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Abstract
Data subsampling is one of the most natural meth-
ods to approximate a massively large data set by
a small representative proxy. In particular, sensi-
tivity sampling received a lot of attention, which
samples points proportional to an individual im-
portance measure called sensitivity. This frame-
work reduces in very general settings the size of
data to roughly the VC dimension d times the total
sensitivity S while providing strong (1± ε) guar-
antees on the quality of approximation. The recent
work of Woodruff & Yasuda (2023c) improved
substantially over the general Õ(ε−2Sd) bound
for the important problem of ℓp subspace embed-
dings to Õ(ε−2S2/p) for p ∈ [1, 2]. Their re-
sult was subsumed by an earlier Õ(ε−2Sd1−p/2)
bound which was implicitly given in the work of
Chen & Derezinski (2021). We show that their
result is tight when sampling according to plain ℓp
sensitivities. We observe that by augmenting the
ℓp sensitivities by ℓ2 sensitivities, we obtain bet-
ter bounds improving over the aforementioned re-
sults to optimal linear Õ(ε−2(S+d)) = Õ(ε−2d)
sampling complexity for all p ∈ [1, 2]. In partic-
ular, this resolves an open question of Woodruff
& Yasuda (2023c) in the affirmative for p ∈ [1, 2]
and brings sensitivity subsampling into the regime
that was previously only known to be possible us-
ing Lewis weights (Cohen & Peng, 2015). As an
application of our main result, we also obtain an
Õ(ε−2µd) sensitivity sampling bound for logis-
tic regression, where µ is a natural complexity
measure for this problem. This improves over the
previous Õ(ε−2µ2d) bound of Mai et al. (2021)
which was based on Lewis weights subsampling.
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1. Introduction
Massive data sets have become ubiquitous in recent years
and standard machine learning approaches reach the limits
of tractability when these large data need to be analyzed.
Given a data matrix A ∈ Rn×d where the number of data
points exceeds the number of features by a large margin,
i.e., n ≫ d, a popular approach to address the computa-
tional limitations is to subsample the data (Munteanu, 2023).
While uniform sampling is widely used in practice, it can be
associated with large loss of approximation accuracy for var-
ious machine learning models. Thus, a lot of work has been
dedicated to the design of importance sampling schemes, to
subsample points proportional to some sort of importance
measure for the contribution of individual points, such that
important points become more likely to be in the sample,
while less important or redundant points are sampled with
lower probability (Munteanu & Schwiegelshohn, 2018).

General setting. The arguably most general and popu-
lar importance sampling approach is called the sensitivity
framework (Feldman & Langberg, 2011; Feldman et al.,
2020). It aims at approximating functions applied to data
that can be expressed in the following way: consider an in-
dividual non-negative loss function hi : Ω → R≥0 for each
row vector ai, i ∈ [n] := {1, 2, . . . , n} of the data matrix
A, more precisely we set hi(x) = h(aix) for some function
h : R → R≥0. The problem we consider is approximating

f(x) :=
∑
i∈[n]

hi(x) (1)

over all x in the domain Ω, by subsampling and reweighting
the individual contributions. Formally, we obtain S ⊂ [n]
with |S| ≪ n, and wi > 0 for all i ∈ S and define

f̃(x) :=
∑
i∈S

wihi(x) (2)

to be the surrogate loss, that given an approximation param-
eter ε ∈ (0, 1) should be a pointwise (1± ε)-approximation
for the original loss function. More specifically, we require
that

∀x ∈ Ω: f̃(x) = (1± ε)f(x). (3)

The surrogate function (2) can then be used in downstream
machine learning tasks, such as optimization, with very little
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bounded errors, and can be processed much more efficiently
than the original loss. Note, that most empirical risk mini-
mization problems or negative log-likelihood functions can
be expressed as in Equation (1).

Importance subsampling. The sensitivity framework pro-
vides a way of obtaining the guarantee of Equation (3) by
first computing individual sensitivities for i ∈ [n]

ςi = sup
x∈Ω

hi(x)∑
j∈[n] hj(x)

, (4)

where we let ςi = 0 when the denominator is zero. We note
that computing the sensitivity is usually intractable, but it
suffices to obtain close approximations, which can be done
efficiently for many important problems.

Then, subsampling S ⊂ [n] with probabilities pi propor-
tional to ςi and reweighting the individual contributions by
wi = 1/(pi|S|), preserves the objective function in expec-
tation and when |S| = Õ(ε−2Sd), we obtain by a con-
centration result that the (1± ε)-approximation defined in
Equation (3) holds with constant probability. Here, d is the
VC dimension of a set system associated with the functions
hi, and S =

∑
i∈[n] ςi denotes their total sensitivity.

Subspace embeddings for ℓp. In this paper, we focus on
applying the above framework to the more specific, yet very
versatile problem of constructing a so-called ℓp subspace
embedding via subsampling. Given a data matrix A ∈ Rn×d

with row-vectors ai, i ∈ [n], and a norm parameter p ∈
[1,∞], our goal is to calculate probabilities pi, and weights
wi for each i ∈ [n], such that a small random subsample
S ⊂ [n] according to this distribution satisfies

∀x ∈ Rd :
∑
i∈S

wi|aix|p = (1± ε)
∑
i∈[n]

|aix|p (5)

with probability at least 1− δ.

We remark at this point that since the ℓp norms are abso-
lutely homogeneous, previous work usually includes the
weights by folding them into the data, i.e., wi|aix|p be-
comes |(w1/pai)x|p. This usually allows to simplify large
parts of the technical analysis by reducing to the unweighted
case. We explicitly do not use this trick for reasons to be
discussed later.

With the definition of our main problem in place, we next
define the sensitivity measure associated with this loss func-
tion and note that they are also called ℓp leverage scores in
our scope.

Definition 1.1 (ℓp-sensitivities/-leverage scores). Let A ∈
Rn×d, and 1 ≤ p < ∞. We define the i-th ℓp-sensitivity
ς
(p)
i or ℓp-leverage score l

(p)
i of A to be

ς
(p)
i = l

(p)
i = supx∈Rd\{0}

|aix|p

∥Ax∥pp
,

and the total ℓp sensitivity as S(p) : =
∑

i∈[n] ς
(p)
i .

It can be shown in some settings, that the total sensitivity
is a lower bound on the required number of samples (cf.
Tolochinsky et al., 2022), and d is a natural lower bound
for our problem because this number of samples is required
to even preserve the rank of A under subsampling. It is
also known that S(p) ≤ d for all p ∈ [1, 2] (cf. Woodruff &
Yasuda, 2023c). Thus, a natural question to ask is whether
it is possible to obtain the guarantee of Equation (5) within
roughly S(p) + d = O(d) samples.

A plain application of the sensitivity framework requires
Õ(ε−2Sd) samples, and a lower bound of Ω̃(d/ε2) was
given by Li et al. (2021) in a broader setting against any
data structure that answers ℓp subspace queries. The sen-
sitivity sampling upper bound thus seems off by a factor
d, and the recent work of Woodruff & Yasuda (2023c) has
made significant progress by showing that one can do bet-
ter for all p ∈ (1, 4). They obtained near optimal bounds
when p becomes close to p = 2. In this particular case,
a Õ(ε−2S) = Õ(ε−2d) bound was known before to be
possible by ℓ2 leverage score sampling (Mahoney, 2011).
However, near the boundary p = 1 (and for p > 4) the
bounds of Woodruff & Yasuda (2023c) are again off by a
factor d. In the case p < 2, the previous work of Chen &
Derezinski (2021) gave better results that were achieved
implicitly by relating ℓp leverage scores to Lewis weights.
Again, these bounds become worse when 1 ≤ p ≪ 2 and
are off by a

√
d factor for p = 1. See below for a more

detailed comparison between these works, and our work.

This brings us to the main open question in this line of
research, which is also the central question studied in our
paper:

Question 1.2. Is it possible to achieve a sampling com-
plexity of Õ(ε−2(S+ d)) for constructing an ℓp subspace
embedding, see Equation (5), via sensitivity sampling?

1.1. Our contribution

Our first contribution is an Ω̃(d2−p/2) lower bound against
pure ℓp leverage score sampling, i.e., when the sampling
probabilities are proportional to l

(p)
i .

Theorem 1.3 (Informal restatement of Theorem B.1). There
exists a matrix A ∈ Rm×2d, for sufficiently large m ≫ 2d,
such that if we sample each row i ∈ [n] with probability
pi := min{1, kl(p)i } for some k ∈ N, then with high prob-
ability, the ℓp subspace embedding guarantee (see Equa-
tion (5)) does not hold unless k = Ω(d2−p/2/(log d)p/2).

The proof in the appendix is conducted by constructing a
matrix with two parts. Subsampling at least d rows of each
part is necessary to even preserve the rank. However, the
total ℓp sensitivity of one part is significantly larger than
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the total sensitivity of the other part, roughly by a factor
of d1−p/2. This implies that ℓp leverage score sampling
requires oversampling by that factor to collect the required
rows from both parts, which yields the lower bound.

In particular, Theorem 1.3 proves that the upper bounds
implied by Chen & Derezinski (2021) for pure ℓp leverage
score sampling are optimal in the worst case, settling the
complexity of pure ℓp sampling up to polylogarithmic fac-
tors. It also proves that we necessarily need to change the
sampling probabilities to get below the lower bound towards
optimal linear d dependence. We note that augmentation by
uniform sampling does not help, since the size of the high
sensitivity part can be increased to give the same imbalance
between the number of rows of the two parts as between
their sampling probabilities in pure ℓp sampling.

Our main result is the following sensitivity sampling bound
that is achieved by augmenting ℓp with ℓ2 sensitivities, a
new technique that we call “ℓ2 augmentation”. The theorem
answers Question 1.2 in the affirmative for all p ∈ [1, 2],
improving over Chen & Derezinski (2021); Woodruff &
Yasuda (2023c), and settling the complexity of ℓp subspace
embeddings via sensitivity sampling in this regime. We
leave the case p > 2 as an open question, where our work
resembles the same bounds as Woodruff & Yasuda (2023c).

Our theorem is generalized to also hold for the ℓp variant
of the ReLU function where h(r) = max{0, t}p. For this
loss function, we also require a data dependent mildness
parameter µ = µ(A) to be bounded.

Definition 1.4 (µ-complexity, Munteanu et al., 2018; 2022,
slightly modified). Given a data set A ∈ Rn×d we define
the parameter µ := µ(A) as

µ(A) = sup∥Ax∥p=1

∥Ax∥pp
∥(Ax)−∥pp

= sup∥Ax∥p=1

∥Ax∥pp
∥(Ax)+∥pp

,

where (Ax)+, and (Ax)− are the vectors comprising only
the positive resp. negative entries of Ax and all others set
to 0.1

For the main problem where h(r) = |t|p, we can remove
this parameter or equivalently set µ = 1.

Theorem 1.5 (Informal restatement of Theorem G.1). Let
A ∈ Rn×d. Let ε, δ ∈ (0, 3/10), p ∈ [1, 2]. Consider
f(Ax) =

∑n
i=1 h(aix) for h(r) = |r|p, where we set µ =

1, or h(r) = max{0, r}p, in which case µ = µ(A), see Def-

inition 1.4. Set α = O
(

(log(dµ log(1/δ)/ε) log2 d+log(1/δ)
ε2

)
.

Let S ⊂ [n] be a sample of size m = O(dµα)

= O

(
dµ

ε2
(log(dµ log(δ−1)/ε) log2 d+ log(δ−1))

)
,

1To see that the suprema are equal, one can flip signs: for any x

the suprema range over, we have that
∥Ax∥pp

∥(Ax)+∥pp
=

∥A(−x)∥pp
∥(A(−x))−∥pp

.

where the probability for any i ∈ [n] satisfies

pi := Pr(i ∈ S) ≥ min

{
1, α

(
µl

(p)
i + l

(2)
i +

1

n

)}
,

and the corresponding weight is set to wi = 1/pi. Then
with probability at least 1 − δ it holds for all x ∈ Rd

simultaneously that∣∣∣∣∣∣
∑
i∈S

wih(aix)−
∑
i∈[n]

h(aix)

∣∣∣∣∣∣ ≤ ε
∑
i∈[n]

h(aix).

