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Abstract
This paper introduces a novel stochastic control framework to enhance the capa-
bilities of automated investment managers, or robo-advisors, by accurately infer-
ring clients’ investment preferences from past activities. Our approach leverages a 
continuous-time model that incorporates utility functions and a generic discounting 
scheme with a time-varying rate, which can be tailored to each client’s risk toler-
ance, valuation of daily consumption, and significant life goals; this general dis-
counting scheme is also referred to as the time preference. Through state augmenta-
tion, the new stochastic control framework allows for the joint inference of utilities 
and time preferences. We establish the corresponding dynamic programming prin-
ciple and the verification theorem. Additionally, we provide sufficient conditions for 
the identifiability of client investment preferences. To complement our theoretical 
developments, we propose a learning algorithm based on maximum likelihood es-
timation within a discrete-time Markov Decision Process framework, augmented 
with entropy regularization. We prove that the Hessian matrix of the log-likelihood 
function is negative semi-definite at the client’s investment parameters, facilitating 
fast convergence of our proposed algorithm. Practical effectiveness and efficiency 
are showcased through two numerical examples, including Merton’s problem and 
an investment problem with unhedgeable risks. Our proposed framework not only 
advances financial technology by improving personalized investment advice but 
also contributes broadly to other fields such as healthcare, economics, and artificial 
intelligence, where understanding individual preferences is crucial.
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1  Introduction

Automated investment managers, commonly known as robo-advisors, have emerged 
as a modern alternative to traditional financial advisors in recent years [17, 28, 68]. 
The effectiveness and viability of robo-advisors depend significantly on their ability 
to provide customized financial guidance tailored to the unique collection of needs 
for each client. To provide impactful personalized advice, two critical steps must be 
undertaken: first, accurately estimate the client’s investment preferences, and sec-
ond, formulate investment recommendations that align with these preferences. This 
paper focuses on the first step, involving a detailed analysis of the client’s investment 
preferences.

More often than not, it is difficult for the automated investment manager to have 
full access to clients’ investment preferences. Therefore, it is worth exploring whether 
it is possible to infer relevant information by observing the clients’ past investment 
activities. Nevertheless, inferring a client’s investment preferences is typically chal-
lenging, as it involves several complex aspects that vary from individual to indi-
vidual. For example, clients may have short-term or long-term investment objectives 
[43]. Additionally, they might exhibit varying utility functions [57, 82], reflecting 
distinct risk tolerances related to profit-and-loss (PnL) outcomes and valuations of 
daily consumption. Furthermore, individuals often demonstrate diverse time prefer-
ences in terms of the trade-off between immediate and deferred outcomes [7]. Finally, 
clients may have specific life goals [16], such as saving for their children’s education 
or building a retirement nest egg, rather than focusing solely on generating the high-
est possible portfolio return or beating the market.

The inference of preferences in sequential decision-making is a critical component 
not only for financial investments but also in other fields, leveraging insights into 
individual behaviors to optimize decisions and predict outcomes. In economics, util-
ity functions are inferred to model consumer behavior, guiding businesses in product 
development and pricing strategies [24, 74]. Healthcare professionals use inferred 
utility functions to evaluate patient preferences regarding different treatment options, 
which is essential for effective healthcare management and policy-making [18, 66]. 
Additionally, in artificial intelligence, particularly in areas like reinforcement learn-
ing (RL) and game theory, inferring utility functions helps in designing algorithms 
that can predict and mimic human decision-making processes, enhancing the interac-
tion between humans and machines [13, 19].

Our framework, results, and contributions We propose a novel stochastic con-
trol framework in continuous time that incorporates all the aforementioned invest-
ment preferences. This framework includes two utility functions that allow a client 
to specify the risk tolerance related to the PnL outcomes and the valuations of daily 
consumption. Additionally, it allows for a generic discounting scheme with a time-
varying rate, enabling the client to balance immediate and deferred outcomes. This 
time-varying discounting scheme, which we also refer to as the time preference of 
the client, further incorporates specific life goals by assigning greater importance to 
times of significant expenditures, such as college tuition fees for children. Lastly, we 
address control problems on both finite-time and infinite-time horizons to accommo-
date clients’ preferred investment duration. To ultimately achieve an accurate joint 
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inference of the client’s utility and time preference, we augment the state space to 
enunciate the impact of the time preference on the optimal strategy. We study the 
well-definedness of the augmented control framework by establishing the regularity 
of the value function, the dynamic programming principle (DPP), and the verification 
theorem (see Propositions 1, 2, 3 for finite-time horizon and Propositions 4, 5, 6 for 
infinite-time horizon). In addition, we identify sufficient conditions for identifying 
both the utility functions and the discounting scheme by solely observing the optimal 
policies provided by the client (see Theorem 1 for finite-time horizon and Theorem 2 
for infinite-time horizon).

To complement the above theoretical framework, we propose an inference pro-
cedure based on maximum likelihood estimation. Motivated by practical implemen-
tation and computational efficiency, we focus on a discrete-time Markov Decision 
Process (MDP) with Shannon entropy regularization over a finite-time horizon, 
which is a setting often considered in the RL literature. The discrete-time framework 
is particularly well-suited for applications in statistical inference and machine learn-
ing, where data is often observed at discrete intervals and decision-making naturally 
occurs sequentially. The entropy term encourages full exploration of the state-action 
space and simultaneously introduces smoothness into the analysis [36]. We employ 
a parametric framework where the client uses an exponential discounting scheme, 
parameterized by ρ̄, and a utility function parameterized by θ̄. Both sets of parameters 
are unknown to the automated investment manager. Mathematically, we show that 
the true preference parameter (ρ̄, θ̄) is a stationary point of the log-likelihood func-
tion and the Hessian matrix of the log-likelihood function is negative semi-definite 
at that point; see Proposition 7 and Theorem 3. This landscape property facilitates 
the design of a gradient-based algorithm to update the inferred preference parameter. 
We demonstrate the promising performance of our algorithm through two examples–
Merton’s problem and an investment problem under unhedgeable risks.

Considering the wide-ranging applications and the versatility of our proposed 
framework, we use the term “inference agent” instead of “automated investment 
manager” to describe the individual who interacts with the clients and infers their 
preferences.

Related literature and comparisons to our results Our developments are associ-
ated with several lines of literature as follows.

Utility inference Back in 1964, Kalman [46] asked the question of whether it is 
possible to recover the quadratic cost by observing an optimal linear policy; a similar 
question was also considered by Boyd et al. [14]. In fact, economists have long been 
interested in such questions within the context of determining utility functions from 
observations such as Samuelson [70] and Richter [67]. For instance, Keeney and 
Raiffa [48] studied the proper rank of actions based on some deterministic evalua-
tions under a static setting. Sargent [71] later extended this question into a dynamic 
setting where the actions were specified as labor demand and evaluations as wages. 
Dybvig and Rogers [26] paid special attention to the recoverability or identifiabil-
ity of utility and showed that Von Neumann–Morgenstern preferences over terminal 
consumption can be inferred from wealth process of a discrete-time, binomial model 
or continuous-time Gaussian model.
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Black proposed the inverse version of the classical Merton’s problem in the note 
[10]; see also [11]. Among various studies of Black’s inversion problem, some took a 
“backward-looking” perspective and modeled the problem as an inverse optimal con-
trol problem. For instance, Cox et al. [20] adopted this approach to study a particular 
continuous-time Black’s inverse problem via the client’s investment–consumption 
profile. They also observed the degeneracy of this inverse problem: there are infi-
nitely many utility functions compatible with the investment profile under a given 
dynamic environment. This backward-looking approach was also adopted in [37]. El 
Karoui and Mrad [30], on the other hand, took a “forward-looking” perspective to 
study the connection between the observable process (i.e., the characteristic process), 
and the corresponding utility process (i.e., the dynamic utility). This concept of for-
ward utility was proposed by Musiela and Zariphopoulou [58] and was subsequently 
adopted in, for example, [59] to study the Black’s inverse problem. Different than 
the backward-looking perspective where the connection between the observable and 
utility is governed by some Markovian decision-making rule, the authors of [30] 
interpreted such a connection as the martingale property which can be fully charac-
terized via the Itô–Ventzel formula; this set of analytical tools was introduced in [31] 
and [61]. In [32], the authors also extended the result of [30] to allow an exogenous 
default time τ . The forward utility approach was also adopted by Källblad et al. [45], 
Källblad [44], Angoshtari et al. [5], He et al. [38], among many others. Apart from the 
above two approaches, Monin [56] adopted the distribution builder method, which 
was initially proposed in [73], to infer the utility dynamically.

In recent years, utility inference has been integrated with machine learning to 
embrace the potential of the big data era (and the progress is summarized in the next 
paragraph). In addition, inference problems in sequential decision-making for mod-
ern applications are more complex than inferring solely the utility function. Other 
preferences such as time preferences and specific investment goals should also be 
included, leading to the main formulation of our paper.

Theory of inverse optimal control Inverse optimal control aims at inferring the 
underlying reward function that motivates the observed behavior of a rational agent 
in a sequential decision-making framework; within the context of MDP, inverse opti-
mal control is also known as inverse reinforcement learning (IRL). In this area, Ng 
et al. [60] considered a particular setting that the true reward function is some linear 
combination of several action-free basis functions and that the true reward function 
maximally distinguishes the observed policy from the rest. They reformulated this 
question into a constrained linear programming problem eventually leading to a well-
defined solution. In [1], the reward was assumed to be a linear combination of several 
features that best distinguish the demonstrated policy from other policies. The key 
assumption in both works is that the true reward function should maximize the mar-
gin between observations and the other policies. It also played a central role in the 
model of the well-known generative adversarial imitation learning (GAIL) algorithm 
[40]. Other than the “maximum margin” setting, another commonly adopted setting 
in IRL is to assume that an observed randomized policy should maximize the causal 
entropy of an underlying regularized MDP. For instance, Ziebart et al. [85] studied 
the maximum entropy IRL based on known features. They assumed that the reward 
is a linear function of such features. Ziebart [84] extended this approach to a selected 
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set of non-linear rewards; see also [13] and [51] for similar settings. Wulfmeier et al. 
[79] followed this approach but with rewards represented by neural networks. Finn et 
al. [33] combined the idea of adversarial training and IRL. They trained a discrimi-
nator to recover the reward function. Reddy et al. [64] proposed a soft Q imitation 
learning algorithm to imitate the expert’s policy by learning the Q function. Garg et 
al. [35] proposed an algorithm to learn the soft Q function which implicitly represents 
both the reward function and the policy. Zeng et al. [83] adopted the maximum likeli-
hood estimator and showed that their algorithm converges to a stationary point under 
a finite-time guarantee.

Back to our preference inference problem, since it is to infer the utility functions 
and the time preferences of the client simultaneously, these existing IRL algorithms 
are not directly applicable. Such a multi-facet inference problem motivates our main 
algorithm. Furthermore, we are able to provide a loss landscape analysis that facili-
tates fast convergence of our proposed algorithm; see Proposition 7 and Theorem 3.

Identifiability issues in IRL In 1998, Russell [69] pointed out the ill-posedness 
of inverse optimal control or IRL problems under a generic setting. Both the “maxi-
mum margin” and the “maximum entropy” settings mentioned above are reasonable 
assumptions to ameliorate this ill-posedness. Nonetheless, without prior access to the 
underlying true reward function, it is difficult to verify either one of them. To guar-
antee identifiability in IRL, alternative and more verifiable conditions are required. 
Under an entropy-regularized MDP setting, Cao et al. [15] pointed out two possible 
remedies for the identifiability issue. One way is to provide additional observations 
of the same agent (i.e., keeping the underlying reward function the same) under dif-
ferent environments; see also a repeated IRL setting proposed in [3] and [4]. It was 
shown in [15] that under proper technical conditions on the transition kernels, obser-
vations from two distinct environments would suffice. Another approach is to provide 
additional structural assumptions on the MDP environment or the family of candidate 
reward functions based on prior domain knowledge; see also the identification of an 
action-free reward in [34]. Both Cao et al. [15] and Kim et al. [50] provided sufficient 
structural conditions for the MDP environment that guarantee identifiability.

However, as pointed out by Schlaginhaufen and Kamgarpour [72], the identifiabil-
ity may no longer hold without the entropy regularization. In addition, the majority of 
these previous studies rely on the full disclosure of the MDP environment, including 
the transition kernel, time horizon, and the rate of an exponential discounting scheme. 
Though Dong and Wang [25] provided a mathematical formulation and an algorithm 
for the partial information setting, it remains to be explored whether identifiability 
of both the unknown MDP information and the true reward function is viable. In this 
paper, we establish such identifiability for our preference inference problem, which is 
also one of the major theoretical contributions; see Theorems 1 and 2.

Stochastic control beyond exponential discount Stochastic control problems with 
a discounting scheme other than the exponential type are indeed nontrivial. In eco-
nomics, one of the earliest studies to recognize this nontriviality is [75], where the 
author studied a dynamic utility maximization with a generic discount function. 
Later, Pollak [63] proposed a game-theoretic consistent planning approach to address 
the additional challenge of a non-exponential discount function for the discrete-time 
problem, where the game is among decision makers at different time steps and the 
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optimal decision path is considered to be the Nash equilibrium. There has been a 
line of works following this consistent planning approach under both discrete- and 
continuous-time settings; see, for instance, [8, 9, 29, 41, 42, 80], and more recently, 
[23, 39]. Apart from this game-theoretic approach, Karnam et al. [47] introduced the 
idea of “dynamic utility” to a family of utility optimization problems over a finite-
time horizon. By modeling the utility as the solution to a backward stochastic dif-
ferential equation (BSDE), the DPP could be revived. For an infinite-time horizon 
setting which is suitable to model a long-run investment planning problem though, 
this BSDE approach can no longer be applied. Hence we propose a state augmenta-
tion approach to revive DPP; see Propositions 1 and 4 in Sect. 2.

