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ABSTRACT

We study the controllability of large-scale networked dynamical systems when
complete knowledge of network structure is unavailable. In particular, we establish
the power of learning community-based representations to understand the ability
of a group of control nodes to steer the network to a target state. We are moti-
vated by abundant real-world examples, ranging from power and water systems to
brain networks, in which practitioners do not have access to fine-scale knowledge
of the network. Rather, knowledge is limited to coarse summaries of network
structure. Existing work on "model order reduction” starts with full knowledge
of fine-scale structure and derives a coarse-scale (lower-dimensional) model that
well-approximates the fine-scale system. In contrast, in this paper the controlla-
bility aspects of the coarse system are derived from coarse summaries without
knowledge of the fine-scale structure. We study under what conditions measures of
controllability for the (unobserved) fine-scale system can be well approximated by
measures of controllability derived from the (observed) coarse-scale system. To
accomplish this, we require knowledge of some inherent parametric structure of the
fine-scale system that makes this type of inverse problem feasible. To this end, we
assume that the underlying fine-scale network is generated by the stochastic block
model (SBM) often studied in community detection. We quantify controllability
using the “average controllability” metric and bound the difference between the
controllability of the fine-scale system and that of the coarse-scale system. Our
analysis indicates the necessity of underlying structure to make possible the learn-
ing of community-based representations, and to be able to quantify accurately the
controllability of coarsely characterized networked dynamical systems.

1 INTRODUCTION

In this paper we study controllability for networked dynamical systems when our knowledge of
system structure is limited to coarse summaries. We are motivated by myriad real-world settings
where system identification must be performed based upon measurements taken by low-resolution
instruments unable to probe fine-scale structure. Our motivating example is the human brain. While
efforts are under way to produce a canonical human brain map, our knowledge of the brain as an
interconnected, network system is not yet to the level of the whole-brain individual neuron (Betzel
and Bassett, 2017). And yet, motivated by emerging medical technologies, there are important control
tasks we would like to tackle. For example, novel brain implants designed for epilepsy patients aim
to “steer” the brain away from states that correspond to seizures (Heck et al., 2014} |Muldoon et al.,
2016). Our goal is to quantify the controllability of a fine-scale networked dynamical system given
access only to coarse knowledge of network structure. Generally, without parametric structure, this
is impossible. But real networks do have structure and so in our model we assume the fine-scale
network has a connectivity induced by an underlying stochastic block model (SBM).

Approximation of high-dimensional (fine-scale) dynamical systems by lower-dimensional (coarse-
scale) ones is known as “model order reduction” (MOR) in the controls literature. There is a key
difference in assumptions that differentiate our setting from that literature. In MOR the starting point
is a complete description of the high-dimensional system. The task is to formulate a lower-dimension
system, the dynamics of which well-approximate those of the full system. In contrast, we start from
coarse summaries of the fine-scale system. We do not have access to the fine-scale dynamics and
must exploit parametric knowledge (via the assumption of a generative SBM). One might think of the
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distinction as akin to “active” versus “passive” MOR. Traditional MOR is active in that it actively
decides how to coarsen the system to yield the best reduction. But for us, our knowledge is limited by
the precision of our instrumental observations, so passively collected data is our starting point.

Controllability is a function both of system dynamics and how we actuate the system (Pasqualetti
et al.,|2014; Yuan et al., 2013). Herein we assume that we both measure and actuate a system only
coarsely. A control question we study is which coarse-level actuations are most “influential” in
controlling the underlying fine-scale system. Such knowledge can assist with actuation selection;
e.g., in our motivating epilepsy application, where best to position devices to be able to collapse the
unstable brain-state oscillations that lead to seizures. (O’Leary et al., |2018}; [Pazhouhandeh et al.|
2019; [Kassiri et al.l 2017; Shulyzki et al., 2015) To accomplish our goal we characterize the average
controllability of a vector of systems, each corresponding to a different coarse-scale actuation input.
By comparing these vectors, and because these vectors well approximate the corresponding vectors
for the fine-scale system, we aim (in the long term) to produce clinically-usable information for the
neurologist.

Contribution: Our work is the first of its kind that proposes a learning-based framework for inferring
the controllability of fine networks from coarse measurements, and characterizes the mismatch
between the controllability of the coarse and fine-scale networks. We study two approaches.

1. In SectionE], we build from MOR. We define an auxiliary, fictitious, reduced-order system
based on the coarse data, and use the average controllability vector of this system to approx-
imate that of the fine-scale system. We derive a tight upper bound on the “approximation-
error” which is the sum of two terms. One term goes to zero as the coarse network size
increases and the network becomes dense. The second term is a function of the synchro-
nization between the coarse summary data and the underlying community structure. If
synchronization is not sufficiently high, this term may not approach zero even as the network
size increases.

2. In Section[6] we learn the fine-scale system’s average controllability vector directly from the
coarse data. This learning-based algorithm builds on the mixed-membership algorithm of
Mao et al.|(2017) for unsupervised learning of the parameters and the community structure of
a SBM. We derive a tight upper bound on estimation error and characterize its convergence.
Although the error bound implicitly depends on synchronization, unlike in the MOR-based
approach, the error of this approach converges to zero as the coarse network size and its
density increases.

2 BACKGROUND / RELATED WORK

Coarsened SBM as a generative process: The study of extracting community structure from coarse
summaries is recent. The authors in (Ghoroghchian et al.| [2021) used the stochastic block model
(SBM), developed in the community detection literature (Abbel [2017), to lay out a framework for a
coarsened and weighted variant of the SBM. We build off those results in this paper. The structure of
many real-world networks, including brain networks is, at least empirically, known to have community
structure across various spatial scales (Sporns and Betzel, 2016} [Pavlovi¢ et al.,|2020). The SBM and
its variants provide a powerful modeling framework to facilitate fundamental understanding of graph
community organization and have found applications in many domains, including social and power
networks. (Dulac et al., [2020; [Funke and Becker, [2019;|Abbe, 2017).

Complex networks controllability: The development of control methods for complex networks is a
major effort in network science (Scheid et al., |2020). Coupling traditional notions of controllability
with graph theory reveals several insights into the role of network structure (e.g., presence of
communities, diameter, and sparsity), size, and edge weight strength in controlling large-scale
networks (Wu-Yan et al., 2018} Kim et al.l 2018} |Constantino et al.,[2019; |Sun, [2015])). Further one
may want to understand which group of nodes, when actuated as inputs, can be used to steer the
network to an arbitrary target state, and at what cost (Cortesi et al.,[2014; |Gu et al.;|2015). Recent
works in network neuroscience |Gu et al.| (2015) have popularized the notion of average controllability.
This scalar metric associate a measure the relative control influence of a group of nodes. In this paper
we consider a vector of such scalar measures to study the comparative influence of different sets of
nodes. To the best of our knowledge ours is the first work that characterizes this type of error bounds
for the controllability of coarse graphs.
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3  PRELIMINARY NOTIONS

Notation: We denote vectors and matrices using bold faced small and upper case letters. The n
dimensional all-ones and -zero vectors are denoted by 1,, and 0,,. For M = [M,,,] € R"*™, define

HMHOO = maxji<u<n Z:,n:l |Muv|; HMHmax = maXy, v |Muv|; and ||M||2 = /\max(MTM)- Let
m = n, then define the spectral radius by p(M) = max;{|\;|}; diag(M) = [My1, ..., M,,|" €
R™; and Diag(M) sets the off-diagonal entries of M to zero. For matrices M}s with arbitrary
dimensions, BlkDiag(Mj, ..., M) denotes the block diagonal matrix. The inequality M; < My
implies element wise inequality. We write f(n) = O(h(n)) iff there exist positive reals ¢y and ng
such that | f(n)| < ¢oh(n) for all n > ng. The support of a vector, supp(m), is the set of indices ¢
such that m; # 0. The cardinality of a set } is denoted by |V|. For a positive integer m, we denote

[m] £ {1,...,m}. 1(m) returns a vector of same size with non-zero replaced by 1.

Networks: A network is defined by an un-directed graph G 2 (V, &), where the node set V =
{1,...,n} and edge set £ C V x V. For an edge (u,v) € &, assign the weight A, = A,, € R,
and define the weighted symmetric adjacency matrix of G as A £ [A.o], where A, = Ay, =0
whenever A, ¢ £. A random network is an un-directed graph with a random adjacency matrix.

3.1 LINEAR DYNAMICAL SYSTEM ON RANDOM NETWORK

For a network G with n nodes and the symmetric adjacency matrix A, associate a state z;[k] € R to
the i-th node, and let the nodes evolve with the linear and time-invariant (LTT) dynamics

x[t+1] = Ax[t] + Bu[t], Vit=0,1,.... (1)

c-tr(A)
The state x[t] = [x1][t],...,z,[t]] is steered to an arbitrary value by an input u[t] € R™. Here, the
input matrix B = Diag(b) € R"*", where b € {0, 1}" determines which components of u[¢] enters
the network?| For e.g., for B = Diag(1,,,0,_,,), the input enters the network through control
nodes set £ = {1,...,n1}. The normalization c¢ - tr(A) factor, with appropriately chosen constant
¢ > 0, ensures that system in Eq.|1|is asymptotically stable. Finally, we define Ao = c-%@A)A for
the normalized matrix, and use this convention throughout the paper.