As an application, we extend our main result to hold for the
logistic loss function h(t) = ln(1 + exp(t)) as well. This
improves over the previous Õ(ε−2µ2d) bound of Mai et al.
(2021) which was based on Lewis weights subsampling.

Theorem 1.6 (Informal restatement of Theorem H.4). Let
ε, δ ∈ (0, 3/10). Let A ∈ Rn×d with µ = µ(A), see
Definition 1.4. Consider f(Ax) =

∑n
i=1 h(aix) with the

logistic loss h(t) = ln(1+exp(t)). Further assume that we
sample with probabilities pi ≥ min{1, α(µl(1)i +l

(2)
i + µd

n )}
for α ≥ O((log3(dµ log(δ−1)/ε) + ln(δ−1))/ε2), where
the number of samples is

m = O

(
dµ

ε2
(
log3(dµ log(δ−1)/ε) + log(δ−1)

))
.

Then with probability at least 1− δ it holds for all x ∈ Rd

simultaneously that∣∣∣∣∣∣
∑
i∈S

wih(aix)−
∑
i∈[n]

h(aix)

∣∣∣∣∣∣ ≤ ε
∑
i∈[n]

h(aix).

1.2. Comparison to related work

For ℓp subspace embeddings, the total sensitivity is bounded
by d, for p ∈ [1, 2], and by dp/2 for p ∈ (2,∞), (cf.
Woodruff & Yasuda, 2023c). It is known that using so-
called ℓp Lewis weights, we can subsample a nearly optimal
amount Õ(ε−2d) respectively Õ(ε−2dp/2) of rows to ob-
tain the ℓp subspace embedding guarantee of Equation (5),
(see Cohen & Peng, 2015; Woodruff & Yasuda, 2023a). Re-
cent work of Jambulapati et al. (2023) recovers matching
bounds via a novel sampling distribution, and for a broad
array of semi-norms. On the other hand, using ℓp sensitivity
sampling in a plain application of the sensitivity framework
requires Õ(ε−2S(p)d), which is off by a factor d in the
worst case for any value of p ∈ [1,∞).

Recently improved sensitivity sampling bounds of Woodruff
& Yasuda (2023c) are Õ(ε−2S2/p) for p ∈ [1, 2] and
Õ(ε−2S2−2/p) for p ∈ [2,∞). These bounds are much
better than the standard bounds when p ∈ (1, 4) is close
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to the case p = 2, but they deteriorate towards p = 1 and
p = 4, where the gap is again a factor of d. For p > 4 their
worst case bounds are even worse than the plain sensitivity
framework. We note that Woodruff & Yasuda (2023c) gave
an improved bound for this regime as well, albeit not with
a direct sensitivity sampling approach. Instead, they gave
an algorithm that recursively ’flattens and samples’ heavy
rows with respect to their sensitivities for ℓ2 and ℓp.

Although improving over the standard bounds for p < 2 as
well, the main improvement of Woodruff & Yasuda (2023c)
lies in the case p > 2. This is because prior to their results,
Chen & Derezinski (2021) implicitly showed a bound of
Sd1−p/2 by relating ℓp sensitivities to Lewis weights up to
an additional factor of d1−p/2. Oversampling the sensitivity
scores by this amount guarantees that the increased scores
exceed the Lewis weights, which in turn implies a sampling
complexity of Õ(ε−2Sd1−p/2) to be sufficient. We show in
Theorem 1.3 that their bound is tight up to polylogarithmic
factors in the worst case, when S = Θ(d), if we sample
according to pure ℓp leverage scores.

This leads us to our main result, Theorem 1.5, which sam-
ples for any value of p ∈ [1, 2] a number of Õ(ε−2(S(p) +
S(2))) = Õ(ε−2(S(p) + d)) many samples according to a
mixture of ℓp, and ℓ2 sensitivities with a uniform distribution
1/n. This technique relies only on ℓp sensitivity sampling
and in the worst case, the number of samples amounts to
Õ(ε−2d) for all p ∈ [1, 2]. We note that this matches up to
polylogarithmic factors the optimal complexities obtained
by Lewis weights, and by other novel sampling probabilities
(Cohen & Peng, 2015; Woodruff & Yasuda, 2023a; Jambu-
lapati et al., 2023). See Figure 1 for a visual comparison of
our bounds with previous sensitivity sampling bounds.

In particular, note that our bounds improve the d2 respec-
tively d3/2 dimension dependence of previous bounds for
p = 1 to linear. This allows an application to logistic regres-
sion (Theorem 1.6), obtaining up to polylogarithmic factors
a sampling bound of Õ(ε−2dµ). Previously, the linear de-
pendence on d was only known to be possible using ℓ1 Lewis
weights (Mai et al., 2021; Woodruff & Yasuda, 2023a). In
fact our result even improves over their Õ(ε−2dµ2) bound
by a factor of µ, a complexity parameter introduced by
Munteanu et al. (2018; 2022) for compressing data in the
scope of logistic regression and other asymmetric functions.
We note that linear µ and (near-)linear d dependence was
recently achieved in the sketching regime, though at the cost
of constant approximation factors (Munteanu et al., 2023).
We remark that our polylogarithmic dependencies hidden in
the Õ notation are only polylog(µ, d, ε−1, δ−1) and do not
depend on n, which is also a minor improvement compared
to almost all mentioned previous works.

Our paper assumes that we have access to ℓp sensitivity
scores, without giving details on how to compute or approx-

Sample complexity bounds for ℓp sensitivity sampling

Figure 1. Leading dependence on d for ℓp sensitivity sampling for
p ∈ [1, 2] in the worst case, i.e., when S(p) = d. The horizontal
axis represents p. The vertical axis indicates the exponent on d in
the respective sample complexity results. The red line indicates the
standard bounds obtained from a plain application of the sensitivity
framework (Feldman et al., 2020), blue indicates the result of
Woodruff & Yasuda (2023c), yellow indicates the result of Chen &
Derezinski (2021), and green indicates our new main result.

imate them. We refer to (Dasgupta et al., 2009; Woodruff
& Zhang, 2013; Clarkson et al., 2016; Munteanu et al.,
2022) for classic techniques such as ellipsoidal rounding
and well-conditioned bases, as well as to recent advances
in constructing improved well-conditioned bases (Wang &
Woodruff, 2022), novel ℓp spanning sets (Woodruff & Ya-
suda, 2023b; Bhaskara et al., 2023), or direct ℓp sensitivity
approximations (Padmanabhan et al., 2023). We also refer
to (Mahabadi et al., 2020; Munteanu & Omlor, 2024) for ℓp
sensitivity sampling in data streams.

One might argue that the sensitivity sampling approach is
not very interesting for p ∈ [1, 2], since Lewis weights,
among others, already obtain optimal bounds in this regime.
However, leverage scores are usually simpler to calculate
or to approximate. For instance Cohen & Peng (2015); Mai
et al. (2021) calculate an approximation to Lewis weights by
recursively reweighting the data and computing ℓ2 leverage
scores O(log log(n)) times over and over again. While the
factor O(log log(n)) overhead seems minor from a theoret-
ical perspective, this slows down computations by a non-
negligible amount. We refer to (Mai et al., 2021; Munteanu
et al., 2022) for details, where computational issues have
been discussed and demonstrated in experiments.

The experiments in (Mai et al., 2021; Munteanu et al., 2022)
also suggest that sensitivity sampling works much better
than indicated by upper bounds, sometimes even better than
Lewis weights. It is thus very important to find a theoretical
explanation for the success of sensitivity sampling and to
find out whether they also achieve the optimal complexity
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or if there are lower bounds preventing them from achieving
optimality. This is the motivation behind our work.

We would like to mention that very similar findings have
been observed in the center-based clustering regime, where
group sampling was known to produce subsamples of op-
timal size (Cohen-Addad et al., 2021; 2022; Huang et al.,
2022). But group sampling was often outperformed by
the conceptually and computationally simpler sensitivity
sampling approach on practical and on hard instances
(Schwiegelshohn & Sheikh-Omar, 2022). Independently
of our work, this was explained in (Bansal et al., 2024)
by proving that sensitivity sampling also achieves optimal
subsample size for k-means and k-median clustering.

Further, ℓp sensitivity sampling has already been studied for
a plethora of problems such as ℓp regression (Dasgupta et al.,
2009), M -estimators (Clarkson & Woodruff, 2015a;b), near-
convex functions (Tukan et al., 2020), logistic regression
(Munteanu et al., 2018), other generalized linear models
such as probit regression (Munteanu et al., 2022), Poisson
and graphical models (Molina et al., 2018), IRT models in
educational sciences and psychometrics (Frick et al., 2024).
Also, some seemingly more distant works have strong con-
nections to sensitivity sampling, such as graph sparsification
using effective resistances (Spielman & Srivastava, 2011).
Our new optimal bounds for all p ∈ [1, 2] cover the most
common regime encountered in all of these works and will
thus be useful in obtaining improved bounds for a broad
array of applications as well.

2. New sensitivity subsampling bounds
Our analysis uses several results of Woodruff & Yasuda
(2023c), and our main argumentation follows their general
outline. Since our analysis is in wide parts a strict gener-
alization, the worst possible outcome of our investigations
would simply resemble their exact same bounds. As we
have indicated previously, this is actually the case for p > 2
in which our techniques do not improve over their bounds.
The corresponding part of the analysis is therefore not con-
tained in our paper and we focus on the p ∈ [1, 2] regime in
the remainder.

One main technical argument in this regime is that by mono-
tonicity of maximal ℓp sensitivities, the largest ℓ2 leverage
score upper bounds the largest ℓp leverage score. To lever-
age this fact, previous analyses relied on an auxiliary sub-
space embedding for obtaining a constant factor subspace
embedding that required poly(d) overhead.

In our analysis, we bypass this problem by adding the ℓ2
leverage scores to the sensitivity upper bound that defines
our sampling probabilities. Intuitively, this allows us to
obtain the subspace embedding guarantee for ℓ2 and ℓp si-
multaneously: the ℓ2 subspace embedding is known to hold

already for small sample size Õ(ε−2d). Taking it from here,
it enables the ℓp subspace embedding to work with little
more samples. Fortunately, this overhead is negligible com-
pared to the small sample already taken, and also smaller
compared to the previous bounds to obtain the ℓp subspace
embedding directly. Note that also reversely, the data matrix
might have much smaller total ℓp sensitivity than d. In this
case, augmenting the sample to at least the rank preserving
lower bound can be accomplished with the least number of
additional samples by ℓ2 sensitivity sampling.

The main reason why the previous analyses do not admit
a simultaneous ℓ2 and ℓp subspace embedding, is that they
tend to fold the weights into the data (or into the sampling
matrix), rather than keeping the weights separately. This is
a nice trick which simplifies wide parts of previous analyses
by reducing the weighted case to the unweighted case. How-
ever, it prevents from our goals as we show in the following
simple, yet instructive example for simultaneous ℓ2 and ℓ1
embedding, which requires to store the weights separately:

Take A ∈ Rn×1 to be the matrix consisting of n copies
of the row vector 1. Note that for x = 1 we have that
∥Ax∥1 = n and ∥Ax∥22 = n. We wish to construct a
subspace embedding, preserving both norms up to a factor
of two. To this end, assume that we have a reduced and
reweighted matrix A′ ∈ Rm×1 with ∥A′x∥1 ≥ n/2. Then
we also have that ∥A′x∥22 ≥ ∥A′x∥21/m ≥ n2/(4m). Now,
we also require that ∥A′x∥22 ≤ 2n. Combining both in-
equalities implies that 2n ≥ n2/(4m) which is equivalent
to m ≥ n/8. We conclude that any subspace embedding
without auxiliary weights that preserves both, the ℓ1, and
the ℓ2 norm up to a factor of 2 requires at least Ω(n) rows.

In stark contrast to this impossibility result, using proba-
bilities pi ≥ l

(1)
i + l

(2)
i , standard sensitivity sampling al-

lows us to take Õ(ε−2d2) samples S and reweight them
by w such that

∑
i∈S wi|aix| = (1 ± ε)∥Ax∥1, and∑

i∈S wi|aix|2 = (1± ε)∥Ax∥22 hold simultaneously.

To leverage this fact and improve the sampling complexity
to linear, we need to open up and generalize large parts
of the work of Woodruff & Yasuda (2023c) to deal with
weighted ℓp norms, which we define as follows:
Definition 2.1. Given a vector v ∈ Rn, p ∈ [1,∞) and
weights w ∈ Rn

≥1, we let

∥v∥w,p :=

(
n∑

i=1

wi|vi|p
)1/p

.

