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ABSTRACT

Deep neural networks (DNNs) have seen immense success in the past decade,
yet their lack of interpretability remains a challenge. Recent research on the VC
(Vapnik-Chervonenkis) dimension of DNNs has provided valuable insights into
the underlying mechanisms of deep learning’s powerful generalization capabili-
ties. Understanding the VC dimension offers a promising path toward unraveling
the enigma of deep learning, ultimately leading to more interpretable and trust-
worthy Al systems. In this paper, we study the VC dimensions for DNNs with
piecewise polynomial activations and bounded-rank weight matrices. Our main
results show that the VC dimensions for DNNs with weight matrices that have
bounded rank 7 are at most O(nrL? log(nrL)), where n is the width of the net-
work, and L is the depth of the network. We also construct a ReLU DNN with
bounded rank r that can achieve the VC dimension (nr), which confirms that
the upper bound we obtain is nearly tight for large n. Based on these bounds, we
compare the generalization power in terms of VC dimensions for various different
DNN architectures.

1 INTRODUCTION

In the past decade, deep neural networks (DNNs) have achieved remarkable success across a wide
range of applications, such as image classification, natural language processing, and autonomous
driving (see [Hinton et al., 2012} |Goodfellow et al., 2013} |/Abdel-Hamid et al., 2014 Silver et al.,
2016; | Vaswani et al.,2017; Devlin et al., [2018}; |Dosovitskiy et al.,[2020). These deep learning mod-
els, inspired by the structure of the human brain, have demonstrated an unprecedented capacity to
learn complex patterns and representations from vast amounts of data. This has led to breakthroughs
in fields such as computer vision, speech recognition, and recommendation systems, revolutionizing
industries and reshaping our daily lives.

One of the most impressive aspects of deep neural networks is their ability to generalize from the
data they have been trained on to make accurate predictions on unseen examples (White, |1992; |An-
thony et al., 1999} |Goodfellow et al.l [2016; |Allen-Zhu et al., 2019). This phenomenon, known as
generalization, is at the core of the deep learning success story. Despite the staggering performance
of these models, there remains a significant challenge in understanding how and why they work so
effectively in practical tasks. This challenge is rooted in the lack of interpretability and transparency
of deep neural networks. The black-box nature of deep learning models is a well-acknowledged
issue. While we can feed them data and obtain predictions, it is often difficult to discern why a
particular decision was made. This lack of transparency has raised concerns, especially in appli-
cations where interpretability is crucial, such as healthcare and autonomous vehicles (Alzubi et al.}
2018; Bashar,2019; |Azghadi et al.,|2020). Researchers and practitioners have been diligently work-
ing to unravel the mysteries of deep learning, striving to make these models more interpretable and
transparent.

One avenue of research that has gained prominence in recent years is the study of VC (Vapnik-
Chervonenkis) dimension (Vapnik} 1968)) and its relationship with the generalization capabilities of
deep neural networks (Sontag et al., [ 1998;|Anthony et al.,|1999;|Goodfellow et al., 2016} Allen-Zhu
etal.l2019). VC dimension is a concept from statistical learning theory that measures the capacity of
amodel to fit a wide variety of datasets while avoiding overfitting. It provides insights into the trade-
off between model complexity and generalization performance. Understanding the VC dimension
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of deep learning architectures can shed light on why these models generalize so well despite their
complexity (see|Baum & Haussler, |1988} |[Karpinski & Macintyre} [1997; |[Vapnik & Chervonenkis)}
2015 |/Anthony & Bartlett, 2009; |Bartlett et al., [1998; 2019; Wang & Scott, 2021).

The study of VC dimensions of DNNs goes back to the 1980s. For instance, In 1989, Baum and
Haussler derived a bound for the VC dimension for linear threshold neural networks (Baum &
Haussler, [1988). Later in 1997, several polynomial bounds for VC dimensions of sigmoidal and
general Pfaffian NNs were given in (Karpinski & Macintyrel [1997)). In 1998, Sontag established
various elementary results of the VC dimensions of some simple networks in (Sontag et al., {1998]).
He found out that the VC dimensions of the perceptrons and single hidden layer networks with fixed
input weights and activation function tanh are exactly equal to the number of parameters in the
networks. Finally, they also derived a tight upper bound of the class of functions computed by DNNs
with the Heaviside activation function. Recently, Bartlett and Harvey studied the VC dimension of
DNNs with piecewise polynomial activation functions in (Bartlett et al.| [2019) and derived several
sharp lower and upper bounds. The network studied in (Sontag et al., [1998) is a special case of that
in (Bartlett et al.,|2019) since the Heaviside function is a special case of the piecewise polynomial
with degree equal to 0.The VC dimension has also been extensively studied in various network
architectures. In 1997, Koiran and Sontag studied the order of growth of the VC dimensions of
recurrent neural networks for different activation functions in (Koiran & Sontag), [1997). In 2018,
Scarselli, Tsoi and Hagenbuchner studied the upper bound of the VC dimension for the set of graph
neural networks for different activation functions (polynomials, piecewise polynomials and tanh) in
(Scarselli et al.}2018)). However, currently, there are no results on the VC dimension of DNNs with
low-rank weight matrices, while a recent result (Galanti et al.,2022)) shows that the weight matrices
after training are often very close to low-rank weight matrices in practice. This makes it important
to study the VC dimension of DNNs with bounded-rank weight matrices, and our paper aims to fill
this gap.