Robo-advising Robo-advising has emerged over the last two decades as an alterna-
tive to traditional human financial advising, addressing limitations such as the human 
advisors’ limited knowledge and high service fees [17, 27, 28]. Here, we mainly 
review some papers that explore the machine learning and inference aspects of this 
subject. One of the first RL algorithm for a robo-advisor was proposed by Alsabah 
et al. [2], where the authors designed an exploration-exploitation algorithm to learn 
a constant risk appetite parameter and then applied a follow-the-leader type of algo-
rithm to invest. Wang and Yu [78] introduced a framework consisting of two agents: 
the first, an inverse portfolio optimization agent, infers a risk preference parameter 
and the corresponding expected return; the second aggregates the learned informa-
tion to formulate a new multi-period portfolio optimization problem solved by deep 
learning. To transcend the rather single-facet inference settings above, the theoreti-
cal framework and the numerical procedure in our paper are designed to capture the 
multiple investment needs of a client.

2  Continuous-Time Framework

In this section, we study a continuous-time framework of the joint consumption-
allocation problem of an investing client. The client’s wealth consists of a risk-free 
asset and a risky asset. What distinguishes this framework from the classical ones is 
that the client holds a general preference of time, that is, the discounting scheme is 
not necessarily exponential. Consequently, we adopt a state augmentation approach 
to capture the explicit influence of a general discounting scheme on the optimal 
investment strategy. First, for the optimal control problem, we analyze the dynami-
cal decision-making problem for such a client, assuming the client’s utility functions 
of consumption and wealth as well as the time preference are fully disclosed. The 
optimal decision relies on reviving a suitable DPP under this framework. Then, for 
the inverse optimal control problem, we establish an identifiability result for both 
the utility functions and the time preference of the client, assuming instead only the 
optimal joint consumption-allocation plan is disclosed. Such an identifiability result 
provides inspirations for the algorithm proposed in Sect. 3.
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2.1  Finite-Time Horizon

We first focus on a finite-time horizon setting. This setting is suitable to study invest-
ment strategies with a clearly defined end time.

Market Dynamics and Client’s Wealth Let (Ω, F ,F = (Ft)t≥0,P) be a filtered 
probability space satisfying the usual conditions, supporting a one-dimensional F
-Brownian motion W. Assume there is a bond and a stock in the investment universe. 
The price of the bond follows

	 dS0
t = rdt,� (1)

and the price of the stock follows

	 dSt = St(µdt + σdWt).� (2)

Assume the client chooses an allocation process ααα = {αt}t∈[0,T ] and a consumption 
process ccc = {ct}t∈[0,T ] with ct ≥ 0. Namely, the client allocates αt proportion of 
wealth to the stock and 1 − αt proportion of wealth to the bond at time t. In addition, 
the client is also consuming the wealth with a dollar-amount consumption rate ct to 
achieve certain satisfaction in life.

Fixing a sufficiently large constant M ∈ R+ := (0, +∞) and introducing a com-
pact space K = [−M, M ] × [0, M ], define

	

A :=
{

(ααα,ccc) = {(αt, ct)}t≥0

∣∣∣∣ (αt, ct) ∈ K, (αt, ct) ∈ F̄t

:= σ

(
σ(βs, 0 ≤ s ≤ t) × FW

t

)} � (3)

as the admissible set of all possible joint consumption-allocation processes. Hence 
the wealth process follows [21, 54, 77, 81]:

	 dXααα,ccc
t = {Xααα,ccc

t [αtµ + (1 − αt)r] − ct} dt + σαtX
ααα,ccc
t dWt.� (4)

Note that under (ααα,ccc) ∈ A, we have E
[
|Xααα,ccc

t |2
]

< ∞ for any t ≥ 0.
Client’s Preference In the finite-time horizon, the preference of the client can be 

characterized by a pair of utility functions and a discount scheme. More specifically, 
consider utility functions U1, U2 that belong to the following class

	

U :=
{

U : R → [−∞, +∞)
∣∣∣∣ U is finite, strictly concave and increasing on R+,

U ∈ C2(R+),

U(0) = lim
x→0+

U(x), U(x) = −∞ for x < 0
}

.

� (5)

1 3

Page 7 of 49  56



Applied Mathematics & Optimization (2025) 92:56

Note that U1 quantifies the client’s evaluation regarding the consumption whereas U2 
quantifies the evaluation regarding the terminal wealth at the end of the investment 
plan, which will be specified below.

General Discounting Scheme We are particularly interested in a client that is 
subject to a general discounting scheme β = {βt = β(t)}t≥0, where

	● βt ∈ [0, 1] for all t ∈ [0, T ]; and
	● there exists β̇ : [0, ∞) → R such that β̇ is integrable on [0, t] with 

βt =
´ t

0 β̇sds + β0 for any t > 0.

Such a discounting scheme {βt}t≥0 reflects a generic time preference of the client. 
A time-varying discounting rate could account for different levels of appreciation for 
the immediate outcome and the delayed fulfillment. It could also provide the flex-
ibility of assigning greater importance to times of significant expenditures, such as 
college tuition for children and down-payment of a house.

Over a finite horizon [0, T ], we consider the problem

	
sup
ααα,ccc

E

[ˆ T

0
βtU1(ct)dt + βT U2

(
Xααα,ccc

T

)]
.

To enunciate the impact of discounting scheme β which is not necessarily exponen-
tial, define the total reward as, for any (t, x, z) ∈ [0, T ] × R × [0, 1],

	
J(t, x, z,ααα,ccc) := E

[ˆ T

t

βsU1(cs)ds + βT U2
(
Xααα,ccc

T

) ∣∣∣∣ Xααα,ccc
t = x, βt = z

]
� (6)

subject to the wealth process (4) and

	 dβt = β̇tdt.� (7)

For any (x, z) ∈ R × [0, 1], define the value function as follows,

	
V (t, x, z) = sup

(ααα,ccc)∈A
J(t, x, z,ααα,ccc), t ∈ [0, T ); V (T, x, z) = zU2(x)� (8)

subject to (4) and (7).
In this section, we start by revisiting the DPP to the above utility optimization 

problem (8) over (Xααα,ccc, β), where the state space is enlarged with the general dis-
counting scheme. Different than the BSDE characterization of dynamic utility in 
[47], the problem formulation (8) (inspired by [6]) enables us to depict a clearer 
connection between the discounting scheme β and the optimal joint consumption-
allocation process (ααα∗, ccc∗). Subsequently, it lays the foundation for the study of the 
corresponding joint inverse problem.
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2.1.1  Preliminary Analysis

First, we establish the well-definedness of the control problem (4)–(7) and introduce 
some analytical properties associated with it.

The first result concerns with the client’s wealth under optimal consumption-allo-
cation policies under reasonable utility functions.

Lemma 1  If utility functions U1, U2 ∈ U  satisfy that U1(0) ∈ R and U2(0) = −∞, 
then for any (t, x, z) ∈ [0, T ] × R+ × [0, 1], given that policy ααα∗, ccc∗ satisfies that 
J(t, x, z,ααα∗, ccc∗) = V (t, x, z), it holds almost surely that

	 Xααα∗,ccc∗

s ∈ R+ for all s ∈ [t, T ],� (9)

where Xααα∗,ccc∗
 solves (4) on [t, T ] given (ααα,ccc) = (ααα∗, ccc∗) and Xααα,ccc

t = x.

Proof  Since U1 ∈ U  and therefore U1(0) = limx→0+ U1(x) and U1 is increasing on 
R+, we have that U1(0) = minx∈[0,+∞) U1(x). Let Ũ1(x) = U1(x) − U1(0) for all 
x ∈ R, then Ũ1 ∈ U  with Ũ1(0) = 0. For any t, x, z ∈ [0, T ] × R+ × [0, 1] and any 
(ααα,ccc) ∈ A, denote

	
J̃(t, x, z,ααα,ccc) = E

[ˆ T

t

βsŨ1(cs)ds + βT U2
(
Xααα,ccc

T

)∣∣∣∣Xααα,ccc
t = x, βt = z

]
.

Then the total reward J(t, x, z,ααα,ccc) defined in (6) can be rewritten as

	
J(t, x, z,ααα,ccc) = U1(0)

ˆ T

t

βsds + J̃(t, x, z,ααα,ccc),

and consequently, the value function defined in (8) satisfies

	
V (t, x, z) = sup

(ααα,ccc)∈A
J(t, x, z,ααα,ccc) = U1(0)

ˆ T

t

βsds + sup
(ααα,ccc)∈A

J̃(t, x, z,ααα,ccc).

Thus, without loss of generality, we can assume that U1(0) = 0.
For any (ααα,ccc) ∈ A, we have Xααα,ccc

s ≤ Xααα,000
s  for all s ∈ [t, T ] almost surely. Notice 

that Xααα,000
t′ = Xααα,000

t exp
{´ t′

t
αl(µ − r) + r − σ2α2

l

2 dl +
´ t′

t
σαldWl

}
 for t′ ≥ t. 

Then

	

J(t, x, z,ααα,000) = βTEU2

(
x exp

{ˆ T

t

αl(µ − r) + r − σ2α2
l

2
dl +

ˆ T

t

σαldWl

})

> −∞.
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On the other hand, if P {∃t′ ∈ (t, T ] s.t. Xααα,ccc
t′ ≤ 0} > 0, then P

{Xααα,ccc
T ≤ 0} > 0, and hence, J(t, x, z,ααα,ccc) =−∞. Thus, if J(t, x, z,ααα∗, ccc∗) =

V (t, x, z) ≥ J(t, x, z,ααα,000) > −∞, then Xααα∗,ccc∗

s ∈ R+ for all s ∈ [t, T ] almost 
surely. � □

Remark 1  The class of utility functions given by (5) include many commonly-seen 
HARA utility functions such as exponential utility 1−e−αx

α  for some α > 0, power 
utility xθ

θ  for some θ ∈ (0, 1), and log utility log x, when x > 0. With additional 
assumptions that U1(0) ∈ R and U2(0) = −∞, the consumption utility U1(c) can be 
an exponential utility or a power–log utility whose coefficient of relative risk aver-
sion R1(c) = − cU ′′

1 (c)
U ′

1(c)  satisfies R1 := supc>0 R1(c) ∈ (0, 1); the terminal wealth 
utility U2(x) can be a power-log utility whose coefficient of relative risk aversion 
R2(x) = − xU ′′

2 (x)
U ′

1(x)  satisfies R2 := supx>0 R2(x) ∈ [1, +∞).

Remark 2  What Lemma 1 provides is a sufficient condition on utility functions that 
avoids exhausting the total wealth before the investing horizon T  (almost surely). 
For instance, if U1 takes the power utility and U2 takes the log utility log x, then the 
assumptions in Lemma 1 will be satisfied. Other conditions to almost surely avoid 
Xααα,ccc

T ≤ 0 include the case where U1 ≡ 0 and U2(0) = limx→0+ U2(x) ≤ 0, and the 
corresponding proof follows similar arguments in the above proof.

Lemma 1, together with the discussion in Remark 2, ensures that the set of “rational 
utility pairs”, UR ⊂ U × U , is nonempty, where for any (U1, U2) ∈ UR, it is almost 
surely sub-optimal to have Xααα,ccc

T ≤ 0 subject to wealth process (4) and discounting 
scheme (7). Hence, for convenience, we denote the following notations:

	 D := [0, T ] × R+ × [0, 1] and D◦ := (0, T ) × R+ × (0, 1).

The next result concerns with total reward under optimal consumption–allocation 
policies.

Lemma 2  Under wealth process (4) and discounting scheme (7), assume that the 
utility functions (U1, U2) ∈ UR satisfy that U1(0) ∈ R. Then the value function 
V : D → R defined in (8) is strictly concave and strictly increasing in x ∈ R+ given 
any (t, z) ∈ [0, T ] × [0, 1].

Proof  Fix any (t, x, z) ∈ D. 

1.	 Strictly concave and finite properties. Since (ααα,ccc) = {(0, 0)}t∈[0,T ] ∈ A, by def-
inition, V (t, x, z) ≥ βT U2(xer(T −t)) > −∞. By concavity and monotonicity of 
U1, U2 ∈ U  and U1(0) ∈ R, for any (ααα,ccc) ∈ A, there exists constant C > 0 that 
depends only on U1 such that 
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E

[ˆ T

t

βsU1(cs)ds

]
≤ CE

[ˆ T

t

βS(1 + cs)ds

]
≤ C(1 + M)

ˆ T

t

βsds < +∞,

	  and 

	

E
[
βT U2

(
Xααα,ccc

T

)]
≤ βTE

[
U2

(
Xααα,0

T

)]
≤ βT U2

(
E

[
Xααα,0

T

])

≤ βT U2
(
xe(T −t)[M(µ−r)+r]) < +∞.

