change the ranking of directions.

The bridge from oracle sparse coding to SAE slots turns on whether the encoder can realize the oracle
gate; the stress tests show when amortization or pair-only structure changes the recovery picture.

Deferred decoder-gradient statement. Proposition below is a characterization of moment-level
condition of the decoder gate.

Proposition H.1 (decoder projected-gradient moment). In the normalized untied SAE model,
with activations fixed as functions of the encoder input and with ||d,.|| = 1, the sphere-projected
decoder gradient flow for slot r is proportional to

Py E[R_rz].

H.1 Proof of Theorem 5.1 and Proposition H.1
Write the sample loss as
1
L(v; D, E, bepc) := B v — Dz||§ + A1z, 2z =0(Ev + benc),

with residual r = v — Dz. Since Or/dd,, = —z, and z, does not depend on d,. in the untied model,
Va b =—rz.

Taking expectations gives
Va, Lx = —Elrz.].
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Next differentiate through the gate z,. = (e, v + b,.) . Under the no-boundary-mass assumption
P(e, v + b, = 0) = 0, we may differentiate almost surely with

0z, 0z,
e, = myl, % = My, my = 1{ejv+br>0}'
Because only z, depends on (e, b,.),
or
=—d r+ A\
0z, r

Therefore
Ve l=MN=d rym,v, 0y t=(\—d r)m,.
Taking expectations gives the displayed formulas.

Since
R_,=v— stzs =r+d.z,
SFET
and ||d.|| = 1,
dlr=d'R_, — z,.
Hence if
yr(v) = d:R,T(V) — A,
then

A—dlr =z -y,
which yields the equivalent encoder-gradient formulas.

For the block decomposition, expand

1 2 1 2 T 14

3 |R—r — drzr||5 + Azr = 3 |R-r||5 — 2rd, R—y + 5% + Az
Using i, = d, R_, — ), this becomes

1 9 1, 1 2 1,5 1 2
) [ R—rll3 = zryr + §zr =9 [R5 = §yr + §(ZT —yr)”.
Taking expectations shows that, for fixed R_,, blockwise optimization over (e, b,) is exactly

1 2
min S E{(z —y,)7].

Finally, the decoder is constrained to the sphere ||d,.|| = 1. The ambient negative gradient direction is
E[rz,], so the projected gradient flow is

d, = Pd%IE[rzT}.
Since Py. (d,2%) = 0 pointwise and R_, = 7 + d,.2,, this is equivalently

d. = PuE[R_.2].

Theorem H.2 (Oracle utility as the sample-wise activation envelope). Let G := Lﬁ_ d(Q)

denote arbitrary nonnegative square-integrable gates. Assume R € L?, and let d € S9=1.
Then Uy (d; R) = sup.cg I'a(d, 2; R), and the unique maximizer in G is g5 = (d" R — \) .
Moreover, for every z € G,

1
Un(d; R) = Tx(d, 2z R) =E | - (2 - )+ zA—d"R),|.

Consequently, Ax(d; R,v) < Ux(d; R).
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H.2 Proof of Theorem H.2

For fixed d and sample value of (R, v), optimize pointwise over nonnegative scalar z:
T L Lo *
qg:=d R— ), Supq§2q — 527 ¢ = =q3, 2¥ =q;.
2>0 2 2

Thus the pointwise maximizer is
-
ga=(d R—2X);.
Moreover, for any z > 0,

1 2 1 2 1 2
. (zq— e ) SR e

Substituting ¢ = d" R — A and taking expectations gives the envelope formula and the exact gap
identity.

H.3 One-ReLU realizability criterion and closure remark
If g : R* — R, is continuous and piecewise affine, exact one-ReLU realizability means
g(v) = (Tv+)s.

Then {g > 0} must be a halfspace and g must agree there with one affine map. Conversely, any
nonnegative function with those two properties is a single affine-ReLU.

Strictly speaking, equality Ay (d; R, v) = U (d; R) means that the oracle gate lies in the L2-closure
of the one-ReL U class. Under optimizer attainment, this reduces to exact one-ReLLU realization as
stated in Theorem 5.2.

H.4 Proof of Theorem 5.2

Proof. The identity in the theorem implies that any sequence z,, € A, withT'\(d, z,,; R) — Ux(d; R)
must satisfy ||z, — g| 2 — 0. Conversely, if z,, € A, and z, — g} in L?, then the same identity
and Cauchy-Schwarz imply I's(d, 2,; R) — Ux(d; R), since g5 = 0 on {d"R — A < 0} and
(A —d"R), € L. The attained statement follows because equality in the nonnegative gap identity
forces z = g; almost surely. O

Remark H.3 (Different envelope for encoder-measurable unrestricted gates). If instead one
optimizes over all nonnegative o(r)-measurable gates, the envelope is generally different.
Writing Y = dT R — )\, one obtains

1 1
sup E{zY = 2’2:| = f]E{(IE[Y | y])i} ,
2€L2 (o(v)) 2 2

with optimizer z = (E[Y" | v]). This is not the oracle utility Uy (d; R) used in this paper. The
gap studied here is therefore the gap between the sample-wise sparse-coding oracle and the
one-ReL.U amortized encoder class.

H.5 Subgradient formula for amortized utility
For fixed (e, b), the map d — ') (d, e, b; R, v) is affine with gradient
Val'a(d,e,b; R, v) = E[Rz, (v)].

Therefore A, is a supremum of affine functionals. Under optimizer attainment and boundedness of
the active-gradient set, the standard Danskin—Clarke theorem gives

0°Ax(d; R,v) = conv{E[Rz. ,(v)] : (e,b) € M(d)}.

Projecting onto d yields valid sphere ascent directions.
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Proposition H.4 (common-field approximation). Let

gr=(d] R = Ng,  hi=(d]r -4

Then
i ~ ot @i R-) | < BOUR- s - 621
914 | Moreover,
%ﬂ%(liuA(dM R_,)— gsficllux(dmr) < E[||r[|zr).
Consequently,

ld, — iggl;éicliux(dr; Pl S E[[B-rlllzr — g7l] + E[[[r]l2]-

915 H.6 Proof of Proposition H.4

o6 Letgr = (d] R_, — \);. By Theorem H.2, the oracle one-slot field for the leave-one-out residual
917  satisfies

gradUn(dy; R—) = P E[R_,.g7].
Sd—1

918 By Proposition H.1, the actual decoder flow is

d, = P4 E[R_,2].

919 Subtracting yields

dr - gradu}\(dr; Rfr) = Pdi]E[Rfr(Zr - g:)]v
gd—1

920 and therefore

d, — grad Uy (d-; R—;)
Sd—l

<E[R—+[llzr — 971},

921 which is the amortization term.

922 For the common-field comparison, define

hE = (d]r— N,

T

923 Then

gradUy(d,;r) = Py E[rhy].
Sd—1 "

924 Hence
gradUy(dy; R—y) — gradUn(d;7) = Py E[R_,.g; — rhy].

r
Sd—1 Sd—1

o5 Using R, =1+ d,2, and Py. (drzrg}) = 0, this becomes
Py E[r(gr — hy)]-
926 Since t — (t — \)4 is 1-Lipschitz and
d'R_, —dlr =z,

927 we have
* *
|gr - hr‘ < Zr-
928 Therefore

gradUy(d,; R_,) — grad Uy (d,; 1)
gd—1 gd—1

<E[|r]| 2.

929 Combining this bound with the amortization term proves the result.
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H.7 Amortization-induced ranking reversal and pair-only worlds

This stress-test subsection proves the amortization-rescue claims used in Section 5. The deferred
encoder-measurable envelope remark above clarifies what is and is not meant by oracle utility. The
main points are: an amortized SAE can reverse an oracle ranking only through a direction-dependent
amortization gap; this reversal is impossible when the residual map is affine in the encoder input; and
pair-only worlds provide a simple case where both one-slot and exact multi-slot sparse coding favor
non-ground-truth directions.

Proposition H.5 (Amortization-induced ranking reversal). For a unit direction d, define
Gap, (d; R,v) := Ux(d; R) — Ax(d; R,v) > 0.
Then for any unit directions u, v,
Ax(u; R, v) — Ax(v; R, v) = Ux(u; R) — Un(v; R) 4 Gapy (v; R, v) — Gapy (u; R, v).

Consequently, if
Ux(v; R) > Uy (u; R),

then the amortized utility ranks u above v only if

Gap, (v; R,v) — Gap, (u; R, v) > Ux(v; R) — Ux(u; R).

Proof. By definition,
Ax(d; R,v) = Ux(d; R) — Gap, (d; R, V).