Our Contributions. In this paper, we study the VC dimension of DNNs with bounded-rank weight
matrices and piecewise polynomial activation functions. To the best of our knowledge, our paper is
the first work on calculating the lower and upper bounds of VC dimensions for DNNs with bounded-
rank weight matrices. The main contributions of this work are:

* We derive some upper bounds for the VC dimension of DNNs with bounded-rank weight
matrices and piecewise polynomial activation functions.

 Furthermore, by construction, we show that there exists such type of DNNs that can achieve
the VC dimension close to the upper bounds we derived, which shows that our upper bound
is nearly tight.

* Based on these bounds, we compare the generalization power in terms of VC dimensions
for various different DNN architectures.

The rest of this paper is organized as follows. In Section 2] we introduce some important concepts
and fix some notations that will be used in this paper. In Sections [3|and 4} we provide some upper
and lower bounds for VC dimensions of fully connected neural networks with bounded rank weight
matrices. In section[5} we construct a class of DNNs that can achieve the VC dimension close to the
upper bounds we obtained, thus verifying that our upper bound is nearly tight. Finally, we provide
the conclusion and discuss several future directions in Section [6] Most of the proofs of our results
are given in the Appendix.

2 PRELIMINARY

In this section, we introduce introduce some concepts and fix some notations.

Definition 1 (Asymptotic Notations O(+),2(-) and O(-) ). For two functions f(n) and g(n), we
write f(n) = O(g(n)) if there exists some positive constant ¢ > 0 such that f(n) < cg(n) for
all n larger than some constant; f(n) = Q(g(n)) if there exists some positive constant c such that
f(n) > cg(n) for all n large enough; and f(n) = O(g(n)) if there exists some positive constants
1, o such that c1g(n) < f(n) < cag(n) for all n large enough.

Definition 2 (Sign Patterns and VC-Dimensions). ((Vapnik, |1968) Let F denote a class of functions
from the input set X to {—1,+1}. Let ®1,...,x,, € F. For any non-negative integer m and
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f € F, alength m sign vector
(f(:l:l)7 RN f(a:m))

denotes as a sign pattern generated by f. We define the number of sign patterns generated by F on
{Z1,...,&m} as

Yr({@1, . em}) = [{(f(®1), ..., flom)) : f € F}.
We say {x1, ..., @y} is shattered by F if and only if

vr({x1, ..., zmn}) = 2™
The VC (Vapnik—Chervonenkis) dimension of F is defined as
VCD(F) :=sup{m € N: 3 (x1,...,xm) € X" such that {x1, ... ,x} is shattered by F}.

Remark 1. Intuitively, {x1, ...,y } is shattered by F means that for each length m sign pattern,
there must exist a function f € F maps this m points to this sign pattern. The largest cardinality
of shattered sets of F is the VC dimension of F. Notice that VCD(F) = m does not mean any
arbitrarily m points can be shattered by F, it only means that there exist m points that can be
shattered by F and any n points can not be shattered by F forn > m + 1.

Definition 3 (Fully Connected Neural Networks with Bounded-Rank Weight Matrices). In this
paper, we consider a fully connected neural network (FCNN) which can be seen as a function from
the input space X to {—1, 1}. To be more specific, an FCNN can be structurally defined by a directed
acyclic graph G, an activation function i : R — R and a set of parameters (weights and biases). Let
L be an integer greater than 1. We say that the FCNN has L layers when the acyclic graph has L+ 1
distinct sets of nodes that form L + 1 layers of the FCNN. The set £y is called the set of input nodes
(input layer) with in-degree 0 and {1, is called the set of output nodes (output layer) with out-degree
0. For1 < i < L, all nodes in {;_1 only connect to all nodes in ¢; to form edges of G. We use k;
to denote the number of nodes in layer i. For example, ko denotes the dimension of the input vector
and kj, denotes the dimension of the output vector. In this paper, we fix k;, = 1 for convenience.

The weights of this FCNN are a set of real values w = (w1, ws, ..., wy) € RY associated with
each edge in G. We call all the nodes in {1, . .., Ly, the computational units. let U be the number of
computational units and each of them associates with a bias in b = (by,bs, ...,by) € RY and an
activation function. The activation function for the output unit is the sign function defined as
41, x>0
fla) = {—1, 2 <0,

The activation function for other units is 1, which is a given piecewise polynomial function with p
pieces and of degree no more than d. The computational rule for FCNN proceeds as follows. Let x;
be the output k; x 1 vector of the layer i and Wi 1 be the k;11 X k; weight matrix and b;11 be a
ki1 x 1 bias vector for the input of layer i + 1. Then the input of layer i + 1 is given by

giv1(xi) = W1z, +biy1.

The output of layer © + 1 is given by
\I]i+1(z) = (’(/}(Zl)> s 7¢(Zki+1))T'

For the last layer, the output is equal to
sgnogr_1(xr—1) = sgn(Wrxp_1 +bg).
Hence the function represented by such FCNN can be viewed as the following function from R*° to
{-1,+1}:
Jwb(®o) :=sgnogr_10...0W¥z0g90W; 0g(xp).
We call a fully connected neural network with bounded-rank weight matrices a BRFCNN. We denote
the rank of the weight matrix for the input of layer i as r; for 1 < i < L. Thus 1 < r; <

min(ki, ki—1). In this paper, we use F to denote the set of BRECNNs. For example, the set of
BRFCNNs with L layers and the rank of all the weight matrices at most v can be defined as:

{fos(): weRY beRY r; <r, V1<i<L}

We use the notation w; to denote the number of network parameters from layer 1 to layer 1.
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3 UPPER BOUNDS OF VC DIMENSIONS FOR BRFCNNS

In this section, we first recall Lemmaﬂ] in (Bartlett et al.,[2019) that was used to find the VC dimen-
sion of the upper bound of an FCNN. After that, we will briefly explain why this lemma can not
be directly applied to the study of the upper bound for the VC dimension of BRFCNNs. Instead,
motivated by Lemma [T} we derive Theorem [I] to adapt the rank constraint of the weight matrices.
According to our method, we need to solve two counting problems in order to apply Theorem[I} The
first one is the counting problem for the number of free variables in a bounded rank matrix, which
will be studied in Section[3.2] The second problem is a degree counting problem of the degrees of
polynomials and rational fractions that appear in the functions of BRFCNNSs, which will be solved
in Section[3.3] After that, we derive the VC upper bounds for BRFCNNSs with bounded rank weight
matrices and piecewise polynomial activation functions in Theorem [2] and Theorem [3] Finally, in
Section[3.5] we compare the VC dimensions for various different DNN architectures.

