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Abstract

Recent efforts in neural compression have focused on the rate-distortion-perception
(RDP) tradeoff, where the perception constraint ensures the source and reconstruc-
tion distributions are close in terms of a statistical divergence. Theoretical work on
RDP describes properties of RDP-optimal compressors without providing construc-
tive and low complexity solutions. While classical rate distortion theory shows that
optimal compressors should efficiently pack space, RDP theory additionally shows
that infinite randomness shared between the encoder and decoder may be necessary
for RDP optimality. In this paper, we propose neural compressors that are low
complexity and benefit from high packing efficiency through lattice coding and
shared randomness through shared dithering over the lattice cells. For two impor-
tant settings, namely infinite shared and zero shared randomness, we analyze the
RDP tradeoff achieved by our proposed neural compressors and show optimality in
both cases. Experimentally, we investigate the roles that these two components of
our design, lattice coding and randomness, play in the performance of neural com-
pressors on synthetic and real-world data. We observe that performance improves
with more shared randomness and better lattice packing.

1 Introduction

Neural compressors learned from large-scale datasets have achieved state-of-the-art performance in
terms of the rate-distortion tradeoff (Ballé et al., 2020; Yang et al., 2023), especially when trained
to produce reconstructions that align well with human perception (Mentzer et al., 2020; Tschannen
et al., 2018; Agustsson et al., 2019; Muckley et al., 2023). To achieve this, an additional perception
loss term is used, typically defined as a statistical divergence δ between the reconstruction and source
distributions. As such, recent focus has shifted to the rate-distortion-perception (RDP) framework,
where compressors explore a triple tradeoff between rate, distortion and perception δ (Blau and
Michaeli, 2019). The RDP function of a source X ∼ PX , defined as

R(D,P ) = min
PX̂|X

I(X; X̂)

s.t. EPXPX̂|X
[∆(X, X̂)] ≤ D, δ(PX , PX̂) ≤ P,

(1)

where ∆ is a distortion function, has emerged to describe this fundamental tradeoff (Matsumoto,
2018; Blau and Michaeli, 2019; Li et al., 2011). Several RDP coding theorems have recently been
proven (Theis and Wagner, 2021; Wagner, 2022; Chen et al., 2022), providing an operational meaning
to (1) as a fundamental limit of lossy compression for the RDP tradeoff2.

∗Prepared prior to employment at JPMorganChase.
2Specifically, (1) is achievable by a sequence of source codes, and no source code can do better than (1).
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(a) Lattice transform cod-
ing (LTC); deterministic.
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(d) Quantized-shared-dither
LTC (QSD-LTC); finite Rc.

Figure 1: Lattice transform coding (LTC) with Rc bits of (shared) randomness using dithering;
u ∼ Unif(V0(Λ)) and uf ∼ Unif(V0(Λf )) are continuous, and û ∼ Unif(|Λ/Λf |) is discrete,
where Λ,Λf are nested lattices. LTC/PD-LTC entropy-code QΛ(y) with likelihoods pŷ. SD-LTC
and QSD-LTC entropy-code QΛ(y−u) and QΛ(y− û) with likelihoods pc|u and pc|û, respectively.

In this paper, we investigate how neural compressors may achieve RDP optimality, and what compo-
nents are necessary for good RDP performance. The RDP coding theorems, while non-constructive,
shed light on properties of RDP-optimal compressors. In contrast to the classical rate-distortion func-
tion R(D) = R(D,∞), which is asymptotically achievable by fully deterministic codes, achieving
the RDP function may require not only stochastic encoding/decoding but also infinite randomness
shared between the encoder and decoder. Devising neural compressors that may achieve RDP
optimality at low complexity is an important step in advancing the theory and practice of neural
compression. Moreover, infinite shared randomness may not always be available. In settings where
shared randomness is limited, or unavailable, we are still interested in the best possible schemes.

Infinite shared randomness has previously proved successful in RDP-oriented compressors such as
Theis et al. (2022) that are based on reverse channel coding (RCC) (Theis and Ahmed, 2022; Li and
El Gamal, 2018; Cuff, 2013). RCC enables communication of a sample from a prescribed distribution
(e.g., one that is good for RDP) under a limited rate constraint. The performance of RCC is provably
near-optimal, but this comes at the cost of high complexity. Moreover, RCC heavily relies on infinite
amount of randomness and does not allow for limited or zero randomness. We seek to develop
methods with much lower complexity and allow for zero, limited, or infinite amount of randomness.

In the classical rate-distortion framework, recent work has investigated whether neural compressors
are optimal, where vector quantization (VQ) (Gersho and Gray, 2012) is known to be optimal, but
suffers high complexity. In Lei et al. (2025), it was shown that lattice transform coding (LTC),
which uses lattice quantization (LQ) in the latent space, can achieve a performance close to VQ at
significantly lower complexity; see also Zhang and Wu (2023); Kudo et al. (2023). VQ and LTC
provide near-optimal RD performance due to high space-packing efficiency. However, it is not clear
at first glance whether VQ-like coding is good for the RDP setting, where randomized reconstructions
are often required (Tschannen et al., 2018) to satisfy the perception constraint. It is further unclear
how randomness should be incorporated with quantization in a way that is RDP-optimal.

Dithering is a common method of randomizing a quantizer. Classically, a shared random dither can
help quantization noise admit desired statistical properties, and has applications such as universal
quantization (Ziv, 1985), and practical training methods for neural compression (Ballé et al., 2020).
For the RDP setting, using dithering to introduce randomness has been investigated recently; Theis
and Agustsson (2021) show on a simple source how dithered scalar quantization (SQ) benefits RDP.

In this paper, we introduce randomness, shared and private, into neural compressors via architectures
that build on LTC (Fig. 1), and investigate the roles that randomness and quantization play in how
neural compressors perform for the RDP tradeoff while managing complexity. We study LTC where
randomness takes the form of a random lattice dither vector. When the randomness is private (i.e.,
none shared), the dither is only added at the decoder (PD-LTC; Fig. 1b). When the randomness is
shared, the dither is subtracted at the encoder, and added back at the decoder (SD-LTC and QSD-LTC;
Figs. 1c, 1d respectively). This work unifies transform coding, lattice coding, and randomized coding,
identifying the roles each play when used together for RDP. Our contributions are the following.

1. We propose LTC with infinite or no shared randomness, using a shared dither (SD-LTC) or
private dither (PD-LTC) respectively, and describe the benefits of the former. We then propose
a discrete dithering scheme defined via nested lattices that allows for finite randomness to be
shared between the encoder and decoder. This scheme, QSD-LTC, interpolates between PD-
and SD-LTC, enabling control over the rate of shared randomness.

2. We theoretically analyze and show optimality of SD-LTC and PD-LTC on the Gaussian source
with squared 2-Wasserstein perception and asymptotic blocklength in Sec. 3. For the former
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(where infinite shared randomness is available), we use the sphere-like behavior of lattice cells
and the AWGN-like behavior of dithered LQ to show that SD-LTC achieves the RDP function
R(D,P ). For the latter (where no shared randomness is available), we use lattice Gaussian
coding methods to show that under a perception constraint of P = 0, PD-LTC achieves
R(D/2,∞), which coincides with the fundamental RDP limit under no shared randomness.

3. We empirically study PD-LTC, SD-LTC, and QSD-LTC performance on synthetic and real-
world sources in Sec. 4. We verify our theory and show that RDP performance improves with
increased shared randomness and better lattice packing efficiency.

2 Lattice Transform Coding for RDP

We seek to design compressors that are RDP-optimal given constraints on the amount of shared
randomness available and are also low complexity. As mentioned in Sec. A, we show in Sec. B that
a good RDP scheme should implement randomized VQ. Dithering is a method that can enable a
quantizer to be randomized. In the context of neural compression, NTC transforms are unable to
generate VQ-like regions in the source space due to the limited packing efficiency of latent space SQ
(Lei et al., 2025). The LTC framework, which uses latent LQ, can provide the benefits of VQ-like
regions in the source space. LQ naturally supports dithering that is uniform over the lattice cell. Thus,
dithered LQ emerges as a promising scheme that is both randomized and VQ-like, while maintaing
low complexity. In the following, we describe how LQ with dithering can be integrated into the LTC
framework and trained end-to-end. We present three architectures that handle the cases of infinite-,
no-, and finite-shared randomness via a shared-, private-, and quantized shared-dither, respectively.

2.1 LTC with Infinite Shared Randomness

We first define the shared-dither LTC, which assumes infinite shared randomness between the encoder
and decoder. We denote fundamental cell V0(Λ) as V0 for ease of notation.
Definition 2.1 (Shared-Dither Lattice Transform Code (SD-LTC); Fig. 1c). A SD-LTC is a triple
(ga, gs,Λ), with mappings ga, gs and lattice Λ. A random dither u ∼ Unif(V0(Λ)), uniform over the
lattice cell, is shared between the encoder and decoder. The SD-LTC computes the latent y = ga(x),
entropy codes c = QΛ(y − u) at the encoder, and the decoder outputs x̂ = gs(c+ u).

Since u is available at the encoder and decoder (which utilizes the availability of infinite shared
randomness), the operational rate of SD-LTC is given by

H(c|u) = Ey,u[− log pc|u(c|u))] = Ey,u

[
− log

∫
V0+c

py−u|u(w|u)dw
]

(2)

= Ey,u[− logEu′ [py(QΛ(y − u) + u+ u′)]], (3)

where u′ ∼ Unif(V0). As an alternative, we can make use of the additive channel equivalence
(QΛ(y − u) + u

d
= y + ueq, where ueq ∼ Unif(V0(Λ))) (Zamir et al., 2014, Thm. 5.2.1), yielding

H(c|u) = I(y;y + u) = h(y + u)− h(u) = Ey,u[− log py+u(y + u)]− log V (Λ) (4)

= Ey,u

[
− log

∫
V0(Λ)+y+u

py(w)dw

]
= Ey,u[− logEu′ [py(y + u+ u′)]], (5)

where h(·) denotes differential entropy, V (Λ) is the lattice volume, and (5) holds since py+u(y +
u) = 1

V (Λ)

∫
V0(Λ)+y+u

py(w)dw. The objective is trained with minθ H(c|u) + λ1 E[∆(x, x̂)] +

λ2δ(Px, Px̂), with learned parameters θ. Either (3) or (5) can be used for H(c|u); (3) requires the
straight-through estimator due to non-differentiability of the quantizer. In the following, we comment
on several connections between (3), (5), and other works in the neural compression literature.

Integrating the learned py. The inner integral in (3) and (5) can be computed exactly under SQ
(equivalently, Λ = Zn) using the CDF of py , following Ballé et al. (2018). For general lattices, the
inner integral can be estimated using Monte-Carlo following Lei et al. (2025), by sampling vectors
uniform over the lattice cell (Conway and Sloane, 1984).

Noisy proxies and operational rates. The equivalence of (3) and (5) was shown in Ballé et al. (2020)
for Λ = Zn. Their equivalence for general lattices, as shown above, follows from Zamir et al. (2014).
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Ballé et al. (2020) uses this equivalence to support (5) as a training objective, which is known as the
noisy proxy to quantization in the literature. This is useful since (5) is differentiable with respect to
y, whereas (3) is not. Here, we emphasize that both (3) and (5) represent the operational rate for a
SD-LTC. For deterministic NTC/LTC trained with the noisy proxy, a deterministic dither (perhaps 0)
is chosen test time, resulting in a different operational rate that does not average over u. Agustsson
and Theis (2020) proposed dithered SQ as universal quantization; however, they were motivated by
reducing train/test rate mismatch rather than the RDP tradeoff, which is the focus of this work.

2.2 LTC with No Shared Randomness

We now consider when no shared randomness is available. As mentioned, decoder randomness is
needed for the perception constraint, and this manifests itself as a private dither at the decoder.

Definition 2.2 (Private-Dither Lattice Transform Code (PD-LTC); Fig. 1b). A PD-LTC is a triple
(ga, gs,Λ), with transforms ga and gs and lattice Λ. A random dither u ∼ Unif(V0(Λ)), uniform
over the lattice cell, is at the decoder only. The PD-LTC entropy-codes ŷ = QΛ(ga(x)), and the
decoder outputs x̂ = gs(ŷ + su), where s > 0 is a parameter that controls the dither magnitude.

For a PD-LTC (shown in Fig. 1b), the operational rate is the same as in deterministic LTC, given
by H(ŷ) = Ey[− log pŷ(ŷ)], as there is no shared dither. Therefore, the training objective remains
the same as (12). Prop. C.1 provides some intuition on why shared-dither quantization (Fig. 1c) is
superior to private-dither quantization (Fig. 1b) in terms of distortion.

2.3 LTC with Finite Shared Randomness

While the availability of truly infinite shared randomness may be difficult to obtain in practice, the
availability of finite shared randomness may be more feasible. Let Rc denote the rate of shared
randomness in bits per dimension. RDP theory informs us that performance should improve as Rc

increases (Sec. A). To make use of finite shared randomness, we propose a scheme (Fig. 1d) that
interpolates between SD-LTC and PD-LTC by using nested lattices (Zamir et al., 2014, Ch. 8). Lattices
Λ,Λf are nested if Λ is a sub-lattice of the fine lattice Λf . We restrict our attention to self-similar
nested lattices Λ = aΛf where a > 0 is an integer. We denote Λ/Λf = {λ ∈ Λf : λ ∈ V0(Λ)} as
the fine lattice vectors contained in the fundamental cell of Λ.

Definition 2.3 (Quantized Shared-Dither Lattice Transform Code (QSD-LTC); Fig. 1d). A QSD-LTC
is given by (ga, gs,Λ,Λf ), with mappings ga, gs and nested lattices Λ,Λf . A random discrete
dither û ∼ Unif(Λ/Λf ) is shared between the encoder and decoder, and a continuous dither
uf ∼ Unif(V0(Λf )) uniform over Λf ’s cell is at the decoder only. The QSD-LTC computes
y = ga(x), entropy codes c = QΛ(y− û), and the decoder outputs x̂ = gs(c+ û+ suf ). The rate
of shared randomness is Rc =

1
n log |Λ/Λf | bits, i.e., there are 2nRc possible shared dither vectors.

