Proceedings of Machine Learning Research vol 313:1-47, 2026 37th International Conference on Algorithmic Learning Theory

Online Convex Optimization with Heavy Tails:
Old Algorithms, New Regrets, and Applications

Zijian Liu 713067 @STERN.NYU.EDU
Stern School of Business, New York University

Editors: Matus Telgarsky and Jonathan Ullman

Abstract

In Online Convex Optimization (OCO), when the stochastic gradient has a finite variance, many
algorithms provably work and guarantee a sublinear regret. However, limited results are known if
the gradient estimate has a heavy tail, i.e., the stochastic gradient only admits a finite p-th central
moment for some p € (1,2]. Motivated by it, this work examines different old algorithms for
OCO (e.g., Online Gradient Descent) in the more challenging heavy-tailed setting. Under the
standard bounded domain assumption, we establish new regrets for these classical methods without
any algorithmic modification. Remarkably, these regret bounds are fully optimal in all parameters
(can be achieved even without knowing p), suggesting that OCO with heavy tails can be solved
effectively without any extra operation (e.g., gradient clipping). Our new results have several
applications. A particularly interesting one is the first provable and optimal convergence result
for nonsmooth nonconvex optimization under heavy-tailed noise without gradient clipping.
Keywords: Online Learning, Online Convex Optimization, Heavy Tails

1. Introduction

This paper studies the online learning problem with convex losses, also known as Online Convex
Optimization (OCO), a widely applicable framework that learns under streaming data (Cesa-Bianchi
and Lugosi, 2006; Shalev-Shwartz, 2012; Hazan, 2016; Orabona, 2019). OCO has tons of implications
for both designing and analyzing algorithms in different areas, for example, stochastic optimization
(McMahan and Streeter, 2010; Duchi et al., 2011; Kingma and Ba, 2014), PAC learning (Cesa-
Bianchi et al., 2004), control theory (Agarwal et al., 2019; Hazan and Singh, 2025), etc.

In an OCO problem, a learning algorithm A would interact with the environment in 7" rounds,
where T' € N can be either known or unknown. Formally, in each round ¢, the learner A first decides
an output &; € X from a convex feasible set X C R<, then the environment reveals a convex loss
function ¢, : X — R, and A incurs a loss of ¢;(x;). After T many rounds, the quantity measuring
the algorithm’s performance is called regret, defined relative to any fixed competitor x € X as

follows:
T

RAMx) 2> li(xy) — ().
t=1
In the classical setting, instead of observing full information about /¢;, the learner A is only
guaranteed to receive a subgradient V/;(x:) € 00;(x;) at its decision, where 0/;(x;) denotes the
subdifferential set of ¢; at x; (Rockafellar, 1997). This turns out to be enough for our purpose of
minimizing the regret, since any OCO problem can be reduced to an Online Linear Optimization

0. This is a short, self-contained version of the full paper (Liu, 2025). Compared to the full paper, this version focuses
only on nonsmooth problems. For broader settings (e.g., smooth OCO) and applications, please refer to Liu (2025).
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(OLO) instance via the inequality ¢;(x;)— () < (V{i(x:), 2y — ), which holds due to convexity.
Under the standard bounded domain assumption, i.e., X has a finite diameter D, many classical
algorithms, e.g., Online Gradient Descent (OGD) (Zinkevich, 2003), guarantee an optimal sublinear
regret GD+/T for G-Lipschitz ¢;. Even better, in the case that computing an exact subgradient is
intractable, and one could only query a stochastic estimate g, satisfying E [g, | @] € 0¢;(x;), the
OGD algorithm can still solve OCO effectively with a provable (G + U)D\/T regret bound in
expectation if the stochastic noise g, — V/;(x;) has a bounded second moment 2 for some o > 0,
which is called the finite variance condition.

However, many works have pointed out that even for the easier stochastic optimization (i.e.,
¢y = F for acommon F'), the typical finite variance assumption is too optimistic and can be violated
in different tasks (Simsekli et al., 2019; Zhang et al., 2020a; Hodgkinson and Mahoney, 2021),
and their observations suggest that the stochastic gradient only admits a finite p-th central moment
upper bounded by oP for some p € (1, 2], which is named heavy-tailed noise. This new assumption
generalizes the classical finite variance condition (p = 2) and becomes challenging when p < 2. A
particular evidence is that the famous Stochastic Gradient Descent (SGD) algorithm (Robbins and
Monro, 1951) (which is exactly OGD for stochastic optimization) provably diverges (Zhang et al.,
2020a).

Though heavy-tailed stochastic optimization has been extensively studied (Sadiev et al., 2023;
Liu and Zhou, 2023; Nguyen et al., 2023), limited results are known for OCO with heavy tails. The
only work under this topic that we are aware of is Zhang and Cutkosky (2022), which established
a parameter-free regret bound in high probability (more discussions provided later). However, their
algorithm includes many nontrivial modifications like gradient clipping and significantly deviates
from the existing simple OCO algorithms used in practice. Especially, consider OGD as an example.
Though the heavy-tailed issue is known, OGD (or just think of it as SGD) still works (sometimes
very well) in practice even without gradient clipping and is arguably one of the most popular
optimizers, which seemingly contradicts the theory of nonconvergence mentioned before. This
indicates that, for classical OCO algorithms under heavy-tailed noise, a huge gap exists between
the empirical convergence (or even the effective practical performance) and theoretical guarantees.
Therefore, we are naturally led to the following question:

In what context can old OCO algorithms work under heavy tails, in what sense, and to what extent?

1.1. Contributions

Motivated by the above question, we examine three classical algorithms for OCO: Online Gradient
Descent (OGD) (Zinkevich, 2003), Dual Averaging (DA) (Nesterov, 2009; Xiao, 2009), and AdaGrad
(McMahan and Streeter, 2010; Duchi et al., 2011), and answer it as follows:

Under the standard bounded domain assumption, the in-expectation regret [R:Ap(w)} is finite and
optimal for any A € {OGD, DA, AdaGrad}, without any algorithmic modification.

In detail, our new results for heavy-tailed OCO are summarized here:

* We prove the only and the first optimal regret bound E [Rf}(:c)] < GDVT+0oDT'P Vx € X for
any A € {OGD, DA, AdaGrad}. Remarkably, AdaGrad can achieve this result without knowing
any of the Lipschitz parameter GG, noise level o, and tail index p.
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* We extend the analysis of OGD to Online Strongly Convex Optimization with heavy tails and

establish the first provable result E [R9P(z)] < G llng + ”Z?f;pTz_p,Vaz € X, where ;1 > 0

is the modulus of strong convexity and 7° should be read as log 7.

Based on the new regret bounds for OCO with heavy tails, we provide the following applications:

* For nonsmooth convex optimization with heavy tails, we show the first optimal in-expectation rate
GD/ VT + oD / T1-1/P achieved without gradient clipping, which applies to both the average
iterate and last iterate, demonstrating that SGD does converge once the domain is bounded.
Moreover, we also give the rate when strong convexity additionally holds.

* For nonsmooth nonconvex optimization with heavy tails, we show the first provable sample
2

complexity of G26~te3 + oPIs _le_ﬁ for finding a (4, €)-stationary point without gradient
clipping. In addition, we also establish the first lower bound for nonsmooth nonconvex optimization
under heavy tails, matching our sample complexity in the high accuracy and noisy regime (i.e., € is
small enough with o > 0). These two results together provide a nearly complete characterization
of the complexity of finding (J, €)-stationary points in the heavy-tailed setting. Moreover, we
give the first convergence result when the problem-dependent parameters (like GG, o, and p) are
unknown in advance, resolving a question asked by Liu et al. (2024).

1.2. Discussion on Zhang and Cutkosky (2022)

As noted, Zhang and Cutkosky (2022) is the only work for OCO with heavy tails, as far as we
know. There are two major discrepancies between them and us. First, they consider the case where
the feasible set X’ is unbounded and aim to establish a parameter-free regret bound, i.e., the regret
bound has a linear dependency on ||x|| (up to an extra polylog ||x||) for any competitor x € X.
Second, they focus on high-probability rather than in-expectation analysis. As such, their regret is
in the form of R} (x) < (G + o) ||| TY/P,Va € X (up to extra polylogarithmic factors) with high
probability. Without a doubt, their setting is harder than ours implying their bound is stronger as it
can convert to an in-expectation regret E [RM ()] < (G + o)DT'/P for any bounded domain X
with a diameter D.

We emphasize that the motivation behind Zhang and Cutkosky (2022) differs heavily from ours.
They aim to solve heavy-tailed OCO with a new proposed method that contains many nontrivial
technical tricks, including gradient clipping, artificially added regularization, and solving the additional
fixed-point equation. However, their result cannot reflect why the existing simple OCO algorithms
like OGD work in practice under heavy-tailed noise. In contrast, our goal is to examine whether,
when, and how the classical OCO algorithms work under heavy tails, thereby filling the missing
piece in the literature.

Moreover, we would like to mention two limitations of Zhang and Cutkosky (2022). First,
though the T"'/P regret seems tight as it matches the lower bound (Nemirovski and Yudin, 1983;
Raginsky and Rakhlin, 2009; Vural et al., 2022), this may not be the best, since an optimal bound
should recover the standard /7 regret in the deterministic case (i.e., ¢ = 0), as one can imagine.
This suggests that their bound is not entirely optimal. Second, we remark that they require knowing
both problem-dependent parameters GG, o, p and time horizon 7" in the algorithm, which may be
hard to satisfy in the online setting. In comparison, our regret bound GD+v/T + o DT'/? is fully
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optimal in all parameters'

information.

. Importantly, AdaGrad can achieve it while oblivious to the problem

1.3. Discussion on High-Probability Bounds

One may notice that all of our new results are measured in expectation and naturally wonder whether
high-probability bounds (i.e., polylogarithmic dependency on the failure probability) are achievable
in the same setting of this work. Though we cannot fully address this question at this time, some
preliminary discussions are provided in Appendix A, including a negative result for OGD /SGD.

2. Preliminary

Notation. N denotes the set of natural numbers (excluding 0). [T] 2 {1,...,T},VT € N.aAb =
min {a, b} and a V b = max {a,b}. We write a < b (resp., a > b) if a < Cb (resp., a > Cb) for
a universal constant C' > 0. | -] and [-] respectively represent the floor and ceiling functions. (-, )
denotes the Euclidean inner product and ||-|| £ +/(,-) is the standard 2-norm. Given = € R? and
D > 0, B4(x, D) is the Euclidean ball in R? centered at  with a radius D. In the case & = 0, we
use the shorthand B¢(D). Given A C R?, intA stands for the interior points of A. For nonempty
closed convex A C R? TI, is the Euclidean projection operator onto A. For a convex function f,
Jf (x) denotes its subgradient set at x.

Remark 1 We choose the Euclidean norm only for simplicity. Extending the results of this work
to any general norm by Online Mirror Descent (OMD) (Nemirovski and Yudin, 1983; Beck and
Teboulle, 2003) via the Bregman divergence is straightforward.

This work studies OCO in the context of Assumption 1.

Assumption 1 We consider the following series of assumptions:

* X C R%is a nonempty closed convex set bounded by D, i.e., sup, ¢y || — y|| < D.
e U+ X — Ris closed convex for all t € [T).

* 0y is G-Lipschitz on X, i.e.,

Vi(x)|| < G,V € X, Vi(x) € l(x), forallt € [T).

s Given a point x; € X at the t-th iteration, one can query g, € R? satisfying V{;(x;)
Elg, | Fi—1] € 0 (x;) and E|||&|]°] < oP for some p € (1,2] and ¢ > 0, where F;
o(gy,--.,g;) denotes the natural filtration and €; = g, — V{;(x;) is the stochastic noise.

1> >

Remark 2 D is recognized as known, like ubiquitously assumed in the OCO literature. Moreover,
x; denotes the decision/output of the online learning algorithm by default.

