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Search for Smart Evaders With Swarms
of Sweeping Agents

Roee Mordechai Francos and Alfred M. Bruckstein , Senior Member, IEEE

Abstract—Suppose in a given planar region, there are smart
mobile evaders and we want to detect them using sweeping agents.
We assume that the agents have line sensors of equal length. We
propose procedures for designing cooperative sweeping processes
that ensure successful completion of the task, thereby deriving
conditions on the sweeping velocity of the agents and their paths.
Successful completion of the task means that evaders with a known
limit on their velocity cannot escape detection by the sweeping
agents. A simpler task for the sweeping swarm is the confinement
of the evaders to their initial domain. The feasibility of completing
these tasks depends on geometric and dynamic constraints that
impose a lower bound on the velocity the sweeping agent must
have. This critical velocity is derived to ensure the achievement
of the confinement task. Increasing the velocity above the lower
bound enables the agents to complete the search task as well. We
present results on the total search time for two types of novel
pincer-movement search processes, circular and spiral, for any even
number of sweeping agents. The proposed spiral process allows
detection of all evaders while sweeping at velocities that approach
the theoretical lower bound.

Index Terms—Aerial robots, cooperating robots, motion
planning, multiple mobile robot systems, robot surveillance and
security, search and rescue robotics, swarms.

I. INTRODUCTION

THE aim of this work is to provide an efficient “must-win”
search policy for a swarm of n sweeping agents that must

guarantee detection of an unknown number of smart evaders
initially residing inside a given circular region of radiusR0 while
minimizing the search time. The evaders move and try to escape
the initial region at a maximal velocity of VT , known to the
sweepers. All sweepers move at a velocity Vs > VT and detect
the evaders using linear sensors of length 2r. Each “must-win”
policy requires a minimal velocity that depends on the trajectory
of the sweepers. Finding an efficient algorithm requires that,
throughout the sweep, the footprint of the sweepers’ sensors
maximally overlaps the evader region (the region where evaders
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may possibly be). This work develops two “must-win” search
strategies for a swarm consisting of an even number of searchers
that sweep the evader region until all evaders are detected, by
employing some novel pincer movement search strategies. The
search is based on pairs of agents sweeping toward each other
thereby entrapping all evaders.

A. Overview of Related Research

An interesting challenge for multiagent systems is the design
of searching or sweeping algorithms for static or mobile targets
in a region, which can either be fully mapped in advance or
unknown, see, e.g., [1]–[4]. Often the aim is to continuously
patrol a domain in order to detect intruders or to systematically
search for mobile targets known to be located within a given
area [5]. Search for static targets involves complete covering
of the area where they are located, but a much more interest-
ing and realistic scenario is the question of how to efficiently
search for targets that are dynamic and smart. A smart target
is one that detects and responds to the motions of searchers
by performing optimal evasive maneuvers, to avoid intercep-
tion. A smart target is assumed to have full knowledge of the
searching swarm’s patrol strategy. Therefore, it can utilize this
knowledge in order to plan its movements in a way that will
maximize the time it takes the pursuing sweepers to detect it.
Guaranteed detection of all evaders means that for all partic-
ular choices of trajectories, a smart target may implement in
order to escape the pursuing agents, it will surely be eventually
detected.

Several such problems originated in the second world war
due to the need to design patrol strategies for aircraft aiming
to detect ships or submarines in the English channel, see [6].
The problem of patrolling a corridor using multiagent sweeping
systems in order to ensure the detection and interception of smart
targets was also investigated by Vincent and Rubin in [7] and
provably optimal strategies were provided by Altshuler et al. [8].
A somewhat related, discrete version of the problem, was also
investigated by Wagner and Bruckstein and later by Altshuler et
al. [9]–[11]. It focuses on a dynamic variant of the cooperative
cleaners’ problem, a problem that requires several simple agents
to a clean and connected region on the grid with contaminated
pixels. This contamination is assumed to spread to neighbors at
a given rate.

Bressan et al. [12]–[15] investigate optimal strategies for the
construction of barriers in real time aiming at containing and
confining the spread of fire from a given initial area of the plane.
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The authors are interested in determining a minimal possible
barrier construction speed that enables the confinement of the
fire, and on determining optimality conditions for confinement
strategies. Bressan et al. [12] define the barrier curve construc-
tion as an optimization problem by introducing a cost functional
that takes into account the size of the area destroyed by fire
in addition to the total cost of building the barrier walls. The
goal is to fully enclose the fire in finite time by the walls,
thereby stopping the fire’s spread. Bressan et al. [12] propose
necessary and sufficient conditions for the construction of an
optimal barrier, suggesting that an optimal strategy for confining
the spread of fire from an initial circular area in the plane should
be the building of logarithmic spiral firewalls that track the fire’s
wavefront as well as building a delaying arc, whose purpose is
to delay the spreading of the fire from a particular direction,
before enclosing it completely. An additional work that builds a
barrier against an advancing fire using a spiral out pattern is given
in [16] by Klein et al. [16] The construction of logarithmic spiral
barriers is performed along the boundary of the expanding fire,
carried out by a fire fighter with a pointlike “sensor.” Similarly
to the works of Bressan et al. [12], the building of the barrier
is successful when the barrier curve closes, thus containing the
fire within. Klein et al. [16] provide a proof of a lower bound on
a fire fighter’s velocity needed in order to construct a barrier that
contains the spread of fire from an arbitrary sized circular region
of the plane. Interestingly, the lower bound for the ratio between
the firefighter’s and fire’s velocities equals the golden ratio.

Tang and Ozguner [5] propose a nonescape search procedure
for evaders. Evaders are originally located in a convex region
of the plane and may move out of it. Tang and Ozguner [5]
propose a cooperative progressing spiral-in algorithm performed
by several agents with disk-shaped sensors in a leader–follower
formation. The authors establish a sufficient condition for the
number of searching agents required to guarantee that no evader
can escape the region undetected. This lower bound is based
on the sensor radius, searcher and evader velocities, and the
initial perimeter of the region. McGee and Hedrick [17] also
investigate a search problem for smart targets that do not have
any maneuverability restrictions except for an upper limit on
their velocity. The sensor that the agents are equipped with
detects targets within a disk-shaped area around the searcher lo-
cation. Search patterns consisting of spiral and linear sections are
considered. In [18], Hew proposes searching for smart evaders
using concentric arc trajectories with agents’ sensors similar to
McGee and Hedrick [17]. Such a search is aimed at detecting
submarines in a channel or in a half-plane. This article focuses
on determining the size of a region that can be successfully
patrolled by a single searcher, where the searcher and evader
velocities are known. The search problem is formulated as an
optimization problem. The search progress per arc or linear
iteration is maximized while guaranteeing that the evader cannot
slip past the searcher undetected.

Another set of related problems are pursuit-evasion games,
where the pursuers’ objective is to detect evaders and the
evaders’ objective is to avoid the pursuers. Pursuit-evasion
games include combinations of single and multiple evaders and
pursuers scenarios. In this context, several works considered the

problem of defending a region from the entrance of intruders.
In [19]–[21], such problems are investigated under the name
of “reach-avoid games.” These types of problems were also
addressed in the context of perimeter defense games by Shishika
et al. [22]–[24], with a focus on utilizing cooperation between
pursuers to improve the defense strategy. In [22], implicit co-
operation between pairs of defenders that move in a “pincer
movement” is performed in order to intercept intruders before
they enter a convex region in the plane. This cooperation extends
previous two player intruder–defender differential games that
assign one intruder per defender and proposes a decomposition
of the defense problem into local subproblems. The authors
show that the cooperation among defender subteams enlarges the
winning areas of the defenders. In [24], the authors extend their
previous results from Shishika and Kumar [22] and propose an
improved polynomial-time algorithm for the perimeter defense
problem as well as addressing the optimality of the strategies by
deriving a condition for which the lower bound on the game score
of the intruder team equals the upper bound of the defender team.
Agmon et al. [25]–[27] develop multirobot perimeter patrol
strategies under adversarial settings against an opponent with
full knowledge of the patrol. Since a smart opponent knows the
robots’ patrol strategy, it can utilize this knowledge in order to
penetrate the perimeter at a point that maximizes its probability
to enter the guarded area undetected. Therefore, the authors
propose that robots perform nondeterministic patrol algorithms
around the perimeter of a given region in order to maximize
the probability of detecting the opponent. Guaranteeing defense
of a region from entrance of intruders can be considered as a
dual problem of detecting all evaders in a known region without
allowing for any evader to escape the region undetected.

In our previous work [28], the confinement and cleaning tasks
for a line formation of agents or alternatively for a single agent
with a linear sensor are analyzed. Several methods are proposed
on how to determine the minimal velocity for a circularly
sweeping agent, in order to shrink the evader region within a
circle with a smaller radius than half the searcher’s sensor length.
The results show that this velocity equals more than twice the
theoretical lower bound. Furthermore, a proof that a single agent
or a line formation of agents employing a circular search around
the evader region cannot completely clean the evader region
without modifying the search pattern is provided. Finally, this
article describes a modification to the trajectory of the sweepers
at the final sweep around the region that allows to clean it from
all evaders.

B. Contributions

We present a comprehensive theoretical and numerical anal-
ysis of trajectories, critical velocities, and search times for a
swarm of n cooperative agents whose mission is to guarantee
detection of all smart evaders that are initially located in given
circular region from which they may move out of in order to
escape the pursuing sweeping agents.

1) We present following two types of novel search strategies:
a) n-agent circular pincer sweep strategy;
b) n-agent spiral pincer sweep strategy.
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2) We develop analytic formulas for the two types of search
patterns, for any even number of sweeping agents employ-
ing the pincer search protocols.

3) Circular pincer sweep process: We prove that sweeping
with pairs of sweepers employing pincer movements be-
tween themselves and between adjacent sweeper pairs
yields a lower critical velocity than the case where sweep-
ers are distributed evenly around the region and sweep in
the same direction.

4) Spiral pincer sweep process: We provide an algorithm
that guarantees successful detection of all evaders in the
region while sweeping with velocities that approach the
theoretical lower bound on the velocity.

5) We compare circular and spiral pincer sweep strategies,
showing the superiority of the latter.

6) We provide a numerical quantitative study demonstrating
the performance advantages of pincer-based strategies
over their same-direction counterparts.

7) The theoretical analysis is complemented by simulation
experiments in MATLAB and NetLogo that verify the
theoretical results and illustrate them graphically.

C. Paper Organization

This article is organized as follows. Section II describes the
motivation and setting for using pincer-based search strategies.
Section III proves an optimal bound on the cleaning rate for a
swarm that is independent of the search process that is deployed.
This bound will serve as one of the benchmarks for comparing
the performance of different search algorithms. In Section IV,
the results for the completion of the search process for a swarm of
sweeping agents that employ the circular pincer sweep process
are presented. In Section V, we perform an analysis for the case
where the swarm employs the spiral pincer sweep process. In
Section VI, we provide a comparative unified analysis of the
proposed search strategies that were developed in the previous
sections. In Section VII, we provide a quantitative comparison
between pincer-based and same-direction search strategies. Fi-
nally, Section VIII concludes this article.

II. PINCER-BASED SEARCH

This article considers a scenario in which a multiagent swarm
of identical agents search for mobile targets or evaders that are
to be detected. The information the agents perceive only comes
from their own sensors, and all evaders that intersect a sweeper’s
field of view are detected. We assume that all agents have a
linear sensor of length 2r. The evaders are initially located in a
disk-shaped region of radiusR0. There can be many evaders, and
we consider the domain to be continuous, meaning that evaders
can be located at any point in the interior of the circular region
at the beginning of the search process. The sweeping protocols
proposed are predetermined and deterministic, hence the sweep-
ers can perform them using a minimal amount of memory and
computations. All sweepers move with a speed of Vs (measured
at the center of the linear sensor). By assumption, the evaders
move at a maximal speed of VT , without any maneuverability
restrictions. The sweeper swarm’s objective is to “clean” or to

Fig. 1. (a) Initial placement of two agents employing the circular sweep
process. (b) Initial placement of two agents employing the spiral sweep process.
The sweepers’ sensors are shown in green. The angle φ is the angle between the
tip of a sweeper’s sensor and the normal of the evader region. φ is an angle that
depends on the ratio between the sweeper and evader velocities.

detect all evaders that can move freely in all directions from their
initial locations in the circular region of radius R0.

