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ABSTRACT

Partial differential equations (PDEs) see widespread use in sciences and engi-
neering to describe simulation of physical processes as scalar and vector fields
interacting and coevolving over time. Due to the computationally expensive na-
ture of their standard solution methods, neural PDE surrogates have become an
active research topic to accelerate these simulations. However, current methods
do not explicitly take into account the relationship between different fields and
their internal components, which are often correlated. Viewing the time evolu-
tion of such correlated fields through the lens of multivector fields allows us to
overcome these limitations. Multivector fields consist of scalar, vector, as well
as higher-order components, such as bivectors and trivectors. Their algebraic
properties, such as multiplication, addition and other arithmetic operations can
be described by Clifford algebras. To our knowledge, this paper presents the
first usage of such multivector representations together with Clifford convolutions
and Clifford Fourier transforms in the context of deep learning. The resulting
Clifford neural layers are universally applicable and will find direct use in the
areas of fluid dynamics, weather forecasting, and the modeling of physical sys-
tems in general. We empirically evaluate the benefit of Clifford neural layers
by replacing convolution and Fourier operations in common neural PDE surro-
gates by their Clifford counterparts on 2D Navier-Stokes and weather modeling
tasks, as well as 3D Maxwell equations. For similar parameter count, Clifford
neural layers consistently improve generalization capabilities of the tested neu-
ral PDE surrogates. Source code for our PyTorch implementation is available at
https://microsoft.github.io/cliffordlayers/

1 INTRODUCTION

Most scientific phenomena are described by the evolution and interaction of physical quantities over
space and time. The concept of fields is one widely used construct to continuously parameterize
these quantities over chosen coordinates ( , ). Prominent examples include (i) fluid
mechanics, which has applications in domains ranging from mechanical and civil engineering, to
geophysics and meteorology, and (ii) electromagnetism, which provides mathematical models for
electric, optical, or radio technologies. The underlying equations of these examples are famously de-
scribed in various forms of the Navier-Stokes equations and Maxwell’s equations. For the majority
of these equations, solutions are analytically intractable, and obtaining accurate predictions neces-
sitates falling back on numerical approximation schemes often with prohibitive computation costs.
Deep learning’s success in various fields has led to a surge of interest in scientific applications,
especially at augmenting and replacing numerical solving schemes in fluid dynamics with neural
networks ( s ; s ; s ; R ; s

Taking weather simulations as our motivating example to ground our discussion, two different kinds
of fields emerge: scalar fields such as temperature or humidity, and vector fields such as wind
velocity or pressure gradients. Current deep learning based approaches treat different vector field
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(a) Scalar pressure field (b) Vector wind velocity field

Figure 1: Fields of the Earth’s shallow water model. Vector components of the wind velocities
(right) are strongly related, i.e. they form a vector field. Additionally, the wind vector field and the
scalar pressure field (left) are related since the gradient of the pressure field causes air movement
and subsequently influences the wind components. We therefore aim to describe scalar and vector
field as one multivector field, which models the dependencies correctly.

components the same as scalar fields, and stack all scalar fields along the channel dimension, thereby
omitting the geometric relations between different components, both within vector fields as well as
between individual vector and scalar fields. This practice leaves out important inductive bias infor-
mation present in the input data. For example, wind velocities in the X- and y- directions are strongly
related, i.e. they form a vector field. Additionally, the wind vector field and the scalar pressure field
are related since the gradient of the pressure field causes air movement and subsequently influences
the wind components. In this work, we therefore build neural PDE surrogates which model the
relation between different fields (e.g. wind and pressure field) and field components (e.g. X- and
y- component of the wind velocities). Figure 1 shows an example of a wind vector field as per the
Earth’s shallow water model in two dimensions, and the related scalar pressure field.

Clifford algebras (Suter, 2003; Hestenes, 2003; 2012; Dorst et al., 2010; Renaud, 2020) are at the
core intersection of geometry and algebra, introduced to simplify spatial and geometrical relations
between many mathematical concepts. For example, Clifford algebras naturally unify real numbers,
vectors, complex numbers, quaternions, exterior algebras, and many more. Most notably, in contrast
to standard vector analysis where primitives are scalars and vectors, Clifford algebras have additional
spatial primitives for representing plane and volume segments. An expository example is the cross-
product of two vectors in 3 dimensions, which naturally translates to a plane segment spanned by
these two vectors. The cross product is often represented as a vector due to its 3 independent
components, but the cross product has a sign flip under reflection that a true vector does not. In
Clifford algebras, different spatial primitives can be summarized into objects called multivectors,
as illustrated in Figure 2. In this work, we replace operations over feature fields in deep learning
architectures by their Clifford algebra counterparts, which operate on multivector feature fields.
Operations on, and mappings between multivectors are defined by Clifford algebras. For example,
we will endow a convolutional kernel with multivector components, such that it can convolve over
multivector feature maps.

Scalar Vectors Bivectors Trivector Multivector
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Figure 2: Multivector components of Clifford algebras.
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2 BACKGROUND: CLIFFORD ALGEBRAS

We introduce important mathematical concepts and discuss three Clifford algebras, Cl.o(R),
Clo:2(R); Cl3.0(R), which we later use for the layers introduced in Section 3. A more detailed
introduction as well as connections to complex numbers and quaternions is given in Appendix A.
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Clifford algebras. Consider the vector space R" with standard Euclidean product h:; :i, where
n = p+q, and p and g are non-negative integers. A real Clifford algebra Cl;q(R) is an associative

R", such that the following quadratic relations hold:

ef=+1forl i p; ef= 1lforp<j p+q eieg= eefori&j: (1)

The pair (p; q) is called the signature and defines a Clifford algebra Cly.q(R), together with the
basis elements that span the vector space GP*% of Cl,.q(R). Vector spaces of Clifford algebras
have scalar elements and vector elements, but can also have elements consisting of multiple basis
elements of the generating vector space R™, which can be interpreted as plane and volume segments.
Exemplary low-dimensional Clifford algebras are: (i) Clo.o(R) which is a one-dimensional algebra
that is spanned by the basis element F1g and is therefore isomorphic to R, the field of real numbers;
(ii) Clo:1(R) which is a two-dimensional algebra with vector space G* spanned by f1; e;g where the
basis vector e; squares to 1, and is therefore isomorphic to C, the field of complex numbers; (iii)
Clo:2(R) which is a 4-dimensional algebra with vector space G2 spanned by F1; e1; €,; €1€29, where
e1;€2;e16; all square to 1 and anti-commute. Thus, Clp-2(R) is isomorphic to the quaternions H.

Grade, dual, geometric product. The grade of a Clifford algebra basis element is the dimension
of the subspace it represents. For example, the basis elements F1;e;; e,; e1€,0 of the vector space
G? of the Clifford algebra Cly.0(R) have the grades f0; 1;1;2g. Using the concept of grades, we
can divide Clifford algebras into linear subspaces made up of elements of each grade. The grade
subspace of smallest dimension is Mg, the subspace of all scalars (elements with 0 basis vectors
of the generating vector space). Elements of M; are called vectors, elements of M, are bivectors,
and so on. In general, a vector space GP™9 of a Clifford algebra Cly,q(R) can be written as the
direct sum of all of these subspaces: GP*@ =My My :::  Mpaq: The elements of a Clifford
algebra are called multivectors, containing elements of subspaces, i.e. scalars, vectors, bivectors,
..., k-vectors. The basis element with the highest grade is called the pseudoscalar?, which in R2
corresponds to the bivector e;€;, and in RS to the trivector e;e5e3.

The dual & of a multivector a is defined as @ = aip+q ; Where ip+q represents the respective
pseudoscalar of the Clifford algebra. This definition allows us to relate different multivectors to
each other, which is a useful property when defining Clifford Fourier transforms. For example, for
Clifford algebras in R2 the dual of the scalar is the bivector, and in R3, the dual of the scalar is
the trivector. Finally, the geometric product is a bilinear operation on multivectors. For arbitrary
multivectors @, b, ¢ 2 GP*Y, and scalar , the geometric product has the following properties: (i)
closure, i.e. ab 2 GP*9, (ii) associativity, i.e. (ab)c = a(bc); (iii) commutative scalar multiplica-
tion, i.e. a = a ; (iv) distributive over addition, i.e. a(b + ¢) = ab + ac. The geometric product
is in general non-commutative, i.e. ab & ba. Note that Equation 1 describe the geometric product
specifically between basis elements of the generating vector space.

Clifford algebras Cl,.0(R) and Clp.2(R). The 4-dimensional vector spaces of these Clifford
algebras have the basis vectors T1; e1; €2; €129 where e1; e, square to +1 for Cl,.0(R) andto 1 for
Clo:2(R). For Cly.0(R), the geometric product of two multivectors a = ag +ajse; +aze; +aiz2e1€2
and b = by + bye; + byey + bisese; is given by:
ab = (agho +aib; +azhy aiohix)1l + (aghs +aihe  azbiz +azhz)e;
+ (aphz + aibip +azhy  aizbi)er + (aghi +azhy  axhy +asoho)eser ; 2

which can be derived by collecting terms that multiply the same basis elements, see Appendix A.
A vector X = (X1;X2) 2 R? with standard Eu-

clidean product h:; :i can be related to X; €1 +Xoe5 2
R?  G2. Clifford multiplication of two vectors &
X;y 2 R?>  G? yields the geometric product Xy: i

Xy = (X181 + X2€2) (Y181 + Y2€2) & e .4
— 2 2
=X e; +X e; +X €162 + X eye . . . .
1)/1_ ! 2Y2€2 1Y281€2 2¥18281 Figure 3: Antisymmetry of bivector exterior
=hx;yi +xNy; 3)

(wedge) product.

!Operations of addition and multiplication are associative.
’In contrast to scalars, pseudoscalars change sign under reflections.
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where / is the exterior or wedge product. The asymmetric quantity Xy = y /X is associated
with the bivector, which can be interpreted as an oriented plane segment as shown in Figure 3. A
unit bivector iy, spanned by the (orthonormal) basis vectors e; and €; is determined by the product:

iz =e16 = qel'zezi"' e1Nex= ex"Ner= €€, )

=0
which if squared yields i3 = 1. Thus, i represents a geometric 1. From Equation 4, it follows
that e, = e1lp = ixe1 and e; = i€ = ey, : Using the pseudoscalar iy, the dual of a scalar is

a bivector and the dual of a vector is again a vector. The dual pairs of the base vectors are 1 & e;ez
and e; & e;. For Cly.o(R), these dual pairs allow us to write an arbitrary multivector a as

a=ag+aje; +azey; +apeiey =1 ag+apix +e; a; +agis ; )
{z—1} |l—{z—}
spinor part vector part

which can be regarded as two complex-valued parts: the spinor’ part, which commutes with the
base element 1, i.e. li; = i»1, and the vector part, which anti-commutes with the respective base
element €1, i.e. 1i, = eje1€, = e1e26; = ize3. For CI(0; 2)(R), the vector part changes to
e; a; agiy . This decomposition will be the basis for Clifford Fourier transforms.

The Clifford algebra Clo.2(R) is isomorphic to the quaternions H, which are an extension of com-
plex numbers and are commonly written in the literature as a + b+ cf+ dk. Quaternions also form

a 4-dimensional algebra spanned by T1;4; {} Rg, where §, 8 R all square to 1. The algebra isomor-
phism to Clp.2(R) is easy to verify since €;; €2; e1€; all square to 1 and anti-commute. The basis

element 1 is called the scalar and the basis elements {, {} R are called the vector part of a quaternion.
Quaternions have practical uses in applied mathematics, particularly for expressing rotations, which
we will use to define the rotational Clifford convolution layer in Section 3.