The operational rate, H(c|û), follows (3), except replacing u with û. The training objective is
minθ H(c|û) + λ1 E[∆(x, x̂)] + λ2δ(Px, Px̂). Unlike SD-LTC, the additive channel equivalence
does not apply, since the support of y − û−QΛ(y − û) is random and does not always equal Λ/Λf .
In Sec. C.2, we discuss further details such as variable-rate shared randomness, inadequacies of
pseudorandom seeds as shared randomness, and other advantages of QSD-LTC.

On complexity. SD-, PD-, and QSD-LTC rely on LQ. For a fixed lattice up to dimension 24 (Sec. A),
the closest codebook vector search (also used to generate dithers) can be performed at any rate in a
fixed number of operations, and is significantly faster than that of VQ, which is exponential in the
rate. For higher dimensions, polar lattices have complexity polynomial in the dimension.

3 Achieving the Fundamental Limits

We now theoretically analyze the performance of SD-LTC and PD-LTC on the Gaussian source, and
describe the RDP tradeoff asymptotically achievable by SD-LTC and PD-LTC. While the operational
rate and distortion are given by the per-dimension versions of those in Sec. 2, the operational
perception used is per-dimension squared 2-Wasserstein distance. We leave full proofs to Sec. F.
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3.1 Infinite Shared Randomness

The following theorem shows that R(D,P ) is achievable with SD-LTCs, and is an extension of Li
et al. (2011), whose authors addressed the P = 0 case.

Theorem 3.1 (Optimality of SD-LTC for Gaussian source). Let X1, X2, . . .
i.i.d.∼ N (0, σ2). For any

P ∈ [0, σ2], D ∈ [0, 2σ2], there exists a sequence of SD-LTCs {(g(n)a , g
(n)
s ,Λ(n))}∞n=1 such that

lim
n→∞

1

n
H(QΛ(n)(g(n)a (Xn)− u)|u) = R(D,P ), (6)

lim
n→∞

1

n
E
[
∥Xn − X̂n∥22

]
≤ D, (7)

lim
n→∞

1

n
W 2

2 (PXn , PX̂n) ≤ P, (8)

where X̂n = g
(n)
s (QΛ(n)(g

(n)
a (Xn)− u) + u), and u ∼ Unif(V0(Λ

(n))).

Remark 3.2. The proof of Thm. 3.1 relies on a sphere-bound-achieving sequence of lattices with
scalar transforms ga, gs. As dimension grows, the dither u becomes Gaussian-like, and the latent
dithered LQ acts like an additive Gaussian channel (Zamir and Feder, 1996), imposing a joint
Gaussian relationship between X and X̂ as desired by the RDP solution; see Remark A.2 and Fig. 12.

3.2 No Shared Randomness

We now consider the case when the encoder and decoder do not have access to any shared randomness.
For simplicity and ease of presentation, we consider the regime of near-perfect and perfect perception,
corresponding to P < ϵ for any ϵ > 0 and P = 0, respectively. This is the only regime of perception
where lower bounds on the RDP achievable under no shared randomness are known (Saldi et al., 2015;
Wagner, 2022; Chen et al., 2022; Yan et al., 2021), which corresponds to R(D/2,∞), and evaluates to
1
2 log

2σ2

D on the i.i.d. Gaussian source. The following theorem shows that R(D/2,∞) is achievable
with PD-LTCs under near-perfect perception, which can be easily extended to perfect perception (see
Remark F.9). As discussed in Sec. A, R(D, 0) < R(D/2,∞); see Fig. 2 for a visualization.

Theorem 3.3 (Optimality of PD-LTC for Gaussian source). Let X1, X2, . . .
i.i.d.∼ N (0, σ2). For any

D satisfying 0 < D ≤ 2σ2, there exists a sequence of PD-LTCs {(g(n)a , g
(n)
s ,Λ(n))}∞n=1 such that

lim
n→∞

1

n
H(QΛ(n)(g(n)a (Xn))) ≤ R(D/2,∞), (9)

lim
n→∞

1

n
E[∥Xn − X̂n∥2] ≤ D, (10)

lim
n→∞

1

n
W 2

2 (PXn , PX̂n) = 0, (11)

where X̂n = g
(n)
s (QΛ(n)(g

(n)
a (Xn)) + su), u ∼ Unif(V(Λ(n))), and s = σ√

σ2−D/2
.

Remark 3.4. PD-LTC does not use a shared dither; we cannot make use of classical results (Zamir
and Feder, 1996) to analyze the statistical behavior of latent LQ as an additive channel (as opposed to
Thm. 3.1). Instead, Thm. 3.3 relies on lattice Gaussian coding methods (Ling and Belfiore, 2014); see
Sec. F.3 for details. Using scalar transforms, QΛ(ga(x)) behaves like a lattice Gaussian. The additive
private dither su (which becomes Gaussian-like) makes the reconstruction Gaussian-like (Fig. 12).
It then suffices for gs to scale X̂n to impose the desired variance σ2. In classical rate-distortion,
dithered LQ and lattice Gaussian coding can both achieve optimality, so their differences are primarily
practical (e.g., restrictions on lattice families, availability of a shared dither). Thms. 3.1, 3.3 show that
with a perception constraint, the two proof techniques lead to different fundamental limits as well.

4 Experimental Results
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Figure 2: Effect of lattice choice and shared
randomness on Gaussians at P = 0.

Experimental setup. We denote n the source dimen-
sion and nL the latent space dimension. We denote
LTC as NTC when the lattice is chosen to be the in-
teger lattice, i.e., Λ = ZnL

. We train the PD-, SD-
and QSD-LTC models using their RDP objectives
discussed in Sec. 2. For the rates reported at test
time, we use the (3) version of H(c|u) for SD-LTC,
Ey[− log pŷ(ŷ)] for PD-LTC, and H(c|û) for QSD-
LTC; all require hard quantization. These rates are
cross-entropy upper bounds on the true entropy, due
to the learned py density. We use MSE distortion
∆(x, x̂) = 1

n∥x− x̂∥22. For perception, to obtain re-
liable estimates in higher dimensions, we use squared
sliced Wasserstein distance (Bonneel et al., 2015) of order 2, δ(Px, Px̂) =

1
nSW

2
2(Px, Px̂). During

training, we use the straight-through estimator with hard quantization. See Sec. D for further details.

Synthetic Sources. We first evaluate the i.i.d. Gaussian source of dimension n = 8. In Fig. 2, we
plot the equi-perception curves with P = 0 to compare the methods under the perfect realism setting.
As shown, for a fixed amount of shared randomness, a more efficient lattice improves performance.
Analogously, for a fixed lattice, more shared randomness improves performance. We also evaluate
QSD-LTC with finite shared randomness of Rc = log 3 bits per dimension. As shown, the QSD-LTC
performance is nearly able to achieve that of SD-LTC, despite not having infinite shared randomness;
this verifies that QSD-LTC allows one to interpolate between SD-LTC and PD-LTC. At low rates, the
LTC with E8 has some suboptimality; this is due to the Monte-Carlo estimation when computing the
integral for latent likelihoods (Lei et al., 2025). When compared to the fundamental limits described
in Sec. 3, we see that the PD models are lower bounded by R(D/2,∞), and the SD models are are
lower bounded by the RDP function R(D, 0) but outperform R(D/2,∞). See Sec. E for full results.

Real-World Sources. We use MNIST (Lecun et al., 1998), Physics and Speech datasets (Yang
and Mandt, 2022). These contain grayscale images of dimension 28 × 28, physics measurements
of dimension 16, and audio signals of dimension 33 respectively. We use a latent dimension of
nL = 8 for the first two and nL = 16 for Speech. We use the integer lattice for NTC models; for
MNIST/Physics, we use the E8 lattice, and for Speech, we use the Λ16 lattice (Barnes and Wall,
1959). The corresponding RDP tradeoff is shown in Fig. 3. Due to lack of randomness, deterministic
NTC and LTC are unable to enforce the perception constraint at lower rates, no matter how large λ2

in (12) is set. Similar to the Gaussian case, performance improves with better lattices and increased
shared randomness, demonstrating the benefits of lattices and shared randomness described in the
prior sections translate to real-world sources that require nonlinear transforms. For QSD-LTC, we
use self-similar nested lattices with a nesting ratios of 2 and 3, corresponding to Rc = log 2 = 1 and
Rc = log 3 ≈ 1.58 respectively. Performance increases with Rc (Fig. 5). A full comparison across
all models/datasets is shown in Figs. 7, 8 and 9. Overall, SD-LTC achieves the RDP tradeoffs. For a
fixed lattice, QSD-LTC, with Rc = log 3, can nearly achieve the performance of SD-LTC (Rc = ∞).
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Figure 3: LTC, PD-LTC, and SD-LTC on real-world sources; R-D (top) and R-P (bottom).

5 Conclusion
We combine dithered LQ with neural compression, which supports different amounts of shared
randomness. We show that performance improves with shared randomness and lattice efficiency.
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A Background and Related Work

Neural Compression for RDP. Most neural compressor designs that account for perception are
derivative of the nonlinear transform coding (NTC) setup (Ballé et al., 2020). These models are
parameterized by analysis transform ga, synthesis transform gs, and entropy model pŷ; see Fig. 1a.
To compress a source x, the encoder computes the latent y = ga(x), which gets scalar quantized
via rounding. The codeword or quantized latent ŷ = QΛ(y) is then entropy coded using an entropy
model pŷ . The decoder provides the reconstruction x̂ = gs(ŷ). The model is trained end-to-end via

min
θ

E[− log pŷ(ŷ)] + λ1 E[∆(x, x̂)] + λ2δ(Px, Px̂), (12)

where θ denotes the parameters of the codec (ga, gs, pŷ), and λ1, λ2 ≥ 0 control the RDP tradeoff.
Many state-of-the-art methods (Tschannen et al., 2018; Agustsson et al., 2019; Mentzer et al., 2020;
Muckley et al., 2023; He et al., 2022; Zhang et al., 2021) optimize (12), primarily differing in the
choice of ∆ and the way δ is estimated in practice, which is typically done using an adversarial loss
involving a discriminator neural network. The use of randomness (shared or not) in these methods
has not always been consistent, nor fully explored in its relation to RDP optimality. While Blau and
Michaeli (2019) add uniform noise to the quantized latent, Tschannen et al. (2018); Agustsson et al.
(2023) concatenate noise to the quantized latent, and Mentzer et al. (2020); Muckley et al. (2023)
do not use randomness at all. Zhang et al. (2021) use (shared) dithered SQ with NTC, but do not
explore why or how it is good for RDP. In contrast, we study LQ with dithering under varying levels
of shared randomness, and show that one needs both the improved packing efficiency of lattices along
with shared lattice dithering to achieve best performance. While there exist a few RDP-oriented
neural compressors that do not fit the NTC framework (Theis et al., 2022; Yang et al., 2024; Yang
and Mandt, 2024) and instead leverage diffusion models, our work focuses on NTC-style neural
compressors for RDP, as they remain the most pervasive type of neural compressor in use, and do not
suffer from the higher complexity of RCC or diffusion models.

Information-Theoretic Analysis of RDP. The RDP function in (1) was formally introduced and
widely adopted following Blau and Michaeli (2019); see also earlier related work by Matsumoto
(2018); Li et al. (2011); Saldi et al. (2015). The RDP function is known in closed-form for the
Gaussian source, described below.
Proposition A.1 (RDP function for Gaussian source (Zhang et al., 2021)). Let PX = N (0, σ2),
∆(x, x̂) = (x− x̂)2, and δ(µ, ν) = W 2

2 (µ, ν) be squared 2-Wasserstein distance. Then

R(D,P ) =


1
2 log

σ2(σ−
√
P )2

σ2(σ−
√
P )2−

(
σ2+(σ−

√
P )2−D

2

)2 , for
√
P < σ −

√
|σ2 −D|,

max
{

1
2 log

σ2

D , 0
}
, for

√
P ≥ σ −

√
|σ2 −D|.

(13)

Remark A.2. When
√
P < σ −

√
|σ2 −D|, the optimal X̂ in (1) is jointly Gaussian with marginal

X̂ ∼ N (0, (σ −
√
P )2), and covariance θ = max

{
1
2 (σ

2 + (σ −
√
P )2 −D), 0

}
. When

√
P ≥

σ −
√
|σ2 −D|, X̂ is jointly Gaussian with marginal X̂ ∼ N (0, σ2 −D).

(1) is a purely informational quantity, i.e., a function of the source PX , and thus does not have a
meaning as a fundamental limit of compression without a corresponding coding theorem describing
it as such. The first RDP coding theorem was provided by Saldi et al. (2015), who show that for
perfect perception (P = 0), (1) is achievable under infinite shared randomness, and conversely that
no compressor can outperform (1). For general P , Theis and Wagner (2021) establish optimality
(i.e., achievability and converse) of (1) when infinite shared randomness is available. Saldi et al.
(2015) further characterizes the fundamental RDP limit at P = 0 when only Rc bits per sample of
shared randomness is allowed, which only coincides with (1) when Rc = ∞; a smaller Rc results in
a strictly worse fundamental limit (see also Wagner (2022)). This establishes the necessity of infinite
shared randomness to achieve (1). Li et al. (2011) use dithered LQ to show achievability of (1) for
P = 0; in contrast, we show this to be true for general P and also analyze the Rc = 0 case, which
requires a new set of proof techniques based on lattice Gaussian coding (Ling and Belfiore, 2014).
Under private randomness (Rc = 0), Yan et al. (2021) establish R(D/2,∞) as the fundamental limit
for P = 0; Hamdi et al. (2024a) show that randomized encoders do not help. Chen et al. (2022) study
the RDP tradeoff when the perception constraint is strong- or weak-sense3. Under weak-sense, it was

3On vectors x, x̂ ∈ Rn, strong-sense denotes δ(Px, Px̂) < P ; weak-sense denotes δ(Pxi , Px̂i) < P,∀i.
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shown that R(D,P ) is achievable without shared randomness, whereas under strong-sense, shared
randomness is necessary, agreeing with Saldi et al. (2015); Wagner (2022). In our work, we focus
on strong-sense, since that is typically how the perception is measured in practice (i.e., in (12)). In
particular, we focus on strong-sense Wasserstein, since that aligns with δ’s and evaluation metrics
chosen in practice such as Fréchet inception distance.

