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Abstract

Bilevel optimization is a powerful tool for many
machine learning problems, such as hyperparam-
eter optimization and meta-learning. Estimating
hypergradients (also known as implicit gradients)
is crucial for developing gradient-based methods
for bilevel optimization. In this work, we propose
a computationally efficient technique for incor-
porating curvature information into the approx-
imation of hypergradients and present a novel
algorithmic framework based on the resulting
enhanced hypergradient computation. We pro-
vide convergence rate guarantees for the proposed
framework in both deterministic and stochastic
scenarios, particularly showing improved compu-
tational complexity over popular gradient-based
methods in the deterministic setting. This im-
provement in complexity arises from a careful
exploitation of the hypergradient structure and the
inexact Newton method. In addition to the theoret-
ical speedup, numerical experiments demonstrate
the significant practical performance benefits of
incorporating curvature information.

1. Introduction

Bilevel optimization has been widely applied to solve enor-
mous machine learning problems, such as hyperparameter
optimization (Pedregosa, 2016; Franceschi et al., 2018),
meta-learning (Franceschi et al., 2018; Rajeswaran et al.,
2019; Ji et al., 2020), adversarial training (Bishop et al.,
2020; Wang et al., 2021; Zhang et al., 2022), reinforcement
learning (Yang et al., 2019; Liu et al., 2021), and neural
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architecture search (Liu et al., 2018; Liang et al., 2019).

Bilevel optimization amounts to solving an optimization
problem with a constraint defined by another optimization
problem. In this work, we focus on the following bilevel
optimization problem:

min &(z) = f(z,y"(x))

s.t. y*(z) = argmin g(z, y),
yER?

ey

where the upper- and lower-level objective functions f and g
are real-valued functions defined on R™ x R™. We assume
that g is strongly convex w.r.t the lower-level variable y,
which guarantees the uniqueness of the lower-level solution.
However, solving this bilevel optimization problem remains
challenging, as y*(z) can typically only be approximated
through iterative schemes (Pedregosa, 2016; Grazzi et al.,
2020; Dagréou et al., 2022; Chu et al., 2024).

In large-scale scenarios, gradient-based bilevel optimization
methods have gained popularity due to their effectiveness
(Ghadimi & Wang, 2018; Ji et al., 2021). When solving the
bilevel problem (1), it is essential to estimate the hypergra-
dient (also known as implicit gradient), which represents
the gradient of ®(x). By the implicit function theorem, the
hypergradient can be expressed as:

Vo (x) = Vif(z,y"(2)) = Vigg(z,y™(x))u’(z), (2)

where u* () := [V3y9(x,y*(2))] " Vaf(x,y*(z)). Based
on the structure in (2), estimating hypergradients requires
solving lower-level problems and computing the Hessian
inverse-vector products. Several studies have emerged to
effectively address this challenge, such as those by Ghadimi
& Wang (2018); Ji et al. (2021; 2022); Arbel & Mairal
(2022a); Dagréou et al. (2022). However, most existing
studies primarily focus on estimating the Hessian inverse-
vector products, including Neumann series approximations
(Chen et al., 2021; Hong et al., 2023), conjugate gradient
descent (Pedregosa, 2016; Ji et al., 2021; Arbel & Mairal,
2022a), gradient descent (Arbel & Mairal, 2022a; Dagréou
et al., 2022), and subspace techniques (Yang et al., 2025).
In approximating y*(z*), Pedregosa (2016) employs the
L-BFGS method to solve the lower-level problem up to
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a specified tolerance. Recently, two commonly used ap-
proaches have emerged. The first approach involves per-
forming a single (stochastic) gradient descent step (Ji et al.,
2022; Dagréou et al., 2022; Hong et al., 2023). The second
approach entails executing multiple (stochastic) gradient
descent steps (Ghadimi & Wang, 2018; Chen et al., 2021; Ji
et al., 2021; 2022; Arbel & Mairal, 2022a).

From the above, it is clear that solving lower-level problems
and computing Hessian inverse-vector products are typically
treated as separate tasks. However, it is important to note
that the Hessian V3,g in Hessian inverse-vector products
originates from the lower-level objective function. Hence,
hypergradient approximation has an intrinsic structure in
which solving lower-level problems and computing Hes-
sian inverse-vector products share the same Hessian. This
intuitive structure just described has been demonstrated
in Ramzi et al. (2022), which introduces SHINE, a novel
method that solves the lower-level problem using quasi-
Newton (qN) methods and employs the associated gN ma-
trices, along with refinement strategies, to compute Hessian
inverse-vector products.

However, the theoretical analysis of SHINE is hindered by
the mixing of quasi-Newton recursion schemes and com-
plex refinement strategies. As a result, Ramzi et al. (2022)
focuses on the asymptotic convergence analysis of hyper-
gradient approximation in a deterministic setting. The con-
vergence rate and computational complexity are lacking.
Therefore, the intuitive benefit of the intrinsic hypergradient
structure has not been fully realized in Ramzi et al. (2022)
or in the existing literature.

1.1. Contributions

This paper aims to explore and exploit the benefits of lever-
aging the hypergradient structure. Our contributions are
summarized below.

* We propose a simple Newton-based framework, NBO,
for bilevel optimization that integrates solving the
lower-level problems with computing Hessian inverse-
vector products. This framework is built on a new
curvature-aware hypergradient approximation, which
utilizes the hypergradient structure and inexact Newton
methods. When each subproblem in NBO is approx-
imately solved using a single gradient descent step
initialized at zero, NBO simplifies to the well-known
single-loop algorithm framework presented in Dagréou
et al. (2022).

* We establish the convergence rate and computational
complexity for two specific instances of NBO in both
deterministic and stochastic scenarios. In particular,
we demonstrate improved computational complexity
compared to popular gradient-based methods in the

deterministic setting.

* We conduct numerical experiments to compare the pro-
posed algorithms with popular gradient-based methods,
demonstrating the significant practical performance
benefits of incorporating curvature information.

1.2. Notation

We refer to the optimal value of problem (1) as ®*. The
gradient of g w.r.t the variables z and y are denoted by
Vig(x,y) and Vag(z,y), respectively. The Jacobian ma-
trix of Vg and the Hessian matrix of g w.r.¢ y are denoted
by Vi,9(z,y) and V3,9(z, y), respectively. Unless other-
wise specified, the notation || - || denotes the ¢5 norm for
vectors and the Frobenius norm for matrices. Furthermore,
the operator norm of a matrix Z is denoted by || Z||op.

2. Curvature-Aware Bilevel Optimization
Framework

2.1. Hypergradient Approximation

The hypergradient given by (2) is intractable in practice
because it requires knowing y*(x). To address this, the
seminal work (Ghadimi & Wang, 2018) approximates the
hypergradient by

Vo(z,y) == Vif(z,y) — Vig(z, y)u*(z,y),

where y is an approximation of y*(z) and u*(x,y) :=
[VZ,9(x,y)] 'Vaf(x,y). Under appropriate hypotheses,
Lemma 2.2 of Ghadimi & Wang (2018) provides an error
bound:

IV®(z,y) — VO(z)|| < Cly* (=) —yl, 3

where C is a constant. Observe that V3,9 in u*(z,y) is
the Hessian of g. Hypergradient approximation has a struc-
ture in which solving lower-level problems and computing
Hessian inverse-vector products share the same Hessian.

To exploit the hypergradient structure, it is natural to utilize
the Hessian V3,9, which provides curvature information,
in solving the lower-level problem. The canonical second-
order optimization scheme for this purpose is Newton’s
method. However, Newton’s method is impractical for large-
scale problems; thus, we instead consider inexact Newton
methods and propose a new technique for hypergradient
approximation, consisting of two steps:

(i) Given z and y, compute an inexact solution (v, u) of
the linear system:

[Vaa9(z,y)](v,u) = (Vag(z,y), Vaf(z,9); 4
(i) Compute the approximated hypergradient:
dy = Vif(z,y —v) = Vig(z,y —v)u. (5
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One can easily observe that v is an inexact ap-
proximation of the Newton direction v*(z,y) :=
[V359(z,9)] ' Vag(z,y), just as u is an inexact approx-
imation of u*(x, y).

The motivation is twofold: (1) Denote y* = y —
(VZ,9(z,y)] " 'Vag(x,y) as a single Newton step. Since
Vag(z,y*(x)) = 0, and assuming that V3,g(z, ) is Ly 2-
Lipschitz continuous, by Lemma 1.2.4 in Nesterov (2018),

ly — [V329(z,9)] ' Vag(z,y) — y*(2)]

1

=2 [Vag(x,y*) = Vag(x,y) — [Vaag(z, v)](y* = v)||
L

S%}flly*(x) —yl?, ©6)

where we denote y* := y*(z) to save space when there is
no ambiguity. Hence, we obtain:

= CLyo,

IVe(z,y™) — Vo) < Tj’lly (@) —yl* @
This inequality shows that a single classical Newton step
can accelerate the hypergradient estimation, leading to a
quadratic decay. (2) Observe that v*(z,y) and u*(z,y)
share the same Hessian inverse.

2.2. Description of the Algorithmic Framework

Building on the new hypergradient approximation, we in-
troduce our algorithmic framework for solving the bilevel
optimization problem in (1).

First, motivated by Arbel & Mairal (2022a); Dagréou et al.
(2022), solving the linear system (4) at (z*,y*) is reformu-
lated as minimizing the following two quadratic problems,
which share the same Hessian Hj, := V3,9(zF, y*):

o1
ml}n§<v%2.g(xkayk)vvv> - <v2g(xkayk)av>7 (8)

1
min 2 (V3ag(e*, y"Ju,u) = (V2 f (2, y) u). - ©)

Second, using a warm-start procedure to initialize the solver
for u, we write u = u* — w, where u* is the current iterate
of u. Then w minimizes the following quadratic function:

1
Sl = (Viog(a®, y*)ut = Vaf (@, y"),w), (10)

where ||w||%;, := (Hpw,w). Since computing the exact
minimizers may be computationally demanding, we instead
seek inexact solutions. We denote these inexact solutions
by v* and w* for the quadratic problems (8) and (10).

Third, we compute the approximated hypergradient and
update x using an inexact hypergradient descent step. The
overall procedure is summarized in Algorithm 1. Here,

Algorithm 1 Newton-based framework for Bilevel Opti-
mization (NBO)
1: Input: Initialize y°, u®, z°; step size ay.
2: fork=0,1,--- ,K —1do
3:  Compute inexact Newton directions v*, w" by mini-
mizing the quadratic functions in (8) and (10).
4:  Update y**! and uf*1:

k+1 k k

ket =Uu —w.

yFrt = yF — o,

U
5:  Compute the approximated hypergradient:

df = Vi f(@",y*) — Vigg(a®, y*)u".
6:  Update z**1:
k+1 k

= zF — apdh.

7: end for

slightly different from (5), we use y* and u* instead of *+1

and u**1 in d* to facilitate potential parallel computation.
We can also update these variables in an alternating manner.