Clifford algebra Clz.o(R). The 8-dimensional vector space G of the Clifford algebra Clz.o(R)
has the basis vectors Fl;eq;€,;€3;€162;€3€1;€0€3;€1€2€3(0, i.e. it consists of one scalar, three
vectors Teq;eo; €30, three bivectors feie,; €3e1; €,€39%, and one trivector e;e,e3. The trivector
is the pseudoscalar iz of the algebra. The geometric product of two multivectors is defined anal-
ogously to the geometric product of Cl,.0(R), see Appendix A. The dual pairs of Clz.o(R) are:
1B ejeses =iz, 61 B eyes, e2 B eseg, and ez P e;e,. An intriguing example of the duality of
the multivectors of Clz.o(R) emerges when writing the expression of the electromagnetic field F in
terms of an electric vector field E and a magnetic vector field B, such that F = E + Biz ; where
E = Exei1+Eyes+E,e3 and B = Bxe; +Bye,+B;es. In this way the electromagnetic field F de-
composes into electric vector and magnetic bivector parts via the pseudoscalar iz ( , ).
For example, for the base component Bxe; of B it holds that Bxeiiz = Byejeiere; = Byeses
which is a bivector and the dual to the base component Exe; of E. Consequently, the multivec-
tor representing F consists of three vectors (the electric field components) and three bivectors (the
magnetic field components multiplied by i3). This viewpoint gives Clifford neural layers a natural
advantage over their default counterparts as we will see in Section 4.

3 CLIFFORD NEURAL LAYERS

Here, we introduce 2D Clifford convolution and 2D Clifford Fourier transform layers. Appendix B
contains extensions to 3 dimensions. In Appendices B, D, related literature is discussed, most no-
tably complex ( , ) and quaternion neural networks ( , ).

Clifford CNN layers. Regular convolutional neural network (CNN) layers take as input feature
maps T : Z? ¥ R and convolve’ them with a set of Coy filters fw'gfe with w' : Z? ¥ RCn:

_ > _ X
[fF2w'(x) = fyyw'(y x) = Pywy x); (6)
y272 y272 j=1

3Spinors are elements of a complex vector space that can be associated with Euclidean space. Unlike
vectors, spinors transform to their negative when rotated 360 .

“The bivector e1€3 has negative orientation.

>In deep learning, a convolution operation in the forward pass is implemented as cross-correlation.
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which can be interpreted as an inner product of input feature maps with the corresponding Iters
at every pointy 2 Z2. By applyingcyy lters, the output feature maps can be interpreted as
Cout dimensional feature vectors at every pgn2 Z2. We now extend CNN layers such that the
element-wise product of scaldrs(y)w" (y x) is replaced by the geometric product of multivector
inputs and multivector Iterd ! (y)w" (y  x), where the chosen signature ©f is re ected in

the geometric product. We replace the feature nfapsz? ! RS by multivector feature maps

f :Z21 (G?)% and convolve them with a set of,; multivector ltersfwig’ey :z21 (G?)%n:

. X Xin
f 2w’ (x)= [J(y)w{z(y X; : (7)
y2220%h (s g2 G 2
Note that each geometric product, indexed
byi 2 f1cugandj 2 f1,::56n0,  Multivector Multivector Multivector
now results in a new multivector ratherinput elds . kernels output elds

than a scalar. Hence, the output of a layer

is a grid of coy multivectors. We can e.g. f (x)
implement aCl(2;0)(R) Clifford CNN |!L'LI!
layer using Equation 2 wheffdy, by, by,
biog ! f owg, wi, wy, wi,g corre-

spond to 4 different kernels representing Geometric
one 2D multivector kernel, i.e. 4 differ- product

ent convolution layers, anflao, &, @, Figure 4: Sketch of Clifford convolution. Multivector

apg ! f ), 1, ), f1,g correspond to input elds are convolved with multivector kernels.
the scalar, vector and bivector parts of the

input multivector eld. The channels of the different layers represent different stacks of scalars,
vectors, and bivectors. Analogously, we can implemedit@; 0)(R) CNN layer using Equation 42
in Appendix B. A schematic sketch of a Clifford convolution layer is shown in Figure 4.

L g

Rotational Clifford CNN layers. Here we introduce an alternative parameterization to the Clifford
CNN layer introduced in Equation 7 by using the isomorphism of the Clifford alg€bya(R) to
guaternions. We take advantage of the fact that a quaternion rotation can be realized by a matrix
multiplication (Jia, ; , , )- Using the isomorphism, we can
represent the feature map5 and Itersw'l as quaternionstl =f) + f14+ fip+ fLR andw'i

=wy + wi £+ wy P+ wh RS We can now devise an alternative parameterization of the product
between the feature mafp andw® . To be more precise, we introduce a composite operation
that results in a scalar quantity and a quaternion rotation, where the latter acts on the vector part
of the quaterniorf ! and only produces nonzero expansion coef cients for the vector part of the
quaternion output. A quaternion rotatier’ f 1 (w® ) 1 acts on the vector parf;(; Q) offl, and

can be algebraically manipulated into a vector-matrix operd®énf |, whereR" : H ! H is

built up from the elements af™ ( , ). In other words, one can transform the vector part

& n Q) of f I 2 H via a rotation matrixR " that is built from the scalar and vector patt{ I K)

of w' 2 H. Altogether, a rotational multivector Itefw/,gy : Z2 ! (G?)°" acts on the feature

mapf } through a rotational transformatid®’’ (W,oto,w'rétl;w,gt;z; ,mz) acting on vector and

bivector parts of the multivector feature map Z2 ! (G?)%n, and an additional scalar response of
the multivector lters:

.o Z
, X Xn f1(y)
f 2wy (X) = |f J (y)ngt X)) ?‘*R"J v x)  fiy) (8)
y2z2i=t scalar output f iz v)
where £ (Wik(y x) o= fhwiho flwily  fiwly, flwll, , ie. the scalar output

of the geometric product df:lo,z(R) as in Equation 34. A detailed description of the rotational
multivector lters R% (y  x) is outlined in Appendix B. While in principle the Clifford CNN
layer in Equation 7 and the rotational Clifford CNN layer in Equation 8 are equally exible, our
experiments in Section 4 show that rotational Clifford CNN layers lead to better performance.

®Note that the expansion coef cients for the feature ridpand ltersw® in terms of the basis elements
of G and in terms of quaternion elemefi$ andR are the same.
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Clifford convolutions satisfy the property of equivariance under translation of the multivector inputs,
as shown in theorem 1 in Appendix B. Analogous to Theorem 1, translation equivariance can be
derived for rotational Clifford CNN layers.

Clifford Fourier layers.  The discrete Fourier transform of andimensional complex signal

f(x)= f(x1;::5;%Xp):R" I CatM; ::: M, grid points is de ned as:
X1 Mo 2i Mi14..,Mnn
Fffg( 1;:::5 n)= L f(my:i;my) e ©F THD TET MR 9)
m,=0 mp =0
where( 1;:::; n) 2 Zm, :::  :i:Zwm, . In Fourier Neural Operators (FNO) ( , ), dis-

crete Fourier transforms on real-valued input elds and respective back-transforms —implemented as
Fast Fourier Transforms on real-valued inputs (RFFTsjre interleaved with a weight multiplica-

tion by a complex weight matrix of shapg coy for each mode, which results in a complex-valued
weight tensor of the forrv 2 Cen Cu (1™ = &™) where Fourier modes above cut-off frequen-
cies( " :::; ") are set to zero. Additionally, a residual connection is usually implemented
as convolution layer with kernel size 1. In Figure 5a, a sketch of an FNO layer is shown. For
Cl(2; 0)(R), the Clifford Fourier transform ( ; ;

) for multivector valued function‘s(x)z: R?! G?andvectorx; 2 R?isde ned as:

()= Fifg()= o

f(x)e 2'2™ "dx; 8 2 R?; (10)
Rz

provided that the integral exists. In contrast to standard Fourier transfb(m)sandf'\( ) represent
multivector elds in the spatial and the frequency domain, respectively. Furtherimoreg; e, is
used in the exponent. Inserting the de nition of multivector elds, we car#} rewrite Equation 10 as:
Z . < . <
1

Fffg()= 7 . 1 Io(x)+{;12(x)if + e Il(x)+{zf2(x)i§ g 212 T gy

spinor part

. < # ! . #
=1 F fo(x)+ fa(x)iz () + e F fa(x)+ fa(x)iz () : (11)

vector part

<

We obtain a Clifford Fourier transform by applying two standard Fourier transforms to the dual
pairsfg = fo(x) + f12(x)iz andf 1 = f1(x) + f(x)i,, which both can be treated as a complex-
valued signals ¢;f; : R? I C. Consequentlyf (x) can be understood as an elementCst

The 2D Clifford Fourier transform is the linear combination of two classical Fourier transforms.
Discrete versions of Equation 11 are obtained analogously to Equation 9, see Appendix B. Similar
to FNO, multivector weight tensoi/ 2 (G2)% Cu (I 2™) are applied, where again Fourier
modes above cut-off frequencieq"®; 7'®) are set to zero. In doing so, we point-wise modify the
Clifford Fourier modes$™( ) = Fff g( ) = fo( )+ f1( )er+f( e+ fi2( )ero via the geometric
product. The Clifford Fourier modes follow naturally when combining spinor and vector parts of
Equation 11. Finally, the residual connection is replaced by a Clifford convolution with multivector
kernelk. A schematic sketch is shown in Figure 5b. EH(3; 0)(R), Clifford Fourier transforms
follow a similar elegant construction, where we apply four separate Fourier transforms to

fo(x) = fo(X)+ f1o3(X)iz  f1(X)= f1(X)+ fa3(X)iaz
fo(x)= fa(X)+ far(X)iz  fa(x)= fa(x)+ f12(X)is;

i.e. scalar/trivector and vector/bivector components are combined into complex elds and then sub-
jected to a Fourier transform.

(12)

4 EXPERIMENTS

We assess Clifford neural layers for different architectures in three experimental settings: the
incompressible Navier-Stokes equations, shallow water equations for weather modeling, and 3-
dimensional Maxwell's equations. We replace carefully designed baseline architectures by their

"The FFT of a real-valued signal is Hermitian-symmetric, so the output contains only the positive frequen-
cies below the Nyquist frequency for the last spatial dimension.
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Figure 5: Sketch of Fourier Neural Operator (FNO) and Clifford Fourier Operator (CFNO) layers.
The real valued Fast Fourier transform (RFFT) over real valued scalar inputf €idsis replaced

by the complex Fast Fourier transform (FFT) over the complex valued dualaitsands(x) of
multivector eldsf (x). Pointwise multiplication in the Fourier space via complex weight texigor

is replaced by the geometric product in the Clifford Fourier space via multivector weight ¥&hsor
Additionally, the convolution path is replaced by Clifford convolutions with multivector kenvels

Clifford counterparts. Baseline ResNet architectures comprise 8 residual blocks, each consisting
of two convolution layers witlB 3 kernels, shortcut connections, group normalization (

, ), and GeLU activation functions ( , ). Baseline 2-dimensional
Fourier Neural Operators (FNOs) consist of 8 (4) FNO blocks, GeLU activations and no normal-
ization scheme, using 16 (8) Fourier modes for Zh@nd 3-dimensional equations, respectively.