	  Take y ∈ R+\{x} and λ ∈ (0, 1). Define u = λx + (1 − λ)y and u ∈ R+. Take 
any (αααx, cccx), (αααy, cccy) ∈ A and let Xαααx,cccx

 (resp. Xαααy,cccy

) be the solution to the SDE 
(4) over [t, T ] given (ααα,ccc) = (αααx, cccx) (resp. (ααα,ccc) = (αααy, cccy)) and Xααα,ccc

t = x (resp. 
Xααα,ccc

t = y). Define αααu such that for any s ∈ [t, T ], αu
s = Γsαx

s + (1 − Γs)αy
s  with 

Γs = λXαααx,cccx

s

λXαααx,cccx
s +(1−λ)Xαααy,cccy

s

∈ (0, 1) almost surely, and cccu = λcccx + (1 − λ)cccy . 

Then it immediately follows that (αααu, cccu) ∈ A. Let Xαααu,cccu

 be the solution to the 
SDE (4) over [t, T ] given (ααα,ccc) = (αααu, cccu) and Xααα,ccc

t = u. Then we have 

	 Xαααu,cccu

s = λXαααx,cccx

s + (1 − λ)Xαααy,cccy

s , s ∈ [t, T ].

	  Without loss of generality, we can assume that both Xαααx,cccx

T  and Xαααy,cccy

T  are 
strictly positive. Since U1, U2 ∈ U , then the strict concavity implies that 

	 J(t, u, z,αααu, cccu) > λJ(t, x, z,αααx, cccx) + (1 − λ)J(t, y, z,αααy, cccy).

	  Taking the supremum over both (αααx, cccx) and (αααy, cccy), 

	 V (t, u, z) > λV (t, x, z) + (1 − λ)V (t, y, z).

2.	 Strictly increasing property. Fix any ∆x > 0 take any (ααα,ccc) ∈ A such that 
Xααα,ccc

s > 0 for s ∈ [t, T ] almost surely. Let X̂ααα,ccc be the solution to (4) given 
Xααα,ccc

t = x + ∆x. Then, 

	

∆T := X̂ααα,ccc
T − Xααα,ccc

T = ∆x exp

{ˆ T

t

αl(µ − r) + r

− σ2α2
l

2
dl +

ˆ T

t

σαldWl

}
> 0 a.s.,

	  and the monotonicity of U2 implies that 

	
J(t, x + ∆x, z,ααα,ccc) − J(t, x, z,ααα,ccc) = βTE

[
U2

(
X̂ααα,ccc

T

)
− U2(Xααα,ccc

T )
]

> 0.

	  Hence, V (t, x + ∆x, z) > V (t, x, z).� □
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Having established some preliminary properties of the value function, we first show 
a necessary condition for the value function (8).

Proposition 1  (Dynamic programming principle (DPP)) Take the same assumptions 
as in Lemma 2. For any (t, x, z) ∈ [0, T ) × R+ × [0, 1] and τ ∈ Tt where Tt denotes 
all {F̄t}t≥0-adapted stopping times τ  such that τ ∈ [t, T ] a.s., the value function V  
defined in (8) satisfies

	

V (t, x, z) = sup
(ααα,ccc)∈A

E

[ ˆ τ

t

βsU1(cs)ds

+ V
(
τ, Xααα,ccc

τ , βτ

)∣∣∣Xααα,ccc
t = x, βt = z

]
,

� (DPP)

with V (T, x, z) = zU2(x).
For any α ∈ R and c ∈ R+, define the following operator

	
Lα,cϕ(t, x, z) = {[α(µ − r)x] − c} ∂xϕ(t, x, z) + σ2α2

2
x2∂2

xϕ(t, x, z),

for any test function ϕ ∈ C∞
b (D◦)

∩
C0

b (D). Following the DPP under a generic 
discounting scheme (DPP), we have the following Hamilton-Jacobi-Bellman (HJB) 
equation

	




∂tV (t, x, z) + β̇t∂zV (t, x, z) + rx∂xV (t, x, z)
+ sup

(α,c)∈K
{zU1(c) + Lα,cV (t, x, z)} = 0, t ∈ (0, T );

V (T, x, z) = zU2(x).

� (HJB)

The next result provides sufficient conditions for the value function in (8) regarding 
classical solutions to (HJB).

Proposition 2  Take the same assumptions as in Proposition 1. Let w : D → R be a 
function such that

	 w ∈ C1,2,1 (D◦)
∩

C0 (D) ,

and there exists a constant C > 0 with

	 |w(t, x, z)| ≤ C(1 + |x|2), ∀(t, x, z) ∈ D.
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1.	 Assume that for any (α, c) ∈ K, 

	





∂tw(t, x, z) + β̇t∂zw(t, x, z) + rx∂xw(t, x, z) + zU1(c) + Lα,cw(t, x, z) ≤ 0,

∀(t, x, z) ∈ (0, T ) × R+ × (0, 1);
w(T, x, z) ≥ zU2(x), ∀(x, z) ∈ R × [0, 1].

	  Then w ≥ V  on D.
2.	 Assume further that there exists α̂ : D → [−M, M ] and ĉ : D → [0, M ] such 

that 

	




∂tw(t, x, z) + β̇t∂zw(t, x, z) + rx∂xw(t, x, z) + zU1(ĉ(t, x, z))
+ Lα̂(t,x,z),ĉ(t,x,z)w(t, x, z) = 0, ∀(t, x, z) ∈ (0, T ) × R+ × [0, 1];

w(T, x, z) = zU2(x), ∀(x, z) ∈ R+ × [0, 1],

	  also, with βt = β0 +
´ t

0 β̇sds ∈ [0, 1] for all t ∈ [0, T ], the following SDE, 

	 dXt = {Xt [α̂(t, Xt, βt)(µ − r) + r] − ĉ(t, Xt, βt)} dt + σα̂(t, Xt, βt)XtdWt,

	  admits a unique solution Xα̂αα,ĉcc given X0 = x for any x ∈ R, and 

	

(
α̂αα =

{
α̂t

}
t∈[0,T ] =

{
α̂

(
t, Xα̂αα,ĉcc

t , βt

)}
t∈[0,T ]

,

ĉcc =
{

ĉt

}
t∈[0,T ] =

{
ĉ
(
t, Xα̂αα,ĉcc

t , βt

)}
t∈[0,T ]

)
∈ A.

	  Then w = V  on D, with (α̂αα, ĉcc) being an optimal joint allocation-consumption 
process.

Without assuming the existence of a classical solution to (HJB), we could instead 
consider its viscosity solution. Recall the following definition of viscosity solution to 
(HJB) from classical literature such as [22].

Definition 1  1.	 A upper semi-continuous function v : D → R, with 
v(T, x, z) ≤ zU2(x) for all x > 0 and z ∈ [0, 1], is a viscosity subsolution to 
(HJB) if for any (t0, x0, z0) ∈ D◦ and any ϕ ∈ C1,2,1(D◦) such that 

	
min

(t,x,z)∈B(t0,x0,z0)
(ϕ − v)(t, x, z) = (ϕ − v)(t0, x0, z0) = 0

	  for some open neighborhood B(t0, x0, z0) ⊂ D, 

	

− ∂tϕ(t0, x0, z0) − β̇t∂zϕ(t0, x0, z0) − rx0∂xϕ(t0, x0, z0)

− sup
(α,c)∈K

{
z0U1(c) + Lα,cϕ(t0, x0, z0)

}
≤ 0. � (10)
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2.	 An lower semi-continuous function v : D → R, with v(T, x, z) ≥ zU2(x) 
for all x > 0 and z ∈ [0, 1], is a viscosity supersolution to (HJB) if for any 
(t0, x0, z0) ∈ D◦ and any ψ ∈ C1,2,1(D◦) such that 

	
max

(t,x,z)∈B(t0,x0,z0)
(ψ − v)(t, x, z) = (ϕ − v)(t0, x0, z0) = 0

	  for some open neighborhood B(t0, x0, z0) ⊂ D, 

	

− ∂tψ(t0, x0, z0) − β̇t∂zψ(t0, x0, z0) − rx0∂xψ(t0, x0, z0)

− sup
(α,c)∈K

{
z0U1(c) + Lα,cψ(t0, x0, z0)

}
≥ 0. � (11)

3.	 A continuous function v : D → R, with v(T, x, z) = zU2(x) for all x > 0 and 
z ∈ [0, 1], is a viscosity solution to (HJB) if it is both a viscosity subsolution and 
a viscosity supersolution to (HJB).

Proposition 3  Take the same assumptions as in Proposition 2, and in addition, assume 
that U2(x) satisfies a polynomial growth condition for all x ∈ R+, i.e., ∃p ∈ [0, +∞) 
and C ∈ R+ s.t. |U2(x)| ≤ C(1 + |x|p). The value function V  in (8) is the unique 
viscosity solution to (HJB) over the any D̄ = [0, T ] × D1 × D2 ⊂ D with Di com-
pact, i = 1, 2.

Assuming that V ∈ C1,2,1 (D◦)
∩

C (D), define the Hamiltonian as

	
H(t, x, z, α, c, p, q) := zU1(c) + {x [αµ + (1 − α)r] − c} p + σ2α2

2
x2q.

Then, we have that for any (t, x, z) ∈ [0, T ) × R+ ∈ [0, 1],

	

(α∗
t , c∗

t ) = (α∗(t, x, z), c∗(t, x, z))

= argmax (α,c)∈KH
(

t, x, z, α, c, ∂xV (t, x, z), ∂2
xV (t, x, z)

)
,

where

	
α∗

t = −∂xV (t, x, z)
∂2

xV (t, x, z)
· (µ − r)

σ2x
∧ M, � (12)

	
c∗

t = argmax c∈[0,M ]

{
− ∂xV (t, x, z)c + zU1(c)

}
; � (13)

note that by Lemma 2, α∗
t > 0.

1 3

56  Page 14 of 49



Applied Mathematics & Optimization (2025) 92:56

2.1.2  The Inverse Problem: Identifiability of the Utility Functions

In this section, we focus on the “inverse” problem with respect to the optimal asset 
allocation-consumption scenario and study the “identifiability” of the utility func-
tions as well as the discounting scheme out of the optimal investment policies. More 
specifically, we assume the client reveals the decision policies (in the sense of the 
allocation-consumption processes) to the inference agent.

Following practical protocols, we assume that the inference agent does not know 
the discounting scheme β̇ nor the utility functions U1 and U2. Nevertheless, the infer-
ence agent tries to infer these characteristic functions based on available information, 
namely the joint allocation-consumption process (i.e., control policy) provided by 
the client.

To start, let

	 (ᾱ, c̄) : D → K� (14)

be some allocation and consumption policies of a client such that

	

(
ᾱαα = {ᾱt}t∈[0,T ] =

{
ᾱ

(
t, Xᾱαα,c̄cc

t , βt

)}
t∈[0,T ]

,

c̄cc = {c̄t}t∈[0,T ] =
{

c̄
(
t, Xᾱαα,c̄cc

t , βt

)}
t∈[0,T ]

)
∈ A,

where 
(

{βt}t∈[0,T ] ,
{

Xᾱαα,c̄cc
t

}
t∈[0,T ]

)
 solves

	

dβt = β̇tdt,

dXᾱαα,c̄cc
t =

{
Xᾱαα,c̄cc

t

[
ᾱ

(
t, Xᾱαα,c̄cc

t , βt

)
(µ − r) + r

]
− c̄

(
t, Xᾱαα,c̄cc

t , βt

)}
dt

+ σᾱ
(

t, Xᾱαα,c̄cc
t , βt

)
Xᾱαα,c̄cc

t dWt,

for any given (β0, Xᾱαα,c̄cc
0 ) ∈ [0, 1] × R+, and

	 (ᾱαα, c̄cc) ∈ argmax (ααα,ccc)∈AJ(t, x, z,ααα,ccc), ∀(t, x, z) ∈ D

subject to (4) and (7) . Write

	 V̄ (t, x, z) = J(t, x, z, ᾱαα, c̄cc), ∀(t, x, z) ∈ D.� (15)

Note that the inference agent has full access to (14).

Remark 3  (Access to allocation and consumption policies) Note that we assume the 
inference agent has access to the functional forms of the allocation and consump-
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tion policies ᾱ and c̄ as (14), which may not be realistic in practice. However, in 
reality, robo-advisor platforms routinely collect detailed information about clients’ 
past investment behavior and consumption patterns through various tools. A common 
approach involves administering detailed interactive online questionnaires, which 
include hypothetical scenario-based questions (e.g., “How would you respond if 
market scenario A occurs?”) as well as inquiries about prior investment history [76]. 
In addition, with user consent, robo-advisors may access clients’ brokerage accounts 
(e.g., Robinhood) to observe historical trading behavior [65]. Furthermore, APIs such 
as Plaid or Yodlee can be used-again with user authorization-to retrieve transaction-
level financial data [55]. This allows the inference of key financial metrics such as 
monthly saving and spending rates, cash flow stability, and the incidence of unex-
pected expenses.

Theorem 1  (Identifiability) Assume that 

1.	 ᾱ, c̄ ∈ C1,1,1(D◦)
∩

C0(D);
2.	 ᾱ(t, x, z) ∈ (0, M) for all (t, x, z) ∈ D;
3.	 for any (t, z) ∈ [0, T ] × [0, 1], 

	 c̄(t, x, z) < x, ∀x > 0;

4.	 both ᾱ(T, ·, ·) and c̄(T, ·, ·) are “z-free”, denoted by 

	 ᾱ(T, x, z) ≡ ᾱT (x), c̄(T, x, z) ≡ c̄T (x), ∀(x, z) ∈ R+ × [0, 1];

5.	 for x ∈ R+, ᾱT (x) > 0, c̄T  is invertible, and the following difference for any 
(t, z) ∈ [0, T ) × (0, 1], 

	
∆(t, x, z) :=

ˆ 1

x

dy

yᾱ(t, y, z)
−
ˆ 1

c̄−1
T

(c̄(t,x,z))

dy

yᾱT (y)

	  depends only on (t, z), namely ∆(t, x, z) ≡ ∆(t, z).