Remark 3 The idea presented in this work can be extended to the composite setting (i.e., £y + 1y,
where 1y is convex and assumed to be known at time t — 1) via the proximal update, provably.

In Assumption 1, the first three points are standard, and the fourth is the heavy-tailed noise assumption.
In particular, p = 2 recovers the standard finite variance condition.

1. The optimality is justified by a matching lower bound G D+/T +o DT/P that can be obtained by combining Theorem
5.1 of Orabona (2019) and Section 5.3.1 of Nemirovski and Yudin (1983).
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3. Old Algorithms under Heavy Tails

In this section, we revisit three classical algorithms for OCO: OGD, DA, and AdaGrad, whose regret
bounds are well-studied in the finite variance case but remain unknown under heavy-tailed noise.

The basic idea of proving these algorithms work under heavy tails is to leverage the boundedness
property of X'. We will describe it in more detail using OGD as an illustrated example. The analysis
of DA follows a similar way at a high level, but differs in some details. However, though AdaGrad
can be viewed as OGD with an adaptive stepsize, the way to utilize the boundedness property is
entirely different. All formal proofs are deferred to the appendix due to space limitations.

3.1. New Regret for Online Gradient Descent

Algorithm 1 Online Gradient Descent (OGD) (Zinkevich, 2003)
Input: initial point 1 € X, stepsize n; > 0
fort =1to T do
i1 = My (e — nigy)
end for

We begin from arguably the most basic algorithm for OCO, Online Gradient Descent (OGD).

A well known analysis. The regret bound of OGD has been extensively studied (Shalev-
Shwartz, 2012; Hazan, 2016; Orabona, 2019). The most well known analysis is perhaps the following
one: for any x € X, there is

2 2 2
[@r 1 — @l = [[Mx(@: —negy) — (@) |” < [loe — negy — 2”,

where the inequality holds by the nonexpansive property of I1 y. Expanding both sides and rearranging
terms yield that

2 2
< Nz —z|” — |21 — 2|

2
(gi @~ @) < L mllgd? "

277t 2
If g, admits a finite variance, i.e., p = 2 in Assumption 1, taking expectations on both sides, then

following a standard analysis for n; = m (orm = ﬁ if T' is known) gives the regret

E [R%GD(:I:)} < (G +0)DVT,Vz € X.

However, the step of taking expectations on the R.H.S. of (1) crucially relies on the finite variance
condition of g,. Therefore, one may naturally think OGD would not guarantee a finite regret if
p<2.

A less well known analysis®. As discussed, the failure of the above proof under heavy-tailed
noise is due to (1). Therefore, if a tighter inequality than (1) exists, then it might be possible to show
that OGD still works for p < 2. However, does it exist?

Actually, there is another less well known analysis to produce a better inequality than (1). That
is, first showing for any & € X, by the optimality condition of the update rule,

& — 1, T — 2) @ — 2l — |2 — 2] — |z — 2
us 2y

2. To clarify, the phrase “less well known” is compared to the first one. This analysis itself is also famous in the
literature. For example, see Lemma 6.10 of Orabona (2019) and Lemma 3.1 of Lan (2020).

(94, i1 —x) < <

)
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and then obtaining

lze — ]|* — ||zt — ||

Bk
2n

2y

(94, —x) < + (g, Tt — T441) — (2)

Note that (2) is tighter than (1) as (g,, z; — T¢11) < ||g;]| |Te — T < m\lgt\l 4 e ;ci“” ,
where the first step is due to Cauchy-Schwarz inequality and the second one is by AM GM mequahty.

Handle p < 2 in a simple way. Though we have tightened (1) into (2), can inequality (2)
help to overcome heavy tails? The answer is surprisingly positive, and our solution is fairly simple.
Instead of directly applying AM-GM inequality in the second step, we recall g, = Vi (x:) + €
and use triangle inequality to obtain

(9,2 — xev1) < gell |2 — zepa |l < (IVE() || + l€c]) |2 — el - 3)

On the one hand, by ||V (x;)|| < G and AM-GM inequality, there is

Bk

V(o) || |1z — wega]] < Gl — T || < mG* + o 4)
t
On the other hand, let p, £ p—El and C(p) 2 (4’31)%, we have
Ay \ o 2 prwHQ"%
_2 — Xy
quw—wﬁm=<> leul e — el (* = Doy )
p 4ny
B 2
4 Px p p—=-
@ ()" el llee = @iy " lm zal?
- p 4ny
(b) _ e — e
< C(P)ﬁf 1 Heth D2P 4 M’ 5)

4ny

where (a ) is by Young’s inequality and (b) is due to || — @11 < D, px = ==, and C(p) =

p—1°
(4p—4)P~

o7 . Next, we plug (4) and (5) back into (3), then combine with (2) to know

|2 — 5'3||2 — @41 —

. e+ Coppt lalP D 6
™

<gt7wt - (E) <

Notably, the term ||&;||® has a correct exponent p. Thus, we can safely take expectations on both
sides. Finally, a standard analysis yields the following Theorem 1 (see Appendix B for a formal

proof).

Theorem 1 Under Assumption I, taking n; = g \/

E R ()| < GDVT + oD/ v € X.

As far as we know, Theorem 1 is the first and only provable result for OGD under heavy tails.
Remarkably, it is not only tight in 7" (Nemirovski and Yudin, 1983; Raginsky and Rakhlin, 2009;
Vural et al., 2022) but also fully optimal in all parameters, in contrast to the bound (G + o) DT'/P
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of Zhang and Cutkosky (2022). This reveals that OCO with heavy tails can be optimally solved as
effectively as the finite variance case once the domain is bounded, a classical condition adopted in
many existing works.

Strongly convex functions. We highlight that the above idea can also be applied to Online
Strongly Convex Optimization and leads to a sublinear regret 72~P better than T'/P. This extension
can be found in Appendix B.

3.2. New Regret for Dual Averaging

Algorithm 2 Dual Averaging (DA) (Nesterov, 2009; Xiao, 2009)
Input: initial point ; € X, stepsize n; > 0
fort =1to T do

@ =Hy(z1 —m Y1 9,)
end for

Remark 4 It is known that DA is a special realization of the more general Follow-the-Regularized-
Leader (FTRL) framework (McMahan, 2011). To keep the work concise, we focus only on DA.
The key idea for proving Theorem 2 can be directly extended to show new regret for FTRL under
heavy-tailed noise.

We turn our attention to the second candidate, the Dual Averaging (DA) algorithm, which is given
in Algorithm 2. Though DA coincides with OGD when X = R¢ and 1, = 7, these two methods in
general are not equivalent and can have significant performance differences in practice. Therefore,
it is also important to understand DA under heavy tails.

Despite the proof strategies for OGD and DA are in different flavors (even for p = 2), the basic
idea presented before for OGD still works here, i.e., apply the boundedness property of X’ to make
the term ||€;|| have a correct exponent. Armed with this thought, we can prove the following new
regret bound for DA under heavy-tailed noise. We refer the reader to Appendix C for its proof.

GA\/Z A gt?/P in DA (Algorithm 2), we have

Theorem 2 Under Assumption I, taking n; =
E {R:'%A(ac)} < GDVT +oDTY?P Yz € X.

As far as we know, Theorem 2 is the first provable and optimal regret for DA under heavy tails. It
guarantees the same tight bound as in Theorem 1 up to different constants.

3.3. New Regret for AdaGrad

Algorithm 3 AdaGrad (McMahan and Streeter, 2010; Duchi et al., 2011)
Input: initial point x; € X, stepsize n > 0
fort =1to T do
m =V, '/ where Vi = 30, [lg,1”
zi1 = Hx(zr — negy)
end for
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Remark 5 Algorithm 3 is also named AdaGrad-Norm (e.g., Ward et al. (2019)). We simply call it
AdaGrad. It is straightforward to generalize Theorem 3 below to the per-coordinate update version.

Although Theorems 1 and 2 are optimal, they both suffer from an undesired point. That is, the
stepsize 7y = GL\/E A ﬁ requires knowing all problem-dependent parameters. However, it may not
be easy to obtain them in an online setting. Especially, it heavily depends on the prior information
about the tail index p, which is hard to know (even approximately) in advance. In other words, they
both lack the adaptive property to an unknown environment.

To handle this issue, we consider AdaGrad, a classical adaptive algorithm for OCO. As can be
seen, AdaGrad is just OGD with an adaptive stepsize. However, it is this adaptive stepsize that can
help us to overcome the above undesired point.

Theorem 3 Under Assumption 1, taking n = D /~/2 in AdaGrad (Algorithm 3), we have

E [RédaGrad(m)] < GD\/T—I—O‘DTI/p,Vm c X.

Remark 6 We also establish a similar result for DA with an adaptive stepsize. See Theorem 8 in
Appendix C for details.

Theorem 3 provides the first regret bound for AdaGrad under heavy tails. Impressively, it is optimal
even without knowing any of GG, o, and p. This surprising result once again demonstrates the power
of the adaptive method, indicating it is robust to an unknown environment and even heavy-tailed
noise, which may partially explain the favorable performance of many adaptive optimizers designed
based on AdaGrad like RMSProp (Tieleman et al., 2012) and Adam (Kingma and Ba, 2014).

We point out that the key to establishing Theorem 3 differs from the idea used before for OGD
and DA. Actually, Theorem 3 can be obtained in an embarrassingly simple way. It is known that
AdaGrad with 7 = D/+/2 on a bounded domain guarantees the following path-wise regret

T T

> Agpxi—x) SD Y gl (7)

t=1 t=1

1
Observe that /S5, gy < /S0y V6|2 + /Sy llel® < GVT + (S el P)

where the last step is due to |-[|, < [|-[|, forany p € [1, 2]. After taking expectations on both sides of

1 1
(7) and applying Holder’s inequality to obtain E {(Zle || €t Hp> p] < (Zthl E [Het||p]> P < O'T%,

we conclude Theorem 3. To make the work self-consistent, we produce the formal proof of Theorem
3 in Appendix D.

4. Applications

We provide some applications based on the new regret bounds established in Section 3. The basic
problem we study is optimizing a single objective F', which could be either convex or nonconvex.
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4.1. Nonsmooth Convex Optimization

In this section, we consider nonsmooth convex optimization with heavy tails.
Convergence of the average iterate. First, we focus on the average-iterate convergence. By
the classical online-to-batch conversion (Cesa-Bianchi et al., 2004), the following corollary holds.

Corollary 1 Under Assumption 1 for {,(z) = (VF(z;),x) and let r = % Zthl xy, for any
A € {OGD, DA, AdaGrad}, we have
E[R}z)] _GD oD

E[F(z7) — F(z)] < < + V€ X.
[Flar) - Pl s =500 8 Tn+

T A
Proof By convexity, F(Zr) — F(x) < 2= F(;t)fF(w) < RTT(m) is valid for any OCO algorithm
A. We conclude from invoking Theorems 1, 2 and 3. |

To the best of our knowledge, Corollary 1 gives the first and optimal convergence rate for these
three algorithms in stochastic optimization with heavy tails. Especially, it implies that once the
domain is bounded, the widely implemented SGD algorithm provably converges under heavy-tailed
noise without any algorithmic change considered in many prior works, e.g., gradient clipping (Liu
and Zhou, 2023; Nguyen et al., 2023).

We are only aware of two works (Vural et al., 2022; Liu and Zhou, 2024) based on Stochastic
Mirror Descent (SMD) (Nemirovski and Yudin, 1983) that gave convergence results without clipping.
However, they share a common shortcoming, i.e., their bounds are both in the form of (G +
o)D/T'=1/P, which cannot recover the optimal rate GD/+/T when o = 0.