For Clifford networks, we change convolutions and Fourier transforms to their respective Clifford
operation, and substitute normalization techniques and activation functions with Clifford counter-
parts, keeping the number of parameters similar. We evaluate different training set sizes, and report
losses for scalar and vector elds. All datasets share the common trait of containing multiple in-
put and output elds. More precisely, one scalar and grmensional vector eld in case of the
Navier-Stokes and the shallow water equations, aBellanensional (electric) vector eld and its

dual (magnetic) bivector eld in case of the Maxwell's equations.

Example inputs and targets of the neural PDE surrogates are
shown in Figure 6. The number of input timestépsry for
different experiments. Thane-step loss the mean-squared
error at the next timestep summed over elds. Thiout
lossis the mean- squared error after applying the neural PEE
surrogates times, summing over elds and time dimensior
More information on the implementation details of the tested
architectures, loss functions, and more detailed results can
be found in Appendix C.

Navier-Stokes in 2D. The incompressible Navier- Stoke@

equations ( , ) conserve the velocity ow elds
v:X ! R?whereX 2 R?via:
@v 2 Figure 6: Example input and target

= vrv+ rfvr o ptfsor v=0; (13) ¢igs for the Navier-Stokes experi-

ments. Input elds comprise Bi= 2
timestep history.

@t
wherev r v is the convection, i.e. the rate of changevof
alongv, r 2v the viscosity, i.e. the diffusion or net move-
ment ofv, r pthe internal pressure aridan external force, which in our case is a buoyancy force.
An additional incompressibility constraint v = 0 yields mass conservation of the Navier-Stokes
equations. In addition to the velocity eld, we introduce a scalar eld representing a scalar quantity,
i.e. smoke, that is being transported via the velocity eld. The scalar elbligectedby the vector
eld, i.e. as the vector eld changes, the scalar eld is transported along with it, whereas the scalar
eld in uences the vector eld only via an external force term. We call thisak coupling between
vector and scalar elds. We implement the 2D Navier-Stokes equatlon ushhgw &(

), obtaining data on a grid with spatial resolutiorl@B 128( x = 0:25 y =0 25)

8https://github.com/tum-pbs/PhiFlow
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(a) Navier-Stokes equations (b) Shallow water equations

Figure 7: Results for ResNet based (left) and Fourier based (right) architectureedithensional
Navier-Stokes and Shallow water experiments. One-step and rollout loss are shown.

and temporal resolution oft = 1:5s Results for one-step loss and rollout loss on the test set are
shown in Figure 7a. For ResNet-like architectures, we observe that both CResNet and GResNet
improve upon the ResNet baseline. Additionally, we observe that rollout losses are also lower for
the two Clifford based architectures, which we attribute to better and more stable models that do not
over t to one-step predictions so easily. Lastly, while in principle CResNet and CRgsbketed
architectures are equally exible, CResNgebnes in general perform better than CResNet ones. For
FNO and respective Clifford Fourier based (CFNO) architectures, the loss is in general much lower
than for ResNet based architectures. CFNO architectures improve upon FNO architectures for all
dataset sizes, and for one-step as well as rollout losses.

Shallow water equations. This set of coupled equations ( , ) can be derived from
integrating the incompressible Navier—Stokes equations, in cases where the horizontal length scale
is much larger than the vertical length scale. As such, the equations model a thin layer of uid of
constant density in hydrostatic balance, bounded from below by the bottom topography and from
above by a free surface via 3 coupled PDEs, describing the velocitydirection, the velocity in

they- direction, and the scalar pressure eld. The shallow water equations can be therefore be used
as simpli ed weather model, as done in this work and exempli ed in Figure 1. The relation between
vector and scalar components is relatively strosigofig coupling due to the 3-coupled PDES).

We obtain data for the 2D shallow water equations on a grid with spatial resolutib®2of 96

( x =1:875, y = 3:75), and temporal resolution oft = 6h. We observe similar results

than for the Navier-Stokes experiments. For low number of trajectories, ResNet architectures seem
to lack expressiveness, where arguably some data smoothing is learned rst. Thus, ResNets need
signi cantly more trajectories compared to (C)FNO architectures to obtain reasonable loss values,
which seems to go hand in hand with Clifford layers gaining advantage. In general, performance dif-
ferences between baseline and Clifford architectures are even more pronounced, which we attribute
to the stronger coupling of the scalar and the vector elds.

Maxwell's equations in matter in 3D. In isotropic media, Maxwell's equations ( )
propagate solutions of the displacement &) which is related to the electrical eld V|B) =

o r E, where g is the permittivity of free space and is the permittivity of the medium, and the
magnetization eldH, which is related to the magnetic el viaH = o (B, where g is the
permeability of free space and is the permeability of the medium. The electromagnetic Eld
has the intriguing property that the electric el and the magnetic eldB are dual pairs, thus
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F = E + Bi s, i.e. strong coupling between the electric eld and its dual (bivector) magnetic eld.
This duality also holds fob andH . Concretely, the elds of interest are the vector-valizdeld
(Dx;Dy; D7) and the vector-valueHi - eld (Hx;Hy;H;). We obtain data for the 3D Maxwell's
equations on a grid with spatial resolution3® 32 32( x= y= z=5 10 'm), and
temporal resolution of t = 50s. We randomly place 18 different light sources outside a cube
which emit light with different amplitude and different phase shifts, causing the restitiagdH

elds to interfere. The wavelength of the emitted lightli8 °m. Rollout
ollou

We test FNO based architectures and respective Clifford counterparts

(CFNO). Due to the vector-bivector character of electric and magnetic |

eld components, Maxwell's equations are an ideal playground to

stress-test the inductive bias advantages of Clifford base architectures,

Results for one-step loss and rollout loss on the test set are shown in

Figure 8. CFNO architectures improve upon FNO architectures, espe-

cially for low numbers of trajectories. Results demonstrate the much

stronger inductive bias of Clifford based 3-dimensional Fourier lay- - 0

ers, and their general applicability to 3-dimensional problems, which One-step
are structurally even more interesting than 2-dimensional ones.

(e.g. charge density), vector (e.g. electric eld), bivector (magnetic

eld) and higher order elds as proper geometric objects organized

as multivectors. This geometric algebra perspective allowed us to

naturally generalize convolution and Fourier transformations to their

Clifford counterparts, providing an elegant rule to design new neural

network layers. The multivector viewpoint denotes an inductive bias

advantage, leading to a better representation of the relationshipfi@ure 8:  Results for
tween elds and their individual components, which is prominentfyourier based architectures
demonstrated by the fact that our Clifford layers signi cantly outpe? Maxwell equation’s.
formed equivalent standard neural PDE surrogates.

5 CONCLUSION
We introduced Clifford neural layers that handle the various scalar I
- i

Limitations. One limitation is the current speed of Fast Fourier Transform (FFT) operations on ma-
chine learning accelerators like GPUs. While an active area of research, current available versions
of cCUFFT® kernels wrapped iPyTorch ( : ) are not yet as heavily optimized
especially for the gradient pass. In contrast to FNO layers, which operate on real-valued signals,
Clifford Fourier layers use complex-valued FFT operations where the backward pass is approxi-
mately twice as slow. For similar parameter counts, inference times of FNO and CFNO networks
are similar. Similar to ( ) who investigated the speed of geometric convolution
layers, we found that Clifford convolutions are more parameter ef cient since they share parameters
among lters, with the downside that the net number of operations is larger, resulting in increased
training times by a factor of abo@t Finally, from a PDE point of view, the presented approaches

to obtain PDE surrogates are limited since the neural networks have to be retrained for different
equation parameters or e.g. different.

Future work. Besides modeling of PDEs, weather, and uid dynamics, we see potential applica-
tions of Clifford layers for e.g. MRI or radar data, and for neural implicit representations ( ,

; , ). Extensions towards graph networks and attention based models will be
useful to explore. Furthermore, custom multivector GPU kernels can overcome many of the speed
issues as the compute density of Clifford operations is much higher which is better for hardware
accelerators ( , ). The use of a just-in-time compiled language with better ar-
ray abstractions like Julia ( , ) could signi cantly simplify the interface. Finally,
combining the ideas of multivector modeling together with various physics-informed neural network
approaches ( , ; ; ; ;

, ) is an attractive next step.

®https://developer.nvidia.com/cufft

OFor alternative ef cient GPU-accelerated multidimensional FFT libraries seehetjgs://github.
com/DTolm/VKFFT
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REPRODUCIBILITY AND ETHICAL STATEMENT

Reproducibility statement. We have included error bars, and ablation studies wherever we found

it necessary and appropriate. We have described our architectures in Section 4 and provided fur-
ther implementation details in Appendix Section C. We have further include pseudocode for the
newly proposed layers in Appendix Section B.6. We open-sourced our PyTorch implementation at
https://microsoft.github.io/cliffordlayers/ for others to use. We aim to de-
velop this codebase further in the future.

Ethical statement. Neural PDE surrogates will play an important role in modeling many natural
phenomena, and thus developing them further might enable us to achieve shortcuts or alternatives
for computationally expensive simulations. For example, if used as such, PDE surrogates will po-
tentially help to advance different elds of research, especially in the natural sciences. Examples
related to this paper are uid dynamics or weather modeling. Therefore, PDE surrogates might po-
tentially be directly or indirectly related to reducing the carbon footprint. On the downside, relying
on simulations always requires rigorous cross-checks and monitoring, especially when we “learn to
simulate”.
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A  MATHEMATICAL BACKGROUND

This appendix supports Section 2 of the main paper. We give a more detailed explanation of real
Clifford algebras and have a closer lookGlt;.o(R), Clg.2(R), andClz.o(R). For a detailed in-
troduction into Clifford algebras we recommend ( )i ( ; );

( ); ( )
A.1 CLIFFORD ALGEBRAS

Vector spaces and algebras over a eld. A vector spacever a eld F is a setV together with

two binary operations that satisfy the axioms for vector addition and scalar multiplication. The
axioms of addition ensure that if two elements\bfget added together, we end up with another
element ofV. The elements of are called scalars. Examples of a effdare the real numbeR

and the complex numbef3. Although it is common practice to refer to the elements of a general
vector space/ as vectors, to avoid confusion we will reserve the usage of this term to the more
speci ¢ case of elements &&". As we will see below, general vector spaces can consist of more
complicated, higher-order objects than scalars, vectors or matrices.

An algebra over a eldconsists of a vector spadé over a eld F together with an additional
bilinear law of composition of elements of the vector spaée, V ! V, thatis, ifaandbare any
two elements o¥/, thenab:V V! V isan element oY, satisfying a pair of distribution laws:
a( 1b+ ,0)= jab+ jacand( ;a+ ,b)c= jac+ ,bcfor ;; , 2 F anda;b;c2 V.
Note that general vector spaces don't have bilinear operations de ned on their elements.

Clifford algebras over R. In this manuscript we will focus on Clifford algebras over For a
more general exposition on Clifford algebras over different elds the reader is referred to

(1986).