Then both the discounting scheme characterized by β̇ and the utility functions 
Ui ∈ U  for i = 1, 2, with U1(0) = 0 and U2(0) = −∞, are identifiable up to an 
affine transform.

Proof  First, by Assumption 1, for all (t, x, z) ∈ D, (HJB) is equivalent to

	




∂tV (t, x, z) + β̇t∂zV (t, x, z) + rx∂xV (t, x, z)

− (r − µ)2

2σ2
[∂xV (t, x, z)]2

∂2
xV (t, x, z)

= zU∗
1

(
∂xV (t, x, z)

z

)
, t ∈ (0, T );

V (T, x, z) = zU2(x),

� (16)

where U∗
1  is the Legendre transform of the concave utility function U1 : [0, ∞) → R,
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U∗

1 (κ) := inf
c∈[0,M ]

{κc − U1(c)} , ∀κ ∈ R.

Now, we construct the value function V̄  in (15) from (16). By (12) and Assumption 1,

	
ᾱT (x) = − U ′

2(x)
U ′′

2 (x)
µ − r

σ2x
=⇒ U2(x) = k1

ˆ x

1
exp

{ˆ 1

y

µ − r

σ2uᾱT (u)
du

}
dy + k2,

for some k1, k2 > 0; in particular,

	
U ′

2(x) = k1 exp
{ˆ 1

x

µ − r

yᾱT (y)
dy

}
.

By (13), for any x > 0,

	
U ′

1(c̄T (x)) = U ′
2(x) =⇒ U ′

1(x) = U ′
2(c̄−1

T (x)) = k1 exp

{ˆ 1

c̄−1
T

(x)

µ − r

σ2yᾱT (y)
dy

}

and

	
U1(x) = k1

ˆ x

1
exp

{ˆ 1

c̄−1
T

(y)

µ − r

σ2uᾱT (u)
du

}
dy + k3

for some k3 > 0.
For any (t, z) ∈ [0, T ) × (0, 1] and x > 0, by (12) and (13),

	

{
ᾱ(t, x, z) = − ∂xV̄ (t,x,z)

∂x[∂xV̄ (t,x,z)]
µ−r
σ2x ,

∂xV̄ (t, x, z) = zU ′
1(c̄(t, x, z));

=⇒ ∂xV̄ (t, x, z) = K1(t, z) exp
{ˆ 1

x

µ − r

σ2yᾱ(t, y, z)
dy

}
,

where

	
K1(t, z) = k1z exp{−µ − r

σ2 ∆(t, z)}.

Rewrite (16) as

	

∂tV̄ (t, x, z) + β̇t∂zV̄ (t, x, z) = −
{[

r + ᾱ(t, x, z)(µ − r)
2

]
x − c̄(t, x, z)

}

∂xV̄ (t, x, z) − zU1(c̄(t, x, z)).

Differentiating with respect to x on both sides, we have
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β̇t = −

∂t[∂xV̄ (t, x, z)] + ∂x

{{[
r + ᾱ(t,x,z)(µ−r)

2

]
x − c̄(t, x, z)

}
∂xV̄ (t, x, z) + zU1(c̄(t, x, z))

}

∂z[∂xV̄ (t, x, z)]
.

� □

Remark 4  1.	 This result is consistent with the finding in [15] that the identifi-
ability of the unknown utility function in an inverse optimal control problem is 
equivalent to the identifiability of the corresponding value function under the 
observed optimal policy.

2.	 In the literature that studies the identifiability in inverse optimal control/rein-
forcement learning problems, to resolve the degeneracy or the nonidentifiability 
issue, there are primarily two categories of attempts:

(a)	 collecting observed policies under the same utilities by varying stochastic envi-
ronments [4, 15]; or

(b)	 adding technical assumptions on the family of candidate utilities and/or the sto-
chastic environment [15, 34, 50]. Theorem 1 aligns with the second category: 
apart from the particular problem formulation that optimal consumption-allo-
cation problem usually takes and the assumptions on the family utilities such as 
(5), assumptions specified in Theorem 1 serve as additional conditions for the 
stochastic environment which need to be verified through the observed policy 
(ᾱ, c̄).

3.	 More specifically, Assumptions 1–5 allow us to make full use of PDE character-
ization of the value function (16) through the observation (ᾱ, c̄), which subse-
quentially leads to the identifiability of the utilities.

We conclude the analysis on finite-time horizon by discussing a special case with an 
explicit solution.

Example 1  Set β0 = 1, β̇t = 0 (0 ≤ t ≤ T ), U1(c) = 0 and a CRRA (power) utility 
U2(x) = xθ

θ  with 0 < θ < 1. Also set the constant M such that M > µ−r
σ2 . In this 

case, we face a classic control problem with an exponential discounting function. 
Hence state augmentation is not necessary. In addition, both the optimal control and 
the inverse problem have explicit representations. The goal here is to identify the 
parameter θ from the client.

Consequently, define the value function:

	
V (t, x) = sup

ααα∈A
E

[
U2(XT )

∣∣∣ Xt = x
]
. � (17)

The value function satisfies the following HJB equation:

	
−∂tV − sup

ααα∈A

[
LαααV (t, x)

]
= 0,� (18)
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with boundary condition V (T, x) = U2(x) = xθ

θ , where the generator is defined as 

LαV (t, x) = x
(

αµ + (1 − α)r
)

∂xV + 1
2 x2α2σ2∂2

xV . The optimal policy follows:

	
ᾱ(t, x) = −M ∨

(
− (µ − r)∂xV

xσ2∂2
xV

)
∧ M.� (19)

For now assume that −M ≤
(

− (µ−r)∂xV
xσ2∂2

xV

)
≤ M  (to be checked later). Then plug-

ging it back into the HJB equation, we have

	
−∂V

∂t
= xr∂xV − 1

2
(µ − r)(∂xV )2

σ2∂2
xV

� (20)

with boundary condition V (T, x) = xθ

θ . We take the ansatz V (t, x) = ϕ(t) xθ

θ . Hence 
ϕ(t) satisfies:

	 ϕ′(t) = ρϕ(t), ϕ(T ) = 1,� (21)

where ρ = θ × supα∈[−M,M ][α(µ − r) + r − 1
2 a2(1 − θ)σ2]. Hence ᾱ = µ−r

σ2(1−θ)

∈ [−M, M ]. In this case, it is obvious that condition −M ≤
(

− (µ−r)∂xV
xσ2∂2

xV

)
≤ M  

is satisfied. Therefore we can recover the preference parameter by using 1 − µ−r
ᾱσ2 .

2.2  Infinite-Time Horizon

Now we shift our focus to an infinite-time horizon setting that accommodates a long-
run investment planning scenario.

Recall that the investing client is holding a general discounting scheme 
β = {βt}t≥0 where

	● βt ∈ [0, 1] for all t ∈ [0, ∞) such that limt→∞ βt = 0; and
	● there exists β̇ : [0, ∞) → R such that β̇ is integrable on [0, t] with 

βt =
´ t

0 β̇sds + β0 for any t > 0.

The infinite-horizon counterpart of the optimal joint consumption-allocation problem 
is

	
sup
ααα,ccc

E
[ˆ ∞

0
βtU1(ct)dt

]
.

For any (t, x, z) ∈ D′ := [0, ∞) × R+ × [0, 1], with D′◦ := R+ × R+ × (0, 1), 
define the total reward function as

	
J∞(t, x, z,ααα,ccc) := E

[ˆ ∞

t

βsU1(cs)ds

∣∣∣∣Xt = x, βt = z

]
� (22)
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subject to (4) and (7), under a given allocation process ααα = {αt}t≥0 and a given con-
sumption process ccc = {ct}t≥0 with ct ≥ 0. Note that this infinite-horizon problem 
is time-inhomogeneous, primarily due to the inhomogeneity of β, and has been less 
studied in the literature.

For any (t, x, z) ∈ D′, define the value function as follows,

	
V∞(t, x, z) = sup

(ααα,ccc)∈A
J∞(t, x, z,ααα,ccc), t ∈ [0, t); lim

t→∞
V∞(t, x, z) = 0,� (23)

subject to (4) and (7).
It is easy to show that the value function V∞ in (23) will have similar results as 

specified in Sect. 2.1 therefore here we state these results without proofs. First, we 
have the necessary condition for V∞.

Proposition 4  For any (t, x, z) ∈ D′ and τ ∈ T̄t where T̄t denotes all {F̄t}t≥0

-adapted stopping times τ  such that τ ∈ [t, ∞) a.s. Then the value function V∞ 
defined in (23) satisfies

	

V∞(t, x, z) = sup
(ααα,ccc)∈A

E

[ ˆ τ

t

βsU1(cs)ds

+ V∞(τ, Xααα,ccc
τ , βτ )

∣∣∣∣ Xααα,ccc
t = x, βt = z

]
.

� (DPP’)

The corresponding HJB equation is given by

	




∂tV∞(t, x, z) + β̇t∂zV∞(t, x, z) + rx∂xV∞(t, x, z)

+ sup
α∈R,c≥0

{
zU1(c) + Lα,cV∞(t, x, z)

}
= 0, t ∈ (0, ∞)

lim
t→∞

V∞(t, x, z) = 0, ∀(x, z) ∈ R+ × [0, 1].

� (HJB’)

Likewise, combining Proposition 4 and Itô’s formula, we have the following result.

Proposition 5  If the value function V∞ in (23) is jointly continuous on D′, then it is 
a viscosity solution to (HJB’) over the domain D′.

With a classical solution to (HJB’), we have the following verification theorem serv-
ing as sufficient conditions for V∞.

Proposition 6  Suppose that U1 : [0, ∞) → R+ ∈ U  is continuous at 0. Let 
w : D′ → R be a function such that w ∈ C1,2,1(D′◦)

∩
C0(D′), and there exists a 

constant C > 0 with
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	 w(t, x, z) ≤ C(1 + |x|2), ∀(t, x, z) ∈ D′.

1.	 Assume that for any (α, c) ∈ K, 

	




∂tw(t, x, z) + β̇t∂zw(t, x, z) + rx∂xw(t, x, z) + zU1(c) + Lα,cw(t, x, z) ≤ 0,

∀(t, x, z) ∈ (0, ∞) × R+ × (0, 1);
lim

t→∞
w(t, x, z) = ∞, ∀(x, z) ∈ R+ × [0, 1].

	  Then w ≥ V∞ on D′.
2.	 Assume further that there exists α̂ : D′ → [−M, M ] and ĉ : D′ → [0, M ] such 

that 

	




∂tw(t, x, z) + β̇t∂zw(t, x, z) + rx∂xw(t, x, z) + zU1(ĉ(t, x, z))
+ Lα̂(t,x,z),ĉ(t,x,z)w(t, x, z) = 0, ∀(t, x, z) ∈ D′◦;

lim
t→∞

w(t, x, z) = ∞, ∀(x, z) ∈ R+ × [0, 1],

	  also, with βt = β0 +
´ t

0 β̇sds ∈ [0, 1] for all t ≥ 0, the following SDE, 

	 dXt = {Xt [α̂(t, Xt, βt)(µ − r) + r] − ĉ(t, Xt, βt)} dt + σα̂(t, Xt, βt)XtdWt,

	  admits a unique solution Xα̂αα,ĉcc given X0 = x for any x ∈ R, and 

	

(
α̂αα = {α̂t}t≥0 =

{
α̂(t, Xα̂αα,ĉcc

t , βt)
}

t≥0
, ĉcc = {ĉt}t≥0 =

{
ĉ(t, Xα̂αα,ĉcc

t , βt)
}

t≥0

)
∈ A.

	  Then w = V∞ on D′, with (α̂αα, ĉcc) being an optimal joint allocation-consumption 
process.

Given that V∞ ∈ C1,2,1(D′) being a classical solution to (HJB’), then the optimal 
policy is given by

	
ᾱ∗(t, x, z) = −M ∨ −∂xV∞(t, x, z)

∂2
xV∞(t, x, z)

· (µ − r)
σ2x

∧ M, � (24)

	
c̄∗(t, x, z) = argmax c∈[0,M ]

{
− ∂xV∞(t, x, z)c + zU1(c)

}
. � (25)

Accordingly, for the inverse problem, we also have the following identifiability result.

Theorem 2  Assume that 
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1.	 ᾱ, c̄ ∈ C1,1,1(D′◦)
∩

C0(D′);
2.	 ᾱ(t, x, z) ∈ (−M, M) for all (t, x, z) ∈ D′;
3.	 for any (t, z) ∈ [0, ∞) × [0, 1], 

	 c̄(t, x, z) < x, ∀x > 0;

4.	 ∃(t0, z0) ∈ [0, ∞) × (0, 1] such that c̄0(·) := c̄(t0, ·, z0) is invertible, and the fol-
lowing difference for any (t, x, z) ∈ [0, T ) × R+ × (0, 1], 

	
∆(t, x, z) :=

ˆ 1

x

dy

yᾱ(t, y, z)
−
ˆ 1

c̄−1
0 (c̄(t,x,z))

dy

yᾱT (y)

	  depends only on (t, z), namely, ∆(t, x, z) ≡ ∆(t, z).