Coding theorems use schemes that are typically not constructive (e.g. random coding) and/or not
practical (e.g., high complexity RCC schemes). They do, however, provide insights on structures
that may be useful or even necessary for optimality. In addition to the necessity of infinite shared
randomness to achieve (1), we show in Sec. B how the RCC scheme of Theis and Wagner (2021)
implies that a good RDP compressor should behave like a randomized VQ: it should have VQ-like
packing efficiency (i.e., good for distortion) combined with random codewords that follow the right
distribution (i.e, good for perception). In our work, the former is handled with LQ (at low complexity),
while the latter is handled with dithering; our schemes are further shown optimal on Gaussians.

The benefits of (potentially shared) randomness have also been discussed outside the context of
coding theorems. Tschannen et al. (2018) show how randomized decoders are necessary to achieve
perfect perceptual quality. Theis and Agustsson (2021) illustrate how quantizers benefit from shared
randomness on a toy circle source. Similarly, Zhou and Tian (2024) demonstrate how staggered
SQ can use limited shared randomness to improve performance on the circle. In contrast, our work
presents a more general approach for infinite, limited, and no shared randomness with LQ that
empirically shows its benefits and is provably optimal on Gaussians.

Lattice Quantization. Lattice quantization (LQ) involes a lattice Λ, which consists of a countably
infinite set of codebook vectors in n-dimensional space (Conway and Sloane, 1999; Zamir et al.,
2014). We denote QΛ(x) := argminλ∈Λ ∥λ−x∥2 as the LQ of a vector x ∈ Rn. The fundamental
cell, or Voronoi region, of the lattice is given by V0(Λ) := {x ∈ Rn : QΛ(x) = 0}, i.e., the
set of all vectors quantized to 0. We denote the lattice volume as V (Λ) :=

∫
V0(Λ)

dx, the lattice
second moment as σ2(Λ) := 1

n Eu∼Unif(V0(Λ))[∥u∥2], and the normalized second moment (NSM)

G(Λ) = σ2(Λ)
(V (Λ))2/n

. The lattice’s packing efficiency can be measured by how small its NSM is; it is

known that there exists sequences of lattices {Λ(n)}∞n=1 that achieve the sphere lower bound, i.e.,
limn→∞ G(Λ(n)) = 1

2πe , where the lattice cells become sphere-like (Zamir et al., 2014, Ch. 7). The
closest vector problem (CVP), which finds QΛ(x), is NP-hard in general, but many lattices with low
NSM (e.g., E8, Barnes-Wall, Leech) have efficient CVP solvers. Recently proposed polar lattices
(Liu et al., 2021), which have polynomial time CVP, were shown to be sphere-bound-achieving (Liu
et al., 2024). Recently, LQ was explored in neural compression (Zhang and Wu, 2023; Kudo et al.,
2023) as a low-complexity method that improves the poor packing efficiency of SQ, equivalent to the
integer lattice Zn. Lei et al. (2025) showed that NTC transforms are insufficient to overcome the poor
packing efficiency of a suboptimal lattice, leading to the lattice transform coding (LTC) framework;
performance improves with increased lattice packing efficiency.

B Reverse Channel Coding

B.1 RCC Preliminaries

Reverse channel coding (RCC), also known as channel simulation, devises schemes for sending a
sample from a prescribed distribution with a rate constraint (Cuff, 2013; Li, 2024), and typically
assumes shared randomness. Since RDP requires randomized reconstructions, RCC can be applied to
RDP, and in fact is a technique used to prove RDP coding theorems; Theis and Wagner (2021) uses
the one-shot RCC scheme of Li and El Gamal (2018), and Saldi et al. (2015); Wagner (2022) uses
channel synthesis results of Cuff (2013). We focus our discussion here on the particular RCC scheme
of Li and El Gamal (2018), defined below.

Definition B.1 (One-shot reverse channel coding (RCC) via the Poisson functional representation
(Li and El Gamal, 2018)). Let X ∼ PX be the source, and PX̂|X be a channel we wish to simulate.

Define QX̂ to be the X̂-marginal of the joint distribution PXPX̂|X . Suppose that the same sequence

of τ1, τ2, · · · ∼ Exp(1) and X̂1, X̂1, . . .
i.i.d.∼ QX̂ are generated at both the encoder and decoder

(requiring infinite shared randomness U ). Let Wi =
∑i

j=1 τj . Given a source realization X = x, the
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encoder computes

K = argmin
i

Wi
dQX̂

dPX̂|X(·|x) (X̂i), (14)

and entropy-codes it. The decoder simply outputs X̂K . By Li and El Gamal (2018), it holds that
X̂K |{X = x} ∼ PX̂|X(·|x). Additionally, the rate satisfies

H(K|U) ≤ I(X; X̂) + log(I(X; X̂) + 1) + 4. (15)

Remark B.2. The one-shot RCC technique above enables immediate achievability results for
informational quantities, such as the rate-distortion-perception function R(D,P ), by simulating
the channel PX̂|X that achieves the infimum in (1). Due to the fact that the reconstruction X̂K has
distribution equal to the channel PX̂|X , any constraint in the informational quantity, such as the
expected distortion constraint, or the perception constraint, is automatically satisfied by RCC. The
I(X; X̂) term in (15) then becomes equal to the informational quantity R(D,P ). Applying this
scheme to i.i.d. blocks yields the asymptotic result. This is the approach used to prove achievability
in Theis and Wagner (2021).

B.2 RCC as Randomized VQ

The scheme in Def. B.1 essentially chooses a random codebook at both the encoder and decoder. The
encoder chooses a codeword X̂K according to the criterion in (14), which may appear abstract at first
glance. However, the following two propositions show that when the channel PX̂|X used to simulate
is chosen to be RD- or RDP-achieving, it becomes clear that (14) uses a minimum-distance codebook
search similar to VQ.

Proposition B.3 (RCC on the rate-distortion-achieving channel; Prop. 1 of Lei et al. (2022)). Let
PX̂|X be the rate-distortion-achieving channel, i.e., the channel achieving the infimum of R(D,∞).
Then the density ratio satisfies

dPX̂|X(·|x)
dQX̂

(x̂) =
e−β∆(x,x̂)

EX̂′∼QX̂
[e−β∆(x,X̂′)]

, (16)

and (14) is equivalent to

K = argmin
i

∆(x, X̂i) +
1

β
lnWi, (17)

where β > 0 is the unique Lagrange multiplier determining I(X; X̂) = R(D,∞) at D =

EPXPX̂|X
[∆(X, X̂)].

Proposition B.4 (RCC on the RDP-achieving channel with f -divergence perception). Assume
that the perception is measured by δ(PX , PX̂) = Df (PX ||PX̂), a f -divergence. Let PX̂|X be the
RDP-achieving channel that achieves (1). Serra et al. (2023) shows that the density ratio satisfies

dPX̂|X(·|x)
dQX̂

(x̂) =
e−β1 ∆(x,x̂)−β2g(PX ,QX̂ ,x̂)

EX̂′∼QX̂

[
e−β1 ∆(x,X̂′)−β2g(PX ,QX̂ ,X̂′)

] , (18)

where g(PX , QX̂ , x̂′) := f
(

dPX

dQX̂
(x̂)
)
− dPX

dQX̂
(x̂)∂f

(
dPX

dQX̂
(x̂)
)

, and β1, β2 > 0 are the unique

Lagrange multipliers determining I(X; X̂) = R(D,P ), at D = EPXPX̂|X
[∆(X, X̂)] and P =

Df (PX ||PX̂). Therefore, (14) is equivalent to

K = argmin
i

∆(x, X̂i) +
β2

β1
g(PX , QX̂ , X̂i) +

1

β1
lnWi. (19)

Proof. The proof follows Lei et al. (2022, Prop. 1), using (18) instead of (16).
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Remark B.5. The above two propositions imply that RCC with the RD- or RDP-achieving channels
result the encoder searching for the random codeword in {X̂1, X̂2, . . . } that is closest to the source
realization x in terms of the distortion metric ∆, regularized by lnWi, which enforces the rate
constraint; for the RDP case, it is additionally regularized by g(PX , QX̂ , X̂ ′

i) which enforces the
perception constraint.

Thus, when taking distortion into account, RCC can be seen as a sort of randomized VQ that finds
the minimum-distance codeword (which are random). Despite its optimality for RDP, RCC is of high
complexity (exponential in rate and dimension), and requires infinite shared randomness.
Remark B.6. A closed-form for the density ratio of the RDP-achieving channel PX̂|X for when
the perception is measured by squared 2-Wasserstein (which is the focus of our paper) is currently
not known. However, we conjecture that similar to (16) and (18), it will consist of a e−β′ ∆(x,x̂)

term in the numerator, which will result in (14) having ∆(x, X̂i) in the objective. Another slight
discrepancy to our setup is that the n-letter operational perception in Serra et al. (2023) for the
f -divergence perception RDP function is measured in the weak-sense (see Sec. A). We are focused
on the strong-sense setting as it more faithfully describes practical usage.

B.3 RCC Implementation Details

To simulate RCC, one can implement the scheme in Def. B.1 and use (17) or (19) for finding the
index to entropy-code. For the Gaussian source, the RDP-achieving channel and output marginal
is given in Remark A.2; we can directly implement (14) in closed-form since these distributions
are Gaussian. This is what is done for the results in Fig. 6a. Since it is not possible to generate an
infinite number of samples X̂i, we generate a codebook N = 10, 000 samples instead. Following
Li and El Gamal (2018), the index K is entropy-coded using a Zipf distribution with parameter
λ = 1+1/(I(X; X̂+ e−1 log e+1). A full algorithm describing the encoding and decoding process
can be found in Theis and Ahmed (2022) as well as Lei et al. (2022).

C Additional Details on LTC for RDP

C.1 Comparing SD-LTC and PD-LTC

Proposition C.1. Define x̂SD = QΛ(x− u) + u, x̂PD = QΛ(x) + su. For any x and s ≥ 1,

E
[
∥x− x̂PD∥2

]
= s2 E

[
∥x− x̂SD∥2

]
+ E

[
∥x−QΛ(x)∥2

]
≥ E

[
∥x− x̂SD∥2

]
. (20)
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Figure 4: Reconstr. of
x under PD (gray) or
SD (blue); s = 1.

The proof is provided in Sec. F. Prop. C.1 implies the PD error is the sum of
the SD error and the error under deterministic quantization; see Fig. 4. While
x̂SD is random over the blue cell, incurring error equal to the lattice second
moment, x̂PD is random over the gray cell, incurring additional quantization
error. Regarding s ≥ 1, lower PD error is possible with s < 1, but the support
of ŷ + su would have gaps within each lattice cell, which may make the
perception constraint difficult to satisfy. In Sec. 3, we show that s > 1 is
necessary for PD-LTC to achieve optimality on the Gaussian source.

While Prop. C.1 provides an idea of how SD-LTC and PD-LTC may perform distortion-wise, the rate
and perception are more complicated. For perception, the induced reconstruction distributions are
different, since that of x̂SD is a convolution between the source and a zero-mean dither, whereas that
of x̂PD is a mixture of dithers centered on lattice vectors. For the rate, compared to H(ŷ), H(c|u)
has additional randomness due to the averaging over u, and thus we may expect the rate of SD-LTC
to be larger than that of PD-LTC if they share the same transforms. Ideally, this potential increase in
rate can help achieve an overall superior RDP tradeoff for SD-LTC. In Sec. 3, we show that this is
true on the Gaussian source, and verify it empirically on real-world sources as well in Sec. 4.

C.2 Additional Details on QSD-LTC

Remark C.2. QSD-LTC recovers PD-LTC and SD-LTC when Rc = 0 and Rc = ∞, respectively:

• When Rc = 0, we have that Λf = Λ, û = 0, and uf ∼ Unif(V0(Λ)), and therefore
QΛ(y − û) + û+ suf = QΛ(y) + suf . (21)
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• When Rc = ∞, we have that Λf = Rn, û ∼ Unif(V0(Λ)), uf = 0, and therefore
QΛ(y − û) + û+ suf = QΛ(y − û) + û. (22)

We note that the Rc values that QSD-LTC may achieve are limited to log Γ, where Γ ∈ Z+, a positive
integer, is the nesting ratio of Λ,Λf (Zamir et al., 2014, Ch. 8). This is due to the structure of nested
lattices. To achieve Rc values between 0 and 1, a non-uniform distribution for the shared dither vector
û would need to be employed; we leave this to future work.
Remark C.3. One may ask whether infinite shared randomness can be obtained by sending a
pseudorandom seed and drawing continuous dither vectors u ∼ Unif(V0(Λ)) from a random number
generator (RNG) based on the seed. If one compresses a source realization x to a bitstream b, a
pseudorandom seed of k bits would imply that only 2k possible dither vectors could be used at the
decoder to decode b; this is noted by Hamdi et al. (2024b). Therefore, sending a pseudorandom seed
is insufficient to simulate infinite shared randomness; rather, it implements a scheme with finite shared
randomness. Furthermore, finite shared randomness with a constant number of bits per dimension
is necessary to achieve the fundamental limits (Wagner, 2022); this is impossible to satisfy with a
random seed of a fixed number of k bits for high-dimensional sources. In addition to having the
capability of imposing a Rc bits per dimension of shared randomness, QSD-LTC has the additional
advantage of ensuring the dither vectors are drawn uniformly from the fine lattice vectors in the lattice
cell V0(Λ). These are spread out uniformly throughout V0(Λ) due to the structure of nested lattices.
In comparison, dither vectors drawn from a random seed have no guarantee on where they may land
in V0(Λ), and would depend on the RNG and seed used. As an example, for a poorly chosen seed and
RNG, the dither vectors generated could all be concentrated near the center of V0(Λ), which would
effectively yield no shared randomness. Therefore, in settings where infinite shared randomness is
impractical, QSD-LTC enables a structured way of using finite shared randomness.

