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Abstract

Discovery of causal relationships is a fundamen-
tal goal of science and vital for sound decision
making. As such, there has been considerable
interest in causal discovery methods with prov-
able guarantees. Existing works have thus far
largely focused on discovery under hard interven-
tion and infinite-samples, in which intervening
on a node readily reveals the orientation of ev-
ery edge incident to the node. This setup how-
ever overlooks the stochasticity inherent in real-
world, finite-sample settings. Our work takes a
step towards studying finite-sample causal discov-
ery, wherein multiple interventions on a node are
now needed for edge orientation. In this work,
we study the canonical setup in theoretical causal
discovery literature, where one assumes causal
sufficiency and access to the graph skeleton. Our
key observation is that discovery may be viewed
as structured, multiple testing, and we develop a
novel testing framework to this end. Crucially,
our framework allows for anytime valid testing as
multiple tests are needed to conclude an edge ori-
entation. It also allows for flexible combination
of structured test-statistics (enabling one to use
Meek rules to propagate edge orientation) as well
as robust testing. Through empirical simulations,
we confirm the usefulness of our framework. In
closing, using this testing framework, we show
how one may efficiently verify graph structure by
drawing a connection to multi-constraint bandits
and designing a novel algorithm to this end.

1. Introduction

Causal discovery is a fundamental goal of natural and social
sciences, with widespread use across fields such as biology,
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physics and economics (Spirtes et al., 2000; Pearl, 2009). As
a result, there has great interest in discovery methods with
provable guarantees. In the task of causal discovery, one
assumes access to the observational distribution, from which
one can compute the undirected graph skeleton G with an
unoriented edge between every cause and effect. Under
specific functional assumptions on the graph, the underlying
causal DAG can be identified from observational data alone.
In more general settings, interventional data is needed for
discovery. The goal of causal discovery is thus to minimize
the amount of interventional data needed to identify the true
causal graph. A typical discovery algorithm is outlined as in
Algorithm 1, where the two key subroutines are the “query
step” (adaptively determine which interventional data to
collect next) and the “update step” (given the latest sample,
orient edges in G using all the data collected so far).

The existing line of work on causal discovery with prov-
able guarantees have largely focused on the query step; a
non-exhaustive list of such papers include (Eberhardt, 2007;
Hyttinen et al., 2013; Hu et al., 2014; Shanmugam et al.,
2015; Kocaoglu et al., 2017; Ghassami et al., 2018; Lind-
gren et al., 2018; Choo et al., 2022). Key to the analysis is
the assumption of hard intervention (under infinite samples),
an idealized model of node intervention. That is, when node
v is intervened on, the orientation of all edges in G incident
to v is revealed. Thus, the update step can be easily imple-
mented, and the algorithm performance be neatly defined
in terms of the number of intervened nodes needed to fully
orient the graph.

Importantly, this idealized model of node intervention over-
looks the statistical complexity of orienting an edge in real
world settings. If we view each edge orientation as a hy-
pothesis, then almost always multiple samples are needed to
reject with high probability (w.h.p.) an incorrect hypothesis
(edge orientation), due to stochasticity in the data samples.
Thus, towards studying finite-sample discovery, we consider
the setup considered by Greenewald et al. (2019). An ex-
periment with intervention v now provides one sample from
v’s interventional distribution, which by itself is may not be
sufficient to orient the edge.

In this setting, it is no longer trivial to implement the update
step. Thus, to even begin to study the finite-sample setting,
we first need a framework that can implement the update



Foundations of Testing for Finite-Sample Causal Discovery

step: given the interventional data obtained so far, decide
which edges can be oriented. Put another way, a correct
implementation of the update step is needed to measure
algorithm performance. And only after we have this can
we get to developing algorithms with provably good perfor-
mance. Specifically, we note the following two properties
are desirable for the framework to have:

1. Anytime Valid Testing: The most basic property re-
quired of any framework that implements the update
step is correctness. That is, any edge that is oriented
at any timestep should be correct w.h.p. In the finite-
sample causal setting, this means that the testing frame-
work has to have anytime validity.

To see why, note that the number of samples needed
for orientation varies depends on the unknown, under-
lying edge strength. For instance, many fewer samples

. 1000
are needed to orient X; —— X5 w.h.p. compared to

.001 . . .
that of X 0001, X5. And so, anytime valid testing

is needed as hypotheses (corresponding to edge orien-
tation e.g. of X; — X5) will be tested a number of
times, where this number is unknown apriori.

2. Encoding Propagation Implications: Efficient dis-
covery algorithms under hard intervention orient edges
by considering the propagation implications of node
interventions. Intervening on an “informative” node
orients edges, whose orientations in turn propagate to
many other edges via Meek rules (Meek, 2013).

Thus in the finite-sample setting, a secondary, useful
property for the framework to have is to be able to
encode this structure, and relate hypotheses (edge ori-
entations). We note that that this structure is useful
for obtaining higher power tests. For a simple exam-
ple, consider testing X; — Xo in X; — X9 — X3.
Evidence against X, — X3 also serves as evidence
against X7 — X, since by Meek rule X; — Xy =
Xo = X3.. Xy = Xz = X = Xo.

In this paper, we develop a framework that has both proper-
ties 1 and 2. To the best of our knowledge, our framework
is the first that has these requisite properties. It perform
anytime valid testing using the collected interventional data,
with controlled error rate. That is, at any point in time
(for however long it takes for the graph to be fully ori-
ented), every oriented edge is correct w.h.p. This allows our
framework to be paired with any causal discovery strategy
(that implements the “query step”) to perform finite-sample
causal discovery.

The key observation used to develop the framework is that
causal discovery can be viewed as structured, anytime hy-
pothesis testing. The orientation of each edge in G corre-
sponds to two hypotheses, one for each possible orientation.

Algorithm 1 Causal Discovery Algorithm Template
1: Input: Essential graph G, Query algorithm A
2: while [ MEC(G)| > 1do v multiple graphs in the
Markov Equivalence Class

3 AG) = Xt > query step

4:  Observe a sample from interventional distribution
(xh, .., 2t) ~ X1, ..., Xp|do(X?) > collect new
data

5:  Test orientation of each unoriented edge using data
{(1, ..., x},)}i_; collected so far, and update G ac-
cordingly > update
step

6: end while

7: Return G

There is structure among the hypotheses due to the Meek
rules. Accordingly, our framework makes use of e-processes
for testing. This is a type of test statistics that allows for
both anytime valid testing and flexible combination of test
statistics (Ramdas et al., 2023).

Our Contributions: First, in Section 3, we develop test
statistics that is anytime valid (Property 1). In Section 4, we
consider how one may combine test statistics to leverage
graph structure (Property 2). In Section 5, we empirically
verify the validity of our framework. Finally in Section 6,
to make use of our testing framework, we develop a novel
multi-constraint bandit algorithm for causal verification.

2. Problem Setup

We consider a linear graph with n nodes, where X; =
eiTXpa(i) + u; with the set of exogenous noises U sub-
Gaussian: u; ~ subG(c?). We note that our results general-
ize to additive graphs, provided knowledge of upper bounds
on the variance of intervention distributions.

In line with the canonical setup in theoretical causal discov-
ery literature, we assume causal sufficiency and access to the
observational distribution Dy and graph skeleton G (Eber-
hardt, 2007; Hyttinen et al., 2013; Hu et al., 2014; Shan-
mugam et al., 2015; Kocaoglu et al., 2017; Ghassami et al.,
2018; Lindgren et al., 2018; Choo et al., 2022). In certain set-
tings, existing algorithms such as the PC algorithm (Spirtes
et al., 2000) can orient additional edges on top of the graph
skeleton. We note that our results are applicable to any
essential graph returned by such algorithms. For most of
our results, we are concerned with the worst-case setting
wherein we only know the graph up to the graph skeleton.
Still, our framework can be used to efficiently test and orient
the remaining unoriented edges given any essential graph.
Finally, with consideration for real-world robustness, we
also consider the setting where the graph skeleton contains
spurious edges in Section 3.4. We demonstrate that we can



Foundations of Testing for Finite-Sample Causal Discovery

construct robust test statistics that do not propagate the error
in the graph skeleton.

In addition to causal sufficiency, we also assume faithful-
ness: when a node is intervened upon, the expectation
of each of its children nodes does change. Just as in the
setup of (Greenewald et al., 2019), we consider a mildly
stronger form of faithfulness where, for every cause-effect
pair, there is a minimal causal effect b. That is, if we let
the causal effect of ¢ on j be (i) = E[X}|do(X;)], then
3 (0) # 0 = ;)] > b.

For experimentation, we assume the scientist can perform
sequential, single-node interventions with interventional
value v. In our setting, we focus on soft intervention, and
we note that our testing framework is also applicable in the
hard intervention setting, when mean-shift detection is used
for edge orientation. Let I; denote the node intervened on
at time ¢t. As in (Greenewald et al., 2019), following an
intervention on node [;, we observe one sample from the
joint distribution, Xy, ~ Pr(Xq,..., X,|do(X7,)).

Our primary goal in this paper is to design a framework
where we can use the data we collect from interventions to
construct a sequence of partially oriented graphs (G}) such
that every edge is oriented correctly at all time steps t € N
with high probability.

Definition 2.1 (Anytime-valid partially oriented graph). Let
G denote the set of oriented edges after the first ¢ interven-
tions. A sequence of partially oriented graphs (G;) is an
anytime-valid partially oriented graph if it satisfies:

Pr(3t € N : exists incorrect edge in ét) <a (1)

for some predetermined error rate « € [0, 1].

For further discussion on other relevant works and setups,
please refer to Appendix A.

3. Anytime-valid testing via e-processes

First, in Section 3.1, we show that if we are able to construct
an e-process for each edge orientation, then we can correctly
implement the update step. This is because testing using
e-processes guarantees that every edge that is oriented at
any point in time is correct w.h.p. That is, the update step is
correct across time w.h.p. With this motivation in mind, in
Section 3.2, we construct e-processes that can be used for
edge orientation. We begin with some definitions.

Definition 3.1 (Canonical Filtration). A filtration (F;)ten,
is a sequence of nested sigma-algebras, i.e., F; C F; for
all t € N. We define the canonical filtration to have ele-
ments F; = o({Xy}rey U{U}) for each ¢ € N and let
Fo == o({U}). (F) is essentially the sequence of vari-
ables observed after each intervention, and any internal

randomness in the algorithm for selecting I; for the first ¢
interventions.