Remark 7 As mentioned in Remark 1, our analysis also provably extends to OMD, which degenerates
to SMD for stochastic optimization. However, we highlight a major difference between the existing
works mentioned above and ours: the condition on the mirror map. Concretely, the mirror map in
Vural et al. (2022); Liu and Zhou (2024) is required to be pEI -uniformly convex w.r.t. the studied
norm. In contrast, as one can check, our proof technique only needs the mirror map to be 1-strongly
convex w.r.t. the studied norm regardless of the value of p. We emphasize that this difference
is already significant for the standard 2-norm considered in the work. As explicitly discussed in

Section 3.1 of Vural et al. (2022), their framework cannot recover standard SGD when p # 2,

P
. . . . . o . p .
since their mirror map is chosen to be proportional to ||-||P=1 to satisfy the pfl—umformly convex

requirement. In comparison, for any p € (1,2], OMD/SMD with the 1-strongly convex mirror map
3 ||-|[* exactly corresponds to the OGD /SGD algorithm.

Lastly, we highlight that for A = AdaGrad, Corollary 1 is not only optimal but also adaptive to
the tail index p. As far as we know, no result has achieved this property before. This once again
evidences the benefit of adaptive gradient methods.

Convergence of the last iterate. Next, we consider the more challenging last-iterate convergence,
which has a long history in stochastic optimization and fruitful results in the case of p = 2 (see, e.g.,
Zhang (2004); Shamir and Zhang (2013); Harvey et al. (2019); Orabona (2020); Jain et al. (2021)).
However, less is known about heavy-tailed problems. So far, only two works (Liu and Zhou, 2024;
Parletta et al., 2025) have established the last-iterate convergence. The former is based on SMD, and
the latter employs gradient clipping in SGD. Unfortunately, their rates are both in the suboptimal
order (G + o)D/T'~ /P,
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We will provide an optimal last-iterate rate based on the following lemma, which reduces the
last-iterate convergence to an online learning problem.

Lemma 1 (Theorem 1 of Defazio et al. (2023)) Suppose x1,...,xrandy, ...,y aretwo sequences

of vectors satisfying v € X, 1 = Yy, and

T—1t
T

Y1 =Y + (Tp11 — 1) - )

Given a convex function F(x), let l:(x) = (VF(y,), x). Then for any online learner A, we have

Flyr) - Fla) < 2

We emphasize that the stochastic gradient g, received by A is an estimate of VF(y,) instead of
VF(x;). This flexibility is due to the generality of the OCO framework. Moreover, for OGD,
suppose there is no projection step, then (8) is equivalent to ¥y, = y; — %ntgt, which can be

viewed as SGD with a stepsize Tj? tn;. For proof of Lemma 1, we refer the interested reader to
Defazio et al. (2023).

Corollary 2 Under Assumption 1 for ly(x) = (VF(y,),x), where y, satisfies (8), for any A €
{OGD, DA, AdaGrad}, we have

E[RMz)] _GD oD

E[F — F(x)] < < + Ve e X.
Flyr) = (o)) < =1 8 T+
Proof Combine Lemma 1 and Theorems 1, 2 and 3 to conclude. |

As far as we know, Corollary 2 is the first optimal last-iterate convergence rate for stochastic
convex optimization with heavy tails, closing the gap in existing works.

One may notice that y, itself is not the decision made by the online learner and naturally may
ask whether x; ensures the last-iterate convergence if we simply pick ¢; = F'. The answer turns out
to be positive at least for OGD (which is equivalent to SGD now). However, to prove this result,
we rely on a technique specialized to stochastic optimization recently developed by Zamani and
Glineur (2025); Liu and Zhou (2024). To not diverge from the topic of OCO, we defer the last-
iterate convergence of OGD (i.e., E [F'(x7)]) to Appendix E, in which Theorem 9 gives a general
result for any stepsize n; and Corollary 4 provides a last-iterate rate similar to Corollary 2 (up to an
extra logarithmic factor) under the same stepsize 1, = GL\/E A =2 as in Theorem 1. If T is assumed

otl/p
to be known, Corollary 4 also shows how to set the stepsize in OGD to converge in the optimal rate
GD | oD
VT i

logT

Remark 8 [f strong convexity further holds, Corollary 5 gives a last-iterate rate in the order 73=1.

4.2. Nonsmooth Nonconvex Optimization

This section contains another application, nonsmooth nonconvex optimization with heavy tails. Due
to limited space, we will provide only the necessary background. For more details, we refer the
reader to Davis et al. (2022); Kornowski and Shamir (2022a,b); Tian et al. (2022); Jordan et al.
(2023); Tian and So (2024) for recent progress. We start with a new set of conditions.
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Assumption 2 We consider the following series of assumptions:
* The objective I is lower bounded by F, = inf  ps F(x) € R.
e F is differentiable and well-behaved, i.e., F(x) — F(y) = fol (VF(y +t(x—vy)),z —y)dt.

s Fis G-Lipschitz on R%, i.e., ||VF(x)|| < G,V € R%

* Given z; € RY at the t-th iteration, one can query g, € R satisfying E[g, | Fi—1] = VF(z;)
and E [||&||P] < oP for some p € (1,2] and o > 0, where F; denotes the natural filtration and
A . . .
€ = g, — VF(z,) is the stochastic noise.

Remark 9 The second point is a mild regularity condition introduced by Cutkosky et al. (2023) and
becomes standard in the literature (Liu et al., 2024; Zhang and Cutkosky, 2024; Ahn and Cutkosky,
2024). See Definition 1 and Proposition 2 of Cutkosky et al. (2023) for more details. In the fourth
point, we use the same notation z as in the algorithm being studied later. In fact, it can be arbitrary.

In nonsmooth nonconvex optimization, we aim to find a (J, €)-stationary point (Zhang et al., 2020b)
(see the formal Definition 2 in Appendix F). This goal can be reduced to finding a point € R?
such that |VF(x)|/; < €, where || VF(x)||; is a quantity introduced by Cutkosky et al. (2023) as
follows.

Definition 1 (Definition 5 of Cutkosky et al. (2023)) Given a point x € R?, a number 6 > 0 and
a differentiable function F, define |V F(z)|; £ inf g g (a.6) ﬁ > yes VE(y) H .

1 —
TST Zygs Yy=x

2p

The only existing sample complexity under Assumption 2 is (G+0) g le” = in high probability
(Liu et al., 2024), where we only report the dominant term and hide the dependency on the failure
probability.

However, on the theoretical side, their result cannot recover the optimal bound G2§~1e=3
(Cutkosky et al., 2023) in the deterministic case. On the practical side, their method also employs
the gradient clipping step, which introduces a new clipping parameter to tune. In fact, as stated in
their Section 5, they observed in experiments that their algorithm without the clipping operation
(exactly the algorithm we study next) still works under heavy tails. In addition, in their Section 6,
they also explicitly ask whether the requirement to know G and A can be removed.

As will be seen later, we can address these points with the new regret bounds presented before.

4.2.1. ONLINE-TO-NONCONVEX CONVERSION UNDER HEAVY TAILS

Algorithm 4 Online-to-Nonconvex Conversion (O2NC) (Cutkosky et al., 2023)
Input: initial point y, € R%, K € N, T € N, online learning algorithm A.
forn =1to KT do

Receive x,, from A

Yp =Yp_1 +Tn

Zn = Y,_1 + Snxy Where s, ~ Uniform [0, 1] i.i.d.

Query a stochastic gradient g,, at z,,

Send g,, to A
end for

11
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Remark 10 Note that O2NC is a randomized algorithm. Therefore, the definition of the natural
filtration is adjusted to Fy, = (51,91, - - -, 5n, Gpns Sni1) accordingly.

We provide the Online-to-Nonconvex Conversion (O2NC) framework in Algorithm 4, which serves
as a meta algorithm. Roughly speaking, Algorithm 4 reduces a nonconvex optimization problem
to an OCO (in fact, OLO) problem, for which the K -shifting regret (see (9)) of the online learner
A crucially affects the final convergence rate. However, the existing Theorem 8 of Cutkosky et al.
(2023), a general convergence result for the above reduction, cannot directly apply to heavy-tailed
noise, since its proof relies on the finite variance condition on g,, (see Appendix F for more details).

Zﬁi(k—l)TJrl VE(zn)
328 e 1yr1 VE(za) ||
D > 0, then for any online learning algorithm A in O2NC (Algorithm 4), we have

Theorem 4 Under Assumption 2 and let vy, = —D Vk € [K] for arbitrary

K kT A
Ll F(yo) — Fi E[RT(Ulv"'va)] o
E i F < .
2 2, VFE|| STt DKT =
k=1 n=(k—1)T+1

R%('vl, ...,V ) in Theorem 4 is called K -shifting regret (Cutkosky et al., 2023), defined as follows:

RS (v1,..., vk Z Z ln(2n) — ln(vy) where Oy(x) 2 (g, z). (9

k=1n=(k—1)T+1

Theorem 4 here provides a new and the first theoretical guarantee for O2NC under heavy tails.
Especially, it recovers Theorem 8 of Cutkosky et al. (2023) when p = 2. A remarkable point is that
the O2NC algorithm itself does not need any information about p. The proof of Theorem 4 can be
found in Appendix F.

4.2.2. CONVERGENCE RATES

Theorem 4 enables us to apply the results presented in Section 3. Concretely, for X = B%(D) and
any A € {OGD, DA, AdaGrad}, if we reset the stepsize in A after every T iterations, there will be
E [RA(v1,...,vk)] S GDKVT + o DKT'/P by our new regret bounds, since vj, € X. With a
carefully picked D, we obtain the following Theorem 5. Its proof is deferred to Appendix F.

Theorem 5 Under Assumption 2 and let A = F(y,) — F, and zj, = 7 Zn_(k 1741 2ns Yk €

[K), setting any A € {OGD, DA, AdaGrad} in O2NC (Algorithm 4) with a domain X = B(D) for
D = §/T and resetting the stepsize in A after every T iterations, we have

A G o
ZHVF Ha]N(m JT F

Notably, this is the first time confirming that gradient clipping is indeed unnecessary for the O2NC
framework, matching the experimental observation of Liu et al. (2024).

Corollary 3 Under the same setting of Theorem 5, suppose we have N > 2 stochastic gradient
budgets, taking K = |N/T| and T = [N/2] A ([(5GN/A)%-‘ Y [(&IN/A)TP*;D, we have

G o A GEAS . T AT

S —+ +—+ -
VN N ON T ON)E L gn)E

K

=S IVFGE,

k=1

E
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Corollary 3 is obtained by optimizing K and 7" in Theorem 5. It implies a sample complexity

2p—1
of G?61e 3 + o716~ 1 for finding a (0, €)-stationary point, improved over the previous
2p—1
bound (G + U)P_le “le b (Liu et al., 2024). Furthermore, leveraging the adaptive feature of
AdaGrad, Corollary 6 in Appendix F shows how to set K and 7" without GG, o, and p, resulting in
the first provable rate for O2NC when no problem information is known in advance, which solves

the problem asked by Liu et al. (2024).

4.2.3. LOWER BOUNDS

In this part, we provide the first lower bound for nonsmooth nonconvex optimization under heavy
tails in the following Theorem 6, the proof of which follows the framework first established in
Arjevani et al. (2023) and later developed by Cutkosky et al. (2023) but with some necessary (though
minor) variation to make it compatible with heavy-tailed noise.

Theorem 6 For any given A >0,G >0,p€ (1,2, 0 >0,0 >0and0 < € < % A GT%, there
exists a dimension d > 0 depending on the previous parameters such that, for any randomized first-
order algorithm (see Definition 4 for a formal description), there exists a G-Lipschitz differentiable
function F : RY — R satisfying F(0) — F, < A and a function g : R x {0,1} — R satisfying
E, [g(z,r)] = VF(x) and E, [||g(x,r) — VF(x)||’] < oP where r follows a certain probability

2p—1

distribution over {0, 1} such that the algorithm requires > A6 e~ ! + Aov 1§l T queries
of g to find a point z such that E[|VF(z)|5] < e

2p—1

For small enough € and ¢ > 0, Theorem 6 can be further simplified into a lower bound of Agri§—le o1 ,
matching the leading term in the sample complexity derived from the previous Corollary 3. Therefore,
Theorem 6 suggests that our Corollary 3 is tight in the high accuracy and noisy regime. As such,
Corollary 3 and Theorem 6 together provide a nearly complete characterization of the complexity
of finding (9, €)-stationary points in the heavy-tailed setting.