For fixed system matrix A on,, a necessary and sufficient condition for the asymptotic stabilityﬂ of
Eq. is that p(Anom) < 1. For random Ay, we consider the probabilistic stability: P[p(Apom) <
1]—the greater the value, the greater the chance that Aoy is stable. For SBM generated random
symmetric matrices, we provide sharp non-asymptotic lower bounds on P[p( A ,om) < 1].

The networked LTI system in Eq. [l|is T-step controllable if x[0] = 0 can be steered to any target

state x € R for some inputs: u[0],...,u[T — 1]. The T-step controllability Gramian of Eq.|I|given
below, among other things, allows us to study if Eq.[I]is controllable or not.
CT (Anoma B) = 31:_01 (Anom)tBBT(Anom)t- 2

By definition C1 (A om, B) = 0, and it is well known that G with n nodes is T-step controllable if
n-step controllable; or equivalently, Cr (A om, B) = 0. For other interesting properties of Eq. we
refer to (Chen, |1999)). For the simplicity of exposition, we let " — oo and consider the infinite time
horizon Gramian: C(A on, B) = limr_ oo C1(Aom, B), which exists with 1 — P[p(Aqom) > 1];
see also [Pasqualetti et al.|(2014). We drop the notation (A ,,m, B) in C when the context is clear.

Average energy: A widely used metric to measure how hard or easy it is to control the network is
average energy: fHXI x1CTx dx/ [, | dx, which evaluates to niltr(CT) (Cortesi et al., 2014).

l2=1 lIxll2=
Here, where C' is the pseudo inverse, and x"C'x is the minimum control energy needed to steer
x[0] = O to an arbitrary target state x € R™. Thus, average energy measures the minimum control
energy required to steer x[0] = O to an arbitrary state uniformly distributed over the unit sphere.

! One may think our LTI model as the linearized system of an underlying non-linear system. Controllability
of non-linear systems require a case by case analysis and we leave this topic for future research.

*Alternatively, Bu[t] = Bicux[t], where By is the sub-matrix of B whose columns are indexed by K C [n].
However, we stick with notation in Eq.[I|to make our analysis less cuambersome.

3The LTI system Eq.is asymptotically stable if ||x[t]||> — 0 as ¢ — oo, for u[t] = 0 and x[0] # 0.
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Average controllability: Numerical computation of C' for large-scale networks is demanding. Owing
to the fact that tr(C') > 1/tr(C), one uses tr(C)—called the average controllability—as a proxy for
average energy \Gu et al.|(2015)). The higher the average controllability is for a given set of control
nodes defined by B, the smaller their average energy, thus higher their influence on the network.

3.2 STOCHASTIC BLOCK MODELS

Stochastic block models (SBMs) are probabilistic models that produce random graphs with planted
communities. Formally, let G = (V, ) be the un-directed graph (also referred as fine graph) with
n nodes and random edge weights generated according to the general SBM(n, Q, p):

Definition 1. (General SBM) In the general SBM(n, Q, p), the graph Gg,. is partitioned to K

disjoint sub-graphs (or communities) of relative sizes p = [p1, ..., px] such that )V = u,ﬁilvk. Two
nodes u € Vi, and v € Vy are joined by an edge with the weight A, € {0, 1}, which is drawn with
probability Q- independently from other edges, for all k, k' € [K]. O

In General SBM, the probability distribution of weights A, is common for all u € Vi, and u € V.
The general SBM(n, Q, p) thus generates a weighted symmetric graph with X communities with
non-identical in- and cross-edge connection probabilities given by Q € [0, 1]5 <K Alternatively,

A, ~ Bernoulli(Qk’k/) if &, kK e [K] :Pry > 0, Py, >0, 3)
where the community membership matrix P = [Py, ] € REX" is given by

1 ifve Vg,
0 otherwise.

PPT = Diag (V1] [Vic|) with Py, = { @

We define D £ %PPT which is a diagonal matrix of relative community sizes.

Definition 2. (Coarse SBM |Ghoroghchian et al.[(2021)) Define a coarse-scale summary to A as
A 2 WAWT ¢ Rm™x™ (5)

where the coarsening matrix W € R™™ is (a) r-homogeneous, for all i € [m]; that is, each i-th row of
‘W (say w;) has r non-zero terms and all rows have constant row sum and (b) (WWT = %Im). ]

Here, A can be interpreted as the symmetric adjacency matrix of an un-directed graph G.oarse With
m nodes— referred to as coarse graph. This interpretation is helpful when we discuss LTI system
associated with A in Section |5 We refer the nodes in Ggoarse tO as c-nodeAEI as opposed to the fine
nodes in Gfpe. Note that 7 < 7, and r < n indicating that c-nodes can cover the fine graph only
sparsely. In other words, there may exist (several) fine nodes that do not contribute to A (see Fig.[I).
The main goal of our paper is to quantify controllability of Gy, with community structure, using the
coarsely inferred network G.oarse. Importantly, we do not have access to the way the coarse graph is
acquired at the time of decision making though the results depend on them.

From Eq. and Eq. 3} the expected quantities of A = E[A] and Az E[A] can be computed as

A=P'QP and A= (WPT)QWPT)T, ©)
P

where ® € R™*K is the coarse community membership matrix, and ®;, captures the extent to which
the i-th c-node overlaps with the k-th community. Let us also define the resolution parameter.

£ min ®,. (7)
i€[m],kE[K]:® ;>0

14

By definition 1/r < v < 1. In what follows, we assume that a c-node has a constant minimum
overlap (i.e. v) with each community that independent of other system parameters.

The example below will highlight the structural differences among matrices P, ®, and W.
Example 1. For fine network shown in Fig.|l} the following hold

e, 5

c-” stands for compound or coarse.
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1. P = BlkDiag(1],,1]g, 11). Here, 1, is the d-dimensional all-ones column vector:

2. @2 =[®], @], @7, where &1 = [1,0,0]; ®, = [3,1,0]; &5 = @4 = [0,1,0];
®;5 =0, 31, 2]; and ® = [0,0,1].

3. Finally, each row of the coarsening matrix W has three non-zero entries, all equal to 1/3.

Each c-node in {1,3,4,6} covers one community; each c-nodes in {2,5} overlap with two. O

Assumption 1. (SBM scaling \Abbe|(2017)) For all k € [K], we have 0 < ¢, < 21 < ¢, < 1,
where Cpin, Cax are constants. There exists a p,, € (0, 1) and a non-negative matrix Q(C), such that

Q= Q" 8)
Assumption 2. (Fully-Synchronized c-node): The coarse graph has at least one pure node per
community k € K. Formally, for all k € [K], there exist a coarse node i € [m] such that ®;;, = 1.

Assumption 3. (Uniform Coarsening): There exist Cyi, and Cpay independent of m such that
6min]-K < ]-;I;L(P/m < 6max]-K

We also assume that communities have self-connections, that is, tr(Q(C)) > 0,and Q° < 1gxk.
Assumption [T|helps us uniformly control the sparsity of connection in and cross communities. For
several real-world networks, p,, typically decreases with n[Abbe] (2017). Assumption [2]states that
for each community there exist at least one c-node that is fully inside one community. We call such
c-node fully synchronized (see Remark [T). Finally, Assumption [3]ensures that the relative coverage
of each community measured by coarse nodes scales linearly with respect to the graph size.

MOR approach Ocoarsea
N

|=>| Scoarse: X[t+1] =A,,0m X[t] + Bult] #b Eq. (1) | >

(b)
Learning approach
=

Vi -
Algorithm Algorithm

@ = @ Q N

| Stine: M{E+1] = Augm 11t + B ult] =y

\ Reduction ‘

ta rget:Bglp“pv A {

7

()

group

A

Coarsening

(a) (c)

Figure 1: Schematic of MOR and learning-based approaches for estimating Ggroup, A - (a) For Gane consisting
of n = 36 nodes, we have K = 3 communities (V1, V2, V3) with m = 6 coarse (c)-nodes (K1,...,K¢), each
having a coverage size = 3. The control node set is 3. (b) In MOR approach, we infer Ogoup, a via reduced
order dynamical system Scoarse. (¢) Learning based approach capitalizes on mixed membership (MM) Algorithm

to estimate Ggroup, o directly from A, thereby avoiding the need to do consider Scoarse-

Remark 1. (Synchronization of community and coarsening): The coarsening operation is oblivi-
ous to the community structure in Ge. Thus, the i-th c-node contains information about multiple
communities if supp(W, .) Nsupp(P;.) # 0 (the subscript denotes the i-th row), for i # j. Perfect
synchronization: A special case where the intersection is non-empty only when i = j. This happens
when all the communities have the same size and each c-node covers only one whole community.

4 PROBLEM STATEMENT

Consider the LTI system on the network Ggine, defined by the symmetric adjacency matrixin A Eq.[3}
Shine © X[t + 1] = AjomX[t] + Bru[t], )
where A,om 2 ﬁUA)A’ A € R™" and Bx € R™ ™ selects a set of control nodes X C Gpe.

Depending on the controllability properties of G, (see, Section , the inputs at these |K| control
nodes may or may not effect all the states in x[k]. Let K; = supp(w; ), be the set (hereafter, group)
of r nodes coarsened by w;. The following assumption states that Gg,e is controllable from all
Ki C Gfine; see Remark 2}
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Assumption 4. Let Bi, = Diag(w]). For any i € [m], the Gramian C(A om, Bx,) is full rank.

As p(Apom) < 1 holds with high probability (see Lemma, it follows that C(Aom, B, ) exits, and
hence, the infinite time Gramian C(Aom, Bic,) exists. Assumptionensures that average energy
(see Section[3.1)) is finite; however, average controllability need not be finite.