For the ℓ∞ norm, we also let

∥v∥w,∞ := lim
p→∞

∥v∥w,p = max
i∈[n]

|vi|.

and
∥v∥w,∞,p := max

i∈[n]
|w1/p

i vi|
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2.1. Outline of the analysis

The full formal details can be found in the appendix. Here
we provide an outline for the proofs of our main results.
We note that some definitions or notation might slightly
differ from the appendix for the sake of a clean and concise
presentation. The proof consists of several main steps for
which we give high level descriptions:

2.1.1. BOUNDING BY A GAUSSIAN PROCESS

The first step is to bound the approximation error by a Gaus-
sian process. Note that the subspace embedding guarantee
of Equation (3) will be achieved when

Λ := supx∈Rd |f(Ax)− fw(SAx)| ≤ εf(Ax),

where fw(Ax) =
∑n

i=1 wih(aix), and S ∈ {0, 1}m×n is
a sampling matrix with exactly one non-zero entry in each
row such that SA consists of m rows out of n from the data
matrix A. By homogeneity of the loss functions, we can
restrict the analysis to the case that f(Ax) = 1, and our
goal is to bound the above term by ε.

To this end, we bound higher moments of the expected
error using a standard symmetrization and Gaussianization
argument by

E
S
|Λ|l ≤ (2π)l/2 E

S,g
supf(Ax)=1

∣∣∣∣∣∑
i∈S

giwih(aix)

∣∣∣∣∣
l

,

where the expectation is taken over the random subsample,
represented by S, and on the right hand side additionally
over i.i.d. standard Gaussians gi ∼ N(0, 1).

The sum on the right hand side is a Gaussian process that
induces a pseudo metric, such that for all y = SAx, y′ =
SAx′, we have dX(y, y′) := E

g∼N (0,Im)

(∑
i∈S

giwih(yi)−
∑
i∈S

giwih(y
′
i))

)2
1/2

acting in the reduced and reweighted space.

For bounding the Gaussian process, we use a slightly
adapted moment bound of Woodruff & Yasuda (2023c)

E[|Λ|l] ≤ (CE)l(E/D) +O(
√
lD)l.

which follows from a tail bound due to Sudakov, which is
sometimes attributed to Dudley. See (Dudley, 2016; Ledoux
& Talagrand, 1991) for bibliographical discussion and refer-
ences.

Here, C is a sufficiently large absolute constant, E is an
upper bound on the entropy of the Gaussian process, and D
is an upper bound on the diameter of the set TS := TS(A) =

{SAx | x ∈ Rd, f(Ax) = 1} according to the pseudo-
metric, i.e., sup{dX(y, y′) | y, y′ ∈ TS(A)} ≤ D.

Note, that we can accomplish our goal by using the moment
bound for an appropriately large choice of l and applying
Markov’s inequality. Our remaining task thus reduces to
bounding the diameter, and the entropy, and to quantify the
required value of l, which will also determine a sufficient
subsample size.

2.1.2. BOUNDING THE DIAMETER

We bound the diameter by relating it to the approximation
error and to the largest possible coordinate in the reduced
and reweighted ℓp norm vector among all vectors that satisfy
f(Ax) = 1. More specifically, let

σ := supf(Ax)=1∥SAx∥pw,∞,p

Note that σ is similar to the largest ℓp leverage score. Also
define

G := 1 + supf(Ax)=1 |fw(SAx)− f(Ax)|.

Then we prove that the diameter with respect to the pseudo
metric is bounded by

diam(TS(A)) ≤ 4(Gσ)1/2.

We remark here, that this requires special care when treating
the p-ReLU function h(t) = max{0, t}p so not to loose
additional µ factors unnecessarily. But in the final step, it
can simply be upper bounded by the proper norm function
since max{0, t}p ≤ |t|p for all t ∈ R. Thus, the same
diameter bound applies to both functions without additional
µ dependence.

2.1.3. BOUNDS ON COVERING NUMBERS

Before we can proceed with bounding the entropy of the
Gaussian process, we first need to bound the smallest num-
ber of (weighted) ℓq balls of certain radius t that are required
to cover ℓp balls, for various values of p, q ∈ [1,∞).

To this end, we define balls according to the weighted norms.
Given a Matrix A′ ∈ Rm×d, a weight vector w ∈ Rn and
q ≥ 1, we set

Bq
w := Bq

w(A
′) = {x ∈ Rd | ∥A′x∥w,q ≤ 1}.

For any p, q ≥ 1 and t > 0, let the covering number
E(Bp

w, B
q
w, t) denotes the minimum cardinality of a set

N of Bq
w balls of radius t required to cover the unit Bp

w ball.
That is, N is chosen such that for any x ∈ Bp

w there exists
x′ ∈ N with ∥x− x′∥w,q ≤ t. This enables chaining argu-
ments to construct a sequence of t-nets at different scales,
which can be smaller than using one single ε-net, i.e., one
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fixed scale for the entire space. See Nelson (2016) for a
survey on chaining techniques and applications.

To bound the covering numbers, we aim at applying a so-
called Dual-Sudakov-minoration result (see Bourgain et al.,
1989). Let ∥·∥X be a norm, and let B ⊆ Rd denote the
Euclidean unit ball in d dimensions. Then,

logE(B, ∥·∥X , t) ≤ O(d)
M2

X

t2

where MX denotes the Lévy mean

MX :=
Eg∼N (0,Id)∥g∥X
Eg∼N (0,Id)∥g∥2

.

It is well known that the denominator is Θ(
√
d), therefore

the previous bound reduces to

logE(B, ∥·∥X , t) ≤ O(1)
(Eg∼N (0,Id)∥g∥X)2

t2
.

A very important step in the proof is thus the following
bound, which also required to be reproved to account for
the weighted norm for q ≥ 2.

Consider an orthonormal matrix A′ ∈ Rm×d and w ∈ Rn
≥1.

Let τ ≥ maxmi=1 wi

∥∥eTi A′
∥∥2
2

be the largest weighted ℓ2
leverage score. Then we have that

E
g∼N (0,Id)

∥A′g∥w,q ≤ m1/q√q · τ .

Here is also where the ℓ2 leverage scores play a role in
our bounds, and will later be used together with the ℓp
leverage scores in order to balance the diameter bound with
the entropy bound.

This bound allows us to control the covering numbers for
various ℓq norms, including the ℓ∞ norm for the respective
weighted balls. In particular, we obtain bounds on the num-
ber of weighted ℓ∞ balls required to cover weighted ℓp balls,
by first covering Bp

w using B2
w balls and then covering each

B2
w ball again with B∞

w balls. Applying a chaining tech-
nique using a telescoping sum over varying scales, yields a
bound of roughly

logE(Bp
w, dX , t) = O(1)

τ logm

tp
. (6)

2.1.4. BOUNDING THE ENTROPY

For bounding the entropy, we need to control the following
quantity ∫ ∞

0

√
logE(TS , dX , t) dt.

To this end, we first derive the following final covering
bounds: one for small t with a logarithmic dependence

on t−1 and a different bound for larger t with a squared
dependence on t−1 but lower dependence on d.

1) logE(TS , dX , t) ≤ O(d) log

(
Gm

t

)
,

2) logE(TS , dX , t) ≤ O(logm)
G2τ

t2
.

The first item follows by relating to the unweighted case,
where a simple net construction suffices, i.e.,

logE(Bp
w, B

∞
w , t) ≤ logE(Bp, B∞, t)

≤ O(d) log

(
Gm

t

)
.

In fact, this is the only place in our proof where the weighted
case can simply be reduced to the unweighted case. The sec-
ond bound follows by applying the previous Equation (6).

We split the entropy integral at an appropriate point λ into∫ λ

0

√
logE(TS , dX , t) dt+

∫ D

λ

√
logE(TS , dX , t) dt

where the latter can be cut off at our previous diameter
bound D because when the integral exceeds the diameter, it
becomes 0.

The two parts of the integral can now be bounded using the
covering bounds 1) respectively 2) from above. That is, for
small radii less than λ we use the first bound and for radii
larger than λ, we use the the second bound.

Choosing the right value for λ so as to keep both terms
appropriately small, we obtain the following entropy bound:∫ ∞

0

√
logE(TS , dX , t)dt ≤ O(Gτ1/2)(logm)

1/2
log

dσ

τ

Note, in particular the dependence on the weighted largest
ℓ2 leverage score τ which will be crucial to balance the
diameter with the entropy bound in the main proof.

2.1.5. OUTLINE OF THE MAIN PROOF

We have now worked out all pieces that we need in order
to prove our main result given in Theorem 1.5. Again, we
refer to the appendix for the full technical details. Here, we
present a sketch of the final proof:

Let us begin with the sample size m. This is handled in a
standard way by defining an indicator random variable that
attains Xi = 1 if row i is in the sample and otherwise it
attains Xi = 0. The expected size equals

E

(
n∑

i=1

Xi

)
=

n∑
i=1

pi = α

(
1 + µ

n∑
i=1

l
(p)
i +

n∑
i=1

l
(2)
i

)
.
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Since d ≥ 1,
∑n

i=1 l
(p)
i ≤ d, and

∑n
i=1 l

(2)
i = d, we can

thus bound the expected size by

αd ≤ E

(
n∑

i=1

Xi

)
≤ 3αµd.

An application of Chernoff’s bounds yields in particular that
m ≤ 6αdµ holds with probability at least 1− δ.

Next, note that by our choice of α it holds that m ≥ Õ(d+
log(1/δ)), and each sample is taken with probability pi ≥
l
(2)
i . This is sufficient to achieve the ℓ2 norm subspace

embedding up to a factor 1/2 with probability at least 1− δ
(Mahoney, 2011).

It allows us to relate τ to the largest weighted ℓ2 leverage
score of the original matrix, rather than the subsample, i.e.,

τ ≤ 4max
i∈[n]

wil
(2)
i .

We assume without loss of generality that 0 < pi < 1 and
thus noting that αl(2)i < pi < 1, we have that wil

(2)
i =

l
(2)
i /pi ≤ 1/α and thus τ ≤ 4/α. A very similar argument

yields σ ≤ 1/α. Consequently, we have that

σ ≈ τ ≈ 1/α.

Plugging this into our diameter bound, we obtain

4(Gσ)1/2 ≤ 8(G/α)1/2 ≤ G
ε

2
√
l
:= D,

where l = Θ(ε2α) for a suitable constant.

Plugging this into the entropy integral bound, we obtain∫ ∞

0

√
logE(TS , dX , t) dt ≤ Gε/8 := E

Finally, we found bounds for D, and E which are suit-
ably balanced and allow us to apply the moment bound
of Woodruff & Yasuda (2023c), which yields

E[|Λ|l] ≤ (C ′E)l(E/D) +O(
√
lD)l ≤ Clεlδ,

for suitably large absolute constants C ′ ≤ C.

Using this higher moment bound in an application of
Markov’s inequality, we get that |Λ| ≤ Cε holds with prob-
ability at least 1− δ, since

Pr(|Λ| ≥ Cε) = Pr(|Λ|l ≥ Clεl) ≤ Clεlδ

Clεl
= δ.

This concludes the proof by taking a union bound over the
three probabilistic events, and rescaling ε and δ respectively.

3. Application to logistic regression
Here we provide an outline and some high level intuition
behind the proof of our second result given in Theorem 1.6.

The logistic loss function is given by

f(Ax) :=

n∑
i=1

ln(1 + exp(aix)),

so in our previous notation we have to deal with individual
loss functions h(r) = ln(1 + exp(r)).

Unfortunately, f does not fully satisfy the assumptions of
our main theorem. Therefore, we cannot apply Theorem 1.5
directly. Instead, we observe that f can be rewritten in terms
of the coordinate-wise ReLU function and the remainder.

We thus split f into two parts f(Ax) = f1(Ax) + f2(Ax)
as follows:

f(Ax) =

n∑
i=1

ln(1 + exp(aix))

=

n∑
i=1

ln(1 + exp(−|aix|)) +
n∑

i=1

max{0, aix}

=

n∑
i=1

h1(aix) +

n∑
i=1

h2(aix)

= f1(Ax) + f2(Ax).