However, for any general ¢ > 0 or the case o = 0, there is still a gap between the upper and
lower bounds. Closing this gap could be an interesting direction for the future.

5. Conclusion and Future Work

This paper shows that three classical OCO algorithms, OGD, DA, and AdaGrad, can achieve the
optimal in-expectation regret under heavy tails without any algorithmic modification if the feasible
set is bounded, and provides some applications in stochastic optimization. The main limitation of
our work is that all the proof crucially relies on the bounded domain assumption, which may not
always be suitable in practice. Finding a weaker sufficient condition, under which the classical OCO
algorithms work with heavy tails provably, is a direction worth studying in the future.
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Appendix A. Hardness of High-Probability Bounds Even on Bounded Domains

Without additional assumptions on noise or algorithmic changes to the classical methods studied in
the paper, even on a bounded domain, we are inclined to believe that a high-probability bound is
unlikely (at least within the current analysis framework).

An upper-bound perspective. When deriving regret bounds for OGD/DA/AdaGrad in the
current analysis, one needs to upper bound the term Z;le ||€¢||P. Under Assumption 1, this can be
easily done in expectation. However, if one instead wants to obtain a high-probability bound with a
polylogarithmic dependency on the failure probability 9, this is unlikely to be achieved.

As an example, we consider d = 1 for simplicity. Let €, = e;& where e; and &; are independent
of each other and the history, satisfying that Pr [e; = +1] = L and Pr[¢, > 2] = (2)P"" 1 [z > 2]+
1 [z < 2], where a > 0 can be arbitrarily small and z, > 0 can be any number. In other words, e;
follows the Rademacher distribution and &; follows the Pareto distribution. As one can check, there
are E [e; | F;—1] = 0 and E [||&;||P] < oo. Crucially, we can find that, for 2 > 2§ and any T' > 1,

T T L Zp+a
Pr ZHet||p>z =Pr ZEE>Z > Pr {§1>25} = I+gv
t=1 t=1 z 00

indicating that the tail of Zthl ||l€||P decays at least polynomially, which further suggests that a
polylogarithmic dependency on the failure probability § (equivalently, an exponentially decaying
tail) is impossible.

A lower-bound perspective. We consider the special case of OCO, stochastic convex optimization
(i.e., ¢y = F), and show a negative result for OGD/SGD whend = 1 and p = 2.

We set F(z) = |z| with X = [~1,1] and g, = g(x; &) = sgn(x;)€ (with sgn(0) = 1),
where ¢; is independent of each other and follows the Pareto distribution satisfying Pr [, > 2] =
(bb;zl)b 1 [z > b*Tl] +1 [z < %] ,in which b £ 2+ 2a and @ > 0 can be arbitrarily small. As one

can check, E [g, | Fi_1] = VF(2,) due to E[¢] = 1 and E [||etu2} < codue to E [£2] < oc.

Proposition 1 Consider the setting described above, if OGD/SGD with n, = % (the standard

6,¥6 € (0,1],Vt € N, then there must be ¢ < § = 2_55#2& Since a > 0 can be arbitrarily small, this

suggests that no meaningful high-probability rates (i.e., decay polynomially in t) exist, at least for
the last iterate.

time-varying stepsize) for n < 1 guarantees a high-probability rate Pr {F (xy) > %ﬁg(l/a)} <

Remark 11 We clarify that the above result does not rule out the possibility that OGD /SGD may
admit a meaningful high-probability bound for more sophisticated stepsize or the average iterate.

Proof Fort € N, we take § = t% to have Pr [F(azt) > %Cg(ﬁ)} < t% By the Borel-Cantelli
Lemma, we obtain

lylog (t2 lylog(#2
Pr [F(mt) -, polylog(t”) i.o.] —= 0 Pr [F(act) < polylog(t) eventually] =1 (10)
te te
Next, we define the event A; £ {ﬁt > W} Note that mtla/b = tl/rz;a/b > 1> b_Tl,

b

implying that Pr [A;] = <@) 1 = Y, Pr[A] = oo. Since A; is independent of each
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other, then by the second Borel-Cantelli Lemma,
Pr[A;i0.] = 1. an
Now, let us write A; = A; 1 U Ay o, where

A £ Ay {|ze — mg,| > 1} and At £ AN {|me —mg,| <1}

are two disjoint events. Moreover, we introduce another event B; £ {|ar;t+1| + |xy| > ta%} and
observe that:

* Thereis A;1 C {|z¢ — migy| > 1} C {|z441| = 1} C By
* Thereis Ao = Ay N {xi1 = 2 — g} C Ae N {|Tera| + |2 > me |ge] = mi&e} € By
Therefore, we always have

4, € B Y prBio] = 1. (12)

F(z) < pOlylog( )

Finally, for a sample path satisfying |x;| = eventually and |x¢41| + |z¢| >

< polylog(t )

m /b 1.0. (the existence is due to (10) and (12)), there must be ta /b <

t € N, which implies that ¢ < ¢

for infinitely many
|

= 2+2a
Appendix B. Missing Proofs for Online Gradient Descent

This section provides missing proofs for regret bounds of OGD. Before showing the formal proof,
we recall the following core inequality that holds for any € X given in (6):

|z — z||” = ||z — |

(g, @y — x) < 2 +mG? + C(p)f ™" ledl|P D*P. (13)
t
The key to establishing the above result is showing
2
Ty —x - -
(g — ) — 22 G2 ) e D2, (14)

2ny
the proof of which is by combining (3), (4), and (5) established in the main text.

B.1. Proof of Theorem 1

21—

Proof For any € X, sum up (13) from ¢ = 1 to 7" and drop the term — to obtain
T
> lgnw—)
t=1
lz1 ol wn S 1 — |’
ot < > R +Zn G*+ Clpyf " elP D (15)
—1 77t+1 Mt P

D? 2 p—1 P H2—p

<— +ZmG +C(p)n lledl|” D*7P, (16)
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where the last step is due to ||z — x|| < D,Vt € [T] and ny1 < m, ¥Vt € [T — 1].
Taking expectations on both sides of (16) yields that

Jo L
E[RI®(@)| < =+ mG?+ C(p)f ' aP D>, (7)
KEA——
where for the L.H.S., we use E [(g;, z; — x)] = E[E [(g;, z: — ) | F;—1]] and
E gy, x —x) [ Fia] = (Elg, | Fia] z —x) = (Vl(@1), 20 — ) = li(20) — bi(), (18)

for the R.H.S., we use E [||&;||P] < oP.
Finally, we plug n, = GL\/{/\ﬁ’W € [T)into (17), thenuse 31, % <VTand Y, tljl/p S
T'/P to conclude

E [R%GD(&')} < GDVT + oDTYP.

B.2. Extension to Online Strongly Convex Optimization

Next, we extend Theorem 1 to the strongly convex case, i.e., 3 > 0 such that for all ¢ € [T,
g lz — ylI* + (Ve(y), @ — y) + b(y) < l(z), Yo,y € X, Vi(y) € 0i(y).  (19)

In this setting, it is well known that OGD achieves a logarithmic regret bound when p = 2 (Hazan,
2016; Orabona, 2019). Theorem 7 below provides the first provable result for p < 2.

Theorem 7 Under Assumption 1 and additionally assuming (19), taking n; = i in OGD (Algorithm
1), we have

e [R9°(0)

2 PDZP | T*P 1,2
L GP(L+logT)  o*D X{ P2 Lo a

7 pr—t 1+logT p=2

Theorem 7 shows that under strongly convexity, OGD for p € (1,2) achieves a better sublinear
regret 72~P than 7/P in Theorem 1 as 2 — p < 1/p,Vp > 0. One point we highlight here is that
the stepsize 1y = ﬁ is commonly used in the OCO literature and is independent of the tail index p.
However, in contrast to Theorem 1, we suspect Theorem 7 is not tight in 7" for p € (1,2). The
reason is that for nonsmooth strongly convex optimization with heavy tails (i.e., ¢, = F,Vt € [T
where I’ is strongly convex), Theorem 7 can convert to a convergence rate only in the order of
1/ TP—1 which is worse than the lower bound 1 /T2_2/ P (Zhang et al., 2020a). Therefore, we
conjecture that a way to obtain a better regret bound than 72~P exists, which we leave as future
work.
Proof [Proof of Theorem 7] For any « € X, we take expectations on both sides of (15) to have

L L N O {Hfm; ]

m i \T+1 T
T
+> mG + C(p)nf~ o D> P, (20)
t=1
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where for the L.H.S., we follow a similar step of reasoning out (18) but instead using
(Ves(@e), @ — @) > (@) — (@) + 5 o — 2|,

for the R.H.S., we use E [||et|] | <oP.

Next, we plug n; = ut,Vt € [T'] into (20) to obtain

E[R%(@)] ;

G*>  oPD* P _ G*(1+logT) N oPD?~P y T2-P pe(1,2)
T I pP~1 1+logT p=2

Appendix C. Missing Proofs for Dual Averaging

This section provides missing proofs for regret bounds of DA.

C.1. Proof of Theorem 2

Proof Let L;(x) = ||5132nt€l311|| + 71 (gs, ) ,Vt € [T + 1], where 79 £ 7;. Then DA can be
equivalently written as

xy = argmingc v Li(x),Vt € [T+ 1].
By Lemma 7.1 of Orabona (2019), for any = € X,

T T
r — X
> (g, m — =) _ o= + Lrgi(@ri) — L (@) + ) Le(@) + (g, @) — Lesa (we41)
=1 2nr =1
le—=” | §
— &1
S o > Li(wr) — Lia(®esn) + (g, @1)
t=1

where the inequality holds by L1 (z741) < Lr4i(x), Ve € X dueto xpy1 = argming y Ly ().
Note that for any ¢ € [T,

Li(xt) — Liv1(xi41) + (g, x4)
|z —2i|® [ — a1
2111 2n

=Li(zt) — Li(x11) + (G, Tt — Tes1) +

(a)
<Li(xy) — Li(xe41) + (g, Tt — Tig1)

(®) @ — xop |
< <gt,$t—$t+1>—w

where (a) is by 1, < m—1,Vt € [T] and (b) holds because L; is m:
argminge y Ly (), which together imply

-strongly convex and x; =

e =@ l® _flwe = @]
21 - 2ni1

Li(xt) — Le(x41) < (VLi(®1), Tt — T141) —
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Therefore, we have

3 e — 21 | - e = e

— &1 t — L+l
> g m ) < + 3 gy x — xp) — . @1
= 2nr = 211

By the same argument as proving (14) but replacing 7; with 7,_1, there is

Ty — i1 _ _
(gp Tt — T111) — w m-1G* +C(p )775_11 €[> D*~P.
M—1
As such, we know
-l § 2 o—L | b y2p
Z 91, Tt — TﬁLZUFlG + Cp)m—y llel]” D77P. (22)
t=1 t=1

Finally, following similar steps in proving Theorem 1 in Appendix B, we conclude

E [R:'%A(x)} < GDVT + oDTVP.

C.2. Dual Averaging with an Adaptive Stepsize
We show that DA with an adaptive stepsize can also achieve the optimal regret GDv/T + o DT'/P.