Search time clearly depends on the type of sweeping move-
ment the swarm employs. Detection of evaders is based on
deterministic and preprogrammed search protocols. We consider
two types of search patterns, circular and spiral patterns. The
desired result is that after each sweep around the region, the
radius of the circle that bounds the evader region (for the circular
sweep), or the actual radius of the evader region (for the spiral
sweep), will decrease by a value that is strictly positive. This
guarantees complete cleaning of the evader region, by shrinking
in finite time the possible area in which evaders can reside to
zero. At the beginning of the circular search process, we assume
that only half the length of the agents’ sensors is inside the
evader region, i.e., a footprint of length r, whereas the other half
is outside the region in order to catch evaders that may move
outside the region while the search progresses. At the beginning
of the spiral search process, we assume that the entire length of
the agents’ sensors is inside the evader region, i.e., a footprint
of length 2r.

In the single-agent search problem described in [28], we
observed that there can be escape from point P = (0, R0) [see
Fig. 1(a)], when basing the searcher’s velocity only on a single
traversal around the evader region. Therefore, we had to increase
the agent’s critical velocity to deal with this possible escape. If
we were to distribute a multiagent swarm say, equally along
the boundary of the initial evader region, we would have the
same problem of possible escape from the points adjacent to the
starting locations of the sweepers. Since we wish the sweepers to
have the lowest possible critical velocity, we propose a different
idea for the search process. The idea is to have pairs of sweeping
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agents move out in opposite directions along the boundary of
the evader region and sweep in a pincer movement rather than
having a convoy of sweepers all moving in the same direction
along the boundary.

Our method is readily applicable for any even number of
sweepers. The sweepers are initially positioned in pairs back
to back. One sweeper in the pair moves counter clockwise while
the other sweeper in the pair moves clockwise. In case the search
is planar, once the sweepers meet, i.e., their sensors are again
superimposed at a meeting point, they switch the directions in
which they move. For example, if the search is carried out by two
sweepers, after the first sweep, this switching point is located
at (0,−R0). This changing of directions occurs every time a
sweeper bumps into another. Each sweeper is responsible for
an angular sector of the evader region that is proportional to
the number of participating agents in the search. The search
process can be viewed as a two-dimensional search in which
the actual agents travel on a plane or as a three-dimensional
search where the sweepers are dronelike agents that fly over
the evader area. In case the search is three-dimensional, where
sweepers fly at different heights above the evader region, every
time a sweeper is directly above another, they exchange the
angular section they are responsible to sweep between them, and
continue the search. The analysis of the two cases is exactly the
same.

Sweepers that employ a pincer movement solve the problem
of evader region’s spread from the “most dangerous points,”
points located at the tips of their sensors closest to the evader
region’s center. These points have the maximum time to spread
during sweeper movement and, therefore, if evaders that try to
escape from these points are detected, evaders trying to escape
from other points are detected as well. When a sweeper returns
to a location, the evader region has a smaller or equal radius than
it had two cycles previously. If all sweepers were to rotate in the
same direction after being deployed equally around the circle,
the evader region’s points that need to be considered for limiting
the region’s spread are points that are adjacent to the center of the
sensor (for a circular sweep) and points that are adjacent to the
sensors’ tips that are furthest from the center of the evader region
(for a spiral sweep). This consideration would lead to higher crit-
ical velocities for sweepers that employ same direction sweeps.
Higher critical velocities also imply that, for a given sweeper
velocity above the critical velocity, that is sufficient for both
same direction and pincer-based sweep processes, sweep time
is reduced when sweepers perform pincer movement sweep.
In [28], the analysis of a single-agent circular sweep process
indicates that the critical velocity for agents employing same
direction sweeps is indeed higher compared to the pincer-based
critical velocities developed in this article. In [29], this analysis is
extended to study multiagent same-direction circular and spiral
sweeping swarms and to compare the results to pincer-based
search strategies. As discussed in Section VII of this article, the
pincer-based strategies offer improved performance over their
same-direction counterparts.

We analyze the proposed sweep processes’ performance in
terms of the total time to complete the search, defined as the time
at which all potential evaders that resided in the initial evader

region were detected. Expressions for the complete cleaning
times of the evader region as a function of the search parameters,
R0, r, VT , and the number of agents n, in the swarm are derived,
evaluated, and discussed for each developed sweep process. At
first, we provide a global balance of covered areas argument
derived from a maximal swept area versus a minimal danger zone
expansion area for a given time interval. This argument results
in an equation that yields a lower bound on a searcher velocity
that is independent of the search process. Second, we examine
the performance of a multiagent swarm that performs a proposed
circular sweep process. A critical velocity that depends on this
circular search process ensuring satisfaction of the confinement
task is derived and compared to the lower bound on the critical
velocity. We then show that the resulting circular critical velocity
equals twice the lower bound and, hence, is not optimal. The pur-
pose of designing a circular search process is to perform the task
with simple agents, however, clearly it is not optimal. Therefore,
the search pattern is improved, and a novel multiagent swarm
spiral sweep process that uses spiral scans, drawing inspiration
from a previous work of McGee and Hedrick [17], is proposed.
The proposed pattern tracks the “wavefront” of the expanding
evader region and strives to have optimal sensor footprint over
the evader region. Based on this proposed search pattern, we
obtain a new critical velocity that ensures the satisfaction of
the confinement task for multiagent swarms. We then show that
the spiral critical velocity approaches the theoretical optimal
critical velocity that is independent of the search process. Finally,
we compare the different search methods, circular and spiral,
in terms of completion times of the sweep processes. When
comparing the different search processes, we compare both the
total cleaning times as well as the minimal searcher velocity
required for a successful search.

Illustrative simulations that demonstrate the evolution of the
search processes were generated using NetLogo software [30]
and are presented in Figs. 2 and 3. Green areas are locations
that are free from evaders and red areas indicate locations where
potential evaders may still be located. Fig. 2 shows the cleaning
progress of the evader region when six agents employ the circular
pincer sweep process. Fig. 3 shows the cleaning progress of the
evader region when four agents employ the spiral pincer sweep
process.

In the considered problems, the exact locations of evaders and
even their numbers are a priori unknown. The only information
the sweepers have about the evaders’ locations is that the evaders
are located somewhere inside a given circular region at the begin-
ning of the search process, and that the evaders may try to move
and slip undetected out of this region as the search progresses to
avoid interception. Since the sweepers do not have any additional
knowledge about the evaders whereabouts, or even if all evaders
were found at some intermediate point of time during the search,
the search is continued until the whole region is searched, thus
reducing the uncertainty region where potential evaders might
be located to have an area of 0. Since finite environments of
all shapes can be covered by a circle with a certain radius, a
circle is chosen as a shape that generalizes such environments.
If additional information, such as the number of evaders and their
exact locations, is provided to the sweeper swarm in advance, the
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Fig. 2. Swept areas and evader region status for different times in a scenario
where six agents employ the circular pincer sweep process. (a) Beginning of
first cycle. (b) Midway of the first cycle. (c) Toward the completion of the first
cycle. (d) Beginning of the second cycle. (e) Toward the end of the third cycle.
(f) Beginning of the one before last cycle. Green areas are locations that are free
from evaders and red areas indicate locations where potential evaders may still
be located.

Fig. 3. Swept areas and evader region status for different times in a scenario
where four agents employ the spiral pincer sweep process. (a) Beginning of first
cycle. (b) Toward the midway of the first cycle. (c) Toward the completion of the
first cycle. (d) Beginning of the second cycle. (e) Toward the end of the second
cycle. (f) Toward the midway of the third cycle. Green areas are locations that
are free from evaders and red areas indicate locations where potential evaders
may still be located.

search time may be reduced by organizing the sweeper swarm
differently, by changing the search pattern and by terminating
the search at the point when an a priori known number of evaders
are detected. Therefore, the resulting search times for a circular
environment can be seen as an upper bound on the search time,
resulting from the lack of specific information about evaders’
locations. If more information is provided, the search time may
be reduced through the utilization of this knowledge to update
and change the search process accordingly.

As opposed to our work, McGee and Hedrick [17] use a disk-
shaped sensor with a radius of r, and does not calculate the
time it takes to find all evaders. Furthermore, in our proposed
sweep processes, the initial positions of the sweeper agents are
different from the initial placements of agents in [17]. In [18],
the searcher also uses a circular sensor of radius r that detects
evaders if and only if they are at a distance of at most r from
the searcher differing from the linear sensors used in our work.
In [5] also, the searching agents move at a fixed velocity and
evaders move at a velocity with a known limit, however the
searchers are equipped with disk-shaped sensors and not linear
detectors. With the same reasoning we use, Tang and Ozguner [5]
guarantee that if evaders do not escape during the first traversal
of the region, no escape occurs in subsequent traversals around
a smaller region. As opposed to our proposed search patterns,
where pairs of sweepers improve the trapping capabilities of
the sweeper by utilizing pincer search trajectories, in [5], all
searching agents move one after the other in the same direction.
Furthermore, using the sweepers pincer motion enables us to
avoid the complex end game we propose in [28] and allows the
sweepers to clean the entire evader region using only circular
and spiral sweeps.

Although the works in [22]–[24] are related to our research
and use pincer movements between pairs of defenders as well,
they have a different objective of protecting an initial region from
entrance of invaders, unlike our goal that is to detect all evaders
that may spread from the interior of the region. Furthermore,
these works do not focus on guaranteeing interception of all
evaders or intruders that try to enter the protected region but
rather in devising policies for intercepting as many intruders
as possible with agents that “crash” upon detection. These pro-
cesses rely on an assumption that the number of intruders is finite
and that each defender has to intercept only a single intruder.
In the scenario, we investigate that the requirement is that all
evaders are detected regardless of their number. Importantly, as
opposed to our assumptions, where only the sweepers’ sensors
provide information on evaders’ whereabouts, in the perimeter
defense problems described in [22]–[24], the locations of in-
truders are known to the defenders, either throughout the whole
scenario or from the time they are detected by a set of different
patrolling agents. As opposed to the perimeter defense works
mentioned earlier, at the beginning of every pincer maneuver the
sweepers perform in our work, the placements of the sweeper
pairs are back to back, preventing escape of evaders from the gap
between the sweepers’ sensors. Furthermore, the assignment of
sweeping pairs in our work is not fixed and sweepers change their
sweep partners during the search process in order to improve the
sweeper team’s performance.

III. UNIVERSAL BOUND ON CLEANING RATE

In this section, we present an optimal bound on the cleaning
rate of a searcher with a linear-shaped sensor. This bound is
independent of the particular search pattern employed. For each
of the proposed search methods, we then compare the resulting
cleaning rate to the optimal derived bound in order to compare
between different search methods. We denote the searcher’s
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velocity as Vs, the sensor length as 2r, the evader region’s initial
radius as R0, and the maximal velocity of an evading agent as
VT . The maximal cleaning rate occurs when the footprint of the
sensor over the evader region is maximal. For a line-shaped sen-
sor of length 2r, this happens when the entire length of the sensor
fully overlaps the evader region and it moves perpendicular to
its orientation. The rate of sweeping when this happens has to
be higher than the minimal expansion rate of the evader region
(given its total area), otherwise no sweeping process can ensure
detection of all evaders. We analyze the search process when the
sweeper swarm is comprised of n identical agents. The smallest
searcher velocity satisfying this requirement is defined as the
critical velocity and denoted by VLB , we have the following.