Applying this identity to u and v, then subtracting, gives
Ax(u) — Ax(v) = Ux(u) — Ux(v) + Gap, (v) — Gap, (u).

The strict reversal condition follows immediately. [

Proposition H.6 (No amortized landscape reshaping under affine residual maps). Assume
R(v) = Mv +rg a.s.

for some matrix M and vector ry. Then for every unit direction d,
Ax(d; R,v) = Ux(d; R).

Therefore the amortized and oracle directional landscapes coincide exactly.

Proof. The oracle gate for direction d is

9a(v) = (d"R(v) = N+
If R(v) = Mv + rg, then
W)= ((M"d) v+d rg— )\)+.
This is exactly a single affine-ReLU. By the exact bridge criterion,
Ax(d; R,v) = Uy (d; R).

Since this holds for every d, the full amortized directional landscape agrees with the oracle landscape.
O

Remark H.7 (Scope of the affine no-reshaping result). The result applies to the untied one-
ReLU encoder class used in the bridge theorem. Tied encoders impose an additional restriction
e, = d,, and therefore may have a nonzero amortization gap even when R(v) is affine. Any
ranking change in the tied case is due to this extra restriction, not to the generic one-ReLU
amortization gap analyzed here.
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948 Pair-only one-slot utility. Let ui,us,u3 € 5 41 be orthonormal and let A > 0. Suppose the data
949  distribution is

z12 = A(ur + ug), x13 = A(u1 + u3),
950 with probability 1/2 each.

951 For the ground-truth direction uq,

<u17$12> =A, <u1,x13> = A

952 Hence
11 1 1 1
= (A=N2 + (A= = (A= )N)2.
U,\(ul) B 2( )++2 2( )+ 2( )+
953 For the pair direction
doo i Uy + Uz
12' \/5 b

954 one has

<d127.’I}12> = \/iA, <d127$13> = :/45

955 Therefore
U (dho) = T(VEA = N2+ 1(A/VE - N3
956 In particular, if
A< A< V24,
957 then
Uy(ur) =0,  Uy(diz) = i(\/ﬁA —N2>0.
958 Thus the non-ground-truth pair direction is strictly preferred to the ground-truth direction u;. Since

959 R(v) = v = x in the one-slot setting, Proposition H.6 implies that the untied one-slot SAE has
960 exactly the same ranking.

[*23

Proposition H.8 (Exact sparse coding prefers pair features in the pair-only model). In the
pair-only model above, define
Dart = [u1, ug, u3]
and
diz = . dig = UI\—}%U?’, Dyair = [d12, d13].

= [d12, d13, €] for any unit vector e. Let

+

For an equal-budget comparison, also let D,

961

_ l 2 T
®,\(D)=E 1;112151§Hx Dz||*+ X1 z|.

Then
O\(Di) < ®a(Dpair) < PA(Dar)  forevery 0 < A < V24,
and (I)A(D:)rair) = (I))\(Dpair) = (I))\(DGT) = A2f0}" A > \/§A

962 Proof. First consider Dgr. Since uq,usq,us are orthonormal, the nonnegative Lasso separates
963 coordinatewise. For z15 = Au; + Aus, the optimal code is

2 =25=(A— N4, z5 =0.
964 The same loss is obtained for x13. Hence

M - A2, 0< )< A4,

®r(Par) = {A2 A> A
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Indeed, for 0 < A < A, the residual on an active coordinate is A, giving reconstruction cost A2 across
the two active coordinates and sparsity cost 2A(A — \), hence total 2A\A — \2. For A\ > A, the zero
code is optimal and the loss is

1
Sl = 42

Now consider Dp,;,. For 12,
12 = \/§A d12.

The candidate code
= (V24 = Ay, 23 =0

satisfies the KKT conditions. When 0 < A < v/2A4, the residual is
T =2x12 — d12ZI2 = )\dlg.
The active KKT condition is d{,r = \. The inactive KKT inequality is

A
disr = Nd{zdyy = ) <\

Thus the candidate is optimal. The same argument holds for z;3 by symmetry. Therefore

VXA —L1X2 0< )\ < V24,

It remains to compare the two expressions. If 0 < A < A, then
1 1
®5(Dar) — Pr(Dpair) = (2AA — \?) — <\/§)\A - 2)\2) = M2 -V2) - ?2'
Since \ < A,

)\A(Q—\/i)—;)\2>)\A(2—f—;) > 0.

If A < )\ < V2A, then

®)\(Dgr) = A?
and
1
D (Dpair) = V2AA — §A2.
Thus
1 1
@, (Dar) — Pr(Dpair) = A% — V2AA + 5/\2 =50 V2A)2 > 0.

Since D;“air contains the two columns of D, its optimal value is no larger than @ (D, ), giving

the strict equal-budget comparison for 0 < A < v/2A. For A > \/2A, every unit column d satisfies
dTz < ||z|| = V/2A < X on both samples, so the zero code is KK T-optimal for all three dictionaries
and the loss is A2. This proves the claim. O

Proposition H.9 (Support-faithful pair-only firing need not recover the atom direction). In the
pair-only model, let a > 0 be a gate satisfying

a(x12) > 0, a(x13) > 0.

Then
p(a) = Elza]

is not parallel to uy. In particular, a gate that fires on all events containing latent feature 1
does not recover the decoder direction u,.
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Proof. Write

ays = a(x12) >0, ays == a(x13) > 0.
Then 1 )

,UJ(GJ) = 5140,12(11,1 + Ug) + §Aa13(u1 + U3).
Equivalently,

A A A
p(a) = 5(@12 + aiz)uy + a2z + S ai3us.

Since aj2,a13 > 0 and u;, ug, ug are orthonormal, the us and us components are nonzero. Hence
n(a) | ur. O

Proposition H.10 (Generic pair-only support contamination). Assume the residualized atoms
{w; : i ¢ B} are linearly independent. Fix j ¢ B, and suppose

P(E;;(B)) = 0.
Let a > 0, with E[|Rp||a] < oo, satisfy
a>0 a.s. on {a; > 0}.
If there exists i ¢ B, i # j, such that
P(a; > 0,5 > 0) >0,

then
p(a; B) f ;.

Proof. Since a > 0 a.s. on {¢; > 0}, and since
P(a; > 0,5 > 0) > 0,
we have
E[a;a] > 0.
The gated moment is
u(a; B) = Z E|aga)wg.
k¢B
By the moment characterization theorem, under linear independence this vector is parallel to w; only
if all coefficients on w;, i # j, vanish. The i-th coefficient is strictly positive, so (a; B) [f w;. O

Remark H.11 (Special cancellation is an exception). The negative pair-only statements above
are generic for linearly independent positive geometry. They do not exclude special cancellation
geometries. For example, in a regular simplex with exchangeable off-target gated moments,
the off-target contributions can cancel exactly, as in Proposition G.5. Such cases are structured
exceptions rather than consequences of vanilla sparse reconstruction.

I Residual-field transfer and bias effects

The residual-field transfer results connect the positive latent-ray oracle field
Ur(;; Rp)
to the SAE leave-one-out field
Un(; R-r).
The transfer is not automatic: it holds under an explicit residual-compatibility condition and a strict
margin.

When the latent residual field and the SAE leave-one-out residual differ, biases and residual mismatch
spend recovery margin.
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I.1 Shifted support-event decomposition

Proposition 1.1 (Shifted support-event decomposition). Let
F

x:Zaiwi» a; >0,
=1

and let
Rp=mpzr =) o, i :=7mpw;
i¢B
be the projected residual. For a deterministic shift b € RY, define
Rpy :=7p(xr —b) = Rp — B3, Bp = mgb.

Then, for every unit vector v,

N |

Un(v; Rpp) = Z

TC[F\B

E (Zai<v,wi>—<%53>—>\> 1p.(B)

€T R

Equivalently, the deterministic shift turns the original scalar threshold \ into the direction-
dependent threshold

A=A+ (v, BB).
In particular, the empty support event T' = & contributes

%E [(~(v, B5) = N2 1p,(5)] -

Proof. On the event E7(B),

}%[3 = :E:: (Iilbi.

ieT
Therefore
Rpy=Rp—fBp= Zaﬂbi - BB,
ieT
and
(v,Rpp) — A= Zai<v,@i> — (v, BB) — A
ieT

Substituting into
1
Un(v; Bpp) = SE[((v, Bpp) = A)3]
and summing over the full partition
{Er(B): T C [F]\ B}
gives the formula.