Theorem 8 Under Assumption 1, taking n, = 2DV;_1/2 and Vi = St _ |lgs|I” in DA (Algorithm
2), we have

E [R:'%A(x)} < GDVT + oDTYP Y € X.
Proof For any € X, we have
T T 2
@) ||z — = T —
Z (g4, xe —x) < e = 2|7 1” + Z g4, Ty — Typ1) — ”t2t+1H, (23)
t=1 =1 =1
where 79 £ 71. On the one hand, we can use AM-GM inequality to bound

|z — 413t+1H2 < -1 HgtH2
2mi1 - 2

(94t — Tig1) —
On the other hand, we know

| — @14
2m—1
where the second step is by Cauchy-Schwarz inequality. Therefore, for any ¢ > 2,

(94, Tt — Ti11) — <G, e — miy1) < gl e — 2ol < lgell D, (24)

2 — zica ] me1 gl (a) 2
<gtaxt - wt—&-l) - 2 < 9 LA HgtH D < ) n 1
=1 m—1lg? " Tg.lD
b 2D |lg,|? © 2D|lg,|l?
t—1 2 2
Y1 1gsll” + llgell >oy llgsll
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where (a) is due to z Ay < Va,y > 0, (b) is by i1 =

x— 1+ -1

2D
—==——, and holds
Vg 4 ()

because of \/Zizl gl < \/Zs;l lg.lI* + |lg;||. Note that (25) is also true for ¢ = 1 by (24).
Combine (23) and (25) and use ||z — x1|| < D to obtain

T T 2 T
D? 2D ||g4|| D? 2
> lgnw =) < g+ 3 I = TS
t=1 = t=1

27
S gl

which only differs from (26) by a constant. Hence, by a similar proof for (28), there is

1
T 0
Y lgpm—a) SD || D Vel + (leet!p> :

t=1 t=1

implying
E [R%A(m)} < GDVT + oDT'/P.

Appendix D. Missing Proofs for AdaGrad

This section provides missing proofs for regret bounds of AdaGrad.

D.1. Proof of Theorem 3

Proof As mentioned, AdaGrad can be viewed as OGD with a stepsize 1; = —/

_ n
Vi Vgl

Therefore, we can use (1) for AdaGrad to know for any € X,

o — ) < Jm =l =l =l o)
ty Lt > 277t 2 .
2
Sum up the above inequality from ¢ = 1 to 7" and drop the term —% to have
ffg;m_w<”“—m” g:< )Hmﬂ—mn z;mmm
t =

i—1 —1 77t+1 Mt

D? e ||ge”

<25 el as)
2nr o2

where the last step is by ||z — x| < D,Vt € [T] and 11 < n,Vt € [T — 1].
Next, observe that for any ¢ € [T,

2 2 2
5 M n 1 1 1 1 2n 1 1
umr=22=ﬁ()(+g = - —1},
Un M1 n Mi—1 m Mt—1 e \Mt  M—1
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where 1/79 should be read as 0. The above inequality implies

Z Yl ”gt” Z L o 27)
=t -1 0T
Combine (26) and (27) to have

T D2 7,’2 D2
> lgpxe—m) < S+ = (-4
— 277T 2n

2
g™

Note that there is

T

2
> llgel
t=1

IN
S

T T
D2Vl +2llel® < |2 IVL(@)]® + |2 el
t=1

t=1

~+

o= =

IN

QZHV@ )| +\f<2||€t||p> :

where the last step is due to [|-[|, < ||-[|, for any p € [1, 2]. Hence, we obtain

o=

T D2 T T
S (g —w) < V3 (277 +n) S V@) + (Z uetnp> NET)
t=1 t=1 t=1

We take expectations on both sides of (28), then apply Holder’s inequality to have

. :
< (ZEHW]) < 0T,
t=1

@ uetnp)p

and finally plug in 7 = D/+/2 to conclude

E [Réda@rad(a;)] < GDVT + oDTYP.

Appendix E. Missing Proofs for Applications: Nonsmooth Convex Optimization

We prove the following last-iterate convergence result for SGD (i.e., OGD for stochastic optimization)
under heavy-tailed noise. The proof of Theorem 9 is inspired by Zamani and Glineur (2025); Liu
and Zhou (2024).

Theorem 9 Under Assumption 1 and additionally assuming (19) (possibly i = 0) for (i (x) =

F(x), for any stepsize 0 < n; < + in OGD (Algorithm 1), let v; & ——1—— we have
H [Taza(1—pns)

T—1 —1
1-— D?
E[F(er) - F(a)] D7 gay~ oo ppwz B e .
St i) DR i) DR
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Proof Given x € X, we recursively define

Yoo and y, 2 (1 — w“) z+ Ly, g, vt e [T], (29)
Wt Wt
in which
w2 I vt e [T] and wy2 wi. (30)
Zs:t Vs
Equivalently, y, can be written into a convex combination of ¢, 1, ..., Ty as
w L ws —w
0 s — Ws—1

= — — 2, Vt € {0} U[T]. 31
Ui wt“; o @ E{0PUIT] 31

Therefore, y, also falls into X" and satisfies y;, € F;—1.
We invoke (2) for y, to obtain

|z — y,|I” = |1 — gl
) < + ¢

- s — @14
21y

2my

(91 — Yy g, Tt — Ti41 )

and then bound

(91, Tt — xp11) = (VF(x4), T — Tip1) + (€, T — Tey1)
@ — i1

SF(a:t) - F(-’L’t+1) + 477tG2 —+ C(p)nf_l Het”P DQ*p + znt

)

where, in the second step, we use (5) to bound (e;, x; — ;1) and the following step to bound
(VF(x1), 2 — xp41),

(VF(x1), 2 — xpy1) = (VF(xiq1), 20 — 2441) + (VF(21) — VF(T441), Tt — Ti41)
F(z) — F(xig1) + 2G ||z — 241 ]|
F

Tt
(1) — F(@iq1) + 40 G* +

IN

@ — @41
4ny .

IN

Hence, we know

e — yoll” — [|zeen — vl
2y
+ 40, G* + C(p)nf " |le||P D*P. (32)

(g, e —yy) <F(xt) — F(x41) +

Since x¢, y, € Fi—1, there is

Elge,ze —yn)] = E[Elg, | Fi1], @ — yi)] = E[(VF (@), 20 — yy)]
(19 H 2
> B \Fla) = Flyg) + 5 lze - wil*)
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As such, we can take expectations on both sides of (32) and rearrange terms to have

E[F(zt11) — F(y,)]

(1= pm)E [llze = yl] = E i1 — wil?] ) o
< : G2+ PP P D2
yis
_ 2
(1= B[22 ||y =y |*] = B [Jzsn — wl?]

: 20 +4n G + Cpnp " ledl]P D>,
t

(33)

where the second step is due to ||z — y,||> < (1 — w’“) @y — ]| + Lt =L ||zt -y, 1H2 =

wt
wt 1

szzt Yi1 H2 by (29) and the convexity of ||a; — -||*>. Multiply both sides of (33) by w7y and

sum up from ¢ = 1 to 7 to obtain (note that 1 = T (i—un ;= %+1(71];r/:77t+1) NVt e [T —1))
s=2 s
Zwt% (ze41) — F(yy))
2
- _yol? B |wrlleri —yrl?] & ]
S’Yl( pni)wo ||z — Yol . + Z‘lwt%ﬂth + C(P)wt%nf 1.pp2-p
2m 2nr —
1-— woD? _ _
S(Wg)o + Z 4wy G + C(p)wiyinf ™~ oPD?P. (34)
t=1
Now observe that
B wg i Wg — Wg—_1
Fly) = F(a) < 2 (Fl@) - Pl@) + Y- L (Pla,) - F(a)
s=1
Ws — Ws—1
- ~F
3 ()~ Fie)),
which implies that

T T ot

D owen (Fyy) = F(@) <)) (wy —wea) e (F(ws) — F(w))

t=1 t=1 s=1

T
=3 ) (350 ) - e
=1
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Thus, we can lower bound the L.H.S. of (34) by

Z wye (F(@41) Z wiye (F(@e1) — F)) — weye (F(y;) — F())
> wryr (F(xr1) — F(z)) — (w1 — wo) (Z 71) (1) = F(=))

T
+ Z We-17t-1 — — W1 (Z %)
= wryr (Flzr) — F(x)), (35)

t=2
where the last step is due to, for £ > 2,

T T
we—1Ye-1 — (W — wi—1) Z%) = =7 "N —< T - ) (Z%)
( Es t—17s Es:t Vs Zs =t—17s s=t

= T Vi1 gk Y-1=0
- =7 _ 1T =r _ n-1=%Y
Zs:t—l Vs Zs:t—l Vs

- F(z))

and wq (3:0) wo.
We plug (35) back into (34) and divide both sides by wr~yr to obtain

1 D? 4 C P!
E[F(:BT+1) —F(.’L‘)] < ( /’Lnl)wﬂ +Z wt’ytntGQ_i_ (p)wt’}/tnt JpDQ—p

2wryr = wrr wrT
(30) (1 — -1
< (1 pm)D + G2 Z YNt oPD2 P Z ’7t77t
Et 17t i) By t’YS ) t%’
Finally, relabel T' by T' — 1 to complete the proof. |

Equipped with Theorem 9, we show the following last-iterate convergence rate for SGD/OGD.
As far as we know, this is the first and only provable result demonstrating that the last iterate of
SGD can converge in heavy-tailed stochastic optimization without gradient clipping. When T is
unknown, we only incur an extra logarithmic factor compared to the best possible rate. When 7" is
known, we employ the linear decay rate proposed by Zamani and Glineur (2025) to give an optimal
rate.

Corollary 4 Under Assumption 1 for {;(x) = F(x):

* taking ny = 1\)[ A g/p in OGD (Algorithm 1), we have

GD(1+41logT) oD (1+1ogT)

EF(wT)—FJ:)S + V cX.
| @15 o
* taking m; = %(;‘C;/;) A UDT(1T+_12 in OGD (Algorithm 1), we have
GD oD
E[F(xr) — F(x)] S — Vo € X.
VT et
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Proof Since both kinds of stepsize satisfy 7, < 1 = +oo by Theorem 9, we have

-1 -1
1-— D?
E[F(wT) _ F(:z:)] < ( ) + G2 Z L oP 2P Z ’Ytﬁt
Ztl% tlz:st'}’s — st'Vs
+G? Z L oPD2P Z ’
Zt 1 pp t 775 — S t 775
where the second step is due ; = nt = 1 when 1 = 0.

HZ=2(1*/—”73)

For n; = we observe that by Cauchy-Schwarz inequality

D D
GVt A otl/p’

T—1 T—1 ZST;} 1
(T —t)* < (Z 1) (Z 778) = ZT}I < (Tft;g '

s=t Ns s=t

Thus, there is

66 p2 LTzl T 12Tl L TPy Tl L
E[F(xr) — F(x)] < ——s Y —+G2Y — = 1 4 5Pp2-Pp =t
[F(ar) - F(2)] (T_nggm Z; T Z;<T
We first bound
T-1 T-1 1 T—1 1
l = % \Vi ot /P < % + at /P < GT3/2 o-TlJrl/p
Mt D D D D ~D
t=1 t=1 t=1
which implies
p? X1 _GD oD
—S—7=+

Next, we know

T—1 — _ _
&téwgllx;ﬁ oD I} sle
T

—~ (T —1)? G T -t G2 KT —t)?
Factl 1) (1 +1logT) oD (1+1logT)
S + o
G\/T G2T1*;
where (a) is by 1y < 5 \[ and ni < Gﬁ/g + "“”Ll)/p. Hence, there is
711
GQZ Dt m GD(1+10gT)+0D(1+logT)‘

< VT %

Similarly, we can bound

T—1 T-1
P D2 pzn Zs t 775 GD( +logT)+aD(1+logT)'
~ (T- & VT T %
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Finally, we plug (38), (39) and (40) back into (37) to conclude.

For n, = [é(ggé)AfT(ﬂ:’;z,,wedenoteby ne =n(T —t) fornéﬁ/\ﬁtohave
(36) D2 o L oo
E[F(xr) — F(z)] < ———— + P oPDTP Y
[F(xr) — F(2)] DSTIT Z ST 1T Z ST~ 1T75
_ 22 p 1oPp2-p
T —1) T tle—tJrl tz —t+1
D? GD oD
S 5 0GP + 9P 0P D PTG
77T2 \F Tlf—

Next, Corollary 5 provides the first last-iterate convergence results in the strongly convex case.