For KC;-th control node set with input matrix By, = Diag(w] ), associate the average controllabity

measure: 6" £ t1[C(Anom, Bk, )], for all i € [m]. Since C(-) is a p.s.d matrix, it follows that

group,A
Og)oum A = 0. Accordingly, define the group average controllability vector for Sgpe:
Ouronna 2 (Onp as - O .n ) € R, (10)

which summarizes the average controllability measure (see Sec [3.1) for all control nodes sets
{K1,...,Kn}. Thus, Ogoup, a helps infer (i) I; s that drive the network to the desired target state
with least control effort, and (ii) if such control node sets should have a community structure.

In this paper, using only the knowledge of A in Eq. [5| we want to estimate the random vector
Oqroup,a in Eq. We consider two contrasting approaches: (i) the traditional model order reduction
(MOR), where we rely upon the reduced order auxiliary system Scoarse (see Eq.[IT)) governed by
A to infer @group,a; and (ii) the learning based approach, where we directly estimate Ogroup, A
using a clustering based mixed membership community learning algorithm; see Section[6} Fig.
provides a nice graphical illustration of our approaches. Broadly, our analysis highlights the role of
community structure, coarsening process, and graph sparsity conditions on the performance of these
both approaches. Our numerical simulations show that both approaches can outperform each other;
however, learning based approach outperforms its counterpart in several parametric regions Finally,
our main results in Sections[5]and[6]are probabilistic in nature because A is a random matrix.

Remark 2. (Group nodes controllability) Assumption d|demands that a group of nodes should be
able to control Ggpe, which holds true for brain networks (Pasqualetti et al.||2019). This assumption is
a very weaker condition than asking Gy, to be controllable from every single node. Moreover, if Gpne
is not controllable from the control nodes, we can decompose the state-space of Gy into controllable
and uncontrollable sub-spaces (Chenl |1999), and adapt our analysis to the controllable sub-space.

5 MOR APPROACH FOR GROUP AVERAGE CONTROLLABILITY

We provide a tight upper bound on the element wise error between Ogroup,a in Eq.{I0land 0 . %
in Eq. The latter quantity is the group average controllability vector of the reduced order system:

Seoarse © X[t +1] = ApomX][t] + Bult] , (11)
where A,on 2 #@K , A = WAWT is given by Eq. and the normalization factor ¢ - tr(A) is
used for stability purposes, where ¢ > 0. Importantly, the state X[t] € R™ is not a compression
of the true state x[t] in Sgye and m < n (hence the name MOR). Rather, X[t] is a fictitious state

that describes the dynamics of the (scaled) matrix A. This fictitious state is controlled by the input
Bu[t] € R™.

The following lemma states that Sgpe and Scoarse are asymptotically stable with very high probability.
Thus, Ogroup,a in[10[and Ocome i in are well defined. Let ¢, ¢, 8 > 0, and define the stability
indices: Kpom 1= (¢ tr(A)—||Allso)/(n(1—cf)2) and Fnom := (&8 tr(A)—||Al|s0)/(m(1—rEf)?),

where A € R"*" and A € R™*™ are given in Eq.[6|and r is the coverage size.

Lemma 1. (Probabilistic stability of Spn. and Scoarsc): Suppose that the stability indices Kyom and
Ruom are strictly positive for some constants ¢, ¢ > 0, and 0 < 3 < 1. Then,

P [p(Anom) > ﬁ] < n exp (_2"frwm) and ]P)[p(Am)m) > 6] < ™m exp (_Q%nom) . (12)

For m = n, we have r = 1, and hence, the probabilistic inequalities in Eq. @] coincide with each
other. Further, the higher K0, and Kyom, the higher the chance that Sgpe and Scoarse are stable.
Interestingly, Kpnom and Kyom do not explicitly scale with n and m. In fact, Kpom > Knom, 1, Where
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Enom, b = (€8 cmin tr(Q) — ¢max || Qllec)/(1 — ¢f3)? is independent of n. Thus, stability is not
guaranteed for larger networks modeled using Sgpe With ¢ - trA normalization.

Instead, Kpom,1p — 00 as ¢ — 1, thereby P [p(Anom) > 5] < nexp(—2Kn0m, 1) — 0. So, under
what conditions kKuom > 0 for ¢8 = 1? One such condition is ¢ > cmax [|Q|loo/(Cmin tT(Q)).
Let ¢inax = Cmin - For diagonally dominant probability matrix Q (i.e., the community structure is
assortative—more in-community edges than across-community edgess), tr(Q) > ||Q||-, and hence,
we can choose ¢ and ( such that ¢8 = 1. However, non diagonally dominant matrices can satisfy
tr(Q) > ||Q||so. For example, a symmetric matrix Q € R3*3, with Q;; = 0.2, Q12 = 0.25, and
Q13 = 0.01 is not diagonally dominant because Q;; < >~ ,_; Qij, for all 4, but tr(Q) > [| Q|-

We now bound the difference between Ogoup, A in and@ - % in Let Ao 2 A /(¢- tr(.&))

and ]A?;Z = rWdiag(w, )—the coarsened input matrix. Let the average controllability for the i-th
c-node be Bgr)oup . 2 t1[C(Apom, B;)] > 0. Define the average controllability vector for Seoarse:

0 o ... ™ )eRm (13)

_ A
coarse,A coarse,A’ coarse, A
,

In what follows, when the synchronization holds, we show that Ocoarse & associated with Scoarse Can
well approximate @group, A associated with Sgpe. Define the error metric:

(4) O(i) 1

~ r@’ -1

Ai(AA) 2 e A - — Coar(j_‘;A ., foralli € [m]. (14
Zz 1[T6group A 1] Zi:l [gcoarse,g - 1]

The proposed error metric A; (A, A) allows us to do a fair shifting- and scaling-free comparison
between the vectors Ogroup,a and Ocoarse & - The shift factor "-1" accounts for the inherent "+1" shift

in the average controllability definition and the scale factor r discounts the 1/r factor in Ogmup A
Akinto A;(A, A) in Eq.|1 . 4} define A;(A, A) associated with the expected quantities A and A.

Theorem 1. (Element wise bound on 0g,0up, A0, ): Let Ai(A, A)and A;(A, A) be deﬁned
as above. Then, under the assumptions in Lemma A(A,A) < A(A, A) +0 (— + fp )
with probability at least 1 — 6 exp(—2k(Q'9), D, v, m, n, p,)), where, for constants 0 < §,( < 1,
#(Q, D, v,m,n, p,) = min {ng? (tx(DQV)C), m(pr*t(Q)0)?
PR Gninninl| Q11002 pAm2(E2,1Q1110)2
with v, D, and Q'©) given by Eq. [71 Eq. 4\ and Eq. @ and Cpy is defined in Assumption

Theoremsays that A;(A,A) ~ O (L + \/r—z 3 ) provided A; (A, 1:&) is small. Thus, for fixed n,
MOR based estimate Hcoame A approximates Bgroup, A if the graph density p,, or number of c-nodes
is large, which we validate using numerical simulations as well. It can be shown that the bias term

Ai(A, A) is exactly zero if the communities are synchronized with the coarsening process (see
Remark and that Q;; = p > 0 and Q;; = ¢ > 0, for ¢ # j.

6 LEARNING APPROACH FOR GROUP AVERAGE CONTROLLABILITY

We present our learning based approach to estimate Og,oup, A in Eq. @} Unlike the MOR based
approach that relies on Sgipe, We directly estimate elements in @gyoup, A based on the popular mixed
membership (MM) community learning algorithms (Mao et al., |2020; [Huang et al.,2019; Mao et al.}
2018; 2017} |Aicher et al., 2015)). Specifically, we work with the MM algorithm by (Mao et al., [2020)
which is not only numerically efficient but also has strong theoretical guarantees.

Lemma 2. Let 0,,,,,, a be obtained by replacing A with the expected matrix Ain Oqroup, A, given
by Eq.[I0] Let P and ® be as in Eq.H|and Eq.[6] Suppose that Assumption[I|hold. Then,

ggroup,A = ( m + dédlag( )) /Tﬂ (15)
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where d = 1/(ntr[DQ]), D = (1/n)PPT, and Q') is given by Eq. ES’] and
T £ (nd)QDQI — ((nd)DQ)?| . (16)

Lemma 2] gives us a formula to compute the group average controllability vector associated with the
expected matrix A (see Supplemental material for complementary explanation and interpretation).
Theorem (see Appendix) shows that A; (A, A) < e, for arbitrary ¢ > 0, hold with high probability.
In view of this fact, we propose our candidate estimator as

Ogronp 2 1,, + Bdiag(T), (17)

r(DQ) tr (DQ
l 2| which takes as input A and number of communities K. Instead, we obtain D from Algorithm

where T 2 QDQ (I—( DQ ) )2)~!. The hatted quantities & and Q are obtained from Algorith
Importantly, Ggroup in Eq.|17|is obtained from coarsened matrix A but not the fine scale matrix A.