3.1 SOME PRELIMINARY RESULTS FOR STUDYING VC DIMENSIONS OF DNNs

In this subsection, we provide some preliminary results for studying VC Dimensions of DNNs. The
first result is from (Bartlett et al.,[2019).

Lemma 1. (Bartlett et al., |2019) Let p1, ..., pm be polynomials of degree at most d inn < m
variables. Define

K= H(sgn(pl(x)), R 7Sgn(pm(l-)) = R"H;
i.e. K is the number of possible sign vectors given by the polynomials. Then K < 2(2emd/n)™.

Lemma [T] is a useful technique to find the upper bounds for the VC dimensions of FCNNs with
piecewise polynomial activations. However, this result can not be directly applied to the study of the
upper bound for the VC dimension of BRFCNNs with bounded rank weight matrices. Therefore,
we modify Lemmal[I|to adapt the weight matrices rank constraint, and derive the following theorem
that can solve this problem. The proof is given in Appendix [A.T]

Theorem 1. Let f1,..., fin be rational fractions in n < m variables. They are functions of the
same variables and the degrees of their denominators and numerators are at most dge,, and dyym
respectively. Define

K = |{(sgn(f1(x)),...,sgn(fm(x)) : x € R},

i.e. K is the number of possible sign vectors given by the rational fractions. Then K <
2(2em(dgen + dpum)/n)™

3.2 FREE VARIABLES COUNTING

In this subsection, we derive the following results, which can solve the counting problem for the
number of free variables in a bounded rank matrix.

Lemma 2. Let M be an n x m matrix with rank . Then it has (n +m — 1) X r free variables.

Lemma[J]is used as a tool to count the number of free variables(parameters) in BRFCNN. The proof
is given in Appendix

3.3 DEGREE COUNTING

In this subsection, we derive the following lemmas, which can be used to count the degrees of
polynomials and rational fractions that appear in the functions of BRFCNNS.

Lemma 3. Let M be an n x m matrix with rank r. Then all the non-free variables can be expressed
as a ratio of two polynomials of free variables with numerator degree at most r + 1 and denominator
degree r.

Remark 2. According to the proof in Appendix 3| we know that when replacing all the non-free
variables with free variables in BRFCNN, the input for each unit, in each layer and and each network
input will become a rational fraction of the free variables. That is the reason why we need to
introduce Theorem/[Ilin Section[3.1]
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Lemma 4. Let N be an L-layer FCNN with piecewise polynomial activation function of degree at
most d. Let 0 < i < L. The input of any unit in layer i for a fixed network is a polynomial function

of network parameters with degree at most Zi;z‘) dt. (The proof is given in Appendix )

Lemma 5. Let N be an L-layer FCNN with piecewise polynomial activation function of degree at
mostd. Let 1 < i <1 < L and v; be a weight in layer i. Then the input of any unit in layer [ for a
fixed network input x is a polynomial function of v; of degree no more than d'~*. (Proof is given in
Appendix[A.3)

Lemma 6. Let N be an L-layer BRFCNN with piecewise polynomial activation function of degree
atmost d. Let 1 < 4,1 < L, and the weight matrix in layer i has rank r;. Then the input of any unit
in layer l is a ratio of two polynomials of network parameters of degrees at most 22:1 (ki1 —m;) %
(ki — ;) x d=% x r; and Zl Lt Z,li:l(ki_l — 1) X (ki — ;) x d=% x 1y, respectively. (The
proof is given in Appendlx@

3.4 UPPER BOUNDS OF VC DIMENSIONS OF BRFCNNS

In this section, we first introduce a lemma in (Bartlett et al., | 2019)), which is used for finding the
upper bounds of the VC dimensions for DNNs. Then we derive Theorem [2| which gives upper
bounds of VC dimensions for BRFCNNs. Finally, in Theorem [3] we give the upper bounds of the
VC dimensions for ReLU BRFCNNS.

Lemma 7. (Bartlett et al., 2019) Suppose that 2™ < 2*(mr/w)¥ for some v > 16 and m > w >
t > 0. Then, m < t 4+ wlog,(2rlog, 7).