Definition 3.2 (Intervention-specific Filtration). Define
(F}) as the filtration over data just from interventions on i:
Fi=0({Xk}rrep,r,—i U{U}) foreach t € N.
Definition 3.3. Define a supermartingale w.r.t. to filtration
(F]) be any process (My)ien s.t. E[M; | Fj_1] < My
and M; is measurable w.r.t. F/ for each ¢ € N. For simplic-
ity, we will always let nonnegative supermartingale (NSM)
(My) satisfy E[M;] < 1.

Definition 3.4. Define an e-process (E;):eny W.L.t. to (F7)
as a nonnegative process where there exists an NSM w.r.t.
to (F}), (My), s.t. Ex < M, for all t € N almost surely,
and E[M;] < 1. Note that every NSM is an e-process.
Equivalently, (E}) is an e-process iff it satisfies E[E,] < 1
for any stopping time 7.

The only (key) property we use about e-processes is that it
satisfies the following anytime guarantee, per Ville’s inequal-
ity. At a high level, e-processes may be thought of some-
thing that satisfies the following crucial property, which is
what enables sequential testing with provable error control.
Fact 1 (Ville’s inequality (Ville, 1939)). For any e-process
(Epien: Pr(3t e N: E, > 1/a) < a.

3.1. A general approach for constructing anytime-valid
partially oriented graphs

As mentioned previously, we may view each edge orienta-
tion as a hypothesis test. For an oriented edge ¢« — 7, we
may define the associated null hypothesis to be:

H,77 : edge (i, ) has orientation i — j in G*.

To test a hypothesis H, é_”‘ with anytime validity, our testing
framework simply requires the construction of an process
(E;77) that satisfies the following condition:

. .
Hy 77 holds = E; 7 is an e-process

Note that this framework is general and one may design test
statistics specific to the problem at hand, so long as the test
statistic is an e-process under the null. Once we have such
an (E, ), our test is ¢, 7 (a) == 1{E;7? > 1/a} and
we may test as follows:
Reject Héﬁj (i.e. claim 7 — ¢ is correct)

if .77 () = Latany t € N. 2)

Proposition 3.5. (¢! ~7) is an anytime-valid test. That is,

the procedure in (2) ensures that for all error rates o €
[0,1]:

P(H{ ™7 is rejected | Hy 7 is true) =

P(existst € N: @ 7 () = 1| HL 7 is true) < o
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Being able to construct anytime-valid test statistics is useful,
because one can use it to produce anytime-valid partially-
oriented graphs.

Using anytime-valid tests, we can construct an anytime-
valid partially oriented graph by union bounding across the
|G| tests.

Proposition 3.6. Given an anytime-valid test (©.”7), orient
edge i — j in Gy the first time @] ' (a/|G|) = 1. Then,
(Gy) is an anytime-valid partially oriented graph.

In summary, if we are able to construct anytime valid par-
tially oriented graphs through anytime valid test statistics
(such as e-processes), then we have in hand a testing frame-
work that can correctly execute the update step w.h.p.

3.2. Construction of per-edge base e-processes

One way to construct e-processes is by combing a sequence
of sequential e-values, defined as follows.

Definition 3.7. A sequence of sequential e-values (S;) w.r.t.
to a filtration (F}) under null hypothesis H is defined as
satisfying: E[S; | F/_;] < 1forall ¢ € N under Hy.

To develop a test statistic for testing hypothesis 7 — j, we
develop sequential e-values for testing H; 7.

It is natural to start by considering evidence from interven-
tional data on node ¢ and j. Both interventions provide
evidence against ¢ — j if the edge is actually j — 7. Below,
we construct e-values under do(7) and do(j), which allows
us to construct an e-process when we are given interven-
tional data from ¢ and j respectively.

Intervention on j: Suppose I; = j, under do(j), it nat-
ural to look at X;. If ¢ — j, then X} would still be mean
0, sub-Gaussian random variable, since the cause is not
changed by changes in the effect. However, if ¢ <— j, then
X} would have a shifted mean.

Thus, we define updates S, 7" (5), S{ 777 (j), which we
show are sequential e-values:
Ao}
2
() = exp (M(-x0) -

No?
)
where ();) is adapted to (F).
Proposition 3.8 (Effect on cause). For any sequence (M)

that is predictable w.rt. (F}), S;77F(4) and S;777 (j)
are both sequential e-values under H, It filtration

(F)-

Sf_)j""(j) = exp (/\tXf —

i,
St

Intervention on i: Suppose I; = i, under do(¢), the as-
sumption of minimal causal effect, b, allows us to include

further evidence. We have that H, = éﬁj +UH, éﬁj o,
where the two hypotheses are deﬁned:

Hé_’j’Jr : Hé_”‘ is true and 1, (j) > 0

Hy7P™ 2 H7 s true and p(5) < 0

That is, if ¢ causes j, then the casual effect of ¢ on j is either
positive or negative.

Since interventions result in a minimal shift of b in the mean,
we can construct the following sequential e-values:

Si77(3) = exp ()\t(b—XJ) Ao 2/2) if 1 (i) > 0,
Si797 () == exp ()\t(b+th) \o 2/2) if 17 (i) < 0
Proposition 3.9 (Cause on effect). Under the minimal

causal effect condition, we have the following:

Under H, 77", S7777F (i) are sequential e-values w.r.t. fil-
tration (F}).
Under H, é_”‘ o
tration (F}).

, SZ_”’_(Z') are sequential e-values w.rt. fil-

With these e-values, we may construct aggregate test statis-
tics under interventional data ¢ and j, which we prove are
e-processes.

Proposition 3.10. Under Hé_)j, the following processes
are e-processes w.r.t. filtrations (F}), (F}) respectively:

G+ ] 7t 6)

t

o 1 o
g6 =5 | I1 s

k:Ip=j k:I=j
1—>] 1—7,— 17, +
E; = min ( H Sy, H Sy, )
k: Ik 7 k: Ik [

3.3. Growth rate of e-processes

Suppose that it is the case that j — 7, we show that our test
statistics in Proposition 3.10 are such the test has power.
That is, it suffices to show that the test statistic will increase
under the alternative, eventually exceed 1/« and lead to the
rejection of the null hypothesis Hy, .

Below, we derive the expected growth rate, which is a stan-
dard measure of the power of an e-process test. We note
that the growth rate of (the log of) the e-values is edge-
specific. It is a function of the edge’s causal strength and
variance. Also, we note that since the log of the e-values is
sub-Gaussian, the test statistic concentrates quickly.
Proposition 3.11. Suppose the true edge orientation is
actually that j — i and WLOG p'(j) > 0. By setting

= b/o? for S;7 (i) and N, = b/a3 for 577 (i), we
have the following growth rates:
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1. Ellog S;77F(5) | Fioa] = b(ui(j) — b/2)/0?

2. E[log8;77" (i) | Fioa] = E[logSi77 (i) |
Fi-1] = b?/(207)

3.4. Robust Testing

In practical settings, the graph skeleton provided may con-
tain mis-oriented edges. In what follows, we show that it is
possible to detect and correct incorrect edges in the graph
skeleton.

Specifically, we observe that by using only the test statistic
S;77(j), our tests will be robust to spurious edges. The
proof is simply that, if neither nodes have an effect on each
other, the shift in mean is zero. Thus, both test statistics
have expectation at most 1, and are thus e-processes. From
Proposition 3.5, we then know that neither tests will reject
w.h.p. And so, we will not mistakenly orient an edge w.h.p,

when there is none there.

On top of this, we can then use the non-conclusiveness
of both tests, after sufficiently many rounds, to correct an
incorrectly specified edge. Indeed, when there is an edge,
we should expect one of the two tests to reject within a
bounded number of rounds with high probability. Thus, if
we know a lower bound for the edge size, then we can use
the non-rejection of both tests after sufficiently many rounds
to determine that the edge is spurious. Indeed, if there is an
edge, one of the two tests should have rejected w.h.p.

We now derive this bound as follows. For a sequence of
sequential e-variables (.S;), define 7, = min{t € N U
{00} : [Th—; Sk > a~'} to be the first time ¢ € N where
the product of S; exceeds a~* for any « € [0, 1] (or oo if
S; never exceeds a1).

Proposition 3.12. . [fthe edge j — 1 is the true orientation
in G, then each of the the following statements hold true
with probability 1 — (3 for each 8 € [0, 1]:
1. For (S:777(4)), we have that 7o < %.
. . 0_2 o Dl_l -1
2. For (SI77% (i), we have that 1o, < w

Thus, these sample complexity results provide high prob-
ability upper bounds on the process corresponding to the
product of sequential e-variables.

Please refer to Appendix B for the proofs of all results in
this section and experiment plots.

4. Combining edge e-processes according to
propagation rules

In this section, we study the theory of combining anytime
valid e-processes, developed in the previous section. Recall,

these test statistics (as in Proposition 3.10) were constructed
for testing a single edge, in isolation. However, implications
of Meek rules can allow us to propagate evidence from other
edges to our edge of interest.

Importantly, this means that for testing ¢ — j, it is possible
to make use of interventional data from not just nodes i, j.
As we will show, e-processes can be flexibly combined
and allow for propagation rules to be encoded into the test-
statistic to take advantage of this structure.

Firstly, we observe that each Meek rule may be viewed as
being one of two types of logical implications. Let 79 —
Jo,%1 — J1,%2 — jo be directed edges in the graph. Meek
rules are of two forms:

11 — j1 = 9 — Jjo i.e., propagation of a single edge.(3)
(jg—)ig/\j1—>i1)2>jo—>i0
i.e., propagation of two edges to a single edge. (4)

Taking the contrapositive (CP) of Rule (4) results in the
following rule: iyg — jo = (ig — jaVip — j1>

Lemma 4.1 (Meek rules imply hypothesis conjunc-
tion/disjunction). For any edge orientation hypotheses
H* 770 Hy 77 Hy? 772, we have that

Héo—>jo _ Héo—% o) Hél_’jl by Rule 3
Héo—u'o _ Héo—m'o N (Hél—ﬂ'l U HéQ_”é) by CP of Rule 4

This is useful, because under Rule 3 for example, testing
19 — Jo 1s equivalent to testing ig — jo and i1 — j1. Thus,
we can use evidence from ¢; — j; to reject 9 — jo, which
increases the power of testing i — jo.

In light of this observation, it is useful to enumerate ¢y —
Jo’s implications, to to obtain additional evidence for testing.
Intuitively, the more implications an edge (hypothesis) has
(due to propagation rules), the more ways there are to verify
this hypothesis, since it only takes one false implication to
reject a hypothesis. In the next subsection, we develop an
algorithm that recursively enumerates these implications.