A real Clifford algebra is generated by thedimensional vector spad®® through a set of relations

that hold for the basis elements of the vector sgRitelLet us denote the basis elementfR3fwith

e1;::1; e, and without loss of generality choose these basis elements to be mutually orthonormal.
Taking two nonnegative integepsandg, such thap+ q= n, then a real Clifford algebr&l,q (R)

with the “signature’(p; ¢), is generated through the following relations that de ne how the bilinear
product of the algebra operates on the basis elemeiRs .of

e =+1 ford i p: (14)
€= 1 for p<j p+aq; (15)
66 = g€ fori6j: (16)

Through these relations we can generate a basis for the vector space of the Clifford algebra, which
we will denote withG. Equations 14 and 15 show that the product between two vectors yields a
scalar. According to the aforementioned de nition of an algebra over a eld, a Clifford algebra with

a vector spac6 is equipped with a bilinear produ& G 7! G, that combines two elements from

the vector spac& and yields another element of the same spaceTherefore, both scalars and
vectors must be elements of the vector spaceEquation 16 shows that besides scalar and vector
elements, higher order elements consisting of a combination of two basis elements, gectaad

g &, are also part of the vector spaGe Finally, by combining Equations 14, 15, 16 we can create
even higher order elements sucheges e, fori 6 j 6 Kk, oreie;:iigy g, which all must be part of

the vector spacé.

In order to determine what the basis elements are that span the vectorGudcel,,(R), we
note that elements ;) e () :::e () ande;e;:::g are related through a simple scalar multiplicative
factor of plus or minus one, depending on the sign of the permutatiobherefore, it suf ces to
consider the unordered combinations of basis elemeni’ ofthe basis of the vector spa&is
given byf 1;e1; € 11 €p+ ¢ €1€2; 115 €p+ g 1€p+ g5 1105 €1€2111€p+ qO.

In summary, we have introduced two different vector spaces. First, the vector Rpastich
generateshe Clifford algebra, and second the vector sp@cehich is the vector space spanned by
the basis elements of the Clifford algelt#,q(R). Convention is to denote the vector space of a
real Clifford algebra with a superscriptof the dimension of the generating vector space, yielding
G" for a generating vector spaB¥ . Note that the dimension of the vector sp&fis 2" = 2P*9,
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Exemplary low-dimensional Clifford algebras are: @i)o.o(R) which is a one-dimensional algebra
that is spanned by the vectbtg and is therefore isomorphic ®, the eld of real numbers; (ii)
Clo:1(R) which is a two-dimensional algebra with vector sp&espanned by 1; e;g where the
basis vectoe; squares to 1, and is therefore isomorphic 10, the eld of complex numbers; (iii)
Clo:2(R) which is a 4-dimensional algebra with vector sp&espanned by 1; e ; ,; €, €9, where
er; & square to 1and anti-commute. Thu§lo.2(R) is isomorphic to the quaterniolis.

De nition 1: Grade of Clifford algebra element

The grade of a Clifford algebra basis element is the dimension of the subspace it represents.

For example, the basis elemelifits e;; e;; e;€,9 of the Clifford algebragClp.2(R) andCl,.o(R)

have the gradef0; 1; 1; 2g. Using the concept of grades, we can divide the vector spaces of Clifford
algebras into linear subspaces made up of elements of each grade. The grade subspace of smallest
dimension isM g, the subspace of all scalars (elements with 0 basis vectors). Elemevits arfe

called vectors, elements &, are bivectors, and so on. In general, the vector sgite of a

Clifford algebraCl,.q can be written as the direct sum of all of these subspaces:

GP*9= Mo M1 11 Mpig: (17)

The elements of a Clifford algebra are calledltivectors containing elements of subspaces, i.e.
scalars, vectors, bivectors, trivectors etc. The basis element with the highest grade is called the
pseudoscaldr, which in R? corresponds to the bivecteje,, and inR? to the trivectore; e,es.

The pseudoscalar is often denoted with the synmipol. From hereon, only multivectors will be
denoted with boldface symbols.

Geometric product. Using Equations 14, 15, 16, we have seen how basis elements of the vector
spaceGP* 9 of the Clifford algebra are formed using basis elements of the generating vector space
V. We now, look at how elements @P*9 are combined, i.e. how multivectors are bilinearly
operated on. Thgeometric products the bilinear operation on multivectors in Clifford algebras.
For arbitrary multivectors, b, c 2 GP*9, and scalar the geometric product has the following
properties:

ab 2 GP*d closure; (18)
(ab)c = a(bc) associativity; (29)

a=a commutative scalar multiplication (20)
a(b+c)=ab+ ac distributive over addition (21)

The geometric product is in general non-commutative, &b. 6 ba. As we describe later, the
geometric product is made up of two things: an inner product (that captures similarity) and exterior
(wedge) product that captures difference.

De nition 2: Dual of a multivector

The duala of a multivectora is de ned as:
a = aip+q; (22)

wherei . 4 represents the respective pseudoscalar of the Clifford algebra.

This de nition allows us to relate different multivectors to each other, which is a useful property
when de ning Clifford Fourier transforms. For example, for Clifford algebrafinthe dual of a
scalar is a bivector, and for the Clifford algeli2a the dual of a scalar is a trivector.

In contrast to scalars, pseudoscalars change sign under re ection.
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A.2 EXAMPLES OF LOW-DIMENSIONAL CLIFFORD ALGEBRAS
A.2.1 CLIFFORD ALGEBRA Clp.1(R)

The Clifford algebraClo.1(R) is a two-dimensional algebra with vector spa@é spanned by
f1;e;9, and where the basis vectey squares to 1. Cly.1(R) is thus algebra-isomorphic 10,

the eld of complex numbers. This becomes more obvious if we identify the basis element with the
highest grade, i.ee;, as the pseudoscaler which is the imaginary part of the complex numbers.
The geometric product between two multivectars ap + a;e; andb = by + by e; is therefore also
isomorphic to the product of two complex numbers:

ab = agly + agly €1 + ayly €1 + aybiere;
(aohy aihy) + (agh + azhy) € - (23)

A.2.2 CLIFFORD ALGEBRA Cl3.(R)

The Clifford algebraCl,.0(R) is a 4-dimensional algebra with vector sp&espanned by the basis
vectorsf1; e;; e; 6,9 Wherees; e, square totl. The geometric product of two multivectors
a= a+ a6 + a6y + ape;e andb = by + bie; + e, + bpoere; is de ned via:

ab = aphy + aghy €1 + agh, & + aphi; e1&;
+ahp e +abee + aly e + aibiee &
+ axhy € + axby e + abpere; + abe; € &
+aphy €18 + aphe & e + aph, € 6 + apbpeeee : (24)
Using the relationge; = 1, ee, = 1, andeg = ¢ge fori 6 j 2 fe;exg, from which it
follows thate;ese;e5 = 1, we obtain:
ab = aghy + ayby + axly  apbyo
+(ah + ajly  abp + apply) &
+(aky + aibpy + aly  appby) &
+ (@b + arly  axby + aphy) e1€; (25)

Avectorx 2 R?> G2 isidenti ed with x;e; + x»e, 2 R?> G2, Clifford multiplication of two
vectorsx;y 2 R?>  G? yields the geometric produgy:

Xy =(Xx1€ +X2& )(y1€1 +Yy26€)
X1Y16] + X2Y265 + X1Y2€1€ + Xpy1€2€1
Gyl + X"y (26)

Inner product TOuter/Wedge product

The asymmetric quantity™ y = y” x is associated with the now often mentiori@dector, which
can be interpreted as an oriented plane segment.

Equation 26 can be rewritten to express the (symmetric) inner product and the (anti-symmetric)
outer product in terms of the geometric product:

XNy = %(Xy yX) (27)

Gyl = S0y + yx) 29)
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From the basis vectors of the vector sp&ceof the Clifford algebreCl,.o(R), i.e.f1; e;; e; e1€:0,
probably the most interesting &ge,. We therefore have a closer look the unit bivedto= e;e;
which is the plane spanned by ande, and determined by the geometric product:

iz=e1ez=Iejf'zezj+e1“ez= & e = e (29)
=0
where the inner produde;; e:i is zero due to the orthogonality of [She base vectors. The bivector
i, if squared yields2 = 1, and thus, represents a true geometric 1. From Equation 29, it
follows that
€ = el = iz
€= 26 = iy (30)

Using de nition 2, the dual of a multivecta 2 G? is de ned via the bivector aga. Thus, the
dual of a scalar is a bivector and the dual of a vector is again a vector. The dual pairs of the base
vectorsard $ e;e;, ande; $ e,. These dual pairs allow us to write an arbitrary multiveetas

a= a+ ae + axe + appern;

a=1 ap+ api, +e a+ ais ; (31)
| —{z—} | —{z—}
spinor part vector part

which can be regarded as two complex-valued parts: the spinor part, which commutés avith
the vector part, which anti-commutes with

A.2.3 CLIFFORD ALGEBRA Clp:2(R)

The Clifford algebraCly.»(R) is a 4-dimensional algebra with vector spasé spanned by the
basis vector$ 1; e;; e;; e1e,9 wherees ; e, square to 1. The Clifford algebraCly.2(R) is algebra-

isomorphic to the quaterniors$, which are commonly written in literature ( , )
asa+ bf+ cP+ dR, where the (imaginary) base elemefyts andK ful Il the relations:

£=12= 1

=k

= K

RZ=1r= == 1 (32)

Quaternions also form a 4-dimensional algebra spannddlify[} kg, where{, I\ K all square to

1. The basis elemeritis often called the scalar part, and the basis elen{em& are called the
vector part of a quaternion.

The geometric product of two multivectoas= ap + a;e; + ae; + ajpe1e; andb = by + ey +
e, + bioee; is de ned as:

ab = aghy + aghy €1 + agh, € + ahi; €18
+aily e + abierer + ally @18 + arthperer
+ aky & + by &6 + bperer + abie; € &
+ apphy €18 + appbie; & e + ahy € 66, + apbpeee e (33)

Using the relationgye; = 1, ee, = 1,andee = e fori 6 j 2feq;exq, fromwhich it
follows thate;e;e;e, = 1, we obtain:

ab = aghy aiby  axp  aphi
+ (o + atho + apbiy  aly) €
+(aoky  aibe + Ay + aly) &
+(aob + a1y axby + aroho) ere; : (34)
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A.2.4 CLIFFORD ALGEBRA Cl3.0(R)

The Clifford algebra is a 8-dimensional algebra with vector sgatepanned by the basis vectors

fl,er;e;6e3; €16, €163, €263, €16,€30, i.6. one scalar, three vectors;; e;; €39, three bivectors
feier; e1e3; exe30, and one trivectoe; e,e;3. The trivector is the pseudoscalgrof the algebra. The
geometric product of two multivectors is de ned analogously to the geometric prod@te(R),

following the associative and bilinear multiplication of multivectors follows:

g=1 for i=1:2;3
eg = €8¢ for i;j =1;2,3;,i6 j:
Using De nition 2, the dual pairs o€ls.o are:
1% eee3=is
e $ ees
&% ee
&$ ee:

(39)
(36)

(37)
(38)
(39)
(40)