O

This differs structurally from Theorem 3.2, where the sum may be restricted to nonempty residual
supports because Rp = 0 on Eg(B). After a shift, Rp;, = —[fp on the empty support event, so

absence events can contribute positive utility whenever
- <U7 6 B> > A

I.2 Uniform perturbation bounds for utility and gradient

Lemma 1.2 (Uniform utility-field perturbation, expanded). Let R, S € L%(R%) and A > 0.
Then

IR — Slizz (IRl L2 + [1S]|z2) =: n(R, S).

DN | =

sup [Un(v; R) — U (v; 9)| <

llvl=1
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1014  Proof of Lemma 1.2. For real numbers a, b,
o — b3 | = |ay —bil(ay +by) < la—bl(as +by).
1015 Set
a=(v,R)— A, b= (v,S)— A\
1016 Since A > 0,
ar <[{v,R)[, by < [{v,5)].
1017 Therefore

|Us(v; R) = Un(v; S)| < SE[[(v, R = S)| (|(v, B)| + [{v, S)])]..

DO | =

1018 By Cauchy—Schwarz,
Ef[{v, B = S)[[{v, R)[] < [[(v; B = )| 2[I(v; B)l| 2 < [ R = Sl|z2 || Bl| 2,
1019 where the final inequality uses ||v|| = 1. Similarly,
E[[{v, R = S)[|{v, S)[] < [[R = S]|2[|S]| 2

1020 Combining the two estimates gives the stated uniform bound. O

Lemma 1.3 (Gradient-field perturbation). Let R, S € L?(R%). Then, for every unit vector v,
1021 IV (v; R) = Vol (v; S)I| < (IRl 22 + 1S]lL2) 1R — S| z2-

The same bound holds after projecting onto v=-.

1022 Proof of Lemma 1.3. Using
Volhy(v; R) = E[((v, R) — A) 1 R],
1023 write
Volha(v; R) = Vol (v; S) = E[((v, R) = A) (R = S)] + E[(((v, R) = A) = ((v,5) = A)1) S].

1024 For the first term,
(v, R) = A)+ < [(v, R)| < [|R]],

1025 80 Cauchy—Schwarz gives the bound
IE[((v, B) = M)+ (R = )| < [|Rl|L2[|R = Sl|>-
1026  For the second term, the positive-part map is 1-Lipschitz, hence
[((v; B) = A4 = (v, 5) = )y | < [{v, R=S)[ < [|R = S|
1027 Another Cauchy—Schwarz application gives
IE[(((v, B) = X4 = (v, 5) = A1) SII < 1R = S| 2| S]] >

1028 Adding the two estimates proves the claim. Orthogonal projection onto v~ cannot increase norm. []

1029 L3 Margin transfer theorem
1030 For the SAE leave-one-out residual define
EB,—r = ||R77‘_RBHL2 = PB:E_bdec _stzs 5
SFET L2

1031 and

1
ng,—r :=n(Rp,R_) = §\|R—r — Rpllr2 ([[RBllL2 + |R-[|L2).
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Theorem L4 (Residual-field transfer to amortized SAE utility). Let C C S~ be a competitor
set, and suppose a direction u has latent oracle margin

v :=Ux(u; Rp) — supUx(v; Rp) > 0.
veC
Let

Gap) (u; R—r,v) = Un(u; R—) — Ax(u; R—, V)
be the amortization gap of u on the SAE residual. Then

Ax(u; R_y,v) —sup Ax(v; R_p,v) > v — 2np,—r — Gap, (u; R_,, ).
veC

In particular, if
v > 2np _r + Gap, (u; R_,v),

then the amortized SAE utility ranks u above every direction in C.

Proof of Theorems 5.3 and 1.4. By Lemma 1.2,
Ur(u; R—y) > Un(u; Rp) — 1B, —r,

and
supU(v; R_,) < supUn(v; Rp) + 1B, —r.
veC veC
Therefore
Ur(u; R_y) —supUn(v; R_y) > v — 20B,—r.
veC
By definition,

Ax(u; R_pyv) = Us(u; R_)) — Gapy (u; Ry, v).
Moreover, by Theorem H.2,
Ax(v; R_p,v) <Ux(v; R—}) Yo.

Hence

sup Ay (v; R—p,v) < supUy(v; R—).
veC veC
Combining the last three displays gives the stated inequality.

Applying this theorem with
Ce={ve st L(v,uj) > e}
gives the transferred singleton-localization statement used in Section 5.1: if
Un(u;; Rp) — sup Un(v; RB) > 2np,—r + Gap, (u;; R—p, v),
veCe
then the amortized SAE utility ranks u; above every direction at angle at least € from u;.

1.4 Transfer of local merge pressure

Corollary L.5 (Transferred local merge pressure). Letu € S 1, h € ut NS, and suppose
the latent oracle gradient satisfies

p = (Vo ,Ux(u; Rp),h) = E[({(u, Rg) — )4 (h, Rp)] > 0.

If
p> (IBsllz2 + [|1R—rllz2) [ R—r — Ril|Le,

then
(Vs (u; R_;), h) > 0.

Consequently, v is not a local maximizer of
v = Ux(v; R_;)

on the sphere.
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Proof. By Lemma 1.3,
{(VolUa(u; R—y) — VoUx(u; Rp), h)| < (|Rsll12 + [|[R—r|12) | R—r — RBllL2.
The assumed strict inequality implies
(Vo Ux(u; R_.), h) > 0.
For the great-circle perturbation
vg = cosBu+ sinf h,

we have J

fu,\(’l}g;R,T) = <VvU)\(u;R,T>,h> > 0.

do 0—0
Thus the utility increases along a feasible tangent direction, so u is not a local maximizer on the
sphere. O

L5 Special case: bias-only mismatch

Suppose the previously learned slots exactly reconstruct the V-component,

Z dszs = Ppz.

SFET
Then

PVBLR*T = RB - 77Bbdc0~
Consequently,
HPVBinT — Rpl|rz: = || mBbdecl|-

If bgec € Vg, then mpbgec = 0, so the projected residual seen by directions in VBl coincides with
Rp, up to the amortization gap.

J Direction—support separation proofs

Decoder direction is a statement about a gated first moment, whereas support recovery is a statement
about the event on which the gate fires. The proofs below show why the two coincide only under
extra fixed-direction and exact-support assumptions.

Direction recovery and support recovery separate through exact counterexamples; they coincide under
rank-one event support.

J.1 Proof of Theorem 6.1

Expand
p(a; B) = Z Eloa) w;.

i¢B
Because ji(a; B) # 0 and w; # 0, direction alignment means i(a; B) € span(w;). This holds if
and only if the sum of the off-j contributions lies in span(iw;), which proves the first claim. Under
linear independence of the residualized atoms, all coefficients except possibly the j-th must vanish.
Since a;, a > 0, the zero-moment condition E[a;a] = 0 is equivalent to ci;a = 0 almost surely.

Proposition J.1 (Direction without support). Let x = ajw; with E[a;] < oo. For any
G C {a; > 0} with positive conditional probability, the gate a = 1¢ gives p(a) || wj. If
the conditional law admits positive-probability subsets of arbitrarily small mass, then support
recall can be made arbitrarily low while maintaining exact direction recovery.

Proposition J.2 (Support without direction). Let x = cywy + asws with wy L wo and both
support events {1} and {1, 2} having positive probability. Set a = 1{,,~0}, which recovers the
presence event of atom 1 exactly. Then pi(a) = E[ayalw; + E[asalws; whenever E[agal > 0
the decoder direction is rotated away from w;.
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J.2 Proofs of Propositions J.1 and J.2

For Proposition J.1, in the one-atom world one has
p(a) = Elogalw;,

so the decoder direction is exactly w;. The support recall is P(G | {«; > 0}); if the conditional law
admits positive-probability subsets of arbitrarily small mass, this recall can be made arbitrarily low
while preserving direction alignment.
For Proposition J.2, the activation recovers the support event {«; > 0} exactly by construction, but

p(a) = Elagaw; + Elaga)ws,
and the second coefficient is positive whenever the event {1, 2} has positive probability and «s is
positive there.

J.3 Proof of Theorem 6.2

Since a = 0 almost surely on A° and Rp = £u almost surely on A,
u(a; B) = E[Rpal = E[al4]u.
The scalar prefactor is positive by assumption, so the normalized moment direction is exactly u.

K Sparsity, frequency matching, and support-event geometry

The support-event view makes sparsity matching and marginal-frequency matching precise but
limited. Expected sparsity and marginal frequencies are low-order summaries of the latent support
law. The sparse-reconstruction objective depends on the full event law P(S = T), together with the
amplitudes and geometry on each support event.

Matching global sparsity or marginal frequencies is not enough. The missing object is the full joint
support-event law, especially pair and burst events that can dominate thresholded utility.