Theorem 2. (Component wise error bound between Ggroup and Ogroup, A ): Suppose that there exist
ConStants Cpyin, ANd Cpqy that satisfy Assumption 3| Then, under the hypotheses stated in Lemmall]

(4) 10
r@, A —1 Osroup — 1 1.1
o - 2|0 (2o + B o + Bl + Bl
Zz l(regroup A 1) Zi:l(egrou}" - 1) Pn
2A:(A)

holds wzthprobablllty at least 1—3 exp(—2&(Q'®), D, m, n, p,)), where Eg = &, Eq £ Q-Q
and Ep £ D — D are the error matrices. Further, for a constant 0 < ( < 1, the exponent

%(Q(C)7D7m7n7pn) = min {npn(tr(DQ )C) ) mnpn(cmi"c”’i"HQ( ||1,1C) }

Theoreml suggests that for sufficiently large m, the estimate égroup approximates @group,A t0 an
arbltrary precision if: (a) the graph is dense enough (larger p,,), (b) the coarse community membership
matrix is well estimated (smallelﬁ ||E® ||max)s (¢) the cross-community probablhty estimation do
not suffer from high error (smaller \|EQ||maX) and the relative community sizes estimated from
the coarse graph are close the ones in the fine graph (smaller ||Ep||). The result of Theorem [2]is
important because one can directly infer the most influential control node set /C; (one with high
average controllability) via the most influential i-the c-nodes, and vice versa.

Algorithm 1: Direct Inference of the Group Average Controllability

Require: estimates & and Q from Algorithm |2 l and the number of communities K

1: compute D = dlag(ﬁ)

2: return Bgroup =1,, + ®diag ( C(Jg (= (lrﬁQ))z)q))

Algorithm 2: Mixed Membership Community Estimation Algorithm (Mao et al., 2020)

Require: Coarse adjacency matrix A, number of communities K

compute the highest K eigen-decomposition of A as VAVT and set Spruned = Prune( )
set X = V([m]\Spruned; :) and compute Syue = Successive Projection Algorithm(XT)
set Xpure = X (Spure, 1) and compute un-normalized Gun-nom _ VXpmle
punnom () if urrom < o—12 v ¢ [m] k € [K]

return & = Diag_l(é‘m'“oml K)@“H'“Om and Q XpureAX

pure

A

5This MM algorithm adapted from Mao et al.| (2020) is a type of spectral clustering method that first performs
eigen decomposition of A to find the overlapping membership (®;) of the fine nodes. A pruning step is also
included (see steps 4 and 5 in Algorithm [2)) to speed up the algorithm performance.

6 (Mao et al.l[2020) showed that ||Ew||max and ||Eq||mx stated in Theorem [ I approach zero under some
conditions, as m — oo. But these conditions mlght not be applicable to our setup because of our coarsening
operation. However, our simulations show that A; (A) decreases with m. The behavior of ||E||mx and
||Eq||max with respect to graph scaling is left for future work.
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7 SIMULATIONS

We validate our theoretical results by plottinhe errors = > Aj(A,A)and =3, Ai(A) and
show that these errors are comparable to the bounds we obtained in Theorems|[I|and [2] We generate
A ~SBM(n, Q, p) and then determine A = WAW T (see Supplemental material for generating
‘W). We set number of fine nodes n = 5000, the overlap parameter n = 0.1, and the number of
communities K = 5. Finally, for Q € RE*X we set Qux = p = 0.05 and Qr = g = 0.01 (for
k # Kk'). If not specified, the number of c-nodes m = 100 and coverage size per c-node r = 4.
Fig. 2(a)-2(d) illustrate the qualitative behavior of the errors with respect to changes in m, p,,, and

()
m pni—1 ngroup,A m
L p— - 1 m, where u € [1,2
i=1 |Ef;:1(ui—1) Ziil(T"é;lup,Aﬂ)V ) p € [1,2]

we also consider a base line error: >

contains i.i.d. uniform random variable drawn independently of A.

Error Type Error Type

~e— Baseline Error —e— Baseline Error
!_\ MOR Error MOR Error
102 .\ ~-m- Learning Error 107 --m- Learning Error
B NN 8
u \ “
10° TT—o R e eemmo e
: 107
100 200 300 400 500 600 10 20 30 40 50
m densityScaling
(a) Ww.r.t. no. coarse nodes m. (b) w.r.t. pp, forp = 5g = 0.005.
Error Type Error Type,
——— " >
1072 ~e— Baseline Error ~e— Baseline Error
MOR Error MOR Error
«m+ Learning Error ==+ Learning Error
5 5
i &
................. 10°
10°
107 107" 10° 10' 4 6 8 10 12 14 16
overlap r
(C) w.r.t. overlap extent 7). (d) W.It. coverage size 7.

Figure 2: Estimation error based on MOR and Learning approaches. MOR Error=>_"" | A;(A, A)/m and
Learning Error=)"7" | Ai(A)/m. The shaded region in the figures represent one standard deviation computed
for 20 independent realizations. We make the following observations. First, both the learning and MOR based
errors are consistently better than the random baseline. Second, the learning based approach has consistently
smaller error than that of the MOR approach for large parametric regimes. Third, (a) shows that all errors
monotonically decrease as m increases. This is consistent with our bounds in Theorems E] and Fourth, (b)
shows that errors decrease as p,, increases. This is expected because larger values of p,, result in more distant
in- and cross-community edge densities. This makes community representation extraction and controllability
estimation easier. Fifth, (c) demonstrates the higher tolerance of the Learning approach to situations whenin
coarse measurements are less synchronized, in comparison to the MOR method. Finally, (d) shows that error
decreases with r. This should be the case as larger » means more fine nodes are sampled during coarsening.

8 CONCLUSION AND FUTURE WORK

We introduced a learning-based framework that exploits the power of community-based representation
learning to infer average controllability of fine graphs from coarse summary data. We compared the
performance of this approach with that of MOR approach. For both these methods, we derived high
probability error bounds on the deviation between the error estimate and ground truth, and validated
the theory with numerical simulations. Our results highlight the role of fine- and coarse-network
sizes, graph density, and community synchronization bias (see Remark[T]in modulating the estimation
errors. Interestingly, for the latter approach, we show that the estimation error decreases with network
size albeit the synchronization bias, which is not the case with the MOR-based approach. For
future, we plan to implement our theory to study the role of coarsening, community structures , and
synchronization aspects on the controllability of brain networks.

"The Python code to reproduce the results is attached to the submitted file.
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9 ETHICS STATEMENT

Although our work mainly takes a theoretical perspective to the controllability of coarse graphs
motivated by therapeutic neuroscience applications, our results can potentially involve negative
impacts if employed in other applications. For instance, identifying the most influential groups of
nodes (or equivalently individuals) in a social network as a result of estimating the network group
average controllability, may motivate manipulative actions; i.e. the most influential node group
may be selected for control, in order to steer the whole network towards an unethical goal (like
manipulating individuals in a social network to vote in favour of a particular election candidate). The
negative impact may also result in bias against less-influential nodes, as they will be ignored when it
comes to the selection of node groups for control actuation.

10 REPRODUCIBILITY STATEMENT

All the results presented in this paper are reproducible. The theoretical findings are annotated and
step-by-step elaborated in the appendix. The data generation process and the parameter values used
for numerical simulations are fully explained. In addition, the Python code from which the simulation
figures are generated is attached to the submission files. The code is also on Github and the repository
will go public upon submission acceptance.

10
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A APPENDIX

In this appendix, we first provide further detailed explanation for the numerical simulations that was
missing due to space constraints. Next we have a remark that adds complementary interpretation of
the group controllability formula estimated from the learning approach. Finally, we provide proofs
for all results stated in our paper.

A.1 MORE ON NUMERICAL SIMULATIONS: HOW TO GENERATE W

For a realization of A, we obtain the support of each row of W independently by first generating a

random vector 7 € {n}K using a Dirichlet distribution; larger positive 7 result in greater overlap and
more communities. For each community k& where 7, > 0, | - 7 | fine nodes are randomly chosen

from V,?OH*S‘31 (i.e., non-selected fine indices in community k) and set as the support of w;. The

chosen indices are removed from V,‘;O“_SEI.This process continues until the support of all w;s are
selected.

A.2 MORE ON THE ESTIMATED GROUP CONTROLLABILITY USING THE LEARNING APPROACH

Remark 3. (Synchronization versus controllability) Recall that ®;;, = |[{v : v € Vx N
supp(wi)}H/r (for all k € [K], i € [m]) is the fraction of c-node i’s overlap with community
k. Thus, from Eq. it follows that ng)oup A X ZkE[K] @, 1. Vi In view of this observation and
Lemmal2] we observe that c-nodes that have the largest overlap with communities of strongest Yy,
are the most controllable.

Additional notation: For n x m dimensional real matrix M, denote | M|z = /> , >, M2 =
/tr(MTM). For a symmetric matrix M, denote Ay, (M) to be the maximum eigenvalue.
diag(M) = [Myy,...,M,,]" € R", and Diag(M) sets the off-diagonal entries of M to zero.

Useful matrix norm bounds:

- LetZ = XY. Then, | Z||r <[IX|[2[[Y ]|z <[IX[#[Y] 7
. Cauchy-Schwartz inequality: tr(XTY) < || X||¢| Y] £
. For any norm: If [[M|| < 1 = ||(I-M)7!|| < m (Keinert).