Theorem 1: No sweeping process is able to successfully
complete the confinement task if its velocity Vs is less than

VLB =
πR0VT
nr

. (1)

Proof: Denote by ΔT the interval of search. The maximal
area that can be scanned when the searcher moves with a velocity
Vs is given by

AMax Clean = 2rVsΔT. (2)

Therefore, if each agent in the swarm of n cleans the maximal
possible area, the maximal area that the swarm cleans is given
by

AMax Clean(n) = 2nrVsΔT (3)

i.e., the best cleaning rate is 2rnVs. The least spread of the
evader region that expands due to evaders’ possible motion
with velocity VT occurs when the region has the shape of
a circle. This is due to the isoperimetric inequality: for a
given area, the minimal boundary length that encloses it hap-
pens when the shape of the region is circular. Therefore, for
an initial circular region with radius R0, the evader region
minimal expansion is to a circle with a larger radius. For
a spread of ΔT , the radius of the evader region grows to
R0 +ΔTVT and the area of the evader region grows from πR0

2

to π(R0 +ΔTVT )
2. Therefore, the growth of the evader region

area in time ΔT is ALeastSpread = π(R0 +ΔTVT )
2 − πR0

2 =
2πR0ΔTVT + (ΔTVT )

2. The spread rate is given by the di-
vision of the last expression by ΔT . Letting ΔT → 0, the
expression resolves to 2πR0VT , the least possible spread rate.
In order to guarantee the possibility of sweeping, we must set
the best cleaning rate to be larger than the worst spread of area
that is 2rnVs ≥ 2πR0VT . This yields the minimal velocity of a
sweeper regardless of the search process it employs. Hence

Vs ≥ πR0VT
nr

= VLB . (4)

�
Hopefully, after the first sweep, the evader region is within

a circle with a smaller radius than the initial evader region’s
radius. Since the sweepers travel along the perimeter of the
evader region and this perimeter decreases after the first sweep,
ensuring a sufficient sweeper velocity that guarantees that no
evader escapes during the initial sweep guarantees also that the

sweeper velocity is sufficient to prevent escape in subsequent
sweeps as well. The formulation of the problem in terms of the
smallest possible searcher velocity that guarantees a no escape
search is equivalent to determining the maximal circular region
that can be searched given a searcher’s velocity of Vs, sensor
length of 2r, n sweepers, and a maximal velocity of an evading
agent that is equal to VT . Similar results for this bound for
sweepers with circular sensors appear in [17].

IV. MULTIPLE AGENTS WITH LINEAR SENSORS: THE

CIRCULAR PINCER SWEEP PROCESS

We analyze the case that the multiagent swarm consists of
n agents, where n is an even number, and each sweeper has
a sensor length of 2r. At the beginning of the search process,
the footprint of each sweeper’s sensor that is over the evader
region is equal to r. When employing this type of search pattern,
the symmetry between the two agent trajectories prevents the
escape from point P = (0, R0) that is the most dangerous point
an evader can escape from as proved in [28]. Therefore, each
sweeper’s critical velocity is based only upon the time it takes
it to traverse the angular section it responsible for, namely
2π
n . For example, if the sweeper swarm consists of only two

sweepers, each sweeper is required to scan an angle of π. If
the sweepers’ velocities are above the critical velocity of the
scenario, the agents can advance inwards toward the center of
the evader region after completing a cycle. The notion of a cycle
or an iteration corresponds to an agent’s traversal of the angular
section it is required to scan, i.e., an angle of 2π

n . Therefore, its
definition varies with the number of sweepers. Once the agents
finish scanning the angular section they are responsible for, and
if their velocities allow it, they advance inwards together. In case
the search is performed in the 2-D plane, the sweepers change
their scanning direction only after the completion of an inward
advancement maneuver. In case the search is three-dimensional,
i.e., the sweepers fly over the evader region, the sweepers first
advance inwards together, and only then exchange between them
the angular section they are responsible to sweep. Afterward,
the sweepers continue to scan a section with a smaller radius.
Contrary to the works in [22]–[24] that devise methods for
intercepting as many intruders as possible with agents that can
intercept only a single invader, the circular pincer sweep process
guarantees evaders are detected regardless of their number and
the number of pursuing sweepers. Since each sweeper has a
sensor length of r outside the evader region, in order to guarantee
that no evader escapes the sweepers, we must demand that the
spread of the evader region, from any potential location where
an evader might be located, is confined to a radius of no more
than r from its origin point at the beginning of the cycle. During
an angular traversal of 2π

n around the evader region radius of
R0, this yields that the following inequality must be satisfied:

2πR0

nVs
≤ r

VT
. (5)
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Rearranging terms yields that the sweepers velocities must
satisfy that

Vs ≥ 2πR0VT
nr

. (6)

The critical velocity for the circular sweep process is therefore
given when we have equality in (6)

Vc =
2πR0VT
nr

. (7)

Therefore, we obtain that the circular critical velocity equals
twice the optimal minimal critical velocity

Vc = 2VLB . (8)

Theorem 2: For an n-agent swarm for which n is even that
performs the circular sweep process, where the sweeper distribu-
tion is as described, the number of iterations it takes the swarm
to reduce the evader region to be bounded by a circle with a
radius that is less than or equal to r is given by

Nn =

⎡⎢⎢⎢
ln
(

2πrVT−nrVs

2πR0VT−nrVs

)
ln
(
1 + 2πVT

n(Vs+VT )

)
⎤⎥⎥⎥ . (9)

After Nn sweeps, the sweeper swarm performs an additional
circular sweep and cleans the entire evader region.

We denote by Tin the sum of all inward advancement times
and by Tcircular the sum of all the circular traversal times.
Therefore, the time it takes the swarm to clean the entire evader
region is given by

T (n) = Tin(n) + Tcircular(n) (10)

where Tin(n) is given by

Tin(n) =
R0

Vs
+
(

2πR0VT−nrVs

nVs(Vs+VT )

)(
1 + 2πVT

n(Vs+VT )

)Nn−1

(11)
and Tcircular(n) is given by

Tcircular(n) = −R0(Vs+VT )
VTVs

+ nr(Vs+VT )+2πrVT

2πVT
2

+
(
1 + 2πVT

n(Vs+VT )

)Nn
(

(Vs+VT )(2πR0VT−rnVs)

2πVsVT
2

)
+ r(Nn−1)

VT
+ 2πr

nVs
.

(12)

Proof: Let us denote byΔV > 0 the addition to the sweeper’s
velocity above the critical velocity. The sweeper’s velocity
is therefore given by Vs = Vc +ΔV . The time it takes each
sweeper to circularly sweep the region it is responsible to sweep
is given by

Tcirculari =
2πRi

n(Vc +ΔV )
. (13)

Substituting Vs = Vc +ΔV in (13) yields

Tcirculari =
2πRi

nVs
. (14)

As a function of the number of sweepers and the iteration num-
ber, the distance a sweeper can advance inwards after completing
an iteration is given by

δi(ΔV ) = r − VTTcirculari , 0 ≤ δi(ΔV ) ≤ r (15)

where in the term δi(ΔV ), ΔV denotes the increase in the
agent’s velocity relative to the critical velocity. The number
of sweep iterations the sweeper performed around the evader
region is denoted by i, where i starts from sweep number 0.
After the agents complete a cycle, they move inwards toward
the center of the evader region in a way that the inner tips of
their sensors point toward the center of evader region. When
the sweepers progress inwards, they progress with a velocity
of Vs, until they reach the position where they start their next
sweep at the moment they meet the evader region’s expanding
wavefront. During the inwards advancements, no cleaning is
performed while the evader region continues to spread.

The time it takes the sweepers to move inwards until half
of their sensors are over the evader region depends on the
relative velocity between the agents inwards entry and the evader
region outwards expansion and is given by (17). As the sweepers
progress toward the center of the evader region, the evader region
continuous to expand. Therefore, sweepers can only advance by
a smaller distance than δi(ΔV ), denoted by δieff(ΔV ), which
depends on the ratio between the velocity in which the sweepers
progress toward the center of the region and the sum of velocities
of sweeper and evader region spread. δieff(ΔV ) is the actual
distance sweepers move at each iteration in order to meet the
wavefront of the evader region when half of their sensors are
covered by the evader region. Therefore, the distance an agent
can advance inwards after completing an iteration is given by

δieff(ΔV ) = δi(ΔV )

(
Vs

Vs + VT

)
. (16)

The inward advancement time depends on the iteration number.
It is denoted by Tini and is given by

Tini =
δieff(ΔV )

Vs
=
rnVs − 2πRiVT
nVs (Vs + VT )

. (17)

The index i in Tini denotes the iteration number in which the
advancement is done. After all agents complete their sweep,
the evader region is bounded by a circle with a smaller radius
compared to the previous sweep. Thus, the new radius of the
circle that bounds the evader region is given by

Ri+1 = Ri − δieff(ΔV ) = Ri − δi(ΔV )

(
Vs

Vs + VT

)
. (18)

Plugging the value of δi(ΔV ) from (15) into (18) yields

Ri+1 = Ri − δieff(ΔV ) = Ri − rVs
Vs + VT

+
2πRiVT

n (Vs + VT )
.

(19)
Rearranging terms yields

Ri+1 = Ri

(
1 +

2πVT
n (Vs + VT )

)
− rVs
Vs + VT

. (20)

The exact value of RN can only be calculated after the number
of sweeps around the regionNn is calculated. Therefore, we use
R̂N = r as an estimate of the true RN in order to calculate Nn.
For any even number of sweepers n, the search continues in this
way until the evader region is confined to a radius of R̂N = r.
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Denoting the coefficients c1 and c2 by

c1 = − rVs
Vs + VT

, c2 = 1 +
2πVT

n (Vs + VT )
. (21)

Equation (20) takes the form of

Ri+1 = c2Ri + c1. (22)

The number of iterations it takes the sweeper swarm to reduce
the evader region to be bounded by a circle with a radius of
R̂N = r that corresponds to the last sweep before completely
cleaning the evader region is calculated in Appendix A. It is
given by

Nn =

⌈
1

ln c2
ln

(
R̂N − c1

1−c2

R0 − c1
1−c2

)⌉
. (23)

Substitution of coefficients in (23) yields that the number of
iterations it takes the sweepers to reduce the evader region to be
contained in a circle with the radius of the last scan R̂N = r is
given by

Nn =

⎡⎢⎢⎢
ln
(

2πrVT−nrVs

2πR0VT−nrVs

)
ln
(
1 + 2πVT

n(Vs+VT )

)
⎤⎥⎥⎥ . (24)

The ceiling operator is applied since the number of iterations
has to be an integer number in order to allow the sweepers to
complete scanning the sections they sweep and meet with the
sweeper that scans the adjacent section. This practically implies
that the sweepers continue the Nnth sweep, even if the evader
region’s radius slightly decreases below r during the sweep.

The total time it takes a multiagent swarm of n sweepers
to clean the evader region is given by the total time of inward
advancements combined with the total circular traversal times
around the evader region in all cycles. We denote by Tin(n) the
sum of all the inward advancement times and by Tcircular(n) the
sum of all the circular traversal times. Namely

T (n) = Tin(n) + Tcircular(n). (25)

We denote the total advancement time until the evader region is
bounded by a circle with a radius that is less than or equal to r
as T̃in(n). It is given by

T̃in(n) =

Nn−2∑
i=0

Tini . (26)

During the inward advancements, only the tip of the sensor,
which has zero width, is inserted into the evader region. There-
fore, no evaders are detected until the sweeper completes its
inward advance and starts sweeping again. After the sweeper
completes its advance into the evader region, its sensor footprint
over the evader region is equal to r. The total search time until
the evader region is bounded by a circle with a radius that is less
than or equal to r is given by the sum of the total circular sweep
times and the times of the inward advances. Namely

T̃ (n) = T̃in(n) + T̃circular(n). (27)

Using the developed term for Tini , the total inward advancement
times until the evader region is bounded by a circle with a radius

that is less than or equal to r are computed by

T̃in(n) =

Nn−2∑
i=0

Tini =
(Nn − 1) r

Vs + VT
−

2πVT
Nn−2∑
i=0

Ri

nVs (Vs + VT )
. (28)

We note that the first inward advancement occurs when the
evader region is bounded by a circle of radius R0 and the last
inward advancement occurs at iteration number Nn − 2, which
describes the inward advancement in which the evader region
transitions from being bounded by a circle of radius RNn−2

to being bounded by a circle of radius RNn−1. Afterward, the
sweeper swarm completes another circular sweep where after its
completion, the evader region is bounded by a circle of radius
RN . The calculation is done in this way since at the last sweep,
the sweeping agents advance a distance that is equal to or smaller
than the allowable distance they can advance toward the center of
the evader region in order to ensure that their paths do not cross
each other. Therefore, in order to prevent collisions between
the sweeping agents at the last iteration before they completely
clean the evader region, we ensure that the lower tips of the
sweepers’ sensors do not cross the center of the evader region.
The full derivation of T̃in(n) can be found in Appendix F. This
derivation yields that

T̃in(n) =
Nn−2∑
i=0

Tini

= R0

Vs
− nr

2πVT
−
(
1 + 2πVT

n(Vs+VT )

)Nn−1 (
2πR0VT−nrVs

2πVTVs

)
.