Then both the discounting scheme characterized by β̇ and the utility function U1 ∈ U  
with U1(0) = 0 are identifiable up to an affine transform.

3  Learning and Inference with Entropy Regularization

The continuous-time framework in Sect. 2 establishes the mathematical founda-
tion for modeling client behavior under a general time-varying discounting scheme 
and provides conditions for identifying both the utility functions and the discount-
ing structure. While this offers valuable theoretical insight, direct application in 
real-world settings can be challenging due to the complexities of continuous-time 
inference and the discrete nature of observations in practice. To bridge this gap, we 
turn to a discrete-time MDP with Shannon entropy regularization over a finite-time 
horizon—a formulation frequently adopted in RL. The discrete-time framework not 
only enhances computational tractability but also aligns more naturally with practical 
implementation, where data is typically sampled at discrete intervals and actions are 
executed in sequential steps. This section therefore focuses on a more implementable 
inference procedure, where the agent aims to recover the client’s discounting scheme 
and utility function from observed policy-driven behavior.

We adopt a parametric framework in which the client utilizes an exponential dis-
counting scheme, parameterized by ρ̄, alongside a utility function parameterized by 
θ̄ ∈ Rd, which is assumed to be twice differentiable with respect to θ̄ with bounded 
first and second-order derivatives. The client’s preference parameter is summarized 
as (ρ̄, θ̄), which is unknown to the inference agent. The inference agent employs a 
maximum likelihood estimation method to infer the parameters (ρ̄, θ̄).

Mathematically, let us consider the entropy-regularized MDP with state space S 
and bounded action space A. Let us consider a finite-time horizon problem, with T 
being the total number of time steps. For any time t ∈ {0, 1, 2, . . . T}, condition-
ing on the current state and action being (st, at) = (s, a) ∈ S × A, the next state 
st+1 follows st+1 ∼ P (·|s, a), with P : S × A → P(A) being the transition kernel 
that maps from the joint state-action space to the distribution over the state space. 
After taking action a at state s, we assume the client receives a deterministic reward 
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R(s, a) ∈ [0, 1]. Throughout the remainder of this paper, we use the notation  
to denote summation over the action space when it is finite, and integration over 
the action space with respect to the Lebesgue measure when the action space is a 
bounded subspace of Rk for some k ∈ N+, emphasizing that our framework accom-
modates both finite action space and (possibly) continuous action space.

Under a generic preference parameter (ρ, θ), consider the entropy-regularized 
objective

	
max

π={πt}T
t=0

Eπ

[
T∑

t=0
ρt

(
Uθ(R(st, at)) + H(πt(·|st))

) ∣∣∣∣s0 = s

]
,

where Eπ denotes the expectation of trajectories under policy π = {πt}T
t=0 with the initial 

state s0 following the distribution µ(·),  
is the Shannon’s entropy, and Uθ is the utility function parameterized by θ. Define

	

QT
ρ,θ(s, a) := Uθ(R(s, a)),

Qt
ρ,θ(s, a) := Uθ(R(s, a)) + max

π={πk}T
k=t+1

Eπ

[
T∑

k=t+1

ρk−t
(
Uθ(R(sk, ak) + H(πk(·|sk)))

) ∣∣∣∣st = s, at = a

]
,

t = 0, . . . , T − 1.

�(26)

Correspondingly, define

	

V t
ρ,θ(s) := max

π={πk}T
k=t

Eπ

[
T∑

k=t

ρk−t
(
Uθ(R(sk, ak) + H(πk(·|sk)))

) ∣∣∣∣st = s

]
,

t = 0, . . . , T.

�(27)

Let πρ,θ := {πt
ρ,θ}T

t=0 denote the optimal policy, with πt
ρ,θ given by

	
� (28)

and the soft Bellman equation holds: for any t ∈ {0, 1, 2, . . . , T}, we have

	

� (29)
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We note that (28) and (29) are well-defined when A is finite or bounded.
With an entropy-regularized objective, the optimal decision balances the trade-off 

between maximizing the cumulative expected reward (exploitation) and maximizing 
the entropy (exploration), resulting in a randomized policy. The soft Bellman equa-
tion establishes the relationship between the optimal value function and the optimal 
Q-function (under entropy regularization). Further details can be found in [36, 49].

3.1  Maximum Likelihood Estimation

With a trajectory ξ = {(st, at)}T
t=0 following the trajectory distribution under the 

client’s policy πρ̄,θ̄ with the initial state s0 following the distribution µ(·), we adopt 
a maximum likelihood estimation method to infer the client’s preference parameter 
(ρ̄, θ̄), which is unknown to the inference agent. Specifically, the discounted likeli-
hood of a trajectory ξ = {(st, at)}T

t=0 following the client’s policy πρ̄,θ̄ = {πt
ρ̄,θ̄

}T
t=0 

is defined as

	

Eξ∼πρ̄,θ̄

[
log

(
T∏

t=0
(P (st+1|st, at)πt

ρ,θ(at|st))γt

)]

= Eξ∼πρ̄,θ̄

[
T∑

t=0
γt log πt

ρ,θ(at|st)

]

+ Eξ∼πρ̄,θ̄

[
T∑

t=0
γt log P (st+1|st, at)

]
,

� (30)

where the notation Eξ∼πρ̄,θ̄
 represents the expectation over the trajectory ξ follow-

ing policy πρ̄,θ̄ and γ is a discount factor specified by the inference agent, which is 
potentially different from ρ̄.

Remark 5  Note that in our case γ ̸= ρ̄ because ρ̄ is the client’s discount factor and is 
unknown to the inference agent. This distinguishes us from the usual IRL literature, 
where ρ̄ is always assumed to be known [12]. For example, Zeng et al. [83] studied 
the IRL problem using a maximum likelihood estimator by setting γ = ρ̄ in (30) and 
showed that their algorithm converges to a stationary point with a finite-time guaran-
tee. Note that this stationary point may not be the ground-truth solution.

The maximum likelihood inference problem can be written as:

	
max

(ρ,θ)∈Θ
L(ρ, θ) := Eξ∼πρ̄,θ̄

[
T∑

t=0
γt log πt

ρ,θ(at|st)

]
, � (31)

where πρ,θ = {πt
ρ,θ}T

t=0 is the optimal policy under the preference parameter (ρ, θ) 
defined in (28). Here for simplicity we set Θ := (0, 1) × Rd. The maximum likeli-
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hood problem is to find a preference parameter (ρ̄, θ̄) that generates the client’s tra-
jectory with the highest likelihood.

The goal is to investigate the landscape of the log-likelihood function L(ρ, θ) with 
respect to (ρ, θ) and understand the possibility of recovering (ρ̄, θ̄). To proceed, we 
first show that (ρ̄, θ̄) is a stationary point of the likelihood function (see Proposition 
7) and then show that the Hessian matrix of the likelihood function is negative semi-
definite at (ρ̄, θ̄) (see Theorem 3). Interestingly, the results of the landscape analysis 
is independent of the choice of γ, making our proposed method robust and practical.

Proposition 7  It holds that

	
∇θL(ρ, θ)

∣∣∣
(ρ,θ)=(ρ̄,θ̄)

= 0, ∇ρL(ρ, θ)
∣∣∣
(ρ,θ)=(ρ̄,θ̄)

= 0.� (32)

Proposition 7 suggests that the gradient of the likelihood function equals zero at the 
client’s preference parameter value (ρ̄, θ̄), and hence (ρ̄, θ̄) is a stationary point of the 
likelihood function L(ρ, θ).

Proof  Our proof can be divided into three steps. We first prove the differentiability 
of Qt

ρ,θ and V t
ρ,θ in ρ and θ by induction, and provide some useful formulas regard-

ing their first-order and second-order derivatives with respect to (ρ, θ). With such 
formulas, we next derive the derivatives of the log-likelihood function. Finally, we 
show that (32) holds.

Step 1 To begin with, for any (ρ, θ) ∈ Θ, for any t ∈ {0, 1, 2, . . . T − 1}, and for 
any (st, at) ∈ S × A, if Qt+1

ρ,θ  is differentiable with respect to θ, then V t+1
ρ,θ  is dif-

ferentiable with respect to θ by (29). Then by the soft Bellman equation we have that 
Qt

ρ,θ is differentiable with respect to θ. More specifically, we have

where ξ′ = {(s′
t, a′

t)}T
t=0 follows the trajectory distribution under the optimal 

policy πρ,θ = {πt
ρ,θ}T

t=0, (33) holds by the soft Bellman equation and (34) holds 
due to the optimality of πρ,θ. Moreover, note that QT

ρ,θ(s, a) = Uθ

(
R(s, a)

)
 for any 

(s, a) ∈ S × A, which is differentiable by the assumption on the utility function. 
Therefore, the differentiability of Qt

ρ,θ and V t
ρ,θ in θ is justified by induction for all 

t ∈ {0, 1, 2, . . . T}. Applying (35) recursively yields:
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∇θQt

ρ,θ(s, a) = Eξ′∼πρ,θ

[
T∑

k=t

ρk−t∇θUθ(R(s′
k, a′

k))
∣∣∣s′

t = s, a′
t = a

]
.� (36)

Similarly, if Qt+1
ρ,θ  is differentiable with respect to ρ, then V t+1

ρ,θ  is differentiable with 
respect to ρ by its definition in (29). Then we also have that Qt

ρ,θ is differentiable with 
respect to ρ. More specifically,

where (37) holds by the Bellman equation and (39) holds because πρ,θ is the opti-
mal policy. Since QT

ρ,θ(s, a) = Uθ

(
R(s, a)

)
, the differentiability of Qt

ρ,θ and V t
ρ,θ in 

ρ is justified by induction for all t ∈ {0, 1, 2, . . . T}. Applying (40) recursively yields:

	
∇ρQt

ρ,θ(s, a) = Eξ′∼πρ,θ

[
T∑

k=t+1

ρk−t−1V k
ρ,θ(s′

k)
∣∣∣s′

t = a, a′
t = a

]
.� (41)

Furthermore, we have for any s ∈ S ,

	

� (42)

where the last equation holds by (36). In addition,

	

� (43)

where the last equation holds by (41).
In summary, it holds that for any t ∈ {0, 1, 2 . . . T}, (ρ, θ) ∈ Θ, st ∈ S, at ∈ A,

	
∇θQt

ρ,θ(s, a) = Eξ′∼πρ,θ

[
T∑

k=t

ρk−t∇θUθ(R(s′
k, a′

k))
∣∣∣s′

t = s, a′
t = a

]
, � (44)
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∇ρQt

ρ,θ(s, a) = Eξ′∼πρ,θ

[
T∑

k=t+1

ρk−t−1V k
ρ,θ(s′

k)
∣∣∣s′

t = s, a′
t = a

]
, � (45)

	
∇θV t

ρ,θ(s) = Eξ′∼πρ,θ

[
T∑

k=t

ρk−t∇θUθ(R(s′
k, a′

k))
∣∣∣s′

t = s

]
, � (46)

	
∇ρV t

ρ,θ(s) = Eξ′∼πρ,θ

[
T∑

k=t+1

ρk−t−1V k
ρ,θ(s′

k)
∣∣∣s′

t = s

]
. � (47)

Step 2 Next, we derive the gradients of the log-likelihood function. For any 
(ρ, θ) ∈ Θ,

where µ is the distribution of the initial state s0. (48) holds by the optimality of 
the policy, and (49) holds by the soft Bellman equation. Taking the gradient of (49) 
with respect to θ gives

	

∇θL(ρ, θ) = Eξ∼πρ̄,θ̄

[
T∑

t=0
γt∇θUθ(R(st, at))

]

− Es0∼µ(·)
[
∇θV 0

ρ,θ(s0)
]

+ (ρ − γ)Eξ∼πρ̄,θ̄

[
T∑

t=1
γt−1∇θV t

ρ,θ(st)

]
.

� (50)

Combining (50) with (46) gives:

	

∇θL(ρ, θ) = Eξ∼πρ̄,θ̄

[
T∑

t=0
γt∇θUθ(R(st, at))

]

− Eξ′∼πρ,θ

[
T∑

t=0
ρt∇θUθ(R(s′

t, a′
t))

]
+ (ρ − γ)Eξ∼πρ̄,θ̄

[
T∑

t=1
γt−1Eξ′∼πρ,θ

[
T∑

k=t

ρk−t∇θUθ(R(s′
k, a′

k))
∣∣∣s′

t = st

]]
.

� (51)
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Similarly, taking the gradient of (49) with respect to ρ gives

	

∇ρL(ρ, θ) = −Es0∼µ(·)

[
∇ρV 0

ρ,θ(s0)
]

+ Eξ∼πρ̄,θ̄

[
T∑

t=1
γt−1V t

ρ,θ(st)

]

+ (ρ − γ)Eξ∼πρ̄,θ̄

[
T∑

t=1
γt−1∇ρV t

ρ,θ(st)

]
.