The geometric product fo€ls.o(R) is de ned analogously to the geometric product@i.o(R)

via:

ab = aghy + aohy €1 + aoh, € + aohs €3
+ a2 €16 + aobnz €163 + Aolyps €283 + Abizs €16263
+ahy e + abiee + alhy €16 + aib; 163
+ aihipei€1 € + ajhizere; €3 + ajlys e16263 + arhixzerer ex63
+ Ay & + by &6 + abpere; + axh; 63
+ abioe; € € + bz e1636; + Abp3erer €3 A bizere; €163
+ aghy €3 + azhy eze; + azhy €36, + ashzeses
+ aghip 1638, asbis €1 €363 aghys € €363 + aghios €16 e363
+aph e16;  ah & e1e; + anhy € &6, + ahs 16263
+ appbpeee1e  aphizere €63 + apnbsee; €163
+ apbipze18€1€; €3
+ aizh e163  aishy €3 erer + azhy 1638 + aizhs €1 €363
aizbio€16 636 + arsbizerezere;  aiszhys €16 €363
+ aizbipze1e3€; € €
+ axshy €263 + apsby €1838; + Axshper €3 € + Ax3hs € €363
+ a3bio€; €361 € Aslns €261 €363 + Ashpzereseres
+ Ax3bi23€263 €1 €263

+ apslhy e1663 + appzhier ez € apsly e1e3 e1er + arxshs €16 e3e3

+ a1o3bine1€; & €16y + Azl € eze163 + apshns € erxezeres
+ appzbixzerereze e0es ;

where minus signs appear to do reordering of basis elements. Equation 41 simpli es to
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ab = aghp + a1y + axp + azhs  appbiy  aisbiz  axslps  asbios”
+(aghy + a1y @by asbiz + apply + aislsy @bz ashs) &

+(aghy + atho + @hy  ashps  aioby + aisbios + agshs + aizshiz) &

+(aghs + atlys + axkps + ashy  aobios @i  axshy  aiashiz) €3

+(aghz + a1k, @by + asbios + apbo  aushes + agshiz + aiashy) e1e;

+(aghis + a1hs @bz ashy + apbps + aishy @by aishy) eres

+(aghps + aibios + @l ashy  abis + aizbio + axshy + aashy) €63

+(aobioz + arbps @bz + agbio + aphy  aishy + axsby + ashy) e1ee3 1 (42)

A.3 THE ELECTROMAGNETIC FIELD IN3 DIMENSIONS

Through the lense o€l(3;0)(R), an intriguing example of the duality of multivectors is found
when writing the expression of the electromagnetic Eldn terms of an electric vector el& and
a magnetic vector eld ( , ; , ), such that

F=E+Bisz: (43)

Both the electric eldE and the magnetic eld are described by Maxwell's equations ( ,

). The two elds are strongly coupled, e.g. temporal changes of electric elds induce mag-
netic elds and vice versa. Probably the most illustrative co-occurence of electric and magnetic
elds is when describing the propagation of light. In standard vector algébiia,a vector while
B is a pseudovector, i.e. the two kinds of elds are distinguished by a difference in sign under
space inversion. Equation 43 naturally decomposes the electromagnetic eld into vector and bivec-
tor parts via the pseudoscaliar. For example, for the base compon@e; of B it holds that
Byeiiz = Byejeiexes = Byeyes, which is a bivector and the dual to the base compoagnof E.
Geometric algebra reveals that a pseudovector is nothing else than a bivector represented by its dual,
so the magnetic eldB in Equation 43 is fully represented by the complete bive&bs, rather
thanB alone. Consequently, the multivector represenkngonsists of three vectors (the electric
eld components) and three bivectoesizs = exe3; i3 = e3€1;€3i3 = €6 (the magnetic eld
components multiplied big).
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B CLIFFORD NEURAL LAYERS

This appendix supports Section 3 of the main paper.

Clifford convolutions are related to the work on complex networks by ( ), and
closely related to work on guaternion neural networks ( , ;

, , ). Probably the
most related work are (|) by ( ) who bund geometrlc algebra convolution networks to
process spatial and temporal data, and (ii) ( ) who build rotation- and permutation-
equivariant graph network architectures based on geometric algebra products of node features.
Higher order information is built from available node inputs.

B.1 CLIFFORD CONVOLUTION LAYERS

We derive the implementation of translation equivariant Clifford convolution layers for multivectors
in G2, i.e. multivectors of Clifford algebras generated by the 2-dimensional vector R3aé&énally,
we make the extension to Clifford algebras generated by the 3-dimensional vectoRSpace

Regular CNN layers. Regular convolutional neural network (CNN) layers take as input feature
mapsf :Z2! R and convolvé’ them with a set oty Iters fwi gy : Z2 1 RO

) X )
f2w (x)= fy);w(y x) (44)
y222
X Xn
= flywi (y x): (45)
y2272j=1

Equation 44 can be interpreted as inner product of the input feature maps with corresponding Iters
at every pointy 2 Z2. By applyingcyy Iters, the output feature maps can be interpretedqs
dimensional features vectors at every pgir& Z2. We now want to extend convolution layers such
that the elementwise product of scalafgy)w" (y x) are replaced by the geometric product of
multivector inputs and multivector lters! (y)w" (y  x).

Clifford CNN layers. We replace the feature maps: Z2 ! R®» by multivector feature maps
f :Z%21 (G?)° and convolve them with a set of, multivector Itersfw'g’ey : 221 (G2)%n:

o _ X i J
2w (x) [ ()w,!
y22z2j=1

iz (y x; : (46)

fiwii G2 G2 G2

B.1.1 TRANSLATION EQUIVARIANCE OF CLIFFORD CONVOLUTIONS

Theorem 1: Translation equivariance of Clifford convolutions

Letf :Z2! (G?)° be a multivector feature map andlet: Z2 ! (G?)%» be a multivector
kernel, then folC1(2; 0)(R) [[Lif ] ?2w](X) =[L¢[f ?2w]](X).

2In deep learning, a convolution operation in the forward pass is implemented as cross-correlation.
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Proof.
in

[[Lif]?2w](x) = f@y tw(y x)

y22z2j=1
X Xin
= foly Owo(y x)+ faly twi(y x)+ fay thwa(y x) f(y twi(y x)
y2z2j=1
+ foly twi(y X) e
+ foly twa(y X) &

<

+ foly Bw(y x)+ faly twe(y x) f2(f Hwily x)+ fiz(y Hwoly X) ere

(usingy! y t)

X Kin

= fo(Y)wo(y (x 1)+ fa(y)waly (x )+ fa(y)wa(y (x 1)) fa(y)w(y (x 1))
y2z2j=1

+ fo(wily (x )+ fa(Wwoly (x 1) fa(Y)wia(y (x )+ fa(y)wa(y (x 1) e

. <

+ fo(wa(y (x )+ fa(y)w(y (X )+ fay)woly (x 1)) Ffa(y)wi(y (x 1) e

A <

+ fo(y)wia(y (x  O)+ fa(y)we(y (x 1) faly)waly (x 0)+ fa(y)wo(y (x 1)) ee
=[Le[f 2w](X): 47)
O

Implementation of Cl,.o(R) and Clo.2(R) layers. We can implement £1(2;0)(R) Clifford

CNN layer using Equation 25 whefdy, by, by, biog ! f wg , wy' , wy |, wil, g correspond to 4
different kernels representing one 2D multivector kernel, i.e. 4 different convolution layerfsa@gnd

a1, ap, a;pg ! f £y, f1, f), fi,9 correspond to the scalar, vector and bivector parts of the input
multivector eld. The channels of the different layers represent different stacks of scalars, vectors,
and bivectors. All kernels have the same number of input and output channels (number of input and
output multivectors), and thus the channels mixing occurs for the different terms of Equations 25, 42
individually. Lastly, usually not all parts of the multivectors are present in the input vector elds.
This can easily be accounted for by just omitting the respective parts of Equations 25, 42. A similar
reasoning applies to the output vector elds. BJ0; 2)(R), the signs within the geometric product
change slightly.

B.1.2 ROTATIONAL CLIFFORD CNN LAYERS

Here we introduce an alternative parameterization to the Clifford CNN layer introduced in Equa-
tion 7 by using the isomorphism of the Clifford alget€#y.»(R) to quaternions®. We take ad-
vantage of the fact that a quaternion rotation can be realized by a matrix multiplication (Jia,

, , ). Using the isomorphism, we can represent the feature maps
f1 and Itersw'?J as quaterniond:l =)+ flg+ i+ flRandwhl =wi +wi £+ wil +wd R4,
Leveraging this quaternion represen_tation, we can devise an alternative parameterization of the prod-
uct between the feature mép andw" . To be more precise, we introduce a composite operation
that results in a scalar quantity and a quaternion rotation, where the latter acts on the vector part
of the quaterniorf ! and only produces nonzero expansion coef cients for the vector part of the

quaternion output. A quaternion rotatierf f I (w ) 1 acts on the vector parf;(t K) of f |, and

13We could not nd neural rotational quaternion convolutions in existing literature, we however used the
codebase of https://github.com/Orkis-Research/Pytorch-Quaternion-Neural-Networks as inspiration.

14Note that the expansion coef cients for the feature apand ltersw'l in terms of the basis elements
of G and in terms of quaternion elemefi$ andR are the same.
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can be algebraically manipulated into a vector-matrix operg®6nf |, whereR"™ : H ! His

built up from the elements af"! ( , ). In other words, one can transform the vector part
& n Q) of f1 2 H via a rotation matrixR that is built from the scalar and vector patt{ [\, K)

of w" 2 H. Altogether, a rotational multivector Itefw/,gy : Z2 ! (GZ) " acts on the feature
mapf ) through a rotational transformatid’ (Wroto,wirgt;l;wigt;z; rom) acting on vector and

bivector parts of the multivector feature map Z2 ! (G?)%n, and an additional scalar response of
the multivector Iters:

) X Xin
f ?erot (X) = f ] (y)Wrot (y X)
y2z2j=1 -~
” i Z
X % )
= lf J (Y)W%( X)) ?+ RY(y x)  fi(y) (48)
y2z2]=1 scalar output f le(y)

where fi(Ywii(y x) o= fiwlo flwd,  fhwl, flwl., , whichis the scalar
output of Equation 34. The rotational mat®é! (y  x) in written out form reads:

gL 2PN 2, WhoWla 2 W, 00
R 1= 2 er(])t 1Wrt])t 2 + Wroltowrot 12 1 |2 (WrLJ)t 1) (Iwrtj)t 12) 2 wr(J)tZWr(J)t 12 5 Wrotowrtj)t'zl ;
2 Wrot 1Wrot,12 Wrotowrot,z 2 Wrotzwrot, 12 + Wrotowrot 12 1 2 (Wrot 1) + (Wrot 2)
(49)

Wherewrot(y X) = i;cj>t0(y X) + 0Vrotl(y x)ep + Wrotz(y X)ez + Wrot 12(y x)esz is the

normalized Iter with kwrotk = 1. The dependencfy x) is omitted inside the rotation matrix
R for clarity.

B.1.3 3D Q.IFFORD CONVOLUTION LAYERS

Implementation of Cls.q(R) layers. Analogously to the 2-dimensional case, we can implement
a 3D Clifford CNN layer using Equation 42, whef&y, by, by, bio, i3, b3, bio3g correspond to

8 different kernels representing one 3D multivector kernel, i.e. 8 different convolution layers, and
fag, a1, as, a12, a3, a3, a123Q correspond to the scalar, vector, bivector, and trivector parts of the
input multivector eld. Convolution layers for differei®dimensional Clifford algebras change the
signs in the geometric product.

B.2 CLIFFORD NORMALIZATION

Different normalization schemes have been proposed to stabilize and accelerate training deep neural
networks ( , ). Their
standard formulation applles only to real values S|mply translatmg and scaling multivectors such
that their mean i€ and their variance i is insuf cient because it does not ensure equal variance
across all components.