4.1. Enumeration of implications of an edge orientation

In this subsection, we develop an algorithm, Algorithm 2,
for enumerating the “extended hypothesis” implied by the
original hypothesis corresponding to the edge orientation of
interest, ¢ — 7. This algorithm allows us to operationalize
the Meek rules and enumerate edges that are implied by the
null hypothesis, i — j.

In the algorithm, a tree of edges is recursively expanded
to enumerate all the edges implied by the root edge. To
emphasize, the tree we refer to in this section does not refer
to the causal graph (which need not be a tree), but rather a
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Algorithm 2 Enumerating edges implied by Meek rule for
a given edge orientation

Require: Essential graph G, hypothesized orientation ¢ —
J-
. Initialize empty tree 7', insert edge 7 — j as root.
: while exists root to leaf path P such that the oriented
edges in P imply new edge via a Meek rule in G do
3:  if Meek rule of the form (3) or (4) propagates a single
new edge ¢/ — j’ not in P then

N =

4: Append i" — j' to the leaf node of P.
5.  endif
6:  if Meek rule of the form (4) propagates two new

edges i1 — j1, 22 — j2 both not in P then

7: Add ¢; — j1 and i9 — jo as children of the leaf
node of P. > do not include the pair if at least one
of the edges is on the path

end if
end while
10: Return tree T where each path from root to leaf P is a
set of edges that are implied by ¢ — j.

2o ®

representation of the logical implications that are implied
by the root edge.

Let T/ be the tree constructed by applying Algorithm 2.
A path in a tree T' is the set of edges encountered by travers-
ing T from its root to a leaf node.

Definition 4.2. For a tree T, define the logical implications
represented by 7" as follows:

HMm= |J () H .

PEP(T) i'—j €P

Proposition 4.3. Algorithm 2 satisfies the following proper-
ties:

* (Soundness) Algorithm 2 is sound and does terminate.
e (Correctness) Let T* ™7 be the resultant tree of Algo-
rithm 2, then:

i) _
H7 =

U 0o

PEP(Ti—i) i/ —j €P

Remark 4.4. As we prove in Lemma C.2, we can stop the
tree expansion in Algorithm 2 after any number of applica-
tion of Meek rules. The corresponding tree 7" would still be
valid (Ho(T') = Hy 7). That is, we need not exhaust all im-
plications based on the Meek rules. This is useful because
one can trade off between the power of the test, and the
time/space complexity of a more complicated tree/test statis-
tic. Testing with fewer implications results in lower power,
but has the benefit of being easier to track and evaluate.

4.2. Conversion of expanded hypothesis into an
e-process

Having enumerated other edge orientations implied by the
original edge orientation, in this subsection, we show how
to convert these logical relationships into an “extended” e-
process useful for testing.

Given a logical tree T/, we first design an e-process
corresponding to a particular path P € 777, Let V be the
set of all nodes in the graph. Let A% denote the probability
simplex on d-dimensions. Let P(i) = {i = j:i — j €
P,i =1i"V j =i} be the set of edges on path P with one
its vertex node 7'. We can now construct a corresponding
e-process which is defined as follows.

Proposition 4.5. Let (E} 7 (i)) be an e-process w.r.t. (F})
under Hy . For a path P, define:

Bl =exp max log E; 77 (i)
£ imieP()

_% -log(2|Ty (t)| — 2)) ’

Then (EF) is an e-process w.r.t. (F;) under HY.

Having defined the e-process corresponding to some path
P € T'7J, we may now define the e-process corresponding
the full tree 777 as follows.

Proposition 4.6 (Correctness of combined e-process). De-

fine:

E;7 = min EF.
PeP(Ti—7)

i i
Then, (E;”"7) is an e-process when H\ "7 is true.

Theorem 4.7. For any sequence of interventions (I;) pre-
dictable w.rt. (F;), let Gy be the partially oriented DAG
where the test for each orientation is defined as follows:

o =1{E; > |G|/a}.
Then, (@t) is anytime-valid orientation (as defined in (11)).

4.3. Additional power in combined test statistics

We note that Proposition 4.6 applies to any expanded 77
tree, which includes the tree without any expansion i.e.
T=3 = (i — j). So does an expanded tree lead to higher
power? We note that an increase in power depends on the
graph: for instance, if a graph comprises of only isolated
edges, no additional power can be gained from propagation.
Below, we present one instance where we can prove that the
power of the test is sizably larger, thus providing a concrete
example showing the value of combining evidence.
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Proposition 4.8. Consider an uniform intervention policy
over nodes [n|. There exists a graph and edge i — j,
such that the expected growth rate (i.e. power) of log E, 7
under the fully expanded tree T~ is Q(|G|) times that of
log E, 7 under the non-expanded tree (i.e. just the single
edge i — j).

Please see Figure 15 of Appendix F for an illustration of a
simple n-node chain graph, wherein additional power can
be obtained due to Meek rules. Please refer to Appendix C
for the proofs of all results in this section as well as time
complexity analysis of the proposed algorithms.

In closing, we note that this approach to test statistic combi-
nation can apply more broadly to other structured hypothe-
sis testing settings, wherein there are logical relationships
(Meek rules in this case) relating the hypotheses.

5. Experiments on fixed-time versus anytime
methods

To illustrate the usefulness of anytime valid tests, we com-
pare our anytime-valid test statistic (as in Section 3.2)
against a fixed-time test statistic across a variety of graphs.

Graph Setups: We consider two classes of graphs. (1)
Erdos-Renyi graphs with varying number of nodes and den-
sity (n, p) € {10,20,30} x {0.3,0.5} (2) tree graphs with
n € {10, 20,50, 100}. These are used to generate the graph
skeleton. The SCM of the graphs is linear Gaussian; the
edge strengths are randomly sampled from max(U|0, k], b),
where k is the upper bound.

Fixed-time Baseline: We consider the following p-value
that corresponds to the two-sided z-test for edge ¢ — j. The
hypothesis test involves checking if the test statistic is below
the acceptance threshold ﬁ (from union bound).

Letp] = S X770 = S Xi LetTy(t)

kET; (t) kET; (t)

be the number of times we have intervened on ¢ at time ¢.
Define the fixed-time p-value baseline as:

N N O I B )
ARCIE
VITj ()] var X; + |T;(t)| var X

where @ is the Gaussian CDF function.

Proposition 5.1 (P;”7 is a p-value). P,/ sarisfies
P(P,77 < s) < sforalls € [0,1] and t € N under
H.

Experiment Configurations: In the experiment, we fix
b = 0.1, variance 1 and the interventional value v =
1. We vary the number of interventional samples €
{100, 500, 1000, 5000, 10000}, tolerated error rate o €
{0.1,0.2} and edge strength k£ € {0.1,0.2,1,2,10}, all

of which affect hypotheses testing (i.e. number of orienta-
tions). Fixing a particular setting, we simulate 20 trials to
compute the mean and standard deviation.

We plot two metrics. The most important is the mis-
coverage rate, which is defined to be the number of trials
wherein the test statistic returns at least one falsely oriented
edge. That is, the percentage of time that an update step that
uses this test statistic is wrong. Alongside miscoverage, we
also plot the number of oriented edges. This indicates the
informativeness of a test statistic, as indeed a test that never
rejects can trivially achieve 0 miscoverage rate.

Comparing anytime vs fixed-time: In the interest of space,
we present results under the ER graph with (n,p,a) =
(30,0.5,0.2) in Figure 1. Overall, we observe the following
trends in our experiments.

Miscoverage: In every setting, we find that our testing frame-
work achieves miscoverage rate below « (line in green), thus
validating our theoretical anytime guarantee. On the other
hand, in a number of settings, we observe that the fixed-time
statistic leads to high miscoverage rate.

Number of Orientations: The reason for the high miscover-
age seems to be that the fixed time test statistic is not conser-
vative enough to control the error rate. The anytime test is
more conservative in orienting fewer number of edges, so as
to attain error control. Note that this control is important in
preventing spurious edge orientations, which would then be
fed back into the query step as an erroneous representation
of the partially oriented graph.

Comparing combined e-values vs base e-values: We also
conduct an experiment comparing the combined e-values
(Section 4) against the base e-values (Section 3) in a chain
graph, where we expect the combined e-values to be helpful.
We find that combining e-values is more useful in large
data/graph regimes, while the light-weight, base e-values
are more effective in small data/graph regimes.

Please refer to Appendix D for all experimental results.

6. Optimizing test statistic for causal
verification

Once we have an anytime valid test framework that cor-
rectly implements the update step, we can turn to designing
query strategies that minimize sample complexity under
this framework. Towards this goal, we consider the task of
causal verification, which acts as a stepping-stone towards
causal discovery. Knowing how to optimally intervene to
verify a known graph is an useful building block for under-
standing how to optimally intervene to learn an unknown
graph. In this section, we develop a novel querying algo-
rithm with provable guarantees that we believe can be be a
stepping stone to more practical algorithms. To do so, we
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highlight a connection between finite-sample causal verifica-
tion and the structured bandit literature (Badanidiyuru et al.,
2018), by demonstrating that causal verification reduces to
multi-constraint bandit optimization.

To recap, the goal of active verification is: given knowledge
of the true graph, verify the edge orientations, while mini-
mizing the expected number of samples needed to conclude
that each edge orientation is oriented as in the graph w.h.p.

Problem Setup: Formally, construct an intervention policy
that (adaptively) intervenes on nodes Iy, ..., I such that the
the expected stopping time E[7] is minimized, where 7 is
defined as the earliest time step such that every hypothesis
corresponding to incorrect orientation j — ¢ is rejected.
That is, Vj — i, B2~ > |G|/«

6.1. Construction of test statistic for causal verification

Since the SCM is known in verification, all edge strengths
are known. This allows us to construct a more simplified
test-statistic than that of Proposition 4.5.

Consider some incorrect orientation j — <. Let its logical
tree be 77 %, With full information, it is natural to construct
a test statistic for ; — ¢ by including only the e-value
with the highest expected growth rate. Define S} (P, I;) =
Sy 7 (Iy) for e*, s* = argmax cp(r,) se(s} EIS*(I1)]-
This represents the edge and sign e-value with the largest
expected growth-rate under intervention Iy, out of all the
possible e-values of edges in P([;).