(29)
In order to calculate Tin(n), we must add the last inward ad-
vancement. This time is given by Tinlast(n) =

RNn

Vs
. Therefore

Tinlast(n) =
nr

2πVT
+
(
1 + 2πVT

n(Vs+VT )

)Nn
(

2πR0VT−nrVs

2πVTVs

)
.

(30)
Tin(n) is given as Tin(n) = T̃in(n) + Tinlast(n) and, therefore,
yields

Tin(n) =
R0

Vs
+
(

2πR0VT−nrVs

nVs(Vs+VT )

)(
1 + 2πVT

n(Vs+VT )

)Nn−1

.

(31)
We now proceed to the calculation of the circular sweep times.
The initial circular sweep time is given by T0 = 2πR0

nVs
. The

relation between the time to circularly sweep a circle of radius
Ri by an angle of 2π

n at a velocity of Vs is given by

Ti =
2πRi

nVs
. (32)

We denote the coefficient c3 by

c3 = − 2πr

n (Vs + VT )
. (33)

Multiplying (22) by 2π
nVs

yields a recursive difference equation
for the sweep times. Hence, the sweep times are expressed as

Ti+1 = c2Ti + c3. (34)

Let T̃circular(n) denote the sum of circular sweep times until the
evader region is bounded by a circle that is less than or equal to
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r. T̃circular(n) is developed in Appendix C and is given by

T̃circular(n) =
T0 − c2TNn−1 + (Nn − 1) c3

1− c2
. (35)

The last circular sweep time before the evader region is bounded
by a circle with a radius smaller or equal to r is computed in
Appendix D and is given by

TNn−1 =
c3

1− c2
+ c2

Nn−1

(
T0 − c3

1− c2

)
. (36)

Plugging the respective coefficients into (36) yields

TNn−1 = r
VT

+
(
1 + 2πVT

n(Vs+VT )

)Nn−1 (
2πR0VT−rnVs

nVsVT

)
.

(37)
Substituting the coefficients in (35) with the respective devel-
oped terms yields

T̃circular(n) = −R0(Vs+VT )
VTVs

+ nr(Vs+VT )+2πrVT

2πVT
2

+
(
1 + 2πVT

n(Vs+VT )

)Nn
(

(Vs+VT )(2πR0VT−rnVs)

2πVsVT
2

)
+ r(Nn−1)

VT
.

(38)
After the completion of sweepNn, the evader region is bounded
by a circle with a radius that is less than or equal to r. In order
to prevent the paths of the sweepers from coinciding at the last
sweep, the sweepers advance toward the center of the evader
region until the lower tips of their sensors are at the center of
the evader region. Following this advancement, they perform the
last circular sweep. The time to perform this sweep is denoted
by Tlast(n). Tlast(n) is the time it takes the sweepers to complete
the last circular sweep of radius r while traversing an angle of
2π
n around the center of the evader region. Tlast(n) is given by
Tlast(n) =

2πr
nVs

. Therefore, the total time of circular sweeps until
complete cleaning of the evader region is given by

Tcircular(n) = T̃circular(n) + Tlast(n). (39)

Hence

Tcircular(n) = −R0(Vs+VT )
VTVs

+ nr(Vs+VT )+2πrVT

2πVT
2

+
(
1 + 2πVT

n(Vs+VT )

)Nn
(

(Vs+VT )(2πR0VT−rnVs)

2πVsVT
2

)
+ r(Nn−1)

VT
+ 2πr

nVs
.

(40)

�
Fig. 4 depicts the cleaning progress of the evader region

when 4 agents employ the circular pincer sweep process. Fig. 5
presents the complete cleaning times for different numbers of
sweepers. The total time comprises the sum of circular sweep
times and the inward advancement times. In each of the plotted
curves, the velocity of the sweepers is equal, regardless of the
number of sweepers that perform the search, in order to make a
fair comparison between cleaning times of swarms with different
number of sweepers. ΔV is taken with respect to the critical
velocity of two sweepers, since, as the number of sweepers
increases, the critical velocity that enables them to complete the
search decreases. Therefore, swarms with increasing number
of sweepers are able to complete the search when moving at
a velocity that is above the critical velocity of two sweepers
while the converse does not necessarily hold. Fig. 6 presents

Fig. 4. Swept areas and evader region status for different times in a scenario
where four agents employ the circular pincer sweep process. (a) Beginning of
first cycle. (b) Toward the end of the first cycle. (c) Toward the end of the second
cycle. (d) Beginning of the third cycle. Green areas are locations that are free
from evaders and red areas indicate locations where potential evaders may still
be located.

Fig. 5. Time of complete cleaning of the evader region. We simulated the
circular pincer sweep processes for an even number of agents, ranging from 2
to 32 agents. The chosen values of the parameters are r = 10, VT = 1, and
R0 = 100.

Fig. 6. Sum of circular sweep times of the search until complete cleaning of
the evader region. We simulated circular sweep processes with an even number
of agents, ranging from 2 to 32 agents. The chosen values of the parameters are
r = 10, VT = 1, and R0 = 100.
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Fig. 7. Sum of inward advancement times until complete cleaning of the evader
region. We simulated circular sweep processes with an even number of agents,
ranging from 2 to 32 agents. The chosen values of the parameters are r =
10, VT = 1, and R0 = 100.

Fig. 8. Cleaning time gain obtained by adding sweepers. We simulated circular
sweep processes with an even number of agents, denoted byn, ranging from 2 to
32 agents. In each curve, every point is obtained by the ratio between the sweep
times of a two agent swarm and an n agent swarm. We show results obtained for
different values of velocities above the circular critical velocity, i.e., different
choices for ΔV . The chosen values of the parameters are r = 10, VT = 1, and
R0 = 100.

only the circular cleaning times and Fig. 7 presents only the
inward advancement times until the complete cleaning of the
evader region. Fig. 8 shows that the gain in search time reduction
is more pronounced when velocities are closer to the critical
velocity.

V. MULTIPLE AGENTS WITH LINEAR SENSORS: THE SPIRAL

PINCER SWEEP PROCESS

Since at the start of every circular sweep process, half of the
sweepers’ sensors are outside of the evader region, we would
like the sweepers to employ a more efficient motion throughout
the cleaning process. This means that throughout the motion of
the searcher, the footprint of its sensor that is above the evader
region should maximally overlap the evader region. This can be

achieved with a spiral scan, where the agent’s sensor tracks the
expanding evader region wavefront while preserving its shape
to be as close as possible to a circle.

We analyze the case that the multiagent swarm consists of
n agents, where n is an even number, and each sweeper has a
line sensor length of 2r, choosing all sweepers to have sensors
of equal lengths implies that when the sweepers’ sensors reach
the same point and are tangent to each other, escape will not be
possible from the gap between the sensors. This is a necessary
requirement since the process that is described below relies on
the symmetry between the agents’ sensors that are over the
evader region.

At the beginning of the search process, the footprint of each
sweeper’s sensor that is over the evader region is equal to 2r.
When employing this type of search pattern, the symmetry
between the two agent trajectories prevents the escape from
pointP = (0, R0) that is the most dangerous point an evader can
escape from. Therefore, each sweeper’s critical velocity can be
based only upon the time it takes it to traverse the angular section
it responsible for, namely 2π

n . Similar to the circular sweep
process, when sweepers move at a velocity greater than their
critical velocity and if the search is carried out on the 2-D plane,
sweepers change their direction of scanning after performing
an inward advancement. If the search is three-dimensional,
the sweepers advance inwards together, exchanging afterward
between them the angular section they are responsible to sweep.
After this motion, the sweepers start scanning a section with a
smaller radius.

Each searcher begins its spiral traversal with the tip of its
sensor tangent to the edge of the evader region. In order to keep
its sensor tangent to the evader region throughout the sweep, the
searcher must travel at an angle φ to the normal of the evader
region. φ depends on the ratio between the sweeper and evader
velocities. The incentive of a sweeper to travel in a constant angle
φ to the normal of the evader region is to preserve the evader
region’s circular shape and keep the entire length of its sensor
inside the evader region at all times. Fig. 1(b) shows an initial
placement of two agents that employ the pincer movement spiral
sweep process. φ is calculated by

sinφ =
VT
Vs
. (41)

Thus, we have

φ = arcsin

(
VT
Vs

)
. (42)

The isoperimetric inequality states that for a given area, the shape
of the curve that bounds the area which has the smallest perimeter
is circular. Since the agent travels along the perimeter of the
evader region while keeping the evader region’s shape close to
circular, the isoperimetric inequality implies that the time it takes
to complete a sweep around the region is minimal. The agent’s
angular velocity or rate of change of its angle with respect to the
center of the evader region θs can be described as a function of
φ as

dθs
dt

=
Vs cosφ

Rs(t)
=

√
Vs

2 − VT
2

Rs(t)
. (43)
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Fig. 9. Swept areas and evader region status for different times in a scenario
where two agents employ the spiral pincer sweep process. (a) Toward the
completion of the first cycle. (b) Beginning of the second cycle. (c) Midway
of the second cycle. (d) Beginning of the third cycle. Green areas are locations
that are free from evaders and red areas indicate locations where potential evaders
may still be located.

The instantaneous growth rate of the searcher’s radius is be given
by

dRs(t)

dt
= Vs sinφ = VT . (44)

Integrating (43) between the initial and final sweep times of the
angular section yields∫ tθ

0

θ̇ (ζ)dζ =

∫ tθ

0

√
Vs

2 − VT
2

VT ζ +R0 − r
dζ. (45)

The result of the integral in (45) yields

θ (tθ) =

√
Vs

2 − VT
2

VT
ln

(
VT tθ +R0 − r

R0 − r

)
. (46)

Applying the exponent function to (46) results in

(R0 − r) exp

(
VT θ(tθ)√
Vs

2 − VT
2

)
= VT tθ +R0 − r = Rs(tθ).