Batch normalization ( ) extended the batch normalization formulation to apply
to complex values. We build on the same principles to rst propose an appropriate batch normaliza-
tion scheme for multivectors, similar to the work of ( ) for quaternions. For
2D multivectors of the forna = ag + aje; + axe, + a;p€16,, we can formulate the problem of
batch normalization as that of whitening 4D vectors:

a=(V) #(a E[a]) (50)

where the covariance matrik is

L]
Vao ao Vao ai Vao az Vao a2
V - aiag aiaz aiap Va1312 . (51)
azap Vaz a Vaz az Vaz a2

aiz do Va12 ai Valz az Valz a2
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The shift parameter is a multivector with4 learnable components and the scaling parametsr
4 4 positive matrix. The multivector batch normalization is de ned as:

BN (a)= a+ (52)

When the batch sizes are small, it can be more appropriate to use Group Normalization or Layer
Normalization. These can be derived with appropriate application of Eq. 50 along appropriate tensor
dimensions. As such, batch, layer, and group normalization can be easily extended to 3-dimensional
Clifford algebras.

B.3 CLIFFORD INITIALIZATION

; ( ) introduced initialization schemes for quaternions
which expands upon deep network initialization schemes proposed by ( );

( ). Similar to Clifford normalization, quaternion initialization schemes can be adapted to
Clifford layers in a straight forward way. Effectively, tighter bounds are required for the uniform
distribution form which Clifford weights are sampled. However, despite intensive studies we did
not observe any performance gains over default PyTorch initialization schefoe2-dimensional
experiments. Similar ndings are reported in ( ). However, 3-dimensional
implementations necessitate much smaller initialization values (fas8)r

B.4 EQUIVARIANCE UNDER ROTATIONS AND REFLECTIONS

Clifford convolutions satisfy the property of equivariance under translation of the multivector in-
puts, as shown in this Appendix B. However, the current de nition of Clifford convolutions is not
equivariant under multivector rotations or re ections. Here, we derive a general kernel constraint
which allows us to build generalized Clifford convolutions which are equivariant w.r.t rotations or
re ections of the multivectors. That is, we like to prove equivariance of a Clifford layer under ro-
tations and re ections (i.e. orthogonal transformations) if the multivector kernel multivector Iters
fwigis :Z21 (G)° satis es the constraint:

wh (Tx)= Tw (x) ;
forO j<c iy We rstde ne an orthogonal transformation on a multivector by,
Tf = ufuY; Wu=1 (53)

whereu andf are multivectors which are multiplied using the geometric product. The minus sign
is picked by re ections but not by rotations, i.e. it depends on the parity of the transformation. This
construction is called a “versor” product. The construction can be found in e.g. ( ) for
vectors and its extension to arbitrary multivectors. The above construction makes it immediately
clear thatT (fg ) = ( Tf )(T g). When we writeT X, we mean an orthogonal transformation of an
Euclidean vector (which can in principle also be de ned using versors). To show equivariance, we
wish to prove for multivector§ : Z2! (G)® and a set o, multivector Itersfw'giey : Z2 |

(G)%n that:

fATx)= Tf(x); (54)
and
wH(Tx) = Twi(x); (55)
Equations 54, 55 yield:
Yy fow ATx)=T f 2w (x): (56)

That is: if the input multivector eld transforms as a multivector, and the kernel satis es the stated

equivariance constraint, then the output multivector eld also transforms properly as a multivec-
tor. Note thafT might act differently on the various components (scalars, vectors, pseudoscalars,
pseudovectors) under rotations and/or re ections.

5The default PyTorch initialization of linear and convolution layers is He Uniform initialization (
) for 2-dimensional problems. The gain is calculated using LeakyRelu activation functions with negatlve
part of 5, which effectively results in Glorot Uniform initialization.
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Now,
f 2w °(Tx)
= fy)w" (y Tx))
y2272j=1
Xin 1
= fy)w" (T(T 'y x))
y2z2j=1
= FITYIWT (TO° x)): y'=T ly
Ty02z2j=1
Xin o
= fOTyOwh (T(y° X))
y0272 j=1
Xin . .
= THE)OTWY (v X))
Y0272 j=1
Xin )
= TEYOW (v X))
Y0272 j=1
X %
=T I yOw™ (y° X))
y0272 j=1
=TI 2wil(x) (57)

where in the fourth line we transform variablgd y° in the fth line we use the invariance of
the summation “measure” under, in the sixth line we use the transformation propertyf ohnd
equivariance forw', in the seventh line we use the property of multivectors, and in the eighth line
we use linearity of .

B.5 CLIFFORD FOURIER LAYERS

We derive the implementation of Clifford Fourier layers for multivector§thandG2, i.e. multi-
vectors of Clifford algebras generated by the 2-dimensional vector $faaad the 3-dimensional
vector spac®®.

Classical Fourier transform. In arbitrary dimensiom, the Fourier transforrﬁ‘( )= Fffg()
for a continuousi-dimensional complex-valued sigrfa(x) = f (x1;:::;Xn) : R" ! Cisde ned
as:
z
— — 2i hx i . .
f"()—Fffg()—WRnf(x)e '™ tdx; 8 2R"; (58)

provided that the integral exists, whetend aren-dimensional vectors arfek; i is the contrac-

tion of x and . Usually,hx; i is the inner product, andis an element of the dual vector space
R". The inversion theorem states the back-transform from the frequency domain into the spatial
domain:

Z
f(x)=F 1fFffgg(x):ﬁ ()™ id; 8x2R": (59)
Rn
We can rewrite the Fourier transform of Equation 58 in coordinates:
Z
1 -
f’\( EEEE n): Fffg( EEES n)_ (2 )n-2 f(Xl;:::;Xn)e 20 (x1 1+:+Xp n)dxl:::dxn

(60)

32



Published as a conference paper at ICLR 2023

Discrete/Fast Fourier transform. The discrete counterpart of Equation 58 transforms an n-
dlmenS|0naI complex S|gnail(x) = f(xl;:::' n): R" I CatM; ::: My grid points

. <
W1 Mn 2 li11+ + Mn_n
(1t )= FEfQ( 45t o) = : f(my::imy) e ,
m=0 mp =0
(61)
where( 1;:::; ) 2 Zm, ::: :::Zwm,. Fast Fourier transforms (FFTs) (

, ) immensely accelerate the computation of the transformations of Equatlon 61 by
factorizing the discrete Fourier transform matrix into a product of sparse (mostly zero) factors.

B.5.1 2D Q.IFFORD FOURIER TRANSFORM

Analogous to Equation 58, f&€l(2; 0)(R) the Clifford Fourier transform (
, ) and the respective inverse transform for multivector valued fun€tiggs
R21 G2 and vector; 2 R? are de ned as:

f“():Fffg():Zi f(x)e 2'2™ Tdx; 8 2 R?; (62)

f(x)= F YFf f gg(x) = Zi f()e? 2™ Td; 8x2 R?; (63)
R>

provided that the integrals exist. The differences to Equations 58 and 59 afe(#)aandf"( )
represent multivector elds in the spatial and the frequency domain, respectively, and that the pseu-
doscalati, = e;e; is used in the exponent. Inserting the de nition of multivector elds, we can
rewrite Equation 62 as:

z
Fffg():zi f(x)e 2'2™ T dx;
R2 u
° < L] (#
) 1 [o(x)+ f(X)i, + e Tl(x)+ fo(x)ip e 212 1 dx
2 g (227 % (227§
spinor part vector part
1 Z . <
= o 1 fo()+ fia(x)ia e 2! =™ T dx
1 ’ ¢
* o e fi(X)+ fa(X)ip e 272 1 dx
L] Rz < # " L] < #
=1 F fo(X)+ fo(X)iz () + e F fi(X)+ f2(x)iz () : (64)

We obtain a Clifford Fourier transform by applying two standard Fourier transforms for the dual
pairsfg = fo(x) + f12(x)iz andf 1 = f1(x) + f(x)i,, which both can be treated as a complex-
valued signaf ¢;f; : R> ! C. Consequentlyf (x) can be understood as an elemenCdf The

2D Clifford Fourier transform is the linear combination of two classical Fourier transforms. The
discretized versions of the spinor/vector p#kt{) reads analogously to Equation 61:

N1 ¥ 2i, mM111+mM272
f/\s:v( 1 2)= Fffseoyd( 1 2) = fe=y(mM1;my) e ; (65)
m;=0 m,=0
where again 1; 2) 2 Zm, Zwm, - Similar to Fourier Neural Operators (FNOs) where weight
tensors are applied pointwise in the Fourier space, we apply multivector weight téliso2s

(G?)en Cou (1™ 2™) point-wise. Fourier modes above cut-off frequendi€d®™; I'®) are set to
zero. In doing so, we modify the Clifford Fourier modes

()= Fffg( )= fo( )+ fi( )+ f2( Jer + fia( Jews (66)
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via the geometric product. The Clifford Fourier modes follow naturally when combining spinor
and vector parts of Equation 64. Analogously to FNOs, higher order modes are cut off. Finally,
the residual connections used in FNO layers is replaced by a multivector weight matrix realized as
Clifford convolution, ideally &Cl».o(R) convolution layer. A schematic sketch of a Clifford Fourier
laygr is shown in Figure 5b in the main paper. Ri(0; 2)(R), the the vector part changes to

e fi(x) fa(x)iz .

B.5.2 2D Q.IFFORD CONVOLUTION THEOREM

In contrast to ( ), we proof the 2D Clifford convolution theorem for
multivector valued Iters applied from the right, such that Iter operations are consistent with Clif-
ford convolution layers. We rst need to show that the Clifford kernel commutes with the spinor and
anti-commutes with the vector part of multivectors. We can write the praaeiet for every scalar

s 2 R and multivectom 2 G2 as

a€'?® = a cos@) + i, sin(s) : (67)

For the basis of the spinor part, we obtdin = i,1, and for the basis of the vector pati, =
ee1& = e e&e = ie. Thus, the Fourier kerna 2! 2™ I commutes with the spinor part,
and anti-commutes with the vector partafboth forCl(2; 0)(R) andCI(0; 2)(R). We therefore
proof the convolution theorem for the commuting spinor and the anti-commuting vector part of

Theorem 2: 2D Clifford convolution theorem.

Letthe eldf : R?>! G? be multivector valued, the lteks : R> ! G? be spinor valued,
andthe lterk, : R?2! G? be vector valued, and I&f f g; Ff ksg; Ff k, g exist, then

Fff ?ksg( )= Fffg() Fyfksg();
Fff ?2kyg( )= Fffg() Ffkyg();

whereFYfksg( ) = Ffksg( )andF¥fky,g( )= Ffkyg( ).