With this, we may define a test statistic with the
highest expected growth rate under intervention i’ as
Ef7Ui) = Tlpg,—o Si(Pi'), path test statistic as

Eff = exp ( > log E:j_’i(i’)> and full test statistic
eV

as E;77" = minpep(ri—iy) E; Y. In what follows, we will

make the assumption that X; is a bounded r.v. with b, v

such that log S} (P, I is positive (as arm rewards are usually

assumed to be positive in bandits literature).

6.2. Reduction to multi-constraint bandit optimization

Having defined E;*, causal verification then corresponds
to choosing an apt intervention policy that jointly optimizes
E;7™" for every incorrect orientation j — i, and only inso-
far as to have E;” " exceed a threshold, |G| /. To solve
this problem, we observe that causal verification reduces to
multi-constraint bandit optimization, defined as follows.

Multi-constraint bandit optimization: An instance is pa-
rameterized by n arms, m constraints and budget b:

e There are T' rounds for 7" a specified time horizon.

* At round ¢, the algorithm may pull an arm z;, yielding
a “gain” vector, where r, ~ D, for r,, € [0, M]™

* There is a known threshold b € R* on the aggregate
gain of each constraint.

* The interaction terminates at the earliest round 7, when
> i_1 Tz, > b-1 (aggregate gain of every constraint
exceeds b), or at the end of the T'th round.

The goal of the algorithm is to minimize the total expected
cost >_'_, ¢, (node intervention cost ¢, is set to 1).

Reduction to multi-constraint bandits: We observe that
the test statistic for each path P € P(T77%) grows addi-
tively in the log of e-values log S} (P, I1,):

EJ7 > |Gl /a e VP e P(T°7Y), E/Y > |G|/
t
& VP e P(TV7%),> log S;(P, 1) > log(|G|/a)
k=1

Thus, given a causal verification instance, we may instanti-
ate a multi-constraint bandit instance as follows:

1. Arms: define n = |V/| arms, each corresponding to a
node intervention in the graph.

2. Constraint: define a constraint corresponding to every
(P, ") pair, for path P € 777" and intervention i’ € V.
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Algorithm 3 Causal Verification as multi-constraint bandits
Require: threshold b; time horizon T'; for each node x,
known expected gain vector 7, € [0, M]™ >
for node x, this vector’s entries are the expected growth

rates under intervention on node x (E[log S*(P, x)] of

every path P of every logical tree T77")

1: In the first n rounds, intervene on each node once
2: Initialize v; = 1 € [0, 1]™
. _ Mlnm
3: Sete = i
4:

while 3! 7., <b-landt < T do > not all
tests have concluded, since not all test statistics have
exceeded b

5:  fornode z € [n] do

6: Set weighted total gain g, = 7 - v,

7:  end for

8: Intervene on node x; = argmax,cx g, With the
highest weighted gain

9:  Receive vector r,, whose entries are realizations of
random variables log S*(P, z) of every path P €
T77% of every tree T7 %

10:  Update v; entry-wise with normalized r,, where its
ith entry changes as follows:

vt (i) = o) (L = O, € = 1, (6) /M

11: end while

Thus, the gain of pulling arm 7’ € V corresponds to a
vector of realizations of random variable log S* (P, ')
of every path P € TV~ of every tree T7 7",

3. Set the threshold b = log(|G|/a).

Guarantee: We develop Algorithm 3 that attains provable
guarantees in the multi-constraint bandit setting, which ap-
plies immediately to the causal verification setting via the re-
duction. Let OPT be the expected total number of interven-
tions needed by the optimal dynamic policy. Let REW,,;
be the algorithm performance of Algorithm 3, which is the
expected number of interventions such that every incorrect
orientation test statistic exceeds b. Then, we have that:

Theorem 6.1. The regret of Algorithm 3 is:

C30 Yo

—I—(N)(]V[Z\)/T—i-nM).

~ (M
REW,,: — OPT <O (b +

To provide some intuition, in Algorithm 3, one may view v
as a varying, weighting over each constraint. Each round,
the algorithm greedily pulls the arm whose sum of weighted

expected gain is the largest. After a round, if a constraint has
seen a sizable increase, then its weighting in v is reduced.
This adaptive re-balancing then allows for an arm selection
that focuses more on increasing other constraints, which are
further away from exceeding the threshold b. Please refer to
Appendix E for the proofs of all results in this section.

7. Conclusion

We develop a general, anytime valid testing framework that
can correctly implement the “update step” needed in finite-
sample causal discovery. Using this framework, we develop
a multi-constraint bandit algorithm for causal verification.
Overall, we believe our results serve as an useful stepping
stone towards making further progress on causal discovery
and more broadly structure learning, in the real world.

Impact Statement

This paper presents work whose goal is to advance the topic
of causality, primarily geared towards capturing the statisti-
cal sample complexity of causal discovery. To the best of
our understanding, there are no societal consequences of our
work which we feel must be specifically highlighted here.
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A. More Related Works

Finite-Sample Considerations in Causality: The three papers most similar in motivation to that of ours are: Greenewald
et al. (2019), Wadhwa & Dong (2021) and Acharya et al. (2023). Like Greenewald et al. (2019), our paper is similarly
motivated by finite-sample considerations that exist in real-world settings, where the collection of interventional data (e.g.
RCTs) is much more difficult and costly than that the collection of observational data. As such, we also assume that infinitely
many observational samples are available, while only finitely many interventional samples can be obtained. (Wadhwa &
Dong, 2021) is concerned with the sample complexity of causal discovery, albeit that of learning the equivalence class, and
not the actual graph, given only observational data only. Finally, (Acharya et al., 2023) is also concerned with finite-sample
causal discovery via testing. They study the two node setting, and assume both finite interventional and observational data,
which are contrasted in the paper.

While our paper’s goal of studying finite-sample causal discovery is the same as those of Greenewald et al. (2019); Acharya
et al. (2023), our paper differs in focusing primarily on the update step. Additionally, our testing framework is applicable
in general graphs, going beyond the two-node or tree settings. Different from (Greenewald et al., 2019), we study soft
interventions instead of hard interventions, thus introducing the need to consider the strength of edges, as edges with weak
causal strength require more samples to orient. Different from (Acharya et al., 2023), we study how to propagate edge
orientations in hypothesis testing, which is needed when the graph comprises of more than two nodes and a single edge.

Causal Verification: Causal Verification is a well-known task in causal discovery. Besides having practical applications
(e.g. verifying a scientific conjecture corresponding to some causal graph structure), it has the theoretical benefit of better
understanding the lower bound that underlies any active causal discovery algorithm (Squires et al., 2020; Porwal et al., 2022;
Choo et al., 2022).

Bayesian causal discovery: There has also been a line of work in Bayesian causal discovery, wherein one uses interventional
data to update the posterior over all graphs (Agrawal et al., 2019; Toth et al., 2022; Tigas et al., 2022). Since the set of all
graphs in the MEC may be prohibitively large, approximation methods are used to sample from the posterior, making less
clear what provable guarantees one may be able to provide about such methods.

Functional Causal Discovery: Further afield, there has been a sizable number of paper that leverage specific functional
forms of graphs for orientation, using observational data only. Examples of such methods include (Shimizu et al., 2006;
Hoyer et al., 2008; Zhang & Hyvarinen, 2012). Interested readers may refer to for example (Glymour et al., 2019) for a
more complete survey of this line of work.

Bandit Multiple-Testing: The closest type of methods in the bandit literature are those dealing with multiple testing
(Jamieson & Jain, 2018; Xu et al., 2021). Current work on bandit multiple testing differs from the methods in this paper
in two significant ways: (1) bandit multiple testing is primarily focused on controlling the false discovery rate (FDR) and
(2) methods lie in the typical hypothesis testing problem setting where one can only reject a hypothesis — in the causal
discovery setting, each unoriented edge will be one of two directions, and the negation of one implies the other — hence the
relationships between the hypotheses require methods that will derive a certain conclusion for each unoriented edge.

Necessity of Non-Negative Martingales: (Ramdas et al., 2020) proves that under a suitable definition of admissibility, all
admissible constructions of test statistics for any-time sequential inference must necessarily utilize nonnegative martingales.
This shows that the martingale test statistic we construct is in some sense of the “right form”.

B. Deferred Proofs from Section 3

¢
Lemma B.1. Let M; := [] Sk. Then, (M) is an NSM w.r.t. filtration (F;) under Hy.
k=1

Proof. The conditional expectation of M, is as follows:

t—1
E[M; | Fia] = B[S | Fooa] - [ Bx = E[Si | Fica] - Mooy < My,
k=1
where the inequality is by definition of S; being a sequential e-value for each ¢ € N. O

11
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B.1. Deferred Proofs from Section 3.1

Proposition B.2. (¢, i=J ) is an anytime-valid test, that is, the procedure in (2) ensures that

P(H ™ is rejected ) = P(exists t € N : ot 77 (a) = 1) < o when Hy 7 is true for all o € [0, 1].
Proof.

P(exists t € N : ol 77 (a) = 1|H;77) = Pr(exists t € N: M; ™7 > 1/a|H,77) (by definition of ¢!/ (a))

< «a (Ville’s inequality, because under H 7 is true = (M — ) is an e-process)

O

Proposition B.3. Given an anytime-valid test ('), orient edge i — j in Gy the first time ¢}~ (a/|G|) = 1. Then, (Gy)

is an anytime-valid partially oriented graph.

Proof. Let the final oriented graph be G.

P (exists t € N : exists oriented edge in G, not in G*) < Z P (exists t € N : orientedge i — j A j — iin G*)

z‘—)je(?

= Z Pr(exists t € N: ¢! 7" (/|G|) = 1A j — iin G¥)
i—>jeé

< Z a/|G| (by Proposition 3.5)
i—»jed

=a (%)

O

B.2. Deferred Results from Section 3.2

Proposition B.4. For any sequence (\;) that is predictable w.r.t. (F1), Si777(5) and Si777 () are both sequential
e-values under H. 7 w.rt. filtration (F}).

Proof. At time t with I; = j, under Héﬁj , we have that £ X7 | ]—'tj_1 is a mean 0, o7-sub-Gaussian random variable. We
work through the X7 case, and the — X case follows analogously. From definition, its MGF is such that:

20.2

2,2
Blexp(0x))] < exp (252 ) < BISTI0) | ) = Bl ()] = e (X - 275 <1

Proposition B.5. Under the minimal causal effect condition, we have the following:
Under H, 7", SI79% (i) are sequential e-values w.rt. filtration (F}).