Since the subproblems are strongly convex quadratic pro-
gramming problems, the proposed NBO has the potential
to adapt to stochastic scenarios and be implemented using
various techniques from both deterministic and stochastic
optimization, similar to the frameworks outlined in Arbel &
Mairal (2022a); Dagréou et al. (2022). In the following, we
study two specific examples.

2.3. Examples

Deterministic Setting: the NBO-GD algorithm. In the
first example, we compute inexact Newton directions in
NBO using gradient descent (GD) steps with a pre-defined
number of iterations 7'+ 1. The resulting algorithm, referred
to as NBO-GD, is detailed in Algorithm 2, with its subrou-
tine GD(z*, y*, u*; T') outlined in Algorithm 3, where

dﬁ = V2g(xk>yk)7
df = Vi,g(a*, y*)uh — Vaf (2", o).

Remark 2.1. (i) When T = 0, that is, when each subprob-
lem in NBO is approximately solved using a single GD
step initialized at zero, NBO-GD reduces to the single-loop
algorithm framework in Dagréou et al. (2022).

(i1) The subproblems in NBO can also be approximately
solved using the conjugate gradient method (Nocedal &
Wright, 2006), gradient descent with a Chebyshev step size
(Young, 1953), or subspace techniques (Yang et al., 2025).

(iii) It is worth noting that for a fixed k, the subroutine
GD(z*,y* u¥; T) does not involve gradient computations
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Algorithm 2 NBO-GD

Algorithm 4 NSBO-SGD

1: Input: Initialize y°, u®, 2°
step size ay.
2: fork=0,1,--- ,K —1do

3:  Compute inexact Newton directions:

; number of iterations K, T';

o* wk = GD(z", ¥, u¥; T).

4:  Update y**+1 and u**1:

YRl = gk ks R = gk gk

5:  Compute the approximated hypergradient:
d]:z = vlf(wka yk) - V%ZQ(mka yk)uk
6:  Update z**1:

k+1 k

oF T = gk — oyd”.

7: end for

Algorithm 3 GD(z*, y*, u*; T)
"1k

1: Initialize v = 0and w™ 1 = 0 step size .
2: fort=-1,0,---, T —1do
3:  Update

[,Ut-‘rl,k’wt-‘rl,k] (] ])

=[I — 1 V3,9(", y")] [v"F, w"*] + yi[dy, dF).

4: end for

5: Return v = vk whk = Tk,

but relies solely on Hessian-vector product computations,
sharing the same Hessian V2,g(z", y*).

Stochastic Setting: the NSBO-SGD algorithm. We con-
sider our framework in the stochastic setting, where

f(x,y) = Ee[F (2, y;6)], 9(x,y) = Ec[G(2,y;¢)]. (12)

For simplicity, we focus on basic stochastic gradient descent
(SGD) algorithms. In Algorithm 4, NSBO-SGD, an adapta-
tion of SGD to the Newton-based framework for Stochastic
Bilevel Optimization (NSBO), is presented, with its sub-
routine SGD(z*, y*, u*; T') outlined in Algorithm 5. The
descent directions D¥, D¥ D are unbiased estimators of

Yo u?
dk, d% . d¥, given by
Dy = V,G(a", y"; BY), (13)

DF .=V F(zF, y*: BY) — V4,G(z* 4% BN uk. (15)

1: Input: Initialize y°, u®, 2°
step size ay;.
2: fork=0,1,--- ,K —1do

3:  Compute the inexact subsampled Newton directions:

; number of iterations K, T';

v*, wh = SGD(z*, y* uF; T).
4:  Update y**+! and u**1:

YRl = gk ks R = gk gk

5. Update x*+1:
k41

T =k —akD];,

where D is unbiased estimator of d* in (15).
6: end for

Algorithm 5 SGD(z*, y*, u*; T)
—1,k —1,k

1: Initialize v = 0and w = 0; step size .

2: Sample batches BY¥, BY, B, and compute DF, DF
using (13) and (14), respectively. '

3: fort=-1,0,---, T —1do

4:  Sample batch Bi’k and update

[UtJrl,k’ wt+1,k]

=[I — i H" """ w"*] + v [Dy, DY, (16)

where HF .= V32,G(zF, y"; Bik)
5: end for

6: Return v = vk wk = Tk,

Remark 2.2. Inspired by recent works (Dagréou et al., 2022;
Chu et al., 2024), a broad class of stochastic gradient esti-
mation techniques, such as SAGA (Defazio et al., 2014),
STORM (Cutkosky & Orabona, 2019), and PAGE (Li et al.,
2021), can be incorporated into the NSBO framework.

3. Convergence Analysis

3.1. Assumptions

Before presenting the theoretical results, we introduce the
assumptions that will be used throughout this paper.
Assumption 3.1. (a) For any z, g(z, -) is strongly convex

with parameter p > 0.

(b) Vg is Lipschitz continuous with a Lipschitz constant
Ly1, and V3,9 and V3,9 are Lipschitz continuous
with a Lipschitz constant L 5.

(¢) Vf is Lipschitz continuous with a Lipschitz con-
stant Ly 1, and there exists a constant Ly o such that
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Vo f(z,y*(x))|| < Ly, forall x.

(d) There exists a constant C's o such that ||V f(z,y)| <
Cyo forall x and y.

Assumptions 3.1(a)-(c) are standard in the bilevel optimiza-
tion literature (Ghadimi & Wang, 2018; Chen et al., 2021;
Khanduri et al., 2021; Arbel & Mairal, 2022a; Dagréou
et al., 2022; Ji et al., 2022; Hong et al., 2023; Chu et al.,
2024). Under Assumptions 3.1(a)-(c), the hypergradient
V@ is Lipschitz continuous with a constant given by:

2Lf1Lg1 + LgaLli

1
N 2Lg1LsoLlg 2+ L371Lf71 N Lg,ngylLf,o

u? w3
as established in Lemma 2.2 of Ghadimi & Wang (2018). As

in Ji et al. (2021; 2022), we define L := max{L, 1, Ls1}
and k = L/p. Then Ly = O(k3).

Le = Lf71 +

7

)

Note that Assumption 3.1(d) is not employed in the afore-
mentioned literature but has been adopted in Ji et al. (2021);
Liu et al. (2022); Kwon et al. (2023); Yang et al. (2025) for
their respective purposes. In this work, this assumption is
utilized to ensure that all iteration points y* remain within a
predefined neighborhood of y* (2*), provided that the initial
point 4° lies within a predefined neighborhood of y*(x°).
This condition aligns with the local quadratic convergence
rate of Newton’s method.

3.2. Convergence Analysis for NBO-GD

Under the above assumptions, we establish the conver-
gence properties of NBO-GD. The detailed proof is pro-
vided in Appendix E.1. First, we define BOX 1
to represent the set of initial points satisfying [|y° —
y*(gjo)H S mln{ﬁ, 2\/1L71} and ||uo _ u*(xO)H S

; 5Ly V1L — Lio
min {572, Y}, where Ly o= L1 + Ly o =22

Theorem 3.2. Under Assumption 3.1, choose an initial
iterate (y°,u°, 2°) in BOX 1. Then, for any constant step
size vy = v < 1/Lgy 1, there exists a proper constant step
size ap = a = O(k™3) and T > O(k) such that NBO-GD
has the following properties:

(a) For all integers K > 1, minp<x<rx—1 ||V‘I)(3Uk)||2 <
0 *
mz?}# = O(%) That is, NBO-GD can find
an e-optimal solution T (i.e., |[V®(z)||> <€) in K =
O(k3e™1) steps.

(b) The computational complexity of NBO-GD is: O(k3 /€)
gradient computations and Jacobian-vector products,
and O(k*/€) Hessian-vector products.

Remark 3.3. One can apply the gradient descent (GD)
method, as described in Appendix D, to select initial points

in BOX 1. This one-time cost requires O(k log k) gradient
computations and Hessian-vector products and is included
in the total computational complexity.

Remark 3.4. If we replace GD with the conjugate gradient
method (CG) in line 3 of NBO-GD for solving the sub-
problems (8) and (10), we obtain NBO-CG. Our analysis in
Appendix E.1 shows that NBO-CG requires fewer Hessian-
vector product computations than NBO-GD, specifically
O(k3 log k/€) Hessian-verctor products.

Theorem 3.2 provides a theoretical complexity guarantee
for NBO-GD. As shown in Table 1, the computational com-
plexity of NBO-GD improves upon that of AID-BiO (Ji
et al., 2021) and AmIGO (Arbel & Mairal, 2022a). Specif-
ically, the gradient complexity of NBO-GD surpasses the
state-of-the-art result by an order of « log k.

3.3. Convergence Analysis for NSBO-SGD

The following assumptions are made regarding the stochas-
tic oracles, which will be used to analyze the convergence
rate and sample complexity of NSBO-SGD in Algorithm 4.

Assumption 3.5. There exist positive constants o ¢ 1, 0,1,
04,2 such that

E[|VF(z,y;€) — Vf(z,
E [|VG(z,y;¢) = Vy(z,

Assumption 3.6. There is a constant > 1 such that for
any iterate (%, y*) generated by Algorithm 4, we have

E[Ily* -y (z")2] <r(E[lly* - y*@)]])> a8

This assumption, which imposes bounded moments on iter-
ates, is commonly used in the stochastic Newton literature to
establish convergence results in expectation form (Bollapra-
gada et al., 2019; Meng et al., 2020; Berahas et al., 2020).
We now establish the convergence properties of NSBO-SGD
as follows. The proof details can be found in Appendix E.2.
Below, we define BOX 2 to represent the set of initial points

2

satisfying E [[|y° — y* (2°)]|?] < min {Mﬁ’ 17 f and
2

E [[|u® — u*(2°)|]*] < min {75;%52 , ﬁ—;}
Theorem 3.7. Under Assumptions 3.1, 3.5 and 3.6, choose
an initial iterate (3°,u°, 2°) in BOX 2. Then, for any con-
stant step size vy, = v < 1/Lg41, there exists a proper
constant step size o, = a = O(k™3) and T > O(k) such
that NSBO-SGD has the following properties:

(a) Fix K > 1. For samples with batch sizes |B"| >
O(r2), |Bf| > (kK + £?), | BS| > O(K*K + k%),
IBY| > ©(k7'K), |BY| > O©(k7'K), it holds
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Table 1. Comparison of the computational complexities of two NBO implementations with state-of-the-art methods in the deterministic
setting, including AID-BiO (Ji et al., 2021), AmIGO (Arbel & Mairal, 2022a), No-loop AID (Ji et al., 2022), and F?SA (Kwon et al.,
2023; Chen et al., 2023a). Note that the dependence on log « is not explicitly stated in AID-BiO and AmIGO, but it can be derived from
equation (30) in Ji et al. (2021) and Proposition 10 in Arbel & Mairal (2022a).