Theorem 2. Let F be a BRFCNN with L > 1 layers and the piecewise polynomial activation
Sfunction 2. In addition, 1) has degree at most d > 1 and p > 0 breakpoints t1,...,t, € R. Forall
f € F, the weight matrix in layer i has rank r;, and the number of computation units in layer i is
k;. Let w; be the number of network parameters from layer 1 to layer i. Then VCD(F) is at most

L
(@ (L + (Z wl> log(pR)> ,
=1

L —
:Zk‘l (Zdt+22 1 —1) (kg —ry)d Tt )
=1 =

where

Proof. Forinput z € X and the network parameter vector a € R, let f(x; a) denote the input of
the last layer of the network. So we can write the function class as

F = {sen(f(z:a))la € RV},

Our goal is to determine an upper bound of V' C'D(F). If we can find the upper bound of the number
of signs patterns vx(x1, . . ., T )up generated by F, then we can get an upper bound for VO D(F).
Since if m = VCD(F) we have

2" <yp(x1,...,Tm)UB- )]

By solving Inequality () with respect to m, we can derive an upper bound for m. Due to the rank
constraint for the weight matrices, f(z;;a) are not necessarily polynomials, instead they could be
rational fractions. Hence we can apply Theorem [I] to bound the number of sign patterns for any
given P,. After that, by adding up all the number of sign patterns for all regions, we can find an
upper bound for vz (x4, .. wm) The partition S is constructed layer by layer, through a sequence
So,51,52,...,50_1, Wthh is given below. Let gn i ; s/(a) and fp, ; @, s/(a) be the input and
output of functlon of unit A in layer ¢ with respect to parameters a vary in region S’ for input x;.

Let g; s/ (a) and f; s/(a) be two vector functions of parameters a in region S’ which defined as:

gi,s’ (a) = (gl,i,$1,5’(a)7 <oy Gkii@e S’ (a)7 <o Gk i, S’ (a)>T§
fis (@) = (fiiz,5(Q)s . friimr,s @)y s fryiwm,s(@)?.



Under review as a conference paper at ICLR 2024

There are k; x m elements for the input and output vectors g; s(a) and f; s/(a). We set Sy =
R then the function fj s, is a constant vector since it is the input of the network. Now suppose
S0, - - -, 9n—1 have been defined and each region P; € S; corresponds to a fixed vector function
fi,p,(a). We also want S,, to satisfy this property, which also means that f,, p, (a) is a fixed vector
function for all P, in the partition S,,. Let P,,_1 € S, _1 be one of the regions of the partition
Sp—1. By assumption, f,,_1 p, , (a) is a fixed vector function and by Definition Gn,P,_. (a)is
also a fixed vector function with respect to a. Hence, we can further divide P,,_; such that each
new region determines which pieces of activation function does g,, p, , (@) in. The k,mp x 1 sign
pattern vectors

Anp, (@) = (sgn(gn,p,_, (@) —t1),....sgn(gn.p,_, (@) —t,))"

can tell us which pieces of ¢ do all the Ghnzj,Pp_y (a) fall in. For example, if there are 5 breakpoints
for 1) and we get

(Gnne; Po_i(@) =t1,. o Ghie, Py (@) = t5) = (+,+,+,—, =),

then we can say gnn«; P, , (a) is between breakpoints t5 and t4. Now, dividing R™ such that
each region corresponds to one sign pattern A, p, ,(a) and intersect these regions with P,_;.
The intersections will replace P,,_;. Performing the same operation for all regions of S,,_1, we
get S, which satisfies the property we need. We also can determine how many sign patterns does
A, p,_,(a) can get for a vary in P,_1. By Lemma@ we can get that each of gp n.2; P, ,(a) — 1t
are rational fractions with denominator and numerator degree at most

n

Z(ki_l — 7‘1') X (k‘l — 7’1‘) X dnii XTr

i=1

and
n—1 n

Z dt + Z(ki—l — 1) x (ki —r) x d"" x 7y

t=0 i=1
By Theorem[I] we have
#{ATL P, _ 1(&)‘& c Pn—l} < Fn =

2(2e(k,mp)( Zdt-i-?Z im1 — i) (kg — rg)d™ ') Jwy )

and the number of new regions for the partltlon S, 1s at most

Ty x Card(Sy—1).
We also know that the size of Sy is 1, thus the size of S, _; is at most

L-1 -1

[T @e(kimp) Zd“r?Z i—1 — 1) (ki = ri)d ') fun) ™). 2)

=1 = =1
Let Py € Sp_1, the sign patterns for
{(sgn(f(zj;a)),...,sgn(f(zm;a)) :a € Pp_1}

is at most
2(2em( ZdtJrQZ 1 — 1) (ks — r)dETry) Jwp ) VE. 3)

Therefore (21, . .., T,) is upper bounded by the product of Eq(2)) and Eq(3):

L we
’y}-(xl,...,xm)gn<2 <26klmp (Zdt—FQZ 1 —1i) (ks —y)d T )/wl> )

=1
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By weighted AM-GM inequality we get

YE(E1y e ) < 28T

Elelwl
<26mp2kl (Zdt—i—QZ —1— 1) (ki dl i >/Zwl> .

Similar to (Bartlett et al., 2019), we can define

L -1 l
R = Z ki <Z d" +2 Z(ki—l —1i) (ki — Ti)dl_””z) :
=1 =0 i=1

Then we get
2empR
V(@1 ) < 28 (i
Zl 1 Wi
Let VCD(F) = m. We have
om < 2L B ( QempR )Z Sy Wi
Zl:l wi

Since L > 1 implies 2epR > 16, by Lemma[7] we get

L L
VCD(F) < L+ (> wi)log(4epRlog(2epR)) = O (L + (O wi)(log, (p) + 1og2(R))> .
=1 =1

O

Theorem 3. Letr,n € Z™ and n > r. Let F be a ReLU BRFCNN with width at most n, depth at
most L and weight matrix rank at most v, Then the VC dimension for F is at most

VCD(F) = O (L*nrlog(nrL)).