Using this split, we show that taking a sample S with
probabilities pi = min{1, α(µl(1)i + l

(2)
i + µd/n))} where

α = O( log
3(µd log(δ−1)/ε)+ln(δ−1)

ε2 ) preserves the logistic
loss function for all x ∈ Rd up to a relative error of at most
ε. Note, that we oversample only by a linear factor µ.

Indeed, this allows the p-ReLU function h2(r) =
max{0, r}p, with p = 1 to be handled by a direct appli-
cation of our main result, which yields

∀x ∈ Rd : |f2(Ax)− f2,w(SAx)| ≤ εf2(Ax).

The remaining part f1(Ax) is a bounded function, and can
be handled by the uniform part of our sample. We note that
this can be proven by a simple additive concentration bound,
and charging the additive error by the optimal cost.

We take a slight detour using the standard sensitivity frame-
work, which allows us to draw from existing previous
work and saves a lot of technicalities. To this end, we
restrict the function h(r) to the negative domain to obtain
h̃ : R≥0 → R≥0 with h̃(r) = ln(1 + exp(−r)).

Now, observe that f1 can be rewritten as

f1(Ax) = f
(1)
1 (Ax) + f

(2)
1 (Ax)− 2

n

µ
,

8
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where
f
(1)
1 (Ax) =

n

µ
+
∑

aix≥0

h̃(aix)

and
f
(2)
1 (Ax) =

n

µ
+
∑

aix<0

h̃(−aix).

Next, we observe that since h̃(r) ≤ h̃(0) = ln(2) < 1, and
f
(1)
1 , f

(2)
1 ≥ n

µ , we have that each sensitivity for both of the
two functions is bounded by ςi ≤ µ

n , and the total sensitivity
is O(µ).

Using the strict monotonicity of both functions, we can
relate the VC dimension of a set system associated with
the two functions to the VC dimension of affine hyperplane
classifiers. Using a thresholding and rounding trick, this
yields a final VC dimension bound of O(d log(µ/ε)). These
arguments are standard from recent literature, see Munteanu
et al. (2018; 2022) for details.

Putting the VC dimension and sensitivity bounds into the
standard sensitivity framework and defining the approximate
functions

f
(1)
1,w(SAx) =

n

µ
+
∑

aix≥0

wih̃(aix)

and similarly

f
(2)
1,w(SAx) =

n

µ
+
∑

aix<0

wih̃(−aix).

yields for both i ∈ {1, 2} separately that

∀x ∈ Rd :
∣∣∣f (i)

1 (Ax)− f
(i)
1,w(SAx)

∣∣∣ ≤ εf
(i)
1 (Ax),

each with probability at least 1− δ.

Now, by a union bound, and using the triangle inequality
we can put all three approximations together, which yields∣∣∣∣f(Ax)− fw(SAx)

∣∣∣∣
=

∣∣∣∣f (1)
1 (Ax) + f

(2)
1 (Ax)− 2n

µ
+ f2(Ax)

−f
(1)
1,w(SAx)− f

(2)
1,w(SAx) +

2n

µ
− f2,w(SAx)

∣∣∣∣
≤
∣∣∣f (1)

1 (Ax)− f
(1)
1,w(SAx)

∣∣∣+ ∣∣∣f (2)
1 (Ax)− f

(2)
1,w(SAx)

∣∣∣
+ |f2(Ax)− f2,w(SAx)|

≤ ε
(
f
(1)
1 (Ax) + f

(2)
1 (Ax) + f2(Ax)

)
≤ εf(Ax) + 2ε

n

µ
≤ 3εf(Ax).

with probability at least 1− 3δ. We conclude the proof by
rescaling ε, and δ.

As a final remark, previous work aimed at approximating
the coordinate-wise ReLU function f2(Ax) by bounding
the error additively to within an ε fraction of the ℓ1 norm
and then using a rescaled ε′ = ε/µ to relate the ℓ1 norm
back to the ReLU function.

Since the dependence on ε is typically quadratic, this ap-
proach is prone to a µ2 factor in the final sample size. Our
direct approximation of the ReLU function handled via The-
orem 1.5 requires oversampling by only µl

(p)
i , which results

in a linear µ dependence for logistic regression as well.

4. Conclusion and open directions
In this paper, we resolve the sample complexity of ℓp
subspace embedding via ℓp sensitivity sampling for all
p ∈ [1, 2].

Specifically, our work establishes new Ω̃(d2−p/2) lower
bounds against pure ℓp leverage score sampling, showing
that upper bounds implied by previous work of Chen &
Derezinski (2021) are tight in the worst case up to polyloga-
rithmic factors.

By generalizing the approach of Woodruff & Yasuda (2023c)
to deal with weighted norms and augmenting ℓp sampling
probabilities with ℓ2 leverage scores, our work strength-
ens previous upper bounds of Chen & Derezinski (2021);
Woodruff & Yasuda (2023c) for all p ∈ [1, 2] to linear
Õ(ε−2(S(p) + d)) sample complexity, matching known
Ω̃(d/ε2) lower bounds by Li et al. (2021) in the worst case.

In particular, this resolves an open question of Woodruff &
Yasuda (2023c) in the affirmative for p ∈ [1, 2] and brings
the conceptually and computationally simple sensitivity sub-
sampling approach into the regime that was previously only
known to be possible using Lewis weights (Cohen & Peng,
2015), or other alternatives (Jambulapati et al., 2023).

As an application of our results, we also obtain the first
fully linear Õ(ε−2µd) bound for approximating logis-
tic regression, obtained via a special treatment of the p-
generalization of the ReLU function, and improving over
a previous Õ(ε−2µ2d) bound (Mai et al., 2021) as well as
over Õ(ε−2µdc) bounds with c ≫ 1. Our p-generalization
of the ReLU function suggests similar improvements for p-
generalized probit regression (Munteanu et al., 2022), which
we leave as an open problem.

We note that in the case of p > 2, our generalization does not
yield an improvement over the previous bounds of Woodruff
& Yasuda (2023c). Therefore, obtaining Õ(ε−2(S(p) +
d)) bounds or any improvement towards that goal remains
an important open problem for future research. Further,
we hope that our methods will help to improve sensitivity
sampling bounds for other, more general loss functions, and
distance based loss functions beyond ℓp norms.
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A. Setting
We are given some dataset consisting of n points ai ∈ Rd for i ∈ [n] where d ≪ n. We set A ∈ Rn×d to be the matrix with
rows ai. Further we are given a possibly weighted function fw(v) =

∑n
i=1 wih(aix) for some function h : R → R≥0 that

measures the contribution of each point. We drop the subscript if the weights are uniformly wi = 1 for all i ∈ [n]

Specifically, we consider in this paper h(r) = |r|p and h(r) = max{0, r}p for p ∈ [1,∞). We will also extend the latter
case for p = 1 to logistic regression h(r) = ln(1 + exp(r)).

Our goal is to show that when sampling with probability proportional to a mixture of the ℓp-leverage scores, the ℓ2-leverage
scores and 1/n, then with a sample of m ≪ n elements we can guarantee with failure probability at most δ that it holds that

supx∈Rd |f(Ax)− fw(SAx)| ≤ εf(Ax), (7)

where S ∈ {0, 1}m×n is a sampling matrix with exactly one non-zero entry in each row such that SA extracts m rows out
of n from the data matrix A, see Definition C.6.

We first prove a lower bound against pure ℓp leverage score sampling. The remainder is dedicated to proving our main
results, namely optimal upper bounds for ℓp sensitivity sampling with ℓ2 augmentation.

B. Lower bound against pure ℓp leverage score sampling
Theorem B.1. There exists a matrix A ∈ Rm×2d, for sufficiently large m ≫ 2d, such that if we sample each row i ∈ [n]

with probability pi := min{1, kl(p)i } for some k ∈ N, then with high probability, the ℓp subspace embedding guarantee (see
Equation (5)) does not hold unless k = Ω(d2−p/2/(log d)p/2).

Proof. Theorem 1.6 of (Woodruff & Yasuda, 2023c) implies the existence of an n× d matrix A1 of full-rank d, where the
dimensions n ≥ d are sufficiently large and A1 has total ℓp sensitivity O((d log d)p/2).

Let A2 be an n′ × d matrix, where n′ ≥ n is divisible by d, that consists of the identity matrix stacked n′/d times. Note,
that it has total ℓp sensitivity d by construction. We let m = n+ n′.

We combine the two matrices to get A =

[
A1 0
0 A2

]
. Note that by construction, A ∈ Rm×2d has full rank 2d and its total

ℓp sensitivity is O((d log d)p/2) + d ≥ d.

Obtaining an ℓp subspace embedding for A requires to preserve the rank, which requires at least d rows from each matrix,
A1 and A2, to be sampled.

Sampling via pure ℓp scores as defined in the theorem, the probability to hit a row from A1 is bounded above by
κ(d log d)p/2/d for some absolute constant κ.

Thus, if we sample less than d2−p/2

4κ(log d)p/2
rows of A, the expected number of rows that we collect from A1 is bounded by

d2−p/2

4κ(log d)p/2
· κ(d log d)

p/2

d
= d/4.

By a standard application of Chernoff’s bound, our sample will thus comprise less than d/2 < d rows from A1 with high
probability, implying that the subsample is rank deficient.

This proves an Ω(d2−p/2/(log d)p/2) lower bound against ℓp subspace embeddings via pure ℓp leverage score sampling.

C. Preliminaries
C.1. Covering numbers

Covering numbers are the minimum numbers to cover one shape or body using multiple (possibly overlapping) copies of
another shape or body. A prominent example is the minimum number of Euclidean balls of radius 1/2 to cover the unit
radius Euclidean ball.
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More generally, if the second body is an ε-ball with respect to a certain metric then the covering number corresponds to the
minimum size of an ε-net.

Given two convex bodies T,K ⊆ Rd, we define the covering number E(T,K) by

E(T,K) = infk∈N{∃X ⊆ Rd, T ⊆
⋃
x∈X

x+K}

where x+K = {y = x+ z | z ∈ K} denotes the Minkowski sum.

Further, given a metric dX and t ≥ 0, we define the ball of radius t, denoted BX(t), by

BX(t) = {x ∈ Rd | dX(0, x) ≤ t}.

Further we define E(T, dX , t) to be the minimum cardinality of any t-net of T with respect to dX , formally

E(T, dX , t) = inf{|N | | N ⊂ T, for any x ∈ T there exists x′ ∈ N with dX(x, x′) ≤ t}

If for any x′, x ∈ T it holds that dX(x, x′) ≤ dX′(0, x− x′) then it holds that E(T, dX , t) ≤ E(T,BX′(t)).

Given ε > 0 we say that N ⊂ Rd is an ε-net of T with respect to dX if for any point x ∈ T there exists a point y ∈ N such
that dX(x, y) ≤ ε. In particular, it holds for any ε-net N that E(T, dX , ε) ≤ |N |.

Dual Sudakov Minoration The following result will help us bounding covering numbers for the case where T is the
Euclidean ball.

Definition C.1 (Lévy mean). Let ∥·∥X be a norm. Then, the Lévy mean of ∥·∥X is defined as

MX :=
Eg∼N (0,Id)∥g∥X
Eg∼N (0,Id)∥g∥2

.

Bounds on the Lévy mean imply bounds for covering the Euclidean ball by ∥·∥X -balls using the following result:

Theorem C.2 (Dual Sudakov minoration, Proposition 4.2 of Bourgain et al., 1989). Let ∥·∥X be a norm, and let B ⊆ Rd

denote the Euclidean unit ball in d dimensions. Then,

logE(B, ∥·∥X , t) ≤ O(d)
M2

X

t2

C.2. Dudleys theorem

The following moment bound follows from the so-called Dudley’s theorem and is one of the main tools we use in our
analysis:

Lemma C.3 (Woodruff & Yasuda, 2023c, slightly modified). Let (Xt)t∈T be a Gaussian process with pseudo-metric
dX(s, t) := ∥Xs −Xt∥2 =

√
E(Xs −Xt)2. Further let diam(T ) := sup{dX(s, t) : s, t ∈ T} ≤ D be a bound on the

diameter of dX on T and
∫∞
0

√
logE(T, dX , u) du ≤ E be a bound on the entropy. Then, there is a constant C = O(1)

such that for
Λ := E supt∈T Xt

it holds that
E[|Λ|l] ≤ (2E)l(E/D) +O(

√
lD)l.