- IMl|se < /1| M]2

Ml < V/nlM|

. For any m x n matrix M, we have | M||2 < /m|M]||so.
. ||MXY||max < HMHOOHXHmaXHY”l

Ve — M| < Ve - MY+ V)

0 NN LW

Proof. ||[M2—M"?|| = ||[M2—MM’'+MM'—M"|| = [|[M(M—-M’)+(M-M")M'|| <
[V — M| ([ M|+ [[M]]) O
9. M~ —M'"'=M"(M - MM

Lemma 3. (Lower-Bound Probability of Joint Events:) For the intersection of two events U1 and
UQ we have: P{Ul N UQ} 2 ]P{Ul} + ]P){GQ} -1

A.3 PROOFS FOR SECTION[3} MOR APPROACH FOR GROUP AVERAGE CONTROLLABILITY

A.3.1 PROOF oF LEMMA [I]

Proof. We prove only the left inequality in Eq.[T2] The right inequality in Eq.[T2]can be proved using
similar steps, and the details are omitted. Because Apom = A/(c- tr(A)) is symmetric, it follows
that p(Apom) = || Anom||2- From this observation and the fact that || Aom|l2 < || Anom||co> We have

P [p(Anom) > B] = P[||Anomll2 > 8] < P[||Anomllec = A
=P[|Aloc — cBtr(A) >0]. (18)

13
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Let F = [|A|o — cBtr(A) and note that E[F] = E||A|lo — cBtr(A) > [|Alle — cBtr(A).
The inequality follows because [|A oo = max;en) Y- aij| and that E[max{Xy,..., X¢}] >

max{E[X;],...,E[X,|}. From these observations, inequality in Eq.|18|can be further bounded as
{E[X4],...,E[X:]} quality in Eq
P[F >0 = P[F — E[F] > —E[F]
<P [F - E[F] > ctr(A) — |Al] - (19)

We show that F is a sub-Gaussian random variable and then bound the right term in Eq. [[9)using the
well-known concentration inequality results. Rewrite F' as follows

n n n
F = max Z lai;l, Z lagjl, ..., Z lan;| p — cftr(A)
j=1 j=1 j=1
n
Z laij| — cBtr(A Z lagj| — cBtr(A Z |an;| — cBtr(A)
j=1

n n

= max Z (a1; — cPajj) 72 (ag; — cBajj), ’Z(a”j — cBajj) ¢ . (20)

j=1 j=1 j=1

In the last equality, we drop the absolute values because a;; € [0,1]. From the latter fact, we
also note that (ag; — axr) € [—cB,1]. Thus, for all & # I, (ag; — axk) is bounded, and hence,

sub-Gaussian with parameter at most /1 + (¢3)?/2. Instead, for k = I, (ag; — akk) is sub-Gaussian
with parameter at most |1 — ¢/3| /2. Finally, from Definition[I] notice that each term in the summation
Z;L 1(ar; — cBay;) is independent. From these facts and the linearity of sub-Gaussians, we note
that, for all £ € [n], summand Z;‘L=1 (arj — cBaj;) is sub-Gaussian with parameter at most:

o= 5D+ (@BP) + (1 )

Putting all these pieces together in conjunction with the facts that maxima of sub-Gaussians concen-
trates near its expectation and cftr(A) — ||Al| > 0 (by assumption), from Eq.[19] we have

P[F — E[F] > ctr(A) — | All] < nexp (—(cBtr(A) — [A]ln)?/202)
< nexp (~2(cBir(A) - [All)*/(n(1 - c8)?). QD)

The last inequality follows because 202 > n/2(1 — ¢3)2. The left inequality in Eq. follows by
combining inequalities in Eq.[I8]and Eq.[21] The proof is now complete. O

A.3.2 LEMMAM:UPPER AND LOWER BOUNDS OF THE TRACE OF THE FINE- AND
COARSE-SCALE MATRICES

Lemma 4. (Upper and Lower bounds of the trace of the fine- and coarse-scale matrices). For
constants 0 < §,¢ < 1:

P [npnG) < 1r(A) < npai)] 21— 2exp (—2np7 (r(DQ)()?),
P [mpny25(l < lr(.&) < mp, (u)} > 1 — 2exp (—2m(p,2tr(Q(9))8)?),
P[UTWAWTL 2 L pnn?l QU013 (6 + D] 2 1= exp (=200 (@, ]1Q11]116)%),

P [121—1WA1n > EmincmmpnmnHQ(c)”l 1(¢ + 1)] >1—exp ( 2pnmn(cmmcmm||Q )HuC) )
(22)

where v is the coarsening resolution parameter (c.f. Eq.[7), and

Cay £ r(DQ)(1 =€), () = r(DQ)(1 +¢) o3
Sy £ Q) (1 = 68), 0y 2 tr(QW)(1 + 5)

14



Under review as a conference paper at ICLR 2022

A.3.3 PROOF OF LEMMA [4]

Proof. From definition, E[tr(A)] = tr(PTQP) = np, tr((DQ()) and E[tr(A)] = putr(2QO&T).
Using the Hoeffding’s inequality for tail bounding independent random variables, for a constant
0 < ¢ < 1 we have:

P [|tr(A) — np,tr(DQ()| > np,tr(DQE)(] < 2exp (Z202at®RAND) _ 9y | 92 (1r(DQ)()?
N————
:<(u>;<<z>
(24)
Hence
npn tr(DQ) (1 — ¢) < tr(A) < np, r(DQ) (1 4 ¢)
— —_—

¢y Clu)

(25)

We follow similar steps for A. For all i € [m):

> Q) B > >, @ (c)+2‘1>szQkk’ i']

k,k'€[K] kE[K]:®;1>0 k'>k (26)
> V2tr(Q(C)) + 2VQHQ(C)”min
> 12%r(Q(9)

based on which the following upper and lower bounds on tr(fA) can be found.
mpa tr(Q)) < r(A) = p,r(@QIPT) = Z S @4Q @ < mpatr(Q)

i=1 k,k' €[K]
(27)

We can now use Hoeffding’s inequality to obtain the tail bound for a constant 0 < ¢ < 1:

P [‘tr(;&) o pntr(<§Q(C)¢I>T)| > pntr({)Q(c)be)é} < QQXP(—Q(anI‘(?(C)@T))z) (28)

< 2exp (=2m(pp*w(Q())8)?).
The event in Eq. [28|1leads to the following upper and lower bound on tr(g):
mpp? r(Q) (1 = §) < putr(®QEOST)(1 — §) < tr(A) < putr(BQEOST)(1 4 6) < mp,, tr(Q) (1 + ).
—_— —_—

S )
(29)

We then replacing d(;), () defined in Eq.[29)into Eq.
Similarly, event
1TWAWT1 > 1T® Q®T1(1+6) > &,,0.m?|Q |11 (1 + 0) (30)
>Cminm 1K

happens with probability at least

1-P [1TWAWT1 _1T®QPT1 < cmmpnm2||Q(c)||1,15] >1— exp(—Q(éﬁmpn 2HQ(C)H1 16)2)
> 1 —exp (—2p5m? (~m1n||Q(c 111.10)?)

€1y
using Assumption [3|and following using one-sided Hoeffding’s concentration inequality.
Finally, similar arguments can be applied to the following event
1T WAL, > 1, Q P1, > CminCaninpnmn||Q[[11(14¢)  (32)
—— ~—~

>Cminmlyg  =ndiag(D)(1+¢()>ncminlk
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that occurs with probability at least

>1—exp (_2P%mn(5mincmin||Q(C)H1,1C)2>
(33)

. . (c) 2
=P [1I’LWA1n -1,2QP1, < Emincminpn'm'n‘|(Q(c)||l,1€] > 1—exp (_2 (Cnincringnmnl[Q 1z.16)

using one-sided Hoeffding’s inequality. This concludes the proof.
O

A.3.4 LEMMA: ERROR BETWEEN THE GRAMIANS OF RANDOM AND EXPECTED LTI SYSTEMS

Let Sine and Scoarse denote~ the expected dynamics of LTI Eq. @When A and A are replaced with the
expected quantities A and A. The following result provides an error bound between the difference of
Gramians of Sgpe and Sgipe and that of Seoarse and Scoarse-

Lemma 5. (Error between the Gramians of random and expected LTI systems): Under
the assumptions stated in Lemma [I| the following holds with probability at least 1 —

2exp (—2np;, (r(DQ'V)()?):

HQ(C)HWM p,L||Q Hmav
[1 tr(DQ(C))HC(l) + W] L 1

QOp = ||C( nom n><n) - C(An()m71n><n)”mwc S B - O(T)
(1 - 82)¢q [ - W] pan R
(34
and with probability at least 1 — 2 exp (—2m(p,2tr(Q(9)6)?):
2 c(A ) R ) € o Ml + S 1 ( ! )
noms me nom; +mxXm max = ~2(1 _ /82) ( (éVQZr(Q(C))) ) mp%y4 mp%y4

(35)

where r = |supp(w;)| is the homogeneous coarsening parameter.

Note that C(D,I) = (I — D?)~!, where D can take Ao, Am,m, Am,m, or A“Om Thus, Theoreml
is effectively bounding the dlfference of resolvents (21 — D?)~! evaluated at z = 1. For n = m, we
have r = 1, = 1 and both «,, and &,, coincide. Lemmalls basically a concentration result for the
Gramians of Stine (OF Seoarse) and Sine (0 Scoarse); however the rate at which the difference goes to

zero is different for fine- and coarse systems. Further, smaller the stability margin 1 — 3, looser are
the bounds in Eq.[34]and Eq. 35]

A.3.5 PROOF OF LEMMA[3]

We begin by proving the inequality in Eq.[34] From Eq.[2]and Lemmal[I] the limit below exists with
the probability stated in the statement of lemma.