D Additional Experimental Details

For the synthetic (i.i.d. Gaussian source), we set nL = 8, ga and gs to be linear functions, as the
constructions in Thm. 3.1 and Thm. 3.3 suggest this to be sufficient for optimality, and use the Z8

and E8 lattices. To cover the RDP tradeoff, we sweep a variety of λ1, λ2 values. For the Speech
and Physics datasets, we use MLPs for ga and gs of depth 3, hidden dimension 100, and softplus
nonlinearities. For MNIST, we follow the same exact experimental setup of Blau and Michaeli (2019),
including model architecture, and using the test Wasserstein distance via the discriminator neural
network. For NTC models, we use the factorized py of Ballé et al. (2018), and for LTC models, we
use the RealNVP normalizing flow (Dinh et al., 2017). All models are trained for 100 epochs on the
training data split, and reported metrics are averaged over the test split. Training is performed on a
NVIDIA RTX5000 GPU.

E Additional Empirical Results

Figures pertaining to the experimental evaluation in Sec. 4, such as ablation studies, are shown here.
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Figure 5: QSD-LTC-Γ (Γ the nesting ratio) on real-world sources; R-D (top) and R-P (bottom).

E.1 Ablation Study

We perform an ablation study on lattice choice and training of PD-LTC with STE or the noisy proxy.
We use the D∗

n lattice for SD-LTC in Fig. 10 on Speech. Its performance lies between integer and
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Barnes-Wall lattices, which aligns with the fact that the Dn packing efficiency lies between those two
lattices. This supports our result in Thm. 3.1 that performance is optimal when the lattices pack space
more efficiently. For the noisy proxy, we use it to train PD-LTC, but this may result in a train/test
mismatch, since unlike SD-LTC, the noisy proxy does not equal the rate under hard quantization. A
comparison of the two in Fig. 11 shows there is not much difference in the resulting performance.
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Figure 6: Gaussian RDP results, comparing PD-LTC and SD-LTC with RCC and deterministic NTC.

0.04 0.06 0.08 0.10 0.12 0.14
Distortion

0

5

10

15

20

R
at

e

0.0 0.1 0.2 0.3
Perception

0

5

10

15

20

R
at

e

NTC
LTC

PD-NTC
PD-LTC 

QSD-NTC-2
QSD-LTC-2

QSD-NTC-3
QSD-LTC-3

SD-NTC
SD-LTC 

Figure 7: RDP tradeoff of all models on MNIST. QSD-NTC/LTC-Γ corresponds to QSD-NTC/LTC
with a nesting ratio of Γ.
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Figure 8: RDP tradeoff of all models on Physics. QSD-NTC/LTC-Γ corresponds to QSD-NTC/LTC
with a nesting ratio of Γ.
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Figure 9: RDP tradeoff of all models on Speech. QSD-NTC/LTC-Γ corresponds to QSD-NTC/LTC
with a nesting ratio of Γ.

0.4 0.5 0.6
Distortion

0.3

0.4

0.5

0.6

R
at

e

SD-NTC n

SD-LTC Λ16

SD-LTC D ∗
n

0.006 0.007 0.008 0.009 0.010
Perception

0.3

0.4

0.5

0.6

R
at

e SD-NTC n

SD-LTC Λ16

SD-LTC D ∗
n

Figure 10: Comparing different lattice
choices for SD-LTC, on Speech.
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Figure 11: Comparing straight-through esti-
mator (STE) with hard quantization vs. noisy
proxy for PD-NTC, on Speech.
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F Proofs

F.1 Proof of Proposition C.1

Proof. By the crypto lemma (Zamir et al., 2014), we have that x̂SD = QΛ(x − u) + u
d
= x + u.

Then

1

n
E
[
∥x− x̂SD∥2

]
=

1

n
E[∥u∥2] = σ2(Λ), (23)

the second moment of the lattice. Additionally,

1

n
E
[
∥x− x̂PD∥2

]
=

1

n
E
[
∥x−QΛ(x)− su∥2

]
(24)

=
1

n
E
[
∥x−QΛ(x)∥2

]
+

1

n
s2 E[∥u∥2] (25)

= s2σ2(Λ) +
1

n
E
[
∥x−QΛ(x)∥2

]
(26)

≥ s2σ2(Λ) (27)

≥ σ2(Λ), (28)

as desired.

F.2 Proof of Theorem 3.1

Theorem F.1 (Optimality of SD-LTC for Gaussian sources (Thm. 3.1 in main text)). Let
X1, X2, . . .

i.i.d.∼ N (0, σ2). For any P and D satisfying 0 ≤ P ≤ σ2 and 0 < D ≤ 2σ2, there
exists a sequence of SD-LTCs {(g(n)a , g

(n)
s ,Λ(n))}∞n=1 such that the achieved rate, distortion, and

perception satisfy

lim
n→∞

1

n
H(QΛ(n)(g(n)a (Xn)− u)|u) = R(D,P ), (29)

lim
n→∞

1

n
E
[
∥Xn − X̂n∥22

]
≤ D, (30)

lim
n→∞

1

n
W 2

2 (X
n, X̂n) ≤ P, (31)

where X̂n = g
(n)
s (QΛ(n)(g

(n)
a (Xn)− u) + u), and u ∼ Unif(V0(Λ

(n))).

Proof. We first focus on the case when
√
P < σ −

√
|σ2 −D|. Define the sequence of DLTCs

{(g(n)a , g
(n)
s ,Λ(n))}∞n=1 as follows. Choose Λ(n) to be a sequence of sphere-bound-achieving lattices,

i.e., limn→∞ G(Λ(n)) = 1
2πe , where G(·) is the normalized second moment, such that the second

moment σ2(Λ(n)) = η2 := σ2

[
σ2(σ−

√
P )2

1
4 (σ2+(σ−

√
P )2−D)

2 − 1

]
. Set g(n)a (v) = v to be identity mapping,

and set g(n)s (v) = σ−
√
P√

σ2+η2
v.

We first verify the perception constraint is satisfied. Fix ϵ > 0. From Zamir et al. (2014, Thm. 7.3.3),
we have that

1

n
DKL(u

(n)||z) < ϵ2

2σ2
(32)
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for n sufficiently large, where u(n) ∼ Unif(V0(Λ
(n))) is uniform over the fundamental cell of Λ(n),

and z ∼ N (0, η2In). Let PỸ n = N
(
0, (σ −

√
P )2In

)
. Then, for n sufficiently large,

1

n
DKL(PX̂n ||PỸ n) =

1

n
DKL

(
σ −

√
P√

σ2 + η2
(Xn + u(n))|| σ −

√
P√

σ2 + η2
(Xn + z)

)
(33)

=
1

n
DKL(X

n + u(n)||Xn + z) (34)

≤ 1

n
DKL(u

(n)||z) (35)

≤ ϵ2

2σ2
, (36)

where (33) holds by the crypto lemma (Zamir et al., 2014, Ch. 4.1), (34) holds since KL-divergence is
invariant to affine transformations, and (35) is by data-processing inequality. Thus, for n sufficiently
large,

1√
n
W2

(
PXn , PX̂n

)
≤ 1√

n
W2(PXn , PỸ n) +

1√
n
W2

(
PX̂n , PỸ n

)
(37)

≤ 1√
n
W2(PXn , PỸ n) +

1√
n
·
√
2σ2 ·DKL

(
PX̂n ||PỸ n

)
(38)

≤ 1√
n
W2(PXn , PỸ n) + ϵ (39)

≤ 1√
n

√√√√ n∑
i=1

W 2
2

(
PXi

,N
(
0, (σ −

√
P )2

))
+ ϵ (40)

= W2

(
N (0, σ2),N

(
0, (σ −

√
P )2

))
+ ϵ (41)

=
√
P + ϵ, (42)

where (37) holds since Wasserstein distance satisfies triangle inequality, (38) is by Talagrand (1996),
and (40) holds by properties of 2-Wasserstein distance on product measures (Panaretos and Zemel,
2019). By continuity of z 7→ z2, we have limn→∞ 1

nW
2
2 (X

n, X̂n) ≤ P .

The rate achieved will satisfy

lim
n→∞

1

n
H(QΛ(n)(Xn − u(n))|u(n)) = lim

n→∞
1

n
I(Xn;Xn + u(n)) (43)

= I(X;X + Z) (44)

=
1

2
log

(
1 +

σ2

η2

)
(45)

=
1

2
log

1 +
1

σ2(σ−
√
P )2

1
4 (σ2+(σ−

√
P )2−D)

2 − 1

 (46)

=
1

2
log

σ2(σ −
√
P )2

σ2(σ −
√
P )2 − 1

4

(
σ2 + (σ −

√
P )2 −D

)2 , (47)

where u(n) is uniform over Λ(n), and Z ∼ N (0, η2). Here, (43) holds by Zamir et al. (2014,
Thm. 5.2.1), and (44) is due to Zamir and Feder (1996, Thm. 3).
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The distortion satisfies

lim
n→∞

1

n
E
[∥∥∥Xn − X̂n

∥∥∥2] = lim
n→∞

1

n
E

∥∥∥∥∥Xn − σ −
√
P√

σ2 + η2
(Xn + u(n))

∥∥∥∥∥
2

2

 (48)

= lim
n→∞

1

n
E

∥∥∥∥∥Xn − σ −
√
P√

σ2 + η2
(Xn + Zn)

∥∥∥∥∥
2

2

, (49)

where Zn ∼ N (0, η2I). Here, (48) holds by crypto lemma, and (49) holds since Xn and u(n)

are independent, so the squared norm becomes a sum of second moments of Xn and u(n), and
E[∥u(n)∥2] = E[∥Zn∥2]. Since Xn and Zn are now i.i.d.,

lim
n→∞

1

n
E
[∥∥∥Xn − X̂n

∥∥∥2] = E

(X − σ −
√
P√

σ2 + η2
(X + Z)

)2
 (50)

=

(
1− σ −

√
P√

σ2 + η2

)2

σ2 +

(
(σ −

√
P )2

σ2 + η2

)
η2 (51)

= σ2 + (σ −
√
P )2 − 2σ2 σ −

√
P√

σ2 + η2
(52)

= σ2 + (σ −
√
P )2 − (σ2 + (σ −

√
P )2 −D) (53)

= D. (54)

For the case when
√
P ≥ σ −

√
|σ2 −D|, we use a sequence of DLTCs with g

(n)
a (v) = v,

g
(n)
s (v) =

(
σ2−D
σ2

)
v, and a sequence of sphere-bound-achieving lattices Λ(n) with second moment

σ2(Λ) = 1
1/D−1/σ2 . For the perception constraint, by following the proof of the perception constraint

in the previous case, except with PỸ n = N (0, (σ2 −D)In) and z ∼ N
(
0, 1

(1/D−1/σ2)In

)
, we have

that
1√
n
W2

(
PXn , PX̂n

)
≤ W2

(
N (0, σ2),N

(
0, σ2 −D

))
+ ϵ (55)

= σ −
√
|σ2 −D|+ ϵ (56)

≤
√
P + ϵ, (57)

for any ϵ > 0 and n sufficiently large, where the last step is by the assumption that
√
P ≥ σ −√

|σ2 −D|. The result follows again by continuity of z 7→ z2. For the rate and distortion constraints
of

lim
n→∞

1

n
H(QΛ(n)(Xn − u(n))|u(n)) = max

{
1

2
log

σ2

D
, 0

}
, (58)

and

lim
n→∞

1

n
E
[∥∥∥Xn − X̂n

∥∥∥2] = D, (59)

the proof follows that of Zamir et al. (2014, Thm. 5.6.1).

F.3 Proof of Theorem 3.3

We now consider the case when the encoder and decoder do not have access to infinite shared
randomness. Unlike Thm. 3.1, Thm. 3.3 cannot make use of the additive channel equivalence, and
we instead rely on results from lattice Gaussian coding (Ling and Belfiore, 2014). We first introduce
several important concepts of lattice Gaussians, then establish several lemmas that will be used to
prove Thm. 3.3.
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Definition F.2 (Lattice Gaussian Distribution). A lattice Gaussian random variable y ∼ NΛ(c, σ
2)

supported on a (shifted) lattice Λ + c ⊆ Rn has PMF

qy(λ) =
ρσ(λ)

ρσ(Λ + c)
, λ ∈ Λ + c, (60)

where ρσ(y) = e−
1

2σ2 ∥y∥2

and ρσ(Λ) =
∑

λ∈Λ ρσ(λ).

For a more in-depth introduction, see Stephens-Davidowitz (2017). The proof of Thm. 3.3 relies
on known results regarding the lattice Gaussian second moment and entropy; see Ling and Belfiore
(2014); Regev (2009); Banaszczyk (1993) for details.