The only modification is that we consider a more general Λ than Woodruff & Yasuda (2023c). However, we stress that their
proof remains unchanged.

The moment bound can be used for a suitably large choice of l to obtain low failure probability bounds using Markov’s
inequality. The moment parameter l has two functions: first, it allows us to remove the dependence on the term (E/D),
more precisely to replace it by 2l which holds whenever l ≥ log2(E/D). Second, by choosing l ≥ log(δ−1) we can bound
the failure probability by δ while having only an additive log(δ−1) in the sample size. The task then reduces to obtaining
best possible bounds for the diameter D and the entropy E to allow a small sample size.
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C.3. Definitions

Let p ∈ [1,∞] and h : R \ {0} → R≥0 be either the function with h(y) = |r|p or h(y) = max{r, 0}p. Further given a data
set A ∈ Rn×d consisting of rows a1, . . . , an ∈ Rd and a weight vector w ∈ Rn

≥1 and x ∈ Rd we set

fw(Ax) =

n∑
i=1

wih(aix).

Definition C.4 (µ-complex,Munteanu et al., 2018; 2022, slightly modified). Given a data set A ∈ Rn×d we define the
parameter µ as

µ(A) = sup∥Ax∥p=1

∥Ax∥pp
∥(Ax)−∥pp

= sup∥Ax∥p=1

∥Ax∥pp
∥(Ax)+∥pp

,

where (Ax)+, and (Ax)− are the vectors comprising only the positive resp. negative entries of Ax and all others set to 0.

Definition C.5 (ℓp-leverage scores). Given a data set A ∈ Rn×d we define the i-th ℓp leverage score of A by

l
(p)
i = supx∈R\{0}

|aix|p

∥Ax∥pp
.

Definition C.6 (sampling). For i ∈ [n] let pi ∈ (0, 1]. Then sampling with probability pi is the following concept: We
sample point ai with probability pi and set its weight to wi = 1/pi. This sampling process can also be described using a
matrix S ∈ {0, 1}m×n where m is the number of sampled elements and Sij = 1 if and only if j = j(i) ∈ [n] is the i-th
sample. The weight vector w ∈ Rn

≥1 is then defined by wi = wj(i). We slightly overload the notation and identify with S
either the sampling matrix or the set of sampled indices.

Note that, different to most previous work, we do not put the weights into the matrix S.

The following definition extends norms to work with (auxiliary) weights.

Definition C.7 (weighted norms). Given a vector v ∈ Rn, p ∈ [1,∞) and weights w ∈ Rn
≥1, we let

∥v∥w,p :=

(
n∑

i=1

wi|vi|p
)1/p

.

For the ℓ∞ norm, we also let

∥v∥w,∞ := lim
p→∞

∥v∥w,p = max
i∈[n]

|vi| and ∥v∥w,∞,p := max
i∈[n]

|w1/p
i vi|.

D. Outline of the analysis
The proof consists of several main steps, where the goal is to apply Lemma C.3 to bound the deviation of the weighted
subsample from the original function:

1) First, we show that the deviation of the weighted subsample from the original function can be bounded by a Gaussian
process.

2) We give a bound on the diameter of the Gaussian process of step 1).

3) To bound the entropy, we first generalize some of the theory presented in (Woodruff & Yasuda, 2023c) to cope with
auxiliary weights.

4) Using the results of 2) and 3), we are able to bound the entropy of the Gaussian process of step 1).

5) We then put everything together and proceed by proving the main theorem.
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E. Bounding by a Gaussian process
We will analyze the following term:

E
S
supf(Ax)=1 |fw(SAx)− f(Ax)|ℓ (8)

for some integer ℓ ≥ 1. Since both functions h(r) = |r|p and h(r) = max{0, r}p are absolutely homogeneous, and we
are interested in a relative error approximation, it suffices to consider points x ∈ Rd with f(Ax) = 1. Towards applying
Lemma C.3, we first bound above term by a Gaussian process:

Lemma E.1. For ℓ ≥ 1 it holds that

E
S
supf(Ax)=1 |fw(SAx)− f(Ax)|ℓ ≤ (2π)ℓ/2 E

S,g
supf(Ax)=1

∣∣∣∣∣∑
i∈S

giwih(aix)

∣∣∣∣∣
ℓ

where gi are independent standard Gaussians.

Proof. We first note that |c+ ·|ℓ is a convex function for any c ∈ R and the sup over convex functions is again convex. Thus
by applying Jensen’s inequality twice, we have that

E
S
supfw(Ax)=1 |fw(SAx)− f(Ax)|ℓ = E

S
supf(Ax)=1 |fw(SAx)− f(Ax) + 0|ℓ

= E
S
supf(Ax)=1 |fw(SAx)− f(Ax) + E

S′
(f(Ax)− fw′(S′Ax))|ℓ

≤ E
S
supf(Ax)=1 E

S′
|fw(SAx)− f(Ax) + (f(Ax)− fw′(S′Ax))|ℓ

≤ E
S,S′

supf(Ax)=1 |fw(SAx)− fw′(S′Ax)|ℓ,

where S′, w′ are a second realization of our sampling matrix, and the corresponding weights.

The last term is bounded by

E
S,S′

supf(Ax)=1 |fw(SAx)− fw′(S′Ax)|ℓ = E
S,S′

supf(Ax)=1

∣∣∣∣∣∑
i∈S

wih(aix)−
∑
i∈S′

wih(aix)

∣∣∣∣∣
ℓ

≤ E
S,S′,σ

supf(Ax)=1

∣∣∣∣∣ ∑
i∈S∪S′

σiwih(aix)

∣∣∣∣∣
ℓ

where σi ∈ {−1, 1} are uniform random signs indicating whether i are sampled by S or S′. Terms that are sampled by both
cancel and can thus only decrease the expected value. We may thus assume that no index is sampled in both copies S, S′.
Further note that two copies of the same process can at most increase the expected value by a factor of two. Thus, we get that

E
S
supf(Ax)=1 |fw(SAx)− f(Ax)|ℓ ≤ E

S,σ
supf(Ax)=1

∣∣∣∣∣2∑
i∈S

σiwih(aix)

∣∣∣∣∣
ℓ

= 2ℓ E
S,σ

supf(Ax)=1

∣∣∣∣∣∑
i∈S

σiwih(aix)

∣∣∣∣∣
ℓ

.

Finally, note that

2ℓ E
S,σ

supf(Ax)=1

∣∣∣∣∣∑
i∈S

σiwih(aix)

∣∣∣∣∣
ℓ

≤ (2π)ℓ/2 E
S,g

supf(Ax)=1

∣∣∣∣∣∑
i∈S

giwih(aix)

∣∣∣∣∣
ℓ

,

where gi are independent standard Gaussians, using a comparison between Rademacher and Gaussian variables (see, e.g.,
Lemma 4.5, and Equation 4.8 of Ledoux & Talagrand, 1991).

Given a realization S we set GS := 1 + supf(Ax)=1 |fw(SAx) − f(Ax)|. Then, we have that supf(Ax)=1 |fw(SAx) −
f(Ax)| = GS − 1. We thus get the following corollary
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Corollary E.2. For ℓ ≥ 1 it holds that

E
S
(GS − 1)ℓ ≤ (2π)ℓ/2 E

S,g
supf(Ax)=1

∣∣∣∣∣∑
i∈S

giwih(aix)

∣∣∣∣∣
ℓ

.

Our goal is now to bound the right hand side of Corollary E.2 using Lemma C.3. To this end, we will dedicate the following
sections to bounding the diameter and the entropy of the Gaussian process (2π)ℓ/2 ES,g supf(Ax)=1 |

∑
i∈S giwih(aix)|ℓ.

F. Analyzing the Gaussian pseudo metric
In the following sections we consider a fixed realization S. We set

G := GS = 1 + supf(Ax)=1 |fw(SAx)− f(Ax)| ≥ supf(Ax)=1 fw(SAx) (9)

and for y, y′ ∈ Rm we define

dX(y, y′) =

 E
g∼N (0,Im)

(∑
i∈S

giwih(yi)−
∑
i∈S

giwih(y
′
i))

)2
1/2

.

TA = {x ∈ Rd | f(Ax) = 1} ⊆ {x ∈ Rd | ∥Ax∥pp ≤ µ}

and σ = maxi wil
(p)
i . Further we set TS = SA(TA) = {y ∈ Rm | y = SAx, x ∈ TA}

F.1. Bounding the diameter

Before bounding the diameter we prove the following lemma:

Lemma F.1. If p ∈ (0, 2] for any r, r′ ∈ R holds that

||r|p/2 − |r′|p/2| ≤ |r − r′|p/2.

and
|max{0, r}p/2 −max{0, r′}p/2| ≤ |max{0, r} −max{0, r′}|p/2.

Proof. Let 0 ≤ a ≤ b. For p ∈ (0, 2] note that p/2− 1 ≤ 0, and in the following calculation t ≥ t− a. We thus have that

bp/2 − ap/2 =

∫ b

a

(p/2)tp/2−1 dt ≤
∫ b

a

(p/2)(t− a)p/2−1 dt =

∫ b−a

0

(p/2)tp/2−1 dt = (b− a)p/2.

Assuming without loss of generality that |r| ≥ |r′|, we can apply this followed by a triangle inequality to get

|r|p/2 − |r′|p/2 ≤ (|r| − |r′|)p/2 ≤ |r − r′|p/2.

Similarly, if r, r′ ≥ 0, we have that

|max{0, r}p/2 −max{0, r′}p/2| = |r|p/2 − |r′|p/2 ≤ |r − r′|p/2 = |max{0, r} −max{0, r′}|p/2

or, if r < 0 or r′ < 0 holds, then

|max{0, r}p/2 −max{0, r′}p/2| = max{0, r, r′}p/2 ≤ |max{0, r} −max{0, r′}|p/2.

The following lemma bounds dX by the weighted infinity norm for h(r) = |r|p. It allows us to deduce a bound on the
diameter and we will later need it to bound the entropy as well.
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Lemma F.2. Let p ∈ [1, 2] and let h(r) = |r|p. For any y, y′ ∈ Rm it holds that

dX(y, y′) ≤ (2(fw(y) + fw(y
′))∥y − y′∥pw,∞,p)

1/2. (10)

Further we have that

dX(y, 0) ≤ (fw(y)∥y∥pw,∞,p)
1/2. (11)

Proof. First note that since E(gigj) = 1i=j we have that

dX(y, y′)2 =
∑
i∈S

w2
i (h(yi)− h(y′i))

2.

Thus we have that

dX(y, y′)2 =

m∑
i=1

w2
i (h(yi)− h(y′i))

2

=

m∑
i=1

w2
i (h(yi)

1/2 − h(y′i)
1/2)2(h(yi)

1/2 + h(y′i)
1/2)2

Lemma F.1
≤

m∑
i=1

w2
i (|yi − y′i|p/2)2(h(yi)1/2 + h(y′i)

1/2)2

≤ ∥y − y′∥pw,∞,1/p ·
m∑
i=1

wi2(h(yi) + h(y′i)))

≤ 2∥y − y′∥pw,∞,1/p(fw(y) + fw(y
′)).

For the second part of the lemma note that

dX(y, 0)2 =

m∑
i=1

w2
i (h(yi)− h(0))2

=

m∑
i=1

w2
i h(yi)

2 ≤
m∑
i=1

wi|yi|pwih(yj) ≤ fw(y)∥y∥pw,∞,p.

We will now move our attention to h(r) = max{0, r}p.

Lemma F.3. Let p ∈ [1, 2] and let h(r) = max{0, r}p. For any y, y′ ∈ Rm, let (y)+ = (max{0, yi})mi=1 denote the vector
that contains only the non-negative entries of y and all others are set to 0. Then, it holds that

dX(y, y′) ≤ (2(fw(y) + fw(y
′))∥(y)+ − (y′)+∥pw,∞,p)

1/2. (12)

Further we have that

dX(y, 0) ≤ (fw(y)∥(y)+∥pw,∞,p)
1/2. (13)

Proof. First note that since E(gigj) = 1i=j we have that

dX(y, y′)2 =
∑
i∈S

w2
i (h(yi)− h(y′i))

2.