C(Anom; Inxn) £ Th—r>1;1>o CT(Anomv Inxn) = hmT%oo ZTﬁl(Anom) (A—nrom)t

. T-1 _ (36)
= T11_>Héo t=0 (Anom)?* = (T — AZ,) "
The last but one equality follows because A is a symmetric matrix, || Ayomll2 = || %«A) le<p<1

(follows from the lemma’s hypothesis), the last one from the Neumann series formula. Also, we have

— |-EPQwP < VIPTQUP| [PTQOP],

1
caETqerE) 12 cnr(DQE) < Zwmaey < b

(37

1Anomlle = | 255 1l

since [PTQ(®P],, < 1 forall £,v € [n]. Similarly

C(AnomaIan) = hm CT( n0m7In><n) :( Ar210m)_

T— o0

16
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From these observations, we establish the following identity (explanations for each step succeeds the
equations):

Qp || ( nomy nxn)_C(AnomaIan)”mdx
1T = (Anom)?) ™" = (T = (Anom)®) ™" [lmax
|

®) | (I - nom) (Ar210m A1210m)( Aﬁom) 1||max
S H(I_ nom) 1||<>0H1Anom (Ar210m||maX||( A1210m) 1”1

(¢)
(<) \/ﬁH(I_ nom) 1H ”Anom nom”max\fH( nom) 1H2

S nis HA? T|2||Anom _‘Anom”maxm

a

< nl 52 HAnom AQomHmaX 1— !

1
c2.u2(DQ(e))

(f) _ _

S nﬁ”Anom - An0m||max“|Annm||max + ||An0m“max]17%1

c2.02(DQ(9))

1 I A A I max]| 1 cpn Q" ||qu] 1
1-52 llctr(A) ctr(A) IMaxXlenp, ¢y npptr(DQ()) 11

(38)
<n

_ 1
2.w2(DQ(®)

1 1 _ A 7| A max 1 PHHQ(C)Hmax 1
S n1_52 c-tr(A) HA AHmaX[l + “_(A) ]cnpﬂ [C(L) + lI‘(DQ(C)) ]1_m
D ol 1y neelQ e 1L palQ 1
1-p2 C"Pw<<l> prrtr(DQL)) T enpn Ly a(DQO) -y
HQ Hmax anQ Hmax
bt rbal i + “basr] |
prn

A=) |1~ mmmaey

o)
= 0(527)-

pin

where (a)-(d),(f) follow the inequalities itemized at the beginning of the appendix; (e) is because of
the assumption in Lemmal(T} Eq.[37] and that:

1= Afom) ™ 2 < 1/(1 = | AR ll2) < 1/(1 = [[Anen[[3) < 1/(1 = B%); (39)

and the rest of inequalities follow from definitions of A om, Anem in the paragraphs processing Eq.
and Eq.[T1]

The proof for the inequality in Eq. [35]follows similar lines as above, and hence, we provide a sketch,
but not the full details. From Eq. |2} note that the following

~ t
C(Anomalmxm) £ hm CT( nom Imxm) - hmT—)oo ZT ! Art]om (A;rom)

(40)
T-1 _
= Thm Z Ar21(§m - (I - Ar210m) ’
—00
where ||KnomH2 = H%@)HQ < B < 1 (from the lemma’s hypothesis). Moreover, we have

= =2
C(An0m7 Imxm) = (I - Anom)_l, where

1 V/IRQEET L [#Q@ 3T S
Anemll2 = 125 a2 =l awgoen 2 < snmmomy < aagey @D

following the fact that [#Q()®T],; < 1.

17
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Using these observations, we obtain the following inequality by taking similar steps as those for «,
in Eq. [38] (inner steps are removed due to redundancy) :

ay, £ ||C( nom m><n) *C(;&nomaImxm)”max
1 11| A |l max 1
<m— |\<Az‘,mnm ||A Allma[1+ LAl A 1 & ol + [ A o] AL
100 [1Q° || max 1 P 1Q% [lman 1
< ml_ﬁz Tﬂl)nVZ(S(l)[ + mpnuztr(Q(rZ)‘)][émpnuzé(l) + cmpnv lf(cg‘(a))]l ”( ; )22
A
1 1 HQ(C)Hm'x 1 P HQ( [l max
< Mg mpnzﬁﬁ(z)[ + VQtr(Q“;)HEmPn”%(z) Cm:)n”z"(QzC))] 1= (Gan gy’

HQ(C)Hmax pﬂHQ(C>”max
[1 + u2tr(Q(C))][5(l) + tr(Q(e)) ] 1
= = o2
(1= B3y (1 = (5aggery)?) ™

o)

= 0 () -

The proof is now complete.

(42)

A.3.6 PROOF OF THEOREM(]]

The proof of the theorem makes use of Lemma Let i € [m], and recall that B; = diag(w) and
B; = rWdiag(w]). From Eq. and Eq. |13} consider the following bound

~ (4) o) 1
AZ(AvA) é | - ggroupA 1 — = coarse, A |
Z(ragrouE o 1) Z(gil)arse,li - 1)
i=1 i=1 @
(2) ¢ _
< | Ogloup,A 1 o regroup,A 1 |
= 1"m " m @
Z(TOQYOUIHA 1) Z( Ogroup,A B 1)
1=1 =1
=A;(AA)
(%) _ @ _
acoarse,g 1 Gcoarse,A 1
+| m ” T m 0 | 43)
Z;(ecoarsc,;& B 1) ;(Ocoarse,fk B 1)
=Ai(AA)
O e _ _q
+ | Tegroup,A 1 o coarse,A ||
(4) (@)
Z(regr‘)u?#& B 1) Zl(ecoarse,;; N 1)
1=1 i=

bias=A;(A),A)
< Ai(A,A) + A;(A, A) + bias.

The complete proof of the bound on A; (A, A) will be elaborated in Thm. [3|and it follows:

Q) || max 1R [[max
C(Qu) [1+ DQ(C))][ + 2 ]

< (o T u(DQ®) K||Q“DQ |[ma 1

~ el QA (1= )0 1= mhgey] [ Q@D (1 - (355 |
0(1)

- (pn,lm) (44)
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We now derive an upper bound on Ai(f&, f&)

o~ o o _q
AZ(A_7 A) — | — coarse,A coarse, A |
(4) i
Z(ecoarse,g - 1) Z(ecoarse,g N 1)
i=1 i=1
0 gl
. . Z<9coarse,:\ Hcoarse 1:&) .
< 1 |0(1) o 9(1) -+ i=1 [0(1) ~
- (i) coarse,A coarse,A coarse,A
Z(gcoarse,g - 1) Z GCOETSC K o 1
i=1
1 m (1)
S m () || COaI’SE,A - OCOaTSe,K| |max 1 + ‘ m () [GCOHI‘SC,K
Z(acoarse,g - 1) Z(ecoarse,./i B 1)
i=1 i=1
< 1 a, |1+ :ZH@CMM & Llmax :
Z(a((:tza)arse A o 1) Z(eito)arse K N 1)
i=1 ' i=1 '
(45)
From the equality after Eq.[40] we have
61 5 =diag (1-A%,)"") (46)
Furthermore, since #Q(9)®T < 117 then (<I>Q(C)‘I>T)2 <11M11T =m11"
| coarse, A fmax = [I(T— nom) lAgom”mdx
< WH( — Aln) T AT |
= m”( = Alom) Moo
< tr2(<I>Q(L)<I>T ”( nom) 1”2 (47)
=< WH(I Alon) 2
< A QO (T P
Similarly
(o) %2 o1
Z(ecoarse A - 1) = tr[<I - Anom) - I]
i=1 ’
=2 =2 1
- tr[Agom(I - Anom)_ ]
> Ao (48)
S u[(2Q@@T)?]
= 2 [(I)Q(c) <I>T}
> mzySE,mntr[(Q(“))2]

Gt Q)2
_ Paatr(Q)?]
T ()]

where all inequalities follow well-known matrix norm axiom. The last line in Eq. [48]is based on

Assumption 2] and
w[(2QWET)] > vEwmu[®(Q)’®T]

> Vemnmmy2tr[(Q(9))?]
— m2u3cmmtr[(Q(c))2}
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similar to the derivation of Eq.[27|since for all k € [K]:

[®T @] =

Y@L Zv Y Ri > vemam

We use the definition of 6. z in Eq. E

| Z coarse, A

_ A2
- E A
ij

3, (0 A2 1)

=1tr <.( — A2 )l - I)
> twr(AZ)

nom
r(A?)
—-tﬁ(KJ
Q m2oullQ@ha_E(149)
= r2 (mpnd(uy)?
1 & 04+8]1QW |1
- pnT2 6(“,))2

b

where the inequality (a) in Eq.[51]comes from

2
1
=27 2 Ax
Hj vel; LEK;
=1 Z Z AUKA'U’K’

IV ECRIES CNNES) o

- L E
==

ve U; K, L € Ulej

> T%Z W;I—AW]'
i,J
=L1TWAW'1
>4 1T Q @"1
T ~—~ —~—
>Cminm 1K >cmmrn1T
> m anQ( [, 1~2 (1 _|_5)

Al(:&a;) < PnT 6(u))

=0
=0

pnr\ﬁ)

mpnpn

\% Pn

(1 A 1
Z&z(”(AJ}X’H(A)

with a joint probability of at least

~.znm(1+5)||Q(C>||1 1

_/1) —blas+(’)< +

AUZ + Z

v#v' e U IC; or £ 7& Ve Ulej

(1+9)

AUEAQ)’E’

where the event deﬁned in Eq. B0]is used whose corresponding probability is Eq.[31]
Replacing Eq.[#7] Eq.[d8] Eq.[51} and Eq.[#2]into Eq. [d3]yields:

m mp2 41@(@(6))(1 (

1+

@)