� (52)

Combining (52) with (47) yields:

	

∇ρL(ρ, θ) = Eξ∼πρ̄,θ̄

[
T∑

t=1
γt−1V t

ρ,θ(st)

]
− Eξ∼πρ,θ

[
T∑

t=1
ρt−1V t

ρ,θ(st)

]

+ (ρ − γ)Eξ∼πρ̄,θ̄

[
T∑

t=1
γt−1Eξ′∼πρ,θ

[
T∑

k=t+1

ρk−t−1V k
ρ,θ(s′

k)
∣∣∣s′

t = st

]]
.

�(53)

Step 3 Finally, when (ρ, θ) = (ρ̄, θ̄), by (51) we have

	

∇θL(ρ, θ)|(ρ,θ)=(ρ̄,θ̄) =Eξ∼πρ̄,θ̄

[ T∑
t=0

γt∇θUθ(R(st, at))
]

− Eξ∼πρ̄,θ̄

[
T∑

t=0
ρt∇θUθ(R(st, at))

]

+ (ρ − γ)Eξ∼πρ̄,θ̄[
T∑

t=1
γt−1

T∑
k=t

ρk−t∇θUθ(R(sk, ak))

]
.

� (54)

Note that for the last line of the above equation,

	

Eξ∼πρ̄,θ̄

[
T∑

t=1
γt−1

T∑
k=t

ρk−t∇θUθ(R(sk, ak))

]

= Eξ∼πρ̄,θ̄

[
T∑

t=1

(
γ

ρ

)t−1 T∑
k=t

ρk−1∇θUθ(R(sk, ak))

]

= Eξ∼πρ̄,θ̄

[
T∑

k=1

k∑
t=1

(
γ

ρ

)t−1

ρk−1∇θUθ(R(sk, ak))

]
� (55)
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= Eξ∼πρ̄,θ̄

[
T∑

k=1

(γ/ρ)k − 1
γ/ρ − 1

ρk−1∇θUθ(R(sk, ak))

]

= Eξ∼πρ̄,θ̄

[
T∑

k=1

γk − ρk

γ − ρ
∇θUθ(R(sk, ak))

]
,

� (56)

where (55) holds by changing the order of summations. Plugging (56) back into (54), 
we have the desired result that ∇θL(ρ, θ)|(ρ,θ)=(ρ̄,θ̄) = 0.

Similarly we have ∇ρL(ρ, θ)|(ρ,θ)=(ρ̄,θ̄) = 0. � □

We next show results on the Hessian matrix.

Theorem 3  (Landscape analysis) It holds that

	

∇2
θL(ρ, θ)|(ρ,θ)=(ρ̄,θ̄) = −Eξ∼πρ̄,θ̄[
T∑

t=0
γtVξ′∼πρ̄,θ̄

[
∇θQt

ρ,θ(s′
t, a′

t)|(ρ,θ)=(ρ̄,θ̄)

∣∣∣∣s′
t = st

]]
,

∇2
ρL(ρ, θ)|(ρ,θ)=(ρ̄,θ̄) = −Eξ∼πρ̄,θ̄[
T∑

t=0
γtVξ′∼πρ̄,θ̄

[
∇ρQt

ρ,θ(s′
t, a′

t)|(ρ,θ)=(ρ̄,θ̄)

∣∣∣∣s′
t = st

]]
,

∇θ∇ρL(ρ, θ)|(ρ,θ)=(ρ̄,θ̄) = −Eξ∼πρ̄,θ̄[
T∑

t=0
γtCovξ′∼πρ̄,θ̄

[
∇θQt

ρ,θ(s′
t, a′

t)|(ρ,θ)=(ρ̄,θ̄), ∇ρQt
ρ,θ(s′

t, a′
t)|(ρ,θ)=(ρ̄,θ̄)

∣∣∣∣s′
t = st

]]

in which we define

	

Vξ′∼πρ,θ

[
∇θQt

ρ,θ(s′
t, a′

t)
∣∣s′

t = s

]
:= Eξ′∼πρ,θ

[
∇θQt

ρ,θ(s′
t, a′

t)∇θQt
ρ,θ(s′

t, a′
t)⊤∣∣s′

t = s

]

− Eξ′∼πρ,θ

[
∇θQt

ρ,θ(s′
t, a′

t)
∣∣s′

t = s

]
Eξ′∼πρ,θ

[
∇θQt

ρ,θ(s′
t, a′

t)
∣∣∣s′

t = s

]⊤

,

�(57)

and

	

Covξ′∼πρ,θ

[
∇θQt

ρ,θ(s′
t, a′

t), ∇ρQt
ρ,θ(s′

t, a′
t)

∣∣s′
t = s

]

:= Eξ′∼πρ,θ

[
∇θQt

ρ,θ(s′
t, a′

t)∇ρQt
ρ,θ(s′

t, a′
t)

∣∣s′
t = s

]

− Eξ′∼πρ,θ

[
∇θQt

ρ,θ(s′
t, a′

t)
∣∣s′

t = s
]
Eξ′∼πρ,θ

[
∇ρQt

ρ,θ(s′
t, a′

t)
∣∣s′

t = s
]

∈ Rd.

�(58)

In addition,
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H(ρ̄, θ̄) :=

(
∇2

θL(ρ, θ) ∇θ∇ρL(ρ, θ)
∇θ∇ρL(ρ, θ)⊤ ∇2

ρL(ρ, θ)

) ∣∣∣∣∣
(ρ,θ)=(ρ̄,θ̄)

is negative semi-definite.
In Theorem 3 an interesting finding is that the negative semi-definite property of the 
Hessian does not rely on the choice γ, making the likelihood estimation method par-
ticularly suitable for inference problems.

Proof  Our proof consists of two parts. We first prove the second-order differentiabil-
ity of Qt

ρ,θ and V t
ρ,θ by induction, and derive formulas for their second-order deriva-

tives with respect to θ and ρ. Then we calculate the second-order derivatives of the 
log-likelihood function and study its Hessian matrix when (ρ, θ) = (ρ̄, θ̄).

Step 1 To begin with, for any (ρ, θ) ∈ Θ, if Qt
ρ,θ is twice differentiable with respect 

to θ, then V t
ρ,θ is also twice differentiable with respect to θ by taking the derivative 

of (42). We have:

where the covariance matrix Vξ′∼πρ,θ

[
∇θQt

ρ,θ(s′
t, a′

t)
∣∣s′

t = s
]
 is defined in (57). 

In particular, (59) holds because:

and (60) holds by (42). In addition, we have:

	

∇2
θQt

ρ,θ(s, a) = ∇2
θUθ(R(s, a)) + ρEξ′∼πρ,θ

[
∇2

θV t+1
ρ,θ (s′

t+1)
∣∣s′

t = s, a′
t = a

]

= ∇2
θUθ(R(s, a)) + ρEξ′∼πρ,θ

[
Vξ′∼πρ,θ

[
∇θQt+1

ρ,θ (s′
t+1, a′

t+1)
∣∣s′

t+1

]∣∣∣s′
t = s, a′

t = a
]

+ ρEξ′∼πρ,θ

[
∇2

θQt+1
ρ,θ (s′

t+1, a′
t+1)

∣∣s′
t = s, a′

t = a
]
,

�(62)
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where (62) holds by (61). Since QT
ρ,θ(s, a) = Uθ

(
R(s, a)

)
 is twice differentiable 

with respect to θ by the assumption of the utility function, the second-order differ-
entiability of Qt

ρ,θ and V t
ρ,θ in θ is justified by induction for all t ∈ {0, 1, 2, . . . T}. 

Applying (62) recursively yields:

	

∇2
θQt

ρ,θ(s, a) = Eξ′∼πρ,θ

[
T∑

k=t

ρk−t∇2
θUθ(R(s′

k, a′
k))

∣∣∣s′
t = s, a′

t = a

]

+ Eξ′∼πρ,θ

[
T∑

k=t

ρk−t+1Vξ′∼πρ,θ

[
∇θQk+1

ρ,θ (s′
k+1, a′

k+1)
∣∣∣s′

k+1

] ∣∣∣s′
t = s, a′

t = a

]
.

�(63)

Similarly, the second-order differentiability of Qt
ρ,θ and V t

ρ,θ with respect to ρ can be 
justified by induction for all t ∈ {0, 1, 2, . . . T}. For any ρ ∈ (0, 1), θ ∈ Θ, by taking 
the gradient of (43) with respect to ρ, we have

Similarly, by taking the gradient of (37),

	

∇2
ρQt

ρ,θ(s, a) = ∇ρ

(
Eξ′∼πρ,θ

[
V t+1

ρ,θ (s′
t+1)

∣∣s′
t = s, a′

t = a
]

+ ρEξ′∼πρ,θ

[
∇ρV t+1

ρ,θ (s′
t+1)

∣∣s′
t = s, a′

t = a
])

= 2Eξ′∼πρ,θ

[
∇ρV t+1

ρ,θ (s′
t+1)

∣∣s′
t = s, a′

t = a
]

+ ρEξ′∼πρ,θ

[
∇2

ρV t+1
ρ,θ (s′

t+1)
∣∣s′

t = s, a′
t = a

]

= 2Eξ′∼πρ,θ

[
∇ρQt+1

ρ,θ (s′
t+1, a′

t+1)
∣∣∣s′

t = s, a′
t = a

]

+ ρEξ′∼πρ,θ

[
Vξ′∼πρ,θ

[
∇ρQt+1

ρ,θ (s′
t+1, a′

t+1)
∣∣∣∣s′

t+1

]∣∣∣∣s′
t = s, a′

t = a
]

+ ρEξ′∼πρ,θ

[
∇2

ρQt+1
ρ,θ (s′

t+1, a′
t+1)

∣∣∣s′
t = s, a′

t = a
]
.

�(66)

Applying (66) recursively yields:
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∇2
ρQt

ρ,θ(s, a) = 2Eξ′∼πρ,θ

[
T∑

k=t+1

ρk−t−1∇ρQk
ρ,θ(s′

k, a′
k)

∣∣∣s′
t = s, a′

t = a

]

+ Eξ′∼πρ,θ

[
T∑

k=t+1

ρk−tVξ′∼πρ,θ

[
∇ρQk

ρ,θ(s′
k, a′

k)
∣∣∣s′

k

] ∣∣∣s′
t = s, a′

t = a

]
.

� (67)

Furthermore, for any (ρ, θ) ∈ Θ, by taking the gradient of (43) with respect to θ , we 
have

	

�(68)

where the “covariance” between ∇θQ and ∇ρQ is defined in (58). Note that 

Covξ′∼πρ,θ

[
∇θQt

ρ,θ(s′
t, a′

t), ∇ρQt
ρ,θ(s′

t, a′
t)

∣∣∣∣s′
t = s

]
∈ Rd, as we have θ ∈ Rd and 

ρ ∈ R.
Lastly, by taking the gradient of (37), we obtain

	

∇θ∇ρQt
ρ,θ(s, a) = ∇θ

(
Eξ′∼πρ,θ

[
V t+1

ρ,θ (s′
t+1)

∣∣s′
t = s, a′

t = a
]

+ ρEξ′∼πρ,θ

[
∇ρV t+1

ρ,θ (s′
t+1)

∣∣s′
t = s, a′

t = a
])

= Eξ′∼πρ,θ

[
∇θV t+1

ρ,θ (s′
t+1)

∣∣s′
t = s, a′

t = a
]

+ ρEξ′∼πρ,θ

[
∇θ∇ρV t+1

ρ,θ (s′
t+1)

∣∣s′
t = s, a′

t = a
]

= Eξ′∼πρ,θ

[
∇θV t+1

ρ,θ (s′
t+1)

∣∣s′
t = s, a′

t = a
]

+ ρEξ′∼πρ,θ

[
∇θ∇ρQt+1

ρ,θ (s′
t+1, a′

t+1)
∣∣s′

t = s, a′
t = a

]

+ ρEξ′∼πρ,θ

[
Covξ′∼πρ,θ

[
∇θQt+1

ρ,θ (s′
t+1, a′

t+1),

∇ρQt+1
ρ,θ (s′

t+1, a′
t+1)

∣∣s′
t+1

]∣∣s′
t = s, a′

t = a
]
.

Applying the last equation recursively yields:
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∇θ∇ρQt
ρ,θ(s, a) = Eξ′∼πρ,θ

[
T∑

k=t+1

ρk−t−1∇θV k
ρ,θ(s′

k)
∣∣∣s′

t = s, a′
t = a

]
+ Eξ′∼πρ,θ

[
T∑

k=t+1

ρk−tCovξ′∼πρ,θ

[
∇θQk

ρ,θ(s′
k, a′

k), ∇ρQk
ρ,θ(s′

k, a′
k)

∣∣∣s′
k

] ∣∣∣s′
t = s, a′

t = a

]
.

�(69)

In summary, by combining (61), (63), (65), (67), (68), and (69), we have the follow-
ing formulas of the second-order gradients of the value function: for any (ρ, θ) ∈ Θ, 
for any (st, at) ∈ S × A,

	

∇2
θV t

ρ,θ(s) = Eξ′∼πρ,θ

[
T∑

k=t

ρk−t∇2
θUθ(R(s′

k, a′
k))

∣∣∣s′
t = s

]

+ Eξ′∼πρ,θ

[
T∑

k=t

ρk−tVξ′∼πρ,θ

[
∇θQk

ρ,θ(s′
k, a′

k)
∣∣∣s′

k

] ∣∣∣s′
t = s

]
,

�(70)

	

∇2
ρV t

ρ,θ(s) = 2Eξ′∼πρ,θ

[
T∑

k=t+1

ρk−t−1∇ρQk
ρ,θ(s′

k, a′
k)

∣∣∣s′
t = s

]

+ Eξ′∼πρ,θ

[
T∑

k=t

ρk−tVξ′∼πρ,θ

[
∇ρQk

ρ,θ(s′
k, a′

k)
∣∣∣s′

k

] ∣∣∣s′
t = s

]
,

�(71)

	

∇θ∇ρV t
ρ,θ(s) = Eξ′∼πρ,θ

[
T∑

k=t+1

ρk−t−1∇θV k
ρ,θ(s′

k)
∣∣∣s′

t = s

]
+ Eξ′∼πρ,θ

[
T∑

k=t

ρk−tCovξ′∼πρ,θ

[
∇θQk

ρ,θ(s′
k, a′

k), ∇ρQk
ρ,θ(s′

k, a′
k)

∣∣∣s′
k

] ∣∣∣s′
t = s

]
.