Two tools which will be used throughout the proof are the (i) flatness factor of a lattice, and (ii) a
vanishing error probability of maximum a posteriori (MAP) decoding of a lattice Gaussian signal
sent over an AWGN channel. For (i), the flatness factor (Ling et al., 2014) of a lattice Λ is defined as

ϵΛ(γ) := max
x∈V0(Λ)

|V (Λ)ργ,Λ(x)− 1|, (61)

where ργ,Λ(x) =
1

(2πγ2)n/2

∑
λ∈Λ e

− ∥x−λ∥2

2γ2 . For (ii), suppose we wish to send y ∼ NΛ(c, σ
2 − ν)

over an AWGN channel with noise z ∼ N (0, νIn). Ling and Belfiore (2014) show that given the
received signal x̃ = y + z, the MAP decoder of y given x̃ is given by QΛ−c(αx̃), where α = σ2−ν

σ2 .

The high-level approach in the proof of Thm. 3.3 is to analyze the rate, distortion, and perception
when compressing x̃ = y + z, following Liu et al. (2021; 2024). This is because Px̃ approximates

N (0, σ2In), with the approximation error given by the flatness factor ϵΛ

(√
(σ2−ν)ν

σ2

)
(Ling and

Belfiore, 2014; Regev, 2009). With a vanishing MAP error probability, QΛ(αx̃) ≈ y, and the overall
system can be statistically analyzed using the properties of y, which is a lattice Gaussian. We refer
the reader to Ling et al. (2014); Ling and Belfiore (2014); Liu et al. (2021) for further details of lattice
Gaussian coding.

The next result describes the scaling of the lattice covering radius rcov(Λ) := min{r : Λ +
B(0, r) is a covering of Rn}, where Λ + B(0, r) is the set composed of spheres of radius r cen-
tered at all lattice vectors of Λ (Zamir et al., 2014). This allows one to bound the ℓ2 error between a
vector and its lattice-quantized version by O(n1/2).

Lemma F.3. Let Λ be a n-dimensional lattice with volume C
n/2
1 . Then its covering radius satisfies

rcov(Λ) ≤ C2

√
πe

2

(
C1

π

)1/2[(n
2

)
!
]1/n

= O(n
1/2), (62)

for a positive constant C2.

Proof. Using results in Zamir et al. (2014, Ch. 3),

rcov(Λ) = ρcov(Λ) · reff(Λ) (63)

≤ C

√
πe

2

[
V (Λ)

Vn

]1/n
(64)

= C

√
πe

2

[
C

n/2
1

πn/2

(n/2)!

]1/n
(65)

= C

√
πe

2

(
C1

π

)1/2

[(n/2)!]
1/n (66)

= O(n
1/2), (67)

where C is a constant, ρcov is the covering efficiency, reff is the effective lattice radius, and Vn is the
volume of a n-dimensional unit ball, following Zamir et al. (2014, Ch. 3).

The next lemma bounds the second moment of Q(αx̃), which is used to bound the error terms.
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Lemma F.4. Let x̃ = y+ z, y ∼ NΛ(c, σ
2 − ν) and z ∼ N (0, νIn). Let α = σ2−ν

σ2 . If {Λ(n)}∞n=1
is a sequence of lattices that is AWGN-good with vanishing error probability of MAP decoding of y
given x̃, then for any ϵ > 0,

E[∥Q(αx̃)∥2] ≤ E[∥y∥2] + ϵ, (68)
for sufficiently large n.

Proof. The second moment of Q(αx̃) satisfies

E
[
∥Q(αx̃)∥2

]
= E

[
∥Q(αx̃)∥21{E∁}

]
+ E

[
∥Q(αx̃)∥21{E}

]
(69)

= E
[
∥y∥21{E∁}

]
+ E

[
∥Q(αx̃)∥21{E}

]
(70)

≤ E
[
∥y∥2

]
∥1{E∁}∥∞ + E

[
∥Q(αx̃)∥21{E}

]
(71)

= E
[
∥y∥2

]
+ E

[
∥Q(αx̃)∥21{E}

]
(72)

≤ E
[
∥y∥2

]
+
√
E[∥Q(αx̃)∥4]P(E), (73)

where in (71) we use Hölder’s inequality, and the last step is by Cauchy-Schwarz. The second term
involving the error event vanishes as follows. We have that

∥Q(αx̃)∥4 ≤ 8∥Q(αx̃)− αx̃∥4 + 8∥αx̃∥4 (74)

≤ 8∥y − αx̃∥4 + 8∥αx̃∥4 (75)

= 8∥(1− α)y − αz∥4 + 8∥αy + αz∥4, (76)

where (74) is by triangle inequality and Cauchy-Schwarz, and (75) holds since Q finds the closest
vector to αx̃. We have that the expectations satisfy

E
[
∥(1− α)y − αz∥4

]
(77)

≤ (1− α)4 E[∥y∥4] + α4 E[∥z∥4] + α2(1− α)2 E[⟨y, z⟩2] + 2(1− α)2α2 E[∥y∥2∥z∥2] (78)

≤ 3(1− α)4(σ2 − ν)2n+ α4ν2n(n+ 2) + 3α2(1− α)2 E[∥y∥2]E[∥z∥2] (79)

≤ 3(1− α)4(σ2 − ν)2n+ α4ν2n(n+ 2) + 3α2(1− α)2(σ2 − ν)νn2 (80)

= O(n2), (81)

and

E
[
∥αy + αz∥4

]
= α4 E

[
∥y∥4

]
+ α4 E

[
∥z∥4

]
+ α4 E[⟨y, z⟩2] + 2α4 E

[
∥y∥2∥z∥2

]
(82)

≤ 3α4(σ2 − ν)2n+ α4ν2n(n+ 2) + 3α4 E
[
∥y∥2∥z∥2

]
(83)

= 3α4(σ2 − ν)2n+ α4ν2n(n+ 2) + 3α4(σ2 − ν)νn2 (84)

= O(n2), (85)

for n sufficiently large. This implies that

E
[
∥Q(αx̃)∥4

]
≤ 8E

[
∥(1− α)y − αz∥4

]
+ 8E

[
∥αy + αz∥4

]
= O(n2), (86)

and therefore
1

n

√
E[∥Q(αx̃)∥4]P(E) < ϵ (87)

for n sufficiently large since limn→∞ P(E) = 0.

Before proving Thm. 3.3, we first prove a lemma which describes an achievable RDP region of
pre/post-scaled lattice quantization with private dithering on the Gaussian source that makes the
relationship between the flatness factors and the scaling s explicit. Ensuring that all flatness factors
vanish would imply a single-letter characterization of the achievable RDP region for the near-perfect
perception regime, which is what Thm. 3.3 provides.

Lemma F.5. Let X1, X2, . . .
i.i.d.∼ N (0, σ2). Let ν ∈ (0, σ2), α = σ2−ν

σ2 , and s > 0, β > 0 be
constants satisfying

(σ2 − ν) + s2
(σ2 − ν)ν

σ2
=

σ2

β2
. (88)
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Let x̃ = y + z, y ∼ NΛ(c, σ
2 − ν) and z ∼ N (0, νIn). If {Λ(n)}∞n=1 is a sequence of lattices

that is AWGN-good with vanishing error probability of MAP decoding of y given x̃, and is also
quantization-good, then for any ϵ > 0,

1

n
H(QΛ(n)(αXn)) ≤ 1

1− 4ϵz

(
1

2
log

σ2

ν
+ ϵh + ϵ

)
, (89)

1

n
E[∥Xn − X̂n∥2] ≤ 1

1− 4ϵz

(
(1− β)2(σ2 − ν) + ν + s2β2 (σ

2 − ν)ν

σ2
+ ϵ

)
, (90)

1√
n
W2(PXn , PX̂n) ≤

√
8σ2ϵu + β

√
8ϵz

(
2
σ2 − ν

1− 4ϵz
+ 2s2

(σ2 − ν)ν

σ2

)
+ ϵ, (91)

for n sufficiently large, where X̂n = β(QΛ(n)(αXn) + su), u ∼ Unif(V(Λ(n))). In the above,
ϵh = − log(1−ϵ1)

n + π(t−4+1)ϵ1
n(1−ϵ1)

, and

ϵ1 := ϵΛ(n)

√
σ2 − ν√

π
π−t

, ϵz := ϵΛ(n)

(√
(σ2 − ν)ν

σ2

)
, ϵu := ϵΛ(n)

(√
(σ2 − ν)νs2

σ2 + s2ν

)
(92)

are flatness factors of lattices Λ(n), with 0 < t < 1/e.

Proof. Since the lattice sequence is AWGN-good, choose the fundamental volume to satisfy

V (Λ(n)) =
(
2πe (σ2−ν)ν

σ2 (1 + ϵ2)
)n

2

, where ϵ2
n→∞−→ 0, following that of Ling and Belfiore (2014).

In the following, we denote the quantizers QΛ(n) as Q with the dependence on the lattice implicit.

Define E := {Q(αx̃) ̸= y} as the “error“ event of MAP decoding of y given x̃ (Ling and Belfiore,
2014, Lemma 11). By assumption, limn→∞ P(E) = 0. Finally, since the lattices are sphere-
bound-achieving, we have that the lattice NSM satisfies limn→∞ G(Λ(n)) → 1

2πe . The vanishing
error probability and sphere-bound-achieving properties of the lattices will be used to establish the
convergence.

We first address the perception constraint. By triangle inequality,

1√
n
W2(PXn , PX̂n) ≤

1√
n
W2(PXn , Pβ(Q(αx̃)+su)) +

1√
n
W2(PX̂n , Pβ(Q(αx̃)+su)). (93)

We first bound the second term on the right. By Regev (2009, Claim 3.9) and Ling and Belfiore
(2014, Lemma 9), |dPx̃(x) − dPXn(x)| ≤ 4ϵzdPXn(x), ∀x. By the change of variable formula,
this implies |dPα̃x(x)− dPαXn(x)| ≤ 4ϵzdPαXn(x). Additionally, we have that for any λ ∈ Λ,

Pr(Q(αx̃) = λ) =

∫
V0+λ

dPαx̃ ≤
∫
V0+λ

(1 + 4ϵz)dPαXn = (1 + 4ϵz) Pr(Q(αXn) = λ), (94)

and Pr(Q(αx̃) = λ) ≥ (1− 4ϵz) Pr(Q(αXn) = λ) follows similarly. Thus

|Pr(Q(αx̃) = λ)− Pr(Q(αXn) = λ)| ≤ 4ϵz Pr(Q(αXn) = λ). (95)

Finally, we have

dPQ(αx̃)+su(w) =
∑
λ∈Λ

Pr(Q(αx̃) = λ)dPsu(w − λ) (96)

≤
∑
λ∈Λ

(1 + 4ϵz) Pr(Q(αXn) = λ)dPsu(w − λ) (97)

= (1 + 4ϵz)dPQ(αXn)+su(w), (98)

where the other direction follows similarly. Thus

|dPQ(αx̃)+su(w)− dPQ(αXn)+su(w)| ≤ 4ϵzdPQ(αXn)+su(w). (99)
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for any w. This implies

1

β
√
n
W2

(
PX̂n , Pβ(Q(αx̃)+su)

)
=

1√
n
W2

(
PQ(αXn)+su, PQ(αx̃+su)

)
(100)

≤ 1√
n

√
2

∫
∥w∥2|dPQ(αx̃)+su(w)− dPQ(αXn)+su(w)|dw

(101)

≤
√
8ϵz

1

n
E[∥Q(αXn) + su∥2], (102)

where (101) is by Villani (2016, Thm. 6.15). To bound the second norm, we first get

1

n
E[∥Q(αXn) + su∥2] ≤ 2

1

n
E[∥Q(αXn)∥2] + 2

1

n
E[∥su∥2] (103)

= 2
1

n
E[∥Q(αXn)∥2] + 2s2

(σ2 − ν)ν

σ2
. (104)

The second moment of Q(αXn) satisfies

E[∥Q(αXn)∥2] =
∑
λ

∥λ∥2 Pr(Q(αXn) = λ) (105)

=
∑
λ

∥λ∥2(Pr(Q(αx̃) = λ)− Pr(Q(αXn) = λ)) +
∑
λ

∥λ∥2 PrQ(αx̃) = λ)

(106)

≤ 4ϵz E[∥Q(αXn)∥2] + E[∥Q(αx̃)∥2], (107)

where the last step is by (95). Thus for n sufficiently large,

1

n
E[∥Q(αXn)∥2] ≤ 1

1− 4ϵz

1

n
E[∥Q(αx̃)∥2] (108)

≤ 1

1− 4ϵz
(σ2 − ν), (109)

where the last step is by Lemma F.4 and Banaszczyk (1993). Combining with (102) and (104),

1√
n
W2

(
PX̂n , Pβ(Q(αx̃)+su)

)
≤ β

√
8ϵz

(
2
σ2 − ν

1− 4ϵz
+ 2s2

(σ2 − ν)ν

σ2

)
. (110)

For the first term on the right of (93), we again apply triangle inequality:

1√
n
W2(PXn , Pβ(Q(αx̃)+su)) ≤

1√
n
W2(PXn , Pβ(y+su))︸ ︷︷ ︸

A

+
1√
n
W2(Pβ(Q(αx̃)+su), Pβ(y+su))︸ ︷︷ ︸

B

.