. 2 PD2—P .
The last-iterate rate & (1:%% 4o Dﬂp,l(;iﬁg T matches the average-iterate rate (up to an extra

logarithmic factor) implied by the online-to-batch conversion for Theorem 7.

Corollary 5 Under Assumption 1 and additionally assuming (19) for {y(x) = F(x), taking n, =
in OGD (Algorithm 1), we have

G? (1 +1ogT) L oPD?7P (1 +41ogT)

E[F(xr) — F(x)] < T T Vo € X.
Proof Since the stepsize satisfies 7; < %, by Theorem 9, we have
(1_/”71 )D? 2 7t77t oPD2P ’Yt77t -
E[F(zr) — F(z)] < +G Z D Z . @D
Zt 1N s t 78 t Vs
For ny = ﬁ, we can find
Nt 1 1
Ve = = — = — =n. (42)
[Tl —pms) @Il 5t o
Hence, there is
(41),(42) (777 _ M , ﬁt T-1 p-1
_ P N2—p us
E[F(xr) — F(x)] < - +G Z +0PD ;T_t
G2 T-1 1 pD2 p T-1
T o += T —t)te—1 (43)
- t=1
Given a € (0, 1], we can bound
Z_: 1 — tle < 1+logT
pt —t)te T— Te

4~
I
—
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where the last step is due to

T-1 11-q T-1 1-a
t N 1 T ac(0,1)
< T (1 +1logT d — < T
tle*tN ( Og ) an tz:;taN{l—i—logT CL:]_

Finally, we apply the above inequality to (43) witha = 1 and @ = p — 1 to obtain

G?(1+1ogT) N oPD?*P (1 +1ogT)

E[F(er) ~ F(a)) £~ T

Appendix F. Missing Proofs for Applications: Nonsmooth Nonconvex Optimization
F.1. (6, ¢)-Stationary Points

Definition 2 (Definition 4 of Cutkosky et al. (2023)) A point x € RY is a (9, €)-stationary point
of an almost-everywhere differentiable function F' if there is a finite subset S C Bd(m, d) such that
for y selected uniformly at random from S, E [y] = @ and |E [VF(y)]|| <e.

The concept of the (9, €)-stationary point presented here is due to Cutkosky et al. (2023), which
is mildly more stringent than the notion of Zhang et al. (2020b), since the latter does not require
E [y] = 2. For more discussions, see Section 2.1 of Cutkosky et al. (2023).

F.2. Proof of Theorem 4

In this section, our ultimate goal is to prove Theorem 4 for the O2NC algorithm, extending Theorem
8 of Cutkosky et al. (2023) from p = 2 to any p € (1, 2]. Notably, our new result does not require
any modification to the O2NC method, but is obtained only from a more careful analysis, indicating
that O2NC is a robust and powerful algorithmic framework.

We begin with Lemma 2, which lies as the cornerstone for establishing the convergence of
O2NC.

Lemma 2 (Theorem 7 of Cutkosky et al. (2023)) Under Assumption 2 (only need the second point
and the unbiased part in the fourth point), for any sequence of vectors u, . .. ,ugr € R% 02NC
(Algorithm 4) guarantees

KT KT
E[F(yrr)) = F(¥o) +E | (gn@n —wn) | +E | (g, un>] : (44)
n=1 n=1

To relate Lemma 2 to the concept of K -shifting regret introduced before (see (9)), suppose now a
sequence of vectors vy, ..., vk is given, if we set u,, = v foralln € {(k—1)T+1,...,kT}
and k € [K], then the second term on the R.H.S. of (44) can be written as E [R%(Ul, cee UK)] ,and

the third term can be simplified into 25:1 E [<ZZ£(!<;—1)T+1 g, vk>] .
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Ziz(kﬂ)Tﬂ VE(zn)

Same as Cutkosky et al. (2023), we pick v, £ —D [T o TF ()

I for some constant

D > 0, which gives us

kT kT kT
E < Z gnavk> =E < Z Gn,’Uk> — DE Z VF(Zn)
n=( T+1 n=( T+1 n=(

k—1) k—1) k—1)T+1
kT kT
< DE > el|| - DE > VF(z)
n=(k—1)T+1 n=(k—1)T+1

If €, has a finite variance (i.e., p = 2), then like Cutkosky et al. (2023), one can invoke Holder’s
inequality and use the fact E [(€,,, €,)] = 0,Vm # n € [KT] to obtain for any k € [K],

kT kT 2 kKT

E Z €| <, |E Z € | = Z E [Hen||2] <oVT.

n=(k—1)T+1 n=(k—1)T+1 n=(k—1)T+1

However, this argument immediately fails when p < 2 as E [Hen\ﬂ can be +oo. To handle this
potential issue, we require the following Lemma 3.

Lemma 3 (Lemma 4.3 of Liu and Zhou (2025)) Given a vector-valued martingale difference sequence
wi,...,wT, there is

T ’
E ! ] < 2V2E (Z ]wtllp) Vp e [1,2].
t=1

Equipped with Lemmas 2 and 3, we are ready to formally prove Theorem 4, demonstrating that the
O2NC framework provably works under heavy-tailed noise.

Proof [Proof of Theorem 4] We invoke Lemma 2 with u,, = V)T Vn € [KT] (equivalently,
u, = viifn € {(k—1)T +1,...,kT}) and use the definition of K -shifting regret (see (9)) to
obtain

T

> w

t=1

K kT
k=1 n=(k—1)T+1

Recall that g,, = VF(z,) + €,, which implies for any k € [K],

kT I kT kT
E < Z gn,vk> =E < Z en,'vk> +E < Z VF(zn),vk>
T+1 n=( T+1 n=(

n=(k—1) k—1) k—1)T+1

kT [ kT
<E > e llvkll| +E < > VF(zn),'vk>
n=(

| ||[n=(k—1)T+1 E—1)T+1
kT kT
= DE > el|-DE > VF(z)|||, (6)
n=(k—1)T+1 n=(k—1)T+1
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where the second step is by Cauchy-Schwarz inequality and the last equation holds due to

Sl ey VF(zn)
HZn_ k—1)T+1 VF(zp)

Vk € [K]. (47)

Combine (45) and (46), apply F'(ygr) > Fi, and rearrange terms to have

K kT

Yoy X Ve

k=1 n=(k—1)T+1

K
<F(y0)—F*+E[Ré(v1,...,v;<)] D ke 1E[HZn—k 1T+1 €n

— DKT DKT KT ' (48)

For any fixed k € [K], we apply Lemma 3 with w; = €174+, Vt € [T to know

o=

kT kT

Bl S el <2vaE|[ S el

n=(k—1)T+1 n=(k—1)T+1

x
N
ol

<2v2| Y Ellel’| <2v20Tv, (49)

n=(k—1)T+1

where the second step is by Holder’s inequality (note that p > 1). Finally, we conclude the proof
after plugging (49) back into (48). |

F.3. Proof of Theorem 5
Proof By Theorem 4, there is

K kT A
11 F(yy) — F,  E[RMv1,...,vk)]
| et VFE(z, < . (50
2 2 = —prr T DKT o O9
k=1 n=(k—1)T+1
Note that A has the domain X = B%(D) and s,, ~ Uniform [0, 1]. Thus, for any n € [KT],
|zn]| <D and s, €0,1]. (51)

We first lower bound the L.H.S. of (50). Given k € [K|,foranym <n € {(k—1)T +1,...,kT},
observe that

n—1
||Zn - zmH = Hyn_l + Sn®n — Ypp—1 — Smme = ||Sn®n — SmTm + Z T
i=m
n—1 (51)
< s |l + (1= sm) [[oml + > |zl < (n—m+1)D < DT.
i=m+1
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Recall that zj, = + ZﬁZ(kq)T 41 2n and D = 6/T now, then the above inequality implies
I2n — 24l| < DT =6,¥n € {(k— V)T +1,... . kT}, (52)

which means
zn € Bz, 0),Vne{(k—1)T+1,...,kT}.

By the definition of ||V F(2})||5 (see Definition 1), there is

kT

1
IVFzOs < |7 > VF(z)||. (53)
n=(k—1)T+1

Next, we upper bound the R.H.S. of (50). By the definition of K -shifting regret (see (9)), there
is
K kT
]E[R%(vl,...,vK)} :ZE Z (g Tn — V)

k=1 |n=(k—1)T+1

Note that we reset the stepsize in A after every T iterations and v;, € B%(D) by its definition (see
(47)). Then for any A € {OGD, DA, AdaGrad}, we can invoke its regret bound? (i.e., Theorems 1,
2 and 3) to obtain

kT
El Y (gn@—w)| SGDVT +oDT'P vk € K],
n=(k—1)T+1
which implies ]
E[RA(v1,.. .,'vK)] < GDKVT + o DKT/P. (54)

Finally, we plug (53) and (54) back into (50), then use D = 6/T and A = F(y,) — F to have

i K
1 A G o
_ § > < — _— -

F.4. Proof of Corollary 3

Proof Recall that we pick

oo |3] wa =T (]2 ][50 7).

3. A minor point here is that the current function £, (z) = (g,,, ) does not entirely fit Assumption 1. We clarify that
one does not need to worry about it, since all results proved in Section 3 hold under this change. For example, in the

proof of Theorem 1, we can safely replace the L.H.S. of (17) with E [Zf:l (94, e — m)] .
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where A = F(y,) — F. We invoke Theorem 5 and use K7T' > N/4 (see Fact 2) to obtain

1 K
E [KZ IVF(z0)ll;

k=1

<AT G o

N(57N+ﬁ+7T17%'

By the definition of 7', we know

AT A <5GN>§+ <6UN>2P1 A +0%A% cET AR
ON ™~ 6N A A ON (5]\7)% (5N)% '
and
G _ G G%A% o _ o, T AT
VIOVRE T enE pr TN b
Therefore, there is
K 2 1 _p_ p-l
1 G o A G3A3 o2—1 A2p—1
= D IVFZ)ls| S =+ +—+ - -
K ; IYVN O NTE 0N (5N)s (6N) %=1

F.5. Extension to the Case of Unknown Problem-Dependent Parameters

In Corollary 6, we show how to set K and T" when all problem-dependent parameters are unknown.
It is particularly meaningful for AdaGrad. As in that case, the rate is achieved without knowing any
problem-dependent parameter. This kind of result is the first to appear for nonsmooth nonconvex
optimization with heavy tails. However, the rate is not as good as Corollary 3. It is currently unclear

-1
whether the same bound 1/(JV) %71 asin Corollary 3 can be obtained when no information about
the problem is known.

Corollary 6 Under the same setting of Theorem 5, suppose we have N > 2 stochastic gradient
budgets, taking K = |N/T| and T = [N/2] A {(5N)%—‘ we have

A G o
VF ~ 1 1+ 1 2(p—1) °
[ Z” ”‘5] GN)AGN)S | VN A (NS N AN

Proof We invoke Theorem 5 and use K'T' > N/4 (see Fact 2) to obtain

[ ZHVF s | <

By the definition of 7', we know

AT A 2 A
N VN G (6N) A (6N)5

AT £+ o
~ 6N \/T Tl_%*.
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and
i < G G < G
VT ~ VN (5N)s © VN A (GN)3
g < g g < g ‘
~ 2(p—1 1)

Therefore, there is

K
A G o
[ Z ’vF ”5] ~ 1 + 1 + 1 2(p—1) °
k=1 (BN)A(ON)s VN A(BN)s N7 A(ON)

F.6. Proof of Theorem 6

In this section, our ultimate goal is to prove Theorem 6. The analysis follows the framework first
established in Arjevani et al. (2023) and later developed by Cutkosky et al. (2023) but with some
necessary (though minor) variation to make it compatible with heavy-tailed noise. In the following,
we will slightly abuse the notation A to denote any possible randomized first-order algorithm instead
of an online learning algorithm.

F.6.1. BASIC DEFINITIONS

To begin with, we introduce some basic definitions given in Arjevani et al. (2023).