Ifn > L, we have

VCD(F) = O (L*nrlog(n))) .
If L > n, we have

VCD(F) = O (L*nrlog(L)).
(The proof is given in Appendix[A.7])

3.5 UPPER BOUND COMPARISON FOR DIFFERENT DNN ARCHITECTURES

In this subsection, we compare the VC dimensions for various different DNN architectures. Let U
be the number of nodes from layer 0 to L — 1. i.e:

L—-1
1=0

First of all, we compare different settings for upper bounds of the VC dimensions of ReLU BRFC-
NNs with fixed U and r. In addition, the number of units in each layer is the same. We only vary the
network width n and the network depth L. We prove in Appendix [A 8] that for sufficiently large U,
swapping the dimension of depth and width will increase the upper bounds of the VC dimensions if
n < L; and decrease the upper bounds of the VC dimensions if L > n. Furthermore, the network
with L = U,n = 1 has the largest VC upper bound, and the network with L. = 2,n = U/2 has the
smallest VC upper bound.

Next, we compare the ReLU BRFCNN with a fixed graph structure but choose different . By
Theorem 3] we obtain that the VC upper bound increases linearly as r increases.

Finally, we compare our VC upper bound with (Bartlett et al., 2019). When applying their bound to
the set of ReLU FCNNs with width at most n, depth at most L and full-rank weight matrices, their
bound becomes

O((R’L+ (L —2)n+1)Llog(n’L + (L —2)n+1)) = O (n*L*log(nL)).
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For n > L, their bound becomes

O (n*L?log(n)) ;
for L > n, their bound becomes

O (n*L?log(L)) .

It is worth noticing that when r increases to n, our upper bound is consistent with the upper bound
in (Bartlett et al., 2019). By (Bartlett et al., 2019) , we can say the VC upper bound for the full-rank
case is nearly tight. In Section [5| we will give a lower bound of a set of ReLU BRFCNN (not full
rank case) and compare it with the upper bound in Theorem 3]

4 GENERALIZATION ERRORS FOR RELU BRFCNNS

In this section, we first introduce the empirical error and the generalization error. Then we recall a
well-known result, Theorem 4] in deep learning that related to VC dimension and these two errors.
Finally, we derive Theorem[5] thus finding out how rank affects the generalization error in Remark[3]

Definition 4 (Empirical Error and Generalization Error). (Vapnik| |1968) Let f be a function from
the input space X to {—1,1}. Let D,, = {(®1,vy1),.-.,(®m,Ym)} be the data set generated
independently m times from the distribution D. The empirical error is defined by the mean zero-one
loss on the data set D:

B(fi D) = = Y 1f (@i £ 1),

where 1(+) is a function that takes a boolean value as the input. If the input is True it will return 1
and 0 otherwise. The generalization error is the expected zero-one loss of f with respect to the data

distribution D:

Theorem 4. (Vapnik, 1968) Let F be a given function class and VCD(F) = d. The data set is
D, Then we have for any 6 > 0, with probability at least 1 — §, the following holds for f € F:

E(f:D) - B(f: Dy)| < \/8d10g(m/d) +81og(%)

Now we can derive Theorem [3]

Theorem 5. Letn > r and 0 < 6 < 1. Let F be a ReLU BRFCNN with width at most n, depth at
most L, and weight matrix rank at most r. Then for all f € F, there exist a constant C such that the
following inequality holds:

P (}E(f;p) - E(f;Dm)‘ < c\/izog’z - nlllog(é)> >1-4.

For m > d, we have

P (\E(f;m ~ B(f: D)

< C’\/::Llog(m) - Tlnlog(é)) >1-4.

Furthermore, for n < L, we have

P (\E(f;m ~ B(f: D) < c\/ B o8 L ogom) - nﬂm(&)) >1-4,

Forn > L, we have

L2nrlogn

P (‘E(f;D) - E(f;Dm)‘ < C\/ log(m) — 2109(5)> >1-34.
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Remark 3. Assume L, n and § — 0 are fixed in the setting of Theorem|5| And let the number of
data points m > d. Then we get with very high probability,

’E(f;D)—E(f;Dm)‘ < Cr @. (C' is a constant.) 4)
According to Inequality [{), we get that the convergence rate of the generalization error is sensitive
to the perturbation of v when r is small. On the contrary, when r is large, the perturbation on
it will not make the convergence rate of the generalization error change significantly, because the
convergence rate of generalization error is roughly proportional to the /1 when we fix all other
variables. Finally, although r becomes very large we still can make E (f; D) converge to E(f; D),
since we can take infinitely many data points.

5 LOWER BOUNDS OF VC DIMENSIONS FOR BRFCNNSs

In this section, we construct a BRFCNN that can achieve the VC dimension close to the upper
bounds we derived, which shows that our upper bound is nearly tight. Finally, we compare this
bound with Theorem [3/in Remark [l

Theorem 6. Letr,n € Z and n > r > 6 ,then there exists a ReLU BRFCNN with width at most

r a2
n, 3+ 5 (5] — 2) layers, 41(L§2J_3) + 15(L22J 3" hidden nodes, and each weight matrix has rank
at most r, such that its VC-dimension is at least

(v~ (131-9)) (1 -5) =otom

(See proof in Appendix[A.10).
Remark 4. In order to compare the result of Theorem [0 with Theorem[3| we also want the depth of
the network we constructing in Theorem|6|at most L. This enforces

L-3

3+ m< L = mSLTJ.

Hence, for % < ';6, the lower bound becomes
L— L —
wm = (n—|2=21) (1=2]) = 2Ly,
5 5
for % > =8 the VC lower bound will becomes

n'm= (n— (Lg] —3)) (ng —3) = Q(nr).

If n >> L,r, the lower bound we achieve here is close to the upper bound in Theorem [3] which
shows that our upper bound is nearly tight.