Under Hy ™7™, {777 (i) are sequential e-values w.r.1. filtration (F}).
Proof. We prove the first statement, and the second follows analogously. WLOG (i) = E[X7 (i)] > b. We have that:
E |exp (M0 = X{(0) = 0}/2) | Fia| <1 BISy () | ALy = ElS; ()] <1

since b — X7 (i) | Fy_1 is a 02-sub-Gaussian with nonpositive mean b — E[X7 (¢)].

12
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Proposition B.6. Under Héﬁj , the following processes are e-processes w.r.t. to filtration (]:g ), filtration (F}) respectively:

G =g | T soo+ I som), B0 = min( II s . 11 Sffj’*(i>>

k:Ik:j k:]k:j k:Ik:i k:Ik:i

Proof. + (E/77(j)) is the average of two processes

MrG)y = [I si7*G),  MiGy= [ S 6)
]{)ETj(t) kETj(t)

By Proposition 3.8, each of these processes are the product of sequences of sequential e-values (w.r.t. to filtration (]-'tj )
under H; 7, ice., (S, 777 ) and (S} "/'"). This implies that they are NSMs by Lemma B.1, and hence also e-processes

w.r.t. to filtration (F7).

To show that the average of these two e-processes is an e-process, we introduce the notion of a stopping time, and note
the following e-process equivalence.

Definition B.7. A stopping time 7 € N w.r.t. a filtration (F])ten is a random variable that where 1{r = t} is
measurable w.r.t. F;.

Further, we use the following fact about e-processes from (Ramdas et al., 2020).

Fact 2 (Item (vi) from Lemma 6 of Ramdas et al. 2020). (E;) is a an e-process w.r.t. to a filtration (F) iff it is
nonnegative and E[E;] < 1 for all stopping times 7 defined w.r.t. (7).

Now, we get that, for any stopping time 7 defined w.r.t. to filtration (]-'tj ):
i 1 . .
E[E;7(5)] = 5 (B[MT(5)] + E[M (7)) < 1,

where the last inequality is by (M;" (7)), (M; (j)) being NSMs defined w.r.t. to filtration (F7).

+ Now, we will prove (E; 7 (i)) is also an e-process. Since H{ 7 = Hy " UHS 77, if H; ™7 is true, one of H{ /"

or H.77~ holds. Without loss of generality, let H; """ be true.

Here, the processes under consideration are now:

MGy = J[ s ), M7= ] S 6.

kET; (t) kET;(t)

We will show that M;" (i) is an NSM w.r.t. to filtration (F}), which implies that M, 7 is an e-process since M; "7 <
M, (3) for all ¢ € N almost surely.

When I; = ¢, by Proposition 3.9, Sf_’j’Jr(i) is an e-value and so:

E[M (i) Fea] = B[S, ()| Foma] - MiEy < M.

Finally, we check that when [; # i, we have that:

E[Mt+(i)|ft—1] = Mttl < Mttl'

And we note that at the base case ¢t = 1, for the NSM, we have that:

E[M;"(i)] = B[S/ (0)] < Lor E[M; (1)) = 1

13
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B.3. Deferred Results from Section 3.3

Proposition B.8. Suppose the true edge orientation is actually that j — i and WLOG pi(4) > 0. By setting A = b/a? for
Sy (i) and X = b/a? for Sy (i), we have the following growth rates:

1. E[log S 77 (5) | Femr] = bps(§) — b/2)/0?
2. Ellog S; 777 (i) | Fooa] = Ellog S; 77 (i) | Fooa] = 0%/(202)

Proof. We analyze the growth rates of each case separately:

1.
o ) A2o2
Ellog ;77 () | Fiea] = A (B [X} | Foma]) = =
b b?
= JTQM(J) T 207
_ b(mi(4) —b/2)
o2

K2

2. We have that:

Ellog S; 7 (i) | Fio1] = M £ E[X] | Fioi]) — A202/2
= b — \202/2
b2

=_—.
20j

O

Remark B.9. We note that var(X;) in any interventional distribution is identified, and the same as varp, (X;). This allows
us to put in the exact multiplier for A% /2 in the the NSM.

From Linear Graphs to Additive Graphs: We note that our setting may be generalized to additive graphs, when given an
upper bound on the variance of variables in the interventional.

This is because, to set the appropriate \ for sequential e-values, we only need to have knowledge of b and an upper bound on
the variance interventional distribution. With this, we could set a rate such that the growth rate is positive as in the power
analysis above.

Proposition B.10. Ifthe edge j — i is the true orientation in G, then each of the the following statements hold true with
probability 1 — j3 for each 3 € [0,1]:

1 For (S}779° (7). we have that 7y < *Lie8(e 100,

S 2 —15-1
2. For (S]77%(i)), we have that o, < %

Proof. We prove this explicitly for S: 7 F (j) and other results for (Si7*(4)) follow similarly.

6
Let M; .= [] S, 7" (j) as follows.
k=1

- . A2o?

M; = exp (Z)\th -5 z)
k=1

= exp(t(Ai(j) — A?07)) - exp (Z X — (i) + 2 > .

2
k=1

14
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| -] -
S N R

Figure 2. The four meek rules for propagating oriented edges.

. 2 2 .
Now, we note that exp <ZZ‘=1 “NXF = () = 2 o ) is a nonnegative supermartingale since X} — p;(j) are i.i.d.

af—sub-Gaussian random variables with mean 0. As a result, we know that
My > exp(t(A\i(j) — N07)) - B
for all t € N with probability 1 — 3 by Ville’s inequality. If we set A = b/o?. We get that

ollog(a™'p™)
b(pi(j) —b)

implies M; > a~! with probability 1 — 3. This concludes our desired result. O

<t.

C. Deferred Proofs from Section 4

Lemma C.1 (Meck rules imply hypothesis conjunction/disjunction (general)). For any edge orientation hypotheses
Hy77 Hy 77 H2 772, we have that

HY = H79 nH ifi—j=i1—j1
H9 N Hy' 7 = Hy 7/ 0 Hg ™9 H ifi—jNiy = 1 =iy = ja
H77 = H77 0 (HY 77 U HR 2 ifi— =i — j1 Viag —

Proof. The results follow from an application of the logical rule that if A = B, then A = AN B.

For the first rule, we get the following implications:
H7 ©i—jinG* =i —j;inG" < HM
For the second rule, we can show its true by the following derivation.

H77NHYY <i— jandip — 1 in G* = iy — jo in G* & HR2772,

For the last rule, we can derive the implication as follows:
H77 i —jin G
=11 —)jl inG*\/i2 —>j2inG*

1171 12— ]2
< H, UH, .

15
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C.1. Deferred Results from Section 4.1

Let P(T") denote the set of paths in 7". The following lemma proves the correctness of the “extended hypothesis” generated
by Algorithm 2.

Lemma C.2. Given some tree T, let T be the tree that results from applying a single Meek rule to T, i.e., through either
Algorithm 2 or Algorithm 2 in Algorithm 2. Then, Hy(T) = Ho(T").

Proof. We perform a case analysis depending on the Meek rule (as defined in (3), (4), (4)) that is applied to T'. Let the path
in T that is expanded be P.

1. In the case of (3) or (4), there exists a single path P’ = P U {i’ — j'} € P(T") such that
P(T') = P(T)\ {PYU{P'},
i.e., the only difference between T and 7" is that path P gained a child i/ — j’ to become P’. We have that:
N H7 = () #7 | nH, 7 = () Hy. 6)
i—sjepP i—sjep i—jep’

where the first equality is from Lemma 4.1. Hence, we get

HO(T/)Z U ﬂ H(v;—>j: U m Hé—>j U ﬂ Hé—n'
PEP(T) i—jEP PeP(T)\{P'} i—jcP i—jep’
@ 1—7 — 7
U nmr)elnom
PeP(T)\{P}i—j€P i—jeP
= Hy(T).

where equality (a) is by P(T”) \ {P'} = P(T) \ {P} and (6).
2. In the case of (4), we know that there exist two paths Py, P, € P(T") such that P| = PuU{it = 4|} and

Py =PU{i, — j4}, where P € P(T) and P(T") = P(T) \ {P} U{P], P3}.

Further, by Lemma 4.1, we know that:

ﬂ Hi7I = =ity fia—de,
i—sjeP
Hence, we get the following equality (using the logical relation AN (BUC) = (AN B)U (ANC)):
N o= N o n@Eromen = (0 ome) ol 0 ome] o
i—jepP i—jep i—jep i—jEP;

From this, we obtain

Ho(T') = U ﬂ H~I | U ﬂ H~ | U m i
PeP(T)\{P], P} i—jeP i—jEP] i—jEP)
= U (N #7|u| ( #|u| (| H#
PEP(T)\Pi—jeP i—jep] i—jEP;
(since P(T") \ {P[, P;} = P(T)\ {P})
= U N #ajul N e (by (7)
PEcP(T)\Pi—jeP i—sjeP

= Ho(T).
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Proposition C.3. Algorithm 2 satisfies the following properties.

e (Soundness) Algorithm 2 is sound and does terminate.

* (Correctness) Let T* ™7 be the resultant tree of Algorithm 2, then:

U B o Wl

PEP(Ti—~i)i'—j'€P

Proof. Soundness: We note that a Meek rule cannot introduce a novel edge to a path in the tree if the path is of length | F|
and already contains an orientation for each possible edge in G. And so, the algorithm must terminate since each root to leaf
path’s length is bounded. This in turn means that so is the depth of the final tree 777,

Correctness: This follows from Lemma C.2 that each added edge(s) maintains the invariant that the logical expression
corresponding to the tree is equal to H 7.

O

C.2. Deferred Proofs from Section 4.2

Proposition C.4. Ler (E; (i) be an e-process w.r.t. (Fi) under Hy . For any path P C € define

EF =exp max log B} (i)
£ imieP(@)

_% -log(2|Ty (t)| — 2)) ’

Then (EF) is an e-process w.r.t. (F;) under HY.

We are able to justify that (E[) is an e-process by constructing an NSM that upper bounds E}”. We begin with the following
fact.

Fact 3 (Theorem 2 of Cover & Ordentlich (1996)). Define x; € ]Ri to be a d-dimensional nonnegative real vector for each
t € N. Then, there exists a sequence of weight vectors, (w;), where w; € A? and wy is solely a function of (Xk)keft—1 for
each ¢t € N, such that

¢ t
d—1
log (]}_[1 W]IXt) > max log <H WTXt> — T . 10g(2(t + 1)) forall € N.