(111)
For term A, let z̃ ∼ N

(
0, (σ2−ν)ν

σ2 In

)
and r ∼ N

(
0, σ2

β2 In

)
. Then

1√
n
W2(Pr, Py+sz̃) ≤

1√
n

√
2

∫
∥w∥2|dPr − dPy+sz̃|dw (112)

≤ 1√
n

√
8ϵu Er[∥r∥2] (113)

=

√
8ϵu

σ2

β2
, (114)
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where (112) is by Villani (2016, Thm. 6.15), and (113) holds since s, β satisfy (88) and by applying
Ling and Belfiore (2014, Lemma 9). Therefore

1

β
√
n
W2(PXn , Pβ(y+su)) =

1√
n
W2(Pr, Py+su) (115)

≤ 1√
n
W2(Pr, Py+sz̃) +

1√
n
W2(Py+sz̃, Py+su) (116)

≤
√
8ϵu

σ2

β2
+ s

1√
n
W2(Pu, Pz̃) (117)

≤
√
8ϵu

σ2

β2
+ s

1√
n

√
2
(σ2 − ν)ν

σ2
DKL(u||z̃) (118)

≤
√
8ϵu

σ2

β2
+

ϵ

2β
, (119)

where (117) holds by Ling and Belfiore (2014, Lemma 9) for n sufficiently large, and data processing
inequality for W2 (Santambrogio, 2015, Lemma 5.2), (118) holds by Talagrand (1996), and (119)
holds because

1

n
DKL(u||z̃) =

1

n
Eu[− log pz̃(u)]−

1

n
H(u) (120)

=
1

n

[
1

2 ln 2 (σ2−ν)ν
σ2

Eu[∥u∥2] +
n

2
log

(
2π

(σ2 − ν)ν

σ2

)]
− 1

n
log V (Λ(n)) (121)

= G(Λ(n)) · 2πe1 + ϵ2
2 ln 2

+
1

2
log

1

e(1 + ϵ2)
(122)

=
1

2 ln 2

(
G(Λ(n)) · 2πe(1 + ϵ2)− 1

)
− 1

2
log(1 + ϵ2) (123)

n→∞−→ 0, (124)

where we use the fact that 1
n E[∥u∥2] = G(Λ(n)) · 2πe · (σ2−ν)ν

σ2 (1 + ϵ2) and the lattice sequence is
sphere-bound-achieving. Thus

A =
1√
n
W2(PXn , Pβ(y+u)) ≤

√
8σ2ϵu +

ϵ

2
. (125)

For term B, let us first divide by β and analyze the squared 2-Wasserstein; this gives us
1
nW

2
2 (PQ(αx̃)+su, Py+su) ≤ 1

nW
2
2 (PQ(αx̃), Py) by Santambrogio (2015, Lemma 5.2). Let π be the

coupling between PQ(αx̃), Py induced by the joint Px̃,y; i.e., ŷ,y ∼ π means that ŷ = Q(α(y+ z))
with z ∼ N (0, νIn) as defined above. Then,

1

n
W 2

2 (PQ(αx̃), Py) =
1

n
min

π′∈Π(PQ(αx̃),Py)
Eŷ,y∼π′

[
∥ŷ − y∥2

]
(126)

≤ 1

n
Eŷ,y∼π

[
∥ŷ − y∥2

]
=

1

n
Ey,z

[
∥ŷ − y∥2

]
(127)

=
1

n
Ey,z

[
∥ŷ − y∥2

∣∣∣E∁
]
P(E∁) +

1

n
Ey,z

[
∥ŷ − y∥21{E}

]
(128)

=
1

n
Ey,z

[
∥ŷ − y∥21{E}

]
(129)

≤ 1

n

√
E[∥ŷ − y∥4]P(E) (130)

where E := {Q(αx̃) ̸= y} = {(α − 1)y + αz /∈ V0(Λ)} is the “error” event that quantizing αx̃
does not equal the lattice Gaussian y, and the last step is by Cauchy-Schwarz. For (129), we have
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that Ey,z

[
∥ŷ − y∥2

∣∣∣E∁
]
= Ey,z

[
∥ŷ − y∥2|ŷ = y

]
= 0. Note that

∥ŷ − y∥ = ∥ŷ − αx̃+ αx̃− y∥ ≤ ∥ŷ − αx̃∥+ ∥y − αx̃∥ = min
y′∈Λ(n)

∥y′ − αx̃∥+ ∥y − αx̃∥
(131)

≤ ∥y − αx̃∥+ ∥y − αx̃∥ = 2 · ∥y − αx̃∥. (132)

This implies that

E
[
∥ŷ − y∥4

]
(133)

≤ 16E
[
∥y − αx̃∥4

]
(134)

= 16E
[
∥(1− α)y − αz∥4

]
(135)

= 16(1− α)4 E[∥y∥4] + 16α4 E[∥z∥4] + 64Pα2(1− α)2 E[⟨y, z⟩2] + 32(1− α)2α2 E[∥y∥2∥z∥2]
(136)

where we use the fact that y, z are independent. Note that 1
n E[∥y∥4] ≤ 3(σ2 − ν)2 for n sufficiently

large (Zhao and Qian, 2024; Micciancio and Regev, 2004), E[∥z∥4] = ν2n(n+2), and E[⟨y, z⟩2] ≤
E[∥y∥2∥z∥2] ≤ E[∥y∥2]E[∥z∥2] by Cauchy-Schwarz and independence. Additionally, E[∥y∥2] ≤
n(σ2 − ν) by Banaszczyk (1993). Therefore

E
[
∥ŷ − y∥4

]
≤ 48(1− α)4 · (σ2 − ν)2n+ 16α4 · ν2n(n+ 2) + 96α2(1− α)2 E[∥y∥2]E[∥z∥2]

(137)

≤ 48(1− α)4 · (σ2 − ν)2n+ 16α4 · ν2n(n+ 2) + 96α2(1− α)2n2(σ2 − ν)ν
(138)

= O(n2). (139)

By the choice of α, Q(αx̃) computes the MAP estimate of y (Ling and Belfiore, 2014, Prop. 3).
Therefore,

1

n

√
Ey,z[∥ŷ − y∥4]P(E) ≤ ϵ2

4β2
, (140)

for n sufficiently large, since the error of the MAP estimate satisfies limn→∞ P(E) = 0. Hence

1√
n
W2(Pβ(Q(αx̃)+su), Pβ(y+su)) ≤

β√
n
W2(PQ(αx̃), Py) (141)

(129)
≤ β

√
1

n
Ey,z[∥ŷ − y∥21{E}] (142)

(140)
≤ β

ϵ

2β
=

ϵ

2
. (143)

In conclusion, we have shown

1√
n
W2(PXn , PX̂n) ≤

√
8σ2ϵu + β

√
8ϵz

(
2
σ2 − ν

1− 4ϵz
+ 2s2

(σ2 − ν)ν

σ2

)
+ ϵ. (144)

Next, we address the distortion term. We have that

1

n
EXn,u

[
∥Xn − β(Q(αXn)− su)∥2

]
= Eu

 1

n

∫
∥x− β(Q(αx)− su)∥2(dPXn(x)− dPx̃(x))dx︸ ︷︷ ︸

S1


+

1

n
Ex̃,u

[
∥x̃− β(Q(αx̃)− su)∥2

]
︸ ︷︷ ︸

S2

. (145)
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By Regev (2009, Claim 3.9) and Ling and Belfiore (2014, Lemma 9), |dPx̃(x) − dPXn(x)| ≤
4ϵzdPXn(x), ∀x. The first term S1 can be written as

S1 ≤ 4ϵz
1

n

∫
∥x− β(Q(αx)− su′)∥2dPXn = 4ϵz

1

n
EXn

[
∥Xn − β(Q(αXn)− su′)∥2

]
,

(146)

for any u′ and therefore

1

n
EXn,u

[
∥Xn − β(Q(αXn)− su)∥2

]
≤ 1

1− 4ϵz
S2. (147)

We focus on the S2 term. As before, let E := {Q(αx̃) ̸= y} be the “error” event. Then

S2 =
1

n
E
[
∥x̃− β(Q(αx̃)− su)∥21{E∁}

]
+

1

n
E
[
∥x̃− β(Q(αx̃)− su)∥21{E}

]
(148)

≤ 1

n
E
[
∥x̃− β(Q(αx̃)− su)∥21{E∁}

]
+

1

n

√
E[∥x̃− β(Q(αx̃)− su)∥4]P(E), (149)

where we use Cauchy-Schwarz. Note that the term with the 4-th moment satisfies

E
[
∥x̃− β(Q(αx̃)− su)∥4

]
(150)

≤ 8(1− βα)E
[
∥x̃∥4

]
+ 8β E

[
∥Q(αx̃)− αx̃∥4

]
+ 8β E

[
∥su∥4

]
. (151)

The second term is O(n2) by following (136), and the third term satisfies

8β E
[
∥su∥4

]
≤ 8βs4r4cov(Λ

(n)) = O(n2) (152)

by Lemma F.3. For the first term,

E[∥x̃∥4] = E
[
∥y + z∥4

]
(153)

≤ E[∥y∥4] + E[∥z∥4] + 6E[∥y∥2]E[∥z∥2] (154)

≤ 3(σ2 − ν)2n+ ν2n(n+ 2) + 6(σ2 − ν)νn2 (155)

= O(n2) (156)

for n sufficiently large, by the independence of y and z, and using 4th moment results on lattice
Gaussians from Zhao and Qian (2024); Micciancio and Regev (2004). Since limn→∞ P(E) = 0, we
have that 1

n

√
E[∥x̃− β(Q(αx̃)− su)∥4]P(E) < ϵ

2 for n sufficiently large. Thus

S2 ≤ 1

n
E
[
∥x̃− β(Q(αx̃)− su)∥21{E∁}

]
+

ϵ

2
(157)

= E
[
1

n
∥x̃− β(y − su)∥21{E∁}

]
+

ϵ

2
(158)

≤ E
[
1

n
∥x̃− β(y − su)∥2

]
∥1{E∁}∥∞ +

ϵ

2
(159)

=
1

n
E
[
∥x̃− β(y − su)∥2

]
+

ϵ

2
(160)

=
1

n
E
[
∥(1− β)y + z − βsu∥2

]
+

ϵ

2
(161)

= (1− β)2
1

n
E[∥y∥2] + 1

n
E[∥z∥2] + s2β2 1

n
E[∥u∥2] + ϵ

2
(162)

≤ (1− β)2(σ2 − ν) + ν + s2β2 ·G(Λ(n)) · 2πe · (σ
2 − ν)ν

σ2
(1 + ϵ2) +

ϵ

2
(163)

= (1− β)2(σ2 − ν) + ν + s2β2 (σ
2 − ν)ν

σ2
+ ϵ, (164)

for n sufficiently large, where (159) is by Hölder’s inequality, and (163) holds by Banaszczyk (1993),
and since the lattice second moment satisfies 1

n E[∥u∥2] = G(Λ(n)) · V (Λ(n))2/n, and the lattice
sequence is quantization-good (i.e., sphere-bound-achieving). The result follows by combining (147)
and (164).
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Finally, we address the rate term. We have

1

n
H(Q(αXn)) =

1

n
EXn

[
− log dPQ(αXn)

]
(165)

=
1

n

∫
− log

(
dPQ(αx)

)
(dPXn(x)− dPx̃(x))dx︸ ︷︷ ︸
R1

+
1

n
Ex̃

[
− log dPQ(αx̃)

]
︸ ︷︷ ︸

R2

.

(166)

The first term R1 will vanish as n → ∞, due to the following. By Regev (2009, Claim 3.9) and
Ling and Belfiore (2014, Lemma 9), we have that |dPx̃(x)− dPXn(x)| ≤ 4ϵzdPXn(x), ∀x, by the
choice of the lattice sequence Λ(n), for n sufficiently large. Therefore,

R1 ≤ 1

n

∫
− log dPQ(αx)|dPXn(x)− dPx̃(x)|dx (167)

≤ 4ϵz
1

n

∫
− log(dPQ(αx))dPXn(x)dx (168)

= 4ϵz
1

n
H(Q(αXn)), (169)

which implies that

1

n
H(Q(αXn)) ≤ 1

1− 4ϵz
R2, (170)

for n sufficiently large.

For R2, this is the per-dimension entropy of Q(αx̃). Let p(λ) := Pr(Q(αx̃) = λ) be the PMF of
Q(αx̃) supported on λ ∈ Λ, and let qy(λ) be the lattice Gaussian PMF of y ∼ NΛ(0, σ

2− ν). Then

H(Q(αx̃)) = −
∑
λ∈Λ

p(λ) log p(λ) (171)

≤ −
∑
λ∈Λ

p(λ) log qy(λ) (172)

=
∑
λ∈Λ

p(λ)

[
1

2(σ2 − ν)
∥λ∥2 + log ρ√σ2−ν(Λ)

]
(173)

=
1

2(σ2 − ν)
E
[
∥Q(αx̃)∥2

]
+ log ρ√σ2−ν(Λ). (174)

Combining, we have that

R2 =
1

n
H(Q(αx̃)) (175)

≤ 1

2(σ2 − ν)

1

n
E
[
∥Q(αx̃)∥2

]
+

1

n
log ρ√σ2−ν(Λ) (176)

≤ 1

2(σ2 − ν)

[
1

n
E ∥y∥2 + 2ϵ(σ2 − ν)

]
+

1

n
log ρ√σ2−ν(Λ) (177)

=
1

2(σ2 − ν)

1

n
E
[
∥y∥2

]
+

1

n
log ρ√σ2−ν(Λ) + ϵ (178)

= − 1

n

∑
λ∈Λ

qy(λ) log qy(λ) + ϵ (179)

=
1

n
H(y) + ϵ, (180)
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+

<latexit sha1_base64="8AVmz2fa+n613yG3g13WG5ubvbw="></latexit>

N (0, s2η2In)

<latexit sha1_base64="NI1yAxw8WuzfQBNdZPbfkB62zWI="></latexit>

=⇒
<latexit sha1_base64="uNhs4MMHWb8AzV4UMllNVb/KSbo="></latexit>

n → ∞
<latexit sha1_base64="P9FDb3XAbsq9YhBV+thBn5t0xjc=">AAAB+HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB0DXjwmYB6QhDA76U2GzOwuM7NCXPIFXvXuTbz6N179EifJHkxiQUNR1U13lx8Lro3rfju5tfWNza38dmFnd2//oHh41NBRohjWWSQi1fKpRsFDrBtuBLZihVT6Apv+6H7qN59QaR6Fj2YcY1fSQcgDzqixUu2iVyy5ZXcGskq8jJQgQ7VX/On0I5ZIDA0TVOu258amm1JlOBM4KXQSjTFlIzrAtqUhlai76ezQCTmzSp8EkbIVGjJT/06kVGo9lr7tlNQM9bI3Ff/z2okJ7ropD+PEYMjmi4JEEBOR6dekzxUyI8aWUKa4vZWwIVWUGZvNwhZfTgo2FG85glXSuCx7N+Xr2lWpUsniycMJnMI5eHALFXiAKtSBAcILvMKb8+y8Ox/O57w152Qzx7AA5+sXnaeTXQ==</latexit>