K.1 Cardinality matching and support recovery
Let
Zi = 10,50}, S:={i:Z; =1}, N :=|5] = ZZi.

Let a learned code have active set
S(x) :={r: z.(x) > 0}, N(z) :=|S(x)].
The ground-truth expected sparsity is

F
s, :=EN = Zpi, pi=P(Z; =1).
i=1

Support recovery, samplewise sparsity recovery, and expected sparsity matching satisfy

S=Sas. — N=Nas. — EN=EN.
The converses fail in general.

Lemma K.1 (Cardinality mismatch lower-bounds support error). For any two finite sets A, B,
|AAB| > ||A| - |B||-

Consequently, if a learned code has fixed samplewise sparsity N =k, then
E|SAS| > E|N — k|.

In particular, exact support recovery under a deterministic k-sparse code requires

N =k a.s.
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Proof. The identity
|AAB| = |A| + |B| — 2|AN B|

and the inequalities |[A N B| < |A|, |AN B| < |B| imply
|AAB| > |A| = |B],  |AAB| > [B| - |A].

Taking the maximum gives the deterministic inequality. Applying it samplewise gives the expectation
bound. If S = S a.s. and N = k a.s.,then N = k a.s. O

Thus expected sparsity matching fixes only a first moment, and fixed samplewise sparsity fixes only a
cardinality. Neither specifies which support event occurred.

K.2 Thresholding under the correct orthogonal dictionary

Even if the dictionary directions are correct, the ¢; threshold can alter support semantics.

Proposition K.2 (Amplitude thresholding under an orthogonal teacher dictionary). Assume
w1, ..., Wg are orthonormal and

F
xr = E oWy, a; > 0.
i=1

For the teacher dictionary D = (w1, ..., w), the exact nonnegative {1 code is

2 (@) = (@ — Ny
Hence
supp z*(x) = {i : a; > A}
Exact support recovery with the teacher dictionary holds if and only if
PO<a; <A)=0  foreveryi.

Moreover,
F F
E|supp z*(x)| = ZP(O@ > A) < ZP(%‘ > 0) = sy,
i=1 i=1

with equality if and only if P(0 < a; < ) = 0 for every i.

Proof. For an orthonormal dictionary, the objective separates:

2
x—Zziwi —‘r/\ZZi :Z [;(ai—zi)Q—i—/\zi

i
The nonnegative scalar minimizer is 2z = (o; — A)4. The support and expectation claims follow
immediately. O

1
2

This proposition isolates an amplitude-threshold mismatch. The rest of the appendix concerns a
different issue: even when sparsity statistics are matched, the event geometry can make non-teacher
directions preferable.

K.3 Marginal frequencies do not determine oracle preference

The support-event decomposition depends on the full law of S, not only on the marginals p; = P(i €
S). The following proposition gives an exact two-feature separation.
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Proposition K.3 (Same marginals, different oracle-preferred directions). Let u,w € R be
orthonormal, let A > 0, and set

z = A(Zyu + Zow).

Assume

Then
P(S={1})=p-q¢ P(S={2})=p—q  P(S={12})=¢
Letm = (u+w)/v/2. Forany \ > 0,
Un(u;z) = %p(A — )\)i,
and 1 1
Un(m; @) = (p— 9)5(A/V2 = N3 + 45 (V2A - M.
In particular, if
A/V2 <X < A,

then 1

Un(m;x) = §q(\/§A — )2

For every 0 < p < 1/2, both ¢ = 0 and q = p are feasible with the same marginals (p, p) and
the same expected sparsity 2p. For ¢ = 0,

Ux(u; ) > Ux(m; x),

whereas for ¢ = p,
Un(m;x) > Uy (u; ).

Proof. The formula for Uy (u; x) follows because (u,x) = A exactly when Z; = 1, which has

probability p. For m, singleton events have projection A/+/2, and the joint event has projection v/2A,
giving the displayed expression.

IfA/ V2 <A< A, singleton contributions to m vanish, while teacher contributions remain. When
g = 0, the merge has zero utility and the teacher has positive utility. When q¢ = p,

Un(m;z) —Un(u; ) = %p [(\/514 — N2 = (A=)N?| >0,

because vV2A — A > A — )X > 0. O

Thus marginal frequency matching does not determine recovery. The two laws have the same (p1, p2)
and the same expected sparsity, but different support-event laws.

K.4 Variance, covariance, and pair-event mass

Expected sparsity is the first moment of the support size. Pairwise mixed-event mass is controlled by
second-order structure.
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Lemma K.4 (Support-size variance and expected pair mass). Let N = Zf;l Z;, with p; =
P(Z; = 1). Then

F

Var(N) = sz'(l —pi) + 22 Cov(Z;, Z;).

i=1 i<j

Moreover,
N 1
i<j

where s, = EN.

Proof. The variance identity follows from expanding Var(}, Z;). For the pair count,

(%) - b,

E[N(N —1)] = E[N?] — E[N] = Var(N) + s2 — s,,

the formula follows. O

Since

For fixed expected sparsity s, larger Var(N') implies larger expected pair co-activation mass. Positive
covariance produces bursty co-activation and increases mixed-event mass. Negative covariance can
stabilize the cardinality. However, variance is still only a summary: it does not identify which pairs
co-activate, their geometry, their amplitudes, or whether their above-threshold contributions dominate
singleton events. Conversely, zero variance does not imply singleton dominance: if N = 2 almost
surely, then Var(N) = 0 but E(}) = 1.

K.5 Power-law marginal frequencies
Assume independent Bernoulli support indicators with

pi =Ci™ %, 0<C<1, a >0, 1=1,...,F.
Let

F
NF = ZZ“ SF :ZENFZCHF’Q7 PF ::Si
=1

where

F
HF,a = E i
i=1

Proposition K.5 (Power-law sparsity asymptotics). As F' — oo,

C
Sp — CC(OZ), PF 3_7(‘&) — 0, l:fOé > 1,
ClogF
sp ~ClogF, PF ~ e — 0, ifa=1,
and o o
sp~——F'7 pp~ ——F~% 50, if0<a<l.

l—« 11—«

Thus prp — 0 for every o > 0, but sp — 0o whenever o < 1.

Proof. These are the standard integral-test asymptotics for generalized harmonic sums. O
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Under independence,

F
Var(Ne) = > pi(1 —pi) = CHpo — C*Hp 0.
=1

Proposition K.6 (Power-law variance and singleton disappearance). Under the independent
power-law model above, if o < 1, then

Var(N N
ar(2 r) —0 and hence “E 51 in probability.
SE SF
In particular,
HD(]\Hv = 1) —0
Moreover,

Proof. For0 < a < 1,sp < F17¢, Also

O(F172) 0<a<1/2,
Hpoo =(¢O(logF), a=1/2,
o(1), 1/2<a<1.

Thus Hp 2, = 0(s%), and
Var(NF) = CHF’Q - C2HF’2a ~ SE.

Fora =1, sp ~ Clog F and Hp o — ((2), so again Var(Ng)/s% — 0. Chebyshev’s inequality
gives Nr/sp — 1 in probability. Since sp — oo, the event { Np = 1} is contained in

1
Ez-or-2)

SF SF

whose probability tends to zero.

Finally, by independence,

2
E(]\;F) :Zpipj:% (Z]%) —Zp? :%(s%_CQHFJa)-

1<

The same comparison gives the asymptotic equivalence. O
Thus, fora < 1,

N 1
pr — 0, SE — 00, P(Np =1) =0, ]E( 2F> N§s%'

The representation is sparse as a fraction of all possible features, but it is not singleton-dominated.

K.6 Load transition at the hidden dimension
Let dr be the hidden-state dimension and define the active-load ratio

SF
XF = an
This compares the expected number of active features with the ambient dimension.
If dr = d is fixed, then for o« = 1,

Clog F
XF d )

50



1155 so the scale sy =~ d occurs at

1156 For 0 < a < 1,

C
~ Fl—oc’
Xr (1—-a)d
1157 so the scale sy &~ d occurs at
1— o)\ /(=)
F.~ ((a)) )
C
1158 For a > 1, sp — C((«), so there is no F'-driven transition; the limiting load is
G
oo d .
1159 More generally, if
dp < DF?
1160 with D > 0, thenfor0 < o« < 1,
C
=~ _pl-ab
X (1-a)D
1161 Thus the load transition occurs at
=1-—a.

ez If 3 >1—a,then xyp — 0;if 8 < 1 — a, then yp — 0.
1163 This load transition is distinct from the sparsity-ratio limit. One can have
PF = SF/F — 0

1164 while simultaneously
SF / d F — OQO.