6 CONCLUSION AND FUTURE WORK

In this paper, We derive some upper bound for the VC dimension of BRFCNNs, and compare this
upper bound for different settings. In addition, we also analyze how the ranks affect the generaliza-
tion bounds. we also construct a BRFCNN that can achieve the VC dimension close to the upper
bounds we derived, which shows that our upper bound is nearly tight. Finally, it is worth mentioning
that the core method we propose in Section[3.1]can also be used to find a VC upper bound of a set of
FCNNSs that have orthogonal weight matrices. Notice that, the orthogonal matrices M we consider
here only satisfy the following property:

MMT = D,

where D is unnecessary to be an identity matrix. Since all the non-free variables can be expressed
as rational fractions of free variables, we just need to follow the process in Section [3.4] again to get
an upper bound.
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A APPENDIX
A.1 PROOF OF THEOREMIII
Proof. Let the m rational fractions be
pilx Pm X
@y =P8 p ) = Pl

q1 (J?) - Q’m(m)

Next, multiply all rational fractions by the square of their denominators

") = a2(x pi(x) e () = 2 ( Pm(x)
fl(x) *Q1( )X ql(x)a afm( ) qm( )X qm(m)v

= fi(@) = q(@)p1(2), -+, [ (2) = gm(2) X g (@),

= K =[{(sgn(f{(2)),....sgn(f,(2)) : 2 € R"}|.
Since all sign patterns(vectors) do not change their sign for multiplying positive numbers to their

entries. Because
fl(@),..., fh(2)

are polynomials function with degree at most dgen, + dnum, by Theorem E], we get K <
2(2em(dgen + dpum)/n)". O

A.2 PROOF OF LEMMA 2]

Proof. Since the rank of M is r, we can find r linear independent rows from M. The sub-matrix
form by that r rows M, has rank r, so we can extract r columns from it such that these sub r rows
are still linear independent. Thus these r columns form a r X r sub-matrix with rank r and we denote
this sub-matrix as S,.. The rest of the m — r rows can be represented as a linear combination of that
r rows. In order to determine the linear combination coefficient, we only need to know the r entries
correspond to the columns of S;. for the m — r rows. More precisely we can let M; be the i row of
M and it is also the rest of the m — r rows, v; be a sub-vector of M, and share the same columns
with S;.. By solving the following linear equation with respect to the linear combination coefficient
;.
a:z-Sr = ;.

11
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This linear equation has a unique solution, since .S, is a full-rank matrix. So, We can get the linear
combination coefficient ; of row ¢ by the r independent rows of M. Finally, we can recover row ¢
by

Mi = wiMT.

Hence, we only need to know the r linearly independence rows and r entries for each of the m — r
rows to recover M. We called these entries free variables and other entries of M called non-free
variables. By simple calculation, there are (n — r) X (m — r) non-free variables and (n+m —r) X r
free variables. O

A.3 PROOF OF LEMMA 3]

Proof. By Lemmal[2] we can find a 7 x 7 sub-matrix S, with rank 7 in matrix M and the rows and
columns it corresponds to contain all the free variables of M. Due to r < min(m,n), M must
contain non-free variables. Let M; ; be a non-free variable in M and we want to express it by only
using the free variables. Let S;; be a (r + 1) x (r + 1) matrix contains .S, and all the free variables
in row ¢ and column j and the element A; ;. For simplicity, we denote matrix .S;; as S’ and D;; be
the minor (the determinant of the sub-matrix of S’ by removing the ith row and j column) of the
entry S7;. Then we have
rank(M) =r,
= rank(S') <r<r+1,
= det(S’) =0.(S"isa (r +1) x (r + 1) matrix).

Let S/, be the only non free variable in .S’, by using the Laplace expansion along the a-th row we
get

r+1 )
> (—1)* S}, Dy; = 0,
j=1
— Z(—l)“HSQjDaj _ (_1)a+b+15;bDaba
J#b
) —1)etig’ Dy
— Z];ﬁb( ) aj J :S;b~ (5)

(—=1)a+b+1Dy,
According to the definition of determinant, all minors D,; and D, are polynomials with degree
r. In addition, S(’lj are all free variables. Hence by equation , we get the numerator degree and
denominator degree are r + 1 and r respectively. O

A.4 PROOF OF LEMMA [4]

Proof. Let x; and y; be the input and output of any unit in layer ¢ and d; be the maximum possible
degree of the input polynomial x; with respect to the network parameters. According to the definition
of FCNN, we know the input of an arbitrary input unit only depends on the input xg, so dg = 0 which
is the base case of d;. If we know the input of any unit of layer ¢ is z;, the output of this unit can be
calculated as y; = ¥(x;). The degree of the output polynomial is at most dd; since v is a piecewise
polynomial function of degree at most d. Because the input of layer ¢ + 1 for arbitrary unit j is

defined as: i

Tit1 = ) YWk, +bj.
k=1
wy, ; 1s the weight associate with the unit k in layer 7 and the unit j in layer ¢ + 1. b; is the bias of
unit 7 in layer ¢ + 1.Hence d; 1 = dd; + 1 which is the recurrent relation of d;. By using the base
case and the recurrent relation for d;, we get the following sequence:

do=0,dy=1,dy=d+1,ds=d*+d+1,---

From this pattern, we get

1—1
di =Y d".
t=0

12
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A.5 PROOF OF LEMMA [3]

Proof. By the proof of Lemma ] we know the polynomial degree of unit output is at most d
times than the polynomial degree of unit input. In order to arrive at layer [, v; needs to go through
| — i computation units. Hence d'~* is the maximum possible degree for v; can achieve.