Ad
wE el

Proof. For each e-process BT (i), let M7 (i') be the corresponding (F; )-NSM (under Hj, /) such that E} 7 (i') <
M, 77 (i") for all t € N almost surely. Now, define

M7 ift=1

AMZ_}j(i/) - LMJ(J) if szlj (i") =0,
MT@) otherwise

For ¢t > 2, we have that:

E(M; ™ ()| F{ 4]

E[AM; ()| Fi 4] = —_—
' . M7 (i)

<1

17
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as a result of M; i) being an NSM. And so, (AM; 79 (i')) is a sequence of sequential e-values with respect to the
filtration 7} . And E[M 7 (i')] < 1 by Definition 3.3.

Furthermore, we use the following lemma.

Lemma C.5. M, 7 (i') is a NSM and (AM; 7 (i')) is a sequence of sequential e-values under (F;) as well.

Proof. The filtration (F; v ) is important here, since this implies that
M7y = M} 77 (i) and AM 7 (¢') = 1if I, # 4, (8)

as M, I (i) is F ¥ _measurable (i.e., a function of samples from 7') for each ¢ € N.

Note that for each ¢t € N,
X 1L Foy | L. )

We will now show that E[AM; 7 | F,_1] < 1, i.e., is a sequential e-value under (F;). This is trivially true if I; # i, so we
consider the case where I, = 7',

EAM™ | I, =i, Foy] =EB[AM; 7 | Fy L =i, | F
JEV.j#V
=E[AM | Fl L, =i <1.

The first equality is because JF; = ]-'ti/_l uy eV it ‘7:,‘57;1. The last line is by (9) and AMZ — being a sequential e-value
under F/ ;.

O
Let AM, (') be the vector of AM; 7 (i’) indexed for each i — j € P(i’). Now, we utilize the following regret bound

from Fact 3, which implies that there exists a sequence of weights (w;) predictable w.r.t. (F;) such that we can define the
following process:

t t
MFP = H wj] AMy,(I1,) = exp <Z 1og(w,;rAMk(Ik))>
k=1 k=1
= exp Z log H wj AM, (i) (collecting terms across [, € V)
eV KET,/ (1)
@ |P() -1
T —_———_, . - J—
> exp Z werilffi N I w'aMi(L) : log(2(|Ty (¢)| — 1))
keT;/ (t)
®) PN -1
Zo [ Y0 max o | T whaMi() | - PO oggaq o) - 1)
irey WEA ke(t]
(©) L P(i)] —1
> exp max log M,/ (i) — P =1 log(2(|T (t)| — 1))
=, imIEP() 2
P~ 1
> PGy ‘7 , _
> exp (Z‘/Hﬁ%"(mlogﬂ (i") 5 log(2(|Ti ()] - 1))

Inequality (a) is a result of Fact 3. For equality (b), we note that AMy(i’) = 1 (i.e., the vector of ones) for each
k & Ty (t), as a result of (8). Consequently, is we can change the index of the product from 75 (t) to [t], since multiplying

18
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byw'l =1 does not change the product. Inequality (c) is because the elementary bases is a subset of A'Af" and
[rer, @) AM,; 77 (i") = M, (i) due to telescoping product. The last inequality is by definition of M, 7 (i') > E; 7 (i/)
forall't € N.

Now, we only need to show that M} is an NSM w.r.t. (). Recall M = [T,cr, () Wi AMy(I),). We have that:
E[M{|Fia] = Elw AM(L) | Feor] M7,

Thus, it suffices to show the following:

E[W:AMt(It) | ft_l] < 1 under Hép (10)

We know the following is true under H!:

Efw! AM, (L) | Feoal = Y wi PBAM /(L) | Fioa) < > w7 =1

i—jEPT, 1—=jEP,

The inequality is by definition of AMZ I of being a sequential e-value (under (F3)) under HS_)j ,whichholdsasi — j € P
and H{ holds by assumption. The last equality is by w; € AlAnl,

Thus, we have shown (10) and proven our desired result.

O
Proposition C.6 (Correctness of combined e-process). Define
E77 .= min EF.
PeP(Ti—d)

o o
Then, (E,""7) is an e-process when Hy " is true.

Proof. By the definition of P(T"77):
I Yt S P I
PEP(Ti~)

Thus, if H{ 7 is true, then there exists P € P(T"7) such that HZ is true.

(EF) is an e-process by Proposition 4.5. Since, EZ‘_”' < EF for all t € N almost surely, (EZ_”' ) is an e-process, and we
have shown our desired result. ]

Theorem C.7. For any sequence of interventions (1) predictable w.r.t. (Fy), let G be the partially oriented DAG where
the test for each orientation is defined as follows:

o, = 1{E, > [G|/a}.
Then, (@t) is anytime-valid orientation (as defined in (11)).

Proof. Let the final oriented graph be G.

P (exists t € N : exists oriented edge in G, not in G*) < Z P (exists £ € N : orientedge i — j A j — iin G*)

i*)jEé

= Z Pr(existst € N: B/ 7" > [G|/a Aj — iin G*)
i—jeG

< Z a/|G| (by Proposition 4.6)
i—jeG

=a Y
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O

Proposition C.8 (Additional power of combining test statistics). Consider an uniform set of mterventzons over nodes [n).
There exists a graph and edge i — j, such that the expected growth rate (i.e. power) of log E, "’ under the fully expanded
tree T'79, is Q(|G|) times that of log Elﬁ] under the non-expanded tree (i.e. just the single edge 1= J).

Proof. Consider a chain graph G = X; — X, — ... — X, (generalizable to trees where the root has only one child), where
the underlying graph is such that X; < Xs... < X,,. Such a setting allows for a simple, closed-form expression for the test
statistic.

Suppose we are interested in testing HJ 2. Suppose there are m interventions, which means m/n interventions of each
node.

In this setting, we assume that edge causal effects and variance are equal for fair comparisons. Thus Vi, j, E[log BG4
1)] = E[log B/ 771 (j + 1)]. Certainly, if £ 777 (j +1)] > E}~2(2)], then gain in power will be even more pronounced.

Using Proposition 4.5, we have that:

E[log E} 7% = E

n—1
log B} 72(1) + Z max(log B/~ *7(i),log Ei """ (1)) — 1/2(log(2|T;(t)| — 2))] + log Etnlﬁn(n)]

=2
n—1
> |log B 73(1) +zjlogEz 200) +log EP1™(n) — 1/2(n — 2) log(2m/n — 2)
=2
n—1
> > Ellog {7 (i)] — 1/2(n — 2) log(2m/n — 2)
1=2

= (n—2)-Eflog B; 7*(2)] — O(n)
> (n—2)/2- Eflog E}(2) + log B*(1)] — O(n)
(for any edge i — j, E[log S; 7V (5) | Fr_1] > E[log 877" (d) | Fi_1])
> C -Ellog B} 72(2) +log E} 72(1)] (we assume that log E}72(2) = Q(m) >> O(n))

for constant C' = Q(n).
O

Remark C.9. Note that the combination of evidence is such that we need not reject any of X; — X, to reject X; — Xo.
The cumulative evidence is enough, despite the data not being conclusive for any of the downstream edges!

C.3. Time complexity analysis of algorithms

Algorithm 2: Each path in the loop contains at most | E| edges. Each round in the while loop requires examining at most | E|
to see if there is a new edge that is implied via Meek’s rule. Thus, if the algorithm is run for 7" rounds, the time complexity
is T - |E|. We note that how much the tree is expanded out, as a function of 7', is an user choice.

Algorithm 4: First, we consider the time complexity of updating test-statistic given a new intervention ¢ at time ¢. It suffices
to update EF for every path P € T"™7, which is pre-computed. Using the definition of ET, it suffices to just re-compute
log EZ_” (i ) to incorporate the new interventional data, and then take the minimum.

If one re-computation is taken to require one unit of computation, then there are | P(i')| many log E; 7 (i') re-computations.
Using the definition of |P(i')|, ’. Thus, if the max degree of the graph is
deg(G), then the update to each edge test statistic requires at most deg(G) - |P € P(T*7)| updates. In total, updating this
for all edge hypotheses is upper bounded by: 2|E|-deg(G)-|P € P(T"7)| = O(|V||E| max,_,; |P € P(T*77)|). Finally,
if there are 7" rounds with 7" interventions, the total number of updates comes out to: O(T - |V || E| max;_,; |P € P(T"77))).

Note that this characterizes the time-complexity of the e-process updates in as being polynomial (more precisely linear) in
terms of the graph parameters and the size of the implication trees. As we previously note, the size of this implication tree
(that is pre-computed) is an user-based choice. The more implications that are enumerated in the tree, the higher the power
of the test. However, this in turn increases the time-complexity (and memory), which we can observe above.
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Algorithm 4 Anytime Testing for Updates in Finite-Sample Causal Discovery

Require: Input: pre-compute logical tree 77 for each hypothesized edge orientation for edge i — j in skeleton (via
Algorithm 2)
Require: Sample from intervention distribution (z¢, ..., z%) ~ X1, ..., X, |do(X?)
1: for node X; adjacent to X7, do

2:  ifedge X; — X, unoriented then

3: Update ;' gi—1

4: Test Ei't > |G|/a, 7't > |G| /a > Test if we can conclude i 4~ I, or i / I w.h.p.
5.  endif

6: end for

7: for hypothesized orientation edge i’ — j'; i’ — 7’ unoriented, i, j’ # I; do > Propagation
8: ifexists edge i < [, ori — I, in T =7 then

9: Update E! ~7" using updated Ei<X" or Ei=X'

10: Test Eti/%j, > |G|/ > Test if we can conclude i’ +» j' w.h.p.
11:  endif

12: end for

D. Experiments
D.1. Fixed-time test statistic construction

Proposition D.1. P, 7 satisfies P(P} 77 < s) < sforall s € [0,1] and t € N under H, .

Proof. For ¢ € {£1}, define

. b-Ty(t) — i + e "
Pr(c)=1-@ 7
VIT; ()] var X; + [T;(t)] var X

P m1— o [ T b Tit) + e Y
’ VT O var X; + LB var X; )

Note that, for any choice of c, Pj(c) and P, (c) are z-test p-values under Hé_’j "+ and Hé_” "~ respectively. As a result,
max(P;", P[) is a p-value under Hy .

Now, we can see that the following is true:
Ptiﬁj = 2min(max(P; (1), P, (1)),
max(P;"(=1), P (~1))).

Since taking double the minimum of any two p-values is still a valid p-value by union bound, we get our desired result that
P/ is a p-value.

O

Remark D.2. Note the difference in qualifiers from the anytime guarantee, wherein correctness is guaranteed across time ¢,
and not only at some fixed point ¢ in time.