(47)
Each sweeper begins its spiral traversal with the tip of its sensor
tangent to the edge of the evader region. Fig. 1(b) shows an
example for the initial placement of two agents where the tips of
the sweepers’ sensors are located at point P = (0, R0). Fig. 9
shows the cleaning progress of the evader region when two
agents employ the spiral sweep process. The time it takes the
sweeper to complete a spiral traversal around the angular region
of the evader region it is responsible to scan corresponds to
changing its angle θ by 2π

n . During this time, the expansion
of the evader region has to be by no more than 2r from its
initial radius, in order for the sweeper to prevent the escape of
potential evaders. This assertion holds under the assumption that
after each cycle when the sweeper advances inwards toward the
center of the evader region, it completes this motion in zero
time. Otherwise, the spread of evaders has be less than 2r and
considerations, such as the spread of evaders during the inwards
motion, needs to be taken into account. This case is addressed
after the analysis of the simplified case that is described here. In
order for no evader to escape the sweepers, after a traversal of

2π
n , the following inequality must hold:

R0 + r ≥ Rs(t 2π
n
). (48)

Define

λ = exp

(
2πVT

n
√
Vs

2 − VT
2

)
. (49)

SubstitutingRs(t 2π
n
) with the expression of the trajectory of the

center of the sweeper yields

R0 + r ≥ (R0 − r) λ. (50)

Therefore, in order to ensure no evader escapes undetected
during the sweeping maneuver, the sweepers’ velocities must
satisfy

VS ≥ VT

√√√√√ (
2π
n

)2(
ln
(

R0+r
R0−r

))2 + 1. (51)

We now propose a modification to the construction of the critical
velocity given in (51). This modification takes into account the
consideration that when the sweepers travel toward the center of
the evader region after completing the spiral sweep, they have to
meet the evader wavefront travelling outwards the region with
a speed of VT at the previous radius R0. This more realistic
update of the search process makes the spiral sweep process
critical velocity agree with the optimal lower bound on the
sweeper velocity that is independent of the sweep process and
is slightly above it. The derived critical velocity ensures that no
evaders escape while the sweepers advance toward the center
of the evader region. We have that the expansion of the evader
region during the first sweep denoted by Tc has to satisfy that
VTTc ≤ 2rVs

Vs+VT
. Substituting the expression for Tc yields

(R0 − r) (λ − 1) =
2rVs

Vs + VT
. (52)

Corollary 1: For an n-agent spiral sweep process, where n
is even, the critical velocity Vs, allowing the satisfaction of the
confinement task, is obtained as the solution of

VTTc =
2rVs

Vs + VT
(53)

where Tc is given by

Tc =
(R0 − r) (λ − 1)

VT
. (54)

The modified critical velocity of Corollary 1 is computed nu-
merically using the Newton–Raphson method with the velocity
derived in (51) as an initial guess. All forthcoming derivations
use the modified critical velocity of Corollary 1 that accounts for
the spread of evaders during the sweepers advancements toward
the center of the evader region.

As shown in Fig. 10, the computed spiral critical velocity is
close to the optimal lower bound, especially for a small number
of sweepers. For example, for the two sweeper case, the ratio
between the spiral critical velocity and the optimal velocity is
1.05. Since the number of evaders and their exact locations is
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Fig. 10. Critical velocities as a function of the number of sweepers. The
number of sweeper agents is even, ranges from 2 to 32 agents, which employ
the multiagent spiral sweep process where the inward advancements toward the
center of the evader are taken into account. We also plot the optimal critical
velocities and the circular critical velocities for comparison. The chosen values
of the parameters are r = 10, VT = 1, and R0 = 100.

unknown, if sweepers allow an evader to escape from the region
they sweep, with the intention of enabling themselves to move at
a lower velocity than the critical velocity, there is no guarantee
that all evaders in the region will be detected. If such a pair
of sweepers allows an evader to cross the region they sweep
undetected, even by coordinating with another sweeper that will
chase this evader and detect it later, evaders that are inside the
chasing sweeper’s allocated region may take advantage of this
movement and use this opportunity to escape, resulting in the
failure of the mission.

Theorem 3: For an n-agent swarm for which n is even,
which performs the spiral sweep process, where the sweepers
distribution is as described, the number of iterations it takes the
swarm to clean the entire evader region is given by

Ñn = Nn + η + 1 =

⎡⎢⎢⎢
ln
(

r(3−λ)
R0(1−λ)+r(1+λ)

)
ln
(

VT+Vsλ
Vs+VT

)
⎤⎥⎥⎥+ η + 1 (55)

where η = 0 or η = 1. We denote by Tin(n) the sum of all the
inward advancement times and by Tspiral(n) the sum of all the
spiral traversal times. Therefore, the time it takes the swarm to
clean the entire evader region is given by

T (n) = Tin(n) + Tspiral(n) (56)

where Tin(n) is given by

Tin(n) = T̃in(n) + T
inlast(n) + ηTinf

(n) (57)

where T̃in(n) is given by

T̃in(n) =
2r

Vs+VT
+ R0−r

Vs
+ 2r(VT+Vsλ)

Vs(Vs+VT )(1−λ)

− (VT+Vsλ)Nn−1

Vs(Vs+VT )(1−λ) (R0 (1− λ) + r (1 + λ)) .
(58)

T
inlast(n) is given by T

inlast(n) =
RN

Vs
and Tinf

(n) is given by

Tinf
(n) = TlVT

Vs
. Therefore

Tin(n) = T̃in(n) +
RN

Vs
+
ηr

Vs
(λ − 1) . (59)

Tspiral(n) is given by

Tspiral(n) = T̃spiral(n) + Tlast(n) + ηTl(n) (60)

where T̃spiral(n) is given by

T̃spiral(n) =
(r−R0)(Vs+VT )

VTVs
− 2r(VT+Vsλ)

VTVs(1−λ)

+ 2r(Nn−1)
VT

−
(

VT+Vsλ
Vs+VT

)Nn
(

(Vs+VT )(R0(λ−1)−r(λ+1))
VTVs(1−λ)

)
.

(61)
Tlast(n) is given by Tlast(n) =

2πr
nVs

and Tl(n) is given by

Tl(n) =
r(λ−1)
VT

. Hence, Tspiral(n) is given by

Tspiral(n) = T̃spiral(n) +
2πr

nVs
+ η

r (λ − 1)

VT
. (62)

Proof: Let us denote byΔV > 0 the addition to the sweeper’s
velocity above the critical velocity. The sweeper’s velocity is
therefore given by Vs = Vc +ΔV . The expression of the angle
the sweeper travels with respect to the center of evader region
is denoted as θ(tθ). At the beginning of the cycle, the center of
the sweeper’s sensor is located at a distance of Ri − r from the
center of the evader region. θ(tθ) is calculated in (46). Replacing
R0 with Ri yields

θ (tθ) =

√
Vs

2 − VT
2

VT
ln

(
VT tθ +Ri − r

Ri − r

)
. (63)

The time it takes the sweeper to travel an angle of θ(tθ) = 2π
n

is denoted as Tspirali and is obtained from (63). It is given by

Tspirali =
(Ri − r) (λ − 1)

VT
. (64)

Given that an agent moves in a velocity that is greater than the
critical velocity for the corresponding scenario, we denote as in
the circular sweep process, the distance an agent can advance
toward the center of the evader region by δi(ΔV ). After the
completion of the inward advancement movement, the evader
region shrinks to an updated circular evader region with a radius
of Ri+1 = Ri − δi(ΔV ). After completing the proposed spiral
sweep, the evader region is again circularly shaped, with a
smaller radius. A proof for this property is provided in Appendix
H. We have that

δi(ΔV ) = 2r − VTTspirali , 0 ≤ δi(ΔV ) ≤ 2r. (65)

As a function of the number of sweepers and iteration number,
the distance sweepers can advance inwards after completing an
iteration in case the evader wavefront did not continue to expand
during the sweepers’ inward motion is given by

δi(ΔV ) = 2r − (Ri − r) (λ − 1) (66)

where in the term δi(ΔV ), ΔV denotes the increase in the
agent’s velocity relative to the critical velocity. The number
of sweep iterations the sweepers performed around the evader
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region is denoted by i, where i starts from sweep number 0.
As in the case of the circular sweep process, the time it takes
the sweepers to move inwards until their entire sensors are
over the evader region depends on the relative velocity between
the sweepers inwards entry velocities and the evader region
outwards expansion velocity. Therefore, the distance a sweeper
advances inwards after completing an iteration is given by

δieff(ΔV ) = δi(ΔV )

(
Vs

Vs + VT

)
. (67)

The new radius of the smaller circular evader region is therefore
given by

Ri+1 = Ri − δi(ΔV )

(
Vs

Vs + VT

)
. (68)

We denote by R̃i = Ri − r. Using R̃i instead of Ri yields
equations that have the same structure as the equations that were
developed for the circular sweep process. This allows to solve
the resulting spiral sweep process’s equations with the same
methodology along with the appropriate change of coefficients.
Substituting the value for δi(ΔV ) into (68) results in

R̃i+1 = R̃i −
(
2r − R̃i (λ − 1)

)( Vs
Vs + VT

)
. (69)

Rearranging terms yields a difference equation with similar
structure to the difference equation that was obtained for the
circular sweep process

R̃i+1 = R̃i

(
VT + Vsλ

Vs + VT

)
− 2rVs
Vs + VT

. (70)

Denoting the coefficients in (70) as

c1 = − 2rVs
Vs + VT

, c2 =
VT + Vsλ

Vs + VT
(71)

yields the following difference equation:

R̃i+1 = c2R̃i + c1. (72)

RN is the actual radius of the circular evader region whose radius
is smaller or equal to 2r and is calculated by similar steps as
RN−2 is calculated in Appendix B. The precise calculation of
RN is important for the end game of the cleaning process, as is
discussed later in this section. The exact value of RN can only
be calculated after the number of sweeps around the region Nn

is calculated. Therefore, we use R̂N = 2r as an estimate of the
true RN in order to calculate Nn.

Since the structure of the difference equation for the radius
of the evader region is the same as those in the circular case
described in the previous section, the number of iterations it
takes the sweepers to reduce the evader region to a circle of
radius R̂N = 2r is given by

Nn =

⌈
1

ln c2
ln

(
R̂N − c1

1−c2

R0 − c1
1−c2

)⌉
. (73)

The ceiling operator is applied since the number of iterations
has to be an integer number in order to allow the sweepers
to complete scanning the sections they sweep. This practically
implies that the sweepers continue sweep number Nn even if

the evader region’s radius slightly decreases below 2r during
the sweep. Therefore, in order to calculate Nn, we assume the
last cycle takes place when the evader region is a circle of radius
R̂N = 2r or R̃N = r. Thus, substitution of coefficients in (73)
yields that after Nn iterations, the evader region is circularly
shaped with a radius that is less than or equal to 2r. Nn is given
by

Nn =

⎡⎢⎢⎢
ln
(

r(3−λ)
R0(1−λ)+r(1+λ)

)
ln
(

VT+Vsλ
Vs+VT

)
⎤⎥⎥⎥ . (74)

The inwards advancement time depends on the iteration number.
It is denoted by Tini and its expression is given by

Tini =
δieff(ΔV )

Vs
=

2r − R̃i (λ − 1)

Vs + VT
. (75)

We denote the total advancement time until the evader region is
reduced to a circle of radius that is less than or equal to 2r as
T̃in(n). It is given by T̃in(n) =

∑Nn−2
i=0 Tini .

Since during the inward advancements, only the tip of the
sensor, which has zero width, is inserted into the evader region,
it does not detect evaders until the sweeper completes its inward
advance and starts sweeping again. After the sweepers complete
their advance into the evader region, their sensor footprint over
the evader region is equal to 2r. The total search time until the
evader region is reduced to a circle with a radius that is less
than or equal to 2r is given by the sum of the total spiral sweep
times combined with the times of the total inward advancements.
Namely

T̃ (n) = T̃in(n) + T̃spiral(n). (76)

Using the developed term for Tini , the total inward advancement
times until the evader region is reduced to a circle with a radius
that is less than or equal to 2r are computed by

T̃in(n) =

Nn−2∑
i=0

Tini =

Nn−2∑
i=0

2r − R̃i (λ − 1)

Vs + VT
. (77)

The full derivation of T̃in(n) =
∑Nn−2

i=0 Tini is given in Appendix
G. We therefore have that

T̃in(n) =
2r

Vs+VT
+ R0−r

Vs
+ 2r(VT+Vsλ)

Vs(Vs+VT )(1−λ)

− (VT+Vsλ)Nn−1

Vs(Vs+VT )(1−λ) (R0 (1− λ) + r (1 + λ)) .
(78)

In the last inward advancement toward the center of the evader
region, the sweepers advance inwards and place the lower tips
of their sensors at the center of the evader region. The time it
takes the sweepers to complete this inwards motion is given by

Tinlast(n) =
RN

Vs
. (79)

RN is calculated by similar steps as the calculation in Appendix
B. Recalling that R̃N = RN − r, we have that

R̃N =
c1

1− c2
+ c2

Nn

(
R̃0 − c1

1− c2

)
. (80)
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Substituting the coefficients in (80) yields

RN = − 2r

1− λ
+ c2

Nn

(
R0 (1− λ) + r (1 + λ)

1− λ

)
. (81)

Substituting the expression for RN in Tinlast(n) given in (79)
yields

Tinlast(n) = − 2r

Vs (1− λ)
+ c2

Nn

(
R0 (1− λ) + r (1 + λ)

Vs (1− λ)

)
.