Algorithms Convergence Rate  Gradient Computations  Hessian-Vector Products
AmIGO-GD (Arbel & Mairal, 2022a) O(s%™1) O((k*log k)e™) O((k*log k)e™)
AmIGO-CG (Abel & Marh 20220 O0) Ot logme™)  O((=logr)e”)
No-loop AID (Ji et al., 2022) O(x%e™! O(kbe™h) O(k%e™h)
F2SA (Kwon et al., 2023; Chen et al., 2023a) O(xPe™! O (k*e ' log(r/e)) /
NBO-GD (this paper) O(rk*e? O(x%™) O(x*e™)
NBO-CG (this paper) O(r3e? O(k*e™) O((x3*%logr)e™ 1)

that minogkgK,l E “|V(I)(£L'k)||2] = O(LKS) That is,
NSBO-SGD can find an e-optimal solution in K =
O(r3e™1) steps.

(b) The computational complexity of NSBO-SGD is:
O(k5e?) gradient complexity for F, O(k°¢~?) gradi-
ent complexity for G, O (556_2) Jacobian-vector prod-
uct complexity, and O(r"€~2) Hessian-vector product
complexity.

Note that the number 7" of inner-loop steps remains at a
constant level. Moreover, as shown in Table 2, the computa-
tional complexity of our stochastic algorithm, NSBO-SGD,
improves upon the state-of-the-art result in AmIGO by a
factor of log x; for comparison, refer to Proposition 10 and
Corollary 4 in Arbel & Mairal (2022a). Indeed, in each
outer iteration, AmIGO requires ©(x log k) gradient com-
putations with a batch size of ©(k%¢~!) for each gradient,
while NSBO-SGD performs a single gradient computation
with a batch size of ©(k%~1). As a result, the complexity
improvement in Theorem 3.7 is not as significant as that in
Theorem 3.2.

3.4. Proof Sketch

In this section, we present a proof sketch for the determinis-
tic setting as an illustrative example. The proof strategy for
the stochastic case follows a similar approach. The detailed
proofs of Theorem 3.2, Theorem 3.7, and Remark 3.4 are
provided in Appendix E.

First, we define a Lyapunov function: V, =
F(@®,y* (@)= @*+by y* —y* (aF) [P +bu uh —u* (27)]1%,
where b, and b, are constants that depend on . Then,
following a classical Lyapunov analysis, we establish the
descent of f(z",y*(z")), ly* — y*(@*)Il, [lu* — w*(2*)],

respectively. Unlike existing bilevel optimization literature,
by leveraging a one-step inexact Newton method, we prove
that after taking 7' > ©(k) iterations in the subroutine,
lly* — y* («F)|| satisfies the descent condition:

" (%) — F |2

L
k1l _ o+ (k1| < 2952
ly Y@ < o

Lg71

1 *
vl LA ] A A Gl |

Next, by selecting an appropriate constant step size o and
applying induction while leveraging the initialization strat-
egy, we establish that ||y* (%) — y¥|| < 5 for all k.
Hence, it follows that ’

[y* =y (@)

1 * L ,1 . .
< (@) =+ ZL o — 0¥,

Combining this with the descent properties of f(z*, y*(z*))
and ||u* — u*(2¥)||, we derive the descent property of the
Lyapunov function:

Qg
Vigr — Vi < — TIIV‘P(xk)H2 — Ay [z — 2F|?

— As|ly* —y* (2") 1P — Aslu* —u*(2")|?,
where Ay, Ay, Ag are positive constants.

Finally, by summing over iterations using a telescoping
argument and estimating an upper bound for V{y, we derive
the results presented in Theorem 3.2.

4. Experiments

In this section, we present experiments to evaluate the prac-
tical performance of the proposed NBO framework. Specifi-
cally, we compare our NBO-GD and NSBO-SGD methods
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Table 2. Comparison of the sample complexities of NSBO-SGD with state-of-the-art results in the stochastic setting, including those
reported in ALSET (Chen et al., 2021), SOBA (Dagréou et al., 2022; Huang et al., 2025), AmIGO (Arbel & Mairal, 2022a), FSLA (Li
et al., 2022), and F2SA (Kwon et al., 2023; Chen et al., 2024a). Note that p(x) indicates that the explicit dependence on k is not provided
in the corresponding references. For AmIGO, the dependence on log & is derived from Proposition 10 in Arbel & Mairal (2022a).

Algorithm Sample Complexity ~ Stochastic Estimators
ALSET (Chen et al., 2021) O(x% 2 log(k/€)) SGD
SOBA (Dagréou et al., 2022; Huang et al., 2025) O(p(k)e™?) SGD
AmIGO (Arbel & Mairal, 2022a) O((k log k)e™?) SGD
F’SA (Kwon et al., 2023; Chen et al., 2024a) O (r''e " log(r/e)) SGD

FSLA (Li et al., 2022) O(p(k)e™?) SGD+z-momentum
NSBO-SGD (this paper) O(k%e™?) SGD
= NBO-GD (T=10) = NBO-GD (T=1) === AmIGO (Q=10) AmIGO (Q=1)

with several widely used gradient-based algorithms, includ-
ing SOBA, SABA (Dagréou et al., 2022), StoBiO (Ji et al.,
2021), AmIGO (Arbel & Mairal, 2022a), SHINE (Ramzi
et al., 2022), F2SA (Kwon et al., 2023), and MA-SABA
(Chu et al., 2024). Details of the experimental setup and
additional results are provided in Appendix C.

4.1. Synthetic Problem

First, we consider a synthetic problem to study NBO in a
deterministic and controlled scenario. This problem focuses
on hyperparameter optimization, where the upper-level and
lower-level objective functions are defined as follows:

fOw)= g5 3D wlerial),

(z,yL)€ED’
1 1<
g\ w) = D] > dlwreye) + 3 > e,
(Te,ye)ED i=1

where A € R? represents the hyperparameter, w € R!*?
denotes the model parameter, and ) (t) = log(1 + e~ %) is
the logistic loss function. Here, D’ and D represent the
validation and training datasets, respectively. The synthetic
data is generated following a procedure similar to that de-
scribed in Chen et al. (2023b; 2024b); Dong et al. (2023).
Specifically, the distribution of x, follows a normal distribu-
tion N(0, r’2), and y. = wzx, + 0.1z, where z is sampled
from NV(0, 1). Subsequently, y, is transformed into binary
labels: if y. exceeds the median of the dataset, it is set to 1;
otherwise, it is set to —1.

The experimental results for ' = 1 are shown in Figure
1, while the results for v’ = 0.5 and 7' = 2 are provided
in Appendix C. AmIGO is a representative method that
employs multiple (Q)) (stochastic) gradient descent steps

fiA, w*(A)

fiA, w”(A)

5\

o

J 0 20 30 0 30 00 73 50 75 100 125
Iteration Time(s)
(2) (b)

Figure 1. Experimental results on synthetic data with r’ = 1.

to solve lower-level problems and quadratic subproblems
related to Hessian inverse-vector products. Since we will
later compare NBO-type algorithms with other gradient-
based algorithms, we restrict the comparison in the synthetic
problem to NBO-GD and AmIGO for simplicity.

As shown in Figure 1(a), our NBO-GD, which employs a
single step of the inexact Newton method, performs com-
parably to AmIGO, which uses () = 10 steps of gradient
descent. Notably, the inner loop in NBO-GD is used to ap-
proximate the inexact Newton direction. More importantly,
Figure 1(a) demonstrates that NBO-GD maintains strong
performance even when the Newton direction is approxi-
mated with 7" = 1. In contrast, AmIGO’s performance
degrades significantly when only one step of gradient de-
scent is used. Finally, when running time is considered,
Figure 1(b) shows that NBO-GD (7" = 1) outperforms other
methods. Based on these findings, we use 7' = 1 for NBO-
type algorithms in subsequent experiments.

4.2. Hyperparameter Optimization

In this section, we evaluate the empirical performance of our
NSBO-SGD algorithm on hyperparameter selection prob-
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lems, a typical bilevel optimization task (Franceschi et al.,
2018; Ji et al., 2021; Dagréou et al., 2022). The upper- and
lower-level objective functions are defined as follows:

o) = %

I, yo;w)

(wl,y,)€D’
1
9(\w) = 57 S l(@e,yesw) + (A w),
(Te,ye)ED

where D’ and D denote the validation and training datasets,
respectively. Here, A is the hyperparameter, w € R°*P
denotes the model parameter, [ is the loss function, and
r(\, w) is a regularizer.

We conduct experiments on two datasets: [ICNN1 and Cov-
type. The IJICNNI1 dataset corresponds to a binary classifica-
tion problem using logistic regression, with p = 22, ¢ = 1.
The loss function is defined as (¢, ye;w) = Y (WTLeYe)s
where 1) is the logistic function. The regularizer is given
by % le eMw?. The Covtype dataset corresponds to
a multi-class classification problem using logistic regres-
sion, with p = 54, ¢ = 17. The loss function is the cross-
entropy function, and the regularization term is given by

1 e A NP 2
5 Ej:l € 2 =1 Wi

AmIGO === StocBiQ === SOBA F2SA s SHINE === NSBO-SGD
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Figure 2. Comparison between NSBO-SGD and other algorithms
on hyperparameter optimization. Left: IICNN1 dataset; Right:
Covtype dataset.

In Figure 2, we present the suboptimality gap on IJICNN1
and the test error on Covtype as functions of time. Our
first observation is that, among all methods, NSBO-SGD ex-
hibits the fastest convergence on both datasets, with its per-
formance advantage being particularly evident on IJCNNI1.
Second, the gap between SOBA and AmIGO on IJCNNI1
highlights the benefits of performing multiple SGD steps
when solving lower-level problems, as well as handling
quadratic subproblems involving Hessian inverse-vector
products. In comparison, NSBO-SGD highlights the practi-
cal advantages of incorporating curvature information from
the subroutine that computes an approximation of Newton
directions. Notably, in Figure 2, NSBO-SGD uses 7' = 1,
whereas AmIGO employs Q = 10. This demonstrates
that the inner loop for approximating Newton directions in
NSBO-SGD is more effective than the inner loop used for

solving lower-level problems and quadratic subproblems in
AmIGO.

4.3. Data Hyper-Cleaning

We also conduct data hyper-cleaning experiments
(Franceschi et al., 2017; Dagréou et al., 2022) on two
datasets: MNIST and FashionMNIST (Xiao et al., 2017).
Data hyper-cleaning involves training a multiclass classifier
while addressing training samples with noisy labels. It can
be formulated as a bilevel optimization problem with the
following objective functions:

1
f()\,w):m/' Z L(wzl,yl),
(z,,y.)€ED’
1
g(/\,w):ﬁ > ohe)L(we, ye) + erlwll?,
(Te,ye)ED

where £ denotes the cross-entropy loss, ¢ is the sigmoid
function, and ¢, is a regularization parameter. For this
experiment, we set the corruption probability to p’ = 0.5,
as in (Dagréou et al., 2022).

AmIGO === StocBiQ === SOBA F2SA s SHINE === NSBO-SGD
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Figure 3. Comparison between NSBO-SGD and other algorithms

on data hyper-cleaning. Left: MNIST dataset; Right: FashionM-
NIST dataset.