1165 Thus a representation may be sparse relative to the number of possible features but overloaded relative
1166 to the observed dimension.

1167 K.7 Pairwise-only supports

1168 We now analyze a regime in which sparsity matching is exact but singleton dominance is impossible.
1169 Assume

|S] =2 almost surely.
1170 Let
P(S ={i,j}) =mj;, > my=1
i<j
1171 Then

S =2, Var(|S|) = 0, s«/F =2/F — 0.

1172 Nevertheless,
P(S={j})=0 for every j.

1173 Therefore the singleton margin used in Theorem 4.1 is zero for every teacher feature.

Proposition K.7 (Pairwise-only supports create local merge pressure). Assume wy, ..., Wr
are orthonormal unit vectors. On the pair event S = {i, j}, suppose
R = ow; + owy, o, 05 > 0.
1174
Fixi# 3. If
E[( = Ny 1s=(ign] >0,

then w is not a local maximizer of v — Uy (v; R) on the sphere.
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Proof. Let
vg = cos § w; + sinf w;.

The sphere directional derivative is

Lt (vo; 1) =B, R) = 2w, R

By orthonormality, the event S = {4, j} contributes

El(i = N4 is=fijy] -

Other pair events contribute zero to this tangent derivative: if ¢ ¢ S, then (w;, R) = 0, andif j ¢ S,
then (w;, R) = 0. Hence the derivative is positive, so w; is not a local maximizer. O

If amplitudes vary on a pair event, then the event need not be rank-one. On S = {4, j},

R = o;w; + Qjw;.
The normalized residual direction depends on the ratio «;/c;. Hence the pair event is rank-one if
and only if this ratio is almost surely constant on the event.

For directions in the pair plane,
vg = cos § w; + sin b wy,
the conditional pair-event utility is
1
Ui (0) = §7rijIE[(ozi cos + a;sinf — M) | S = {i,j}].

At the teacher endpoint,
Uj;(0) = mi;El(0; — A) 1y | S = {i, j}] .

Thus, whenever the pair event has positive above-threshold mass, the best one-slot compressor of the
pair event is pushed into the pair cone rather than remaining at a teacher ray.

Finally, exact two-sparsity does not by itself identify teacher rays even if exact reconstruction is
possible. Suppose F' = 2 and

o
T = oqwy + aws, =2 €e[r_,r4] C (0,00) almost surely.
aq

Then the observed residual directions lie in a truncated cone strictly inside cone(ws, wz). Any two
rays whose positive cone contains

{wy +rwy :r € [r_,r]}

can reconstruct every sample using at most two nonnegative coefficients. Thus exact two-sparsity
and zero reconstruction error do not identify the teacher rays unless the observed cone exposes its
boundary rays.

K.8 Summary

Sparsity matching fixes a cardinality scale. Frequency matching fixes marginal activation rates.
Neither fixes the support-event law. In the oracle sparse-reconstruction objective, recovery is governed
by thresholded eventwise geometry:

P(S = T)7 {047; S /T}7 {‘LINJZ 11 € T}

Correct sparsity can therefore enable recovery in regimes where it coincides with rank-one or
singleton-event dominance. Outside those regimes, the same matched sparsity can coexist with merge
pressure, pair-cone compression, splitting, or direction/support mismatch.
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L. What can be certified by an observer?

If direction recovery does not imply support recovery, then decoder alignment alone cannot certify
a trained SAE feature, especially in real models with no ground-truth supports. Any population
certificate that uses only observed activations must be a functional of the observed activation law. The
observable substitute is residual-direction geometry relative to a known observer-chosen subspace.

The observer diagnostics separate direction drift, poor cap precision, poor recall, intrinsic cap ambiguity,
gate mismatch, and residual-path sensitivity.

L.1 Observable atoms, caps, and directional margins

Let H C R be a known observer-chosen subspace, for example the span of selected learned decoder
directions or any other subspace specified without using latent supports. Since H is known, Py
is computable, and Ry := Py x is observable from z. On { Ry # 0}, define Uy := Ry /|| Ryl
The exact observable analogue of a rank-one event is the residual-direction atom A, (H) := { Ry

0, U H = ’IL}

The observer cannot ask whether an SAE feature recovered the hidden latent event, because that event
is not observed. The replacement question is geometric: is there an observed residual-direction atom
or cap, and does sparse coding prefer directions near it? This is weaker than latent support recovery,
but it is an audit target that depends only on observed activations.

Proposition L.1 (maximal observable rank-one event). Fix H and u € S~ If A € o(Rg),
A C{Ry # 0}, and Ry = &u a.s. on A for some & > 0 on A, then A C A, (H) up to null
sets. Conversely, A, (H) is itself a rank-one residual event whenever it has positive probability.

Proof. f A C {Ry # 0} and Ry = &u with £ > 0 on A, then Uy = w almost surely on A, so
A C A,(H) up to null sets. Conversely, if P(A,(H)) > 0, then on A, (H) we have

Ry =||Ryll u as.on A, (H),

so A, (H) is a rank-one event for R, u. O

Thus A, (H) is the maximal observable event on which the residual lies on the ray R u. Since exact
atoms may have zero mass in the population, use positive-width caps

Auc(H) :={Ry #0, Z(Ug,u) <&}
These caps are observable relaxations of rank-one residual events.
For 0 < e < ¢ <, define
Maie(u, 2,6, X H) 1= Wy (u, & H) = W (us &, ¢ H) — L{u, e H),

where 1
W (25 H) = 3E[(1 R cose = N3 La, )]
_ 1
Wi(u,e,¢; H) := gE[(IIRHH cos(¢p — ) = Nila, .(m)],
and

1
L(u,e;H) = iE“|RH||21Au,E(H)C] .

The margin Mg;, is an observer-side version of singleton dominance. The first term lower-bounds
how much the cap supports u. The second asks how much a direction at least ¢ away could still get
from the same cap. The third gives every sample outside the cap to the competitor as a conservative
budget.

Theorem L.2 (observer-only directional certificate). If Maj.(u,e, ¢, A\; H) > 0, then every
global maximizer of v — U\ (v; Ry ) lies in the spherical ¢-ball around u.
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Proof. Onthe cap A, .(H), one has
(u, Rpr) > ||Rul| cose,
which gives the lower bound W, (u, £; H) for the utility of u. If Z(v,u) > ¢, then on the same cap
L(v,Ug) > ¢ —e,

hence
(v, Ru) < ||Rul| cos(¢ — ¢),

which yields the upper bound W (u, £, ¢; H). On the complement, competitor utility is bounded
above by L(u,e; H), while the utility of u remains nonnegative. Subtracting gives the result. O

L.2 Feature-level audit quantities

An observer can certify an objective-level statement without latent supports: the observed residual
distribution’s sparse-coding utility field prefers a direction near u. A trained feature r, with decoder d,.
and activation a,, can then be audited against the certified cap. Direction alignment is D,. ,, := (d,, u).
Cap precision and recall are

Tr = P(Aue(H) [ ar > 0),  prui=Play > 0] Ay (H)).
Intrinsic cap ambiguity is
E[|| Py Rur|*1a, )]
El|Ru P14, . )

The one-slot gate gap is G, := E[(a, — ¢7)%]/(E[(g})?] + &o), where gX(v) := (d,] R_.(v) — \)+
and J§p > 0 is a fixed stabilizer. Ratios are interpreted only when their denominators are positive.

Kin(u,&; H) :=

These quantities separate observable failure modes. Low D,. ,, indicates direction drift. Low precision
indicates that the feature fires off the certified cap, as in merging or contamination. Low recall
indicates that the feature covers only part of the certified cap, as in splitting, partial coverage, or
absorption-like false negatives. Large i, indicates that the cap itself is not close to rank-one, so even
a perfect cap detector would have ambiguous direction semantics. Large G, indicates that the learned
activation fails to realize the sample-wise oracle gate for its decoder and leave-one-out residual.

Proposition L.3 (observable contamination floor). Let A = A, .(H), assume E[| Ry ||*14] >
0, and suppose A = G U C, where the clean part satisfies

|P,r Ry < sin?eg || Re|? on G.
Define the energy fraction of the contaminating part by

E|Ra|*1c]

we(u,e;H) = 7EH|RHH21A].

Then

Kin(u, &; H) — sin® &g

2

60(7(11753 }{) 25 A
1 —sin“ gy

In particular, for an exact rank-one refinement €y = 0,

we(u, e H) > kin(u,e; H).