Thus we have that

dX(y, y′)2 =

m∑
i=1

w2
i (h(yi)− h(y′i))

2
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=

m∑
i=1

w2
i (h(yi)

1/2 − h(y′i)
1/2)2(h(yi)

1/2 + h(y′i)1/2)
2

Lemma F.1
≤

m∑
i=1

w2
i (|max{yi, 0} −max{y′i, 0}|p/2)2(h(yi)1/2 + h(y′i)

1/2)2

≤ ∥(y)+ − (y′)+∥pw,∞,1/p ·
m∑
i=1

wi2(h(yi) + h(y′i)))

≤ 2∥(y)+ − (y′)+∥pw,∞,1/p(fw(y) + fw(y
′)).

For the second part of the lemma note that

dX(y, 0)2 =

m∑
i=1

w2
i (h(yi)− h(0))2

=

m∑
i=1

w2
i h(yi)

2 ≤
m∑
i=1

wi max{0, yi}pwih(yi) ≤ fw(y)∥(y)+∥pw,∞,p.

We thus conclude the following bound on the diameter.

Lemma F.4. Let p ∈ [1, 2] It holds that diam(TS) ≤ 4(Gσ)1/2 where σ = supf(Ax)=1∥SAx∥pw,∞,p.

Proof. Let y, y′ ∈ TS . First note that there exist x, x′ ∈ TA with y = SAx and y′ = SAx′. We thus have by Equation (9)
that fw(y) ≤ G.

Next note that
∥(y)+∥pw,∞,p ≤ ∥y∥pw,∞,p ≤ supf(Ax)=1∥SAx∥pw,∞,p = σ.

Similarly, we have that fw(y′) ≤ G and ∥(y′)+∥pw,∞,p ≤ σ. By Lemma F.2 and using the triangle inequality we have that

dX(y, y′) ≤ (2(fw(y) + fw(y
′))∥y − y′∥pw,∞,p)

1/2 ≤ (8Gσ)1/2 ≤ 4(Gσ)1/2.

F.2. Bounds on covering numbers

Next, we aim to bound the entropy. To this end, we first need to bound the log of the covering numbers logE(T, dX , t).
We will use two bounds, one for small t with a small dependence on t−1 and a different bound for larger t with larger
dependence on t−1 but smaller dependence on d. For bounding the covering numbers we will use an approach similar to
Woodruff & Yasuda (2023c). Given a Matrix A′ ∈ Rm×d, a weight vector w ∈ Rn and q > 1, we set Bq

w := Bq
w(A

′) =
{x ∈ Rd | ∥A′x∥w,q ≤ 1}.

We will start with the following simple lemma that helps to gain a better understanding of covering numbers:

Lemma F.5. Let X ⊆ Rn with 0 ∈ X and r ∈ R≥0 and let rX = {rx | x ∈ X}. Further let θ ≥ 1 and dX be a metric.
Then it holds that

logE(rX, dθX , t) = logE(X, rθdθX , t) = logE(X, dX , (t/r)1/θ).

Further, let dX be a metric with d′X(y, 0) ≥ dX(y, 0) for all y ∈ Rd. Then it holds that

logE(X, dX , t) ≤ logE(X, d′X , t).

Proof. The first equality follows by homogeneity. For the second, notice that

{x ∈ Rn | rθdX(0, x)θ ≤ t} = {x ∈ Rn | dX(0, x) ≤ (t/r)1/θ}.
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For the inequality, observe that

{x ∈ Rn | dX(0, x) ≤ t} ⊇ {x ∈ Rn | d′X(0, x) ≤ t}.

Thus, we need more t-balls with respect to norm d′X sets to cover X than we need t-balls with respect to dX and consequently
logE(X, dX , t) ≤ logE(X, d′X , t).

We will now bound the number of q-balls we need to cover the Euclidean ball for q ≥ 2.

We note that since Eg∼N (0,Id)∥g∥2 = Θ(
√
d), Theorem C.2 implies

logE(B, ∥·∥X , t) ≤ O(1)
(Eg∼N (0,Id)∥g∥X)2

t2
.

We thus proceed with a bound on the enumerator:

Lemma F.6. Let q ≥ 2 and let A′ ∈ Rm×d and w ∈ Rm
≥1. Let τ ≥ maxmi=1 wi

∥∥eTi A′
∥∥2
2
. Then,

E
g∼N (0,Id)

∥A′g∥w,q ≤ m1/q√q · τ .

Proof. We have for each row a′i, i ∈ [n] that a′ig is distributed as a Gaussian random variable with zero mean and standard
deviation ∥a′i∥2. By a known bound for their q-th absolute moment, and applying the known upper bound on Stirling’s
approximation Γ(x+ 1) ≤

√
eπx

(
x
e

)x
, we obtain

E
g∼N (0,Id)

wi|a′ig|q = wi ·
2q/2Γ( q+1

2 )
√
π

∥a′i∥
q
2

≤ wi ·
2q/2√
π

·
√

eπ
q − 1

2

(
q − 1

2e

) q−1
2

· ∥a′i∥
q
2

≤ wi · 2q/2 · e−
q−1
2 + 1

2

(
q − 1

2

) q−1
2 + 1

2

· ∥a′i∥
q
2

≤ wi · e−
q−2
2 (q − 1)

q
2 · ∥a′i∥

q
2

≤ wi · qq/2 · ∥a′i∥
q
2 .

Then by Jensen’s inequality and linearity of expectation, we get

E
g∼N (0,Id)

∥A′g∥w,q ≤
(

E
g∼N (0,Id)

∥A′g∥qw,q

)1/q

=

(
m∑
i=1

wiq
q/2 · ∥a′i∥

q
2

)1/q

≤
(
m · qq/2 ·maxmi=1 wi∥a′i∥

q
2

)1/q
≤ m1/q · q1/2 ·maxmi=1 w

1/q
i ∥a′i∥2

= m1/q√q · τ .

By combining the above calculation with Theorem C.2, we obtain the following bound.

Corollary F.7. Let 2 ≤ q < ∞ and let A′ ∈ Rm×d be orthonormal with respect to the weighted ℓ2 norm. Let τ ≥
maxmi=1 wi

∥∥eTi A′
∥∥2
2
. Then,

logE(B2
w(A

′), ∥.∥w,q, t) ≤ O(1)
m2/qq · τ

t2
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Proof. Since A′ is orthonormal with respect to the weighted ℓ2 norm, B2
w(A

′) = B2
w is isometric to the Euclidean ball in d

dimensions, and thus Theorem C.2 applies.

We also get a similar result for q = ∞. To this end it suffices to apply Corollary F.7 with q = O(log n).

Corollary F.8. Let A′ ∈ Rm×d be orthonormal with respect to the weighted ℓ2 norm. Let τ ≥ maxmi=1 wi

∥∥eTi A′
∥∥2
2
. Then,

logE(B2
w, ∥.∥w,∞, t) ≤ O(1)

(logm) · τ
t2

.

Proof. We take a Bq
w cover, for q = 2 logm, of B2

w(A
′) whose size is bounded in Corollary F.7 by at most

C
m2/qq · τ

t2
= C

2e log(m) · τ
t2

≤ O(1)
log(m) · τ

t2

for an absolute constant C. Now we replace every q-ball with an ∞-ball with the same center and radius t. Note that for any
y ∈ Rm we have that ∥y∥∞ ≤ ∥y∥q. This implies that Bq

w ⊆ B∞
w for any fixed radius t. By this subset relation, the set of

∞-balls is a B∞
w cover of B2

w(A
′) of the same size.

By interpolation, we can improve the bound in Corollary F.7:

Lemma F.9. Let 2 < r < ∞ and let A′ ∈ Rm×d be orthonormal with respect to the weighted ℓ2 norm, for weights
w ∈ Rm

≥1. Let τ ≥ maxni=1 wi

∥∥eTi A′
∥∥2
2
. Let t−1 ≤ poly(m). Then,

logE(B2
w, B

r
w, t) ≤ O(1)

1

(t/2)2r/(r−2)
·
(

r

r − 2
log d+ logm

)
τ

Proof. Let q > r, and let 0 < θ < 1 satisfy
1

r
=

1− θ

2
+

θ

q
.

We define a measure ν : P([n]) → R≥0 by ν(T ) =
∑

i∈T wi for T ⊆ [n]. Then by Hölder’s inequality, we have for any
y ∈ Rm that

∥y∥w,r =

(
m∑
i=1

wi|y(i)|r(1−θ)|y(i)|rθ
)1/r

=

(∫
[n]

|y(i)2r|(1−θ)/2|y(i)rq|θ/q dν(i)

)1/r

≤

(∫
[n]

|y(i)|2 dν(i)

)(1−θ)/2(∫
[n]

|y(i)|q dν(i)

)θ/q

=

(
m∑
i=1

wi|y(i)|2
)(1−θ)/2( m∑

i=1

wi|y(i)|q
)θ/q

= ∥y∥1−θ
w,2 ∥y∥

θ
w,q

For any y ∈ B2
w we have that ∥y∥w,2 ≤ 1 and thus

∥y∥w,r ≤ ∥y∥1−θ
w,2 ∥y∥

θ
w,q ≤ ∥y∥θw,q = ∥y∥θw,q

so by Lemma F.5 and Corollary F.7

logE(B2
w, B

r
w, t) ≤ logE(B2

w, ∥.∥
θ
w,q, t) ≤ logE(B2

w, B
q
w, t

1/θ) ≤ O(1)
m2/qq · τ

t2/θ
.

Now, we have
2

θ
= 2

1
2 − 1

q
1
2 − 1

r

=
q − 2

q

2r

r − 2
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so by taking q = 2r
r−2 logm, we have that m2/q = exp( 2 ln(m)

q ) = O(1) and

t2/θ = t(
2r

r−2 logm−2)/ logm = t2r/(r−2)/t2/ log(m) = Θ(1)(t/2)2r/(r−2)

since t−2/ log(m) = poly(m)2/ log(m) = Θ(1), so we conclude our claim.

Using Lemma F.9, we obtain the following analogue of Corollary F.7 for p < 2.

Lemma F.10. Let 1 ≤ p < 2 and let A′ ∈ Rm×d be orthonormal with respect to the weighted ℓ2 norm. Let τ ≥
maxmi=1 wi

∥∥eTi A′
∥∥2
2

and t ≥ 1/ poly(d). Then,

logE(Bp
w, B

∞
w , t) ≤ O(1)

1

tp

(
log d

2− p
+ logm

)
τ.

Further if 2− p ≤ 1
ln(d) then we have that

logE(Bp
w, ∥.∥w,∞, t) = O(1)

(logm) · τ
tp

Proof. In order to bound a covering of Bp
w by B∞

w , we first cover Bp
w by B2

w, and then use Corollary F.8 to cover B2
w by

B∞
w .

We will first bound E(Bp
w, B

2
w, t) using Lemma F.9. For each k ≥ 0, let Ek ⊆ Bp

w be a maximal subset of Bp
w of minimum

size such that for every pair of distinct y, y′ ∈ Ek, ∥y − y′∥w,2 > 8kt, and for 8kt ≥ 1 we define Ek := {0} . Note that

|Ek| = E(Bp
w, B

2
w, 8

kt).

Since for any point in Bp
w and thus in particular for any point in Ek+1 there exists a point in Ek by averaging, for each k,

there exists y(k) ∈ Ek such that if

Fk :=
{
y ∈ Ek : ∥y − y(k)∥w,2 ≤ 8k+1t

}
,

then

|Fk| ≥
|Ek|

|Ek+1|
=

E(Bp
w, B

2
w, 8

kt)

E(Bp
w, B2

w, 8
k+1t)

We now use this observation to construct an ℓp′ -packing of B2
w, where p′ is the Hölder conjugate of p. Let

Gk :=

{
1

8k+1t
(y − y(k)) : y ∈ Fk

}
.