Definition 3 (stochastic first-order oracle) Given a differentiable function F : R* — R, a tuple
(g, R,P,) is called a stochastic first-order oracle of F if P, is a probability distribution on the
measurable space R and g : R? x R — R satisfies E,p, [g(x,7)] = VF(x),Vx € R

Remark 12 When the context is clear, we will omit F', R and P,, and simply call g as a stochastic
first-order oracle.

Definition 4 (randomized algorithm) A randomized algorithm A consists of a probability distribution
P, over a measurable space S and a sequence of measurable mappings A¢,Vt € N such that every

A; takes a common random seed s € S and the first t — 1 oracle responses to produce the t-th
query. Concretely, given a differentiable function F' equipped with a stochastic first-order oracle
(g, R,P,), the sequence x;,Vt € N produced by A to optimize F' is recursively defined as

Ty = At(svg(xt—lu ’rt—l)a e 7g(m17 Tl))7Vt S Nu
where s ~ P is drawn a single time at the beginning of the algorithm and vy ~ P,,Vt € N is

a sequence of i.i.d. random variables. Moreover, A ang denotes the set containing all randomized
algorithms.
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Next, we require a useful concept named probability-g zero-chain. Before formally stating what
it is, we need some notations. Given € R? and o € [0, 1], prog,, () denotes the largest index
whose entry is a-far from 0, i.e.,

prog, (x) £ max {i € [d] : |z [i]| > a} where max@ £ 0.

In addition, for any j € {0} UN, let x<; [i] £ x [i] 1 [i < j],Vi € [d] be the truncated version of
x. Now we are ready to provide the definition of the probability-q zero-chain.

Definition 5 (probability-q zero-chain) A stochastic first-order oracle (g, R, P, ) is called a probability-
q zero-chain if and only if

P, [Vm eR?: progg(g(z, 7)) < prog1/4(af:) and g(x,r) = g(mgprog1/4(m)ar)] >1—gq,
and
Py [VZB € Rd : progg(g(a:,r)) < prog1/4(:c) +1 andg(sc,r) = g(mgprog1/4(w)+177')} =1L

F.6.2. USEFUL EXISTING RESULTS

In this part, we list some useful existing results from Arjevani et al. (2023) and Cutkosky et al.
(2023).

Given d > T € N and a differentiable function Fr : R” — R with a stochastic first-order
oracle g that is a probability-q zero-chain, their rotated variants parametrized by a matrix U €
Ortho(d,T) £ {U eR>T . UTU = IT} (where I7 is the T-dimensional identity matrix) are
defined as

Fry(zx) =S FT(UTCC) and ggpy(zx,7) = UgT(UTa:,r). (55)

Clearly, g7 (s is a stochastic first-order oracle of F‘T7U. In addition, we emphasize that the input
variable @ is from R? instead of R” now.
With Fr and gp 7, we state the following lemma due to Arjevani et al. (2023).

Lemma 4 (Lemma 5 of Arjevani et al. (2023)) Given ¢,. € (0,1), R > 0, T € N, d € N
satisfying d > T + 32R?log quf and a randomized algorithm A € A,ang4, suppose the output of
A always has a norm bounded by R, let x;,Vt € N be the trajectory produced by applying A
to optimize Frry interacting with the stochastic first-order oracle g7, where U is drawn from
Ortho(d, T') uniformly, then there is

T —log(2/1)
2q

Pr [prog1/4 (UTazt> <T,Vt < >1—u.

Here Pr takes into account all randomness over A, g, and U.

Note that Lemma 4 can be only applied to a randomized algorithm with bounded outputs. To
overcome this issue, we need the following variants of 77 and g ;; introduced by Cutkosky et al.
(2023):

Fry(z) 2 Fru(pra(z) +nz’ pra(e), (56)
Gro(®7) 2 Tra(@) gry(pra(@),m) + 0V (z " ppy(x)), (57)
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where pp 4(z) £ m is a bijection from R? to intB4(R)*, Jr 4 denotes the Jacobian of

Pr.q>and R,n > 0 are two constants being determined later.
Before moving on, we state some useful properties of pp, ; here.

Lemma 5 (Lemma 13 of Arjevani et al. (2023) and Proposition 29 of Cutkosky et al. (2023)) Let

||l denotes the operator norm, then for pp, 4 : RY = R4 W’ there are
2
1. V(@ pra@) = (2= |ora@)| /R2) pra(),
2. ||pra(®) — pra@)|| <z —y
la—pr.a(®)pp.q(x)" /R?
3. - : : ,
Tra(®) T+lel? 2
4 -1 <,
T a@)lop = s <
5 1 Tra(®) = Tra(W)lley < 3 llz =yl
We then can combine (55), (56), (57) and Lemma 5 to have
Fry(z) = Fru(pra(®)) + 02" pra(a) = Fr(U" pgq(@)) + nz' pra(z), (58)
VﬁT,U(w) = jR,d($)TVFT,U(pR,d(a:)) +n (2 - HPR,d(iU)H2 /R2> Pr.4(T) (59
2
= Tna(@) UV (U pra(@) + 1 (2= | pra(@)|* /B) pra@),  (60)
. _ 2
gru(®, 1) = Tra(®) gru(pral®),r) +n <2 —||pral@)|| /RQ> Prq(T) (61)
2
= Tra(@) Ugr (U pra(@),r) +n (2 = lora(@)|* /R2) pra(@).  (©62)

Now we are ready to give the following Lemma 6, which is almost identical to Lemma 25
in Cutkosky et al. (2023) by differing up to numerical constants. Since Lemma 6 is particularly
important, we therefore provide its full proof here.

Lemma 6 (Lemma 25 of Cutkosky et al. (2023)) ForT € N, suppose that Fr satisfies the following
two requirements:
1. Forall x € RT, |[VFr(x)|| < yVT where v > 0 is a constant satisfying % 39 >

140 = 63 +
55 505
126+ <2 2524/5—551 ~ 8.95.

2. Forallx € RT, ifprog,(z) < T, then |VFr(z)| > |VFr(z) [prog, (x) + 1]| > 1.
Given q,. € (0,1), n = % — m, R = TWT, d € N satisfying d > T + 32R? log > and
a randomized algorithm A € Aang, let ¢, Vt € N be the trajectory produced by applymg A

to optimize Py interacting with the stochastic first-order oracle §T,U, where U is drawn from
Ortho(d, T') uniformly, then there is

Ly o T=log(2/0)
2’ 2q

Here Pr takes into account all randomness over A, gr and U.

Pr |:HVFTU ict)H Z Z 1—u.

—1 L d d . x
4. As one can check, pj () @ intB*(R) — R exists and equals NS
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Proof By definition of randomized algorithms (see Definition 4), we have

x = Ay (s,§T7U(a:t_1, Tee1)y .- ,/g\T7U(a:1,r1)) ,Vt € N. (63)

Now let us consider another sequence

Tt

Y £ Pr4(Tt) =
’ V1t /R

€ intBY(R),Vt € N. (64)

Note that

~ (61) _ 2
Gro(®er) = Tra(@) gru(pra(Te),me) + (2 — ||pRa(e:)|| /R2> Pr.q(Tt)

64 _ _
L Tna(rti ) gz i) +0 (2 Iy /R?)
=G(yy, gT,U(ytu 7)), (65)

where G(u,v) : intB(R) x R? — R? is a measurable mapping defined as

G(w,v) £ Tnalprly(w) o+ (2= |ul® /R?) u
Thus, we can write

(63),(64),(65) _ _
Yt PR ° At (Sa g(ytfla gT,U(ytflv rtfl))? SRR g(ylng,U(ylv 7“1))) ,Vt € N.

By a simple induction, there exists a sequence of measurable mappings AY, V¢ € N such that

Yy =AY (5,970 Ye—1,7t1)5 - G (Y1,7m1)), V¥t € N.

The above reformulation implies y,, V¢ € N can be viewed as a sequence produced by a randomized
algorithm AY € Aind interacting with stochastic first-order oracle g ;. Note that d > T +

64)
32R?log 21~ 2 and ||y,|| < R, we hence have by Lemma 4,

T —log(2/¢)
2

Pr [prog1/4 (UTyt> <T,Vt < ;

} >1—u. (66)
Now we recall

V(@) Y Tna(@) VEro(pga(@) +n (2= ||ora@)]’ /B) pralwe)

) Tnal@) VEro(y) + 1 (2= el /R2) v, (67)

Moreover, by the first requirement on F7-, there is

IVEruwoll @ [0V e Ty,)| U=t

VER(UTy,)| < 4VT. (68)
We fix t < Lg@/) and consider the following two cases:
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||| > £. In this case, we first have

[VEro@n|| 2 n (2~ w782 il ~ || Tat "9 Pro ).

Note that ”%H @ /R € [i 1} when ||z;|| > %, implying

Vit ?/R2 T LV
. IR
0 (2= 9l /) lyill = nR min (2= a?)a = 2.
1 <a<1 5V5

In addition, there is

LenglaS HVFT,U(yt)H

1+ llzel* /R?

Hde Cct) VFTU Yy H < [|Tr,a(zt)] HVFTU )H

Hwtl% 2| VPru(y, H (@ 29VT

- Vb V5
As such, by our choices of  and R,
MR 29T _ 1
P H > >
HV (@ f NG:

||| < & . In this case, we introduce

(66)
ji = prog; (U yt) +1 < progy /4 (U yt) +1 < T

Letu;, € R? denotes the j;-th column of U. By the definition of j;, there is

syl = | (UTwe) ] < 1. (69)
In addition, we have
_ _ | (65),UTU=I .
(s VEro(uo)| = | (UTV Fro(w) id] =" [V Ty) ] > 1,
(70)
where the last step is by the second requirement on F. Now we compute
~ H“th:l ~
‘VFT,U(mt)H > ‘<ujt7VFT,U(wt)>’
(67) n
Do, Tnal@e) "V Proty,)) +n (2= lwill” /R2) (use, )|
U‘,VFT7U(y) <U 7y> y)VFTUy
tongas | {0 VIR0 (00) _ (e ) S (2 il /R2) (s )
V1t e /R R2\J1+ |la:|* / R?
u'wVFT,U(y) y)VFT,U(y)
> Lt 2 D 1 L2 . sy (2= wl? /)
\/1+H$t|| /R R2\[1+ [a||” / R?

(;) HytH HVFTU Y H (b) 2 M o (é) 1
1+ |l&® /B2 R2\/1+ ||ay|* /R2 NG 5R )
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where (a) is due to (69), (70), Cauchy-Schwarz inequality and n > 0, (b) is by \/é >
L4l |/ R?
(64)

2 lly.l > flz|| 2R R
75 and NN e F7E < 5 when ||z;|| < 5 and (68), and (c) holds

under our choices of 7 and R.

We combine two cases to conclude

Lastly, we recall the following hard instance and its stochastic first-order oracle studied in
Arjevani et al. (2023).

Lemma 7 (Lemma 2 of Arjevani et al. (2023)) ForanyT € N, there exists a differentiable function
Fr : RT — R satisfying the following properties:

1. Fr(0) =0 and inf ,cgr Fr(x) > —fT, where f = 12.
2. Fpis ¢-smooth, where ¢ = 152.

3. Forallxz € RT,

VFr(x)| . <, wherey = 23.

4. Forall € RT, prog,(V Fr(x)) < prog; j»(x) + 1.

5. Forallx € RT andi = progy so(z), VFr(z) = VFr(x<it1) and [VEr(z)|.; = [VFr(z<i)]<;
6. Forallz € RT, ifprog,(z) < T, then |V Fr(x)|| > |VFr(z) [prog, (x) + 1]| > L

Lemma 8 (Lemma 3 of Arjevani et al. (2023)) ForanyT € N and Fy in Lemma 7, the following
gr : RT x R — RT, where R £ {0, 1}, is a stochastic first-order oracle of Fr:

1.
Vi e [T],

gr(z,7)[i] = {VFT(w) [i] i progiu(x) +
T\T, ngT(CL') [i] i=progy(x)+1

where r = Bernoulli(q) for some q € (0,1). Moreover, g is a probability-q zero-chain.