�(72)

Step 2 Next, we calculate the derivatives of the log-likelihood function. By 
straight-forward calculations using (50) and combining with (70), the second-order 
derivative of the log-likelihood function to θ satisfies:
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∇2
θL(ρ, θ) = Eξ∼πρ̄,θ̄

[
T∑

t=0
γt∇2

θUθ(R(st, at))

]
− Es0∼µ(·)

[
∇2

θV 0
ρ,θ(s0)

]

+ (ρ − γ)Eξ∼πρ̄,θ̄

[
T∑

t=1
γt−1∇2

θV t
ρ,θ(st)

]

= Eξ∼πρ̄,θ̄

[
T∑

t=0
γt∇2

θUθ(R(st, at))

]
− Eξ′∼πρ,θ

[
T∑

t=0
ρt∇2

θUθ(R(s′
t, a′

t))

]

− Eξ′∼πρ,θ

[
T∑

t=0
ρtVξ′∼πρ,θ

[
∇θQt

ρ,θ(s′
t, a′

t)
∣∣∣s′

t

]]

+ (ρ − γ)Eξ∼πρ̄,θ̄

[
T∑

t=1
γt−1∇2

θV t
ρ,θ(st)

]
.

Note that when (ρ, θ) = (ρ̄, θ̄),

	

Eξ∼πρ̄,θ̄

[
T∑

t=1
γt−1∇2

θV t
ρ,θ(st)|(ρ,θ)=(ρ̄,θ̄)

]

= Eξ∼πρ̄,θ̄

[
T∑

t=1
γt−1

T∑
k=t

ρ̄k−t∇2
θUθ(R(sk, ak))|θ=θ̄

]

+ Eξ∼πρ̄,θ̄

[
T∑

t=1
γt−1

T∑
k=t

ρ̄k−tVξ′∼πρ̄,θ̄

[
∇θQk

ρ,θ(s′
k, a′

k)|(ρ,θ)=(ρ̄,θ̄)

∣∣∣s′
k = sk

]]

= Eξ∼πρ̄,θ̄

[
T∑

k=1

γk − ρ̄k

γ − ρ̄
∇2

θUθ(R(sk, ak))|θ=θ̄

]

+ Eξ∼πρ̄,θ̄

[
T∑

k=1

γk − ρ̄k

γ − ρ̄
Vξ′∼πρ̄,θ̄

[
∇θQk

ρ,θ(s′
k, a′

k)|(ρ,θ)=(ρ̄,θ̄)

∣∣∣s′
k = sk

]]
,

where the first equality holds by (70) and the last equality holds by changing the order 
of summations. Plugging the above result to ∇2

θL(ρ, θ), we obtain that,
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∇2
θL(ρ, θ)|(ρ,θ)=(ρ̄,θ̄) = Eξ∼πρ̄,θ̄

[
T∑

t=0
γt∇2

θUθ(R(st, at))|θ=θ̄

]

− Eξ∼πρ̄,θ̄

[
T∑

t=0
ρ̄t∇2

θUθ(R(st, at))|θ=θ̄

]

− Eξ∼πρ̄,θ̄

[
T∑

t=0
ρ̄tVξ′∼πρ̄,θ̄

[
∇θQt

ρ,θ(s′
t, a′

t)|(ρ,θ)=(ρ̄,θ̄)

∣∣∣s′
t = st

]]

+ Eξ∼πρ̄,θ̄

[
T∑

t=1
ρ̄t∇2

θUθ(R(st, at))|θ=θ̄

]
− Eξ∼πρ̄,θ̄

[
T∑

t=1
γt∇2

θUθ(R(st, at))|θ=θ̄

]

+ Eξ∼πρ̄,θ̄

[
T∑

t=1
ρ̄tVξ′∼πρ̄,θ̄

[
∇θQt

ρ,θ(s′
t, a′

t)|(ρ,θ)=(ρ̄,θ̄)

∣∣∣s′
t = st

]]

− Eξ∼πρ̄,θ̄

[
T∑

t=1
γtVξ′∼πρ̄,θ̄

[
∇θQt

ρ,θ(s′
t, a′

t)|(ρ,θ)=(ρ̄,θ̄)

∣∣∣s′
t = st

]]

= −Eξ∼πρ̄,θ̄

[
T∑

t=0
γtVξ′∼πρ̄,θ̄

[
∇θQt

ρ,θ(s′
t, a′

t)|(ρ,θ)=(ρ̄,θ̄)

∣∣∣s′
t = st

]]
.

Similarly, using the result in (71) and (52),

	

∇2
ρL(ρ, θ) = − 2Eξ′∼πρ,θ

[
T∑

t=0
ρt∇ρQt

ρ,θ(s′
t+1, a′

t+1)

]

− Eξ′∼πρ,θ

[
T∑

t=0
ρtVξ′∼πρ,θ

[
∇θQt

ρ,θ(s′
t, a′)

∣∣∣s′
t = st

]]

+ 2Eξ∼πρ̄,θ̄

[
T∑

t=1
γt−1∇ρV t

ρ,θ(st)

]

+ (ρ − γ)Eξ∼πρ̄,θ̄

[
T∑

t=1
γt−1∇2

ρV t
ρ,θ(st)

]
.

� (73)

Note that when (ρ, θ) = (ρ̄, θ̄),
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Eξ∼πρ̄,θ̄

[
T∑

t=1
γt−1∇2

ρV t
ρ,θ(st)|(ρ,θ)=(ρ̄,θ̄)

]

= 2Eξ∼πρ̄,θ̄

[
T∑

t=1
γt−1

T∑
k=t+1

ρ̄k−t−1∇ρQk
ρ,θ(sk, ak)|(ρ,θ)=(ρ̄,θ̄)

]

+ Eξ∼πρ̄,θ̄

[
T∑

t=1
γt−1

T∑
k=t

ρ̄k−tVξ′∼πρ̄,θ̄

[
∇ρQk

ρ,θ(s′
k, a′

k)|(ρ,θ)=(ρ̄,θ̄)
∣∣s′

k = sk

]]

= 2Eξ∼πρ̄,θ̄

[
T∑

k=2

γk−1 − ρ̄k−1

γ − ρ̄
∇ρQk

ρ,θ(sk, ak)|(ρ,θ)=(ρ̄,θ̄)

]

+ Eξ∼πρ̄,θ̄

[
T∑

k=1

γk − ρ̄k

γ − ρ̄
Vξ′∼πρ̄,θ̄

[
∇ρQk

ρ,θ(s′
k, a′

k)|(ρ,θ)=(ρ̄,θ̄)

∣∣∣s′
k = sk

]]
,

where the last equality holds by changing the order of summations. Plugging the 
above result to ∇2

ρL(ρ, θ) and combining with (42) and (43), we have

	

∇2
ρL(ρ, θ)|(ρ,θ)=(ρ̄,θ̄)

= −Eξ∼πρ̄,θ̄

[
T∑

t=0
γtVξ′∼πρ̄,θ̄

[
∇ρQt

ρ,θ(s′
t, a′

k)|(ρ,θ)=(ρ̄,θ̄)

∣∣∣s′
t = st

]]
.

Similarly, we have

	

∇θ∇ρL(ρ, θ)|(ρ,θ)=(ρ̄,θ̄) = −Eξ∼πρ̄,θ̄[
T∑

t=0
γtCovξ′∼πρ̄,θ̄

[
∇θQt

ρ,θ(s′
t, a′

t)|(ρ,θ)=(ρ̄,θ̄),

∇ρQt
ρ,θ(s′

t, a′
t)|(ρ,θ)=(ρ̄,θ̄)

∣∣∣s′
t = st

]]
.

To summarize,

	

H :=
(

∇2
θL(ρ, θ) ∇θ∇ρL(ρ, θ)

∇θ∇ρL(ρ, θ)⊤ ∇2
ρL(ρ, θ)

) ∣∣∣∣∣
(ρ,θ)=(ρ̄,θ̄)

= −Eξ∼πρ̄,θ̄

[ T∑
t=0

γtVξ′∼πρ̄,θ̄

[ (
∇θQt

ρ,θ(s′
t, a′

t)
∇ρQt

ρ,θ(s′
t, a′

t)

) ∣∣∣∣s′
t = st

]]
.

Therefore, H is negative-semi definite by the definition of the covariance notation V 
in (57). � □
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3.2  Algorithm Design and Implementation

Motivated by the landscape analysis in Sect. 3.1, we design an algorithm that itera-
tively updates ρ and θ to maximize the likelihood function; see Algorithm 1. At each 
iteration k, the value function Vρ(k),θ(k)  is first computed by the soft Q iteration (see 
e.g. [64]) in lines 3–7, and the parameters ρ(k), θ(k) are then updated in line 10 using 
the gradient computed in line 9.

Algorithm 1  Maximum likelihood update
Numerical Example One: Merton’s Problem We implement the discrete-time 

version of Merton’s problem introduced in Sect. 2.2. The price of the bond follows 
S0

t+1 = S0
t + r ∆ and the price of the stock follows St+1 − St = St(ν∆ + σ

√
∆Bt), 

where Bt are iid sampled from N (0, 1). Denote (αt, ct) ∈ A := [0, 1] × [0, 2] as the 
pair of the consumption-allocation policy at time t, then the wealth process follows:

	
Xt+1 − Xt =

[
Xt(αtν + (1 − αt)r) − ct

]
∆ + Xtαtσ

√
∆Bt.� (74)

The client provides a policy πρ̄,θ̄ = {πt
ρ̄,θ̄

}T
t=0 with πt

ρ̄,θ̄
(Xt) ∈ P(A) to the infer-

ence agent, which solves

	
sup

π={πt}T
t=0

Eπ

[
T∑

t=0
(ρ̄)t

(
1 − exp(−θ̄ ct)

)
+ H

(
πt(·|Xt)

))]
� (75)

with ct = c(Xt) and αt = α(Xt). Here both ρ̄ and θ̄ are unknown.
In the experiment, we set ρ̄ = 0.3, θ̄ = 2, T = 100, γ = 0.6, r = 1.05, ∆ = 1, 

ν = 1.06, and σ = 0.05. We discretize and truncate the state space of the wealth pro-
cess as S = {0.13, 0.39, . . . , 2.23, 2.5}, with evenly distanced values such that 
|S| = 10. In addition, we discretize the joint space of the allocation and consumption 
processes as A = {0.1, 0.11, . . . , 0.98, 1} × {0, 0.22, . . . , 1.77, 2}, with evenly dis-
tanced values such that |A| = 50.
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We visualize the log-likelihood function and its gradient in Fig. 1. One can see that 
the likelihood function is locally concave in θ and ρ around (θ̄, ρ̄) in a sufficiently 
large area, enabling us to find the true parameters by Algorithm 1 under fast conver-
gence rate.

When implementing Algorithm 1, we initialize the parameters randomly with θ(0) 
sampled uniformly from [0, 1] and ρ(0) sampled uniformly from [0.1, 0.2]. We set 
the learning rate as ζ(k) = 1000

k . As shown in Fig. 2, both θ and ρ converge to the 
ground-truth value within 100 iterations.

Additionally, we analyze the behaviors of the client at time step t = 0 under differ-
ent ρ̄ values. Figure 3 suggests that the client opts for an overall higher consumption 
when ρ̄ = 0.1 and an overall lower consumption when ρ̄ = 0.75, indicating a bigger 
emphasis on deferred outcomes for the latter case.

Numerical Example Two: Investment under Unhedgeable Risk We consider a 
more complex investment problem, where the price of the primitive asset is modeled 
as a diffusion process whose coefficients evolve according to a correlated diffusive 
factor [82]. The price of the bond follows the same dynamics as in Example One:

	 S0
t+1 = S0

t + r ∆.

On the other hand, the price of the stock follows

Fig. 1  Visualization of the log-likelihood function and its gradients (Left columns visualization with 
respect to θ (under ρ = ρ̄). Right columns visualization with respect to ρ (under θ = θ̄))
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	 St+1 − St = St(ν(Yt, t)∆ + σ(Yt, t)
√

∆B1
t ),

with Yt the “stochastic factor model” and it is assumed to satisfy

	 Yt+1 − Yt = b(Yt, t)∆ + d(Yt, t)
√

∆B1
t .

Here B1
t  and B2

t  are iid sampled from N (0, 1). We assume the correlation between 
B1

t  and B2
t  is η ∈ (0, 1).