Proof. On the clean part G,
|Pyr Ru||* < sin® o || Ri||?,

while on C,
[Pur Ru|® < || R,
Taking expectations over A, .(H) gives
E[| P,: R|*14] < sin® g0 E[|| R |*16] + E[|| Rz [|*1c).
Divide by E[|| R ||*1.4] and rearrange. O
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L.3 Recursive and feature-level refinements

The observer-only theory suggests a recursive recovery procedure. Start with the residualization
subspace Hy = {0}. At stage ¢, form the projected residual Ry, , estimate the residual-direction law
Up, , identify candidate caps A,, -(H}), certify them using My;,, and add certified directions to Hy1.
This is the residualized analogue of separable NMF: one searches for anchor directions in projected
residual space rather than anchor points in data space.

Proposition L.4 (recursive residual-direction recovery). Suppose there exist directions
Uy - -, Uy and scales (e¢, @i, \¢) such that for each stage t,

Mair (ut, €4, G, \es He—1) > 0, H; = span{uy,...,uz_1}.
Then at every stage t, every global maximizer of the oracle utility field
V= u)\t (U; RHt—l)

lies in the ¢¢-ball around uy.

Proof. Apply Theorem L.2 at each stage ¢ with residualization subspace H;_;. The positivity of
the directional margin implies that every global maximizer of the stage- oracle field lies inside the
corresponding ¢;-ball around u;. O

Remark L.5 (global sparsity summaries are not support certificates). There exist two disjoint
witness families A and C' with the same probability mass such that the gates

a=1,b, b=1¢

satisfy
Ela] = E[b], Var(a) = Var(b),

while recovering disjoint support families.

Proof. Take any two disjoint measurable sets A and C with P(A) = P(C') > 0. The Bernoulli gates
a = 14 and b = 1, then have identical means and variances, but are supported on disjoint event
families. O

For the feature-level angle bound, fix a target direction u, a target event A such as an observable
residual-direction cap, and a trained activation a,, > 0. Define the in-event longitudinal signal and
the in/out transverse loads by

Br,u(B) = E[<u7 RB> arlA]7
nou(B) = E[|Pys Rplla;1a], 024 (B) == E[|Rp a;Lac]-
The bound below is meaningful when 3, ,,(B) > 0 and the displayed denominator is positive.
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Proposition L.6 (feature-level angle bound). Let

ur(B) := E[Rpay].

Then _
[Pttt (Bl < 0% (B) + 175 (B),
and
<u7 /JJT(B» > ﬂr,u(B) - Ug}lut(B)
Hence, if i
Bru(B) > 0y (B) + 2175 (B),
then

in B) + out B
tan (o (B), 1) < M (B) m,ut( )
ﬁhu(B) - 77?,% (B)
When the decoder is fit by least squares to the gate, the same bound controls the angle of d,.. At
a stationary point of the normalized untied SAE, d,. is aligned with the gated residual moment
from Proposition H.1, so the same signal-versus-contamination interpretation continues to
apply.

Proof. Decompose
ur(B) = E[Rpa,14] + E[Rpa,14c].

The first term has longitudinal component at least 3., (B) and transverse norm at most 7,", (B). The
second term has norm at most 2% ( B). Therefore

1Py (B < 0% (B) + 02 (B)

and
Taking the ratio yields the tangent bound. O

Observable contamination-floor lower bound. For convenience one may define

Kin(u,e; H) — sin? e
1 — sin? €0

w(u,e;e0, H) := max {0,

This is the smallest in-cap contamination fraction consistent with an £¢-clean refinement. The quantity
is interpreted only when E[||Rg[|*1 4, ()] > 0.

Reporting protocol. For each certified residual-direction cap, report
q = P(AUE(H))7 KRin, Mdim W.
For each matched feature, report

in out
DT,u7 7r’l“,’u,7 p’l“,’un 77r,u7 nr,u ) GT‘

This cap-wise audit gives population evidence for faithful recovery, direction-only recovery, intrinsic
cap ambiguity, splitting, merging, absorption, and amortization failure.

L.4 Failure-mode taxonomy from observer-only quantities

For completeness, we restate the observer-only taxonomy implied by the quantities above.

Faithful cap recovery. A feature matched to a certified cap has high direction score, high cap
precision and recall, low cap contamination, and small gate gap.

Direction-only recovery. A feature has high decoder-cap alignment but poor cap precision or recall.
The decoder aligns with the cap direction, but the gate does not fire exactly on the observable cap.
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Intrinsic cap ambiguity. A cap has positive directional margin but large contamination floor. Poor
support scores in this regime should not be overinterpreted as an SAE failure.

Merged features. A feature has no dominant matched cap or draws comparable gate-weighted
signal from several certified caps. The feature is supported by mixed events rather than by a single
rank-one event.

Splitting. Several features align with the same residual-direction cap, each with moderate recall,
while their union covers the cap.

Absorption. A certified residual-direction cap has positive directional margin, but its residual utility
drops sharply after subtracting learned slots. One natural observable score is

Absorb(u; H) := Ux(u; Ry) — U, (u; Ry — Zd,.a,) .

Large positive absorption indicates that learned features suppress observable residual utility along u,
consistent with absorption of the cap-supporting event.

Amortization failure. A cap is directionally certified, yet no matched feature has small gate gap.

Residual-path sensitivity. Small margins or comparable cap utilities flag possible sensitivity to
perturbations; they are not by themselves an SGD seed-instability certificate.

M Synthetic two-stage SAE illustrations

This appendix gives small synthetic illustrations for the realizability and direction/support separations
in the main text. The experiments are not used as evidence for an SGD theory, nor do they validate
the population oracle path. They are sanity checks for three narrower points: a directly observed
learned code is easier to recover than the original GT support law; high decoder alignment need
not imply support recovery; and learned SAE supports can have a different joint support law from
independent GT supports.

Data and architecture. We generate data from a positive latent-ray model with d = 3 observed
dimensions and F' = 7 ground-truth features. Supports are independent Bernoulli variables with
probability p = 0.2, active magnitudes are independent Unif (0, 1), and teacher directions are random
unit vectors in R3. Thus the expected GT sparsity is Fp = 1.4. Evaluation uses 50,000 fresh
examples.

Each SAE has an untied encoder and decoder. In the row-wise implementation,
z = RGLU((.%‘ - bdec)Wenc + benc)7 2= ZWdeC + bdem

with normalized decoder rows. The objective is
1 .
5 Ello = &3 + AE|j2]1.

At each training step, decoder gradients are projected to remove radial components, and decoder rows
are renormalized to unit norm after the optimizer update.

Training protocol. All SAEs are trained with Adam using learning rate 3 x 1073, betas (0.9,0.999),
€ = 1078, no weight decay, and batch size 2048. SAEI is trained for up to 4000 steps and SAE2 for
up to 3000 steps. Validation uses a fixed batch of 8192 samples, evaluated every 500 steps. Early
stopping is enabled after 2500 steps; we track EMA validation explained variance and EMA L; with
decay 0.95, and stop if both plateau for 20 validation checks, with tolerances 10~* for EV and 1073
relative improvement for L;. This early-stopping criterion did not materially affect the reported runs,
which typically reached the maximum step budget.

For each trained SAE, ) is selected by a small binary search over [10~°,1071], with up to two
upper-bound expansions and four geometric midpoint rounds. Each candidate trains a fresh SAE. The
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Table 2: Aggregate recovery in the two-stage SAE experiments. Code-student variants train SAE2 on
SAEL activations; output-student variants train SAE2 on SAE1 reconstructed hidden states. Direction-
matched support F1 is the main metric for testing whether direction recovery carries the intended
activation pattern.

Experiment Pair Direction Direction-matched F1 Support-matched F1 Support-matched direction
Baseline code-student GT — SAEI 0.953 0.583 0.605 0.952
Baseline code-student GT — SAE2 0.971 0.600 0.600 0.971
Baseline code-student SAEl — SAE2 0.993 0.937 0.937 0.993
Output-student GT — SAEl 0.953 0.583 0.605 0.952
Output-student GT — SAE2 0.945 0.514 0.538 0911
Output-student SAEl — SAE2  0.956 0.804 0.804 0.956
Fixed-decoder code-student ~ GT — SAEI 1.000 0.571 0.577 0.994
Fixed-decoder code-student ~ GT — SAE2 1.000 0.569 0.575 0.994
Fixed-decoder code-student ~SAEl — SAE2 1.000 0.995 0.995 1.000
Fixed-decoder output-student GT — SAEl 1.000 0.571 0.577 0.994
Fixed-decoder output-student GT — SAE2 1.000 0.391 0.518 0.940
Fixed-decoder output-student SAE1 — SAE2 1.000 0.592 0.711 0.935
Random teacher GT — SAEI 0.933 0.490 0.557 0.618
Random teacher GT — SAE2 0.899 0.421 0.518 0.663
Random teacher SAEl — SAE2  0.948 0.783 0.818 0.808

selected candidate is the one whose final validation Ly is closest to the target, breaking ties by higher
explained variance. SAE] targets the GT expected sparsity F'p, while SAE2 targets the measured
teacher Ly. Default seeds are fixed: toy distribution seed 0, GT dictionary seed 1, SAEI seed 2,
SAE2 seed 20, and evaluation seed 4.