F.6.3. ANALYSIS UNDER HEAVY-TAILED NOISE

From now on, we need to diverge from Arjevani et al. (2023) and Cutkosky et al. (2023), since
both of which are under the finite variance case (i.e., p = 2) instead of heavy-tailed noise (i.e.,
p e (1,2).

Lemma 9 (varj?tion of Lemma 7 in Arjevani et al. (2023) and Lemma 26 in Cutkosky et al. (2023))

The instances Fry and §T7U (see (56) and (57)) constructed based on Fr in Lemma 7 and g in

Lemma 8 under n = % - 13790 and R = Ty\/T for ~ = 23 satisfy the following properties:

1. Fry(0) —infyega Fry(x) < fT, where f = 12.
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2. ﬁT7U is Z—smooth, where { = 154.

3. Forall x € RY,

a:)H < AVT, where 7 = 53.

(20 (1-")

4. Forallz € R and p € (1,2], [ (z) - §T,U($,T)Hp] S DT

Proof First, we know
= (58) . T T
Fry(0) — inf Fry(z) = Fr(0) — inf (Fr(U Pra(T)) +nx pp4(x)
R4 rcRI
mTPR,d(m)ZO Lemma 7
< Pr(0)- inf Pr(z) < fT=fT.
rcRT

Next, for any « € RY,

= (60) 2
VErp(x) = jR,d(w)TUVFT(UTpR,d(w)) +n (2 —|lpra@)| /Rz) PRra(T).
By Lemma 14 in (Arjevani et al., 2023) and Lemma 7, Jg d(m)TUVFT(UTpRyd(w)) is £ +

3mf R=TyvT {+ 7-L1psch1tz for ¢ = 152. Moreover, we have

H (2 ~ |lpra(@)] /R2> Pra(T) — (2 —||pR.al )H2/R2> pR7d(y)H

p
<2 HPR,d(m) - PR,d(y)H + HRdRH lpr 4y PR@(CB)H

’HPR,d(y)HQ - HPR,d(x)H2‘
+ o2 HPR,d(m)H

(a)
<2z -yl +lly —zll + 2|y -zl = 5]z - yll,

Lmnmd5

is by lPra(®) — Pra(y)| |z -yl and ||pg 4(-)|| < R. So Fry(z)is 0+ S+

o 4229 1+ /5 < 154 = f-smooth.
Moreover, we observe that

where

(a)
a1
577f:

|V Pru(a H 2 | Tnate
Note that for v = 23,

lop [ UV PH@T o a@))|| + 1 (2= lra@)]® /B2) |oma()]

| Tr,d(x

oo [TV 0 ()| |

(UVFT (U prale H

Lemma 7

(U pra(@))| "< VT,

UTU=Ir

and

lonatli<n W
1 (2= lona@* /5 lona@l] " ok s 2 - atja = nm- 22

1 39 1 2
— (=== 22 ) 7. 22 VT < 13T
<\/5 140) za\/g7 < 13VT
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We hence have HVﬁTU(m)H < 2.37\/T < 53T = ﬁx/T
Lastly, still for v = 23, we compute

[VEru @)~ Grut@.n)| L | Tra@) UV EUT pa(@) ~ Tna(@) Ugr (U ()|
< NTra(@) oy [0 (TER (U pra(@)) = 92U prat).n) |
0 (VE U pral@)) — 91U prat). ) |
VT |V E U (@) - 97 (U ppala H
et V) [prog1/4<w)+1HLemé“”v’l—; ,

which implies

£ [ Prute) - aroe ] <20 (104 L07) cop g (P20

qP~t
Fact3 ~AP22=P (1 — gP—1) p>1 (2 p—1
sy ( ill)g(v)( q_l)
(p—1)gP (p—1)gP

Next, inspired by Cutkosky et al. (2023), we first prove a lower bound for heavy-tailed smooth
nonconvex optimization, as presented in the following Theorem 10.

Theorem 10 Forany A >0, H > 0,p € (1,2, 0 > 0,0 < € < /55—, let d be in the order

P
f T log ( <1 + (%) Q(P*U)) (see proof for the precise definition), there exists a distribution

over functions F : R* — R and stochastic first-order oracles g such that with probability 1,
F(0)—F, <A, Fis H-smooth and %\/ H A-Lipschitz, and g has a finite p-th centered moment oP.
Moreover, for any randomized A € Arand employed to optimize a randomly selected F interacting
with g, to output a pozm‘ @ such that E[||VF (x)||] < € the number of queries of g by A satisfies

3p—2

pe AHe 2 +AHUP Te 1T,

Remark 13 The reader familiar with the literature may find that a similar lower bound (in fact,
exactly the same order) has been established by Zhang et al. (2020a); Liu and Zhou (2025) before,
and hence may wonder about the difference. Here, we note that the lower bounds in Zhang et al.
(2020a); Liu and Zhou (2025) are shown for a special algorithmic class known as zero-respecting
algorithms®. However, our Theorem 10 is proved for a broader family, i.e., randomized algorithms.
This fact is important because Algorithm 4 is a randomized algorithm but not a zero-respecting
algorithm.

Proof For 7' € N and ¢ € (0, 1) being determined later, let . = 1/2, n = % - B R=TWT
where v = 23 and d = {T + 32R?log %—‘ = {T +32R?log %W = O(Tlog 7), we construct

ﬁT,U :R? — R and gryu(x,r): RY x R — R? based on Fr in Lemma 7 and g in Lemma 8.

5. A first-order algorithm is called zero-respecting if it satisfies &; € Us<¢support(g. ) Vt € N. For more details, see
Definition 1 of Arjevani et al. (2023).
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By Lemma 6 (note that [ satisfies the requirements of Lemma 6 due to Lemma 7), for any
A € Arang employed to optimize Fr 7 interacting with the stochastic first-order oracle §T7 7> where
U is drawn from Ortho(d, T') uniformly, we have

- T —log 4
Pr |:HVFT,U(mt)H > vt < Og] > 1)

1
27 2

N |

By Lemma 9, ﬁﬂU(O) —infcpa ﬁT’U(m) < fT for f = 12, ﬁT,U is Z-smooth for ¢ = 154 and
~ L ~ =~ ~ Pl @P(1-") d
AV/T-Lipschitz for 5 = 53, E, [ VEry(x)— gT7U(m,T)H } < W,Vm € R%
Now we set

— (72)

For any U € Ortho(d, T"), we introduce

H)\2 HX
Fy(z) £ TFTU(‘B/)‘) and gy (z) = ZQT,U("E/)HT)'

We observe that

2
FU(O) — inf FU(CC) = ax

xcRd Z

~ ~ 2 (72)
<FT,U(0) — infd FT7U(CC/)\)> < }I;\fT < A.
xzeR

. ~m (72)
Moreover, V Fi;(x) = %VFT,U(;U/A), which implies Fy; is H-smooth and & A%\/T < BVIHA_
Lipschitz. In addition, there is

E, [|VFy (@) - gy (x)|] = (iA> E. [|VEroe/y) = gru@/xon]
() ot 2

14
For any A € Ajang used to optimize Fyy with g;; when U is drawn from Ortho(d T') uniformly,
we can view as x;/\ as the output of another A* € Arand interacting with FT v and g gru (a similar
argument is used in the proof of Lemma 6). As such, by (71),

1 T —log4 1
P ) P )\H>—,Vt< >
r[V”(‘”t/) 2Ty }—2
which implies with probability at least 1/2
T —log4
IV ()| = 22 HVFTU (@:/\) H > —A,w < g2
Therefore, we have
HA H)\] _ H) (12) T —log4
E||VFy(x > —Pr VEy(x > — >7A:6,vt§7.
IV Ry (el 2 22 P VAl = 22| 2 &2 N

45



Liu

Lastly, we compute

~ Pl 5=1
T — 10g4(7)1<{ AHJ ) lo P
— == —— | —logd | [1+(p—1
2q 2 16 fLe2 & (p ) 2vHA

1
@) 1< AH ) o\
> | —=—-3]|[1+(p-1
2 \16fte? w )<2’YH)\>

p

b AH 1 lo -1
> — _ —
= L+ (p— 1) <27H>\>

(72) 2 3p—2
2> AHe™ +AH0P Te »-1,

where the (a) is by |-] >+ —1andlog4 < 2, and (b) holds due to the condition €2 < ﬁ =

AH AH — —

9610 , implying 16f£2 -3 > S2fic and (14 z)p-T > 1+ x> forz > 0 when p € (1,2]. So
3p—2

to achieve E [||VFy (x:)]|] < e, it requires at least AHe2 + AHov Te 1 many iterations. In
p

particular, we note that d = ©(7 log —) © (AH log (AH (1 + (%) Q(P—U))). [ |

Equipped with Theorem 10, we can show the lower bound on the distributional complexity
(Nemirovski and Yudin, 1983) for nonsmooth nonconvex optimization with heavy tails in the following
Theorem 11.

Theorem 11 Forany given A >0,G >0,p€ (1,2],0 >0, >0and0 < e < m A 49GA25,

p
let d be in the order of % log (% (1 + (%) 2(P—1>)>, there exists a distribution over functions F' :

R? — R, and stochastic first-order oracles g such that with probability 1, F0)—F. <A Fis
G-Lipschitz and g has a finite p-th centered moment oP. Moreover, for any randomized A € Ayang

employed to optimize a randomly selected F' interacting with g, to output a point x such that
2p—1

E[|VF(zx)||s] < € the number of queries of g by A satisfies 2 Ad e~ ! + Ao 157t o

Proof Let H = ¢/§ in the following. Note that ¢ < 4/ m due to our requirement on €. So we

can consider the same distribution on F' and g as in Theorem 10. Importantly, F' is H-smooth and
% HA = % % < G-Lipschitz (again due to the condition on €) with probability 1.

If A € Arng finds a point  such that E[|VF(x)||s] < € (i.e., a (6, €)-stationary point of
F), then by Proposition 14 of Cutkosky et al. (2023), it also satisfies E [||VF(x)|]] < ¢ + Ho

2¢. Therefore, Theorem 10 implies the number of queries of g by A is at least > AHe 2
—1

p__ 3p—2 1 -1 _P_ -1 — 2
AHor-Te »1T = Ad ‘e '+ Agr-1§ "¢ 1

m -+ |

Finally, we are able to prove Theorem 6.
Proof [Proof of Theorem 6] We recall the fact that lower bounds on the distributional complexity
imply lower bounds on the minimax complexity (Nemirovski and Yudin, 1983). Thus, Theorem 6
can be directly concluded from Theorem 11. |
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Appendix G. Algebraic Facts

We give three useful algebraic facts in this section.

Fact1 ForanyT € Nand a € (0,1), there is

Tz:l > atir 5 < 1+1logT
2T ¥ T

Proof Note that Z _11 8% < (T —t)T°, which implies

ngﬁQHs %f 70 1 %f1+ 2 —1 1+kgT
t(T —1t) Tl_a t T-— t —a t T1-
t=1 t=1 t=1 t=1
|
Fact2 Given2 < N € N, K = |N/T| and T € N satisfying T < [N/2], there is KT > N/4.
Proof Note that KT = |[N/T|T > N —T > (N —1)/2 > N/4. n
Fact 3 Givenp € (1,2] and q € (0,1), there are ¢~ + (1 — q)P~1 <22 Pand 1 — < g

p—1

_  \p— p—1
Proof Note that 2P~ is concave when p € (1, 2], we hence have 1+(; 0 < <q+é_q) =
P14+ (1 —q)P~ < 227P. Next, letx = 1 — g € (0, 1), we have

1—g¢Pt

1-—q<
1=

s(1-2)P'<1-(p-1a,

which is true by Bernoulli’s inequality. |
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