In Figure 3, we report the test errors for each method w.r.¢
running time on MNIST and FashionMNIST. We observe
that both AmIGO and NSBO-SGD outperform all other
methods by reaching the smallest error. Meanwhile, NSBO-
SGD is the fastest, demonstrating the efficiency of incorpo-
rating curvature information in bilevel optimization.

4.4. Other Implementations of NBO

Variance reduction and momentum. Similar to the
gradient-based framework in (Dagréou et al., 2022), the
simplicity of our NBO approach allows us to easily incorpo-
rate variance-reduced gradient estimators and momentum
techniques (Chen et al., 2024c; Chu et al., 2024). We con-
duct numerical experiments to test the versatility of NBO by
comparing it with the framework in (Dagréou et al., 2022),
using the same variance-reduced gradient estimator and
momentum technique.
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SABA (Dagréou et al., 2022) is an adaptation of the vari-
ance reduction algorithm SAGA (Defazio et al., 2014) for
bilevel optimization. MA-SABA (Chu et al., 2024) extends
the SABA algorithm by incorporating an additional stan-
dard momentum (also referred to as a moving average) into
the update of the upper-level variable. We take a similar
approach and extend SAGA to NBO by replacing SGD in
NSBO-SGD with SAGA, resulting in a new implementation
of NBO, referred to as NSBO-SAGA. If we further incorpo-
rate an additional standard momentum into the update of the
upper-level variable, we obtain MA-NSBO-SAGA, another
new implementation of NBO.

In Figure 4, we present the comparison results between
SABA and NSBO-SAGA, as well as between MA-SABA
and MA-NSBO-SAGA. We observe that both NSBO-SAGA
and MA-NSBO-SAGA achieve better performance.

m— SABA

NSBO-SAGA ==« MA-SABA == : MA-NSBO-SAGA

fid, w () -o"

5 10 15

) Time(s)
(b) Data hyper-cleaning

Figure 4. Comparison between the NBO framework and other al-
gorithms incorporating variance reduction and the moving average
technique. Left: Hyperparameter optimization on IJCNNI1; Right:
Data hyper-cleaning on MNIST.

Extension to lower-level non-strongly convex structures.
The NBO framework is primarily designed for bilevel op-
timization problems in which the lower-level objective is
strongly convex. For problems with a non-strongly convex
lower-level structure, existing methods often reformulate
the original problem to induce strong convexity. Once this
condition is met, the NBO framework can be applied. For in-
stance, in the BAMM method (Liu et al., 2023b), when g is
merely convex, an aggregation function ¢, = pf +(1—p)g
is introduced. This function becomes strongly convex if f
is strongly convex. An approximate hypergradient d* can
then be computed by substituting g with ¢,,.

We compare the BAMM method and BAMM+NBO, where
the NBO framework is used to compute d* within BAMM,
on the toy example proposed in Liu et al. (2023b). The
example is defined as follows:

1 2, 1 2
min 2 =l + o el

st. y=(y1,y2) € arg min

1 2 T
- —x
(y1,y2)ER?™ 2 fon v

where e is a vector with all components equal to 1. It

is straightforward to derive that the optimal solution is
(e, e, e). The results, shown in Figure 5, demonstrate that
BAMM+NBO significantly outperforms BAMM, highlight-
ing the effectiveness of the NBO framework.

BAMM === BAMM-+NBO

5\

Ix = x"Wx1
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00 02 [0
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Time(s)

Figure 5. Performance of the NBO framework on a toy example
with a non-strongly convex lower-level problem.

5. Conclusion

In this work, we design and analyze a simple and efficient
framework (NBO) for bilevel optimization, leveraging the
hypergradient structure and inexact Newton methods. The
convergence analysis and experimental results for specific
examples of NBO demonstrate the benefits of incorporat-
ing curvature information into the optimization process for
bilevel problems. However, many additional benefits and
extensions could be explored, such as the exploitation of
parallel and distributed computation, and the integration of
noise reduction techniques.
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A. Appendix

The appendix is organized as follows:

* More related work is provided in Section B.
» Experimental details and additional experiments are provided in Section C.
* The initialization strategy of the proposed algorithms is provided in Section D.

¢ Detailed proofs of the main theorems are provided in Section E.

B. More Related Works

Bilevel optimization. Bilevel optimization addresses the challenges associated with nested optimization structures
commonly encountered in various machine learning applications, as discussed in recent survey papers (Liu et al., 2021;
Zhang et al., 2024). Although numerous methods have emerged, the numerical computation of bilevel optimization remains
a significant challenge, even when the lower-level problem has a unique solution (Pedregosa, 2016; Ghadimi & Wang, 2018;
Kwon et al., 2023). Assuming further that the Hessian of the lower-level objective function w.r.t the lower-level variables
is invertible, the hypergradient is well-defined and can be derived from the implicit function theorem. Recently, several
strategies have been proposed to solve bilevel optimization. For instance, the iterative differentiation (ITD)-based approach
(Maclaurin et al., 2015; Franceschi et al., 2018; Grazzi et al., 2020; Ji et al., 2021) estimates the Jacobian of the lower-level
solution map by differentiating the steps used to compute an approximation of the lower-level solution. The approximate
implicit differentiation (AID)-based approach (Ghadimi & Wang, 2018; Chen et al., 2021; Ji et al., 2021; 2022; Arbel &
Mairal, 2022a; Dagréou et al., 2022; Hong et al., 2023) is directly based on equation (2). It performs several (stochastic)
gradient descent steps in the lower-level problem, followed by the estimation of the Hessian inverse-vector product, which
can be computed using Neumann approximations (Chen et al., 2021; Hong et al., 2023), solving a linear system (Pedregosa,
2016; Ji et al., 2021), or solving a quadratic programming problem (Arbel & Mairal, 2022a; Dagréou et al., 2022).

The ITD- and AID-based methods involve numerous Hessian- and Jacobian-vector products, which can be efficiently
computed and stored using existing automatic differentiation packages (Pearlmutter, 1994; Dagréou et al., 2024). Another
class of methods, which rely solely on the first-order gradients of the upper- and lower-level objective functions, is based on
the value function reformulation (Ye & Zhu, 1995) and is referred to as the value function-based approach (Liu et al., 2022;
Kwon et al., 2023; Chen et al., 2023a; Liu et al., 2023a; Kwon et al., 2024). From the hypergradient perspective, all of the
aforementioned gradient-based bilevel optimization algorithms are inexact hypergradient methods. The distinction between
these methods lies in whether the hypergradient approximation is directly derived from equation (2). For instance, the
AID-based approach is directly based on equation (2), whereas the ITD-based and value function-based approaches are not.
Howeyver, what these methods do is to approximate the hypergradient. For example, Proposition 2 in Ji et al. (2021) provides
the explicit form of the ITD-based hypergradient estimate, while Lemma 3.1 in Kwon et al. (2023) offers a hypergradient
estimate for the value function-based approach. In stochastic bilevel optimization, various stochastic techniques (e.g.,
momentum and variance reduction) from single-level optimization have been employed to improve the convergence rate
(Yang et al., 2021; Dagréou et al., 2022; Khanduri et al., 2021; Chen et al., 2024c; Dagréou et al., 2024; Chu et al., 2024;
Huang, 2024).

Although our paper focuses on the lower-level strongly convex case, the lower-level non-strongly convex case is also of
great interest. In some works, the hypergradient can still be approximated in non-strongly convex case, by combining the
pseudo inverse of the Hessian (Arbel & Mairal, 2022b; Xiao et al., 2023) or aggregation functions (Liu et al., 2023b). Then
this approximate hypergradient can be used to iteratively update the upper-level variable. There are also works that employ
penalty function methods, including but not limited to Kwon et al. (2024); Shen & Chen (2023); Chen et al. (2024a).

C. Experimental Details and Additional Experiments

Our experiments were conducted using the Bilevel Optimization Benchmark framework (Dagréou et al., 2022) and the
Benchopt library (Moreau et al., 2022). All experiments were performed on a system equipped with an Intel(R) Xeon(R)
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Gold 5218R CPU running at 2.10 GHz and an NVIDIA H100 GPU with 80 GB of memory. Each experiment was repeated
ten times.

C.1. Synthetic Data

For the synthetic dataset, we use 16,000 training samples and 4,000 validation samples. The dimension size is set to
p = 50. For both AmIGO and NBO, the outer step size is set to 1, and the inner step size is set to 0.03. Both algorithms are
deterministic, employing full-batch updates. The experimental results for 7/ = 0.5 and r’ = 2 are presented in Figures 6
and 7, respectively.

=== NBO-GD (T=10) === NBO-GD (T=1) == = AmIGO (Q=10) AmIGO (Q=1)
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Figure 6. Experimental results on synthetic data with ' = 0.5.
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Figure 7. Experimental results on synthetic data with " = 2.

The results align with our discussion in Section 4.1. Figures 6 and 7 demonstrate that NBO-GD maintains strong performance
even when the Newton direction is approximated with 7" = 1. In contrast, AmIGO’s performance deteriorates significantly
when only a single step of gradient descent is used. When considering runtime, the results show that NBO-GD (T = 1)
outperforms other methods. Moreover, we evaluate the scalability of NBO on synthetic data while progressively increasing
the problem dimension in Figure 8. We record the time it takes to achieve (f(\*, w*(A\F)) — @*)/(f(\°,w*(A\?)) — &*) <
103 when the dimension increasing. The results after 5000 iterations is used as ®*.

C.2. Hyperparameter Optimization and Data Hyper-Cleaning

Datasets. We provide detailed information regarding the datasets used in our experiments. For IICNN1', we employ
49,990 training samples and 91,701 validation samples. For Covtype?, we utilize 371,847 training samples, 92,962 validation
samples, and 116,203 testing samples. For MNIST? and FashionMNIST#, we use 20,000 training samples, 5,000 validation

"https://www.csie.ntu.edu.tw/ cjlin/libsvmtools/datasets/binary.htm]
*https:/scikit-learn.org/stable/modules/generated/sklearn.datasets.fetch_covtype.html
3http://yann.lecun.com/exdb/mnist/
*https://github.com/zalandoresearch/fashion-mnist
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== NBO-GD

100 200 300 400 500
Dimension

Figure 8. Scalability of NBO to large dimensional problems on synthetic data.

samples, and 10,000 testing samples, and we corrupt the labels of these two datasets with a probability of p’ = 0.5. In terms
of computational frameworks, we use JAX (Bradbury et al., 2018) for MNIST, FashionMNIST, and Covtype. For JICNN1,
we use Numba (Lam et al., 2015), as it demonstrates faster performance compared to JAX for this dataset.