Variants. We compare five variants. In the baseline code-student variant, SAE1 is trained on GT
hidden states and SAE2 is trained directly on SAEI activations z;(xz) = SAEl.encode(x). The
second-stage target is therefore a nonnegative coordinate code. In the output-student variant, SAE2 is
trained on SAE] reconstructed hidden states

Z1(x) = SAE1l.decode(SAEl.encode(x)),

so the teacher code is not given directly. In the fixed-decoder code-student variant, SAE1’s decoder is
fixed to the GT directions, SAE?2 is trained on SAE]1 activations, and SAE2’s decoder is fixed to the
identity in SAE1-code space; after composition through SAE1, SAE2’s hidden-space directions are
GT-aligned. In the fixed-decoder output-student variant, SAE1’s decoder is fixed to the GT directions,
SAE?2 is trained on SAE1 reconstructed hidden states, and SAE2’s decoder is fixed to the same GT
directions in hidden space. In the random-teacher variant, SAE]1 is left at random initialization and
SAE?2 is trained on the resulting random teacher activations.

Metrics. For a source representation A and target representation B, A — B means that each source
feature of A is matched to its best counterpart in B. Direction is the mean best raw cosine between
source and target decoder directions. Direction-matched F1 first matches by closest decoder direction
and then computes support F1. Support-matched F1 instead matches by activation support. Unless
stated otherwise, support F1 in the text means direction-matched F1, since this directly tests whether
direction recovery carries the intended activation pattern.

All support comparisons use the same underlying evaluation examples. GT supports come from
the latent generator. SAE1 supports are computed from z;(x). Code-student SAE2 supports are
computed from SAE2 applied to z1 (z). Output-student SAE2 supports are computed from SAE2
applied to &1 (x). For SAE1—SAE2 in code-student experiments, directions are compared in SAE1-
code space. For GT—SAE?2 in code-student experiments, SAE2 decoder directions are composed
back into hidden space through SAE1’s decoder: if D; is the SAEI decoder in hidden space and D
is the SAE2 decoder in SAE1-code space, the composed hidden-space directions are D1 Ds.

The code-student baseline is a positive control. Since SAE2 is trained on SAE1’s nonnegative code,
the target support representation is directly coordinate-ReLU representable. SAE2 recovers SAE1’s
learned code much more faithfully than either SAE recovers the original GT supports:

F1(SAEl — SAE2) =0.937,  F1(GT — SAE1) =0.583,  F1(GT — SAE2) = 0.600.
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Table 3: Training and support-correlation diagnostics. “Selection Ly is the final validation Ly used
by the L;-selection procedure; “Eval Lj” is measured on the 50,000-sample evaluation set used for
support correlations. GT supports are nearly independent on the evaluation set, while learned SAE
supports have much larger absolute off-diagonal correlations. Approximate L targeting does not
determine the support-event law.

Experiment Representation L, Target L, Selection Ly Eval Ly EV Mean abs. off-diag. corr. Max abs. off-diag. corr.
Baseline code-student GT - - - 1.395 - 0.003 0.017
Baseline code-student SAE1 0.237 1.400 1.266 1260 0.843 0.205 0.561
Baseline code-student SAE2 0.018 1.273 1.117 1115 0.995 0.184 0.454
Output-student GT - - - 1.395 - 0.003 0.017
Output-student SAE1 0.237 1.400 1.266 1260 0.843 0.205 0.561
Output-student SAE2 0.100 1.273 1.039 1.025  0.960 0.161 0.581
Fixed-decoder code-student ~ GT - - - 1.395 - 0.003 0.017
Fixed-decoder code-student ~ SAE1 0.487 1.400 1.170 1.158  0.624 0.212 0.561
Fixed-decoder code-student ~ SAE2 107° 1.175 1.179 1.166  1.000 0.210 0.561
Fixed-decoder output-student GT - - - 1.395 - 0.003 0.017
Fixed-decoder output-student SAE1 0.487 1.400 1.170 1.158  0.624 0.212 0.561
Fixed-decoder output-student SAE2 0.056 1.175 1.153 1.144  0.968 0.147 0.756
Random teacher GT - - - 1.395 - 0.003 0.017
Random teacher SAEI - - 3.473 3.468 - 0.386 0.816
Random teacher SAE2 0.003 3.473 3.303 3303 0.999 0.249 0.646

The fixed-decoder code-student variant reaches nearly exact recovery, with
F1(SAE1 — SAE2) = 0.995.

This confirms that the metric and training setup can detect near-perfect recovery when the target code
is directly presented.

The output-student variants are harder because SAE2 is trained on &1 (), not on 21 (). With learned
decoders, recovery of the SAE1-induced representation is weaker than in the direct code-student case
but remains higher than GT recovery:

F1(SAEL — SAE2) = 0.804,  FI1(GT — SAE2) = 0.514.

The fixed-decoder output-student ablation is more stringent. Here both SAE1 and SAE2 have the
correct GT decoder directions fixed in hidden space. Nevertheless,

F1(GT — SAE2) = 0.391,  FI(SAE1 — SAE2) = 0.592.

Thus even when decoder directions are correct by construction, the student does not recover the
teacher or GT support events. The high support-matched directions show that the best support
matches are still geometrically nearby, but the corresponding support overlaps remain far from exact.
Direct code recovery and hidden-state recovery are different tasks.

The fixed-decoder ablations give the cleanest direction/support separation. Decoder directions are
correct by construction, but GT support recovery remains poor. In the code-student fixed-decoder
variant,

direction(GT — SAE2) = 1.000, F1(GT — SAE2) = 0.569.

In the output-student fixed-decoder variant, the separation is even sharper:
direction(GT — SAE2) = 1.000, F1(GT — SAE2) = 0.391.

Thus correct decoder directions do not certify recovery of the intended activation pattern: the learned
gates remain geometrically related to the correct rays, but their support events differ substantially.

The fixed-decoder output-student ablation also separates approximate sparsity targeting from support
recovery. SAE2’s final L is 1.153, close to its target 1.175, and its explained variance is 0.968. Yet
its GT support F1 is only 0.391. Thus a model can have correct decoder directions, approximately
matched sparsity, and high reconstruction quality while still using the wrong support-event law.

The correlation check shows the same point at the level of joint support statistics. GT supports
are independent to finite-sample precision, with mean absolute off-diagonal support correlation
0.0034 and maximum 0.0168. Learned supports are substantially correlated. In the baseline, SAE1
has mean 0.2048 and maximum 0.5607, while SAE2 has mean 0.1838 and maximum 0.4544. In
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the fixed-decoder output-student variant, SAE2 has mean 0.1473 and maximum 0.7560. Thus the
mismatch is not merely a direction-matching artifact; learned SAE codes can have different joint
support statistics from the GT latent code even when decoder directions are fixed.

These experiments are intentionally limited. They use one synthetic geometry and one evaluation
seed, and they do not include confidence intervals. The formal claims in the paper are the population
statements and counterexamples proved in the main text and preceding appendices.

N LLM Usage

Large language models were used for editing, wording, and non-authoritative review-style feedback
on presentation and claim calibration. All theoretical claims, proofs, experiments, and final text were
checked and are the responsibility of the authors.

O Claim ledger

Table 4 summarizes results and perspective.
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Table 4: Claim ledger and relation to prior work. The formal results concern population one-slot

or residual-greedy sparse reconstruction, transfer to one-row SAE realizability, and the separation
between decoder directions and latent support semantics.

Topic

What we prove

What we interpret

Connection to prior work

Population objective

For a fixed residual law and unit direction
v, the optimal nonnegative one-slot code is
({v, R) — X) 4, with gain U (v; R) =
LE[((v, R) — X)%]. For positive latent-
ray residuals, this gain decomposes exactly
over residual support events.

The one-slot sparse-reconstruction ob-
jective scores thresholded residual
mass, not teacher-feature identity di-
rectly. Singleton, mixed, and broader
support events contribute separately.