+
<latexit sha1_base64="uCHLFt+LYR0MMrjsb24kmnlXbOA=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclUR8LQtuXFawD2hDmUwn7diZSZiZCCEEf8Gt7t2JW7/FrV/itM3Cth64cDjnXu69J4g508Z1v52V1bX1jc3SVnl7Z3dvv3Jw2NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN9O/PYTVZpF8sGkMfUFHkoWMoKNlVq9QGRp3q9U3Zo7BVomXkGqUKDRr/z0BhFJBJWGcKx113Nj42dYGUY4zcu9RNMYkzEe0q6lEguq/Wx6bY5OrTJAYaRsSYOm6t+JDAutUxHYToHNSC96E/E/r5uY8MbPmIwTQyWZLQoTjkyEJq+jAVOUGJ5agoli9lZERlhhYmxAc1sCkZdtKN5iBMukdV7zrmqX9xfVer2IpwTHcAJn4ME11OEOGtAEAo/wAq/w5jw7786H8zlrXXGKmSOYg/P1CzcolgA=</latexit>y

<latexit sha1_base64="mOXkxXz43c/pniC4Nc3EezaZ5M0="></latexit>

N (0, η2In)

<latexit sha1_base64="P9FDb3XAbsq9YhBV+thBn5t0xjc=">AAAB+HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB0DXjwmYB6QhDA76U2GzOwuM7NCXPIFXvXuTbz6N179EifJHkxiQUNR1U13lx8Lro3rfju5tfWNza38dmFnd2//oHh41NBRohjWWSQi1fKpRsFDrBtuBLZihVT6Apv+6H7qN59QaR6Fj2YcY1fSQcgDzqixUu2iVyy5ZXcGskq8jJQgQ7VX/On0I5ZIDA0TVOu258amm1JlOBM4KXQSjTFlIzrAtqUhlai76ezQCTmzSp8EkbIVGjJT/06kVGo9lr7tlNQM9bI3Ff/z2okJ7ropD+PEYMjmi4JEEBOR6dekzxUyI8aWUKa4vZWwIVWUGZvNwhZfTgo2FG85glXSuCx7N+Xr2lWpUsniycMJnMI5eHALFXiAKtSBAcILvMKb8+y8Ox/O57w152Qzx7AA5+sXnaeTXQ==</latexit>

+

<latexit sha1_base64="5MU8RA707fDinyBSXCqUOKd2uMU=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7EqGXAxjKC+YDkCHubvWTN7t6xuyeE4/Av2GpvJ7b+Flt/iZvkCpP4YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfh26refqNIskg9mElNf4KFkISPYWKnVC0SaZP1yxa26M6BV4uWkAjka/fJPbxCRRFBpCMdadz03Nn6KlWGE06zUSzSNMRnjIe1aKrGg2k9n12bozCoDFEbKljRopv6dSLHQeiIC2ymwGellbyr+53UTE974KZNxYqgk80VhwpGJ0PR1NGCKEsMnlmCimL0VkRFWmBgb0MKWQGQlG4q3HMEqaV1Uvatq7f6yUq/n8RThBE7hHDy4hjrcQQOaQOARXuAV3pxn5935cD7nrQUnnzmGBThfvzDUlfw=</latexit>u

<latexit sha1_base64="Jrd7yoK6b6A8HQ9FKUD55xbOq3o=">AAAB+HicbVDLTgJBEOzFF+IL9ehlIjHxItk1vo4kXjxCIo8ECJkdemHCzO5mZtYEN3yBV717M179G69+iQPsQcBKOqlUdae7y48F18Z1v53c2vrG5lZ+u7Czu7d/UDw8augoUQzrLBKRavlUo+Ah1g03AluxQip9gU1/dD/1m0+oNI/CRzOOsSvpIOQBZ9RYqXbRK5bcsjsDWSVeRkqQodor/nT6EUskhoYJqnXbc2PTTakynAmcFDqJxpiyER1g29KQStTddHbohJxZpU+CSNkKDZmpfydSKrUeS992SmqGetmbiv957cQEd92Uh3FiMGTzRUEiiInI9GvS5wqZEWNLKFPc3krYkCrKjM1mYYsvJwUbirccwSppXJa9m/J17apUqWTx5OEETuEcPLiFCjxAFerAAOEFXuHNeXbenQ/nc96ac7KZY1iA8/ULoM+TXw==</latexit>�<latexit sha1_base64="uCHLFt+LYR0MMrjsb24kmnlXbOA=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclUR8LQtuXFawD2hDmUwn7diZSZiZCCEEf8Gt7t2JW7/FrV/itM3Cth64cDjnXu69J4g508Z1v52V1bX1jc3SVnl7Z3dvv3Jw2NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN9O/PYTVZpF8sGkMfUFHkoWMoKNlVq9QGRp3q9U3Zo7BVomXkGqUKDRr/z0BhFJBJWGcKx113Nj42dYGUY4zcu9RNMYkzEe0q6lEguq/Wx6bY5OrTJAYaRsSYOm6t+JDAutUxHYToHNSC96E/E/r5uY8MbPmIwTQyWZLQoTjkyEJq+jAVOUGJ5agoli9lZERlhhYmxAc1sCkZdtKN5iBMukdV7zrmqX9xfVer2IpwTHcAJn4ME11OEOGtAEAo/wAq/w5jw7786H8zlrXXGKmSOYg/P1CzcolgA=</latexit>y
<latexit sha1_base64="WlNg0LZYISV7EpDKi7x5XT6yAtw=">AAACAnicbVC7TsMwFHV4lvIqMLJYVEhMVYJ4jRUsDAytRB9SGlWO47RW/YhsB6mKsvELrLCzIVZ+hJUvwW0z0JYjWTo651zd6xMmjGrjut/Oyura+sZmaau8vbO7t185OGxrmSpMWlgyqboh0oRRQVqGGka6iSKIh4x0wtHdxO88EaWpFI9mnJCAo4GgMcXIWMlv9rPeg01HKO9Xqm7NnQIuE68gVVCg0a/89CKJU06EwQxp7XtuYoIMKUMxI3m5l2qSIDxCA+JbKhAnOsimJ+fw1CoRjKWyTxg4Vf9OZIhrPeahTXJkhnrRm4j/eX5q4psgoyJJDRF4tihOGTQSTv4PI6oINmxsCcKK2lshHiKFsLEtzW0JeV62pXiLFSyT9nnNu6pdNi+q9duinhI4BifgDHjgGtTBPWiAFsBAghfwCt6cZ+fd+XA+Z9EVp5g5AnNwvn4BnjCX3Q==</latexit>

Q!

<latexit sha1_base64="P9FDb3XAbsq9YhBV+thBn5t0xjc=">AAAB+HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB0DXjwmYB6QhDA76U2GzOwuM7NCXPIFXvXuTbz6N179EifJHkxiQUNR1U13lx8Lro3rfju5tfWNza38dmFnd2//oHh41NBRohjWWSQi1fKpRsFDrBtuBLZihVT6Apv+6H7qN59QaR6Fj2YcY1fSQcgDzqixUu2iVyy5ZXcGskq8jJQgQ7VX/On0I5ZIDA0TVOu258amm1JlOBM4KXQSjTFlIzrAtqUhlai76ezQCTmzSp8EkbIVGjJT/06kVGo9lr7tlNQM9bI3Ff/z2okJ7ropD+PEYMjmi4JEEBOR6dekzxUyI8aWUKa4vZWwIVWUGZvNwhZfTgo2FG85glXSuCx7N+Xr2lWpUsniycMJnMI5eHALFXiAKtSBAcILvMKb8+y8Ox/O57w152Qzx7AA5+sXnaeTXQ==</latexit>

+
<latexit sha1_base64="uCHLFt+LYR0MMrjsb24kmnlXbOA=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclUR8LQtuXFawD2hDmUwn7diZSZiZCCEEf8Gt7t2JW7/FrV/itM3Cth64cDjnXu69J4g508Z1v52V1bX1jc3SVnl7Z3dvv3Jw2NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN9O/PYTVZpF8sGkMfUFHkoWMoKNlVq9QGRp3q9U3Zo7BVomXkGqUKDRr/z0BhFJBJWGcKx113Nj42dYGUY4zcu9RNMYkzEe0q6lEguq/Wx6bY5OrTJAYaRsSYOm6t+JDAutUxHYToHNSC96E/E/r5uY8MbPmIwTQyWZLQoTjkyEJq+jAVOUGJ5agoli9lZERlhhYmxAc1sCkZdtKN5iBMukdV7zrmqX9xfVer2IpwTHcAJn4ME11OEOGtAEAo/wAq/w5jw7786H8zlrXXGKmSOYg/P1CzcolgA=</latexit>y

<latexit sha1_base64="WlNg0LZYISV7EpDKi7x5XT6yAtw=">AAACAnicbVC7TsMwFHV4lvIqMLJYVEhMVYJ4jRUsDAytRB9SGlWO47RW/YhsB6mKsvELrLCzIVZ+hJUvwW0z0JYjWTo651zd6xMmjGrjut/Oyura+sZmaau8vbO7t185OGxrmSpMWlgyqboh0oRRQVqGGka6iSKIh4x0wtHdxO88EaWpFI9mnJCAo4GgMcXIWMlv9rPeg01HKO9Xqm7NnQIuE68gVVCg0a/89CKJU06EwQxp7XtuYoIMKUMxI3m5l2qSIDxCA+JbKhAnOsimJ+fw1CoRjKWyTxg4Vf9OZIhrPeahTXJkhnrRm4j/eX5q4psgoyJJDRF4tihOGTQSTv4PI6oINmxsCcKK2lshHiKFsLEtzW0JeV62pXiLFSyT9nnNu6pdNi+q9duinhI4BifgDHjgGtTBPWiAFsBAghfwCt6cZ+fd+XA+Z9EVp5g5AnNwvn4BnjCX3Q==</latexit>

Q!

<latexit sha1_base64="nIwU4oxmUp6eFGyEipBVZ4IKRo0="></latexit>su
<latexit sha1_base64="NI1yAxw8WuzfQBNdZPbfkB62zWI="></latexit>

=⇒
<latexit sha1_base64="uNhs4MMHWb8AzV4UMllNVb/KSbo="></latexit>

n → ∞
<latexit sha1_base64="Kk/FB8jEctrWeOshWFXj09XCom8="></latexit>yLG

<latexit sha1_base64="P9FDb3XAbsq9YhBV+thBn5t0xjc=">AAAB+HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB0DXjwmYB6QhDA76U2GzOwuM7NCXPIFXvXuTbz6N179EifJHkxiQUNR1U13lx8Lro3rfju5tfWNza38dmFnd2//oHh41NBRohjWWSQi1fKpRsFDrBtuBLZihVT6Apv+6H7qN59QaR6Fj2YcY1fSQcgDzqixUu2iVyy5ZXcGskq8jJQgQ7VX/On0I5ZIDA0TVOu258amm1JlOBM4KXQSjTFlIzrAtqUhlai76ezQCTmzSp8EkbIVGjJT/06kVGo9lr7tlNQM9bI3Ff/z2okJ7ropD+PEYMjmi4JEEBOR6dekzxUyI8aWUKa4vZWwIVWUGZvNwhZfTgo2FG85glXSuCx7N+Xr2lWpUsniycMJnMI5eHALFXiAKtSBAcILvMKb8+y8Ox/O57w152Qzx7AA5+sXnaeTXQ==</latexit>

+

<latexit sha1_base64="8AVmz2fa+n613yG3g13WG5ubvbw="></latexit>

N (0, s2η2In)

<latexit sha1_base64="NI1yAxw8WuzfQBNdZPbfkB62zWI="></latexit>

=⇒
<latexit sha1_base64="uNhs4MMHWb8AzV4UMllNVb/KSbo="></latexit>

n → ∞
<latexit sha1_base64="P9FDb3XAbsq9YhBV+thBn5t0xjc=">AAAB+HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB0DXjwmYB6QhDA76U2GzOwuM7NCXPIFXvXuTbz6N179EifJHkxiQUNR1U13lx8Lro3rfju5tfWNza38dmFnd2//oHh41NBRohjWWSQi1fKpRsFDrBtuBLZihVT6Apv+6H7qN59QaR6Fj2YcY1fSQcgDzqixUu2iVyy5ZXcGskq8jJQgQ7VX/On0I5ZIDA0TVOu258amm1JlOBM4KXQSjTFlIzrAtqUhlai76ezQCTmzSp8EkbIVGjJT/06kVGo9lr7tlNQM9bI3Ff/z2okJ7ropD+PEYMjmi4JEEBOR6dekzxUyI8aWUKa4vZWwIVWUGZvNwhZfTgo2FG85glXSuCx7N+Xr2lWpUsniycMJnMI5eHALFXiAKtSBAcILvMKb8+y8Ox/O57w152Qzx7AA5+sXnaeTXQ==</latexit>