(82)
Since the time to sweep around radius R̃i is obtained by multiply-
ing R̃i by λ−1

VT
, when multiplying (70) by λ−1

VT
, we can construct a

difference equation for the sweep times. This difference equation
is given by

Ti+1 = c2Ti + c3. (83)

The coefficient c3 is given by

c3 =
−2rVs (λ − 1)

(Vs + VT )VT
. (84)

The total time of spiral sweeps until the evader region is reduced
to a circle with a radius that is equal to or smaller than 2r follows
the derivation in Appendix C and is given by

T̃spiral(n) =
T0 − c2TNn−1 + (Nn − 1) c3

1− c2
(85)

where the time of the first sweep is given by

T0 =
(R0 − r) (λ − 1)

VT
. (86)

The time it takes to sweep the last cycle before the evader region
is reduced to a circle with a radius less than or equal to 2r is
computed in Appendix D, and is given by

TNn−1 =
c3

1− c2
+ c2

Nn−1

(
T0 − c3

1− c2

)
. (87)

Plugging in the appropriate coefficients yields

TN−1 =
2r

VT
+
c2

Nn−1

VT
(R0 (λ − 1)− r (1 + λ)) . (88)

Substituting the derived coefficients into (85) yields

T̃spiral(n) =
(r−R0)(Vs+VT )

VTVs
− 2r(VT+Vsλ)

VTVs(1−λ)

+ 2r(Nn−1)
VT

−
(

VT+Vsλ
Vs+VT

)Nn
(

(Vs+VT )(R0(λ−1)−r(λ+1))
VTVs(1−λ)

)
.

(89)
After completing sweep number Nn − 1, the sweepers advance
toward the center of the evader region until the lower tips of their
sensors are located at the center of the evader region. Following
this advance, the sweepers need to perform a circular sweep
of radius r around the center of the evader region in order to
complete the cleaning of the evader region. The sweepers can
complete this last circular sweep only if their velocities are high
enough so that during the circular motion, no evader escapes the
sweepers. Since the critical velocity for a spiral sweep is lower
than the critical velocity for a circular sweep, the sweepers need
to perform the last circular after spiral sweep number Nn − 1
only if their velocities satisfy

2r ≥ VTTlast + VTTinlast +RN . (90)

Satisfying (90) means that no evader escapes the sweepers.
Before the last sweep, the evader region is reduced to a circle of
radius RN that satisfies

0 < RN ≤ 2r. (91)

An alternative way to represent RN is, RN = r(2− ε). There-
fore, ε can be written as

ε =
2r −RN

r
, 0 ≤ ε < 2. (92)

The last circular sweep occurs after the sweepers advance
toward the center of the evader region and place the lower tips
of their sensors at the center of the evader region. The last sweep
is therefore a circular sweep by an angle of 2π

n around a circle
of radius r centered at the center of the evader region. The time
it takes the sweepers to complete it is given by

Tlast(n) =
2πr

nVs
. (93)

Therefore, in order to perform the last circular sweep directly
after spiral sweep number Nn − 1, the inequality in (90) that
can be written as

ε ≥ 2πVT + nVT (2− ε)

nVs
(94)

has to hold. Equation (94) implies that in order to perform the
last circular sweep directly after spiral sweep number Nn − 1,
Vs has to satisfy that

Vs ≥ 2πVT + nVT (2− ε)

nε
. (95)

Substituting ε in (95) with the expression for ε from (92) yields
that in order to perform the last circular sweep directly after
spiral sweep number Nn − 1, Vs has to satisfy that

Vs ≥ 2πrVT + nVTRN

n (2r −RN )
. (96)

Rearranging terms and denoting the smallest possible ε that
satisfies (95) as εc yields that

εc ≥ 2VT (π + n)

n (Vs + VT )
. (97)

Therefore, if the evader region’s radius after sweep number
Nn − 1 satisfies RN ≥ r(2− εc) or alternatively

RN ≥ 2rnVs − 2VTπr

n (Vs + VT )
. (98)

Then, the sweepers velocity is not sufficient to guarantee es-
cape from the evader region. Demanding RN satisfies (98) is
equivalent to demanding that if Vs is not high enough and does
not satisfy the inequality in (96), then the sweepers velocity
is not sufficient to guarantee escape. In case these inequalities
are violated, the sweepers perform another spiral sweep, which
starts when the lower tips of their sensors are located at the center
of the evader region. This spiral sweep starts when the center of
each sweeper is at a distance of r from the center of the region
and the time it takes to complete it is denoted by Tl(n). It is
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Fig. 11. Complete cleaning time of the evader region. We simulated sweep
processes with an even number of agents, ranging from 2 to 32 agents that
employ the spiral sweep process. We show results obtained for different values
of velocities above the spiral critical velocity, i.e., different choices for ΔV . The
chosen values of the parameters are r = 10, VT = 1, and R0 = 100.

given by

Tl(n) =
r (λ − 1)

VT
. (99)

We therefore introduce a characteristic function η that takes the
values of 1 and 0. If the additional spiral sweep needs to be
performed, η = 1 and, therefore, Tl(n) is added to the sweep
time. If no additional spiral sweep is required, η = 0. Therefore,
the general term for Tspiral(n) is given by

Tspiral(n) = T̃spiral(n) + Tlast(n) + ηTl(n). (100)

Tin(n) is given by the sum

Tin(n) = T̃in(n) + Tinlast(n) + ηTinf (n). (101)

Let us denote by Tinf (n) the sweepers inward advancement time
that corresponds to the spread of possible evaders that originated
at the center of the evader region at the beginning of the last
spiral sweep and had time of Tl(n) to spread from the center
at a velocity of VT . Therefore, Tinf (n) is given by Tinf (n) =
Tl(n)VT

Vs
. Therefore, the total time of inward advancements is

given by

Tin(n) = T̃in(n) +
RN

Vs
+
ηr (λ − 1)

Vs
. (102)

Substituting the terms in (100) yields

Tspiral(n) = T̃spiral(n) +
2πr

nVs
+
ηr (λ − 1)

VT
. (103)

�
Fig. 11 presents the complete evader region’s cleaning times

for different numbers of sweepers. Complete cleaning times are
the sum of spiral sweep and inward advancement times. Fig. 12
shows only the spiral sweep times component and Fig. 13 shows
only the inward advancement times component. In each plotted

Fig. 12. Sum of spiral sweep times until complete cleaning of the evader
region. We simulated spiral sweep processes with an even number of agents,
ranging from 2 to 32 agents, which employ the multiagent spiral sweep process.
The chosen values of the parameters are r = 10, VT = 1, and R0 = 100.

Fig. 13. Sum of inward advancement times until complete cleaning of the
evader region. We simulated spiral sweep processes with an even number of
agents, ranging from 2 to 32 agents. The chosen values of the parameters are
r = 10, VT = 1, and R0 = 100.

curve, the velocity of the sweepers is equal, regardless to the
number of sweepers performing the search, in order to make a
fair comparison between cleaning times of swarms with different
number of sweepers. ΔV is taken with respect to the critical
velocity of two sweepers, since as the number of sweepers
increases, the critical velocity that enables them to complete the
search decreases. Therefore, swarms with increasing number
of sweepers are able to complete the search when moving at a
velocity that is above the critical velocity of two sweepers while
the converse does not necessarily hold. The critical velocity
for the sweeper swarm is obtained by solving numerically the
equation presented in Corollary 1 and, therefore, accounts for
the spread of evaders during the sweeper’s advancement toward
the center of the evader region, hence guaranteeing no evader
escapes. Fig. 14 shows that the gain in search time reduction
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Fig. 14. Cleaning time gain obtained by adding more sweepers. We simulated
sweep processes with an even number of agents, denoted by n, ranging from 2
to 32 agents that employ the spiral sweep process. In each curve, every point
is obtained by the ratio between the sweep times of a two agent swarm and
an n agent sweeper swarm. We show results obtained for different values of
velocities above the spiral critical velocity, i.e., different choices for ΔV . The
chosen values of the parameters are r = 10, VT = 1, and R0 = 100.

is more pronounced when velocities are closer to the critical
velocity.

VI. COMPARATIVE ANALYSIS OF THE PROPOSED

SEARCH STRATEGIES

This section provides a comparison between the obtained
results for the circular and spiral sweep processes that were
developed in the previous sections. In order to make a fair
comparison between the total sweep times of sweeper swarms
that can perform both the circular and spiral sweep processes,
the number of sweepers and sweeper velocity must be the same
in each of the tested spiral and circular swarms. The critical
velocity required for sweepers performing the circular sweep
process is higher than the minimal critical velocity required
for sweepers performing the spiral sweep process. Therefore,
in Fig. 15, we show the spiral sweep process’s sweep times
that are obtained for different values of velocities above the
circular critical velocity. This means that the values of ΔV that
are mentioned in the plots correspond to sweeper velocities that
are almost twice the spiral critical velocities. Requiring a higher
critical velocity implies that there are entire regions of operation
where an evader area with a given radius can be cleaned by a
swarm that performs the spiral sweep process but cannot be
cleaned by a swarm that performs the circular sweep process.
Fig. 16 compares the cleaning times of circular sweeping swarms
and spiral sweeping swarms. The results are computed with the
same agent velocities for both the circular and spiral multiagent
sweep processes. The reduction in complete sweeping times that
are achieved when sweepers employ the spiral search process are
clearly observable. This result is independent of the number of
the sweepers that perform the search or the velocity in which
they move.

Fig. 15. Complete cleaning time of the evader region. We simulated sweep
processes with an even number of agents, ranging from 2 to 32 agents, which
employ the multiagent spiral sweep process. The chosen values of the parameters
are r = 10, VT = 1, and R0 = 100. The values of ΔV are above the critical
velocity of the circular sweep process.

Fig. 16. Total search times until complete cleaning of the evader region for
the circular and spiral sweep processes. We simulated sweep processes with
an even number of agents, ranging from 2 to 32 agents, which employ the
multiagent circular and spiral sweep processes. We show results obtained for
different values of velocities above the circular critical velocity. The chosen
values of the parameters are r = 10, VT = 1, and R0 = 100.

VII. QUANTITATIVE COMPARISON OF PINCER-BASED AND

SAME-DIRECTION SEARCH STRATEGIES

The purpose of this section is to compare between the results
of pincer-based sweep processes developed in this article and
the circular and spiral same-direction sweep processes in [29].

The critical velocity required for sweepers that perform the
same-direction circular or spiral sweep processes is higher than
the minimal critical velocity of their pincer sweep counterparts.
Therefore, in order to compare same-direction and pincer cir-
cular or spiral strategies, all sweepers in the swarm move at
velocities above the critical velocity of two sweepers performing
the corresponding same-direction sweep. The critical velocity
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Fig. 17. Ratio between total search times until complete cleaning of the
evader region for circular same-direction and pincer sweep processes. We
simulated sweep processes with an even number of agents, ranging from 2 to 32
agents, which employ the multiagent same-direction and pincer circular sweep
processes. We show results obtained for different values of velocities above the
same-direction circular critical velocity. The chosen values of the parameters
are r = 10, VT = 1, and R0 = 100.

for two sweepers is chosen since it is greater than the critical
velocity of search processes performed with more sweepers.

Fig. 17 depicts the ratio between the time it takes swarms
employing same-direction circular sweeps and swarms perform-
ing their circular pincer sweep processes counterparts, to detect
all evaders in the region. We conclude that for all choices of
velocities above the same-direction circular critical velocity, the
ratio is greater than 1, implying that same-direction circular
sweeps require more time in order to clean the entire evader
region.