Algorithm Settings. We provide a detailed description of the batch size, step size, and other settings for the algorithms
compared in Section 4.2. The batch size for all algorithms is set to 64, except for NSBO-SGD and SHINE. For NSBO-SGD,
since the size of BY is significantly larger than that of other batches in theory, we set | B5| = 256, while the other batches
remain at 64. For SHINE, we set the batch size to 256, as it is a deterministic algorithm by design. In the benchmark, the
double-loop algorithms, including AmIGO, StocBiO, and F2SA, are configured with 10 inner loop iterations, and we set
the number of iterations for BFGS in SHINE to 5. The step sizes are tuned via grid search, following a method similar to
(Dagréou et al., 2022). The grid search procedure is described in detail below. For algorithms that employ a decreasing step
size, the step sizes we search for correspond to their initial values. For SHINE, the inner step size we search for is related to

the initial step size of the strong-Wolfe line search. The outer step size is computed as %

» IJCNNI1: The inner step size is chosen from 6 values between 27° and 1, spaced on a logarithmic scale. The outer
ratio is chosen in {1072,107*,1071,107%5,1}.

+ Covtype: The inner step size is chosen from 7 values between 276 and 1, spaced on a logarithmic scale. The outer
ratio is chosen from 4 values between 102 and 10, spaced on a logarithmic scale.

« MNIST and FashionMNIST: The inner step size is chosen from 4 values between 102 and 1, spaced on a logarithmic
scale. The outer ratio is chosen from 4 values between 10~5 and 10~3, spaced on a logarithmic scale.

Moreover, for MA-SABA and MA-NSBO-SAGA, we set the moving average coefficient to 0.99 for MNIST and FashionM-
NIST, 0.9 for IJICNNT1, 0.8 for Covtype. Last but not least, we do not follow the initialization in Algorithm 2 and Algorithm
4. Instead, we set the initial points for our framework in the same way as other algorithms in the benchmark. Other settings
not mentioned are kept consistent with the benchmark.

Additional results. We present the additional experimental results for Covtype and FashionMNIST. In Figure 9 (a) ,
the additional results of hyperparameter optimization on Covtype are shown. In Figure 9 (b), the additional results of
data hyper-cleaning on FashionMNIST are displayed. These results demonstrate the effectiveness of our framework under
different implementations. In Figure 9 (b), the performance of MA-SABA and MA-NSBO-SAGA is similar, likely because
MA-SABA is fast enough on FashionMNIST, leaving little room for further acceleration.
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Figure 9. Comparison between NBO framework and other algorithms equipped with variance reduction and moving average technique.
Left: Hyperparameter optimization on Covtype; Right: Data hyper-cleaning on FashionMNIST.

D. Initialization Strategy of the Proposed Algorithms

In this section, we introduce two initialization boxes for our proposed algorithms. These initializations ensure that the initial
points y°, u® are close to y* (x°), u*(x?), respectively, thereby guaranteeing that y*, u* remain within a neighborhood of
y*(z¥),u*(x*) forall k = 0,--- , K with a controlled step size cy,. It is important to note that the primary purpose of these
initialization requirements is to ensure theoretical validity. In practice, strict adherence to these constraints is not necessary,
as the proposed initialization process does not introduce significant computational overhead. Some constants in this section,
such as r,, and L1, are defined in (29).

* Choose z°, y%0, u%0, stepsize By < L} -

e Take Ng > 2log Hi;(g—;?”z}/ log(1 — Bou) = O(k log k) and compute y° = y™Vo:0:

forn=0,1,...,Ng—1

yn+1,0 n ,0 ﬂOVQQ( 7yn,O)
end for

. 5Ly
min | 77", 2“

l[u®0 | +-% I\Vg(wo’v M+

» Take Qg > log

/log(1 — Bop) = O(k log ) and compute u’ = u@0:0:

forg=0,1,...,Q0—1

w0 — 10 — 5 (V2,g(2°, %) us® — Vy f(2°,4°))
end for

+ Output 22, 40, u°.

BOX 1: Initialization of Algorithm 2.
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* Choose x°, %0 %0, stepsize By

24).

4
i 2
min —
{SLI 40rL2 }

e Take NQ Z log W/log ]- - 60;“’)

2
. 2L L
nlln{r 3 12}

5rL2 72

* Take Qg > log
a(fluo0 )+ 24

IV g(x0,y°)|[+re

< £, batch size |Bo ul, | Bo 4| > O(k°

forn=0,1,...,Ng—1
yn+1,0 n ,0 50V2 ( 07y"’0;Bo,n)
end for

)2/1og(1 = Bop/2) =

)s |Bg 4| = ©(1) according to

O(klog k) and compute y° = yNo:0:

O(k log ) and compute u° = ©@0-0;

forq=0,1,..

'7Q071

Y X

— Bo(V3,G(2°,y"; Bo,g)u®® —

VQf(JfO, yoﬂ B{Lq))

end for

+ Output z°,y°, u°.

BOX 2: Initialization of Algorithm 4.

The following two lemmas describe the properties of the output sequences from BOX 1 and BOX 2, respectively.
; 0,0 ,0; ; 0 (.0 ; 1
Lemma D.1. Suppose Assumption 3.1 holds, then x°,y°, u° in BOX 1 satisfy ||y° — y*(2°)|| < min {ﬁ, T}

[u® — w*(2°)]] < min {FE, ¥},

Proof. For y" ™10 = ym0 — 3,Vyg(a0, y™°

n+1,0

), we have

— (@) = [|ly° = BoVag(a®, y™0) — y* (2°) ||
=y (@) = 280 (y™° — y*(2°), Vag(2®, ™)) + B3| V2g(z®,y™ ") |

)) = 0, Assumption 3.1 and Theorem 2.1.12 in (Nesterov, 2018) implies that

[y
=[ly™?

Since Vag(z?, y* (2°

(y™° —y* (a"), Vag(2,y™0)) = (y™° — y*(2°), Vag(z°,y™°) — V2g(°,y* ("))
> By g @) Vg )

Since By < L;,l < M%Lm, we have

o0 =y @ < (1= 260 B 0 =y @O < A=l -y @ a9
Then we can deduce that

g0 =y (@°)]| < (1 = Bop) M ?[[y™0 — y*(a%)] < (1 - Bou)N"”%HVg(w D) < mm{Qr ST
where the second inequality follows from
15°° =5 @Ol < £19(a.5°%) = Vala® 5" @] = 7 [Vala® 5O 20)
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by p-strong convexity of g(z, -) and the optimality of y*(x°). Next, recall that u*(z,y) = [V359(z,y)] ' Vaf(x,y), the
difference between v*(z) and u*(z, y) is

pllw (@, y) = w (@) < [ V39(z,y)(u” (z,y) — u* ()]
<IVaf(z,y) = Vaf @,y (@) + llu* (@) | VE29(z, ™ () = Viag(z, y)ll
S(Lya+rulg2)lly =y ()|l = Lully — y* (@), 2D

where ||u*(z) Lio — ., by definition, the second inequality is because VZ,g(z, y*(z))u*(z) = Vaf (z,y*(z)) and

V329(x, y)u*(z, ) Vaf(z,y). For ut™0 = u®0 — By (V3y9(2°,y°)u®® — Va f(2°,4%)), by u-strong convexity of
g(z,-) and By < , we have

"uq+1,0 _ ’U,*(.TO 0 H _ Huq,O _ ﬁo(ngg(x07yO)uq’0 _ va(xO7y0)) _ u*(x07yO)H
< [T = BoV3ag(z” [ut® —u* (2,0 < (1= Bop)[Ju®® — u* (2, ). (22)

Y )lop

So we can deduce that

a2 = )] = a9 =) ) )
22),21) . Ly .
S (U= Bop)*0[u® — (@ g0l + —Hly — ()]
Ly . . 0Ly VI
S 176 Qo UO’O + U* xO’yO + — min = ) )
(1= B (] + [ (2, )1) + 2 min {5 ) < min {2 00
where
. " * . @b Ly . Ly
lu* (@, ) < flu”(2°,9%) = w (@) + [Ju ()] < Illy0 =y (@)l +ru < FVg(x°7y°) +tre.  (23)
Hence we complete the proof. O

Lemma D.2. Suppose Assumptions 3.1, 3.5 hold, when we take the bachsize

Byl > max{8500§,2 a7 160 326002 1 (L4 (Vg (a0, 4°)| +ry) L o),
of = popmin{p?/(40rL2,),1/(8L1)} pmin{Li/(5rL, ) Lyi/(4p2)}
16600']2071

1Byl = ©(1) =

24
pmin{L3/(5rL7 5), L1/ (4p2)}’ -

0,0 ,0: : 0 0Y(2 : 2 1 0 0Y/12 : AL L
then z°, 4y, u mBOXZsansfj)E[Hy —y* ()| } Smm{%fﬁ,m}andﬂﬂmu —u* ()] ] Smln{ST,LjQ,H—;}.

Proof. Similar to Lemma D.1, we can deduce that

ly™© = BoVag(a,y™) =y @) < (1= uBo)lly™® — y™ (=°)1>.

Then denote a conditional expectation E}! := E [- [2°,y™], for y" 10 = y™0 — 3,V,G (20, y™0; By), we have

]E'ryz [Hyn-i-l,o _ y*(xO)HQ] _ Hyn,O _ Bovzg(m07yn,0) _ y*(xO)HZ + B(%]EZ [HVzg(:}so,y”’O) _ VQG( ’yn ,0. O)||2]
2

g
< (U= pBo)lly™ =y @) + B 5 (25)

take expectation and by induction we obtain

E [[ly™° =y (@) %] < (1 = uBo)™ ly*° — y* (=°)|?

1 . M
9 < P -
OUBo| = mm{20rL3’2’ i
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>y
||uq’ 60 (v229( Y )uq,O - v2f(xoay0)) - u*(‘roa yO)H § (1 - ﬂO:U’)Huq’O - u*(xO’yO)”’

denote B :=E [- |2°, 4%, u??], we have

EJ [[[u*H0 — u* (2%, 9°) 1] = [|[u®® — Bo(V3a9(a°, y°)u®® — Vo f(2°,4°)) — ?ﬁ(JL‘O,ZIO)H2
+ BOEL [[[V329(2%, 4% )u®® = Va f (2%, 4°) — V3,G(2°, 4% Bo)u®® + Vo F (2°,4% Bo) |1*]
2
O — w22, y0)|1” + 455 79:2 [[u* (2, 4°)|I?,

where |00 — *(20)|| < L||Vg(z?, y*?)|| from (20). Next, from (22) we have
0

211 4,0 w0 0\)2 2(7}2“1 2032
<(1 = o Pt @) P+ 283 L 4 453 70

’ \B'I *|Bo | *|Bol
<1 o/ 2t — (20, 57) |7 + 263 \éﬁ AT O,
where the last inequality is because | Bg| > m . Then taking conditional expetation E' = E[-|2°, 4°] on both side of the
inequality and by induction,
E [[u® = u(2°,y°)[%] < (1= Bop/2)% [u®® — u*(2°,4°)|12 + 45()”;0' +3860 |§ Byl @O

Combining with (21) and (23), we obtain
E' [[[u® —u*(2)]°] < 2B [u® —u*(2°,y°) %] + 2[|u*(2°) — u* (2, 4°)|I?