Then, Gk ⊆ B2
w and since for y, y′ ∈ Fk it holds that ∥y − y(k)∥w,p ≤ ∥y∥w,p + ∥y(k)∥w,p ≤ 2 we also have that

Gk ⊆ Bp
w · 2/8k+1t. Further since Fk ⊆ Ek it holds that ∥y − y′∥w,2 > 1/8 for every distinct y, y′ ∈ Gk. Then by Hölder’s

inequality,

1

82
≤ ∥y − y′∥2w,2 ≤ ∥y − y′∥w,p∥y − y′∥w,p′ ≤ (∥y∥w,p + ∥y′∥w,p)∥y − y′∥w,p′ ≤

4

8k+1t
∥y − y′∥w,p′

so ∥y − y′∥w,p′ ≥ 2 · 8k−2t which implies that the sets Sy = {x ∈ B2 | ∥x− y∥w,p′ ≤ 8k−2t} and Sy′ = {x ∈
B2 | ∥x− y′∥w,p′ ≤ 8k−2t} are disjoint for any different y, y′ ∈ Gk. Thus any maximal subset S ⊆ Rd such that for each
distinct y, y′ ∈ Ek, ∥y − y′∥w,p′ > 8k−2t must have at least one point in Sy for any y ∈ Gk. Consequently

logE(B2
w, B

p′

w , 8k−2t) ≥ log|Gk| = log|Fk| ≥ logE(Bp
w, B

2
w, 8

kt)− logE(Bp
w, B

2
w, 8

k+1t). (14)

Using that
p′

p′ − 2
=

(1− 1/p)−1

(1− 1/p)−1 − 2
=

(1− 1/p)−1

(1− 1/p)−1(1− 2(1− 1/p))
=

1

2/p− 1
=

p

2− p
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and summing over k gives

logE(Bp
w, B

2
w, t) =

∑
k≥0

logE(Bp
w, B

2
w, 8

kt)− logE(Bp
w, B

2
w, 8

k+1t)

≤
∑
k≥0

logE(B2
w, B

p′

w , 8k−2t) (14)

≤ O(1)
1

(t/2)2p′/(p′−2)
·
(

p′

p′ − 2
log d+ logm

)
τ Lemma F.9

= O(1)
1

(t/2)2p/(2−p)
·
(

p

2− p
log d+ logm

)
τ

where we take p′/(p′ − 2) = 1 for p′ = ∞. Combining this with Lemma F.5 and Corollary F.8, we now bound

logE(Bp
w, B

∞
w , t) ≤ logE(Bp

w, B
2
w, t

′) + logE(B2
w(t

′), B∞
w , t)

≤ logE(Bp
w, B

2
w, t

′) + logE(B2
w, B

∞
w , t/t′)

≤ O(1)
1

(t′)2p/(2−p)
·
(

p

2− p
log d+ logm

)
τ +O(1)

(logm) · τ
(t/t′)2

for any t′−1 ≤ poly(m). We choose t′ satisfying

1

(t′)2p/(2−p)
=

(t′)2

t2
,

which gives
t′ = t2/(2+2p/(2−p)) = t2(2−p)/4 = t1−p/2 ≥ t1/2

which implies that t′−1 ≤ poly(m). Further we get that

(t′)2p/(2−p) =
(
t2
) 2p/(2−p)

2+2p/(2−p) = tp

so we obtain a bound of

O(1)
1

tp

(
1

2− p
log d+ logm

)
τ.

For the final part of the lemma, first note that Bp ⊆ B2 and thus by Corollary F.8 and using that t−1 = O(dc) we have that

logE(Bp
w, ∥.∥w,∞, t) ≤ logE(B2

w, ∥.∥w,∞, t)

≤ O(1)
(logm) · τ

t2

= O(1)
(logm) · τ
tp · t2−p

= O(exp(log(dc)/(2− p))
(logm) · τ

tp

Thus if 1/(2− p) = Ω(ln(d)) then we have that logE(Bp
w, ∥.∥w,∞, t) = O(1) (logm)·τ

tp .

To deal with very small t we will need another lemma. We set Bq
1(A) = {x ∈ Rd | ∥Ax∥q ≤ 1}, i.e., the case where the

weights are uniformly 1.

Lemma F.11. For any 1 ≤ r ≤ q, any weight vector w ∈ Rn
≥1 and any t ∈ R≥1 it holds that

E(Br
1(A), Bq

1(A), t) ≥ E(Br
w(A), Bq

w(A), t).
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Proof. Assume that for N ⊆ Rn it holds that for any point in y ∈ Br
1(A) there exists a point x ∈ N such that ∥x− y∥q ≤ t.

Given x ∈ Rn we define x(q) ∈ Rn by x
(q)
i = xi

w
1/q
i

and we set Nw = {x(q) | x ∈ N}. Now let y′ ∈ Br
w(A). We define

y ∈ Rn by yi = w
1/q
i · y′i. Recall that wi = 1/pi ≥ 1, since any probabilities satisfy pi ≤ 1. We thus have that

∥y∥rr =

n∑
i=1

|yi|r =

n∑
i=1

w
r/q
i |y′i|r ≤

n∑
i=1

wi|y′i|r ≤ 1

since y′ ∈ Br
w(A). Thus y ∈ Br

1(A) and there exists x ∈ N such that ∥x− y∥q ≤ t. Notice that

|y′i − x
(q)
i | =

∣∣∣∣∣ yi

w
1/q
i

− xi

w
1/q
i

∣∣∣∣∣ = |yi − xi|
w

1/q
i

.

Then we have that

∥y′ − x(q)∥qw,q =

n∑
i=1

wi|y′i − x
(q)
i |q =

n∑
i=1

|yi − xi|q ≤ tq

and thus it holds that ∥y′ − x(q)∥w,q ≤ t and Nw is a suitable net proving that

E(Br
1(A), Bq

1(A), t) ≥ E(Br
w(A), Bq

w(A), t).

F.3. Bounding the entropy

Recall the original setting where A ∈ Rn×d, TA = {x ∈ Rd | f(Ax) = 1} and TS = SA(TA), and dX(y, y′)2 =∑
i∈S w2

i (h(yi)− h(y′i))
2. Further let m be the number of rows of S and thus also of A′ = SA.

Using the results from previous section we can deduce following bounds for the covering numbers of TS with respect to dX :

Lemma F.12. Let 1 ≤ p ≤ 2. Then for any t ∈ (0, 1] it holds that

1) logE(TS , dX , t) ≤ O(d) log

(
Gm

t

)
,

2) logE(TS , dX , t) ≤ O(log(m)) · γG
2τ

t2
.

where τ is the maximum weighted ℓ2-leverage score of (SA,w) and γ = 1
2−p for 2 − p ≥ 1/ ln(d) and γ = 1 for

2− p ≤ 1/ ln(d).

Proof. By Lemma F.2 and Lemma F.3 it holds for all y, y′ ∈ TS that dX(y, y′) ≤ (2(fw(y)+fw(y
′))∥y−y′∥pw,∞,p)

1/2 for
h(r) = |r|p and dX(y, y′) ≤ (2(fw(y)+fw(y

′))∥(y)+−(y′)+∥pw,∞,p)
1/2 for h(r) = max{r, 0}p. For any y, y′ ∈ Bp

w(A
′)

we thus have that dX(y, y′) ≤ 2∥y − y′∥p/2w,∞,p. We set Sw,p to be the matrix we get by replacing each 1 entry at column i

with w
1/p
i . For h(r) = |r|p it holds that TS = Bp

w(A
′, G) ⊆ Bp(Sw,2A,G) as

Bp
w(A

′, G) =

{
y ∈ range(A′) |

∑
i

wiy
p
i ≤ 1

}
⊆

{
y ∈ range(A′) |

∑
i

w
1/2
i ypi ≤ 1

}
= Bp(Sw,2A,G)

since wi ≥ 1. For h(r) = max{r, 0} it holds that {(y)+ | y ∈ TS} ⊆ Bp
w(A

′, G) ⊆ Bp(Sw,2A,G) and by Lemma F.3 it
suffices to restrict to (y)+ in this case. Thus, rather than just covering the 1-ball of A′, we need to cover the G-ball which is
the same as covering the 1-ball with an adjusted t

G instead of t. Thus, we have by Lemma F.5 that

logE(TS , dX , t) ≤ logE(Bp(Sw,2A), 2∥·∥p/2w,∞,p, t/G)

= logE(Bp(Sw,2A), 2∥Sw,2·∥p/2w,∞, t/G)
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= logE

(
Bp(Sw,2A), B∞(Sw,2A),

(
t

2G

)2/p
)
.

= logE

(
Bp(Sw,2A), B∞(Sw,2A),

(
t

2G

)2/p
)
.

Next, to prove the claimed inequalities, we combine these bounds with bounds for the covering number
E(Bp(Sw,2A), B∞

w (Sw,2A), t).

For the first part of the lemma, it holds that logE(Bp
1 , B

∞
1 , t) ≤ O(d log m

t ). To see this, take an orthonormal basis U
of Sw,2A

′. Then N = { t
m1/pU(n1, . . . nd)

T | ∀i ∈ [d] : ni ∈ N, ni ≤ m} is a t-net of Bp
1 with respect to the ℓ∞ norm.

By Lemma F.11 it holds that logE(Bp
w, B

∞
w , t) ≤ logE(Bp

1 , B
∞
1 , t). Consequently we have that logE(TS , dX , t) ≤

O(d) log
(
Gm
t

)
.

The second bound follows immediately by combining above argumentation with Lemma F.10 as τ(Sw,2A) = τ(SA,w).

For bounding the entropy, we will slightly adapt the proof of Woodruff & Yasuda (2023c) and use their following lemma.
Lemma F.13 (Woodruff & Yasuda, 2023c). Let 0 < λ ≤ 1. Then,∫ λ

0

√
log

1

t
dt = λ

√
log(1/λ) +

√
π

4
erfc(

√
log(1/λ)) ≤ λ

(√
log(1/λ) +

√
π

2

)
Finally we are ready to bound the entropy:
Lemma F.14. Let 1 ≤ p < 2 and let SA′ ∈ Rm×d be orthonormal with respect to the weighted ℓ2 norm. Let τ ≥
maxni=1

∥∥eTi SA′
∥∥2
2

and let σ = supi∈S,y∈TS
wi|yi|p. Then if τ ∈ Ω(poly(1/d)),∫ ∞

0

√
logE(TS , dX , t) dt ≤ O(γ1/2Gτ1/2)(logm)

1/2
log

dσ

τ

where γ = 1
2−p for 2− p ≥ 1/ ln(d) and γ = 1 for 2− p ≤ 1/ ln(d).

Proof. Note that it suffices to integrate the entropy integral to diam(TS) rather than ∞, since logE(TS , dX , t) = 0 for
t ≥ diam(TS) and recall that the diameter is at most 4(Gσ)1/2 by Lemma F.4, and since p ≥ 1.

For small radii less than λ for a parameter λ to be chosen, we use the first bound of Lemma F.12, i.e.

logE(TS , dX , t) ≤ O(d) log

(
Gm

t

)
so by using Lemma F.13 we get that∫ λ

0

√
logE(TS , dX , t) dt =

∫ λ

0

√
O(d) log

(
Gm

t

)
dt ≤ λ

√
O(d) log(Gm) +

√
O(d)

∫ λ

0

√
log

1

t
dt

≤ λ
√
O(d) log(Gm) +

√
d

(
λ

√
log

1

λ
+

√
π

2
λ

)

≤ O(λ)

√
d log

Gm

λ

On the other hand, for radii larger than λ, we use the the second bound of Lemma F.12, which gives

logE(TS , dX , t) ≤ O(logm) · γG
2τ

t2

so the entropy integral gives a bound of

O(1)
[
(logm)γG2τ

]1/2 ∫ 4(Gσ)1/2

λ

1

t
dt = O(1)

[
(logm)γG2τ

]1/2
log

4(Gσ)1/2

λ
.

We choose λ =
√

G2τ/d = Ω(poly(1/d)), which yields the claimed conclusion.
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G. Proof of the main theorem
Theorem G.1. Let 3/10 > ε, δ > 0, p ∈ [1, 2] and let f(Ax) =

∑n
i=1 h(aix) where h(r) = |r|p or h(r) = max{r, 0}p.

If α = O(γ log(dµ log(δ−1)/ε) ln2(d)+ln(δ−1)
ε2 ) and for all i ∈ [n] it holds that pi ≥ min{1, α(µl(p)i + l

(2)
i + 1

n )}.

Then with failure probability at most δ it holds that

∀x ∈ Rd : |fw(SAx)− f(Ax)| ≤ εf(Ax)

and the number m of samples is bounded by

m = O(dµα) = O

(
dµ

ε2
(
γ log(dµ log(δ−1)/ε) ln2(d) + ln(δ−1)

))
where S and w are constructed as in Definition C.6 (this corresponds to sampling point i with probability pi and setting
wi = 1/pi), µ = 1 if h(r) = |r|p and µ = µ(A) if h(r) = max{r, 0}p and γ = 1

2−p for 2− p ≥ 1/ ln(d) and γ = 1 for
2− p ≤ 1/ ln(d).