+
<latexit sha1_base64="uCHLFt+LYR0MMrjsb24kmnlXbOA=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclUR8LQtuXFawD2hDmUwn7diZSZiZCCEEf8Gt7t2JW7/FrV/itM3Cth64cDjnXu69J4g508Z1v52V1bX1jc3SVnl7Z3dvv3Jw2NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN9O/PYTVZpF8sGkMfUFHkoWMoKNlVq9QGRp3q9U3Zo7BVomXkGqUKDRr/z0BhFJBJWGcKx113Nj42dYGUY4zcu9RNMYkzEe0q6lEguq/Wx6bY5OrTJAYaRsSYOm6t+JDAutUxHYToHNSC96E/E/r5uY8MbPmIwTQyWZLQoTjkyEJq+jAVOUGJ5agoli9lZERlhhYmxAc1sCkZdtKN5iBMukdV7zrmqX9xfVer2IpwTHcAJn4ME11OEOGtAEAo/wAq/w5jw7786H8zlrXXGKmSOYg/P1CzcolgA=</latexit>y

<latexit sha1_base64="mOXkxXz43c/pniC4Nc3EezaZ5M0="></latexit>

N (0, η2In)

<latexit sha1_base64="P9FDb3XAbsq9YhBV+thBn5t0xjc=">AAAB+HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB0DXjwmYB6QhDA76U2GzOwuM7NCXPIFXvXuTbz6N179EifJHkxiQUNR1U13lx8Lro3rfju5tfWNza38dmFnd2//oHh41NBRohjWWSQi1fKpRsFDrBtuBLZihVT6Apv+6H7qN59QaR6Fj2YcY1fSQcgDzqixUu2iVyy5ZXcGskq8jJQgQ7VX/On0I5ZIDA0TVOu258amm1JlOBM4KXQSjTFlIzrAtqUhlai76ezQCTmzSp8EkbIVGjJT/06kVGo9lr7tlNQM9bI3Ff/z2okJ7ropD+PEYMjmi4JEEBOR6dekzxUyI8aWUKa4vZWwIVWUGZvNwhZfTgo2FG85glXSuCx7N+Xr2lWpUsniycMJnMI5eHALFXiAKtSBAcILvMKb8+y8Ox/O57w152Qzx7AA5+sXnaeTXQ==</latexit>

+

<latexit sha1_base64="5MU8RA707fDinyBSXCqUOKd2uMU=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7EqGXAxjKC+YDkCHubvWTN7t6xuyeE4/Av2GpvJ7b+Flt/iZvkCpP4YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfh26refqNIskg9mElNf4KFkISPYWKnVC0SaZP1yxa26M6BV4uWkAjka/fJPbxCRRFBpCMdadz03Nn6KlWGE06zUSzSNMRnjIe1aKrGg2k9n12bozCoDFEbKljRopv6dSLHQeiIC2ymwGellbyr+53UTE974KZNxYqgk80VhwpGJ0PR1NGCKEsMnlmCimL0VkRFWmBgb0MKWQGQlG4q3HMEqaV1Uvatq7f6yUq/n8RThBE7hHDy4hjrcQQOaQOARXuAV3pxn5935cD7nrQUnnzmGBThfvzDUlfw=</latexit>u

<latexit sha1_base64="Jrd7yoK6b6A8HQ9FKUD55xbOq3o=">AAAB+HicbVDLTgJBEOzFF+IL9ehlIjHxItk1vo4kXjxCIo8ECJkdemHCzO5mZtYEN3yBV717M179G69+iQPsQcBKOqlUdae7y48F18Z1v53c2vrG5lZ+u7Czu7d/UDw8augoUQzrLBKRavlUo+Ah1g03AluxQip9gU1/dD/1m0+oNI/CRzOOsSvpIOQBZ9RYqXbRK5bcsjsDWSVeRkqQodor/nT6EUskhoYJqnXbc2PTTakynAmcFDqJxpiyER1g29KQStTddHbohJxZpU+CSNkKDZmpfydSKrUeS992SmqGetmbiv957cQEd92Uh3FiMGTzRUEiiInI9GvS5wqZEWNLKFPc3krYkCrKjM1mYYsvJwUbirccwSppXJa9m/J17apUqWTx5OEETuEcPLiFCjxAFerAAOEFXuHNeXbenQ/nc96ac7KZY1iA8/ULoM+TXw==</latexit>�<latexit sha1_base64="uCHLFt+LYR0MMrjsb24kmnlXbOA=">AAAB/XicbVDLSsNAFL3xWeur6tLNYBFclUR8LQtuXFawD2hDmUwn7diZSZiZCCEEf8Gt7t2JW7/FrV/itM3Cth64cDjnXu69J4g508Z1v52V1bX1jc3SVnl7Z3dvv3Jw2NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN9O/PYTVZpF8sGkMfUFHkoWMoKNlVq9QGRp3q9U3Zo7BVomXkGqUKDRr/z0BhFJBJWGcKx113Nj42dYGUY4zcu9RNMYkzEe0q6lEguq/Wx6bY5OrTJAYaRsSYOm6t+JDAutUxHYToHNSC96E/E/r5uY8MbPmIwTQyWZLQoTjkyEJq+jAVOUGJ5agoli9lZERlhhYmxAc1sCkZdtKN5iBMukdV7zrmqX9xfVer2IpwTHcAJn4ME11OEOGtAEAo/wAq/w5jw7786H8zlrXXGKmSOYg/P1CzcolgA=</latexit>y
<latexit sha1_base64="WlNg0LZYISV7EpDKi7x5XT6yAtw=">AAACAnicbVC7TsMwFHV4lvIqMLJYVEhMVYJ4jRUsDAytRB9SGlWO47RW/YhsB6mKsvELrLCzIVZ+hJUvwW0z0JYjWTo651zd6xMmjGrjut/Oyura+sZmaau8vbO7t185OGxrmSpMWlgyqboh0oRRQVqGGka6iSKIh4x0wtHdxO88EaWpFI9mnJCAo4GgMcXIWMlv9rPeg01HKO9Xqm7NnQIuE68gVVCg0a/89CKJU06EwQxp7XtuYoIMKUMxI3m5l2qSIDxCA+JbKhAnOsimJ+fw1CoRjKWyTxg4Vf9OZIhrPeahTXJkhnrRm4j/eX5q4psgoyJJDRF4tihOGTQSTv4PI6oINmxsCcKK2lshHiKFsLEtzW0JeV62pXiLFSyT9nnNu6pdNi+q9duinhI4BifgDHjgGtTBPWiAFsBAghfwCt6cZ+fd+XA+Z9EVp5g5AnNwvn4BnjCX3Q==</latexit>

Q!

Figure 12: In the latent space, SD-LTC (left) becomes AWGN-like. PD-LTC (right) models the sum
of a lattice Gaussian and Gaussian; s must be large enough for the sum to be Gaussian.

for n sufficiently large, where (177) is by Lemma F.4. Therefore, for n sufficiently large, we have
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where (181) is due to (170) and (180). (182) holds by Ling and Belfiore (2014, Lemma 6), the choice
of volume, for n sufficiently large.

We now prove Thm. 3.3, which is restated below.

Theorem F.6 (Optimality of PD-LTC for Gaussian sources (Thm. 3.3 in main text)). Let
X1, X2, . . .

i.i.d.∼ N (0, σ2). For any D satisfying 0 < D ≤ 2σ2, there exists a sequence of PD-LTCs
{(g(n)a , g

(n)
s ,Λ(n))}∞n=1 such that

lim
n→∞

1

n
H(QΛ(n)(g(n)a (Xn))) ≤ R(D/2,∞), (184)

lim
n→∞

1

n
E[∥Xn − X̂n∥2] ≤ D, (185)

lim
n→∞

1

n
W 2

2 (PXn , PX̂n) = 0, (186)

where X̂n = g
(n)
s (QΛ(n)(g

(n)
a (Xn)) + su), u ∼ Unif(V(Λ(n))), and s = σ√

σ2−D/2
.

Proof. Set s = σ√
σ2−ν

, β = 1, and ν = D
2 , which satisfies (88). Choose the lattices Λ(n) as polar

lattices (Liu et al., 2021; 2024). By the choice of s, ϵu = ϵz = ϵΛ(n)

(√
(σ2−ν)ν

σ2

)
, and therefore both

flatness factors will vanish exponentially fast as n → ∞ by Liu et al. (2021, Prop. 1). Additionally,
by using the fact that ϵ1 ≤ ϵΛ(n)

(√
(σ2−ν)ν

σ2 /
√

π
π−t

)
, and since ϵz vanishes, taking t → 0 results

in a vanishing ϵ1 and therefore vanishing ϵh; see Ling and Belfiore (2014, Sec. III). By Liu et al.
(2019), polar lattices are AWGN-good and have exponentially decaying MAP error probability for
the x̃ = y+ z AWGN channel with lattice Gaussian input, at any signal-to-noise ratio (and therefore
any ν ∈ (0, σ2)). By Liu et al. (2024), the polar lattices are also quantization-good. Therefore, by
Lemma F.5 we have that the rate, distortion, and perception satisfy

lim
n→∞

1

n
H(QΛ(n)(g(n)a (Xn))) ≤ 1

2
log

2σ2

D
, (187)

lim
n→∞

1

n
E[∥Xn − X̂n∥2] ≤ D, (188)

lim
n→∞

1

n
W 2

2 (PXn , PX̂n) = 0, (189)

when the transforms are chosen to be g
(n)
a (v) = αv and g

(n)
s (v) = βv.
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Remark F.7. We note that the choice of s = σ/
√
σ2 − D/2 > 1 depends on the regime of the rate-

distortion tradeoff; it is approximately 1 for small D, and becomes large for D → 2σ2. At low rates,
this means the effective dither su “leaks” outside the lattice cell rather significantly. This is required
to ensure the perception term vanishes in (11). Specifically, su needs to be large enough relative
to the quantization steps of Q(g

(n)
a (Xn)) for QΛ(n)(g

(n)
a (Xn)) + su to approximate a Gaussian of

covariance σ2In arbitrarily accurately. The nature of this approximation is based on the flatness factor
(Ling et al., 2014, Def. 5) used in lattice Gaussian coding, which is elaborated on in Remark F.8.
Remark F.8. In the proof of Lemma F.5 (and therefore Thm. 3.3), the condition in (88) ensures that
the distribution of X̂n is approximately Gaussian with covariance σ2In, and the closeness of this
approximation is quantified by ϵu. This essentially controls how well the perception constraint can be
enforced, which is why s shows up in the flatness factor. One can see that s needs to be sufficiently
large to ensure ϵu = ϵz which guarantees ϵu vanishes by Liu et al. (2021, Prop. 1). If s is too small,
ϵu > ϵz and it is not guaranteed it will vanish. We see that the choice of s = σ√

σ2−D/2
> 1 indicates

a dither su that “bleeds” outside the lattice cell at low rates is sufficient to ensure a vanishing ϵu
and therefore vanishing perception. This seems to imply it is not possible to choose a smaller s than
the one chosen and still make ϵu vanish; if this were possible, it would imply that a near-perfect
perception rate-distortion tradeoff below R(D/2,∞) is achievable, which would contradict results in
the RDP literature that R(D/2,∞) is the lower bound (Yan et al., 2021; Wagner, 2022; Chen et al.,
2022).

On the other hand, ϵz is used to approximate PXn ≈ Px̃, and ϵh is used to approximate the entropy
rate of y; as shown in the proof, a vanishing ϵz implies a vanishing ϵh.
Remark F.9. The sequence of PD-LTCs in Thm. 3.3 that satisfy the near-perfect perception constraint
in (11) can be upgraded to a sequence of codes satisfying a perfect perception constraint of PXn =
PX̂n with the same asymptotic rate and distortion, by following the “coupling argument” of Saldi
et al. (2015). That is, if πXn,X̂n is the coupling that satisfies 1

nW
2
2 (PXn , PX̂n) = ϵ, then one can

use X̄n ∼ πXn|X̂n as the reconstruction instead of X̂n. This would ensure PX̄n = PXn and the

distortion 1
nE[∥Xn − X̄n∥2] ≤ 1

nE[∥Xn − X̂n∥2] + ϵ. Since this change only affects the decoder,
the rate remains the same as before.
Remark F.10. The choice of polar lattices in the proof of Thm. 3.3 may not be necessary, and
other lattice families may also work. The essential requirements are that both ϵu and ϵz vanish,
AWGN-goodness, quantization-goodness, and vanishing MAP error probability for the x̃ = y + z
AWGN channel. While the latter three can be simultaneously satisfied by other lattice families, such
as the mod-p lattices (Loeliger, 1997), to the best of the authors’ knowledge, the only currently known
lattice family with known results on vanishing ϵu and ϵz is the polar lattice. This does not preclude
the existence of other lattice families that may satisfy all the aforementioned requirements.

G Empirical Evaluation of Sliced Wasserstein

Here, we assess how accurate we can estimate the squared 2-Wasserstein Distance W 2
2 (P,Q) with

the sliced Wasserstein distance SW2
2(P,Q) (Bonneel et al., 2015). Let P = N (1, In), and Q =

N (0, 2In). Then 1
nW

2
2 (P,Q) = 2. Shown in Table 2, 1, sliced Wasserstein provides fairly accurate

estimate of the true Wasserstein for Gaussian samples, where N is the number of samples. This
supports the use of sliced Wasserstein as a proxy for the Wasserstein distance in our experiment
surrounding the Gaussian source (as we would expect the reconstruction distribution to be near-
Gaussian). Therefore, the theoretical bounds are a meaningful comparison, as they align with the
operational quantities of the corresponding coding theorem.
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n = 8

N Estimate Std. Error

100 2.129 0.282
1000 1.999 0.187
5000 2.004 0.158
10000 1.994 0.164

n = 24

100 2.118 0.235
1000 2.017 0.192
5000 2.005 0.188
10000 2.008 0.184

Table 1: Estimating W 2
2 using Sliced-Wasserstein with 50 projections.

n = 8

N Estimate Std. Error

100 2.142 0.329
1000 1.987 0.299
5000 1.999 0.274

10000 2.009 0.276

Table 2: Estimating W 2
2 using Sliced-Wasserstein with 20 projections.
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