Fig. 18 depicts the ratio between the time it takes swarms
employing same-direction spiral sweeps to the time it takes
swarms performing their spiral pincer sweep processes counter-
parts. When four or more sweepers perform the search process,
for all choices of velocities above the same-direction spiral
critical velocity, the ratio is greater than 1, implying that same-
direction spiral sweeps require more time in order to clean the
entire evader region. The only cases where same-direction spiral
sweeps are better than their pincer-based counterparts are when
sweepers move at velocities that are close to the critical velocity
and where the sweep process is performed with exactly two
sweepers. We observe that as the number of sweepers increases,
the gain obtained from the cooperation between the sweeping
pairs in pincer-based sweep processes decreases the sweeping
time dramatically. When sweepers perform same-direction spi-
ral sweeps, they have to sweep larger sections at each iteration in
order to ensure no evader escapes, whereas in pincer-based spiral
search strategies, sweeping these additional sections is unnec-
essary due to the complementary trajectories of the sweepers. A
higher critical velocity implies that entire regions of operation
where an evader region with a given radius can be searched by a
swarm performing the same-direction spiral sweep process but

Fig. 18. Ratio between total search times until complete cleaning of the evader
region for spiral same-direction and pincer sweep processes. We simulated sweep
processes with an even number of agents, ranging from 2 to 32 agents, which
employ the multiagent same-direction and pincer spiral sweep processes. We
show results obtained for different values of velocities above the same-direction
spiral critical velocity. The chosen values of the parameters are r = 10,VT = 1,
and R0 = 100.

cannot be cleaned by a swarm performing the same-direction
circular sweep process. This also implies that swarms perform-
ing pincer movement search strategies can sweep larger regions
than their same-direction spiral counterparts.

VIII. CONCLUSION

This research considered a scenario in which a multiagent
swarm of agents searched an area containing smart mobile
evaders that were to be detected. There can be many evaders
in this area, and potential evaders can be located at any point
in an initial circular region of radius R0. The information the
agents perceived only came from their own sensors, and evaders
that intersected a sweeper’s linear field of view were detected.
Every agent in the swarm has a line-shaped sensor of length
2r. All sweepers move with a speed of Vs and evaders move
at a maximal speed of VT . The sweepers objective was to
“clean” or to detect all evaders that can move freely in all
directions from their initial locations. The search time depends
on the type of sweeping movement the sweeper swarm employs.
The detection of evaders was done using predetermined and
deterministic sweeping methods around the region, which result
in the complete cleaning of the evader region, by shrinking the
possible area in which evaders can reside to zero, in finite time.

In this article, we provided an analysis of the proposed sweep
processes performance in terms of completion times of the
search processes. We also provided a global balance of covered
areas argument to obtain a lower bound on a searcher velocity
that was independent of the search process. A critical velocity
that depends on a novel proposed circular search pattern for a
multiagent swarm ensuring satisfaction of the confinement task
was then derived. When comparing this velocity to the lower
bound on the critical velocity, results showed that it equals twice
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the lower bound and, hence, was not optimal. Next, another
critical velocity that depends on a novel pincer movement based
spiral search process for a multiagent swarm that ensures the
satisfaction of the confinement task was derived. We showed that
the developed spiral critical velocity approaches the theoretical
optimal critical velocity. No sweeping process can successfully
detect all potential evaders in the region if sweepers move at
a velocity below this lower bound. Therefore, both the devel-
oped circular critical velocities and the spiral critical velocities
were compared to this lower bound. Afterward, we provided a
comparison between the different search methods in terms of
completion times of the sweep processes. Both total cleaning
times and minimal searcher velocity required for a successful
search were compared. At last, we provided a quantitative com-
parison between pincer-based and same-direction strategies.

A possible extension to this work is to replace the assumption
that whenever an evader is in the field of view of the searcher’s
sensor, it is detected with probability 1. A more realistic model
would be one based on the statistical properties of the actual de-
tector. Another extension could be the introduction of a tuneable
robustness parameter that compensates for an agent’s inability
to move in a constant speed throughout the entire search. Such a
robustness parameter allows a margin between the evader region
boundaries and the tip of the agent’s sensor. This margin comes at
the expense of permitting the agents to advance a lesser distance
into the evader region after each iteration. Such a method can
compensate for the simplified model where agents change their
directions of travel instantaneously in the planar sweep scenario,
thus providing a more realistic model that relies on the conducted
research.

APPENDIX A

The number of sweep iterations that are required to reduce
the evader region to be bounded by a circle with a radius that is
less or equal to RN is calculated in the following manner. We
have that Ri+1 = c2Ri + c1. Therefore

RN = c2
NR0 + c1

N−1∑
i=0

c2
i = c2

N

(
R0 − c1

1− c2

)
+

c1
1− c2

.

(104)
Rearranging terms results in

RN − c1
1−c2

R0 − c1
1−c2

= c2
N . (105)

Applying the natural logarithm function to (105) yields

ln

(
RN − c1

1−c2

R0 − c1
1−c2

)
= N ln c2. (106)

Therefore, the general form for the number of iterations N ,
it takes a sweeper swarm to reduce the evader region to be
bounded by a circle with a radius requiring one final sweep
before completely cleaning the evader region is given by

N =

⌈
1

ln c2
ln

(
RN − c1

1−c2

R0 − c1
1−c2

)⌉
. (107)

APPENDIX B

The number of sweep iterations that are required to reduce
the evader region to be bounded by a circle with a radius that
is less than or equal to RN−2 is N − 2. RN−2 is calculated as
follows. We have that Ri+1 = c2Ri + c1. Therefore

RN−2 = c2
N−2R0 + c1

N−3∑
i=0

c2
i

= c2
N−2

(
R0 − c1

1−c2

)
+ c1

1−c2
.

(108)

Rearranging terms results in

RN−2 − c1
1−c2

R0 − c1
1−c2

= c2
N−2. (109)

Therefore, RN−2 is given by

RN−2 = c1
1−c2

+ c2
N−2

(
R0 − c1

1−c2

)
. (110)

APPENDIX C

The time it takes a multiagent swarm that performs either the
circular or spiral sweep processes to reduce the evader region
to its final radius before the completion of the sweep process is
calculated as follows. The recursive relation between the next
and current radius of the circle that bounds the evader region is
given by

Ri+1 = c2Ri + c1. (111)

Suppose that there exists a constant γ such that

γRi = Ti. (112)

Therefore, multiplying (111) by γ yields

Ti+1 = c2Ti + c3 (113)

where c3 is given by c3 = γc1. The time it takes to complete
the first cycle around the evader region is T0 = γR0. The time
it takes to complete the last cycle before the evader region is
bounded by a circle of radius r (for the circular sweep) or by
a circle of radius 2r (for the spiral sweep) is the time it takes
to complete a sweep when the evader region is bounded by a
circle with a radius greater than RN−1. This time is given by
TN−1 = γRN−1. Summing over all cycle times except the initial
one, by summing the cycle times given in (113) yields

N−1∑
i=1

Ti = c2

N−1∑
i=1

Ti + c2(T0 − TN−1) + (N − 1) c3. (114)

Rearranging terms results in

N−1∑
i=1

Ti =
c2(T0 − TN−1) + (N − 1) c3

1− c2
. (115)

Since the total time it takes the swarm to clean the evader region
includes also the time of the first sweep, T0 is added to the
summation as well. Thus, the total time it takes the swarm to
reduce the evader region to be bounded by a circle with a radius
less than or equal to r (for the circular sweep process) or 2r (for
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the spiral sweep process) is given by

T =

N−1∑
i=0

Ti =
T0 − c2TN−1 + (N − 1) c3

1− c2
. (116)

APPENDIX D

The time is takes to complete a sweep around an evader region
bounded by a circle with a radius of RN−1 is calculated as
follows. From Appendix C, the recursive relation between the
time it takes an agent to complete sweep number i and the time
it takes to complete sweep number i+ 1 is given by

Ti+1 = c2Ti + c3. (117)

Therefore

TN−1 = c2
N−1T0 + c3

N−2∑
i=0

c2
i

= c2
N−1

(
T0 − c3

1−c2

)
+ c3

1−c2
.

(118)

Rearranging terms results in

TN−1 − c3
1−c2

T0 − c3
1−c2

= c2
N−1. (119)

Therefore, the time is takes to complete a sweep around the
evader region that is bounded by a circle with a radius of RN−1

is given by

TN−1 =
c3

1− c2
+ c2

N−1

(
T0 − c3

1− c2

)
. (120)

APPENDIX E

The recursive relation between the next and current radius of
the circle that bounds the evader region is given by

Ri+1 = c2Ri + c1. (121)

Summing over the evader region radii up to the Nn − 2 cycle
except the initial radius of the evader region is calculated by
summing the radii given in (121). This results in

Nn−2∑
i=1

Ri = c2

Nn−2∑
i=1

Ri + c2(R0 −RNn−2) + (Nn − 2) c1.

(122)
Rearranging terms results in

Nn−2∑
i=1

Ri =
c2(R0 −RNn−2) + (Nn − 2) c1

1− c2
. (123)

Since the sum of radii in (123) does not include the initial radius
of the evader regionR0 is added to the summation as well. Thus,
the desired sum of radii is given by

Nn−2∑
i=0

Ri =
R0 − c2RNn−2 + (Nn − 2)c1

1− c2
. (124)

APPENDIX F

In this appendix, the time of inward advancements until
the evader region is bounded by a circle with a radius that is

smaller or equal to r is computed. This time is denoted by
T̃in(n) =

∑Nn−2
i=0 Tini . This proof continues the derivation from

Section V. After rearranging terms, (29) resolves to

T̃in(n) =

Nn−2∑
i=0

Tini =
(Nn − 1) r

Vs + VT
−

2πVT
Nn−2∑
i=0

Ri

nVs (Vs + VT )
. (125)

The term
∑Nn−2

i=0 Ri is calculated in Appendix E. It is given by

Nn−2∑
i=0

Ri =
R0 − c2RNn−2 + (Nn − 2)c1

1− c2
. (126)

RNn−2 is calculated in Appendix B and is given by

RNn−2 =
c1

1− c2
+ c2

Nn−2

(
R0 − c1

1− c2

)
. (127)

Substituting the coefficients in (127) yields

RNn−2 = nrVs

2πVT
+
(
1 + 2πVT

n(Vs+VT )

)Nn−2 (
2πR0VT−nrVs

2πVT

)
.

(128)
Substituting the coefficients in (126) yields

Nn−2∑
i=0

Ri = −R0n(Vs+VT )
2πVT

+ n2rVs(Vs+VT )

(2πVT )2

(
1 + 2πVT

n(Vs+VT )

)
+
(
1 + 2πVT

n(Vs+VT )

)Nn−1 (
n(Vs+VT )(2πR0VT−nrVs)

(2πVT )2

)
+ rnVs(Nn−2)

2πVT
.

(129)
Substituting

∑Nn−2
i=0 Ri from (129) into (125) results in

T̃in(n) =
Nn−2∑
i=0

Tini

= R0

Vs
− nr

2πVT
−
(
1 + 2πVT

n(Vs+VT )

)Nn−1 (
2πR0VT−nrVs

2πVTVs

)
.

(130)

APPENDIX G

For a swarm performing the spiral sweep process, the inward
advancement times until the evader region is reduced to a circle
with a radius that is smaller or equal to 2r are denoted by
T̃in(n) =

∑Nn−2
i=0 Tini . This proof continues the derivation from

Section VI. After rearranging terms, (77) resolves to

Nn−2∑
i=0

Timi
=

2r (Nn − 1)− (λ − 1)
Nn−2∑
i=0

R̃i

Vs + VT
. (131)

The term
∑Nn−2

i=0 R̃i is calculated in Appendix E. It is given by

Nn−2∑
i=0

R̃i =
R̃0 − c2R̃Nn−2 + (Nn − 2)c1

1− c2
. (132)

R̃Nn−2 is calculated in Appendix B and is given by

R̃Nn−2 =
c1

1− c2
+ c2

Nn−2

(
R̃0 − c1

1− c2

)
. (133)
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Substituting the coefficients in (133) yields

R̃Nn−2 = − 2r

1− λ
+ c2

Nn−2

(
R0 (1− λ) + r (1 + λ)

1− λ

)
.