D.2. Comparing fixed-time vs anytime test statistics

Experiment Configurations: In experiments, we fix b = 0.1, variance as 1 and interventional value v = 1. Each setting is
run for 20 trials to evaluate the mean and standard deviation.

We plot two metrics: (1) the mis-coverage rate (number of trials wherein the test statistic returns at least one falsely oriented
edge) (2) the number of oriented edges (indeed an uninformative test that never rejects can trivially achieve 0 miscoverage
rate).

To assess the guarantee of anytime approaches across a number of settings, we have the following experiments:
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* Figures 3 and 5: Varying the number of interventional samples {100, 500, 1000, 5000, 10000} (fixing k£ = 0.2) in ER
graphs with number of nodes € {10, 20,30}, « € {0.1,0.2} and p = 0.3.

* Figures 4 and 6: Varying the number of interventional samples {100, 500, 1000, 5000, 10000} (fixing k£ = 0.2) in ER
graphs with number of nodes € {10, 20,30}, a € {0.1,0.2} and p = 0.5.

* Figures 7 to 10: Varying the number of interventional samples {100, 500, 1000, 5000, 10000} (fixing k£ = 0.2) in tree
graphs with number of nodes € {10, 20, 50,100} and @ € {0.1,0.2}.

* Figures 11 and 12: Varying edge causal strength k& € {0.1,0.2,1,2, 10} (fixing number of samples at 1000) in ER
graphs (n,p) € {10, 20,30} x (0.3,0.5) and o = 0.2.

In all these settings, in terms of miscoverage, we find that the anytime approach has controlled error rate below that of « (in
green), although the miscoverage rate is not always 0. On the other hand, the fixed time approach can attain sizable error
rate and introduce spuriously oriented edges. This trend seems consistent across two classes of graphs (ER and trees), as
well as in ER graphs with varying SCM parameters edge strength k.

In terms of number of orientations, we observe that the number of orientations increases with sample complexity (as
expected). However, the anytime test statistic orients conservatively at a (much) lower pace than does the fixed time
approach. In exchange, this provides the error control and guarantees a high probability of only correct orientations.

D.3. Understanding the effectiveness of combining test statistics

To examine the effectiveness of propagating evidence from test statistics, we have the following experiment:

* Figure 13: Varying the number of interventional samples {100, 500, 1000, 5000, 10000} (fixing & = 0.2) and plot the
number of oriented edges in a chain graph with the number of nodes in {5, 10, 20, 50} and edges have alternating
causal strength in {0.1, 10}.

Chain graphs are an example where edges may benefit from propagation effects. We set up the causal strength to vary such
that some edge orientations (those with low edge strength) will benefit from other edges (those with high edge strength). In
the experiment, we compare the number of oriented edges at a fixed sample size by base e-values (as in Section 3) against
the combined e-values (as in Section 4). Note that we also check for miscoverage rate to ensure correctness (in order to have
a fair comparison); we do find that the miscoverage rate under both are 0.

In the plot, we observe that combining test statistics may help. It orients more edges than base e-values, when one has a
sizable number of samples. Interestingly, we find that the base e-values is better in lower sample regimes. Moreover, the
number of data points after which the combined test statistic is more effective increases with graph size.

We believe that this happens, because the combined test statistic, while having higher mean, also has higher variance. Thus,
it is most effective when there are more samples. Overall, this suggests we should favor base e-values in smaller data and/or
graph regimes, and combined test statistics in big data/graph regimes. The lighter-weight base e-values can be surprisingly
effective. Verily, an interesting future work would be to develop testing methods that adapt the test statistic to the (unknown)
SCM parameters and the test parameters (e.g. number of budgeted samples).
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D.4. Evaluating Derived Upper Bounds on Stopping Time useful for Robust Testing

In Subsection 3.4, we derive a set of upper bounds on the number of samples needed for testing. One important implication
is that this allows one to have an upper bound estimate on the amount of interventional data that one needs to collect to do
the test. The other implication of this, useful for robust testing, is that one can use the non-conclusiveness of the test after
this number of samples to detect spurious, non-edges.

In this subsection, we empirically verify this claim by evaluating the sample complexity needed for testing the orientation of
some edge. Please refer to Figure 14 for a plot of the results.

* Firstly, we verify that with high probability, the bounds derived in Proposition 3.12 holds.

In the experiments, we vary one parameter and fix the rest, checking the number of times the number of samples needed
for testing is below the derived upper bound, out of 100 trials for each setting.

We vary o = {1e-6, le-5, le-4, 1e-3, le-2, le-1, 5e-1}, while setting p;(j) = 1.0,0 = 1.0,b =0.1,8 = 0.1.
We vary o = {le-6, le-3, le-2, le-1, 1, 10}, while setting o = 0.01, u;(j) = 1.0,6 = 0.1, = 0.1.
We vary p;(j) = {be-1, 1,5, 10,100, 1000}, while setting & = 0.01,0 = 1.0,b = 0.1, = 0.1.

Secondly, we verify that when there is no edge between the two edges, then with high probability the test statistic does
not reject before the derived number of samples, thus allowing us to use the contrapositive of Proposition 3.12 to detect
spuriously oriented edges.

In this set of experiments, we use the same parameter setting as above, with the only difference that there is no causal
effect from node 7 to node j. We check the number of times the number of samples needed for test conclusion is below
the derived upper bound, out of 100 trials for each setting.

We vary o = {1e-6, le-5, le-4, le-3, le-2, le-1, 5e-1}, while setting o = 1.0,b = 0.1, 5 = 0.1. Here, pu;(j) = 0.0.
We vary o = {le-6, le-3, 1le-2, le-1, 1, 10}, while setting « = 0.01,b = 0.1, 3 = 0.1. Here, p;(j) = 0.0.
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E. Multi-constraint Bandit Optimization

Causal verification is a well-known and important task in causal discovery (Squires et al., 2020; Porwal et al., 2022; Choo
et al., 2022). Besides having practical applications (e.g. verifying a scientific conjecture corresponding to a causal graph
structure), it has the theoretical benefit of understanding the lower bound that underlies any causal discovery algorithm.

The key challenge that arises in this problem is that an intervention policy needs to choose nodes I; in order to grow the
test statistic of all n edges simultaneously. Moreover, it only needs to optimize each test statistic only to the extent that
the test statistic exceeds a threshold. In this section, we develop a novel, multi-constraint bandit algorithm needed for
verification. Our key observation is that the causal verification setting reduces to the dual of the Bandits with Knapsack
(BwK) setup (Badanidiyuru et al., 2018).

To this end, we develop Algorithm 3 that attains provable guarantees in the multi-constraint bandit setting, and applies
immediately to the causal verification setting using the reduction. As observed in (Badanidiyuru et al., 2018), OPT, the
expected total number of interventions needed by the optimal dynamic policy is difficult to characterize. In fact, even
evaluating the expected number of interventions needed by a given time invariant, intervention policy is difficult. This is
due to the difficulty of characterizing the random stopping time T, when every test statistic exceeds the threshold. Thus, an
algorithmic approach is taken where the proposed algorithm is shown to attain provable guarantees with respect to OPT.

E.1. Problem Statement

Setup: An instance of multi-constraint bandit optimization is parameterized by n arms, m constraints (henceforth “re-
sources”), gain vector distributions D; for arm ¢ and budget b:

* There are n arms and m resources.

* Time proceeds in 7" rounds, where T is a finite time horizon given as input into the algorithm.

* Each round ¢, the learning algorithm picks some arm z; € X.

* Pulling arm z incurs deterministic cost ¢;.

* The algorithm receives a gain vector, R, € [0, M]™ where R, ~ D,, (some known distribution).
* There is a threshold b € R™ on the total gain of each resource.

* The interaction terminates the first time Y, _; R;, > b- 1.

* The goal of the algorithm is to minimize the total expected cost >_;_, ¢y,

E.2. Reducing causal verification to multi-constraint bandits

We show that the causal verification problem corresponds to an instance of the multi-constraint bandit optimization problem.
This algorithm is needed as our choice of intervention affects the e-processes of all edges.

We observe that bandit optimization is possible, because for any j — i, the test statistic grows additively in the log of
e-values:

E7 > 1/a e VP e P(T'),EF > 1/a

SVYPeP(TV7"), > log E77(i') > log(1/a)
eV
t
& VP e P(TV7"),> log S;(P, 1) > log(1/a)
k=1

Reduction: Thus, given a causal verification instance, we may reduce to a multi-constraint bandit instance as follows:
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1. Arms: define n = |V/| arms, each corresponding to a node intervention in the graph.

Set ¢; = 1 for all « € V, as we only care about the total number of interventions. However, we note that our algorithm
can handle differing node intervention costs.

2. Resources: define a resource corresponding to each (P, i’) pair each path P € T7~% and intervention i’ € V.

Accordingly, define the gain of pulling arm i’ € V' (i.e. intervening on node ') as a random draw of log S* (P, ¢').

3. Define budget b = log 1/

In the causal verification setting, node intervention cost is set as ¢; = 1 for all ¢ € V, since the objective of interest is the
total number of interventions. Note however that Algorithm 3 can handle varying node intervention costs.

In the analysis below, we assume that X; is a bounded r.v. with b, v such that log S}, (P, I) is positive (as arm rewards are
usually assumed to be positive in bandits literature). While this represents a subset of all SCM instances, as we will see, the
query strategy design already results in solving an involved and novel multi-constraint bandit problem.

Finally, we note that one needs to manually specified the horizon T" as in the multi-constraint bandit setting. This is a
common assumption in BwK literature (Badanidiyuru et al., 2018), which has proven to be difficult to remove. T in the
causal verification setting may be viewed as the maximum number of experiments a scientist can run, or a known upper
bound on the number of experiments needed to verify the graph. Verily, an exciting future direction is understanding how to
remove the need to specify 7', and develop a

E.3. Algorithm Guarantee:

The goal is to compete with the optimal dynamic policy given all the latent information. That is, OPT is the expected total
number of steps of the optimal dynamic policy, given foreknowledge of the distribution of outcome vectors.

Since OPT is difficult to analyze, consider the fractional relaxation of this problem in which the number of rounds in which
a given arm is selected (and also the total number of rounds) can be fractional, and the reward and resource consumption per
unit time are deterministically equal to the corresponding expected values in the original instance.

min  cik1 + ... + e kn
1yeeskn

n
S.t. Z rj;k; > b for each resource i € [m]
j=1

ki >0

where k; is the the fractional relaxation for the number of rounds in which a given arm ¢ is selected.