Consider a problem with only investment and no consumption. Then the wealth 
process follows:

	
Xt+1 − Xt =

[
Xt(αt ν(t, Yt) + (1 − αt)r)

]
∆ + Xtαtσ(t, Yt)

√
∆B1

t ,� (76)

Fig. 3  Visualization of the client’s consumption policy at timestamp t = 0. The left plot illustrates 
consumption at various wealth levels under ρ̄ = 0.1, while the right plot corresponds to ρ̄ = 0.75

 

Fig. 2  The convergence result of Algorithm 1. The left plot shows the value of θ at each iteration, while 
the right plot displays the values for ρ
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under the investment strategy αt ∈ A = [0, 1]. The client provides a policy 
πρ̄,θ̄ = {πt

ρ̄,θ̄
}T

t=0 with πt
ρ̄,θ̄

(x, y) ∈ P(A) to the inference agent, which solves

	
sup

π={πt}T
t=0

Eπ

[
T∑

t=0
(ρ̄)t 1

θ̄1θ̄2
(Xt)θ̄1(Yt)θ̄2 + H

(
πt(·|(Xt, Yt))

)]
� (77)

for some ρ̄ > 0 and θ̄1, θ̄2 ∈ (0, 1) that are unknown to the inference agent.
In the experiment, we set T = 100, discretize and truncate the 

state space for the wealth process and the stochastic factor model as 
S = {0.1, 0.7, 1.3, 1.9, 2.5} × {0.1, 0.32, 0.55, 0.77, 1}, with evenly distanced val-
ues such that |S| = 25. In addition, we discretize the action space of the allocation 
process as A = {0.1, 0.32, 0.55, 0.77, 1}, with evenly distanced values such that 
|A| = 5. We set r = 1.05, ∆ = 1, θ̄1 = 3, θ̄2 = 2, ρ̄ = 0.3, and γ = 0.6. For the drift 
and diffusion terms, we set b(y, t) = −0.6y + 0.2, d(y, t) = 0.3y + 0.3, ν(t, y) = y, 
and σ(t, y) = 0.5y + 0.3.

As shown in Fig. 4, we visualize the log-likelihood function and its gradient. One 
can see that the likelihood function is locally concave in θ and ρ in an area around 
(θ̄, ρ̄).

When implementing Algorithm 1, we initialize the parameters randomly with θ(0)
1 , 

θ
(0)
2  sampled uniformly from [1, 2] and ρ(0) sampled uniformly from [0.1, 0.2]. We 

Fig. 4  Visualization of the log-likelihood function and its gradients (Left columns visualization with 
respect to θ1 (under θ2 = θ̄2 and ρ = ρ̄). Middle columns visualization with respect to θ2 (under 
θ1 = θ̄1 and ρ = ρ̄). Right columns visualization with respect to ρ (under θ1 = θ̄1 and θ2 = θ̄2)
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set the learning rate as ζ(k) = 1000√
k

. As shown in Fig. 5, both θ1, θ2 and ρ converge to 
the ground-truth values within 1500 iterations.

Furthermore, Fig. 6 illustrates the client’s investment allocation policy α across 
various wealth levels (under fixed factor value 1) at time step t = 0, considering 
ρ̄ = 0.1 and ρ̄ = 0.75. The influence of ρ̄ on the investment decisions in this example 
is less pronounced compared to Merton’s problem. This difference arises because, in 
Merton’s problem, the client confronts a trade-off between higher consumption for 
instantaneous rewards and lower consumption for better future rewards. Conversely, 
the client addressing (77) strives for a higher Xt regardless of the value of ρ̄. Our 

Fig. 6  Visualization of the client’s allocation policy at timestamp t = 0 (under fixed factor value 1). 
The left plot illustrates the allocation at various wealth levels with ρ̄ = 0.1, while the right plot is for 
ρ̄ = 0.75

 

Fig. 5  The convergence result of Algorithm 1. The left plot shows the value of θ1 at each iteration, the 
middle plot is for θ2, and the right plot is for ρ
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algorithm consistently finds the optimal parameters, although the convergence speed 
here is slower compared to that for Merton’s problem due to the above-mentioned 
reasons.

A Proofs in Section 2.1.1

A.1 Proof to Proposition 1

Fix any (t, x, z) ∈ D, (ααα,ccc) ∈ A and τ ∈ Tt. We have

	

J(t, x, z,ααα,ccc) = E

[ˆ τ

t

βsU1(cs)ds +
ˆ T

τ

βsU1(cs)ds + βT U2
(
Xααα,ccc

T

)∣∣∣Xααα,ccc
t = x, βt = z

]

= E
[ˆ τ

t

βsU1(cs)ds
∣∣∣Xααα,ccc

t = x, βt = z

]

+ E

[
E

[ˆ T

τ

βsU1(cs)ds + βT U2(Xααα,ccc
T )

∣∣∣Xααα,ccc
τ , βτ

] ∣∣∣Xααα,ccc
t = x, βt = z

]

= E
[ˆ τ

t

βsU1(cs)ds
∣∣∣Xααα,ccc

t = x, βt = z

]

+ E
[
E

[
J(τ, X, Z,ααα,ccc)

∣∣∣τ, X = Xααα,ccc
τ , Z = βτ

] ∣∣∣Xααα,ccc
t = x, βt = z

]
.

By the definition given by (8), for any ϵ > 0 and ∆t ∈ [0, T − t], there exists 
(αααϵ,t+∆t,x,z, cccϵ,t+∆t,x,z) ∈ A such that

	

J(t + ∆t, x, z,αααϵ,t+∆t,x,z, cccϵ,t+∆t,x,z)
> sup

(ααα,ccc)∈A
J(t + ∆t, x, z,ααα,ccc) − ϵ = V (t + ∆t, x, z) − ϵ,� (78)

and

	

J(t + ∆t, x, z,ααα,ccc) ≤ J(t + ∆t, x, z,αααϵ,t+∆t,x,z, cccϵ,t+∆t,x,z)
≤ V (t + ∆t, x, z).

� (79)

Then consider (ᾱαα, c̄cc) = {(ᾱs, c̄s)}s∈[t,T ] such that

	
(ᾱs, c̄s) = (αs, cs)111{τ > s} +

(
α

ϵ,τ,Xααα,ccc
τ ,βτ

s , c
ϵ,τ,Xααα,ccc

τ ,βτ
s

)
111{τ ≤ s},

where

	
βτ = z +

ˆ τ

t

β̇sds, Xααα,ccc
τ = x +

ˆ τ

t

dXααα,ccc
s ,
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according to (4) and (7). Notice that (ᾱαα, c̄cc) ∈ A. By (78) and (79), for any (ααα,ccc) ∈ A, 
we have

	

V (t, x, z) ≥ J(t, x, z, ᾱαα, c̄cc) > E
[ˆ τ

t

βsU1(cs)ds

∣∣∣∣Xααα,ccc
t = x, βt = z

]

+ E
[
V (τ, Xααα,ccc

τ , βτ )
∣∣∣∣Xααα,ccc

t = x, βt = z

]
− ϵ

for any ϵ > 0, and

	
J(t, x, z,ααα,ccc) ≤ E

[ˆ τ

t

βsU1(cs)ds + V (τ, Xααα,ccc
τ , βτ )

∣∣∣∣Xααα,ccc
t = x, βt = z

]
.

It follows that for any (t, x, z) ∈ D and τ ∈ Tt,

	
V (t, x, z) = sup

(ααα,ccc)∈A
E

[ˆ τ

t

βsU1(cs)ds + V (τ, Xααα,ccc
τ , βτ )

∣∣∣∣Xααα,ccc
t = x, βt = z

]
.

� □

A.2 Proof to Proposition 2

The assumptions on U1 guarantee a quadratic growth of U1 rate in x. Consider arbi-
trary (t, x, z) ∈ D and (ααα,ccc) ∈ A. 

1.	 Define 

	
τn := inf

{
s ≥ t

∣∣∣∣
ˆ s

t

|∂xw(u, Xααα,ccc
u , βu)|2du ≥ n

}
, ∀n ∈ N+.

 Then we have limn↑∞ τn
a.s.= ∞ and the stopped process {´ s∧τn

t
∂xw(u, Xααα,ccc

u , βu)dWu

}
s∈[t,T ]

 is a martingale for all n ∈ N+. The for any 

s ∈ [t, T ], by Itô’s formula, we have 

	

w(s ∧ τn, Xααα,ccc
s∧τn

, βs∧τm) = w(t, x, z) +
ˆ s∧τn

t

{
∂tw(u, Xααα,ccc

u , βu) + β̇u∂zw(u, Xααα,ccc
u , βu)

. + rXααα,ccc
u ∂xw(u, Xααα,ccc

u , βu) + Lαu,cuw(u, Xααα,ccc
u , βu)

}
du

+
ˆ s∧τn

t

∂xw(u, Xααα,ccc
u , βu)dWu.

 Therefore, taking expectations on both sides we have 
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E
[
w(s ∧ τn, Xααα,ccc

s∧τn
, βs∧τn)

∣∣∣∣Xααα,ccc
t = x, βt = z

]
= w(t, x, z) + E

[ˆ s∧τn

t

∂tw(u, Xααα,ccc
u , βu)

+ β̇u∂zw(u, Xααα,ccc
u , βu) + rXααα,ccc

u ∂xw(u, Xααα,ccc
u , βu)

+Lαu,cuw(u, Xααα,ccc
u , βu)du

∣∣∣∣Xααα,ccc
t = x, βt = z

]

≤ w(t, x, z) − E
[ˆ s∧τn

t

βuU1(cu)du

∣∣∣∣Xααα,ccc
t = x, βt = z

]
,

 where the well-posedness of E
[´ s∧τn

t
βuU1(cu)du

∣∣∣∣Xααα,ccc
t = x, βt = z

]
 is guaran-

teed by the quadratic growth rate condition on U1 and the fact that (ααα,ccc) ∈ A. The 
quadratic growth rate assumption on w together with (ααα,ccc) ∈ A allows us to apply 
dominated convergence theorem and get 

	

E
[
βT U2

(
Xααα,ccc

T

)∣∣∣∣Xααα,ccc
t = x, βt = z

]
≤ E

[
w(T, Xααα,ccc

T , βT )
∣∣∣∣Xααα,ccc

t = x, βt = z

]

≤ w(t, x, z) − E

[ˆ T

t

βuU1(cu)du

∣∣∣∣Xααα,ccc
t = x, βt = z

]

=⇒ w(t, x, z) ≥ E

[ˆ T

t

βuU1(cu)du + βT U2
(
Xααα,ccc

T

)∣∣∣∣Xααα,ccc
t = x, βt = z

]

= J(t, x, z,ααα,ccc).

 Hence, w(t, x, z) ≥ V (t, x, z) by taking the supreme of (ααα,ccc) over A.

2.	 Applying a similar localization-and-Itô argument as in the previous part, we have 
that for any s ∈ [t, T ]

	

E
[
w

(
s, Xα̂αα,ĉcc

s , βs

)∣∣∣∣Xt = x, βt = z

]
= w(t, x, z) + E

[ˆ s

t

∂tw
(
u, Xα̂αα,ĉcc

u , βu

)

+ β̇u∂zw
(
u, Xα̂αα,ĉcc

u , βu

)
+ rXα̂αα,ĉcc

u ∂xw
(
u, Xα̂αα,ĉcc

u , βu

)
+

Lα̂u,ĉuw
(
u, Xα̂αα,ĉcc

u , βu

)
du

∣∣∣∣Xα̂αα,ĉcc
t = x, βt = z

]

= w(t, x, z) − E
[ˆ s

t

βuU1(ĉu)du

∣∣∣∣Xα̂αα,ĉcc
t = x, βt = z

]
.

 In particular, when s = T , 
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E
[
βT U2

(
Xα̂αα,ĉcc

T

)∣∣∣∣Xα̂αα,ĉcc
t = x, βt = z

]
= E

[
w

(
T, Xα̂αα,ĉcc

T , βT

)∣∣∣∣Xα̂αα,ĉcc
t = x, βt = z

]

= w(t, x, z) − E

[ˆ T

t

βuU1(ĉu)du

∣∣∣∣Xα̂αα,ĉcc
t = x, βt = z

]

=⇒ w(t, x, z) = E

[ˆ T

t

βuU1(ĉu)du + βT U2
(
Xα̂αα,ĉcc

T

)∣∣∣∣Xα̂αα,ĉcc
t = x, βt = z

]

= J(t, x, z, α̂αα, ĉcc).

 Then we have w(t, x, z) = J(t, x, z, α̂αα, ĉcc) ≤ V (t, x, z). Combined with the result 
from the previous part, we have w = V  on D, with (α̂αα, ĉcc) ∈ A being a corresponding 
optimal joint allocation-consumption process.� □

A.3 Proof to Proposition 3

First, notice that under the assumptions on admissible control specified in (3) as well 
as those on the utility functions specified in Proposition 2, the continuity of the value 
function V  given by (8) over domain D can be established following the classical 
results of [52, 53], and therefore continuous on D. Following the proof of Lemma 2, 
for any z ∈ (0, 1], there exists constants C1 ≥ 0 and C2 ∈ R+ such that

	 C1U2(x) ≤ V (t, x, z) ≤ C2(1 + U2(xeT (M |µ−r|+r))), ∀(t, x, z) ∈ D.

The polynomial growth of the value function V  in x follows from the polynomial 
growth assumption of U2. Combining Proposition 1 and similar arguments of Itô’s 
formula in its proof, the viscosity solution property in Definition 1 can be established. 
The uniqueness result follows comparison principal; see [62, Theorem 4.4.5]. The 
conclusion then follows for any domain D. � □
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