O

A.6 PROOF OF LEMMA [G

Proof. When the weight matrices for each layer are not full rank we can replace all nonfree variables
as free variables, the input of any unit in any layer ¢ is not a polynomial function of the free variables
and biases. it is a sum of rational fractions since every non-free variable can be expressed as a
ratio of free variables by Lemma [3] In order to write the sum of rational fractions as a single
rational fraction(ratio of two polynomials) and determine the degrees, we need to find the common
denominator of all the rational fractions of the sum. We know that only the non-free variables
produce rational fractions, So one of the common denominators is [ [, v”*. v denotes any non-free
variable form layer 1 to [ and all of them have been replaced by the free variables. v; be the maximum
possible degree of v for the input in layer [. The constructions of the common denominator are by
assuming all the polynomials of the denominators for all v are coprime, which means the common
factor for these polynomials is 1. Hence, the common denominator is the product of all power of
these polynomials. It is also worth noticing that the degree of this common denominator is an upper
bound for the degree of the lowest common denominator which is used for the reduction of rational
fractions to a common denominator. By Lemma we know that there are (k;_1 —r;) x (k; —r;) non-
free variables in layer 4. By Lemma [2] the polynomial degree of input of layer ! with respect to the
non-free variables in layer 7 is no more than d'~* by|5| By Lemma the degree of the denominator
of non-free variables after expressing by the free variables becomes r;. The degree of the common
denominator with respect to the free variable is at most

l

Z(ki_l — 7”‘1‘) X (kl — Ti) X dlii X T;. (6)

i=1

After using the reduction of rational fractions to a common denominator for all rational fractions,
we start to find which rational fraction have the maximum numerator degree. Let v’ denote free
variables for weights, and b denote the biases. bq, ”1/1 and vy mean the power of b, v and v. Finally,
let cd be the common denominator. We can write any rational fractions by

[T T TT#
v’ v b
Since v" and b are network parameters, So

H v'% and H ba
b

v’

only form the part of the numerator for each rational fraction, they contribute
D vat ) ba
v’ b

degrees. Let vy, and vge,, denote the numerator and the denominator of v. After the reduction of
rational fractions to a common denominator cd. The degree of the numerator of [ [ v"* becomes

Z deg(Vnum)vq + cd — Z deg(Vden)va = Z(deg(vnum) — deg(Vgen))vq + cd
v

v
= Z vg + cd.
by Lemma 3] Hence the degree of the numerator becomes

STvi+Y bat+ > vated
v’ b v

v

13
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The degree for the lowest common denominator cd is upper bounded by the common denominator

[6land o
vaj+zbd+zvd < Zdt
o b v =0

by Lemmafd] We get the degree of numerator after the reduction of rational fractions to a common
denominator is upper bounded by

Zdt-i-z 1—7"1 (k’i—Ti)Xdl_iXTi.

O
A.7 PROOF OF THEOREM 3]
Proof. By Lemma[2]and Theorem 2]and definition of R. We have
L 1
VCD( L+ szl/ —‘y—(kl/,l—‘rk’l! —T) XT[/)
1=11'=1
L -1 '
(log(p) + log Z Zdt + 22 1 —1) (ki — r)d 7)),
L 1
— VCD(]-‘):O(LJr(ZZ (2n—1) x 1)
; —1 0=
(log(p) + log( Z Zdt+2z (n —r)(n—r)d~r)))).
=1 t=0 i=1
By d = 1and p = 1 for ReLU, we have
L 1 L l
=O(L+ ZZn+ (2n —r) x r)(log Zn l+22(n—r)(n—r)r)))),
I=10'=1 =1 i=1
= VCD(F) = O (L*nrlog(nrL?))) = O (L*nrlog(nrL)).
If the width of the network n is larger than the depth L. We have
O (L?nr) O (log(n®rL?))) = O (L*nrlogn) .
If the depth L of the network n is larger than the width. We have
O(L*nr)O(log(n’rL?)) = O (L?nrlog L) .
O

A.8 Proor oF UPPER BOUND COMPARISON

Let U be sufficiently large. Let A x B =U and A > B.

For L = B and n = A, there exist a constant k; > 0, such that
VCD(F) = ke BUrlog(A);

For L = A and n = B, there exist a constant ko > 0, such that
VCD(F) = k1 AUrlog(A).

By the assumption of A and B. We get A > /U. Since U is sufficient large we can say A >
VU > ki, ky. Hence for a ReLU BRFCNN with a larger number of computational units and each
layer share the share the same number of computational units, then when we swap the dimension of
depth and width the VC upper bound will increase for n < L; the VC upper bound will decrease for
L > n. Hence the network with the largest VC upper bound for L = U, n = 1 and the network with
the smallest VC upper bound for L = 2,n = U/2. (VC upper boundonly works for L > 2).

14
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A.9 FULLY CONNECTED BIT EXTRACTION NETWORK

Our construction of BRFCNN is motivated by (Bartlett et al., 2019), where they only consider full-
rank wight matrix case. Let .S,, and 5,,, denote the set of standard basis for R™ and R™. The class
of bit extraction network is the set of functions

Fo :={fo(z;(a:=a1,...,an)) : Sp X Sm — {0, 1},

k
Yai,...,an E{ﬁ: 0<k<2m™—1}.
There are n parameters ay, ..., a, for each of the network in F. Let (x1,x2) be the input vector

and assume x; = e; and 3 = e;. The function f; define as
fv(ei, ej;a) := Bin(a;)[j].