This is a bounded LP, because Y .-, k; < T by definition. The optimal value of this LP is denoted by OPTrp. We may
construct the dual program:

max  b(v1 + ... + )

V1yeenyUm
m
s.t. Z rj;v; < ¢;j for each arm j € [n]
i=1
Uy Z 0

The dual variables v; can be interpreted as a unit gain for the corresponding resource i.

Lemma E.1. OPTyp is a lower bound on the value of the optimal dynamic policy: OPTpp < OPT.

Proof. Let v* be the optimal solution to the dual program. We note that by strong duality, b ", v} = OPTrp =
Z?:l C; k’)z* .
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Algorithm 5
1: In the first n rounds, pull each arm once
2: For each arm z, define known expected gain vector R, € [0, M]™
v =1€]0,1]™ > v € [0,1]™ is the round-t estimate of the optimal solution to the dual v*
4 Sete = /Mlum
5: forroundst =n+1,...,7 do
6: forarmz € X do
7: Set expected gain g, = R, - vy
8:  end for
9:  Pull arm z = x4 € X that maximizes g, /c,
10:  Observe realized reward for each resource 7, € [0, M]
11:  Update estimated unit gain for each resource ¢ with normalized gain r, () /M: > Cost-based MWU

vt (i) = o) (L = O, € = 1, (6) /M

12: end for

Let Z; denote the potential function: sum of costs incurred in optimal dynamic policy, plus total gain of the remaining
resource endowment after round ¢.

At the start, the total gain of the remaining (all the) resource endowment is Zy = b Z:il vy
We have that Z; = Z;_1 + 3,1 — Zzl T4,iV; from arm pull z; at time ¢.

From dual feasibility, we have that ¢; — Z:’;l r;;v; < 0. Then, it follows that the stochastic process Zy, Z1, ..., Zr isa
submartingale.

Let 7 be the stopping time of the optimal dynamic algorithm, i.e. the total number of rounds.

Thus, Z,_; equals the algorithm’s total cost, plus the gain of the remaining (non-negative) resource supply at the start of
round 7.

By Doob’s optional stopping theorem, we have that Zy, < E[Z,_1] < OPT. [

Let us REWtOt = Zzzl Ct.
The algorithmic approach will make use of dual vectors, computed as follows.

Learning the dual variable: We use the multiplicative weights update method to learn the optimal dual vector. This method
raises the cost of a resource exponentially as it is consumed, which ensures that heavily demanded resources become costly,
and thereby promotes balanced resource consumption.

Scaled-Hedge: This update scheme is such that for any 7 and asequence of vectors 71, ..., 7, € [0, M]™, feed in normalized
w1 /M, ..., m; /M vectors into the hedge algorithm and obtain guarantee:

MlInm

Yy € A[mLZytTm <1+ e)Zmi +
t=1

t=1

E.4. Algorithm Analysis under Known Arm Means

Let R, € [0, M]™*™ be the actual gain matrix for round ¢. The (¢, x) entry is the realized gain of resource i in round ¢ if
arm x were chosen in this round.

Suppose it holds with probability at least 1 — 1/7 that the confidence interval for every latent parameter, in every round of
execution, contains the true value of that latent parameter. We call this high-probability event a “clean execution”.

The regret guarantee will hold almost surely assuming that a clean execution takes place. The regret can be at most 1" - M
when a clean execution does not take place, and since this event has probability at most 1/7" it contributes only O (M) to the
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regret. We will henceforth assume a clean execution.
Claim 1. The Algorithm total cost is such that:

REW;,t — OPTyp < —-— +

b b

O(M W) OPTyp +nM

- /1 T
+o<b) OPTrp| Y Eizilloc

t=n-+1
where £, = R — Rt under Algorithm 3.

Proof. Let k* be the optimal solution to the LP-Primal with OPTyp = Z;: 1 ¢jk. For any realized gains by the algorithm
policy, we have the following analysis.

Let y = e;, where resource ¢ is (one of) the last resources, whose gain exceeds b:

T—1 T—1
@T <2tht> <b= QT < Z tht> <b

t=1 t=n-+1

Let the total cost after exploration be REW = 377 . ¢; and define:

T—1

_ 1

Yy = REW Z CtlYt
t=n+1

Under Algorithm 3, we have at time ¢, by our choice of x,, the corresponding z; must be such that:

yl' Rz
Zy € argmax ——
zeA(X) € %

b <y’ Rk* (from primal feasibility, Rk* > b1)
T—1
1
= REW Z ciyl RE* (plug in definition of ¥)
t=n-+1
T = 7. K
= REw 2 Wi B
t=n-+1
T—1
OPT TR JTRE
< REVI\}P yl Rz (since yélet > yéTIZE )
t=n+1
OPT =
< min P14+ Z y"Rz; + MInm/e (since this holds for all y € A[m] using hedge)
y REW N}
OPT 7—1 7—1
< (14 REVI;TP myin lyT t_z Riz +yT _2: Bz + Mlnm/e] (pull out (1 + €))
=n+1 t=n+1
OPT T—1 R T—1
s (L+e) REVI;IP lQT Z Rz + 4" Z Eiz + MIn m/ﬁl (choose y = 9)
t=n+1 t=n+1
OPT Ui orfere1 A
<(l+¢) REVI;fp b+ g7 tz;_l Eiz + Mlnm/e] (since T ( t=7}+1 tht) <b)

From this we get that by setting € = 4/ Ag f}v}”
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T—1
1+e| . r
+T Y Z Eiz

t=n-+1

+

REW S OPTLP ((1 + 6) b c

1—|—6M1nm>

1—|—6Mlnm+1—|—e
b € b

T—1
ZQT Z Eiz

< REW — OPTrp < OPTLp (e +
t=n-+1

)

n T—1
1 M1 1
& REW o — OPTrp < <e +c nm) OPTLp + > ¢+ %OPTLP i S B
€ t=1 t=n-+1
Mlnm Mlnm (b+M)MInm
< REW,o: — OPTpp < OPT
tot LP < ( b M b + b ) LP
T—1
1+e T
M+ ——OPT E
+ni + b LP |Y t:zn;»l t2t

(M b+ MM
(:)REWtot—OPTLp<O<b+ %

T—1
QT Z Eiz

t=n—+1

> OPTrp + nM + O (ll)> OPTrp

O

Remark E.2. This roughly leads to a M factor larger than when M = 1, which should yield a O(y/ 2™ + 12/} multiplier.

E.4.1. KNOWN R CONCENTRATION
For Error Analysis, it remains to bound the error term || Y2/ 1 B2 ||oc-

In this case, we observe that each entry of F; is a mean-zero random variable bounded in [0, M]. We may then use Hoeffding
and union bound across all m resources to get that:

Pr ( Z Eiztlloo < (7 —n— 1)/1) >1—m- (2exp(—2(r —n — 1)r*/M?))

t=n+1

Setting 1/T" = m - (2exp(—2(7 — n — 1)xk?/M?)), we obtain that:

2
K= M = (1 —n—-1)k = O(M+/Tlog2mT).
T—n-—

E.4.2. REGRET GUARANTEE

MInm
b+M

Theorem E.3. Algorithm 3 with parameter € = attains total regret:

e 0pTip <0 (4T ormys 0 (25T 1)

Proof. We have that:
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T—1
g7 Z Eyz

+ ,/(b“bw)M) OPTLp +nM + O (2)
t=n-+1
- T E o
+4/ b+ MM QJ)M> OPTyp + O (” Z’f:’”bl e + Mn)
+ 1/ 7(b+ éW)M> OPTrp + 0, (M;/T + MTL)

=[5

REW,,; — OPTLp < O (

(
(

Remark E.4. The regret dependence on the number of resources m is O(Inm).

A
)
<=

I
)
<&

We note that Theorem 6.1 follows from that OPTyp < OPT.
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@@

T2 = (X = Xo) A (X2 = X3).. A (Xpm1 = X))

n—1
E}? = exp (log EF2(1) + 3 max(log Ei 12 (i), log Ei*+1(3)) — 1/2(log(2|Ti(¢)| — 2)) + 1ong—Hn(n))
i=2

Figure 15. Consider testing X1 — X in the n-node chain graph X; — X2 — ... — X,,. This is a graph, where the propagation of edge
orientation is crucial for minimizing interventional complexity. We have that X1 — X> = X; — X4, with which we can derive
T2 and E{ 2 explicitly. We note that, asymptotically (ignoring log factors in ), Ei 2 has much higher power than the e-process of
exp(log E{ 72(1) 4 log E{~2(2)) (from Section 3), under non-expanded tree (1 — 2). E; 2 leverages evidence from for example
hypothesis X2 — X3 (blue).

F. Worked through Examples

We work out in close form the test statistic of simple graphs to illustrate our test statistic construction and illustrate how it
draws on power from its implications. Having already seen the chain graph example, we turn to the triangle example.

Three-node Triangle Graph: Consider testing X; — X3 in triangle graph X; — Xo — X3.
Since X3 =+ Xo A Xy > X1 =2 X3 = X1, X1 =2 X3= X9 = X3V Xs = X

We have that 7173 = (X5 — X3 A X1 — X3) V (X1 — Xo A Xy — X3).

For path P = X5 — X3 A X; — X3, we have that:

EF = exp (log B} (1) + log EZ~*%(2) + max(log B} (3), log EZ(3)) — 1/2(log(2IT3(t)| - 2)))
For path P’ = X; — X5 A X; — X3, we have that:

EF =exp (max(log E; 7%(1),log B} 73(1)) — 1/2(log(2|T3 (t)| — 2)) + log B} 72(2) + log E{ 3(3))

Thus we see that, asymptotically (ignoring log factors in ¢), E}73 = min(E], EF ,) has strictly higher power.
This is because both Ef and E}" have higher power the single-edge e-process corresponding E} ?3(1)E}73(3) =
exp(log E/73(1) + log E}73(3)).

Here, we can also observe that there are two possible updates when node X3 is intervened upon, which corresponds to a
choice when optimizing the test statistic. This naturally later motivates the use of bandit optimization.

Remark F.1. In Figure 15, another interesting observation of note is that, due to the combination of evidence, we need not
reject any of X; — X4 toreject X; — Xo. The cumulative evidence across all n — 1 edges may be enough for Eltl_>2
to exceed 1/« and lead to the rejection of the null. This is despite the data being inconclusive for any of the downstream
edges (i.e. E/7“"! need not exceed 1/cv).
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