2 2 2
. 2 5, 2L .
<2(1 = Bop/2) % (J[u”° + [[w* (2%, 4°)]]) +8Bou|’;| + 1660 ‘B |||u (@, y)]1? + /ﬂl]E [y =y (@®)11°]
Ly 2
<2(1 — Bop/2)“° ([l + 7||Vg(x°,y°)H +74)
2 2 2 2
Ly 0,0 2 203 0 0|2 4Ly Ll
Y u —E -y < ’
+860— & |B,‘ 1660 7 0|(M2 IVg(®, y°) +7a)” + 2 [lly” = " (@)]*] < min {5 I,
then we complete the proof. O

Remark D.3. From Lemma D.1, we deduce that the initialization in BOX 1 requires O(k log «) gradient computations and
Hessian-vector products. Similarly, Lemma D.2 indicates that the initialization in BOX 2 has a gradient complexity of
O(k®log k) for g, O(klog k) for f, and a Hessian-vector product complexity of O(x° log k).

E. Detailed Proofs
In this section of the Appendix, we provide detailed proofs of Theorem 3.2, Theorem 3.7, and Remark 3.4. Recall that
dy == Vif (" ") - v129< Yy, Dy = ViF(ab,yt BY) = Vi,G o B, (26)
dy = Vag(a",y"), Dy = sz(x "y" By, 27
dy = Vig(a® g )t = Vaf(a*,y*), Dy = V3,G (2", " By )u* — Vo F (a*, 4" BY). (28)
For convenience, we further define
Ty = Lgo/ph, Ly = (Ly1+ Lg ory) (1 +Lg1/u), L1 :=Lg1+ Lgory, Lo :=Cjo+ Lgirs, (29)
w*(z®,y* uk) = uh = [Vag(a®, y)] T Vo f*, ¢,
dbk = Vi,g(ak, y*)uth — Vgg(gc yF), DY* .= V2,G (2, y*; BEF Vb F — V,G(a®, o BY), (30)
dit = Viag(a®, y* )™ = Vig(a®, yF)u + Vaf (2, yb),
Dy = V5,G (", y*; By )uht — V5,G (2, y*; B Ju* + VaF (2", y"; By), (31)
E"[] := E[|a*, y*, u*], EV*[] = E[]a*, y*, u*, o"F, wh*],
2 2 2
Sy = i S1° = VR 597 = %ﬁ, 597 = I(;34| Spa = % (32)
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The following lemma is fundamental and will be repeatedly invoked throughout the proof.

Lemma E.1. Suppose Assumption 3.1 holds, we have

* * L 5 * * Lu
ly*(2") = y* ()]l < %II%’—%H and |[u* (') — u* (x| < fllw’—xH- (33)

Proof. From the definition of u* (), by Assumption 3.1, we have ||u*(z)|| < [|[[VZ29(z, y* (@) Hopl| V2 f (z, y*(2))]| <

Lo = 1. Due to the optimality of y*(x), we have Vog(x, y*(x)) = 0. Since g(z, -) is u-strongly convex and g(-,y) is
w

L, 1-smooth, we can deduce that
plly™(z) =y (@) < [Vag(z, y™ (@) = Vag(z,y" ("))
= [|[Vag(z,y™(2)) = Vag(a', y™ (@")|| < Lgallz — 2|,

which implies the first inequality in (33). Next, by the strong convexity of g(x, -) and smoothness of g, f, we have

IV329(z, y* (2)) (w* (2) — u*(2")]| > pllu*(2) — u* (@), (34)

and

[V2f(@,y*(2)) = Vaf(2',y" (@) + [V39(2',y" (2') = Vaag(z,y" ()] u* (')

< (Lya+ Lgora) (2" — 2] + ly™ (=) =y (@)]])- (35)
By the definition of v*(z), the following equality holds

Viag(a,y" (@) (u*(x) — u*(2')) = Vaf(z,y"(2)) — Visg(z, y"(z))u’ (')
+ Vig(a,y" (@) (2") = Vaf (@', y" (2")).

Taking the norm on both sides of the above inequality and combining (34), (35), we can deduce the second inequlity in

(33). O

E.1. Detailed Proof of Theorem 3.2 and Remark 3.4

We first establish the descent of ®(z*), [|y*

Lemma E.2. Suppose Assumption 3.1 holds, the sequences generated by Algorithm 2 satisfy

—y*(2%)]|? and ||u® — u*(2*)||? respectively.

(I)(l,k+1)

(0% (677 L‘Pa *
<®(z*) - 7k||v‘1>(ﬂt‘k)||2 - (5 - k)||dk||2 + Liag|ly® =y («)|? + L jallu® —u* (@)% 36)

Proof. From Lemma 2.2 in (Ghadimi & Wang, 2018) we know that ®(x) is Le-smooth, and Lg is defined in (17), then we
have

L
(2" 1) < B(ah) + (VO(a"), 2" —a¥) + ZF[a* T — o)

L 2
— (%) — ap(VO(a"), db) + 22k (k|2

2
) Laoo?
= B(a*) + FIVE@Y) - di|? - TNV - IR + Tz, (37)
where
IVe(2*) = di|| < [|[Vif(a*, y* (2 k)) —Vlf( Py 4 [[[Viag (2, 4*) — Visg(a®, y* (a))]u* (")
+ ||V12g z*, y") H
< Ly + Lg,zru)H@/ -y ( )H + Loa|lu® —u (@) (38)
Then combining (38) with (37), we can obtain the desired result. O
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Lemma E.3. Suppose Assumption 3.1 holds. When we take T > O(k), the sequences generated by Algorithm 2 satisfy

. Loa\ Lga 1 .
[ G [ o [ o e i e e el B ot A M G (39)
Iz p 4
* 1 " 5L1 L,
[uf = (@) < zlluk —ut (@) + IIy —y @)+ = . “lat =2t (40)
Proof. From the iteration of Algorithm 2 we know that
Yyt =T = b [T = V39 (a", M) 0P — i Vag (e, ).

Combining Vag(z*, y*(2*)) = 0, we have

yk _ vt-‘,—l,k _ y*(xk) _ [I _ kaglq(mk, yk)] (yk _ vt,k _ y*(xk»
+ 9 (Vag (@, y* (2)) — Vag(aF, yF) — Vipg(a®, v%) (v (aF) — ¢)).

Since V3,9(z,-) is Ly 2-Lipschitz continuous, Lemma 1.2.4 in (Nesterov, 2018) implies that
* * L ,2 *
IVag(a™,y*(2%)) = Vag(a®,4") = Viag(@", y")(y" (%) =yl < == Mly" (%) = )17,
then we can deduce that

* 27k *
¥ — o' TEF —y* (@) < T — % V3a9(*, y") loply” — 0 — v ()] + 92 ly*(«*) — ¥ |7
2')%
< (1 p)lly® — ot* — g @) + 2820 e () — 2, (41)

where the second inequality is because g(x, -) is p-strongly convex and v < ﬁ Then we can calculate that
g,

19 =y ) = =0 =5 @] < (1= o)l = o =y )+ S22y () — o
= (1= )l = Vag(at, ) =" @)+ S22 @) — o
< (1= ) R yE =y (2P + 9/;2||y*<x’f>—yk||2
< 71 = @+ 2 ) = o P )

where the second inequality is derived based on the same reason as in (19), and the last ineauqlity holds when 7" >

Inl/4 .
m — % = ©O(k). Finally we have

[yF Tt — g (@) < Iy =y (@) + ly* (@) =y (@)

(42)1 . N
N C Tl [ T e T

e >||+L
(3:

)1 L, * L ,1
LA [ ($k)_yk||2+%||xk+l—xk\|.

Similarily, from the update of w"* we know that

[ub — W — (28, 7| = || [T — e V3ag(a™, y7)] (W — whF —u (2F,yF)||
<(1 = pye) JuF — whh — w2, y7)]). (43)
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This inequality implies

k

e

TE—ut (@ M) < (1= py) Tl = 0™ = (@, ")
= (1= po) T llu® — e Viag(a®, " )u* + Vo f (o, y") —u (2", 4"
= (L= py) "Il [T = 1 V3a9(a®, )] (ub — (2, y"))|

= llw* —w

< (1= )T = (@) + (= ) T et (2, %) — (28|
1 * 1 * *
< gl = @+ e @ y") = @], (44)
where the last inequality holds when 7" > % — 1. Then we have

ot — @] <[ = @ P (e () — e @y et (@) - et @)
1 * 5 * * * *
<t = w @+l @ yh) = @) + [lu” @) = ()]

N6y 5L, L.,
< ||U —u*(z )||+ ly* =y ()] + u” aP =t

Hence we complete the proof. O

Next, we prove that ||y* — y*(z*)| and ||u* — u*(z*)|| have uniform upper bounds.
Lemma E.4. Suppose Assumption 3.1 holds. Take T > O (k) and

0 I 5uly 1 } o

. < mi
o < min { SL,1LoLys’ 20L2 1L "8LuLaLgs’ 4Lg 1Ly,

we have ||y* — y*(z¥)[| < 52 ~and luf —u* (zF)| < 5L1 L forall0 < k < K, then

I =y @I < Sly" —y @+ =25 ol ERREE (45)
Proof. From (26) and ||u*(x*)|| < r,, we know that

5]l = [IV1f (2", 5") = Viag(a®, y*)u¥|| < Cpo+ Loallu® — u* (@) + Loaru < Lo + Lo [u* —u*(2¥)||. (46)
For ||z**! — 2*|| = ay||d” ||, combine (46) with (39) and (40), we have

. Lgo, Ly . 1 .
[yt =y (@) < i”y (%) — y*|1% + 9T(L2 + Lgallu® —u*(z)]) + ZHyk —y* ()|,

1 5L1 L (677
Juf Tt — (]| < leuk —u* (") + 7||y —y (@) + == (Lo + Lga|[uf — u*(2)])).
. 2 2 5uL
If [y — y* (2*)| < s uF — ut (@) < SEL and oy, <m1n{8Lg Y e T },wecan

deduce that [|y**+! — y* (2FH1)|| < CIE lubt — u* (2P| < 5L1 By 1nduct10n since [ly” — y* (2°)l| < 54,
0 5L 5L
[u® —u*(2%)|| < 534 (Lemma D.1), we have [|y* — ?J (@I < 2 w (ak)|| < g5 forall 0 < k < K.

Moreover, we can get (45) by taking [|y* — y* (2%)|| < 5 in to (39). O

Then, we can obtain the results in Theorem 2.

Theorem E.5 (Restatement of Theorem 3.2). Under Assumption 3.1, choose an initial iterate (y°,u°, 2°) in BOX 1 that
satisfies ||y° — y* (2°)| < min {ﬁ7 27\/1L*1} and ||[u® — u*(2°)|| < min {3 5L1 ‘/F} Then, for any constant step size
Y& =y < 1/Lg 1, there exists a proper constant step size

M2 Spln © 1 Iy p } — 0k

= < 1
Gk o= T { 8Ly LaLgs 8LulaLys 4Ly L, 4Le 4L2° GALLZ,

and T > O(k) such that NBO-GD, as described in Algorithm 2, has the following properties:
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. . k2 - 20(z0)—20%+4
(a) Forall integers K > 1, ming<x<r—1 [|[V®(2")||* < ==

<k< = O(’%) That is, NBO-GD can find an e-optimal
solution T (i.e., |[V®(Z)||? < €)in K = O(r3e™1) steps.