Proof. First, without loss of generality we assume that for any i ∈ [n] we have pi < 1.

Second, note that since pi > 0 for all i we have for any x ∈ Rd that E(fw(SAx)) = f(Ax).

Third, without loss of generality we assume that pi = min{1, α(µl(p)i + l
(2)
i + 1

n )} since increasing pi can only reduce the
failure probability for obtaining the same approximation bound.

By definition we have that α = O( l
ε2 ) where l = O(γ log(dµ log(δ−1)/ε) ln2(d) + ln(δ−1)). Assume the constants are

large enough.

We want to bound the number of samples m. To this end, we define the random variable Xi = 1 if i ∈ S and Xi = 0
otherwise. Note that Xi is a Bernoulli random variable and using that the sum of sensitivities is bounded by d for all p < 2
and equal to d for p = 2 (cf. Woodruff & Yasuda, 2023c), we get that

E

(
n∑

i=1

Xi

)
=

n∑
i=1

pi = α

(
1 +

n∑
i=1

µl
(p)
i +

n∑
i=1

l
(2)
i

)
= α

(
1 +

n∑
i=1

µl
(p)
i + d

)
≤ 3αµd,

and similarly, it also holds that E (
∑n

i=1 Xi) ≥ αd.

An application of Chernoff bounds yields

m =

n∑
i=1

Xi ≤ 2 ·E

(
n∑

i=1

Xi

)
≤ 6αµd

with failure probability at most 2 exp (−E(
∑n

i=1 Xi)/3) ≤ 2 exp(−αd/3) ≤ δ.

We proceed with proving the correctness of our claim: by Corollary E.2 we have that

E
S
supf(Ax)=1 |fw(SAx)− f(Ax)|ℓ := E

S
(GS − 1)ℓ ≤ (2π)ℓ/2 E

S,g
supf(Ax)=1

∣∣∣∣∣∑
i∈S

giwih(aix)

∣∣∣∣∣
ℓ

.

For fixed S we set Λ := supf(Ax)=1

∣∣∑
i∈S giwih(aix)

∣∣ . We bound this quantity by Lemma C.3 to get

E
g∼N (0,Im)

[|Λ|l] ≤ (2E)l(E/D) +O(
√
lD)l

In the following we use the results of the previous sections to bound the entropy E and the diameter D. To this end, we
determine the parameters τ = sup∥SAx∥w,2=1,i∈S wi|aix|2 and σ = supf(Ax)=1,i∈[n] wi|aix|p.

Taking m ≥ Õ(d + log(1/δ)) samples with probability pi ≥ l
(2)
i preserves the ℓ2 norm up to a factor 1/2 with failure

probability at most δ (Mahoney, 2011). We thus have that

τ = sup∥SAx∥w,2=1,i∈S wi|aix|2
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= sup∥SAx∥w,2=1,i∈S

wi|aix|2

∥SAx∥2w,2

≤ sup∥SAx∥w,2=1,i∈S

4wi|aix|2

∥Ax∥22

≤ sup∥Ax∥2=1,i∈[n]

4wi|aix|2

∥Ax∥22
= 4max

i∈[n]
wil

(2)
i .

Now since αl
(2)
i < pi < 1 we have that wil

(2)
i = l

(2)
i /pi ≤ 1/α and thus τ ≤ 4/α. Similarly, since pi < 1 we also have

that

σ = max
i∈[n]

supf(Ax)=1 wi|aix|p ≤ max
i∈[n]

µl
(p)
i

pi
≤ max

i∈[n]

µl
(p)
i

αµl
(p)
i

≤ 1/α.

Thus, by Lemma F.14, using that σ/τ ≤ 1 and choosing the constants for α large enough, we have that the entropy is
bounded by

O(γ1/2Gτ1/2(logm)1/2 log(d)) ≤ O(γ1/2G(1/α)1/2(logm)1/2 log(d)) ≤ Gε/8 := E

Thus, we get by Lemma F.4 a bound on the diameter of

4(Gσ)1/2 ≤ 8(G/α)1/2 ≤ G
ε

2
√
l
:= D.

Consequently, we get that

E
g∼N (0,Im)

[|Λ|l] ≤ (2E)l(E/D) +O(
√
lD)l

≤ (Gε/4)l(
√
l/4) +O(Gε/2)l

≤ (Gε/4)l2l +O(Gε/2)l

≤ Glεlδ

Recall that FS = supf(Ax)=1 |fw(SAx)− f(Ax)|. Thus, we get in expectation over the sample S that

F l
S = (GS − 1)l ≤ 3lGl

Sε
lδ = 3l(1 + FS)

lεlδ ≤ 3lεlδ + 3lF l
Sε

l

Rearranging the terms we get that

E
S
F l
S − 3lεlF l

Sε
l ≤ 3lδ.

Dividing both sides of the inequality by (1− 3lεl) and using that ε < 3/10 yields

E
S
F l
S ≤ 3lεlδ

(1− 3lεl)
≤ 30lεlδ.

Using Markov’s inequality we get that F l
S ≤ 30lεl with failure probability at most δ.

Pr(FS ≥ 30ε) = Pr(F l
S ≥ 30lεl) ≤ 30lεlδ

30lεl
= δ.

To finish the proof, we recall that we need three events to hold: preserving the ℓ2 norm, the number of samples is m = O(αd)
and FS ≤ 30ε. The total failure probability for these events to hold is at most δ + δ + δ = 3δ by applying the union bound.
Rescaling δ and ε completes the proof.

26



Optimal bounds for ℓp sensitivity sampling via ℓ2 augmentation

H. Application to logistic regression
H.1. Sensitivity framework

We use the standard sensitivity framework (Langberg & Schulman, 2010) to handle a uniform sample. This requires first
some terminology for the VC-dimension.
Definition H.1. The range space for a set F is a pair R = (F , ranges) where ranges is a family of subsets of F .
The VC-dimension ∆(R) of R is the size |G| of the largest subset G ⊆ F such that G is shattered by ranges, i.e.,
|{G ∩R | R ∈ ranges}| = 2|G|.

Definition H.2. Let F be a finite set of functions mapping from Rd to R≥0. For every x ∈ Rd and r ∈ R≥0, let
rangeF (x, r) = {f ∈ F | f(x) ≥ r}, and ranges(F) = {rangeF (x, r) | x ∈ Rd, r ∈ R≥0}, and RF = (F , ranges(F))
be the range space induced by F .
Proposition H.3. (Feldman et al., 2020) Consider a family of functions F = {f1, . . . , fn} mapping from Rd to [0,∞)
and a vector of weights u ∈ Rn

>0. Let ε, δ ∈ (0, 1/2). Let si ≥ ζi. Let S =
∑n

i=1 si ≥
∑n

i=1 ζi = Z. Given si one can
compute in time O(|F|) a set R ⊂ F of

O

(
S

ε2

(
∆ lnS + ln

(
1

δ

)))
weighted functions such that with probability 1− δ, we have for all x ∈ Rd simultaneously∣∣∣∣∣∣

∑
fi∈F

uifi(x)−
∑
fi∈R

wifi(x)

∣∣∣∣∣∣ ≤ ε
∑
fi∈F

uifi(x),

where each element of R is sampled i.i.d. with probability pj =
sj
S from F , wi =

Suj

sj |R| denotes the weight of a function
fi ∈ R that corresponds to fj ∈ F , and where ∆ is an upper bound on the VC-dimension of the range space RF∗ induced
by F∗ obtained by defining F∗ to be the set of functions fj ∈ F , where each function is scaled by Suj

sj |R| .

H.2. Sensitivity sampling for logistic regression

The logistic loss function is given by

f(Ax) =

n∑
i=1

h(aix)

where h(r) = ln(1+exp(r)). Since f does not satisfy our assumptions, we cannot apply our main theorem directly. Instead
we split f into two parts:

f(Ax) =

n∑
i=1

ln(1 + exp(aix)) =
∑

aix<0

ln(1 + exp(aix)) +
∑

aix≥0

ln(1 + exp(aix))

=
∑

aix<0

ln(1 + exp(aix)) +
∑

aix≥0

ln(exp(aix)(exp(−aix) + 1))

=
∑

aix<0

ln(1 + exp(aix)) +
∑

aix≥0

ln(exp(−aix) + 1) + aix

=

n∑
i=1

ln(1 + exp(−|aix|)) +
∑

aix≥0

aix. (15)

Using this split we show that sampling with probabilities pi = min{1, α(µl(1)i + l
(2)
i + µd/n))} where α =

O( log
3(µd log(δ−1)/ε)+ln(δ−1)

ε2 ) preserves the logistic loss function for all x ∈ Rd up to a relative error of at most ε.
Theorem H.4. Let A ∈ Rn×d be µ-complex some ∞ > µ ≥ 1 and let ε, δ ∈ (0, 1/2). Further assume that we sample with
probabilities pi ≥ min{1, α(µl(1)i + l

(2)
i + µd

n )} for α ≥ O((log3(dµ log(δ−1)/ε) + ln(δ−1))/ε2), where the number of
samples is

m = O

(
dµ

ε2
(
log3(dµ log(δ−1)/ε) + log(δ−1)

))
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Then we have that
∀x ∈ Rd : |fw(SAx)− f(Ax)| ≤ εf(Ax)

with failure probability at most δ.

Proof. Note that by applying our main result given in Theorem G.1 for h(t) = max{0, t}, we get with failure probability at
most δ/3 that

∀x ∈ Rd :

∣∣∣∣∣∣
∑

aix≥0,i∈[n]

aix−
∑

aix≥0,i∈S

wiaix

∣∣∣∣∣∣ ≤ ε
∑

aix≥0,i∈[n]

aix.

This handles the second term in our split of Equation (15) within our framework.

Further consider for the first sum of Equation (15), the functions h : R≥0 → R≥0, h(r) = ln(1 + exp(−r)), f1(Ax) =
n
µ +

∑
aix≥0 h(aix) and f2(Ax) = n

µ +
∑

aix<0 h(−aix).

Our goal is to apply Proposition H.3 to f1 and f2.

We first note that h(r) ≤ h(0) = ln(2) ≤ 1 and f1(Ax), f2(Ax) ≥ n
µ and thus the sensitivities are bounded for both

functions by ζi ≤ µ
n . The total sensitivity is consequently bounded by O(µ).

Next observe that the VC dimension of the range spaces of F1 = {hz : x 7→ h(zx)} and F1 = {hz : x 7→ h(−zx)}
are bounded by d+ 1 since h is an increasing function which allows to relate to the VC dimension of affine hyperplane
classifiers by a standard argument, (cf. Munteanu et al., 2018; 2021).

Further, applying a thresholding and rounding trick to the sensitivities (Munteanu et al., 2022), the VC dimension of the
weighted range spaces are bounded by O(d log(µ/ε)).

Since pi ≥ µ
n and m ≥ Ω( µ

ε2 · (d ln(µ/ε) ln(µ) + ln(1/δ)) we have by Proposition H.3 with failure probability at most δ/3

|fw,1(SAx)− f1(Ax)| ≤ εf1(Ax).

Similarly with failure probability at most δ/3 it holds that

|fw,2(SAx)− f2(Ax)| ≤ εf2(Ax).

Now combining everything by triangle inequality, and using the union bound, we get with failure probability at most δ that

|f(Ax)− fw(SAx)|

=

∣∣∣∣∣∣
∑

aix≥0,i∈[n]

aix+ f1(Ax)− n

µ
+ f2(Ax)− n

µ
−

∑
aix≥0,i∈S

wiaix− fw,1(SAx) +
n

µ
− fw,2(SAx) +

n

µ

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
∑

aix≥0,i∈[n]

aix−
∑

aix≥0,i∈S

wiaix

∣∣∣∣∣∣+ |f1(Ax)− fw,1(SAx)|+ |f2(Ax)− fw,2(SAx)|

≤ ε

 ∑
aix≥0,i∈[n]

aix+ f1(Ax) + f2(Ax)


≤ εf(Ax) + 2ε

n

µ
≤ 3εf(Ax).

The last inequality follows from the lower bound f(Ax) ≥ n
µ of Munteanu et al. (2021). Rescaling ε concludes the

proof.
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