)2)

v cm.nw[<o(0>>2J
22u2[Q ()]

)

The statement of the theorem follows by invoking Eq.[#4]and Eq. [53]into Eq. A3}

1—2exp (—ani(tr(DQ(C))§)2> — exp (—Qpimn(émincminHQ(C”‘17102)

— 2exp (—2m(pu*tr(Q)0)?) — exp (~202m?(,]1Q)1,16)?)

per Lemma[3] We then get the minimum of the four exponents in Eq.[70} The proof is now complete.
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A.4 PROOFS FOR SECTION[6f LEARNING APPROACH FOR GROUP AVERAGE
CONTROLLABILITY

A.4.1 PROOF OF LEMMA 2]

We start by defining gy, v similar to Eq.|[10{and Eq.|13|(M will be later substituted with A and A),
et = [tr[C(Muom, €1)] ... tr[C(Myom, €n)]] € R (56)
Using the Gramian definition in Eq. 2] we have:
el(ifl)e,M = tr [C(Muom; €;)]

=tr lz Mnome e;ngom‘|
- Z tr nom TMgom)
= Z tr(e] M27 e;) (57)

oo
= dia‘gi Z Mr21(7)-m>
= diag; ((I - MZ.)7h).

nom

We first simplify the term 6y, a in Eq. by substituting A with PTQP introduced prior to Eq. @
tr[C(Apnom, €1)]

Bﬁne,A = By = diag (Z Anom>
t1[C(Anoms €n)]

- diag@(ﬁﬁqm%) - diag@(ﬁ TQOP))

= diag({ + (W)QPTQ(C)PPTQ( P+ (;zpgeny)'PTQOPPTQUOP + )
2PTQ(C) PPT Q(C)P
A

= dlag(I + (tr(DQ(L)))

1
+1 1 (W)KIPTQ(G ~ZPPT Q(() PPT Q(c) PPT Q(C)P +. )

DQ( ) DQ< ) DQ(® DQ(®)
_ 1 T ¢ ¢
=1n+ mr(DQu))dlag(P QY i DQ(c))P + tr(A)P Q ? #DQ®) 1(dQ®) spgey E T

_ T Qv DQ<“ DQ“ .,

= Lo+ gy e (P oGy T+ (Gpgmy) 1 P)
£7(Q(*).D)

= 1u + ;rpgey diag(PTY(Q, D)P)

@1, + — oo (P o P)Tdiag(T(Q, D))

w(DQ)
(b)
=1, + 7mr(DQ(C))P diag(Y),

(58)

where (a) is due to the special structure of P Eq. 4|since for an arbitrary matrix M of appropriate
size:

dlagz(PTMP) = Z PkiMk,k/Pk'i = Z PkiMk,k/Pk'i
k,k'€[K] k,k'€[K]
= Y PuMiiPri= > PLMy, (59)
kE[K] ke[K]

= (P; o P;)diag(M),
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and (b) is true because P is binary. Replacing Eq. [58]into Eq. [60]yields:

Opoup.a = W (1n g P dlag(T))) =1 (1m T médiag(r))) (60)

The proof is now complete.

A.4.2 THEOREM[3]AND PROOF

Define the error metric similar to Eq.[T4}

(@)
_ " -1 0 i1
Ai(AA) 2 |— g”"ng e g‘EP)A , forallie [m]. (61
Zi:l[regroup,A - 1] Zi:l[regroup’]& - 1]

Theorem 3. (Component wise error bound between Oy, A and 0, 4): Let Ai(A,A) be
defined as above and v be the resolution parameter given by Eq.[7} Under the assumptions stated in
Section[3|and Lemmall] the following holds:

(e) (e)
[1+|\Q Hmwc”ii PnllQ ”mux]

~ 2 (c) (c) 1
7 (c) 7 (e)
AAA) < %;) 1 m(DQ) 1T t(lDQ ) K[|Q“'DQ ‘|“,;"?;<c)”
CminCmin| | QI [|1,1(1 4 ¢) (1-B2)¢w [1_W] HQ(c)DQ(c)”mm(l,(W)z) Pnm
o)
(62)

with probability at least 1 — 3 exp (—2/%(Q(C), D,m,n, pn)) where Further, for a constant 0 <
¢ < 1, the exponent is £(Q'”, D, m,n, p,) = min {npi(tr(DQ(c))C)2, mnpi(é,mc,nin||Q<C)\|1,1()2} )

A.4.3 PROPOSITION [4] AND PROOF
Proposition 4. (Group Average Controllability for A) The group average controllability vector for
Ais
09 L —Lue 63

group,M — ;W1 'fine,M - ( )
Proof. We begin by simplifying the group average controllability using its definition in Eq.[I0]and
the definition of Gramian in Eq.[2] for a general matrix notation M which can be replaced by either
AorA:

6" = tr [c noms diag(w]))]

group,M
=tr Z Mnomdlag( )dlag( )TMgom‘|

= tr lz M7, dlag((Wz © Wz) )Mgom]

@ T
- 7‘12 tr Z Mnom Z )Mnom (64)

szupp(wl)

S u [z MZeve M]

vEsupp(w; ) T=0

Z tr [Z M ..es eTMgom],

vEsupp(w;) 7=0

|
Y-

|
e

(v)
ehne M

where (a) is due to the assumption of r-homogeneous W, o denotes the Hadamard product, and we
have already defined @fe v in Eq.[56} Putting Eq.[64]in vector form concludes the proof. O
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A.4.4 PROOF OF THEOREM[3]

Proof. We start by substituting M into Eq. (63} from Proposition@l, with A and A, yields :

®diag(Y)|

_ 0] o) _
A,(A,A) _ | _ Ogroup,a—1 S sroup,A L
(2) (1)
Z(ragroquA - 1) Z(regroup,A - 1)
=1 =1
_ ‘ Wi Ofine, A —1 _ WiOfne, a—1 ‘
D> (Wibinea —1) > (Wibje s — 1)
=1 1=1 m
Z erﬁne A — )
= m ! |Wi0ﬁne,A -1- r:n [Wieﬁne,A - 1]'
Z(Wiaﬁne,A - 1) Z Wi eﬁne A~ )
=1 =1
Z(W’eﬁne A — 1)
= m 1 |Wi(0ﬁne,A - eﬁne,A) - 121 -1 [Wieﬁne,A - 1]‘
Z(Wioﬁne,A —-1) Z Wibfpe & — 1)
i=1 ) =1
Z W; (aﬁne,A - Hﬁne,A)
< = ! |Wl (aﬁne7A - 0ﬁne,A)| + | i=1m, [Wigﬁne,A - 1]‘
Z(Wioﬁne,A -1) Z(Wigﬁne,A -1
i=1 L i=1
Z W; (aﬁne,A - eﬁne,A)
< = ! |w; (aﬁne,A - eﬁne,A)l + | mlz1 1 o ntr(DQ(c))
;(Wieﬁne7A — 1) ; m‘} dlag( )
Z W; (aﬁne,A - 6ﬁne,A)
< ™m - |W2 (eﬁne,A - 0ﬁne,A)| + | =1 ™m q)(l)dlag(TN
> (Wibhine,.a — 1) > @ diag(Y)
=1 =1
| ™| |Ofine, A —Bfine, & || max
S m - Haﬁne,A - aﬁne,AHmax + H ﬁmjh'ruiﬁn’AH T||m€1X
(W;iBfine,a — 1)
=1
T max
< 106ine. A — Opne. A |lmax [1 +1 ‘mein}
Z(Wieﬁne,A - 1)
=1
< 1

m

Z(Wieﬁne,A -

i=1

ap, [1 +
1)

(65)

where (a) is due to Cauchy-Schwartz inequality, v, is defined in Eq. [34} 6, a is substituted from
Eq.[58] and (b) is the result of the properties of the coarsening matrix in Deﬁmtlon 2] We use the
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definition of Ofye A in Eq.

m

Z(Wieﬁne,A -1) Zwldlag —AZ )7 -T)

i=1
= 1, Wling (1 A%,,) " 1)
=1,,Wdiag (A2,
=1 Wdiag A2

= Qtrz( )1 Wdiag (Az) (66)

— by L WAL,

(;) CmmcmmpnmnHQ(c)||1,1(1+C)
= c2(Cuypnn)?

_ 5minCmin||Q(C)H1,1(1+<)ﬂ

- C2C(2u) pnn’

inequality (a) uses the event defined in Eq. [32]is used whose corresponding probability is Eq.[33]
Using the definition of Y in Eq.
(O pQ© DQ© _
||THmaX = H%(DQ%EE)) ( 7)(n(D%<C>) )2) 1||max
K|Q*'DQ||max (67)
w(DQE)(1- (L2 ULE )2)
=0(1)

A

1R (1 — (R )2) 1 |y

‘ \C;(])DQ(;C() )) N w(DQ®) min o
(‘D min

= o P (68)

HTHmin

where €(.) is the opposite scaling of O(.); we write f(m) = Q(h(m)) iff there exist positive reals
¢o and my such that | f(n)| > coh(m) for all m > my.