(b) The computational complexity of NBO-GD is: O(r3/¢) gradient computations and Jacobian-vector products, and
O(k*/€) Hessian-vector products.

Proof. Define a Lyapunov function
Vie = f(2", 5" (2")) = @ + by lly* — v (2")” + bul|u® — u* ()%,

where b, = 4L,b, = %. When o, satisfies the bound in Lemma E.4, because of Cauchy-Schwarz inequality and

Pl — 2F = qpdk, inequalities (45) and (40) become

202 03
ly* ! =y (@ < *Ily —y @)P + Z#IIC@H?

1 8L3 AL2 03
[t = @ < Sl = ut @)+ /Tﬁllyk =y (@")IIP + ﬁklldillg-

Combining (36), we obtain

a a Leai  4b,L%a2  2b,L;
Vk+1—Vk§—2k||V<I>(xk)||2—<k— %% E_ 7y 91 k>”dk2

2 2 p? p?
b, 8b, L2 . Tha .
- (% - st T it @R - (- o) et -0t
Further controlling o, < min { I Ll , 4Lle , W} we have
2 2

ag Loai B 4b, L2 _ 2by Ly 0 > %’ by Loy — 8b, L3 > bﬁ) 7by L2 0y > @

2 2 u? u? 8 2 w2 8 8 9 16
Then, by telescoping sum, we have ming<<_1 [|[V®(2*)||> < & S0 ' |[VO(2¥)|]? < 2 = O(%), where V) =

O(20) — ®* +4Lq]|y° — y*(29)]* + %Huo —u*(2Y)]|? < ®(20) — fI)* + 2 because from Lemma D.1 we know that
s~ 5 )2 < 2 and Ju® — u@OR) < L.

Additionally, we calculate the complexities of Algorithm 2 to achieve a stationary point. To achieve
ming<<r—1||[VO(x¥)[|> < €, we need gradient computations: Ge(e) = O(K + Ny) = O(r%e¢1); Matrix-vector
products: MV(e) = O(KT + Qo) = O(k*e1). O

Moreover, we give a brief proof of Remark 3.4.

Proof. (Proof of Remark 3.4) For y* and v*, if we use CG to solve (8) with initial point v~"* = 0, we have

[yFTt =y (@) < Iy =y (@) + lyT @) — g (@)
33) .k . N2
<|ly" —v* (@, y*) — y* (@) + [[oTF — vt (2", ") || + %kaﬂ — ¥

Lyo VE T+1, _ Ly,
<La 2.9 Lk o (gk f)|| 4 29| ghtt — gk
S ly* = y* (=) f(fﬂ) Jv @,y " | |
L,o fL 1 f T+1 ) ) Lgq
<22k =yt ()| + 2 ly* = y* (") + =L~ [l — 2|
21 I (f+ 1) I
where the third inequality is due to (6) and the linear rate of CG (refer to (17) in (Grazzi et al., 2020)), and the last inequality
folloes from v="% = 0 and [[v* (z*, y*) || = [[[Vog(a*, y%)] 71 (Vag(a, yF) — Vag(ak, y*(25)]| < Z2t(|y* — y*(2")]].
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When we take T' = O(+/k log(k)), the above inequality becomes the same as (39). For u* and w*, if we use CG to solve
(10) with initial point w bk =, similarily, we obain

o ) = w2,
e Y e e
2R - )
<aVR(LED) Tt = ()] 2V ) ) — )

When we take T' = ©(y/k log(k)), we can get (44).
The proof process following (39) and (44) is the same as that of NBO GD Therefore, if we replace GD with CG in

Algorithm 2, the convergence rate is ming<p<x—1 [|[V®(z")[? < % LS Ve (a2 < 2\0 " Additionally, in order to
achieve ming<j< 1 [|[V®(2%)|? < ¢, we need gradient computations: Gc( ) = O(K + Np) = O(k3¢~1); Matrix-vector
products: MV (e) = O(KT + Qo) = O(k35log ke 1). O

E.2. Detailed Proof of Theorem 3.7

Here, we provide a detailed proof of Theorem 3.7 for the stochastic setting. Firstly, similar to the deterministic setting, we
establish the descent of E[®(z")], E [||y* — y*(2*)||?] and E [[|u® — u*(z*)]?].

Lemma E.6. Suppose Assumption 3.1 and 3.5 hold, then the sequences generated by Algorithm 4 satisfy

L 2
E[0(*)] < B[o(H)] - R [|Ve()?] - (5 ~ L50)E [ D] + 2050k [ly* - v* ()]
+ (2L, + 4S§’Q)akE [[Ju¥ — u* (z* )|| 1+ (2871 + 4S§’2ri)ak. 47)

Proof. Recall that E¥ = E[-|z*, y*, u*], from Assumption 3.5 we can deduce that
B (1% - 4 )
<2E* [[|V1F (2, 4% BF) — Vi f (2", y")|1°] + 2B* [||[VE,G (", 4%, BY) — Viag(a®, y*) 7] [|u”]?
<2871 + 2897 |uF||? < 2850 + 2597 (2]|u* — u ()| + 2/|u” ("))
<28p1 + 45877y + 4887 |uf — (M), (48)

where the last inequality follows from ||u*(2*)| < r,. For 2**! = 2% — ;. D, replace d* with D in (37) and take
expectation, we have

(0% « « 042
B [0(4)] = B [o(h)] + SE[IVa() - D] - SE[Iva(h)|?] - (% - “25)E [ID57],  @9)

2
where
E [[IVe(z*) - DF|*] < 2E [|Ve(2*) — dil|*] + 2E [|| Df — dg[|*]
(38),(48)
ALTE [|ly* — y* (2®)|1?] + (4L2 ; + 8S*)E [|[u* — u*(2®)||?] + 4Sy,1 + 859 °r2. (50)
Then we can get the desired inequality by putting (50) into (49). O

Lemma E.7. Suppose Assumption 3.1,3.5 and 3.6 hold, if S7 2 < %2, then the sequences generated by Algorithm 4 satisfy

E [y — g @) <2752 (R [y @) — o 2] ) 4[5 — E2yzres 1 205 ey
Top 2 12

5rL2 Yk 207 Sy 1

+ #E [[|1DEI1P] + 5r(1 — 7)2T713Sg,1 + 5

61y
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Proof. From the iteration of v** we know that
ly* = v =y @) < Mly* = 0"+ ady =yt @)+l DEF - dG)

(41)

, 2V gk : : :
< (1= p)lly* — o —y* (=) + 92 ly*(z*) = y*I* + il DL* = dy*|. (52)

For || DL* — d¥||, we have
(S [IDG* = dy*l])” < EY* [ DY* — i)
=E"* [II(ngG(ﬂc’“, Y™ BYY) — Vg (2", y"))otF — VoG (2, ¥ BE) + Vag(a®, y’“)IIQ]
<E"* (V3G (b, y% BIY) = Vhylak, b)) 110412 + | V2Ga*, ' BY) = Vag(a, ")
<S8 |? + || V2G (2", s BY) —Vzg(w’“,y’“)IIQ-

Then by trangle inequality, we obtain

E“F[|| Dy = diM|] < o/ STt + 1V2G (2*, y*; By) — Vag(2®,4*)|

<SPy — ot — g (@) + 2\ STEYE — yt (@) + | V2G ek, yF; BY) — Vag(aF, yh)|l. (53)

Take expectation on both side of the above inequality and combine (52), we have
E[[ly* — v F —y*(a k)ll]
L= i [l o~y @] + TR [y (o) — 7] + e [IDLE — ]
i ﬂk\/@) E (I — v — ()] + 2R [y (*) — o)
STPE [lly" = y* ()] + W [V2G (2", 4" B3) = Vag(a®,y)II]
For S, 1 < “72, we have 1 — iy 4 1/ S9? < 1 — L2= this implies

E [Jly*+! -y @] = E[ly* - o™ - y*(mkm +E [|ly* (@) = y* ()]
2,/89°
<= HTE Iy — o =y @] + Z2E [ly () =y P + = —E [y -y @]

E [[ly* (@) —y*(@®)]] + %]E [II%G(x "5 B) = Vag(a®, 4]

and from (33) we know that E [||y* (") — y*(z¥)]|] <

(E[X])? < E[X?], we can deduce that
(B LI+ =y @) < 50— LR [l - 00—y (7] + 222 (R [l @)~ 1))
5L

2 9,2
20577
+ Mg E [|lz*** — 2*[*] + 2 E [lly* -y (= )II]+ E[HVzG( ", 9" BY) = Vag(a®,y")|I?]