(134)
Denoting by c4 the expression

c4 = Vs+VT

Vs(1−λ)

(
VT+Vsλ
Vs+VT

)Nn−1

. (135)

Substituting the coefficients in (132) yields

Nn−2∑
i=0

R̃i =
(R0−r)(Vs+VT )

Vs(1−λ) + 2r(VT+Vsλ)

Vs(1−λ)2

−c4
(

R0(1−λ)+r(1+λ)
1−λ

)
− 2r(Nn−2)

1−λ
.

(136)

Substituting
∑Nn−2

i=0 R̃i from (136) into (131) yields

T̃in(n) =
2r

Vs+VT
+ R0−r

Vs
+ 2r(VT+Vsλ)

Vs(Vs+VT )(1−λ)

− (VT+Vsλ)Nn−1

Vs(Vs+VT )(1−λ) (R0 (1− λ) + r (1 + λ)) .
(137)

APPENDIX H

In this appendix, we prove that after the completion of a spiral
sweep, the evader region is again circularly shaped. We prove
this result for a two sweeper swarm. The extension to any number
of even sweepers is straightforward. We denote by tθ the time
it takes a sweeper to sweep an angle of θ(tθ) around the evader
region. tθ is given by

tθ =

(Ri − r)

(
exp

(
θVT√

Vs
2−VT

2

)
− 1

)
VT

. (138)

Similarly, we denote by tπ the time it takes a sweeper to sweep
an angle of θ(tπ) around the evader region. tπ is given by tπ =
(Ri−r)(exp(

πVT√
Vs2−VT

2
)−1)

VT
. The trajectory of the tip of the sensor

that is closest to the center of the evader region of a sweeper that
travels counter clockwise is given by

LCCW (tθ) = (Ri − 2r + VT tθ) [sin (θ (tθ)) , cos (θ (tθ))] .
(139)

The trajectory of the sensor’s tip of a clockwise travelling
sweeper closest to the center of the evader region is given by

LCW (tθ)
= (Ri − 2r + VT tθ) [sin (2π − θ (tθ)) , cos (2π − θ (tθ))] .

(140)
At time tθ, the counter clockwise sweeper detects evaders up
to point LCCW(tθ). From tθ to tπ , the evader region expands
from LCCW(tθ) in all directions with a maximal speed of VT
for tπ − tθ, resulting in a spread of radius VT (tπ − tθ) in all
directions. Hence, the wavefront from LCCW(tθ) is defined by
the curve

E (θ, ψ) = LCCW (tθ) + VT (tπ − tθ) [sin (ψ) , cos (ψ)]
(141)

for all ψ ∈ [0, 2π]. This shows the expansion from LCCW(tθ) at
time tπ . Evaders that spread the furthest distance from the center
of the region are evaders that move along the ray between the
region’s center and the position where the lower tip of the sensor

sweeps at time tθ. Combining this insight with (141) yields that
at time tπ, these points satisfy that their distance from the center
of the evader region is

R (tπ) = Ri − 2r + VT tθ + VT (tπ − tθ) = Ri − 2r + VT tπ.
(142)

A calculation for the clockwise sweeping agent will result in the
exact same distance of the furthest points from the center of the
evader region that originated from the right half-plane spread of
evaders. Therefore, after the completion of the sweep, the evader
region will be a circle of radius Ri − 2r + VT tπ .

ACKNOWLEDGMENT

The authors would like to thank the associate editor and the
anonymous reviewers for their constructive and useful com-
ments that contributed to the improved presentation of our
results.

REFERENCES

[1] L. D. Stone, J. O. Royset, and A. R. Washburn, Optimal Search for Moving
Targets (International Series in Operations Research & Management
Science 237). Cham, Switzerland: Springer, 2016.

[2] K. Passino et al., “Cooperative control for autonomous air vehicles,”
in Cooperative Control and Optimization. Boston, MA, USA: Springer,
2002, pp. 233–271.

[3] I. Rekleitis, V. Lee-Shue, A. P. New, and H. Choset, “Limited communi-
cation, multi-robot team based coverage,” in Proc. IEEE Int. Conf. Robot.
Autom., 2004, vol. 4, pp. 3462–3468.

[4] S. Alpern and S. Gal, The Theory of Search Games and Rendezvous, vol. 55.
Boston, MA, USA: Springer, 2006.

[5] Z. Tang and U. Ozguner, “On non-escape search for a moving target by
multiple mobile sensor agents,” in Proc. Amer. Control Conf., 2006, pp.
3525–3530.

[6] B. O. Koopman, Search and Screening: General Principles With Historical
Applications. New York, NY, USA: Pergamon, 1980.

[7] P. Vincent and I. Rubin, “A framework and analysis for cooperative search
using UAV swarms,” in Proc. ACM Symp. Appl. Comput., 2004, pp. 79–86.

[8] Y. Altshuler, V. Yanovsky, I. A. Wagner, and A. M. Bruckstein, “Efficient
cooperative search of smart targets using UAV swarms,” Robotica, vol. 26,
no. 4, pp. 551–557, 2008.

[9] I. A. Wagner and A. M. Bruckstein, “Cooperative cleaners: A case of
distributed ant-robotics,” in Communications, Computation, Control, and
Signal Processing: A Tribute to Thomas Kailath. Norwell, MA, USA:
Kluwer, 1997, pp. 289–308.

[10] Y. Altshuler, A. M. Bruckstein, and I. A. Wagner, “Swarm robotics for
a dynamic cleaning problem,” in Proc. IEEE Swarm Intell. Symp., 2005,
pp. 209–216.

[11] Y. Altshuler, V. Yanovski, I. A. Wagner, and A. M. Bruckstein, “Multi-
agent cooperative cleaning of expanding domains,” Int. J. Robot. Res.,
vol. 30, no. 8, pp. 1037–1071, 2011.

[12] A. Bressan, “Differential inclusions and the control of forest fires,” J.
Differ. Equ., vol. 243, no. 2, pp. 179–207, 2007.

[13] A. Bressan, M. Burago, A. Friend, and J. Jou, “Blocking strategies for a
fire control problem,” Anal. Appl., vol. 6, no. 3, pp. 229–246, 2008.

[14] A. Bressan and T. Wang, “On the optimal strategy for an isotropic block-
ing problem,” Calculus Variations Partial Differ. Equ., vol. 45, no. 1/2,
pp. 125–145, 2012.

[15] A. Bressan, “Dynamic blocking problems for a model of fire propagation,”
in Proc. Adv. Appl. Math., Model., Comput. Sci., Boston, MA, USA:
Springer, 2013, pp. 11–40.

[16] R. Klein, E. Langetepe, B. Schwarzwald, C. Levcopoulos, and A. Lingas,
“On a fire fighter’s problem,” Int. J. Found. Comput. Sci., vol. 30, no. 2,
pp. 231–246, 2019.

[17] T. G. McGee and J. K. Hedrick, “Guaranteed strategies to search for mobile
evaders in the plane,” in Proc. Amer. Control Conf., 2006, pp. 2819–2824.

[18] P. C. Hew, “Linear and concentric arc patrols against smart evaders,” Mil.
Oper. Res., vol. 20, no. 3, pp. 39–48, 2015.

Authorized licensed use limited to: Technion Israel Institute of Technology. Downloaded on January 17,2025 at 15:54:37 UTC from IEEE Xplore.  Restrictions apply. 



1100 IEEE TRANSACTIONS ON ROBOTICS, VOL. 38, NO. 2, APRIL 2022

[19] H. Huang, J. Ding, W. Zhang, and C. J. Tomlin, “A differential game
approach to planning in adversarial scenarios: A case study on capture-
the-flag,” in Proc. IEEE Int. Conf. Robot. Autom., 2011, pp. 1451–1456.

[20] J. F. Fisac, M. Chen, C. J. Tomlin, and S. S. Sastry, “Reach-avoid problems
with time-varying dynamics, targets and constraints,” in Proc. 18th Int.
Conf. Hybrid Syst.: Comput. Control, 2015, pp. 11–20.

[21] M. Chen, Z. Zhou, and C. J. Tomlin, “Multiplayer reach-avoid games
via pairwise outcomes,” IEEE Trans. Autom. Control, vol. 62, no. 3,
pp. 1451–1457, Mar. 2017.

[22] D. Shishika and V. Kumar, “Local-game decomposition for multiplayer
perimeter-defense problem,” in Proc. IEEE Conf. Decis. Control, 2018,
pp. 2093–2100.

[23] D. Shishika, J. Paulos, M. R. Dorothy, M. A. Hsieh, and V. Kumar, “Team
composition for perimeter defense with patrollers and defenders,” in Proc.
IEEE 58th Conf. Decis. Control, 2019, pp. 7325–7332.

[24] D. Shishika, J. Paulos, and V. Kumar, “Cooperative team strategies for
multi-player perimeter-defense games,” IEEE Robot. Autom. Lett., vol. 5,
no. 2, pp. 2738–2745, Apr. 2020.

[25] N. Agmon, S. Kraus, and G. A. Kaminka, “Multi-robot perimeter patrol
in adversarial settings,” in Proc. IEEE Int. Conf. Robot. Autom., 2008,
pp. 2339–2345.

[26] Y. Elmaliach, N. Agmon, and G. A. Kaminka, “Multi-robot area patrol
under frequency constraints,” Ann. Math. Artif. Intell., vol. 57, no. 3/4,
pp. 293–320, 2009.

[27] N. Agmon, G. A. Kaminka, and S. Kraus, “Multi-robot adversarial pa-
trolling: Facing a full-knowledge opponent,” J. Artif. Intell. Res., vol. 42,
pp. 887–916, 2011.

[28] R. M. Francos and A. M. Bruckstein, “Search for smart evaders with sweep-
ing agents,” Robotica, pp. 1–36, 2021, doi: 10.1017/S0263574721000291.

[29] R. M. Francos and A. Bruckstein, “Pincer-based vs. same-direction search
strategies after smart evaders by swarms of agents,” 2021, Robotica, pp.
1–36, 2021.

[30] S. Tisue and U. Wilensky, “NetLogo: A simple environment for modeling
complexity,” in Proc. Int. Conf. Complex Syst., 2004, vol. 21, pp. 16–21.

Roee Mordechai Francos received the B.Sc. de-
gree in electrical and computer engineering from
Ben-Gurion University, Beer Sheva, Israel, in 2016.
He is currently working toward the Ph.D. degree in
computer science with the Technion—Israel Institute
of Technology, Haifa, Israel.

His current research interests include multiagent
systems, autonomous systems, distributed control,
intelligent transportation, estimation theory, and com-
puter vision.

Alfred M. Bruckstein (Senior Member, IEEE) re-
ceived the B.Sc. and M.Sc. degrees in electrical engi-
neering from the Technion—Israel Institute of Tech-
nology, Haifa, Israel, in 1976 and 1980, respectively,
and the Ph.D. degree in electrical engineering from
Stanford University, California, CA, USA, in 1984.

Since October 1984, he has been with the
Technion—Israel Institute of Technology, where he
is currently the Ollendorff Chair in science. He au-
thored or coauthored more than 150 journal papers
in the fields of his research interests, which include

swarm/ant robotics, image and signal processing, analysis and synthesis, pattern
recognition, and applied geometry.

Dr. Bruckstein is a SIAM Fellow for contributions to Signal Processing, Image
Analysis, and Ant Robotics.

Authorized licensed use limited to: Technion Israel Institute of Technology. Downloaded on January 17,2025 at 15:54:37 UTC from IEEE Xplore.  Restrictions apply. 

https://dx.doi.org/10.1017/S0263574721000291


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