A population, free-direction
analogue of thresholded match-
ing pursuit, complementary to
sparse recovery and dictionary-
learning guarantees under inco-
herence, separability, or sparse-
use assumptions. [22, 30, 14,
27,2]

Teacher recovery

If the utility lost by rotating away from a
singleton rank-one teacher event exceeds
a conservative off-singleton competition
budget, then all one-slot global maximizers
lie near the residualized teacher direction.

This certifies recovery when clean sin-
gleton events dominate off-singleton
contamination above threshold. Fail-
ure of the certificate is not claimed to
imply failure of recovery.

Explains why restrictive spar-
sity, frequency, geometry, or
hyperparameter alignment as-
sumptions in SAE recovery the-
ory help: they make teacher-
identifying events dominate
thresholded utility. [9, 6, 11, 7]

Merging and hedg-
ing

We give local and explicit population
certificates under which rotating from a
teacher direction toward another residual
direction increases one-slot utility. In two-
feature co-occurrence models, a mixed di-
rection can beat individual teachers once
joint events cross threshold.

Merging can arise from thresholded
mixed-event mass before finite sam-
ples, amortized encoders, or optimiza-
tion enter. Correlation is one source;
the formal driver is above-threshold
transverse residual mass.

Feature hedging and non-
canonical-feature work show
that trained SAEs can learn
mixed latents. We isolate an
oracle-level eventwise mecha-
nism that rewards such direc-
tions. [5, 20]

Splitting

When a broad event family has heteroge-
neous residual directions, event-partition
certificates show that a multi-direction spe-
cialized representation can obtain larger
residual-greedy utility than forcing the
family through one shared direction. We
also separate this from encoder-induced
splitting.

Splitting can reflect heterogeneous
residual evidence, not only semantic
oversegmentation or training instabil-
ity. A semantic feature may arrive
through several residual rays.

Connects empirical splitting
and  matching-pursuit-style
residual decompositions to a
population utility comparison.
[82,10]

Absorption and

residual paths

Sequential residual subtraction can sup-
press above-threshold evidence for a later
teacher direction on part of its support. We
also construct exact tied population resid-
ual paths where early choices lead to in-
equivalent later choices.

Absorption-like holes and residual-
path alternatives can be substrates of
the population residual-greedy objec-
tive. We do not claim a convergence
theorem for SGD or a full account of
empirical seed sensitivity.

Complements absorption, seed-
instability, and SDL non-
identifiability studies by isolat-
ing residual suppression and
tie-breaking mechanisms. [8,
26, 28]

Encoder realizability

For a fixed decoder direction and leave-
one-out residual, one encoder row per-
forms squared-error regression onto the or-
acle target d"R — Awitha nonnegative
affine-ReLU output. The one-row value
matches the oracle iff the oracle gate lies
in the L2-closure of affine-ReLU gates;
exact realization is the attained case.

Oracle preference and SAE realizabil-
ity are separate layers. A direction
may be oracle-preferred while a one-
ReLU row cannot realize its gate ex-
actly.

Identifies a representability gap
between unrestricted sparse-
coding gates and one-row
ReLU SAE encoders. [3, 12,
9, 11]

Direction vs. support

Decoder direction alignment is a gated
residual-moment condition. Under resid-
ualized linear independence, exact align-
ment with a teacher ray requires zero gated
co-activation with all other residualized
atoms. Counterexamples show that direc-
tion and support recovery do not imply
each other.

A recovered decoder direction alone
does not certify that the latent fires on
the intended support. Directional se-
mantics and activation-pattern seman-
tics are distinct.

Refines latent-recovery work
showing that reconstruction
or decoder recovery need not
identify latent variables. [28,
31]

Sparsity, frequency,
diagnostics

Exact support recovery implies sample-
wise sparsity and expected sparsity match-
ing, but converses fail. Without latent sup-
ports, we prove observer-only residual-cap
certificates and define direction, precision,
recall, ambiguity, and gate-consistency di-
agnostics.

Sparsity and firing frequency are use-
ful shadows of support recovery, but
the objective depends on joint support
events, amplitudes, thresholds, and ge-
ometry. Observer diagnostics certify
residual geometry, not latent support
semantics.

Explains what spar-
sity/frequency alignment
captures in toy recovery stud-
ies and what it misses; gives
population diagnostics  for
settings without ground-truth
supports. [6,9, 11, 3, 29]
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction state theoretical claims about the population
sparse-reconstruction objective, support-event decomposition, dominance regimes for re-
covery, one-ReL.U realizability, and direction/support separation. The paper does not claim
empirical validation or a full theory of trained SAE optimization dynamics.

Guidelines:

¢ The answer [N/A ] means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A or
[IN/A] answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The paper discusses structural limitations including the positive latent-ray
model, nonnegative coefficients, population rather than finite-sample analysis, fixed-residual
or residual-greedy scope, non-vacuous residual charts, absence of an SGD convergence
theory, lack of empirical validation on pretrained-model SAEs, and the limited illustrative
role of the synthetic experiments.

Guidelines:

* The answer [N/A] means that the paper has no limitation while the answer means
that the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate “Limitations” section in their paper.

The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,

model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to

address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.
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3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: The paper states the modeling assumptions, including finite-moment assump-
tions, the positive latent-ray model, nonnegative coefficients, residual-chart conditions, and
one-ReL.U encoder restrictions where relevant. The theoretical results are accompanied by
theorem statements, separation constructions, and complete proofs in the appendix.

Guidelines:

* The answer [N/A] means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

» Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The synthetic experiments are illustrative rather than central to the main
theoretical claims. The appendix specifies the data-generating process, SAE architecture,
objective, optimizer, training steps, validation protocol, L selection procedure, seeds,
evaluation set size, matching metrics, and aggregate results needed to reproduce the two-
stage SAE experiments.

Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* If the paper includes experiments, a answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.
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(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:

Justification: The paper does not currently provide an anonymized code release. The
experiments use synthetic data generated from fully specified distributions, and the appendix
provides the information needed to reimplement them.

Guidelines:

» The answer [N/A] means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://neurips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not

be possible, so is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-
rameters, how they were chosen, type of optimizer) necessary to understand the results?

Answer: [Yes]

Justification: The appendix gives the experimental setting: synthetic generator, dimensional-
ity, number of features, support and magnitude distributions, evaluation sample size, SAE
architecture, reconstruction and L; objective, Adam hyperparameters, training schedule,
validation protocol, decoder normalization, L binary search, seeds, and matching metrics.

Guidelines:

* The answer [N/A] means that the paper does not include experiments.
* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance
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Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:

Justification: The reported experiments are small synthetic illustrations and do not include
formal confidence intervals or error bars.

Guidelines:

» The answer [N/A] means that the paper does not include experiments.

* The authors should answer [ Yes] if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

* If error bars are reported in tables or plots, the authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer:

Justification: The experiments are lightweight synthetic SAE runs, but the current manuscript
does not fully specify wall-clock time, hardware type, memory, or total compute. Since the
experiments are illustrative and not the main contribution, this omission does not affect the
reproducibility of the theoretical results.

Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The work is theoretical and uses only synthetic toy experiments. It does not
involve human subjects, private data, scraped datasets, deployed systems, or release of
high-risk models.

Guidelines:
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e The answer [N/A] means that the authors have not reviewed the NeurIPS Code of
Ethics.

o If the authors answer , they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: The paper is foundational work on interpretability and sparse representations.
Its positive impact is improved understanding of when SAE features should or should not be
interpreted as ground-truth features; a potential negative impact is misplaced confidence in
interpretability tools if their structural limitations are ignored.

Guidelines:

» The answer [N/A] means that there is no societal impact of the work performed.

o If the authors answer [N/A] or , they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate Deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

Answer:

Justification: The paper does not release pretrained models, image generators, scraped
datasets, or other high-risk assets.

Guidelines:

* The answer [N/A] means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.
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12.

13.

14.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [N/A]

Justification: The paper does not rely on external datasets, pretrained models, or proprietary
assets. Existing scholarly work is credited through citations.

Guidelines:

* The answer [N/A] means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [N/A]

Justification: The paper does not introduce a new dataset, benchmark, pretrained model, or
reusable software package as a contribution.

Guidelines:

* The answer [N/A] means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [N/A]

Justification: The paper does not involve crowdsourcing, human-subject studies, user studies,
or participant compensation.

Guidelines:

* The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.
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15.

16.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [N/A]

Justification: The paper does not involve human subjects, crowdsourcing, or participant data,
so IRB or equivalent approval is not applicable.

Guidelines:
* The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.

Answer: [Yes]

Justification: The paper declares LLM usage for editing, wording, and non-authoritative
review-style feedback.

Guidelines:

* The answer [N/A] means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy in the NeurIPS handbook for what should or should not
be described.
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