E [[|z*+1 — 2*||]. Following (37", a;)*> < n}_!" | a? and

=1

2

L2 g,2
<5(1 - REPTIE [l -y @] + 22 [l ") - y’“m)ﬁ%mnykw*(mkmﬂ

502 2051
B [t M) 501 o =

where the last inequality is because

E [|[V2G(2*,y*; BE) — Vag(a*,y")|I?] = E [E* [|V2G(2", y"; BY) — Vag(a®, 4*) 7] < Sg.1,
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and
E[[ly* — o —y*(@)|I°] = E [[ly* — v V2G (2", y* BE) — y* (=")?]
similar to (25)
=E [E* [[ly* = mVaG(a®, v Bs) =y (@) P]] < (L= pm)E [lly" — y* (@)*] + 77 Sg1-
Then we can complete the proof by combining z**' — 2 = —a;DF and (E [[|y*** — y*(aF11)]] )2 >
1E [|ly* T — y* (z*1)[|?] from Assumption 3.6. O
Lemma E.8. Suppose Assumption 3.1 and 3.5 hold, if S{’ 2 < -, we have
E [Huk—H _ u*(a:kH)HQ]
85"’ 859’2
<(600 =)™+ = 120 - R Tsp% S )E [lluf = (2*)]?)
L} 1Yk 4857 \ L
+ (3460 - T2 4 LR [y -yt @N)IP] + ZRE [t - 2]
% 2 p
[k 7 2451 VT g, 48Sg °
+6(1-=7) "Siavi + % + (12(1 - 7)T5g 5 )Ti (54)
Proof. The iteration of w* implies that
1
o =t b g = (L gl — gl — @R ) (s D - d
@) 2k bk e ko kvi2 o 20k ptk k2
< (L4 pye) (L = pyie)7[u® — w™" —u™ (2", y%) |7 + THDJ) —dy [l (55)
For || DLF — d%¥|| we have
Ek [HDL}k _ dfl,}k”Q] _ Ek [Et’k [HDt,k _ dfj,k||2]]
<E* [E'F [|(V3.G (", y*s BYY) — Viho(a®, v )| ' 2] + B [|| - D +db|?]
<SPUEF [|lw"*|1?] + EF [||DE — di |1?]
<SPUEF [[lwh 1] + EF [[[(V5.G (2", 4" BY) — Vaag(a®, y")[[u*||* = (VoF (a*, s BY) — Vo f («F, 4")) ]
<SPEF [t M) + 255 |2 + 25
<2SPTEN [[[uf — w* — (2, )] + 287 |ub — ut (¥, y") 1P + 2597 [uF))? + 255
Take expectation and combine (55),
E [”uk _ wt+1,k _ u*(a:k yk)HZ]
4Sg717k . 45971,}% .
<(L—py + = )E [[Juf — ™ — (@, yP) 2] + B [l (2, )7
4897 4y, S
+ 2 7kE[||Uk||2]+ Yk f71.
Since Sy1 < &, we obtain
E [||ukJrl —u (@, g ?] = E [[lu* — wh* —u* (2, y")|?]
1 g,2
Yk 857" - 8 851
<= OB o —w -t @8y + =B [ -t @y ) + =B (et + =5
Pk 7o 857! k ko, k(2 PYENT qg.2 859 k|2
(=BT 4 S )R [t — @y P + (2(1 - E)T 58242 + 22 )E [|ju)]
85y
2= 50T St + =, (56)
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where the last inequlity is becuase
E [lu* —w** —u*(a",y")|*] = E [E* [Jlu* — 3Dy — u* (=", y")|*]]
<E [u* — yedy — u* (@*, 5] +7E [E* [| Dy — di]|*]]
<E [l =y V3ag(z", y"))(u* — ™ (", y*))?] + 255 *RE [|[u*||*] + 257177
<1 = pye) E [[lu* — w* (@, y*)I17] + 255 *RE [[[u*[*] + 257177
Thenby (i, a;)? <n . | a?, we have
E [”uk+1 o u*(IkJrl)HZ]

<3E [Ju* ™t —ut(@®, y")|1°] + 3E [u* (2", y*) — u (2")|P] + 3E [Jlu* (@) — u*(a ’“)Hz}

(56,2133 Tl 245§ . el 24S
< (3(1—7>T“+T;)E[nuk—u (@ gMI7) + (600 P50 sg%E + = 2 JE [t IP]

312 k L2 K Yk 245
E _ +1 k 2 6 1 _ TS 2 f7
tz [ly* —y* @)I°] + e E[|lz "] +6(1 = ==)" Srvk + 2

1 9,2

HVENT+2 4859 HYENT @g,2 4857 Kk w0 k\(12
<{6(1 — — 12(1 — —)* S —
<(60 = 5™ 4 =oe 1201 = FETsER ¢ = R [t e )]

L3 Yk 4889 . 3L203
+ iz (3460 - 5T SRRy @] + St (D]

4859?
Sfl (12(1 /l’Yk)TSgQ 2 | 8522 )TZ’
1

HYVE
) 2

1—
+6( 5

TSlk+

where the last inequality follows from

E [ — u* (¥, y*)]7] < 2E [ — u* ()] + 2E [Ju (2, 4¥) — u* (o))
< 2B ot @)F] + 2B (I~ @],

and E [HukHz} < 2E [||u’c — u*(a:k)HQ] +2r2. O

Next, we prove that there exist constant bounds for both E [||y* — y*(«*)[|?] and E [||uf — u*(2*)||?].
Lemma E.9. Suppose Assumptions 3.1, 3.5 and 3.6 hold, choose T, stepsize o, and batch sizes satisfy the conditions

max{In(1/1/40r),1n(1/96)}

T> = 0O(x),
S T R TNE) (<)
2 2
o 1 1 Lip -3
<a:= mln{ , , , } =0(k™°),
4 GﬁLuLQJ 8\/30TL1L371 80rLg1LaLg2 64/10rLgy oLy, Lo ()
2 ) #4
Sp1 < 12}, Sg1 < =
o < min {2 L32’ 2} Sy < 3360r2L2,’
2 Lip? 2 L3
97 < 9, _— g’ < L
syt < min {55 e} 52 mm{7357‘L§,27“57 75 S8 S min{lg0, 05k

then we have E [||ly* — y*(2%)[?] < E [Ju* — u*(2")]|2] < 2L forall 0 < k < K.

—= 20r L2 ’ — b5r L2
Proof. Take S92 < min {L2,, %2}, §;1 < L3, from (46) and (48) we know that

E[|IDEIP] < E[IdlP] +E [E* [IDE — dill*]] < (227 1 +45§?)[|lu* — ™ (@")I|* + 2L3 + 2571 + 455
<6LZ,[luf —u*(a)|? + 8L3. (57)
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Take T > max{lnl(nl(/lv ?;2/1;1)(1/96)} 59! < min {4, A3, 597 < 5+ combine 7y, < — and 7 > 1, then (51) and
(54) becomes
E [[ly** =y (a*))?]
5rL2 2 1 . 5rL2 o 2118, |
_T( [ly* (%) = "7 )" + 1E [ly* =y («)]?] + #E [IDZ11%] + Tg’, (58)
and
E [ — @)
1 kw2, AL ko owpkne) . SLlaod k2, 25Sp1 49897
<7E [lu® = (@)[*] + —5E [lly" = y* ()] ]+7E 1Dzl }4‘74' 2 (59)
Put (57) into the above inequalities, we obtain
y 5rL2, . 2
E [[ly*" —y* («*))?] < 79’(1143 [y (*) = *1”] )
o, 30rL; 10% . 40rL? L3022 2178
E[ly" —y* (@")|?] + —%—E [[[u* —u*(=")]?] + 5 5 (60)
2 7 1
and
E “|uk+1 _ u*(xk+l)||2]
1 18L2,L2a2 L? 24L2L20%  25S;, 49597
<G+ EI —w @] + Rl — @]+ uzf’ =z (6D
For 3, u° outputed by BOX 2 satisfy E [||y° — y* (= )|| 2l < W and E [||u® —u*(2°)|?] < = L2 , then we complete
. . . 412
the proof by induction: If E [[|y* — y*(z*)||?] < W’ E [[Juf —w*(a*)]?] < e and
2 2
: M M 1 Lip
« gmln{ , , , }, 62
4 GILuLg’l 8\/307“L1L§’1 80rLg1LaLgo 6+/ 10rLg oLy Lo 62)
Lin p 02 Lip?

1< (63)

S So < st 1
1= 375 L32’ 91 = 3360r2L2," 72 < 735rL2 12’

we can deduce that E [[|y* 1 — y*(z511)||?]

IN

and  [JJut+1 — u* (@+1)2] < 24— from (60) and (61). [
g,2

_w
207“Lg,2

Finally, we can prove Theorem 3.7.
Theorem E.10 (Restatement of Theorem 3.7). Under Assumptions 3.1,3.5 and 3.6, choose an initial iterate (yo u®, %) in

BOX 2 that satisfies E [||y° — y*(2°)||?] < min {ﬁ7 i} and E [||u® — u* (29)[]?] < min{;LLg1 " LY. Then, for

any constant step size yx = v < 1/L, 1, there exists a proper constant step size a, = o = O(k™3) and T > ©(k) such
that NSBO-SGD, as described in Algorithm 4, has the following properties:

(a) Fix K > 1. For samples with batch sizes |B§k| > O(k?),|BY| > O(kK + K?), |BY| > O(k*K + k%), |B¥| >
O(k7K), |Bf| > ©(k™ 1K), it holds that ming<<x 1 E [[|[V®(z*)||?] = O(%) That is, NSBO-SGD can find an
e-optimal solution in K = O(k3¢ 1) steps.

(b) The computational complexity of NSBO-SGD is: O(rk°e~2) gradient complexity for F, O(x°e~?2) gradient complexity
for G, O (K5€_2) Jacobian-vector product complexity, O(k"e~2) Hessian-vector product complexity.

Proof. Define a Lyapunov function
Vi = E[f(z",y"(@")] = " + b, [lly* — " (2")|P] + b [[lu* —u ()] ,
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where b, = 4Lq,b, = %. If the step sizes and 7" satisfy the conditions in Lemma E.9, for E [[|y* — y*(z*)||?] <

= 207«1;2 ’
the inequality (58) becomes
K1 g kb1y))2 1 kw2l L 0T LgJO‘k k 217'59,1
E[lly*™ =y @I < SE[lly" =y @)l ]+7u [ID501%] + —=2=, (64)
Combining (47) and (59), we have
g o  Lga?  BrbyL2 af  3b,L202
Virr = Vi < —715 IV (*)?] - (* D b yuzg T “)E [ID3)1%]
by 4b,L? 9 .
- (5 —2L%a — —5H)E [ly* —y* (@")[I°] - (7 —2L7 jay, — 455 )E [[|[uf — u*(a")|?]
217b, S, 25b,,5 49b,,59°r2
+ (2571 + 489712 ) oy + w20l g TS 2 (65)
I L I
On the basis of conditions in Lemma E.9, further add
I 3 I
< O(k~ L A a— 66
k mm{4Lq> 160rL L2, 3L2} R S UTT AT (66)
then we can deduce that coefficients in (65) are all positive:
ar  Lea} 5rb L7 o 3b,L2a7 _ ap b, 4b,L? _ b, 3b, ) 5 by,
- — — d — > L2 Y _9r2q, — > = — — 2L — 4589 > .
2 2 12 2~ 82 B g1k TR0 Gk = 7y

Take oy, as constant step sizes «, we have

20rby Sy | 25buSpa 49b,,S9%r2

SEIIVRENI] < Vi = Vi + (2871 + 488 )+ =2 2 2

By telescoping we obtain

1 K-1
min _E [||V®(z")|?] <% E [|V®(z*)|?]
0<k<K-1
- k:O
2V, 42rb, S, 500, 98b,,59°r2
< SR ASy + 8PP ¢ el g Tl 2

JIe’ e’ Mo

where Vo < E[f(2",y*(2°))] — ®* + 2 because of Lemma D.2. Take S;1 = O(£% ) Si1 = O(MLK),SS’2 =
O(LE), 597 = O(f—;{), we have ming<g<p_1 E [||[V®(2¥)[|2] = O(%). Combining the conditions in Lemma E.9,

we can deduce the batch sizes from (32) as follows |B§J€| > O(k?),|B¥| > O(kK + k), |BE| > O(KPK + &%),
|Bf| > ©(x'K), | Bf| > ©(x ' K).

Moreover to achieve ming<p<x— . E [[|[V®(z)] ] < ¢, we need to choose K > @(’%3), and |B"*| > ©(k2),|Bk| >

o~ ) |BY| > ©(% ) |B%| > @( ) |Bf| > ©(%= ) Then, we need the following complexities: Gradient complexity of
F: K|B3| + Q0|B0\ = O(K%€¢ ) Gradient complexity of G: K|BE| + Ty|By| = O(k¢~?); Jacobian-vector product
complexity: K|Bf| = O(r"¢~2); Hessian-vector product complexity: KT|B" | + K|B¥| + Qo|Bo] = O(x"¢72). O
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