Proof.
A #
Fff 2ksg( )= = f(y)ks(y x)dy e 22 T dx
@) R?,
: z #
_ 2i ohx i
TR L O Ky xe dx dy
L 2 z #
= f (y) ks(x)e 212 % T dx dy
(2 )% g R2
| {z }
. Fyfksg( )e#Zi 2hyi i=e 21 20 TFEYfksg( )
z
=1 f(ye 2 ™ idy FYfkeg()
2 e
= Fffg() FYfksg(): (68)
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L Z "z #
Fff ?kyg( )= @2 sz (Yky(y x)dy e 272™ 1 dx
z "z #
— 1 2i ohx; i
= s f(y) ky(y x)e dx dy
(2 )% e R
z z #
= f(y) ky(x)e 212 % 1 dx dy
2
(2 ) R2 |R2 {Z }
N FYfky,g( )e2i 2hv: i=g 20 2hvi iFfk,g(),where !
7 #
= 5 f(y)e 22 'dy Ffkyg()
2 R
= Fffg() Ffkyg(): (69)

B.5.3 3D Q.IFFORD FOURIER TRANSFORM

ForCI(3; 0)(R), analogous to Equation 58, the Clifford Fourier transform ( ,
) and the respective inverse transform for multivector valued functiondR® ! G2 and
vectorsx; 2 R® are de ned as:

z

fA():Fffg():ﬁ fo0e 2T Tk 8 2 RS 70)

0= F 0000 = Gy FOET™ Td ;B2 R: (1)
R3

provided that the integrals exist. A multivector valued funcionR® ! G2,
f=fo+fie+ foep+ faez+ froe0+ fiz€ia+ foaens + frzer3 (72)
can be expressed via the pseudosdalar e;e;e3 as:

f=(fo+ fi2sis)l
+(f1+ faiz)er
+(f2+ faiz)er
+(fs+ froig)es; (73)

We obtain a 3-dimensional Clifford Fourier transform by applying four standard Fourier transforms
for the four dual pair§ o = fo(x)+ f123(X)iz, f1 = F2(X)+ fa3(X)iz, f2 = fa(x)+ fz1(X)is, and

f3 = f3(x)+ f12(x)isz, which all can be treated as a complex-valued sifpal 1;f »;f3 : R3! C.
Consequentlyf (x) can be understood as an elemenC6f The 3D Clifford Fourier transform is

the linear combination of four classical Fourier transforms:
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Z
1

(2 )32 R
_ 1
T (2)3%2 4

f (x)e 213 1 dx;

3 n

Fffg()=
. < . <
1 fo(X)+ fra3(X)iz + e fai(x)+ fas(X)iz

° < . (#

+ & fa(x)+ fa(X)is + € fa(x)+ frp(X)is e 272™ T dx

1 ¢ )

- W 1 fO(X)+ f123(X)i3 e 20 ahx; i dx

* <
1 H 21 3hX; i
2 )3=2 . e .fl(X)+ f23(X)|3( e 2 ' dx
! i 210 ghx; i
@) g, 2 fa(x) + fai(x)iz e "™ " dx
ze . ;
f ey & fe00F Fbois e B T
. . # . 4

=1 F fo(X)+ foa(X)iz () + & F fa(x)+ fa3(x)iz ()
" . < # " . #

<

+ & F f2(00)+ fa(x)is () + e F f3(x)+ fa(x)izs () :©  (74)

+

+

Analogous to the 2-dimensional Clifford Fourier transform, we apply multivector weight ten-

max

sorsW 2 (G3)&n Cau (T 2% 3% point-wise. Fourier modes above cut-off frequencies
nax. Jax. M) are set to zero. In doing so, we modify the Clifford Fourier modes

()= Fffg()
= fo( )+ f1( )er + fo( )&z + F3( )es + F1a( Jera + Faa( )es + F2a( )ers + Fias( )enzs
(75)
via the geometric product. The Clifford Fourier modes follow naturally when combining the four
parts of Equation 74 . Finally, the residual connections used in FNO layers is replaced by a mul-

tivector weight matrix realized as Clifford convolution, ideallyCés.o(R) convolution layer. For
other3-dimensional Clifford algebras, the signs of the dual pairs in Equation 73 change accordingly.

B.5.4 3D Q.IFFORD CONVOLUTION THEOREM

This theorem adapted from ( )). First, again let's check if the Clifford
kernel commutes with the different parts of multivectors. We can write the predifct for every
scalars 2 R and multivectoia 2 G® as

a€'*s = a cos@) + izsin(s) : (76)

First, we check again if the different basis vectors of the Fourier transforms of Equation 74 commute
with the pseudoscalas:

li3 = i31X

€1i3 = €1€1863 = €16,€163 = €16,€36; = 36 X

€203 = €€1€63 = ©€166263 = 162636 = 362 X

€313 = €3€1€:63 = €1€36263 = €166363 = 363 X (77)

In contrast to the 2-dimensional Clifford Fourier transform, now all four parts of the multivector of
Equation 73 commute withy. This holds for all3-dimensional Clifford algebras.

36



Published as a conference paper at ICLR 2023

Theorem 3: 3D Clifford convolution theorem.

Letthe eldf : R®! G2 be multivector valued, the Itek, : R3 ! G2 be multivector

valued, and leFf f g; Ff k, g exist, then
Fif ?kag( )= Fffg() FYfkag();
whereFYfk,g( )= Ffkag( ).

Proof.

| Z "z #
Fff 2kag( )= Y . R3f (V)ka(y x)dy e 2'=™ 1 dx
L Z "z #
"GP W kb xe 21sh T dy dy
L Z " z #
"Gy LW ka(x)e 2= % 1 dx dy
R3 |R3 {Z }
. Fyfkag( )e 2i3;¢y; ize 2i 3y iFYfk,g( )
z
1 ity
= (2 )32 R3f (y)e 21 shv; 'dy FYfkag()

Fffog() FYfkao( ):

B.5.5 IMPLEMENTATION OF CLIFFORD FOURIER LAYERS

(78)

We implement a 2D Clifford Fourier layer by applying two standard Fourier transforms on the dual
pairs of Equation 11. These dual pairs can be treated as complex valued inputs. Similarly, we
implement a 3D Clifford Fourier layer by applying four standard Fourier transforms on the dual
pairs of e.g. Cls.o (Equation 37 - Equation 40). Since Clifford convolution theorems hold both
for the vector and the spinor parts and for the four dual pair€ier, andCls., respectively, we
multiply the modes in the Fourier space using the geometric product. Finally, we apply an inverse

Fourier transformation and resemble the multivectors in the spatial domain.

B.6 PsSEUDOCODE

Algorithm 1 sketches the implementation of a Clifford convolution, Algorithm 2 of a rotational

Clifford convolution, and Algorithm 3 of a Clifford Fourier layer.

1: function CL||;2E0RDKERNEL2D(W) 3
WI[0] WI[1] W]2] W3]
WI[1] Wi[0] W]3] W[Z]E
W[2] WI[3] WI]O0] W1]
WI[3] WI[2] WIJ[1] WI]O]
return kernel

: function CLIFFORDCONV2D(W, x)

: kernel CLIFFORDKERNEL2D(W)
input  VIEW_AS_REALVECTOR(X)
output CoNv2D(kernel, input)

return VIEW_AS_MULTIVECTOR(output)

2: kernel ﬁ

Algorithm 1: Pseudocode for 2D Clifford convolution using&!
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1: function CLIFFORDKERNEL2Dgor(W)

20 sty WP + W[2P

3 sz W[LP + W[3P

4: stz WI[2P + W[3P

5 sumsq W[OP + W[1P + W[2F + W[3]? +
6 rot;o,  W[OW/|[1]=sumsq

7: rot;3  W[OW[2]=sumsqg

8: roti4,  WJ[OJW[3]=sumsq

o rotos  W[1]W[2]=sumsq

0
1

10: rotoys  W[1W[3]=sumsqg
11: rotas \y[z [3]=sumsq
WIO] WI1] Wi(2] W3]
12:  kernel QWBl  WIAJ(1:0 sgs)  W[4](rotas  rotis) WI[4](rotag + rotys)

W[5] WI4](rotzs + rotys)  WI[4](L:0 sthz)  W[4](rotss

3

g

W[5] W]J4](rotys rotiz) W][4](rotss + rot;p)  WI[4](2:0 sa2)
13: return kernel
14: function CLIFFORDCONV2Dgor(W, X)
15: kernel CLIFFORDKERNEL2Dgor(W)
16: input  VIEW_AS_REALVECTOR(X)
17: output CoNv2D(kernel, input)
18: return VIEW_AS_MULTIVECTOR(output)
Algorithm 2: Pseudocode for 2D rotational Clifford convolution using. £l
1: function CLIFFORDSPECTRALCONV2D(W, X, my; my)
2: Xy;Xy  VIEW_AS_DUAL _PARTSY(X)
3: f(xy) FFT2xy) . Complex 2D FFT of vector part
4; f(xs) FFT2AXs) . Complex 2D FFT of scalar part
fxo)rrsomeimg]  f (k)i o MMl 172 1
T ) mynima] ) my s mpip o vectormodes
f(xg)liriimaiimg]  f(xg)licriimy; ma ]
6 f (xs) TN ; My imy] f(Xe):: ; My Myl . Scalar modes
7: f(x) f (xg)r+f (xy)r+f (xy)i+f (xs)i . Multivector Fourier modes
8: ' (x) f (OW . Geometric product in the Fourier space
90 R, IFFT2Af (O[] + f* (X)[2]) . Inverse 2D FFT of vector part
10: %, IFFT2(f* ()[0] + f* (X)[3]) . Inverse 2D FFT of scalar part

11: R VIEW_AS_MULTIVECTOR(Ry; Rs)

12: return R

13: function CLIFFORDFOURIERLAYER2D (Wt ; W¢; X)
14: y1  CLIFFORDSPECTRALCONV(Ws ; X; m1;my)
15; X2  VIEW_AS_REALVECTOR(X)

16: Y2  CLIFFORDCONV(W¢; X2)

17: Y2  VIEW_AS_MULTIVECTOR(Y>)

18: out ACTIVATION (Y1 + Y2)

19: return out

20:

Algorithm 3: Pseudocode for 2D Clifford Fourier layer using.gl

38



Published as a conference paper at ICLR 2023

C EXPERIMENTS
This appendix supports Section 4 of the main paper.

C.1 LOSS FUNCTION AND METRICS

We report the summed MSE (SMSE) loss de ned as:

1 X %t "(elds 5
L smse = No kui(y;tj)  0i(y;t)ks; (79)
Y y2z2(orze)j=1 i=1

whereu is the targetf} the model outputiN ¢4s comprises scalar elds as well as individual vector
eld components, andNy is the total number of spatial points. Equation 79 is used for training with
N; = 1, and further allows us to de ne four metrics:

e One-steposs whereN; = 1 andN ¢4s comprises all scalar and vector components.
» Vectorloss whereN; = 1 andN ¢4s comprises only vector components.

» Scalarloss whereN; = 1 andN ¢4s comprises only the scalar eld.

* Rolloutloss whereN; =5 andN ¢4s comprises all scalar and vector components.

For Maxwell's equationglectric and magneticloss are de ned analogously to the vector and the
scalar loss for Navier-Stokes and shallow water experiments.

C.2 MODELS

We experiment with two architecture families: ResNet models ( , ) and Fourier Neural
Operators (FNOs) ( , ). All baseline models are ne-tuned for all individual experiments
with respect to number of blocks, number of channels, number of modes (FNO), learning rates,
normalization and initialization procedures, and activation functions. The best models are reported,
and for reported Clifford results each convolution layer is substituted with a Clifford convolution,
each Fourier layer with a Clifford Fourier layer, each normalization with a Clifford normalization
and each non-linearity with a Clifford non-linearity. A Clifford non-linearity in this context is a the
application of the corresponding default linearity to the different multivector components.