We substitute Eq. [66]and Eq. [34] (with probability Eq.[24) into Eq. [63]

194 lmax 4 20190 llnax
A(A A) _ C((2u>> [+ lr(DQ(C))HC(l) (DQ(9)) ] 14 KHQ(C)DQ(C)me() 1
l ~ Cnincminl| Q1,1 (140) (1-82)Cq) [1_62.u2(11:uq<c)) 1QEDQI (1= H[:(D]?Q(J)\)F My
(69)
with a joint probability of at least
1—2exp (—ani(tr(DQ(C))(j)Q) — exp (—Qpimn(émincminHQ(c)||1,1C)2) (70)
per Lemma 3] We then get the minimum of the two exponents in Eq. [70] which concludes the proof.
O
A.4.5 PROOF OF THEOREM[2
We start by using the triangle inequality for absolute values:
~ o~ 5(i) ro()
N R e
@
Z(aér)oup 1) Z( egroup A 1)
i=1 i=1
@ (2) N @
< ‘ rogroup,A 1 _ ngoup,A 1 | + | Hér)oup -1 _ rogroup,A 1 ‘
@ (@) O]
Z(Tegroup,A - 1) Z(regrouP,A - 1) Z(egr)oup 1) Z(Tegroup,A - 1)
i=1 i=1 i=1 i=1
Ai(AA) 2Ai(AA)
(71)
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The first term on the RHS of Eq. [71]has already been bounded in Thm[3] Next, we bound the second
term in Eq. [7T)and combine the two bounds at the end.

We substitute Ggwup from the output of Algorithm I and Bgmup A from Eq. |60} for T defined in

Eq.|16l For notation simplicity we write Y(Q(?), D) as T and T(Q(), D) as T yields

EZ(A7A) _ | — géilup 1 B g!‘oup,A_l | = |- <i>(i)diag('i‘) S @(i)diag('r)
SO0 -1 > -1 Y @Ddiag(T) > @Ddiag(Y
=1 =1 1=1 =1

> @ diag(T)
= F—1 )diag(T) — &1 & diag(T)|.
Z &V diag(T) Z &V diag(Y)
1=1 =1
(72)

We set @) = () + Eg, Q©) = Q) + Eq, D=D+Ep,and T = T + E where Eg, Eq and
Ep are error matrices of appropriate sizes. Substitution of theses error matrices into Eq.[72] as well
as multiple applications of the triangle inequality, gives:

Z (@ + Eg)diag(Y + E)
=——1 (% 4+ BEg)diag(T + E) — =1 & diag(T)
Z & diag(T) Z ®Vdiag(Y)
=1 L
> (@Y + Eg)[diag(Y) + diag(E)]
= 7 |(®"") + Eg)[diag(Y) + diag(E)] — = 7 ®diag(T)
Z & diag(T) Z & diag(Y)
=1
Z ®Vdiag(E) + mEs|[diag(Y) + diag(E)]
= it |®@Wdiag(E) + Ea[diag(Y) + diag(E)] — =2 - & diag()
Z & diag(T) Z &V diag(T)
i=1 i=1
Z ®Vdiag(E) + mEs|[diag(Y) + diag(E))
= (@) + Ee]diag(E) + [Ee — = m $]diag(T)
Z &V diag(T) Z &V diag ()
i=1 i=1 |
> @V diag(E) + mEe[diag(Y) + diag(E)]
< i |+ [Ee[[)l[Ellne + [[Bell + = T JIYC
> @Wdiag(T) > @ diag()
i=1 i=1 |

(73)

To further simplify Eq.[73] we find upper bounds on the terms inside. The two terms || T || max and
||| |min have already been bounded in Eq.[67)and Eq.[68]and we have:
1 1

n - m||diag('i")Hm;“

Z Z)dlaug

i=1 (74)

1
- mHTHmm
= (’)(
The following inequality holds from the definition of norms:
HE<1>H1 SKHE@Hmax (75)
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Using Eq.[74 and Eq.[75] the inner term in the last line of Eq.[73|is simplified as:

3" @ diag(E) + mEg [diag(T) + diag(E)) Z @V diag(E)
: +m Eq>[dlag(T)+dlag(E)]

Z &V diag() Z &V diag(Y) Z &V diag(Y
i=1
M ||E4>|‘mM[Hdlag(TN|m-lx+||dlag(E)||max]
= mlidig(Dllny 78 g0
S Hmax +K||E<I>"max[““rl|“m1x+|‘E"max]
= (HE‘PHmaX + [|£][max)
(76)
Replacing Eq.[67] Eq.[68] Eq.[74] Eq.[75] and Eq.[76|into Eq.[73]simplifies it as:
0(;)011 —1 Te(:;"z)u Al
| ~ w g(‘)p’A | = O(5 1B lmax + 1] ]max])- .
SO -1 3060 1)
i=1 i=1
We now simplify the term || E||max in Eq.
1 e 7||Y<>T‘!n§ax B (O pQ© (©
_ 11Q¥DQ‘ DQ' y2y—-1 _ Q'¥DQ' DQ' y2y-1
- || r DQ(L)) (I - (tr(f)Q(c))) ) - tr(DQ()) ( - ((tr)(DQ(c>)) ) Hmax
— aYe DQE — r(DQ ¢ DQ© _
= m\|Q(C)DQ(C)(I - ("(]5%@))2) t- ;EDQM;Q(C)DQ( (I (o)) ™ Himas:
(78)

To continue the simplification of || E||max, We bring the two error matrices Eq and Ep introduced in
the statement of the theorem into play:

(Q¥ +Eq) (D+ED)(Q +Eq)=(Q +Eq)(DQ + DEq + EpQ'® + EpEq)
=QWDQ® 4+,
(79)

where we define

T 2 QYDEq + QYEpQ" + QWEpEq + EqDQ® + EQDEq + EQEpQ'? + EqQEpEq
(80)

and
(D+Ep) (Q +Eq)=DQ® +DEq + EpQ® + EpEq.
¢

81

Replacing Eq.[79]and Eq. [§1]into Eq. [78] yields:

2 c c DQ® — (DQ) +e& c ¢ DQ© _
HEHmax = tr(f)(é(@) H(Q( )DQ( ) + F)(I o <tr(1f)%(c)))2) ' t(tr(gq(c)) )Q( )DQ( )(I - ([r(DQTp)))2) 1||max

_ 1 c c DQ® _ DQ® _
= voae 1Q! 'DQW((I —(()n(m(c))?) =T - (gmaey) )] .
DQ' - c c DQ' -
+I(I - (tr(D%(c)))) 1_tr(DQW)Q( Q()(I_(tr(DQTw)F) *lma

> DQ DQ®
_ 1 (¢) (¢) 20 20

DQ@ _ s ¢ c DQ© _
+F<I—<U<§TL>>>2> "= wpat QDRI = (5w limal
(e) _
5 11QDQ ]l + [T (T~ <(ugb%<n>>>2> Hlmax
(& c _

+ st 1D [ [ (T = (257)2) ™ ]
O(Hlemax + HFHmax + tr(€))
O(lex lmax + [ITmax + €] fmax)

lr(DQ

(82)
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‘We define another error term:

2¢
(DQ@+€fZ:JDQ@Yﬂ%§:~-
! (83)
LR=0(€)
We can then simplify €; for £ > 1 as:
v 1 P A(e)\20 r(DQ) ,, (€)\2¢
e/ lmex = H; NG _(DQ = g PR lne
e 1 [ (0)\2¢ B tr(R) 20 (c) 2z}
= H; DI (DQY + R — (Lt gy (PR Il
N 1 [ w(R) 1y (¢) 2@]
- H; (tr(]f)Q(C)))% _R (U'(DQ(C))) (DQ ) Hmax
_ _ 1 tr(R) 20 (c)y2¢
- H[(l (tr(]”)Q(c))) R Z [ DQ (,) tr( Q((,))) (DQ ) Hmax

1 2 tr(R) 2\—1
H[(l - (tr(ﬁ)Q(c)) ) - 1]R [(I <tr(DQ(”))tr(]f)Q(°>)DQ(C)) ) - I]Hmax
— r(R c —
<1 = (gpgey)) ™" = YRl + 1A = (G5 inge L)) ™ = Tlna

(84)

Similarly, we can rewrite an upper bound on ||T'||max as:

”I‘Hmax = KZ(”Q(C)D”maXHEQ”maX + HQ(C)”maX”ED”maXHQHmaX + ”Q(C)HmaXHED”maX”EQHmaX
+||EQHmaXHDQ(C)Hmax + ||EQHmaXHD”maXHEQ”max
+||EQHmaXHEDHmaXHQ(C)”max + ||EQHmaXHEDHmaxHEQHmax)
= K2(||EQ||max + ||EDHmdx + ||ED||de||EQ||max + ||EQ||max + ||EQ||I2nax
+||EQHmaXHED||maX + ”EQ” ax”ED”maX)
= O(HEQHmdx + HEDHde)
(85)

and
||€||max = HDEQ + EDQ(C) + EDEQHmaX
= K (||Dlmax| Eq|[max + IED [|max [| Q) [|max + |ED [|max [ EQ | max) (86)
= K(HEQHmaX + |Ep|[max + ||ED||maX||EQ||maX)
= O(HEQHmax + ||ED||max)-
By substituting Eq.[84] Eq.[86] and Eq.[85]into Eq. [82] we get:
HEHmax = O(||[Eq||max + [[ED|[max)- (87)
Replacing Eq. [87]into the original error in Eq.[79]yields:

6  _1 o (3) 1
| T ~ Tm g:‘p’A ‘ =0 (i[HE@Hmax + HEQHmax + HEDHmaX]) : (88)
Z(eér)oup 1) Z(Tegroup,A - 1)
i=1 i=1

which happens with the same lower bound probability as in Eq.[70] The proof is now complete.
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