which means it returns the j bits of the binary representation of the network parameter a;. We can
regard O as —1 and 1 as +1. By the definition of F;, for any sign patterns, we always can find a
set of parameter a such that f,(S,, X S,;a) generate this sign pattern. Hence, S,, x S,,, can be
shattered by F3, and VCD(F,) = nm. Next, we are going to introduce how to use ReLU FCNN
to represent F. Similar to the construction steps of (Bartlett et al.,[2019)), but adding many identity
maps to ensure edges only link between adjacent layers. The identity mappings actually enforce
the activation function to become the identity function. However according to the network input,
all the inputs for all units are non-negative, hence we can only use the ReLU activation function
in the Fully Connected Bit Extraction Network. The whole construction takes 3 step, the first step
is by extracting the a,; parameter from a. The second step is extracting all bits from the binary
representation of a; and arranging them into a size m vector. The final step is returning the j-th bits
of the vector in the second step. Before introducing the network in detail, let the vector a; j be the
vector that contains the first k bits of the binary representation of a;. The fist step also can view as a
function take (x;, ;) as inputs and return (a,, ;). The weight matrix for the first layer is defined
as follows:

|: a 01><m

0

mxn Irnxm

:| (m+1) X (n+m).

The biases for all units are 0 for the first layer.

The second step takes (a;, ;) as input and return (a; ., ;). Let ¢ € [m], This step will extract ¢
bits each time until all m bits are extracted. We denote the layers for each ¢-bit extraction net as a
bit extraction block. Then, the number of bit extraction blocks is (%} . This figure shows the first bit
extraction block for ¢ = 3. We use b = b1b2bs . . . by, to denote the binary representation of a;. This
block takes size m + 1 vector (b, ;) as input and return size m + 4 vector (b1, ba, b3, ba ... by, ;).
The edges without number labeling mean the weight is 1. The 8 orange rectangle block means the
indicator function with respect to the intervals. According to the output of these indicator functions,
we can find out the location of b in 3 decimals in interval [0, 1). Hence we can get the first 3 bits
from the network. After that, we just need to remove the first 3 bits in b. Which is done in the last
layer of this bit extraction block.

S— -

s
g R
41/;'

b=0b15263

nnnnn

3
20
Xj I_>| Identity mapping }—) I Xj

Figure 1: A diagram of a bit extraction block.
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X
)
o7
v

Figure 2: A diagram of an indicator net.

The indicator functions actually can be approximated by a sub-network. This subnetwork is defined
by the function in (Bartlett et al.,[2019):

T

N +o(l—o(=—2)) 1.

z b
€ €

a

f@)i=o(l—a(® -
and When ¢ = 2=™2 all the location of a; can be correctly identify. In conclusion, there are 5
layers for each bit extraction block.

e

The third step takes (a; ., ;) as input and return the j element of a; ,,. This can be implemented
by 2 layers. The second last matrix is

[Imxm Imxm]7n><2m.

The biases for all units are —1 for this layer. The last matrix is a column of 1s with size m and bias
0. According to the structure of the fully connected bit extraction network, the minimum depth is 8.

A.10 PROOF OF THEOREM 6]

Proof. The structure of this ReLU BRFCNN actually is a Fully Connected Bit Extraction Network
in Appendix[A.9] The definition of m and g are defined in Appendix Let n’ be n in Appendix
[A9] The n in Theorem [6] means the maximum number of units in each layer. To make the
calculation easier, we assume that m is divided by ¢ and T' = % According to the structure of the

Bit Extraction FCNN, the following are all the sizes of the weight matrices and the corresponding
inequalities that ensure all the ranks < 7.

The first layer:

size:

(m+1) x (m+n').
inequality

m <r —1(Sincen’ > 1).
Let ¢t € [T, layer 1 of the bit extraction block ¢ has size:

2 +14+m+(t—1)gx (1+m+(t—1)q),
and inequality
L+m+(t—1)g<r

16
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= m<r—(t—1)g—1
The intersection of the 7" inequalities become m < #. This is also the inequality fort = T'.

Layer 2 of the bit extraction block ¢
size:

2 +1+m+(t—1)q) x 29" +1+m+ (t—1)q).
The intersection of the T inequalities become m < %.
Layer 3 of the bit extraction block ¢:
size:

(27 +1+m+(t—1)g) x (27T +1+m+ (t—1)q).

r+q—29-1

The intersection of the 7" inequalities become m < 5

Layer 4 of the bit extraction block ¢:
size:

(q+14+m+({t—1)q) x (21 +1+m+(t—1)q).

The intersection of the 7" inequalities become m < Tgl .
Layer 5 of the bit extraction block ¢:

size:

(g+1+m+(t-1)g) x(g+1+m+(t—1)q).

The intersection of the 7" inequality become m < 1.

2
The second last layer:
m X 2m;m < r.

The last layer:
Ixm;1 <.
Finally, we need to find the intersection of the following inequalities
_ —9gq+1 _ — 929 _ —
r+qg—1 <r+q 2 1 r4+q—2 1 <7 1

m<r—1,m< 5 ,m < 5 ,m < 5 ,m < 5 ,m<r,
— 99+l _ 1

Letq =1, m = [§] —3and n’ = n — (| 5] — 3), then the VC dimension of the network will

2
becomes: ,

r
nm = (n— (5] = 3)(5] - 3) = Qw).
For fix n’, we also can calculate the number of nodes between the first layer and the second last
layer(computational units) U’ by adding up the number of columns for all weight matrices from
layer 1:

al3

U=3m+)» (I+4m+(t—1q) + 2" +1+m+ (t—1)q) +
t=1
T +14m+(t—1)g)+ 2+ 14+m—+(t—1)q) + (¢ +1+m+ (t—1)g)).
For ¢ = 1, we have
41m  15m?

=3m+Z5m+5t+11=T+ >
t=1

Form = [§]| — 3, we get
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