ResNet architectures. For Navier-Stokes and shallow water experiments, we use ResNet archi-
tectures with 8 residual blocks, each consisting of two convolution layers3wihkernels, shortcut
connections, group normalization ( , ), and GeLU activation functions (

). We further use two embedding and two output layers, i.e. the overall architectures
could be classi ed as Res-20 networks. In contrast to standard residual networks for image classi -
cation, we don't use any down-projection techniques, e.g. convolution layers with strides larger than
1 or via pooling layers. In contrast, the spatial resolution stays constant throughout the network. We
therefore also use the same number of hidden channels throughout the network, that is 128 channels
per layer. Overall this results in roughly 2.4 million parameters. Increasing the number of residual
blocks or the number of channels did not increase the performance signi cantly.

Clifford ResNet architectures. For every ResNet-based experiment, we replaced the ne-tuned
ResNet architectures with two Clifford counterparts: each CNN layer is replaced with a (i) Clifford
CNN layer, and (ii) with a rotational Clifford CNN layer. To keep the number of weights similar,
instead of 128 channels the resulting architectures have 64 multivector channels, resulting again in
roughly 1.6 million oating point parameters. Additionally for both architectures, GeLU activation
functions are replaced with Clifford GeLU activation functions, group normalization is replaced
with Clifford group normalization. Using Clifford initialization techniques did not improve results.

Fourier Neural Operator architectures. For Navier-Stokes and shallow water experiments, we
used 2-dimensional Fourier Neural Operators (FNOs) consisting of 8 FNO blocks, two embedding
and two output layers. Each FNO block comprised a convolution path with 4 kernel and an

FFT path. We used 16 Fourier modes (faandy components) for point-wise weight multiplication,
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and overall use 128 hidden channels. We used GeLU activation functions (

). Additional shortcut connections or normalization techniques, such as batchnorm or group,
norm did not improve performance, neither did larger numbers of hidden channels, nor more FNO
blocks. Overall this resulted in roughly 140 million parameters for FNO based architectures.

For 3-dimensional Maxwell experiments, we used 3-dimensional Fourier Neural Operators (FNOs)
consisting of 4 FNO blocks, two embedding and two output layers. Each FNO block comprised
a 3D convolution path with & 1 kernel and an FFT path. We used 6 Fourier modes Xfor

y, andz components) for point-wise weight multiplication, and overall used 96 hidden channels.
Interestingly, using more layers or more Fourier modes degraded performances. Similar to the 2D
experiments, we applied GeLU activation functions, and neither apply shortcut connections nor
normalization techniques, such as batchnorm or groupnorms. Overall this resulted in roughly 65
million oating point parameters for FNO based architectures.

Clifford Fourier Neural Operator architectures.  For every FNO-based experiment, we replaced

the ne-tuned FNO architectures with respective Clifford counterparts: each FNO layer is replaced
by its Clifford counterpart. To keep the number of weights similar, instead of 128 channels the re-
sulting architectures have 48 multivector channels, resulting in roughly the same number of parame-
ters. Additionally, GeLU activation functions are replaced with Clifford GeLU activation functions.
Using Clifford initialization techniques did not improve results.

For 3-dimensional Maxwell experiments, we replaced each 3D Fourier transform layer with a 3D
Clifford Fourier layer and each 3D convolution with a respective Clifford convolution. We also
use 6 Fourier modes (for, y, andz components) for point-wise weight multiplication, and overall
used 32 hidden multivector channels, which results in roughly the same number of parameters (55
millions). In contrast to 2-dimensional implementations, Clifford initialization techniques proved
important for 3-dimensional architectures. Most notably, too large initial values of the weights of
Clifford convolution layers hindered gradient ows through the Clifford Fourier operations.

C.3 TRAINING AND MODEL SELECTION.

We optimized models using the Adam optimizer ( , ) with learning fade$; 2
10 4;5 10 4] for 50 epochs and minimized the summed mean squared error (SMSE) which is
outllned in Equation 79. We used cosine annealing as learning rate scheduler (

) with a linear warmup. For baseline ResNet models, we optimized number of layers, number
of channels, and normalization procedures. We further tested different activation functions. For
baseline FNO models, we optimized number of layers, number of channels, and number of Fourier
modes. Larger numbers of layers or channels did not improve the performances for both ResNet
and FNO models. For the respective Clifford counterparts, we exchanged convolution and Fourier
layers by Clifford convolution and Clifford Fourier layers. We further used Clifford normalization
schemes. We decreased the number of layers to obtain similar numbers of parameters. We could
have optimized Clifford architectures slightly more by e.g. using different numbers of hidden layers
than the baseline models did. However, this would (i) slightly be against the argument of having
“plug- and play” replace layers, and (ii) would have added quite some computational overhead.
Finally, we are quite con dent that the used architectures are very close to the optimum for the
current tasks.

Computational resources. All FNO and CFNO experiments usdd 16 GB NVIDIA V100 ma-
chines for training. All ResNet and Clifford ResNet experiments u&ed2 GB NVIDIA V100
machines. Average training times varied betw8dnand48 h, depending on task and number of
trajectories. Clifford runs on average took twice as long to train for equivalent architectures and
epochs.
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C.4 NAVIER-STOKES IN2D

The incompressible Navier-Stokes equations are built upon momentum and mass conservation of
uids. Momentum conservation yields for the velocity ow eld

@v 2

— = VIv+ r

@t
wherev r v is the convection, r ?v the viscosityy pthe internal pressure aridan external force.
Convection is the rate of change of a vector eld along a vector eld (in this case along itself),
viscosity is the diffusion of a vector eld, i.e. the net movement form higher valued regions to lower
concentration regions, is the viscosity coef cient. The incompressibility constrained yields mass
conservation via

vr p+f; (80)

r v=0: (81)

Additional to the velocity eldv(x), we introduce a scalar eld(x) representing a scalar quantity
that is being transported through the velocity eld. For examplejight represent velocity of air
inside a room, and might represent concentration of smoke. As the vector eld changes, the scalar
eld is transported along it, i.e. the scalar eld&lvectedy the vector eld. Similar to convection,
advection is the transport of a scalar eld along a vector eld:

ds

— = VvV Irs: 82

ai (82)
We implement the 2D Navier-Stokes equation usirfglow 6 ( , ). Solutions are

propagated where we solve for the pressure eld and subtract its spatial gradients afterwards. Semi-
Lagrangian advection (convection) is usedfpand MacCormack advection fer Additionally, we
express the external buoyancy fofce Equation 80 as force acting on the scalar eld. Solutions are
obtained using Boussinesq approximation ( , ), which ignores density differences
except where they appear in terms multiplied by the acceleration due to gravity. The essence of
the Boussinesq approximation is that the difference in inertia is negligible but gravity is suf ciently
strong to make the speci ¢ weight appreciably different between the two uids.

Equation details. We obtain data for the 2D Navier-Stokes equations on a grid with spatial reso-
lution of 128 128( x =0:25 y =0:25), and temporal resolution oft = 1:5s The equation

is solved on a closed domain with Dirichlet boundary conditians Q) for the velocity, and Neu-
mann boundarie%j = 0 for the scalar smoke eld. The viscosity parameter is set t00:01, and

a buoyancy factor of0; 0:5)" is used. The scalar eld is initialized with random Gaussian noise
uctuations, and the velocity eld is initialized t0. We run the simulation fo21 sand sample every
1:5s Trajectories contain scalar and vector eldsldtdifferent time points.

Results. Results are summarized in Figures 10, 9, and detailed in Table 1. Figure 11 displays ex-
amples of Navier-Stokes rollouts of scalar and vector elds obtained by Clifford Fourier surrogates,
and contrasts them with ground truth trajectories. For ResNet-like architectures, we observe that
both CResNet and CResNgtimprove upon the ResNet baseline. Additionally, we observe that
rollout losses are also lower for the two Clifford based architectures, which we attribute to better
and more stable models that do not over t to one-step predictions so easily. Lastly, while in prin-
ciple CResNet and CResNgtbased architectures are equally exible, CReshenes in general
perform better than CResNet ones. For FNO and respective Clifford Fourier based (CFNO) archi-
tectures, the loss is in general much lower than for ResNet based architectures. CFNO architectures
improve upon FNO architectures for all dataset sizes, and for one-step as well as rollout losses.

8https://github.com/tum-pbs/PhiFlow

41



Published as a conference paper at ICLR 2023

Rollout . One-step
10
‘ 3
0:2 + M ResNet
CResNet 1 i
0:15 CResNety
J[ N ) L |
. == I B
0:1 — = = — — T i
19 I I .
5 10 2 —
w
g 0- \ \ a  0- \ \ i
. Scalar ) Vector
10 3 10 2 ,
6 \
& 2
) I "
I
][ L Es 2=
L 14 ]
2 T L | - - &
0 - ! ! ! ! 0 — ! ! ! !
15600 10400 5200 2080 15600 10400 5200 2080

Num. Train Trajectories

Figure 9: Results on Navier-Stokes equations obtained by ResNet based architectures. Unrolled
loss, one-step loss, scalar loss and vector loss are reported for ResNet, CResNet, and,&ResNet
architectures. Models are trained on training sets with increasing number of trajectories. ResNet
based architectures have a much higher loss than FNO based architectures in the low data regime,
where possibly smearing and averaging operations are learned rst.
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Figure 10: Results on Navier-Stokes equations obtained by Fourier based architectures. Rollout loss,
one-step loss, scalar loss and vector loss are reported for FNO and CFNO architectures. Models are
trained on three training sets with increasing number of trajectories.

Table 1: Model comparison on four different metrics for neural PDE surrogates which are trained
on Navier-Stokes training datasets of varying size. Error bars are obtained by running experiments
with three different initial seeds.

SMSE
METHOD  Trajs.
scalar vector onestep rollout

ResNet 0:00300 0:00003 001255 0:00008 001553 0:00011 011362 0:00048
CResNet 2080 0:00566 0:00062 002252 0:00284 002806 0:00346 015844 0:02677
CResNety 0:00376 0:00028 001413 0:00116 001780 0:00143 010681 0:00476
ResNet 0:00341 0:00028 001431 0:00102 001767 0:00138 013234 0:00020
CResNet 5200 0:00265 0:00004 000988 0:00024 001250 0:00022 009975 0:00060
CResNety 0:00234 0:00014 000857 0:00066 001087 0:00074 009427 0:00071
ResNet 0:00321 0:00004 001337 0:00044 001653 0:00048 013802 0:00223
CResNet 10400 0:00315 0:00006 001162 0:00019 001473 0:00018 010671 0:00246
CResNeat: 0:00201 0:00020 000719 0:00074 000917 0:00090 010005 0:00229
ResNet 0:00342 0:00003 001379 0:00079 001716 0:00091 013030 0:00379
CResNet 15600 0:00285 0:00019 001076 0:00051 001357 0:00063 010372 0:00269
CResNety 0:00204 0:00014 000736 0:00069 000938 0:00087 009799 0:00139
FNO 2080 0:00318 0:00021 000613 0:00044 000931 0:00064 004281 0:00300
CFNO 0:00266 0:00002 000484 0:00006 000749 0:00008 003461 0:00031
FNO 5200 0:00204 0:00004 000332 0:00011 000536 0:00015 002684 0:00067
CENO 0:00189 0:00001 000293 0:00002 000482 0:00003 002430 0:00012
FNO 10400 0:00156 0:00003 000220 0:00007 0600375 0:00010 0602005 0:00042
CFNO 0:00148 0:00001 000205 0:00001 000353 0:00002 001886 0:00006
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